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A detailed reanalysis of the single gluon emission rate at next-to-leading twist is carried out. As
was the case in prior efforts, the problem is cast in the framework of deep-inelastic scattering (DIS)
of an electron off a large nucleus. The quark produced in the interaction propagates through the
remaining nucleus and engenders scattering and gluon radiation, which is calculated in the limit
of one re-scattering. This medium induced single gluon emission rate forms the basis of several
energy loss calculations in both DIS and heavy-ion collisions. Unlike prior efforts, a complete
transverse momentum gradient expansion of the hadronic tensor, including Nc suppressed terms,
phase terms and finite gluon momentum fraction terms, ignored previously, is carried out. These
terms turn out to be surprisingly large. In contrast to prior efforts, the full next-to-leading twist
gluon emission kernel is found to be positive definite and slowly increasing with the exchanged
transverse momentum. Phenomenological consequences of these new contributions are discussed.

I. INTRODUCTION

Jet modification in a Quark Gluon Plasma (QGP) [1, 2]
is now understood as a multi-scale process [3–6]. Jets
start as single partons emanating from a hard scatter-
ing with a large virtuality, smaller but comparable to
their energy µ2 . E2. The first emissions are vacuum
like [7], with the cross section for medium induced emis-
sion increasing as the virtuality of partons in the shower
continues to decrease with successive emissions. In this
early, high-virtuality portion of the shower, partons tran-
sition from a purely vacuum like emission to that induced
by scattering in a medium. As the virtuality of the par-
tons continues to drop, the probability or rate of medium
induced emission continues to increase compared to vac-
uum like emission. A transition in the dynamics occurs
once the virtuality approaches the medium induced scale
µ2
S ∼ q̂τ [8], where q̂ is transverse momentum transport

coefficient, defined as,

q̂ =
〈~k2⊥〉L
L

, (1)

the mean transverse momentum square accrued per unit
length by a single parton by scattering in the medium [9–
12], and τ is the lifetime of a given parton in the medium.
Beyond this point, the parton transitions to a multiple
scattering or transport phase where emissions are domi-
nantly medium induced (the vacuum like emission proba-
bility is negligible compared to the medium induced prob-
ability).

To address this change in the physical picture from
high virtuality to lower virtuality, one typically uses
two different jet event generators transitioning at an
intermediate scale that is comparable to µ2

S . Within
the JETSCAPE framework [13, 14], the high virtuality
regime is typically dealt with using the MATTER event
generator [15, 16]. The lower virtuality, transport state
is typically dealt with using the LBT [17, 18] or MAR-
TINI generators [19]. While all three of these generators

use a medium induced single gluon emission kernel, in
both the MATTER and LBT generators the single gluon
emission kernel is adopted from the next-to-leading twist
single gluon emission kernel in Ref. [20, 21] with multiple
scattering modifications from Ref. [22]. As a result, the
single gluon emission kernel at next-to-leading twist plays
an essential role in current state-of-the-art simulations.
While the MARTINI generator uses the Arnold-Moore-
Yaffe single gluon emission rate [23–25], the numerical
rate at temperatures of T & 200 MeV for path lengths
larger than a few Fermi, are very similar. Prior to the
use of multi-stage event generators, there has been more
than 15 years of development of jet modification where
the single gluon emission rate at next-to-leading twist has
been used to study a variety of high transverse momen-
tum (high-pT ) observables [17, 26–33] (see Ref. [2] for a
complete list).

The evaluation of the single gluon emission rate at
next-to-leading twist is thus a matter of some impor-
tance. There have already been several attempts to eval-
uate this, both based on dropping contributions from
terms in the phase [20–22], or keeping terms from the
phase but dropping terms suppressed in the large Nc
limit [34, 35]. In this Paper, we hope to carry out, possi-
bly, the last calculation of the single gluon emission rate
at next-to-leading twist, by including all contributions
that were previously ignored. The final results obtained
show a surprisingly different functional dependence on
the length from the hard scattering at which the single
gluon is emitted. However when integrated up to twice
the mean formation time, the full calculation yields re-
sults numerically similar to the original subset of contri-
butions evaluated in Ref. [20, 21].

In Sect. II, we give an overview of the full framework
of DIS on a large nucleus, and highlight salient features
about the total cross section and the hadronic tensor. In
Subsect. II B, we highlight the dispute over the collinear
expansion between the original derivations of Guo and
Wang (GW) [20, 21] and the later work of Aurenche,
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Zakharov and Zaraket (AZZ). We demonstrate that the
dispute arises because both calculations are, in a sense,
incomplete. The complete next-to-leading twist calcula-
tions is explained in detail in Sect. III with three subsec-
tions. When the emitted gluon is collinear and soft, the
central cut diagrams with scatterings after the emission
dominate the process. The calculations of the four cen-
tral cut diagrams with post-emission scatterings (PES)
are given in Subsect. III A.

If at least one scattering, either in the amplitude or
the complex conjugate, happens before the emission, the
contributions are expected to be suppressed by the mo-
mentum fraction of the gluon. Therefore, these diagrams
were neglected in the limit of the soft gluon approxima-
tion. There are five such diagrams with at least one
pre-emission scattering. It is shown in Subsect. III B
that all contributions arising from these diagrams are in-
deed suppressed by the momentum fraction of the gluon,
except for one term. The calculation is not complete
without considering the left and right cut diagrams that
isolate both scatterings into either the amplitude or the
complex conjugate. In Subsect. III C, we illustrate the
calculation of left and right cut diagrams by evaluating
two of them, and showing that they have zero contri-
bution to the medium modification. The calculations of
all the other left and right cut diagrams are given in
Appendix A, which do not contribute to the final result
either.

The final result for the medium modified kernel can
be obtained by combining all the results from the calcu-
lated Feynman diagrams. The calculated medium mod-
ified kernel and its comparison with the GW and AZZ
results are given in Sect. IV. The most obvious difference
between this result and the previous once is the momen-
tum fraction (z) dependence. The momentum fraction
dependence of this result is also studied Sect. IV. The
significance and the conclusion of this study is given in
Sect. V.

II. FINAL STATE IN DIS ON A NUCLEUS: A
REVIEW

In this section, we decompose the general structure of
terms that arise in the next-to-leading twist modification
of the final-state fragmentation function. Throughout
this Paper, we will consider modifications to the frag-
mentation function, as has been the case in the prior
efforts [20–22, 34, 36]. However, our results could be im-
mediately applied to a final-state jet function J(z,Q) as
well. We will assume that the light-cone momentum of
the outgoing quark q− is sufficiently high such that the
preponderance of hadron formation takes place outside
the nuclear medium, allowing us to use the vacuum frag-
mentation function as an input to the medium modified
evolution equation.

After highlighting the general factorized structure of
the contributions we will focus on the source of dispute

between the earlier calculation of Guo and Wang [37, 38]
and the later calculation of Aurenche et al. [34].

A. General structure of terms

We consider the deep inelastic scattering (DIS) of an
electron off a large nucleus with atomic number A. The
mean momentum of nucleons within this nucleus is p and
thus the nucleus has momentum Ap. The process is con-
sidered in the high energy limit where the nucleus and
individual nucleons are moving with a large momentum
in the (+)-z direction, such that the internal motion of
the nucleons within the nucleus can be ignored. In light-
cone coordinates,

p ≡ [p+, p−, ~p⊥] =

[
p0 + p3√

2
,
p0 − p3√

2
, ~p⊥

]
'
[
p+,

M2

2p+
, 0, 0

]
. (2)

Shown in Fig. 1 is a diagrammatic illustration of a
part of the process: the electron enters the nucleus with
momentum l1, and exits with l2 after striking a single
nucleon. While further interactions of the electron are
possible, these are suppressed by factors of αEM. The
electron scatters by exchanging a single highly virtual
photon (with momentum q = l2 − l1). At high enough
energy and virtuality (q2 = −Q2) the photon will resolve
and scatter off a single quark with momentum P within
the nucleon. The process is considered in the Breit frame,
where in light-cone coordinates,

q ≡
[
q+, q−, ~q⊥

]
=

[
− Q2

2q−
, q−, 0, 0

]
. (3)

In this frame, the struck quark’s (+)-light-cone momen-
tum is almost balanced by the momentum of the photon,
i.e.,

k+1 = q+ + P+ ∼ λ2Q, (4)

where, λ → 0 is a small dimensionless variable used to
identify power suppressed contributions. In the limit of
an exact cancellation, one can re-scale p+ = xBp

+ and
obtain the definition of the dimensionless Bjoerken vari-
able,

xB =
Q2

2q−p+
. (5)

While the momenta of the virtual photon Q2, q− can be
chosen by the experiment, quarks from the nucleon enter
the hard scattering with momentum fractions that fluc-
tuate about xB , i.e., x = xB + δx. For δx > 0, the final
quark is time-like and will radiate, for δx < 0, the final
state quark is space-like and will re-scatter. The pho-
ton transfers its (−)-light-cone momentum to the parton,
k−1 ' q−. Thus, in this frame the final quark travels with
a large negative z-component of momentum.
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FIG. 1. A schematic picture of the deep-inelastic scattering
of a high energy electron off a quark in a proton.

The struck quark is virtual k21 ∼ λ2Q2, and propagates
through the remaining nucleus, showering and interact-
ing with partons within the other nucleons. While some
portion of the shower will excite the nucleus (or nucle-
ons) and be constricted within it, some portion will es-
cape and hadronize into a shower or jet of hadrons. A
semi-inclusive process with an observed hadron in the
final state can be written as

e(`1) +A(p)→ e(`2) + h(`h) +X, (6)

where `h is the momentum of the hadron being observed,
and X is the observed final state of the remnant nucleus
and possible jet that emanates along with h.

The differential cross section can be expressed as

dσ

d3`2dzh
=

α2
EM

2π (P + `1)
2

1

E`2Q
4
Lµν

dWµν

dzh
, (7)

where αEM is the electromagnetic coupling constant, E`2
is the energy of the final state electron, Q2 = −q2 denotes
the virtuality (or offshellness) of the virtual photon, and
zh = `−h /q

− is the fractional minus-momentum of the
final state hadron taken from the virtual photon. Since
the largest momentum component of the outgoing quark
is the (−)-light-cone component, the leading hadron will
also possess a dominant (−)-light-cone momentum.

In the equation above, Lµν and Wµν are the corre-
sponding leptonic and hadronic tensors. The leptonic
tensor is given by Lµν = 1

2 Tr [`1 · γγµ`2 · γγν ]. In the
case where there is one gluon emission from the hard
parton and one secondary scattering with the nucleus,
the differential hadronic tensor for the production of a
hadron with momentum `−h = zhq

−, in the fragmenta-
tion of the outgoing quark, can be written as,

dWµν

dzh
=Wµν 1

z
D
(zh
z

)
, (8)

where D (z) is the vacuum fragmentation function for
the momentum fraction z. The assumption of using a
vacuum fragmentation function is justified in the case
where the energy of the quark is very large, such that
a large portion of the hadronization takes place outside.
The hadronic tensor Wµν is given by,

Wµν =
∑
q

∫
dy−

(2π)
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

× Hµν(z)ei
~k⊥·~y⊥ 1

2

〈
A
∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
× A+

(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉 . (9)

Here ψ represents the hard quark field and A+ is the (+)-
component of the exchanged gluon field for rescattering.

