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A note on second order Riesz transforms in 3-dimensional Lie
groups
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Abstract. We prove explicit LP bounds for second order Riesz transforms
of the sub-Laplacian and of the Laplacian in the Lie groups H, SU(2),
and @(2) Our proof makes use of martingale transform techniques and
specific commutation properties between the complex gradient and the
sub-Laplacian in those Lie groups.
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1. Introduction. The classical sharp martingale inequalities, going back to the
works of Burkholder, have many applications in the study of basic singular in-
tegrals on Euclidean spaces. As typical examples, they lead to sharp LP bounds
for Riesz transforms and sharp or dimension-free LP bounds for second order
Riesz transforms. We refer the reader to, for instance, [3,7,18] and the overview
paper [2]. The purpose of this note is to study explicit LP bounds for certain
subelliptic second order Riesz transforms, in particular Beurling-Ahlfors type
operators, on three dimensional Lie groups including the Heisenberg group H,
SU(2), and SL(2) (universal cover of SL(2)).

Second order Riesz transforms appear naturally in the study of PDEs (see
for instance [17]) and have been extensively studied in the literature. They
are mostly interpreted as iterations of Riesz transforms and their adjoints,
or second derivatives of the fundamental solution operator for the Laplacian
operator. On Euclidean spaces, second order Riesz transforms are well under-
stood as Calderén-Zygmund singular integrals and have bounded LP norm for
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1 < p < oo. A particular interesting example is the classical Beurling-Ahlfors
operator on the complex plane defined by

L[ flw)
B =pv.— [ ———dw.
1) = povs [ L
C
Equivalently,
B=R? - R3—2iR| Ry,
where R; = 8,%1(—A)‘1/2 for i = 1,2 are the Riesz transforms on R? and

A= 68—;2 + 68—;2 is the Laplacian. One can also write B = 9?(—A)~!, where 0
1 2
is the Cauchy-Riemann operator

0 0

- 8951 Zax2 ’
The classical Beurling-Ahlfors operator and its generalizations play an im-
portant role in quasiconformal mappings. Sharp or dimension-free LP bounds
of second order Riesz transforms have been studied from both deterministic
methods and martingale transform techniques using either Poisson or heat ex-
tensions, see for instance [5-7,23]. However, the sharp L? norm of the Beurling-
Ahlfors operator is a long existing open problem.

On Heisenberg groups H", second order Riesz transforms are also singular
integral operators (see [16, Theorem 3]), which follows from the fundamen-
tal solution of the sub-Laplacian L (see for instance [16,22]). Dimension-free
LP bounds for Riesz transforms have been obtained in [12], see also [21] for
the reduced case. However explicit LP bounds of Riesz transforms and their
higher order analogues are not known. We would like to mention that in [4]
the authors together with R. Banuelos gave explicit LP” bounds for general-
ized Riesz transforms which are commutator of complex gradients and the
square root of the non-negative sub-Laplacian. In other settings, dimension-
free LP bounds for second order Riesz transforms have also been studied via
deterministic or probabilistic approaches, for instance, on k-forms on complete
Riemannian manifolds under curvature assumptions [19,20], and on discrete
groups [1,14,15]. In this note, we are interested in extensions of the Beurling-
Ahlfors operator and other second order Riesz transforms associated with the
sub-Laplacian on the simply connected Lie groups H, SU(2), and SL(2).

Following [9,11], given p € R, let g(p) be the three dimensional Lie algebra
with basis {X,Y, Z} such that

(X, Y]=2Z2, [X,Z]=-pY, [Y,Z]=pX

Let G(p) be the three dimensional simply connected Lie group with Lie algebra
g(p). The cases p =0, p = 1, and p = —1 are corresponding, respectively, to
the Heisenberg group H, SU(2), and SL(2) (universal cover of SLL(2)). Consider
then on G(p) the subelliptic, left-invariant, sub-Laplacian

L=X*+Y>

Our main result is the following:
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Theorem 1.1. For any real-valued numbers a,b,c and o > 0, consider on the
Lie group G(p) the operator

Syef=a(-L+a) ' Zf+b(X(-L—p+a) ' X -Y(-L—p+a)”'Y) f
+e(X(-L—p+a) 'Y +Y(-L—p+a)'X)f (1)
Then we have for every p > 1,
1524 Fllp < V2(al + 18] + ) " = DIl
where p* = max{p, p%l}.

