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ABSTRACT

The break-by-one gamma distribution has a probability density function resembling the Schechter
function, but with the small-argument behavior modified so it is normalizable in commonly arising cases
where the Schechter function is not. Its connection to the gamma distribution makes it straightforward
to sample from. These properties make it useful for cosmic demographics.
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Many populations of astrophysical objects have key properties—e.g., luminosity, mass, or size—following power
law distributions to a good approximation over a large range. Often this is a consequence of self-similarity or scale
invariance in the underlying physics, with the power law index reflecting aspects of that physics, and thus a key

parameter of interest. Self-similarity holds only over a finite range (e.g., constrained by nonlinearity); as a result, the
power law behavior eventually ends, and the scale where that occurs is also an interesting parameter. Feigelson &
Babu (2012, § 4.4) provide an overview of the use of power law and modified power law distributions in astronomy.

A prototypical example is the galaxy luminosity function, φ(L), the number density of galaxies per unit volume and

luminosity (I ignore distance or redshift dependence here for simplicity). Press & Schechter (1974) described a self-
similar gravitational condensation model predicting a distribution of galaxy masses that is a power law with a cutoff
at high masses. Motivated by this, Schechter (1976) introduced a simple parametric model for galaxy (and cluster)

luminosity functions, the widely-used Schechter function. The Schechter function is a power law that is smoothly
truncated at large luminosities by an exponential decay factor:

φS(L;L∗, β, A) =
A

L∗

(
L

L∗

)β
e−L/L∗ , (1)

where the parameters comprise a luminosity scale, L∗, a nominal low-luminosity power law index, β, and an amplitude
parameter, A. In this parameterization, A has units of number density. Formally, equation (1) implies a galaxy number
density

nS(L∗, β, A) = A

∫
dL

1

L∗

(
L

L∗

)β
e−L/L∗ , (2)

and a probability density function (PDF) for galaxy luminosities

fS(L;L∗, β) =
φS(L;L∗, β, A)

nS(L∗, β, A)
(3)

(the amplitude parameter cancels on the RHS). In some equivalent parameterizations, A is often denoted φ∗, although
it neither has the units of φ, nor is it equal to φ(L∗), as the symbol might suggest.

Corresponding author: Thomas J. Loredo

loredo@astro.cornell.edu

ar
X

iv
:2

00
7.

15
53

3v
1 

 [a
st

ro
-p

h.
C

O
]  

30
 Ju

l 2
02

0

http://orcid.org/0000-0003-4692-4607
mailto: loredo@astro.cornell.edu


2

The form of the Schecter function resembles that of the gamma distribution, a distribution for a nonnegative quantity,
x, with a PDF given by

fΓ(x;α, s) =
1

sΓ(α)

(x
s

)α−1

e−x/s, (4)

where α is the shape parameter, s is the scale parameter, and Γ(·) denotes the gamma function. To keep the gamma
distribution proper (normalizeable), the parameters must satisfy α > 0, s > 0. The Schecter function would seem to
imply a luminosity distribution that is proportional to a gamma distribution for L (with shape parameter α = β − 1
and scale parameter s = L∗). However, when fit to equation (1), the observed samples of many populations require
β ∈ (−2,−1), corresponding to α ∈ (−1, 0), outside the range of validity for gamma distributions. In this regime,
equation (2) gives an infinite number density, and the luminosity PDF in equation (3) is thus undefined.

Very low luminosity sources are unobservable (due to detection thresholds reflecting the impacts of noise and back-
ground in observations), so in practice the observable luminosity function is truncated at low luminosities, and the
impropriety of the Schechter function is often ignored. But the actual luminosity function must rise with decreasing
luminosity less quickly than L−β (corresponding to β becoming larger than −1), or be cut off at low luminosities
(corresponding to there being a minimum galaxy luminosity). For some populations, an increase in the power law
index is in fact observed at small values of the observable property. For example, this is the case for the quasar lumi-
nosity function (e.g., McGreer et al. 2013). Similarly, the stellar initial mass function (related to the stellar luminosity
function) has a low-mass (low-luminosity) index that flattens by ≈ 1 (Kroupa 2007).