All our calculations will be carried out in the A− = 0
gauge. The energy scaling of the various components of
the vector potential can be carried out as in Ref. [39].
Note that we have assumed the perturbative part (or
the partonic hard part) Hµν can be factorized from the
quark fragmentation function Dq(zh/z) and the soft ma-
trix element. This is straightforwardly demonstrated as
in Ref. [40, 41]. We can further factorize the soft four-
point matrix element as,〈

A
∣∣ψ̄ (y−) γ+F+

α

(
y−1
)
F+α

(
y−2
)
ψ (0)

∣∣A〉
' CAp

〈
A
∣∣ψ̄ (y−) γ+ψ (0)

∣∣A〉
×
〈
A− 1

∣∣F+
α

(
y−1
)
F+α

(
y−2
)∣∣A− 1

〉
. (10)

In the equation above, the factor CAp contains the corre-
lation between the nucleon struck by the photon and the
nucleon where the quark re-scatters. We use A−1 for the
second matrix element to indicate that after the first nu-
cleon is struck by the photon, the propagating quark can
scatter off any of the remaining A − 1 nucleons. In this
way, we are explicitly ignoring the case where the rescat-
tering occurs in the same nucleon. The first term will
be absorbed into the nuclear parton distribution func-
tion and the second term will be absorbed into the jet
quenching parameter q̂ later in Eqs. (16) and (17) for
calculating jet energy loss. The partonic hard part Hµν
will be the only quantity that varies with different rescat-
tering processes. During detailed calculation in the next
section, it will be shown that the leading twist partonic
hard part Hµν0 can be extracted from the next-to-leading
twist Hµν as follows,

Hµν = Hµν0
∫
d`2⊥

αS
2π

1 + z2

1− z
2παS
NC

× H
(
y−, y−1 , y

−
2 ,
~̀⊥, ~k⊥, z

)
, (11)

where H is the ~k⊥ dependent part of the partonic hard
part, and the leading twist hard part is given by

Hµν0 =
1

2
e2q (2π) δ

[
(q + xp)

2
]

× Tr [p · γγµ (q + xp) · γγν ] . (12)
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The hadronic tensor Wµν can be calculated from
the T -matrix using the contributing Feynman diagrams.
They are related by,

Wµν =
1

(2π)
Disc [Tµν ] . (13)

To obtain the next-to-leading twist contribution of the
hard part, one may use the collinear expansion around
~k⊥ = 0 as follows,

Hµν = Hµν (k⊥ = 0) +
∂Hµν

∂kρ⊥

∣∣∣∣
k⊥=0

kρ⊥

+
∂2Hµν

∂kρ⊥∂k
σ
⊥

∣∣∣∣
k⊥=0

kρ⊥k
σ
⊥ + ... , (14)

where the first non-zero and non-gauge contribution to
the double scattering process is from the double deriva-
tive term [20]. By substituting this double derivative
term into Eq. (9),

Wµν =
∑
q

∫
dz

∫
dξ−fAq (x)

× q̂
(
ξ−
) 1

4
∇2
k⊥
Hµν(z)|k⊥=0, (15)

Here we have made a variable change ξ− = (y−1 + y−2 )/2
and δy− = (y−1 −y

−
2 )/2. The δy− integration is absorbed

into q̂ since its contribution is negligible in the partonic
hard part. In the above equation, f is the nuclear quark
distribution function defined as [22],

fAq (x) = A

∫
dy−

2π
e−ixp

+y−

×
〈
P

∣∣∣∣ψ̄ (y−) γ+2 ψ (0)

∣∣∣∣P〉 , (16)

and the gluon jet transport coefficient is defined as [42,
43],

q̂
(
ξ−
)

=
4π2αSCA
N2
C − 1

∫
dδy−

(2π)

d2k⊥d
2y⊥

(2π)
2 (17)

× e−i
k2
⊥

2q−
δy−+ik⊥·y⊥

×
〈
P

∣∣∣∣F+
α

(
ξ−+

δy−

2
, y⊥

)
Fα+

(
ξ−−δy

−

2
, 0⊥

)∣∣∣∣P〉 ,
where kρ⊥A

+kσ⊥A
+ is converted into the field strength

F ρ+Fσ+ via partial integration. See Ref. [39] for details
on this conversion. Unlike statements made in prior ef-
forts, the termination of the Taylor expansion at k2⊥ is
not because k⊥ � l⊥, but rather because of the vanishing
size of the expectation 〈P |F+

α

(
y−1 , y⊥

)
Fα+

(
y−2 , 0⊥

)
|P 〉

for k⊥ � ΛQCD. See Ref. [44] for further details.
Conservation of color charge inside a nucleon requires

the parton scattering in the amplitude term and the
corresponding scattering in the complex conjugate term
emerge from the same nucleon. Here we assume y ' 0

and y−1 ' y
−
2 = ξ−, considering that the size of a nucleon

is negligible compared to that of a large nucleus. This
helps further simplify the hadronic tensor as

Wµν =
∑
q

∫
dzfAq (x)K

(
q−, z

)
Hµν0 , (18)

where K will be referred to as the “medium modified
kernel” in the rest of this work.

An arbitrary term in the medium modified kernel
can be symbolically decomposed into a complex am-
plitude (which only depends on factors of momentum)
times a space-time dependent phase factor, times a non-
perturbative matrix element which only depends on po-
sition as follows,

Kab =

∫
ρ∗a({pa})e−ifa({pa}·ya)ρb({pb})eifb({pb}·yb)

× 〈P |A(ya)A(yb)|P 〉. (19)

In the equation above, {pa/b} refers to the collection of
momenta active at location ya/b. Integration over all
positions and internal momenta is implied. In the phase
factors, fa/b({pa/b}) refer to different possible functions
of the momenta that may appear. The factors of A in
the matrix element represent gluon vector potentials with
suppressed indices.

The entire medium modification kernel is obtained by
summing over all diagrammatic contributions,

K =
∑
a,b

Ka,b. (20)

In the equation above, K represents the square of an
entire matrix element. As such K should be positive
definite, as is the case for a probability density. Tak-
ing the first non-vanishing derivative with respect to
k⊥ should yield a positive contribution, the matrix el-
ement becomes larger as the k2⊥ grows from zero, i.e.,
∇2
k⊥
K(k⊥ = 0) ≥ 0. In the limit of an average over

k⊥ weighted with a medium matrix element which dis-
favors large values of k2⊥, both the matrix element and
the first non-vanishing derivative should grow with dis-
tance traversed. In fact, the location where the first non-
vanishing derivative with respect to k2⊥ matches the term
with K(k⊥ = 0), is where the assumption of single re-
scattering, and expansion up to the first non-vanishing
derivative should break down.

As will be explained in the subsequent subsection, the
primary dispute in the evaluation of the next-to-leading
twist contribution to single gluon emission arises from
either not including derivatives of the space-time and
momentum dependent phase terms [20, 21], or including
only a subset of the terms in the sum of Eq. (20) [34, 35].

B. Dispute over collinear expansion in the single
gluon emission rate

In the evaluation of the medium induced gluon emis-
sion cross section from single rescattering, there are 19
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Feynman diagrams that can potentially contribute to
the double scattering process, most of the them have a
vanishing contribution at the next-to-leading twist (or
at first power correction). The first calculation of the
medium modification kernel (referred to as the GW ker-
nel) was provided in Refs. [20, 21] as

KGW

(
q−, z

)
=
αS
2π

∫
dµ2

µ4

∫
dξ−CF

1 + z2

1− z

× 1

z (1− z)
q̂
(
ξ−
){

2− 2 cos

(
µ2ξ−

2q−

)}
. (21)

In this work, the authors invoke both the soft and
collinear approximation on the emitted gluon. The ex-
pectation of the transverse momentum exchange in the
secondary scattering is considered small compared to
the transverse momentum of the emitted gluon in the
high energy and high virtuality regime where the higher-
twist formalism is applicable. Therefore,

〈
k2⊥
〉
� `2⊥

is assumed. This implies 〈(~̀⊥ − ~k⊥)2〉 ' `2⊥, or `2⊥ �
〈k2⊥〉 − 2〈~̀⊥ · ~k⊥〉. The averages are carried out over dif-
ferent configurations of the medium, and thus for media

with rotational symmetry 〈~̀⊥ · ~k⊥〉 ' 0, for a fixed ~̀⊥.
To obtain the equation above, the authors of Refs. [20,

21] neglect the k⊥-dependence in the phase factors be-
fore applying the double derivative with respect to k⊥
in Eq. (15), leading to the GW kernel Eq. (21). The
argument to ignore these contributions is predicated on
the limit of very high energies q− and medium lengths
shorter than a formation time L− ≤ 2q−z(1 − z)/l2⊥.
Critical to the analysis in Refs. [20, 21] is the assump-
tion that power corrections to the phase factors can be
ignored. This along with the retention of only the next-
to-leading twist or power correction, leads to only one
contributing diagram topology (shown in Fig. 2).

Later it was suggested by Aurenche, Zakharov and

Zaraket (AZZ) [34] that the ~k⊥ dependence of the phase
factors in the hadronic tensor cannot be ignored in the
derivative expansion, specifically for the case of longer
media. By taking into account the phase factor for only
the most dominant diagram of the GW kernel (as illus-
trated in Fig. 2), the single gluon emission kernel was
re-calculated in Ref. [34] as,

KAZZ

(
q−, z

)
=
αS
2π

∫
dµ2

µ4

∫
dξ−CF

1 + z2

1− z

× 1

z (1− z)
q̂
(
ξ−
){

2− 2 cos

(
µ2ξ−

2q−

)
(22)

−
(
µ2ξ−

2q−

)
sin

(
µ2ξ−

2q−

)
+

(
µ2ξ−

2q−

)2

cos

(
µ2ξ−

2q−

)}
.

This will be referred to as the AZZ kernel in the remain-
der of this paper. One observes two additional terms
in the AZZ kernel compared to the GW kernel. As will
be shown in Fig. 14, these two terms drive the medium-
induced gluon kernel to become oscillatory at large path
length ξ−, breaking the positive definiteness of the gluon

spectrum. This leads to the long dispute over the valid-
ity of collinear expansion in the calculation of medium-
induced gluon emission.