To prove this result, we write S7';, . in terms of the heat semigroup P, = etl
and then use martingale techniques similar to [3, Theorem 1.1] together with
commutation properties between the complex gradient and the sub-Laplacian
which are specific to the 3-dimensional Lie groups under consideration.

This note is organized as follows. In Section 2, we study explicit L? bounds

of the Beurling-Ahlfors type operator fooo P,WW P, fdt in specific settings in-
cluding the Heisenberg group H (more generally H"), SU(2), and SL(2) and
then summarize those findings to give the proof of our main result Theorem
1.1. In Section 3, for the sake of completeness, we discuss the case of second-
order Riesz transforms associated with the full-Laplacian.

2. Second order Riesz transforms for the sub-Laplacian.

2.1. On Heisenberg groups. The three dimensional simply connected Heisen-
berg group is the space G(p) with p = 0. For the sake of generality, we con-
sider the Heisenberg group H" = R2?"*! with arbitrary n € N. A basis of
left-invariant vector fields is

0 y; O 0 x; O 0
X, = — 2 = P T A 7 = —
T omy 202 7 Oy * 2 0z’ 0z’
and hence the sub-Laplacian
L=3 (X7 +77).

J=1
Similarly as in H, we have for any 1 <
X5, Y5l =2, [X;,2] =1[Y;,2] = 0.
Let W; = X; — Y} be the complex gradient, then
W,L = (L + 2i2)W;. 2)

In other words, we have [W;, L] = 2iZW). Note also that [W;, Z] = [L, Z] = 0.

Using the cylindric coordinates (r,0,z) as in [8, Section 5.2], the radial
sub-Laplacian is then

Jsmn,

I 0? +2n—1 0 +7"2 0?
o2 r Or 4 022
In particular, one can write on H the left-invariant complex gradient as
0 e~ 9 e~ 9
W=X—iy=e®#2 ¢ 9 1 9
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and the right-invariant complex gradient as
00 e 9 ie7? 9
— - R
or r Or 2 0z
We are concerned with the second order Riesz transforms W;(—L)™ W,

1 < 4,k < n. Denote by S(H™) the Schwartz space of smooth rapidly decreasing
functions on the Heisenberg group.

Proposition 2.1. Let f € S(H"). Then W;(—L)"'Wyf, 1 < j,k < n, are
bounded in LP(H™), p > 1, with
IWi(=L) "' Wiflp, < V2 (" = 1| flp-

Our proof for Proposition 2.1 is through martingale transform techniques.
In order to obtain probabilistic representations of Wj(—L)’1Wk, 1<,k <n,
we first try to rewrite these operators in form of the Littlewood-Paley type.
Formal computation from (2) leads to

W;P; = e 22 P,W;

and hence P,W;WyP, = W;Pe?Ze=22 P W, = W; Py, Wj. Thus one may
have

W=X—-iV =¢

W (L) "Wif = 2/PthWthfdt Vf € S(H™). (3)
0

The above computations are only formal since the semigroups associated to
L —2iZ and L+ 2iZ are not globally well-defined, see [8, Section 5.2] for more
details. However, we can rigorously show the following lemma.

Lemma 2.2. Let f € S(H"), then (3) holds.