Motivated by these observations, I describe here a generalization of the Schecter function with φ ∝ Lβ+1 at low

luminosities, and thus integrable for β > −2. Because of its close connection to the gamma distribution, I call it the
break-by-one gamma distribution (BB1Gamma).

A BB1Gamma luminosity PDF has three parameters: a mid-luminosity power law index, β, and two parameters

defining the mid-luminosity range, (l, u), with l < u and u playing the role of L∗ in the Schecter function. The power
law index smoothly breaks to β + 1 as L decreases below l. The BB1 luminosity PDF has the following functional
form:

fBB1(L;β, u, l) =
C(β, u, l)

u

(
1− e−L/l

)(L
u

)β
e−L/u, (5)

where the normalization constant C(β, u, l) is

C(β, u, l) =


1

Γ(β + 1) ·
(

1− 1

(1+u
l )
β+1

) if β > −2 and β 6= −1;

1

log
(
1 + u

l

) if β = −1.

(6)

Note that as l → 0, the BB1Gamma distribution becomes a gamma distribution (if β > −1). I devised the BB1
distribution to have smooth power law break behavior at low L, yet also have an analytical normalization constant;
it is proper for β > −2. Thanks to its close connection to the gamma distribution, one can generate samples from
the BB1 distribution using a straightforward modification of a widely-used algorithm for sampling from the gamma
distribution due to Ahrens & Dieter (1974). These properties make it useful for simulation studies.

A BB1Gamma luminosity function may be defined simply by multiplying the BB1 luminosity distribution by the
galaxy spatial number density, n:

φBB1(L;n, β, u, l) = nfBB1(L;β, u, l). (7)

Such a straightforward parameterization is not possible for the Schechter function because of its impropriety for
typically observed values of β.

Figure 1 shows example BB1Gamma PDFs, all with u = 100 and l = 0.1 (in generic units), with β ∈ (−0.8,−1,−1.2)
(−0.8 is a proper value for the Schechter function, corresponding to a gamma PDF with α = 0.2). A gamma PDF is also
shown for comparison. The left panel uses conventional log-log axes. The middle panel has a logarithmic abscissa, but
uses Lf(L) (the PDF for log(L))as the ordinate; geometric area on this plot is proportional to (integrated) probability,
so it more fairly depicts where samples from the distribution come from. The dashed curves (right axis) show the local
power law index, corresponding to the slope, G(L), in log-log space,

G(L) ≡ d log f

d logL
=
L

f

df

dL
= g(L) + β − L

u
, (8)
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Figure 1. Example BB1Gamma PDFs. Left: Three examples (solid lines) with u = 100, l = 0.1 (in generic units), and
β ∈ (−0.8,−1,−1.2), on log-log axes. A gamma PDF is shown as a dashed line. Middle: The same cases, with the ordinate
showing the PDF for log(L). Dashed curves (right axis) show logarithmic slope. Right: Histogram shows random samples from
the β = −1.2 case, in 20 bins of equal log width; ordinate shows counts, and Lf(L) scaled to give expected counts in such bins.
Red dots and error bars show predicted counts and standard deviations. Pearson’s χ2 for this sample is 24.7 with 19 degrees of
freedom.

with

g(L) =
L

l
· 1

eL/l − 1
. (9)

Evidently, g(L) → 0 for L � l and g(L) → 1 for L � l. Thus the logarithmic slope, G(L), corresponds to an
exponential cutoff at large L, and at small L, a slope of β + 1. When u� l, there is a range where L� l but L� u,

and the logarithmic slope is ≈ β in that range. The right panel shows a histogram of samples drawn from the β = −1.2
case.1

Finally, the BB1 cumulative distribution function is

F (L;β, u, l) = C(β, u, l)

[
Γ(β + 1)− γ (β + 1, L/u)− Γ(β + 1)− γ

(
β + 1, L ·

(
1
u + 1

l

))(
1 + u

l

)β+1

]
, (10)

where γ(·, ·) denotes the upper incomplete gamma function. Szalai-Gindl et al. (2018) use the BB1Gamma distribution

in simulation studies demonstrating luminosity function inference accounting for measurement error and selection
effects for population sizes ∼ 106, using a graphics processing unit (GPU).
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1 See https://github.com/tloredo/bb1gamma for Python code producing this figure.
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