In this work we are about to address two questions re-
lated to the medium-induced gluon radiation. The first
is the role played by the soft gluon approximation that
has been assumed in both GW and AZZ. With the recent
increase of the colliding energy in heavy-ion experiments,
wide angle radiation is expected to become important in
understanding jet showers, especially when the parton
energy and virtuality are both high. Jet observables are
no longer confined to leading hadrons. To understand
the modification to the entire jet, one needs to compute
the medium modified distribution of splits beyond the
soft gluon approximation. Therefore, the soft gluon ap-
proximation will be abandoned in this work, and a more
general result will be provided. The second question is
the significance of the contribution from the phase factor
in the hadronic tensor. In addition to the diagram con-
sidered by AZZ, we will conduct detailed calculations of
all the remaining diagrams for double scattering. We will
show that after taking into account the complete set of di-
agrams, the positive definiteness of the medium-induced
gluon spectrum is resurrected. In the case of only post-
emission scattering (PES) diagrams, and in combination
with the soft gluon approximation, our results are con-
sistent with both GW and AZZ kernels at small ξ−.

C. Soft gluon approximation and post-emission
scattering

In most calculations of single gluon emission, either in
medium or in vacuum, the soft gluon approximation is in-
voked to simplify the calculation. In this approximation,
emitted gluons are assumed to be soft or in other words
have significantly less longitudinal momentum (momen-
tum in the direction of the parent parton) compared to
the parent parton. This is true even for a gluon splitting
into two gluons, where the momentum fraction of one of
the emitted gluons is typically very small. If we ignore

the ~k⊥ dependent terms in the phase, and in addition in-
voke the soft gluon approximation, it allows us to ignore
the contributions from several Feynman diagrams where
there are at least one pre-emission scattering. This sim-
plification is possible because all such contributions after
the collinear expansion are suppressed by the momentum
fraction of the gluon.

In Subsect. III B, we demonstrate that retaining k⊥
dependent terms that originate from the phase of terms
with scattering before emission do not always lead to
terms suppressed by gluon momentum fraction. In fact,
terms with one scattering before and one after emission
are shown to contain contributions that are not sup-
pressed by momentum fraction of the emitted gluon.
These highlight the importance of carrying out the k⊥
expansion on the momentum and space-time dependent
phase terms [fa/b in Eq. (19)] as well as the complex
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amplitude and the complex conjugate [ρa/b in Eq. (19)].
In the subsequent section we will carry out the full

calculation of the single gluon emission rate at the next-
to-leading twist. We will explicitly demonstrate the ap-
proximations under which one can recover the GW and
AZZ kernels. The expansion of contributions from the
phase will demonstrate that these calculations are not
complete. The final results and numerical comparisons
will be presented in Sect. IV.

III. FULL NEXT-TO-LEADING TWIST
CALCULATION

In this section we carry out the full analytic calculation
of the single gluon emission kernel at the next-to-leading
twist. The Taylor expansion of the result of each diagram
in terms of the exchanged transverse momentum k⊥, is
carried out both on the momentum dependent amplitude
and complex conjugate, as well as on the space-time and
momentum dependent phase factors. The presence of k⊥
contributions from the phase leads to contributions from
several diagram topologies. We also demonstrate later
in the section that non-central cut diagrams continue to
have a vanishing contribution to the single gluon emission
at the next-to-leading twist.

A. Central cut diagrams for post-emission
scattering

In this subsection, we first consider contributions
from diagrams in which both scatterings happen af-
ter gluon emission. Even though all the Lan-
dau–Pomeranchuk–Migdal (LPM) [45–47] interference
diagrams were considered in the GW calculation, by ne-
glecting the phase factors, the only contributing diagram
is the double gluon-gluon re-scattering diagram with the
discontinuity taken at the center of the diagram as shown
in Fig. 2. We first review the contribution from this
digram in detail, with the phase factors taken into ac-
count. Light cone coordinates are used here to simplify
the calculation. In this calculation the nucleus trav-
els in the positive light cone direction with momentum
p = [p+, 0−,~0⊥], and the virtual photon has both nega-
tive and positive components of the light cone momentum
as q = [xBp

+, q−,~0⊥]. The Bjorken variable xB is given
by Eq. (5).

The T -matrix associated with this diagram can be cal-
culated using the QCD Feynman rules as

T µν2 = −
∫
d4yd4z1d

4z2d
4y1d

4y2

∫
d4k1

(2π)
4

d4k2

(2π)
4

d4k3

(2π)
4

×
∫

d4k4

(2π)
4

d4`

(2π)
4

d4`q

(2π)
4 e
iqye2q

〈
A
∣∣ψ̄ (y) γµ

× i/k1e
−ik1(y−z1)

k21 + iε
igtaγα1

idα1σ1
e−ik2(z1−y1)

k22 + iε

𝑞 𝑞

ℓ

ℓ!𝑘"

𝑘# 𝑘$

𝑘%

𝑥$𝑝 + 𝑘& 𝑥%𝑝

𝛼%, 𝔷%𝛼$, 𝔷$
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𝑑 𝑐
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FIG. 2. Feynman diagram for the quark-gluon double rescat-
tering process.

× ig (−k2 − `)β1 fabcAcβ1
(y1) gρ1σ1

× idρ1σ2
e−i`(y1−y2)

`2 + iε

i/̀qe
−i`q(z1−z2)

`2q + iε
igf bedgρ2σ2

× Adβ2
(y2) (−`− k3)

β2
idρ2α2e

−ik3(y2−z2)

k23 + iε
igte

× γα2
i/k4e

−ik4z2

k24 + iε
γνψ (0)

∣∣∣∣A〉 . (23)

To conveniently map the T -matrix to its corresponding
Feynman diagram, we label it with the figure number
(“2” in this case) as its subscript. This notation will be
applied through the rest of this work. The negative light
cone gauge is used in this calculation, where n·A = A− =
0 with n = [1, 0, 0⊥] in the light cone coordinates. The
polarization tensor of the gluon propagator, dαβ (`), in
the light cone gauge is given by

dαβ (`) = −gαβ +
nα`β + nβ`α

n · `
. (24)

The hadronic tensor is then obtained by taking the dis-
continuity at the center as shown in Fig. 2. Integrating
over z1 and z2 followed by k2 and k4 integrals introduce
two relations of momentum conservation as k2 = k1 − `q
and k3 = k4 − `q. Using these constrains, we can set
k1 = [x1p

+ + q+, q−, 0⊥], k4 = [xp+ + q+, q−, 0⊥], and
`q = [x1p

+ + x2p
+ + q+ − `+, q− − `−, k⊥ − `⊥]. There-

fore we can simplify the hadronic tensor by performing
a set of integrals with respect to the above 4-momentum
components and 4-position components. The remaining
integrals over the (+)-components of the momenta and
the remaining transverse component can be expressed as
dk+1 = p+dx1, dk+4 = p+dx, d`+q = p+dx2, and d2`q⊥ =

d2k⊥. An additional δ-function,
∫
dzδ (1− z − `−/q−) =

1, is enforced to introduce the momentum fraction (z)
taken by the final quark. All the color-related terms can
be combined to give a CF /NC factor, where NC is the
number of colors, and CF = (N2

C−1)/(2NC). With these
simplifications, the hadronic tensor reads

Wµν
2 =

1

2π

∫
dy−dy−1 dy

−
2 d

2y⊥

∫
dx1
(2π)

dx2
(2π)

dx

(2π)

d2k⊥

(2π)
2

× e2qg4
(
p+
)2
e−ix1p

+y−−ix2p
+y−1 −i(x−x1−x2)p

+y−2
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× ei~k⊥·~y⊥
∫

d4`

(2π)
4

CA
2NC

∫
dzδ

(
1− z − `−

q−

)
1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× 1

2
Tr

[
p.γγµ

k1.γ

k21 − iε
γα1

dα1σ1

(k1 − `q)2 − iε
g⊥σ1ρ1

×
(
−2`−

)
(2π) δ

(
`2
)
dρ1σ2

(2π) δ
(
`2q
)
`q.γg

⊥
σ2ρ2

×
(
−2`−

) dρ2α2

(k4 − `q)2 + iε
γα2

k4.γ

k24 + iε
γν

]
. (25)

Here we have assumed that Aα (y) ' pα
A+(y)
p+ . This ap-

proximation together with the collinear approximation at
the leading twist are used to separate the matrix element
in Eq. (23) into a non-perturbative matrix element and
a trace part as shown in Eq. (25).

To further perform contour integration over x1 and x2,
we apply the following simplifications to the δ-functions
and the terms in the denominator. The δ-functions can
be written as

δ
(
`2
)

=
1

2`−
δ

(
`+ − `2⊥

2`−

)
, (26)

δ
(
`2q
)

=
1

2p+q−z
δ (x1 + x2 − xL − xD − xB) , (27)

where the Bjorken variable xB is defined in Eq. (5), and
the fractional momenta xL and xD are defined as

xL =
`2⊥

2p+q−z (1− z)
, (28)

xD =
k2⊥ − 2~̀⊥ · ~k⊥

2p+q−z
. (29)

With these definitions, the four terms in the denominator
can be rewritten as

k21 = 2p+q− (x1 − xB) , (30)

k24 = 2p+q− (x− xB) , (31)

(k1 − `q)2 = 2p+q− (1− z)

×
(
x1 − xL − xB −

xD
(1− z)

)
, (32)

(k4 − `q)2 = 2p+q− (1− z)

×
(
x− xL − xB −

xD
(1− z)

)
. (33)

The contour integration part is then extracted from

Eq. (25) and calculated separately as follows,

IC2 =

∫
dx

dx1
(2π)

dx2
(2π)

1

z (1− z)2 (2p+q−)
5

× e−ix1p
+y−−ix2p

+y−1 −i(x−x1−x2)p
+y−2

(x1 − xB − iε)
(
x1 − xL − xB − xD

(1−z) − iε
)

× δ (x1 + x2 − xB − xL − xD)

(x− xB + iε)
(
x− xL − xB − xD

(1−z) + iε
)

=

∫
dx

δ (x− xB)(
~̀⊥ − ~k⊥

)4 θ (y−2 ) θ (y−1 − y−)
× e−i(xB+xL)p+y−−ixDp

+(y−1 −y
−
2 ) z

(2p+q−)
3

×
[
e−i

xD
(1−z)

p+(y−y−1 ) − eixLp
+(y−y−1 )

]
×
[
e−i

xD
(1−z)

p+y−2 − eixLp
+y−2

]
. (34)

In this work we consider the kinematics satisfies q− ∼
Q, ~̀⊥ ∼ λQ and ~k⊥ ∼ λQ, where Q is the scale of the
hard process and λ is a small number (λ � 1). These
can be used to show that `− = (1− z) q− ∼ Q, and
`+ ∼ λ3Q. In the end, the trace part is simplified by
using the trace identities and Dirac matrix identities with
power counting. By expanding to the leading order and
neglecting terms suppressed by higher powers of λ, we
obtain the numerator of the last 3 lines in Eq. (25) as,

Tr

[
. . .