Proof. If f(x) = f(z,y,2) = ¢?*g(x,y) for some A\ € R and some function g,
we have Zf = i\f. It follows from (2) that for any 1 < j < n,

WiLf = (L+2X)W;f.
We deduce then
W, P, f(0) = e} (P,W; £)(0). (4)

Denote f;(x,y,z) = W, f(x,y, z). Observe that ZW, f = W, Zf = iAW, f, i.e.,
Z f; = iAf;. Therefore

WWi.P,f(0) = MW (PW.)(0) = X W, P f,(0) = e (PW f1,)(0),
and thus applying (4) again,
PW,;Wi P, f(0) = e (Poy W, f1.)(0) = W, Pay f1,(0) = W; Pay f(0).
Now plugging this into the left hand side of (3) leads to

Q/Wngthfdt = 2Wj/P2tdthf =W;(—=L) "Wy f.
0 0

For general f, we can conclude by using the Fourier transform of f with
respect to the variable z. O
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Thanks to the identity (3), we are now able to give a probabilistic proof for
the sharp or dimension-free explicit L bound of W;(—L)™'Wj, 1 < j, k < n,
following [3]. We introduce some notations here. Let (Y;);>¢ be the diffusion
associated with the sub-Laplacian L starting with a distribution g and let
(Bt)t>0 be the Brownian motion on R*" associated with the Laplace operator
A=Y2" 2 Denote V= (Xy,..., X0, Y1,...,Y,).

i=1 9z?

Proof of Proposition 2.1. Notice that from (3), one writes
Wi(—L) "Wy f = 2/Pt(Xij — YV —i(X;Y) + X3, Y;)) P fdt.
0

The rest of the proof is similar to [3, Theorem 1.1] and we write it here for the
sake of completeness. Denote

T
Shf=E (/ AN Pr_ f(Y;)-dBy | Yy = 33) .
0

We claim that

W;(~L) "' Wif(z) = lim S%f,
where Aj is a 2n x 2n matrix with entries ajx = —1, aj(n4r) = Antj)p = 4,
A(n+j)(n+k) = 1, and otherwise 0.

For any T > 0, it is easy to see that (Pr_.;f(Y;))o<i<r is a martingale.
Then by It6’s formula and the It6 isometry, we have for any g € S(H"),

T
/ 9(2)STf (2)du(z) = E | g(¥r) / AV Py f(Yy) - dB:
0

Hn

T
s / AV Py f(Yi) -V Pp_g(Y)dt

0 H™

0
T
= 2//AjkVPtf(x) - VPg(z)dp(x)dt
T

= 2/n 0/PthWthf(a:)dtg(x)du(x).

Thus we deduce that

Jin [ [ ST f@g(@)dua) = [ Wi(-1) Wif(@)g(a)duto)
0 H» H»

Observe that the matrix norm of Ajy is \/5, thus by the LP bound of the
martingale transform (see [7]),

W (=L) ™ Wi fllp < V200" = D)I|£lp- =
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Remark 2.3. We obtain on H an explicit bound for the Beurling-Ahlfors op-
erator By = W(—L)~1W. As singular integral operator, By has the form

Buf(0) = 1 [(w = iw)?( -+ iyl + 1627) /2 (x)ax,
H

where x = (x,y,2) € H.
Indeed, at the origin one has

W(=L)"*Wf(0) = (L) *WW f(0) = /G(x)WWf(x)dx: /WWG(x)f(x)dx,

where G(x) is the Green function on H (see for instance [16, Theorem 2]):
1

4#\/(1’2 +92)° + 1622

Direct computation from the cylinder coordinates yields

G(x) = G(x,y,2) =

r2e—2i0
m(rt 4+ 1622)3/2°
On the other hand, let II : H — C be the projection operator, then

WWG(r,0,z) =

1 1
Bu(fo1)(0) = [ < flw)du.
C
This is exactly the classical Beurling-Ahlfors operator.
2.2. On SU(2). Consider the Lie group SU(2), which is G(p) with p = 1.
Denote by X,Y, Z the left invariant vector fields on SU(2) corresponding to
the Pauli matrices

X_;<—01 01>’ Y_;(? ol>’ Z_;G) —Oz>
for which the following commutation relations hold
(X, Y|=2 [X,Z]=-Y, [V,Z]=X.
We shall be interested in the sub-Laplacian
L=X>+Y2

Note that [L, Z] = 0. Consider also the complex gradient W = X — Y. The
Lie algebra structure gives us

WL=(L+2Z+1)W, WZ=(Z—-1iW. (5)

To concretely describe X, Y, Z, and L, one can use the cylindric coordinates
introduced in [13]:

el T i(0—2)
(r,0,2) — exp(rcos0X +rsinfY) exp(22) = < cosz¢2 sin 5e*\’ 2 )

. — —Z 3z
—sin ge i(0-3) cos ze~ 'z
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with
0<r<m 6€l0,2n], =z¢€[-2m 27|
Then the vector fields X, Y, and Z read as (see [10])

0 ) o 1 r 1 0
X =cos(—0 + z) — +sin(—0 + z) <tan + = <tan2 + tang) 9> ,

or 29z 0
tan " L) 2
2 tanf% ) 00)’

+

. 0 o 1
Y = —sm(—9+z)§ + cos(—0 + 2) <tan28 + = <
0

=50
The left invariant complex gradient W = X — ¢Y becomes

, 0 . r 0 1 r 1 0
— Li(=0+2) ¥ i(—0+z) v T R
W=e 5, i <ta . + = 5 <tan 5 + ng> 69) (6)

and the right invariant complex gradient W is as follows

- e, 0 1 r 1 0
— o0 2 _ — —_
W=e 6r+ (mn2azjL ( Mo T tan s > 89)

Our main result on SU(2) is the following.

Proposition 2.4. Let o > 0. Then the second order Riesz transforms W (—
1+ a)~'W is bounded on LP with

IW(—L—~1+a) ' Wi, < V20" = D|f]p

The proof is similar to that of Proposition 2.1. We observe that formally
the relations in (5) lead to

WP, = 7T pW
and
PWWP, = e 202t W P, 2T P = 2 W Py, W.
Thus

W(-L—-1)"'Wf= 2/PtWWPtfdt. (7)

Indeed, we have
Lemma 2.5. Let f € S(SU(2)), then (7) holds.

Proof. Similarly as on Heisenberg groups, it suffices to consider f(r,0,z) =
e**g(r, 0) for some A € R and some function g. We have Z f = i\f. It follows
from (5) that

IWf=W(Z+)f=i(AN+1)Wf
and

WLf=(L—2\—1)WF.
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We deduce then
WP, f=e PMDIPWf. (8)
Next applying (5) again, one gets
IWWF=W(Z+iWf=WW(Z+2)f =i(A+2)WW}].
Therefore
WILWf=(L+2iZ+1)WWf=(L-2\-3)WWF,
and
WPWf=e P Wwwf, (9)
Now combining (8) and (9), we obtain
WWPf = e~ CADEW(PW f) = e~ CAMD e~ CAMDEp W f = o~ (Dt W £,
Using (9) again, then
PWWPf = e WOPy W f = ¢~ AV by f = 20 W Py W .
This leads to

\8

(o] oo
/ PWWPdtf = | e W PyW fdt =W / e Py, dtW f
0 0

N = ©

W(—L—-1)"'Wwf.
O

Remark 2.6. The operator W (—L — 1)~'W is always well-defined thanks to
the spectral decomposition of the sub-Laplacian. Indeed, the eigenvalues of L
are

= k(] +1) -
where n € Z,k € NU{0} (see [10] for more details). Denote the corresponding
eigenfunctions by ¢, ;. When k = 0 and n > 0, one has W, , = 0. When

k=0and n=—1, one has WWy_; o = 0 and thus
W(*L - 1)71W<)0_170 = U.

These indicate that the operator W(—L — 1)~'W on eigenfunctions corre-
sponding to eigenvalues —1/2 vanishes.
More generally, for any a > 0, the same proof as above gives
W(-L—-1+a) 'Wf= 2/6_2atPtWWPtdt,
0

where the case a = 1 is corresponding to the second order Riesz transform
W (—L)~'W. We can also conclude that W (—L — 1 + o) *W is well-defined
from spectral theory.
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Proof of Proposition 2.4. Due to the identification (7), one has (see Proposi-
tion 2.1 and also [3])