]
= Tr [p.γγµ (q + xp) .γγν ] 8

(
q−
)2

× 1 + z2

z

(
~̀⊥ − ~k⊥

)2
. (35)

By substituting Eqs. (34) and (35) into Eq. (25), one
obtains the hadronic tensor as

Wµν
2 =

1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥e
i~k⊥·~y⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
×
∫

d`2⊥(
~̀⊥ − ~k⊥

)2 αs
(2π)

CA
1 + z2

1− z
2παs
NC

θ
(
y−2
)

× θ
(
y−1 − y−

)
e−i(xB+xL)p+y−−ixDp

+(y−1 −y
−
2 )

×
[
e−i

xD
(1−z)

p+(y−y−1 ) − eixLp
+(y−y−1 )

]
×
[
e−i

xD
(1−z)

p+y−2 − eixLp
+y−2

]
. (36)

By comparing the above equation to Eqs. (9)∼(12),

one can extract the ~k⊥-dependent part of the partonic
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FIG. 3. Feynman diagram for the first of two possible quark-
gluon and gluon-gluon rescattering process.

hard part as,

H2 =
CA

(l⊥ − k⊥)
2 θ
(
y−2
)
θ
(
y−1 − y−

)
.

×
[
e−i

xD
(1−z)

p+(y−y−1 ) − eixLp
+(y−y−1 )

]
×
[
e−i

xD
(1−z)

p+y−2 − eixLp
+y−2

]
. (37)

The double derivative of this ~k⊥-dependent part at k⊥ =
0 then reads

∇2
k⊥
H2

∣∣∣
k⊥=0

=
4CA
`4⊥

[
2− 2 cos

(
`2⊥ξ
−

2q−z (1− z)

)
− 2

(
`2⊥ξ
−

2q−z (1− z)

)
sin

(
`2⊥ξ
−

2q−z (1− z)

)
(38)

+ 2

(
`2⊥ξ
−

2q−z (1− z)

)2

cos

(
`2⊥ξ
−

2q−z (1− z)

)]
.

Here y = 0 and y−1 = y−2 = ξ− are used as discussed
earlier. The result we obtained here for diagram Fig. 2
is identical to the result by AZZ [34, 35]. However, as
other contributing diagrams are included in the rest of
this work, our final result will deviate from AZZ.

There are two diagrams with quark-gluon and gluon-
gluon rescattering, as shown in Figs. 3 and 4. Following
similar steps used for the gluon-gluon double rescatter-
ing calculation above, one may first obtain the hadronic
tensor for Fig. 3 as follows,

Wµν
3 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× ei~k⊥·~y⊥

∫
d`2⊥

~̀⊥ ·
(
~̀⊥ − ~k⊥

)
`2⊥

(
~̀⊥ − ~k⊥

)2 αs
(2π)

CA
2

1 + z2

1− z

× 2παs
NC

e−i(xB+xL)p+y−−ixDp
+(y−1 −y

−
2 )

× θ
(
y−1 − y−

)
θ
(
y−2
) [

1− eixLp
+(y−y−1 )

]
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FIG. 4. Feynman diagram for the second of two possible
quark-gluon and gluon-gluon rescattering process.

×
[
e−i

xD
(1−z)

p+y−2 − eixLp
+y−2

]
. (39)

The corresponding ~k⊥-dependent part of the partonic
hard part can be then obtained as,

H3 = −CA
2

~̀⊥ ·
(
~̀⊥ − ~k⊥

)
`2⊥

(
~̀⊥ − ~k⊥

)2 θ (y−2 ) θ (y−1 − y−)
×
[
1− eixLp

+(y−y−1 )
]

×
[
e−i

xD
(1−z)

p+y−2 − eixLp
+y−2

]
. (40)

The collinear expansion of the above hard part can be
evaluated right away. However, the expansion can be
more convenient if it is implemented when results of the
Figs. 3 and 4 are combined together. Note that these
two diagrams are complex conjugate of each other, thus
closely related.

The hadronic tensor for Fig. 4 reads,

Wµν
4 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× ei~k⊥·~y⊥

∫
d`2⊥

~̀⊥ ·
(
~̀⊥ − ~k⊥

)
`2⊥

(
~̀⊥ − ~k⊥

)2 αs
(2π)

CA
2

1 + z2

1− z

× 2παs
NC

e−i(xB+xL)p+y−−ixDp
+(y−1 −y

−
2 )θ

(
y−1 − y−

)
× θ

(
y−2
) [
e−i

xD
(1−z)

p+(y−y−1 ) − eixLp
+(y−y−1 )

]
×
[
1− eixLp

+y−2

]
, (41)

with its corresponding ~k⊥-dependent part of the partonic
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FIG. 5. Feynman diagram for the double quark-gluon rescat-
tering process.

hard part as,

H4 = −CA
2

~̀⊥ ·
(
~̀⊥ − ~k⊥

)
`2⊥

(
~̀⊥ − ~k⊥

)2 θ (y−2 ) θ (y−1 − y−)
×
[
1− eixLp

+y−2

]
×
[
e−i

xD
(1−z)

p+(y−y−1 ) − eixLp
+(y−y−1 )

]
. (42)

By taking y = 0 and y−1 = y−2 = ξ−, we obtain the
combination Eqs. (40) and (42) as

H3,4 =
CA
2

~̀⊥ ·
(
~̀⊥ − ~k⊥

)
`2⊥

(
~̀⊥ − ~k⊥

)2
2 cos

ξ−
(
~̀⊥ − ~k⊥

)2
2q−z (1− z)


− 2− 2 cos

ξ−
(
k2⊥ − 2~k⊥ · ~̀⊥

)
2q−z (1− z)


+ 2 cos

(
ξ−`2⊥

2q−z (1− z)

)]
. (43)

The double derivative of this combined term is then

∇2
k⊥

(H3,4)
∣∣∣
k⊥=0

= 2CA

(
ξ−

2q−z (1− z)

)2

×
[
2− 2 cos

(
ξ−`2⊥

2q−z (1− z)

)]
. (44)

The last diagram for this subsection is for double
quark-gluon rescattering, as shown in Fig. 5. Its hadronic
tensor reads

Wµν
5 =

1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥e
i~k⊥·~y⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
×
∫

d`2⊥(
~̀⊥ − ~k⊥

)2 αs
(2π)

CA
1 + z2

1− z
2παs
NC

θ
(
y−2
)

× θ
(
y−1 − y−

)
e−i(xB+xL)p+y−−ixDp

+(y−1 −y
−
2 )

×
[
1− eixLp

+(y−y−1 )
] [

1− eixLp
+y−2

]
, (45)

and the corresponding ~k⊥-dependent part of the partonic
hard part is

H5 =
CF
`2⊥

[
1− eixLp

+(y−y−1 )
] [

1− eixLp
+y−2

]
× θ

(
y−2
)
θ
(
y−1 − y−

)
. (46)

As there is no ~k⊥ dependence in this hard part, the

derivative with respect to ~k⊥ is zero. Therefore, there is
no contribution from this diagram to the medium modi-
fication kernel in the end.

∇2
k⊥
H5

∣∣∣
k⊥=0

= 0. (47)

Figures 2−4 are the only three contributing diagrams
for the single scattering single emission DIS when scat-
tering happens after emission. Here we only present cal-
culations for central cut diagrams. Diagrams with left
and right cuts will be discussed in Sect. III C and Ap-
pendix A. However, we will see that none of the non-
central cut diagrams have contribution to our final result
at the next-to-leading twist.

B. Central cut diagrams including pre-emission
scattering

In the previous subsection, we concentrated on dia-
grams in which both rescatterings happen after the gluon
emission. In this subsection, we investigate contributions
from central cut diagrams in which one or both rescatter-
ings occur before the gluon emission. If one ignores the
~k⊥-dependent phase factors in the hadronic tensor as the
GW work did, one would find these diagrams including
pre-emission scattering are suppressed by the momentum
fraction of the emitted gluon compared to those post-
emission scattering diagrams.

As a result, in the limit of small gluon momentum (or
soft gluon approximation), these pre-emission contribu-
tions were considered negligible. However, in this sub-
section, we will show that after taking into account the

contributions from the ~k⊥-dependent phase factors be-
fore the collinear expansion, diagrams with pre-emission
scattering will no longer be entirely suppressed by the
emitted gluon momentum fraction. Therefore, these di-
agrams cannot be neglected even with the soft gluon ap-
proximation. This is also the main source for our results
differing from GW and AZZ kernels even at small path
length (ξ−/τF ) in the end.

There are a total of five central cut diagrams that in-
clude at least one secondary scattering happening before
the gluon emission. There are two diagrams, as shown
in Figs. 6 and 7, corresponding to quark-gluon+gluon-
gluon rescattering process with the quark-gluon rescat-
tering occuring before the gluon emission. They will be
shown to be the only two contributing diagrams among
the five. Following the routines constructed in the previ-
ous subsection, one may first express the hadronic tensor
for Fig. 6 as follows,
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FIG. 6. Feynman diagram for the first of two possible quark-
gluon and gluon-gluon rescattering process with scattering on
quark happens before the emission.

Wµν
6 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× ei~k⊥·~y⊥

∫
d`2⊥

(
~̀⊥ − ~k⊥

)
·
(
~̀⊥ − (1− z)~k⊥

)
(
~̀⊥ − ~k⊥

)2 (
~̀⊥ − (1− z)~k⊥

)2
× αs

(2π)

CA
2

1 + z2

1− z
2παs
NC

θ
(
y−2
)
θ
(
y−1 − y−

)
× e−i(xB+xL)p+y−−ixDp

+(y−1 −y
−
2 )eixLp

+(y−−y−1 +y−2 )

×
[
1− e−i(xL+

xD
(1−z) )p

+y−2
]
. (48)

The corresponding ~k⊥-dependent part of the partonic
hard part is then extracted as

H6 = −CA
2

(
~̀⊥ − ~k⊥

)
.
(
~̀⊥ − (1− z)~k⊥

)
(
~̀⊥ − ~k⊥

)2 (
~̀⊥ − (1− z)~k⊥

)2
× eixLp

+(y−−y−1 +y−2 )
[
1− e−i(xL+

xD
(1−z) )p

+y−2
]

× θ
(
y−2
)
θ
(
y−1 − y−

)
. (49)

Similar to our earlier calculation of Figs. 3 and 4,
collinear expansion of the above partonic hard part for
Fig. 6 can be postponed till it is combined with result
from Fig. 7 later, since they are complex conjugate of
each other.

The hadronic tensor of the diagram shown in the Fig. 7
is given by

Wµν
7 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× ei~k⊥·~y⊥

∫
d`2⊥

(
~̀⊥ − ~k⊥

)
·
(
~̀⊥ − (1− z)~k⊥

)
(
~̀⊥ − ~k⊥

)2 (
~̀⊥ − (1− z)~k⊥

)2
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FIG. 7. Feynman diagram for the second of two possible
quark-gluon and gluon-gluon rescattering process with scat-
tering on quark happens before the emission.