T

WL~ 14 a) W) = lim B | [ AT~ 09Pr_if(¥) - dB: | Ve =z |,
0

where A is a 2 x 2 matrix with entries a;; = —e™2%, a1 = a9 = e 2%}, and

ass = e 22!, Observe that the matrix norm is bounded by /2. This leads to

the desired estimate. O

Remark 2.7. Similarly as in the Heisenberg case, see Remark 2.3, one may also
write W (—L — 1+ a) W as an explicit singular integral. Indeed, we consider
the operator W(—L + 1/4)7'W then

W(— L+ 1/4) " Wf0) = / WWG(r, 0, ) (r,0, 2)dp,
SU(2)
where dp = sin rdrdfdz is a Haar measure up to a constant such that the Green
function G(r, z) of the operator —L+1/4 is given by (see [10, Proposition 3.8])
1
32my/T—2cos 5 cos Z + cos? 5

G(r,z) =

From direct computation,
( sin %)Qei(z—29)

12877(1 —2cos 3 cos 5 + cos? §

WWG(r,0,2) = e

Therefore

sin Z)2ei(z—20)
W(-L+1/4)7'Wf(0) = ! /( (sin 3) )3/2f(r,9,z)du.

1287"%.(2) 1 —2cos 5 cos 4 cos? §

2.3. On gi(Q) Condider the basis of the Lie algebra s[(2):

1/1 0 1/0 1 1/0 1
X‘z(o —1)’ Y_2<1 0)’ Z_2<—1 0)

Then the following relations hold
X.Y]=2, [X.Z]=Y, [Y,Z]=-X.

Consider then the Lie group §I[:(2) which is the simply connected Lie group
with Lie algebra s[(2). We note that S\IE(2) is the universal cover of SL(2), the
group of 2 x 2 real matrices of determinant 1. The Lie group gi(?) is the group
G(p) with p = —1.

We denote by X, Y, Z the left invariant vector fields on g]]:(?) corresponding
to the basis X,Y, Z.

Consider the sub-Laplacian L = X? 4+ Y? and the complex gradient W =
X —14Y. The Lie algebra structure gives us

WL=(L+2iZ- V)W, WZ=(Z+i)W. (10)
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Similarly as on H, we can show

Lemma 2.8. One has for f € S(SAIE(2)),

W(-L+1)7'Wf= 2/PtWWPtfdt.

Proposition 2.9. The second order Riesz transform W (—L+1)"1W is bounded
on LP with

IW(=L+ 17 WA, < V20" = DIIf,.
The proofs are very similar to the case of SU(2) so we omit the details here.

2.4. Proof of the main result. In this section, we will prove our main result.
First recall that from Banuelos and Baudoin [3], we have the following general
result.

Lemma 2.10. Consider G(p). Let A = (aij)2x2 be a real or complez-valued
matriz (may or may not depend on t). Then we have

Saf = /Pt(aan 4+ a12XY + a1 Y X + (122Y2)Ptfdt

and

[Saflly < 1(p = DIIAIflp-

In particular, if A is real and orthogonal, then

1
H&ﬂpcm< )fm

On the three dimensional Lie group G(p), it always holds that [L, Z] = 0
and [X,Y] = Z. Hence taking ajo = 1, ag; = —1, and a11 = asa = 0, we have

Z(—L)™ ! = 2/Pt(XY —YX)P, fdt.

More generally, for any a > 0,

Z(-L+a)™t =2e —Q’I/Pt(XY Y X) P, fdt.
0

As a consequence of Lemma 2.10, we obtain

Corollary 2.11. Consider a three dimensional model space G(p). Let 1 < p <
oo and o > 0. Then we have
) 1

|M<L+a>vm<an(



Vol. 118 (2022) A note on second order Riesz transforms 301

The sub-Laplacian does not commute with X and Y on G(p). However, the
complex gradient W = X —4Y (and its conjugate) and the sub-Laplacian are
well related, see Section 2. Combining Lemmas 2.2, 2.5, and 2.8, one concludes
that for a > 0, there holds

W(—L-p+a)'W= Qe_zat/PtWWPtfdt. (11)
0

Therefore we have from Lemma 2.10 that

Corollary 2.12. Consider a three dimensional model space G(p). Let 1 < p <
oo and o > 0. Then

IW(=L = p+ )" Wi, < V20" = DI f]l,.
Now we are ready to prove our main result.