× αs
(2π)

CA
2

1 + z2

1− z
2παs
NC

θ
(
y−2
)
θ
(
y−1 − y−

)
× e−ixBp

+y−−i(xL+xD)p+(y−1 −y
−
2 )eixLp

+(y−−y−1 +y−2 )

×
[
1− e−i(xL+

xD
(1−z) )p

+(y−−y−1 )
]
, (50)

and its corresponding ~k⊥-dependent part of the partonic
hard part is

H7 = −CA
2

(
~̀⊥ − ~k⊥

)
·
(
~̀⊥ − (1− z)~k⊥

)
(
~̀⊥ − ~k⊥

)2 (
~̀⊥ − (1− z)~k⊥

)2
× eixLp

+(y−−y−1 +y−2 )
[
1− e−i(xL+

xD
(1−z) )p

+(y−−y−1 )
]

× θ
(
y−2
)
θ
(
y−1 − y−

)
. (51)

By combining Eqs. (49) and (51) and then taking the

second derivative with respect to ~k⊥ at ~k⊥ = 0, we have

∇2
k⊥
H6,7

∣∣∣
k⊥=0

= −4CA
`4⊥

{
(1− z) (52)

×
[
1− cos

(
`2⊥ξ
−

2q−z (1− z)

)
−
(

`2⊥ξ
−

2q−z (1− z)

)
sin

(
`2⊥ξ
−

2q−z (1− z)

)]
+

(
`2⊥ξ
−

2q−z (1− z)

)2

cos

(
`2⊥ξ
−

2q−z (1− z)

)}
,

in which y = 0 and y−1 = y−2 = ξ− have been taken as
before.

Note that in the above equation, the first part in-
side {. . .} is suppressed by the gluon momentum fraction
(1 − z), while the second part is not. The latter makes
contribution from such diagrams with pre-emission scat-
tering non-negligible even in the soft gluon limit. This
is one of the main findings of this work after taking into

account the contribution from the ~k⊥-dependent phase
factors in the hadronic tensor.

There are three quark-gluon double rescattering dia-
grams, two with one scattering (Figs. 8 and 9), one with
both scatterings (Fig. 10), occurring before the gluon
emission. However, as will be shown below, none of them
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FIG. 8. Feynman diagram for the first of two possible dou-
ble quark-gluon rescattering process with only one scattering
happens before emission.
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FIG. 9. Feynman diagram for the second of two possible dou-
ble quark-gluon rescattering process with only one scattering
happens before emission.

contributes to the final result of our medium modification
kernel at the next-to-leading twist.

First, the hadronic tensor corresponding to Fig. 8 can
be written as

Wµν
8 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥e
i~k⊥~y⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
×
∫
d`2⊥

~̀⊥ ·
(
~̀⊥ − (1− z)~k⊥

)
`2⊥

(
~̀⊥ − (1− z)~k⊥

)2 αs
(2π)

CF
1 + z2

1− z

× 2παs
NC

e−ixBp
+y−−i(xL+xD)p+(y−1 −y

−
2 )θ

(
y−2
)

× θ
(
y−1 − y−

)
eixLp

+(y−−y−1 )
[
1− eixLp

+y−2

]
, (53)

from which the ~k⊥-dependent part of the partonic hard
part can be extracted as

H8 = CF

~̀⊥ ·
(
~̀⊥ − (1− z)~k⊥

)
`2⊥

(
~̀⊥ − (1− z)~k⊥

)2 eixLp
+(y−−y−1 )

×
[
1− e−ixLp

+y−2

]
θ
(
y−2
)
θ
(
y−1 − y−

)
. (54)

Similarly, the hadronic tensor associated with Fig. 9

𝑞 𝑞
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FIG. 10. Feynman diagram for the double quark-gluon rescat-
tering process with both scatterings happens before emission.

can be expressed as

Wµν
9 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥e
i~k⊥~y⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
×
∫
d`2⊥

~̀⊥ ·
(
~̀⊥ − (1− z)~k⊥

)
`2⊥

(
~̀⊥ − (1− z)~k⊥

)2 αs
(2π)

CF
1 + z2

1− z

× 2παs
NC

e−ixBp
+y−−i(xL+xD)p+(y−1 −y

−
2 )θ

(
y−2
)

× θ
(
y−1 − y−

)
eixLp

+y−2

[
1− eixLp

+(y−−y−1 )
]
, (55)

and its ~k⊥-dependent part of the partonic hard part is
given by

H9 = CF

~̀⊥ ·
(
~̀⊥ − (1− z)~k⊥

)
`2⊥

(
~̀⊥ − (1− z)~k⊥

)2 eixLp
+y−2

×
[
1− e−ixLp

+(y−−y−1 )
]
θ
(
y−2
)
θ
(
y−1 − y−

)
.(56)

Since Figs. 8 and 9 are complex conjugate of each
other, one can naturally add Eqs. (54) and (56) together
and take y = 0 and y−1 = y−2 = ξ−. Although the combi-

nation ∇2
k⊥
H8,9 still has ~k⊥ dependence, one may easily

verify that its second order derivative with respect to ~k⊥
at ~k⊥ = 0 is zero:

∇2
k⊥
H8,9

∣∣∣
k⊥=0

= 0. (57)

The last central cut diagram of this subsection is for
the double quark-gluon rescattering where both scatter-
ings happen before the gluon emission. The hadronic
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tensor associated with Fig. 10 is given by

Wµν
10 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥e
i~k⊥~y⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
×
∫

d`2⊥(
~̀⊥ − (1− z)~k⊥

)2 αs
(2π)

CF
1 + z2

1− z
2παs
NC

× e−ixBp
+y−−i(xL+xD)p+(y−1 −y

−
2 )

× θ
(
y−2
)
θ
(
y−1 − y−

)
. (58)

Even though this diagram belongs to the single scat-
tering single emission calculation, this looks more like
a higher order correction to the diagram of single emis-

sion with no scattering. For this reason, there is no ~k⊥-
dependent phase term associated with this diagram. The

corresponding ~k⊥-dependent part of the partonic hard
part can be extracted as

H10 =
CF(

~̀⊥ − (1− z)~k⊥

)2 θ (y−2 ) θ (y−1 − y−) . (59)

Here we can ignore the two θ-functions since there is
no other y−1 or y−2 dependence in Eq. (59). Taking the
collinear expansion of this hard part is non-trivial since

taking double derivative at ~k⊥ = 0 directly would yield
divergence. To avoid such divergence, one can perform

the `2⊥ integral of the hard part before taking the ~k⊥
derivative:∫ Q2

0

d`2⊥H10 =

∫ Q2

0

d`2⊥
CF(

~̀⊥ − (1− z)~k⊥

)2 . (60)

The above integral can be performed with the change of

variable ~p⊥ = ~̀⊥ − (1− z)~k⊥. This also changes the

limits of the integral from 0 → Q2 to (1− z)
2
k2⊥ →

Q2−2 (1− z) ~̀⊥ ·~k⊥+ (1− z)
2
k2⊥. One may still use Q2

as the upper limit considering that it is a large number.
For generality, we keep the full form of this upper limit
and can show that the final result is zero either with or
without this large Q2 assumption. The integral is then
re-written as∫ Q2

0

d`2⊥H10 =

∫ Q2−2(1−z)~̀⊥·~k⊥+(1−z)2k2⊥

(1−z)2k2⊥
dp2⊥

CF
p2⊥

(61)

= CF log

(
Q2 − 2 (1− z) ~̀⊥ · ~k⊥ + (1− z)

2
k2⊥

(1− z)
2
k2⊥

)
.

One may easily observe that the second derivative of this

expression with respect to ~k⊥ at ~k⊥ = 0 is zero no mat-
ter whether the above mentioned large Q2 assumption is
used or not. Therefore, there is no contribution to the
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FIG. 11. Feynman diagram for the quark-gluon and gluon-
gluon rescattering process with left cut.

final medium modification kernel from this double pre-
emission quark-gluon rescattering diagram.

We have now completed calculations for all the nine
central cut diagrams. Five of them have non-zero contri-
butions to the medium modification kernel at the next-to-
leading twist. If one only considers post-emission rescat-
tering and assumes diagrams including pre-emission scat-
tering is suppressed in the soft gluon limit, the number of
contributing diagrams is reduced to three. However, we
have shown that such suppression no longer exists when

we take into account the ~k⊥-dependent phase factors in
our calculations. The contributions from post-emission
and pre-emission rescatterings will be compared in detail
later in Sec. IV.

C. Non-central cut diagrams

There are eight double-rescattering-single-emission di-
agrams that can be cut asymmetrically, leading to ten
left or right cut diagrams in total. However, none of
them have contribution to our medium modification ker-
nel at the next-to-leading twist. In the subsection, we
present detailed calculations for two examples of these
non-central cut diagrams. The remaining eight diagrams
will be summarized in Appendix A.

The hadronic tensor for the left cut diagram illustrated
in Fig. 11 can be expressed as follows,

Wµν
11 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× ei~k⊥·~y⊥

∫
d`2⊥

~̀⊥ ·
(
~̀⊥ + ~k⊥

)
`2⊥

(
~̀⊥ + ~k⊥

)2 αs
(2π)

CA
2

1 + z2

1− z

× 2παs
NC

e−i(xB+xL)p+y−+ix+
Dp

+(y−1 −y
−
2 )

×

{[
θ
(
y−2 − y

−
1

)
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−1 −y

−
2 )
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+ θ
(
y−1 − y

−
2

)]
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−2 −y

−)

× θ
(
y−2 − y−

)
+ θ

(
y−1 − y−

)
θ
(
y−2 − y−

)
×

[
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−1 −y

−)
− 1

]}

× e−i
x
+
D

p+(y−−y
−
2 )

(1−z) . (62)

Note that to be consistent with the convention, the four
momentum of the outgoing gluon should be `. As a re-
sult, the definition of momentum in this diagram appears
slightly different from its corresponding central cut dia-
gram (Fig. 3). And because of these adjustments in the
definition of momentum, the related momentum fraction
xD previously defined in Eq. (29) has also been adjusted
to x+D in this diagram as follows,

x+D =
k2⊥ + 2~̀⊥ · ~k⊥

2p+q−z
. (63)

The ~k⊥-dependent part of the partonic hard part can
be then extracted from the hadronic tensor as

H11 = −CA
2

~̀⊥ ·
(
~̀⊥ + ~k⊥

)
`2⊥

(
~̀⊥ + ~k⊥

)2 e−i x+
D

p+(y−−y
−
2 )

(1−z)

×

{[
θ
(
y−2 − y

−
1

)
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−1 −y

−
2 )

+ θ
(
y−1 − y

−
2

)]
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−2 −y

−)

× θ
(
y−2 − y−

)
+ θ

(
y−1 − y−

)
θ
(
y−2 − y−

)
×

[
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−1 −y

−)
− 1

]}
. (64)

There are two possible orientations of this diagram de-
pending on the location of the secondary scattering. Both
quark-gluon rescattering followed by gluon-gluon rescat-
tering and gluon-gluon rescattering followed by quark-
quark rescattering are included in the above expression,
as characterize by the two θ-functions θ

(
y−2 − y

−
1

)
and

θ
(
y−1 − y

−
2

)
respectively.

The complex conjugate of this left cut diagram
(Fig. 11) is shown in Fig. 12 as a right cut diagram.
We can combine their hadronic tensors to simplify the
further collinear expansion as we did in previous subsec-
tions. The hadronic tensor associated with Fig. 12 reads

Wµν
12 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× ei~k⊥·~y⊥

∫
d`2⊥

~̀⊥ ·
(
~̀⊥ + ~k⊥

)
`2⊥

(
~̀⊥ + ~k⊥

)2 αs
(2π)

CA
2

1 + z2

1− z
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FIG. 12. Feynman diagram for the quark-gluon and gluon-
gluon rescattering process with right cut.

× 2παs
NC

e−i(xB+xL)p+y−+ix+
Dp

+(y−1 −y
−
2 )e−i

x
+
D

p+y
−
1

(1−z)

×

{[
θ
(
y−2 − y

−
1

)
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−1 −y

−
2 )

+ θ
(
y−1 − y

−
2

)]
θ
(
y−2
)
e
i

(
xL+

x
+
D

(1−z)

)
p+y−2

+ θ
(
y−1
)
θ
(
y−2
) [
e
−i

(
xL+

x
+
D

(1−z)

)
p+y−1 − 1

]}
. (65)

And its ~k⊥-dependent part of the partonic hard part is
given by

H12 = −CA
2

~̀⊥ ·
(
~̀⊥ + ~k⊥

)
`2⊥

(
~̀⊥ + ~k⊥

)2 e−i x+
D

p+y
−
1

(1−z)

×

{[
θ
(
y−2 − y

−
1

)
e
−i

(
xL+

x
+
D

(1−z)

)
p+(y−1 −y

−
2 )

+ θ
(
y−1 − y

−
2

)]
θ
(
y−2
)
e
i

(
xL+

x
+
D

(1−z)

)
p+y−2

(66)

+ θ
(
y−1
)
θ
(
y−2
) [
e
−i

(
xL+

x
+
D

(1−z)

)
p+y−1 − 1

]}
.

After combining Eqs. (64) and (66) and taking y− = 0
and y−1 = y−2 = ξ− as before, we obtain

H11,12 = −CA
2

~̀⊥ ·
(
~̀⊥ + ~k⊥

)
`2⊥

(
~̀⊥ + ~k⊥

)2 [4 cos

{
`2⊥ξ
−

2z (1− z) q−

}

− 2 cos


(
k2⊥ − 2~k⊥ · ~̀⊥

)
ξ−

2z (1− z) q−


 . (67)

One may easily show that the second derivative of this

combined hard part with respect to ~k⊥ at ~k⊥ = 0 gives
zero contribution to the final medium modification:

∇2
k⊥
H11,12

∣∣∣
k⊥=0

= 0. (68)

The other eight left and right cut diagrams will be
summarized in Appendix A, which will have zero contri-
bution to our final result as well.
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IV. MEDIUM MODIFICATION KERNEL

In the previous section, a complete calculation of the
single re-scattering induced single gluon emission process
has been carried out. The calculation has taken into
account contributions from the momentum-dependent,
complex amplitude and conjugate [Eq. (19)], as well as

the ~k⊥-dependent phase factors during the collinear (or
~k⊥) expansion. While several new and large contribu-
tions were discovered, the basic physical interpretation
of the diagrams is unchanged from that in GW [20, 21].
Thus the main result of our work is a quantitative, and
not a qualitative, shift from that of GW. We recapitulate
this physical interpretation in this section, present our fi-
nal results and carry out numerical comparisons between
the results of our work and that of GW and AZZ.

A. Physical interpretation of pole structure

Consider all the possible Feynman diagram ampli-
tudes, i.e., the left hand sides of the cut line (for cen-
tral cuts only). In the evaluation of contributions to the
hadronic tensor from Eqs. (25)-(58), one carries out a
series of contour integrations over the momenta in the
denominator of the propagators, using the method of
residues. However in each case, for central cut diagrams,
there is one propagator in the amplitude and one in the
complex conjugate which cannot be integrated out by the
method of residues. This propagator remains off-shell,
while we integrate over the momenta in the other prop-
agators. This is indicated by the red line in Fig. 13. In
GW, the cases where the off-shell propagator emanated
directly from the hard vertex were referred to as soft
(S) contributions (the two left diagrams in Fig. 13). The
cases where the off-shell propagators were separated from
the hard vertex by propagator whose momentum had
been integrated out is referred to as double hard (H),
e.g., the quark after hard scattering off a photon goes
on-shell and is knocked off-shell by a second hard scat-
tering in the medium leading to the radiation of a hard
gluon (the remaining 3 diagrams in Fig. 13).

Based on the phase factors, these diagrams can be re-
organized into five different types of diagrams as illus-
trated in Fig. 13. In each of these five diagrams, the
phase varies depending on the most virtual parton, indi-
cated by the thick red line. For cases where the off-shell
parton is time-like (the two left diagrams, and top right
diagram in Fig. 13), the overall sign is positive. For dia-
grams where the off-shell line is space-like, e.g., the two
middle diagrams in Fig. 13, the overall sign is negative.

B. Comparing the full kernel with GW and AZZ

In this subsection, we gather all contributions to the
Taylor expansion in terms of k⊥ and reconstitute the

Virtual 
Corrections

FIG. 13. Splitting processes included in medium splitting
function. The thick red line represent the most virtual prop-
agator in the diagram. The dark circle attached to the gluons
indicates that those gluons are part of the medium.

hadronic tensor at next-to-leading order and next-to-
leading twist. Combining all contributions from both the
amplitude and complex conjugate, at the next-to-leading
twist, i.e., Eqs. (38), (44) and (52), we have

∇2
k⊥
H
∣∣∣
k⊥=0

=
4CA
`4⊥

[
(1 + z)

2

{
2− 2 cos

(
`2⊥ξ
−

2q−z (1− z)

)
− 2

(
`2⊥ξ
−

2q−z (1− z)

)
sin

(
`2⊥ξ
−

2q−z (1− z)

)}
+

(
`2⊥ξ
−

2q−z (1− z)

)2
]
. (69)

By using the full partonic hard part at next-to-leading
twist after collinear expansion given in Eq. (69), the
hadronic tensor can be written as,

Wµν =

∫
dy−

2π
dξ−

dδy−

2π
dzdx

d2k⊥d
2y⊥

(2π)
2 eik⊥·y⊥

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

× 1

2

〈
A

∣∣∣∣ψ̄ (y−) γ+F+
α

(
ξ− +

δy−

2

)
× F+α

(
ξ− − δy−

2

)
ψ (0)

∣∣∣∣A〉 αs
(2π)

×
∫
d`2⊥
`4⊥

CA
1 + z2

1− z
2παs
NC

e−i(xB+xL)p+y−e−ix
+
Dp

+δy−

×
[

(1 + z)

2

{
2− 2 cos

(
`2⊥ξ
−

2q−z (1− z)

)
− 2

(
`2⊥ξ
−

2q−z (1− z)

)
sin

(
`2⊥ξ
−

2q−z (1− z)

)}
+

(
`2⊥ξ
−

2q−z (1− z)

)2
]
. (70)

In Eq. (70), the gluon fields in soft hadronic tensor is
converted to field strength via partial integration to get
the jet transport coefficient, defined in Eq. (17), after
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factorization. Here a variable change, `2⊥ = z (1− z)µ2,
can be made to remove the z dependence of sine and
cosine terms. This allows one to factor the µ and ξ−

integrations from the z integration. But even with this
variable change, the overall (1 + z) /[2z(1− z)] factor re-
mains. Thus the in-medium splitting function is not of
the form P (z) × K, i.e., the vacuum splitting function
times a medium dependent factor that does not depend
on z. Indeed the medium induced splitting function is
different from that in vacuum.

By considering Eq. (8) and Eq. (70), we can reintro-
duce a fragmentation function on the outgoing quark
or gluon. Also here we use the definitions in Eq. (12),
Eq. (17), and Eq. (16) for Hµν0 , q̂ (ξ−), and fAq (x) respec-
tively, to simplify the expression. For the case where the
detected hadron emanates from the quark with momen-
tum p−h = zhq

−, the differential hadronic tensor which
includes medium induced single gluon emission from the
quark at next-to-leading twist (or in the one rescattering
approximation) can be expressed as,

dWµν

dzh
=

∫
dξ−

∫
dz

z
Hµν0 fAq (xB + xL)

× q̂
(
ξ−
) ∫ dµ2

µ4

αs
(2π)

CF
1 + z2

1− z

× 1

z (1− z)

[
(1 + z)

2

{
2− 2 cos

(
µ2ξ−

2q−

)
− 2

(
µ2ξ−

2q−

)
sin

(
µ2ξ−

2q−

)}
+

(
µ2ξ−

2q−

)2
]

× Dh
q

(zh
z

)
. (71)

In the equation above CF = (N2
C − 1)/(2NC) is the

Casimir factor for a quark. We will factorize the above
equation in the form,

dWµν

dzh
= fAq ⊗H

µν
0 ⊗ D̃h

q , (72)

where, D̃ is the medium modified fragmentation func-
tion. Thus the next-to-leading twist contribution to the
fragmentation function at next-to-leading order as,

δD̃h
q (zh) =

∫
dµ2

µ4

αs
(2π)

CF

∫
dz

z

1 + z2

z(1− z)2

×
∫
dξ−q̂(ξ−)

[
(1 + z)

2

{
2− 2 cos

(
µ2ξ−

2q−

)
− 2

(
µ2ξ−

2q−

)
sin

(
µ2ξ−

2q−

)}
+

(
µ2ξ−

2q−

)2
]

× Dh
q

(zh
z

)
. (73)

Adding the above contribution to the vacuum contri-
bution to the fragmentation function at next-to-leading
order and leading twist,

δD(z) =

∫
dµ2

µ2

αS
2π

∫ 1

zh

P+(z)Dh
q

(zh
z

)
, (74)

we obtain the full contribution from next-to-leading or-
der up to next-to-leading twist. In the equation above,

P (z) = CF
1+z2

1−z , and the (+)-function, P+ (z) is de-
fined by combining real and virtual contributions. We
now simply add next-to-leading twist contributions at
each successive order and then differentiate with log µ2 to
obtain the medium modified Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equation for the
medium modified fragmentation function (a more de-
tailed calculation of this resummation using GW kernel
can be found in Ref. [8]):