Proof of Theorem 1.1. Comparing the real part and the imaginary part for
both sides of (11) yields that for « > 0,

(X(-L-p+a) ' X =Y (-L—p+a) 'Y) f= 26—204/3()(2 — Y P, fdt,
0

(X(~L—-p+a) 'Y +Y(-L—p+a)'X) f =22 / P(XY + Y X)P,fdt.
0
Thus by Corollary 2.12, one has

(X (~L=p+a)' X =Y(=L=p+a)7'Y) fll, < V200" = D],
(X (~L=p+a) 'Y +Y(-L—p+a)'X) fll, < V200" = D flp-
(12)

The LP bound of S¢, . then follows from (12) and Corollary 2.11. O

a,b,c

3. The case of elliptic Laplacians. In this section, we study second order Riesz
transforms for the Laplace-Beltrami operator £ = X2 + Y2 + Z2 on G(p). In
the following, PF = e** denotes the heat semigroup associated with £. Recall
that

(X,)Y]=2, [X,Z]=-pY, [Y,Z]=pX.
Hence one computes that
WL = (L+2iZ +2ipZ — p— p*)W. (13)

Following similar arguments as in Section 2, we have

W(=L+p(1+p) W= 2/PfWWPffdt. (14)
0
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In addition, since ZL = LZ, then
Z2(-L)" = 2/22Ptﬁpffdt. (15)
0

Our main result of this section is the following elliptic Laplacian version of
Theorem 1.1.

Proposition 3.1. For any real-valued numbers a,b, c, consider on G(p)

Sipef =a(=L) ' Z2f+b(X(=L+p(1+p) ' X =Y (=L +p(1+p)"'Y) f
e (X(—L+p(L+p) 'Y +Y (=L +p(1+p) ' X) f.

Then we have for every p > 1,

1S5 0.efllp < V2(lal + 18] + e (p* = 1) £lp.

Proof. Using the same strategy as in the proof of Proposition 2.1, the expres-
sion (14) gives that

W(-L 4 p(L+p) W fGw) = lim B | [ AVPE f(01)-dB| Yr =a |,
0

where ) is the diffusion process associated with the Laplacian L, B; is the
Brownian motion on R?**1 and A is a 3 x 3 matrix with entries ay; = —1,
a1z = a1 =1, ass = 1, and otherwise 0.

Moreover, if the matrix A above is replaced by the matrix with entry azsz =
1 and otherwise 0, then the martingale projection gives Z?(—L£)~!, thanks to
the equation (15). We conclude our proof by applying a similar argument as
in Theorem 1.1. O

Finally let us comment on our three examples: SU(2), H, and SL(2).

On éﬂ(?) Since p = —1, the equation (13) becomes WL = LW and the
constant p(1 + p) in (14) and Proposition 3.1 is zero. Actually, as a Lie group
of compact type, the vector fields X, Y, Z commute with the Laplace-Beltrami
operator £ and heat semigroup P£. Then the explicit LP bound of second
order Riesz transforms follow from [3, Theorem 4.1]. That is, for any constant
coefficient matrix A = (a;;)1<i,j<3.

HZ%RRA\ (0" = DAL,

1,5=1

where R; represents X (—£)~Y/2 Y (—L£)"2, or Z(—L£)"1/2.
On H. In this case p = 0 and we also have p(1 + p) = 0 in Proposition 3.1.
Furthermore, we can extend Proposition 3.1 to H" by noticing that

Wi(—L) "Wy f = 2/Pf(Xij —Y; Yy, — i(X; Yy + X3 Y;)) PF fdt.



Vol. 118 (2022) A note on second order Riesz transforms 303

On SU(2). We have p = 1 and thus Proposition 3.1 holds with p(1 + p) = 2.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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