∂Dh
q

(
zh, µ

2, q−
) ∣∣t−0 +τ

t−0

∂ log µ2
=
αS
2π

∫ 1

zh

dz

z
[P+ (z)

+

(
P (z)

z (1− z)

)
+

∫ t−0 +τ

t−0

dξ−
1

µ2
K̄
(
q−, µ2, z, ξ−

)
× Dh

i

(zh
z
, µ2, zq−

)]
, (75)

where K̄
(
q−, µ2, z, ξ−

)
is defined below in Eq. (77). In

Eq. (75), i can be quark or gluon, and depending on the
value of i, the splitting function, P+ (y) changes accord-
ingly. The medium modification kernel K (q−, z), which
includes the entire contribution from the medium, other
than the fragmentation function, is given as,

K
(
q−, z

)
=
αS
2π

∫
dµ2

µ4
CF

1 + z2

1− z

∫
dξ−q̂

(
ξ−
)

× 1

z (1− z)

[
(1 + z)

2

{
2− 2 cos

(
µ2ξ−

2q−

)
− 2

(
µ2ξ−

2q−

)
sin

(
µ2ξ−

2q−

)}
+

(
µ2ξ−

2q−

)2
]
. (76)

The general form of the medium modification kernel
K (q−, z) can be given as

K
(
q−, z

)
=
αS
2π

∫
dµ2

µ4

∫
dξ−CF

1 + z2

1− z

× 1

z (1− z)
K̄
(
q−, µ2, z, ξ−

)
, (77)

in which we use K̄ to compare different kernels to visu-
alise the difference between calculations properly.

One can observe obvious difference between our (SCM)
result Eq. (76) and the medium modification kernels pro-
vided by either GW Eq. (21) [20] or AZZ Eq. (22) [35].
Additional momentum fraction z remains even after the
gluon splitting time substitution τ−F = 2q−z(1 − z)/`2⊥.
Therefore, to compare our result to GW and AZZ kernels,
we need to specify the z value taken in our calculation.

In Fig. 14, we compare our new result with both
GW and AZZ kernels, as a function of the path-length-
formation-time ratio (ξ−/τ−F ). The momentum fraction
is chosen as z = 0.5 in this figure. Compared to the GW
result, our current calculation predicts a much smaller
value of the medium modification kernel up till a length
around 1.5τF . This is due to the negative contribution
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e x p a n si o n.

T h e A Z Z e ff ort e xt e n d e d t hi s t o i n cl u d e o nl y s o m e of

t h e k ⊥ - d e p e n d e nt p h a s e f a ct or s, t h o s e t h at e m a n at e fr o m
t h e l e a di n g di a gr a m of t h e G W a n al y si s, Fi g. 2 i n t h e
c urr e nt e ff ort. A s a r e s ult, t h e A Z Z k er n el c oi n ci d e s wit h
t h e G W k er n el i n t h e s m all p at h l e n gt h li mit. C o m p ar e d
t o t h e A Z Z k er n el, t h e c urr e nt e ff ort yi el d s a fi n al r e s ult
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τ −
F .
T o c o n fir m t h e d e vi ati o n b et w e e n o ur r e s ult a n d t h e

G W k er n el i n d e e d c o m e s fr o m t h o s e pr e- e mi s si o n r e s c at-
t eri n g di a gr a m s, w e pr e s e nt i n Fi g. 1 4 o ur r e s ult t h at o nl y
c o m bi n e s c o ntri b uti o n fr o m t h e p o st- e mi s si o n r e s c att er-
i n g s c e n ari o s, i. e., E q s. (3 8 ) a n d ( 4 4 ):

∇ 2
k ⊥

H
k ⊥ = 0

=
4 C A

4
⊥

2 − 2 c o s
2
⊥ ξ −

2 q − z ( 1 − z )

− 2
2
⊥ ξ −

2 q − z ( 1 − z )
si n

2
⊥ ξ −

2 q − z ( 1 − z )

+
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⊥ ξ −

2 q − z ( 1 − z )
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× 1 + c o s
2
⊥ ξ −

2 q − z ( 1 − z )
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w hi c h yi el d s t h e f oll o wi n g m e di u m m o di fi c ati o n k er n el
f or o nl y p o st e mi s si o n s c att eri n g ( P E S),

K P E S q − , z =
α S

2 π
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C F
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µ 2 ξ −
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+
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2
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Aft er e x cl u di n g t h e pr e- e mi s si o n r e s c att eri n g c o ntri b u-
ti o n, o ur r e s ult n o l o n g er h a s a d diti o n al z d e p e n d e n c e b e-
y o n d t h e gl u o n s plitti n g ti m e τ −

F s u b stit uti o n a n d a gr e e s

wit h t h e G W k er n el u p t o a p at h l e n gt h ar o u n d τ −
F .

Pr e s e nt e d i n Fi g. 1 5 i s t h e m o m e nt u m fr a cti o n z d e p e n-
d e n c e of o ur u p d at e d S C M k er n el. U nli k e t h e G W a n d
A Z Z k er n el s, e v e n aft er t h e s u b stit uti o n µ 2 = l2⊥ / (z ( 1 −
z )), t h e z i nt e gr ati o n d o e s n ot f a ct ori z e fr o m t h e µ a n d
ξ − i nt e gr al s. A s a r e s ult, t h e f ull ¯K i s z d e p e n d e nt. A s
s h o w n i n t h e fi g ur e, o ur m e di u m m o di fi c ati o n k er n el d e-
cr e a s e s a s t h e q u ar k m o m e nt u m fr a cti o n z i n cr e a s e s, or
t h e gl u o n m o m e nt u m fr a cti o n ( 1 − z ) d e cr e a s e s. I n ot h er
w or d s, s oft er gl u o n e mi s si o n w o ul d yi el d l ar g er di ff er e n c e
b et w e e n o ur S C M k er n el a n d t h e e arli er G W k er n el.

C.  L e n g t h d e p e n d e n c e of e n e r g y l o s s a n d o t h e r
f a c e t s

F or e n e r g eti c p art o n s wit h e n er g y E a n d virt u alit y
hi g h er t h a n t h e m e di u m s c al e ( µ 2 =

√
2 q̂ E ), t h e m e di u m-

m o di fi e d s plitti n g f u n cti o n pr e s e nt e d h er e will b e c o m e
p art of a S u d a k o v f or m f a ct or t h at d et er mi n e s t h e pr o b-
a bilit y of p art o n s plitti n g i n si d e t h e m e di u m [ 8 , 1 5 ]. T h e
m e di u m m o di fi e d s plitti n g f u n cti o n c al c ul at e d wit h G W
a n d S C M k er n el s h a v e si mil ar s h a p e s i n t er m s of t h eir
z - d e p e n d e n c e. H o w e v er, a s pl ott e d i n Fi g. 1 4 , w hil e t h e
S C M k er n el pr o vi d e s a s m all er o v er all m a g nit u d e t h a n
G W at s h ort er f or m ati o n ti m e, it gr o w s f a st er wit h pr o p-
a g ati o n ti m e t h a n t h e G W k er n el. A s s u mi n g t h at m o st
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FIG. 16. Accumulative energy of emitted gluons as a function
of the path-length of a quark with 100 GeV energy through
a static medium with q̂ = 1 GeV2/fm.

splits take place within 2 formation times, we expect
that by applying our updated SCM kernel in jet energy
loss calculation, one would expect to extract a somewhat
larger jet transport coefficient q̂ from the jet quenching
data, compared to earlier studies in which the GW ker-
nel was applied. However, no other changes in the overall
form of jet modification are expected.

The medium-induced gluon spectrum has also been
utilized as the inelastic scattering rate in transport mod-
els for high-energy low-virtuality (µ2 .

√
2q̂E) par-

tons [30, 48]. With the GW calculation, the spectrum
of gluons emitted from a hard quark can be written
as [20, 22]:

dNg
dz′dl2⊥dξ

− =
αSCAP (z′)

2πl4⊥
q̂(ξ−)

[
2− 2 cos

(
ξ−

τf

)]
,

(80)
where z′ = 1 − z is the fractional energy taken by the
emitted gluon, P (z′) = (2 − 2z′ + z′2)/z′ and τf =
2Ez′(1 − z′)/l2⊥. Now with our SCM kernel, the above
spectra can be updated as

dNg
dz′dl2⊥dξ

− =
αSCAP (z′)

2πl4⊥
q̂(ξ−)

[(
1− z′

2

)
(81)

×

{
2− 2 cos

(
ξ−

τf

)
− 2

(
ξ−

τf

)
sin

(
ξ−

τf

)}
+

(
ξ−

τf

)2
]
.

Within the transport framework, one may evaluate the
length dependence of the average accumulative parton
energy loss as

〈Eg〉(ξ−) =

∫ ξ−

0

dξ−
∫
dz′
∫
dl2⊥ z

′E
dNg

dz′dl2⊥dξ
− . (82)

A numerical evaluation is shown in Fig. 16, compared
between using the GW gluon spectrum Eq. (80) and the

SCM spectrum Eq. (81). Here, we calculate for a quark
with a fixed energy at 100 GeV, and assume a fixed
q̂ = 1 GeV2/fm for jet-medium interaction. A lower cut-
off of 1 GeV, around the thermal scale of the medium, is
applied for both the energy (xE) and the transverse mo-
mentum (l⊥) of the emitted gluon, while an upper limit
of
√

2q̂E is enforced for l2⊥ to constrain the transport
description of parton energy loss in the low virtuality
regime.

In Fig. 16, one observes considerable difference in the
path-length dependence of parton energy loss between
GW and SCM calculations. Instead of a quadratic length
dependence predicted by GW, a cubic dependence could

be reached with SCM after the ~k⊥-dependent phase fac-
tors combined with the processes allowing pre-emission
rescattering are included in our full calculation. This may
have a noticeable impact on jet quenching phenomenol-
ogy that depends on the path-length dependence of par-
ton energy loss, such as the anisotropic flow coefficients
of jets and the system size dependence of jet quenching.
We note that in this simplified semi-analytical estima-
tion, one has not taken into account the variation of the
parton energy while it emits gluons; effects of the dynam-
ically expanding medium have not been included either.
A full Monte-Carlo simulation of jet quenching through a
realistic hydrodynamic medium is necessary for drawing
reliable conclusions on the phenomenological impacts of
our improved medium modification kernel at the next-
to-leading twist. This will be investigated in detail in an
upcoming study.

V. SUMMARY AND OUTLOOK

Over the last two decades, there has been a consid-
erable amount of research on jets and jet modification
in a dense medium. There are now several formalisms
that describe the modification of a hard jet as it propa-
gates through a strongly interacting medium [49, 50]. Of
these the higher twist formalism [20–22] has been widely
used in a variety of applications. Within this formalism,
the medium induced single gluon emission rate at next-
to-leading twist forms the underlying kernel of both the
LBT [17, 18] and MATTER [15, 16] event generators.
This kernel has also been used in several different appli-
cations prior to the advent of multi-stage Monte-Carlo
generators [17, 26–33, 36].

In spite of its wide prevalence, the medium induced
single gluon emission rate at next-to-leading twist has
accumulated a certain amount of dispute regarding the
exact form that should be used: the original derivation
by Guo and Wang (GW) [20, 21] presents a very simple
form [Eq. (21)] by ignoring all contributions that involve
scattering prior to emission, and all terms that emanate
from a k⊥ expansion of the phase factor. These approxi-
mations, though somewhat unjustified, yielded a positive
definite kernel, allowing the GW kernel to be reliably
used as a probability distribution, which could then be
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sampled in a transport or Sudakov formalism. These ap-
proximations also simplified the number of diagrams that
needed to be evaluated. Ignoring contributions from the
phase in the k⊥ Taylor expansion, the only non-vanishing
topology was that of Fig. 2, i.e., double gluon rescatter-
ing.

This interpretation was partially challenged by Au-
renche, Zakharov and Zaraket (AZZ) [34, 35], who ques-
tioned the neglect of terms that arose from a k⊥ ex-
pansion of the phase. In their reevaluation, AZZ rein-
troduced the terms from a Taylor expansion in terms
of k⊥ that arose from the phase and showed that these
terms become dominant at lengths larger than one for-
mation length, see Fig. 14. The AZZ kernel [Eq. (22)],
was however only positive definite up to 1.3 times the
formation length τf = 2q−/µ2, and oscillates after that.
The plots in Figs. 14 and 15 were evaluated at a fixed
light-cone momentum q−, and fixed momentum fraction
z and transverse momentum l⊥ of the radiated gluon
[with µ2 = l2⊥/{z(1− z)}]. The oscillatory nature of the
AZZ kernel prevents it from being used as a probabil-
ity distribution, and complicates the application of the
medium induced single gluon emission rate at next-to-
leading twist in any simulation framework [16].

While the assertion of AZZ regarding the dominance of
contributions from the phase terms is indeed correct, it is
incomplete. In the current paper, we have demonstrated
that contributions from phase terms arise from several di-
agrams with different topology, Figs. 2, 3, 4, 6, 7. In their
analysis, AZZ restricted their terms to only those that
arise from Fig. 2, again without justification. The evalu-
ation of all these diagrams is presented in Sect. III along
with several other central cut contributions that yielded
vanishing contributions on Taylor expansion. Diagrams
with left and right cuts also yield vanishing contribu-
tions, and are evaluated in Appendix A. The inclusion
of all these contributions resurrects the positive definite
nature of the final kernel [Eq. (76)]. We point out yet
again that the inclusion of all possible contributions re-
duces the final result to the square of a complete matrix
element which should be positive definite. Increasing the
length integration ξ− in Eq. (76), should not turn nega-
tive within a few formation lengths, as this would imply
that the matrix element is not positive definite (assuming
a limit where the second derivative in k⊥ gives a much
larger contribution than the fourth derivative and so on).

The inclusion of all diagrams, in the full calculation of
the medium induced single gluon emission rate at next-
to-leading twist, not only yields a positive definite result,
it yields a result that grows swiftly with the distance at
which the single gluon is emitted. This not only allows
one to use such rates in both a Sudakov based formal-
ism, as well as in a transport calculation, but the growing
rate clearly outlines a distance beyond which this formal-
ism may no longer be used and must be replaced by a
multiple scattering induced emission formalism, such as
the Baier-Dokshitzer-Mueller-Peigne-Schiff [51–53], Za-
kharov [54, 55], or Arnold-Moore-Yaffe [23, 25] formal-
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FIG. 17. Feynman diagram for the gluon-gluon double rescat-
tering process with right cut.

ism. The current paper, allows a future determination of
this transition, from few to many scatterings per emis-
sion, much more straightforward.

In spite of the inclusion of several new terms and the
positivity of the kernel, the final results are somewhat
different from those of GW. This difference is not ex-
pected to make much of a difference in a Sudokov like
formalism where the rates form GW and the current
paper are comparable at a few times of the formation
length. However the different functional shapes of the
kernels lead to a considerably different gluon emission
rate as a function of distance between the current work
and that of GW (Fig. 16). The much stronger length
dependence of the energy loss is expected to introduce
updates to many of the transport and earlier non-event-
generator based efforts. It is expected that this new ker-
nel will lead to a larger azimuthal anisotropy, consistent
with current data on jet and leading hadron azimuthal
anisotropy. However, the qualitatively different length
dependence is expected to complicate the similarity be-
tween the LBT and MARTINI generators. Phenomeno-
logical calculations with the current kernel will be carried
out in future efforts.
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Appendix A: Non-contributing diagrams

There are ten possible non-central cut diagrams associ-
ated with the next-to-leading twist DIS calculation, two
of which have been calculated in detail in Sect. III C. In
this appendix, we present a summary of calculations for
the remaining eight diagrams.

We first start with post-emission rescattering dia-
grams. The central cut diagram for double gluon-gluon
rescattering (Fig. 2) has two non-central cut companions,
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FIG. 18. Feynman diagram for the gluon-gluon double rescat-
tering process with left cut.

as illustrated in Fig. 17 (right cut) and Fig. 18 (left cut).
They are complex conjugate of each other. The hadronic
tensor for the former can be written as

Wµν
17 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2

×
〈
A
∣∣∣ψ̄ (y−) γ+A+

(
y−1 , ~y⊥

)
A+
(
y−2 ,~0⊥

)
ψ (0)

∣∣∣A〉
× ei~k⊥·~y⊥

∫
d`2⊥
`2⊥

αs
(2π)

CF
1 + z2

1− z
2παs
NC

θ
(
y−2
)

× θ
(
y−1 − y

−
2

)
e−i(xB+xL)p+y−+ix+

Dp
+(y−1 −y

−
2 )

× e−i
x
+
D

p+(y
−
1 −y

−
2 )

(1−z)

[
1− eixLp

+y−2

]
, (A1)

while the latter as

Wµν
18 = − 1

2π

∫
dy−

2π
dy−1 dy

−
2

d2y⊥

(2π)
2 d

2k⊥

∫
dz

∫
dx

× (2π) δ
[
(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1
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×
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(
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)
ψ (0)
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∫
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(
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1

)
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)
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Dp
+(y−1 −y

−
2 )

× e−i
x
+
D
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−
1 −y

−
2 )

(1−z)

[
1− eixLp

+(y−−y−1 )
]
. (A2)

If one sets y− = 0 and y−1 = y−2 = ξ−, both Eqs. (A1)

and (A2) above become independent of ~k⊥. This leads

to zero derivative with respect to ~k⊥ during collinear ex-
pansion. Therefore, there is no next-to-leading twist con-
tribution from these two non-central double gluon-gluon
rescattering diagrams.

Similarly, the central cut post-emission double quark-
gluon rescattering diagram (Fig. 5) has two non-central
cut companions, as illustrated in Fig. 19 (right cut) and
Fig. 20 (left cut), being complex conjugate of each other.
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FIG. 19. Feynman diagram for the quark-gluon double rescat-
tering process with right cut.
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FIG. 20. Feynman diagram for the quark-gluon double rescat-
tering process with left cut.

The hadronic tensor of the former reads

Wµν
19 = − 1

2π

∫
dy−

2π
dy−1 dy
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2
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(2π)
2 d

2k⊥

∫
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dx
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[
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2
] e2q

2
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2
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]
, (A3)

while the latter reads

Wµν
20 = − 1
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∫
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2
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2
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1

2

×
〈
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∣∣∣ψ̄ (y−) γ+A+

(
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)
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(
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)
ψ (0)
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× ei~k⊥·~y⊥

∫
d`2⊥
`2⊥
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2παs
NC

× e−i(xB+xL)p+y−−ixDp
+(y−1 −y

−
2 )θ

(
y−2 − y

−
1

)
× θ

(
y−1 − y−
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]
. (A4)

Again, neither Eq. (A3) nor Eq. (A4) depends on ~k⊥
after we take y− = 0 and y−1 = y−2 = ξ−. Therefore,
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FIG. 21. Feynman diagram for the double quark-gluon rescat-
tering process with only one scattering happens before emis-
sion with right cut.
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FIG. 22. Feynman diagram for the double quark-gluon rescat-
tering process with only one scattering happening before emis-
sion with left cut.

the collinear expansion yields zero at the next-to-leading
twist and these two diagrams have no contribution to our
final medium modification kernel.

The four diagrams above, together with the two pre-
sented in Sect. III C, completes the six possibilities of
non-central cut diagrams for post-emission rescattering
process. There are four non-central cut diagrams left
that allow pre-emission rescattering. Each of them cor-
responds to one central cut diagram from Fig. 6 to Fig. 9,
in which one scattering happens before and the other af-
ter the gluon emission. When both scatterings happen
before the emission (Fig. 10), the left or right cut di-
agram is not associated with the single gluon emission
picture, but merely a virtual correction to the leading
order diagram with no emission.

We now consider the two non-central cut diagrams for
double quark-gluon rescatterings with one scattering be-
fore the gluon emission, as shown in Figs. 21 and 22.
They are complex conjugate of each other.

The hadronic tensor associated with Fig. 21 can be
expressed as

Wµν
21 =

1
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2
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2
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FIG. 23. Feynman diagram for the quark-gluon and gluon-
gluon rescattering process with scattering on quark happens
before the emission with right cut.
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, (A5)

in which another new symbol of momentum fraction,
x0D = k2⊥/(2p

+q−), has been defined to simplify our
result. Similarly, the hadronic tensor corresponding to
Fig. 22 can be written as
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The final two non-central cut diagrams are for quark-
gluon and gluon-gluon rescatterings with the quark-gluon
scattering happening before the emission, as shown in
Figs. 23 and 24, which are complex conjugate of each
other.

The hadronic tensor associated with Fig. 23 is given
by

Wµν
23 = − 1

2π

∫
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2
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(2π)
2 d
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∫
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∫
dx

× (2π) δ
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(q + xp)

2
] e2q

2
Tr [p.γγµ (q + xp) .γγν ]

1

2
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FIG. 24. Feynman diagram for the quark-gluon and gluon-
gluon rescattering process with scattering on quark happens
before the emission with left cut.
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And the hadronic tensor associated with Fig. 24 is
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By setting y− = 0 and y−1 = y−2 = ξ−,
one observes that the above four equations [(A5),
(A6), (A7), and (A8)] all contain the factor 1 −
e−i(x

0
D−xD−xL)p+(y−1 −y

−
2 ) = 0. Therefore, even before

the collinear expansion is taken, these last four diagrams
are shown to have no contribution to the medium modi-
fication kernel at the next-to-leading twist.
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