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Abstract: The paper builds up on a recently developed planar
control-oriented finger kinematic model for natural grasping, based on
thumb-long finger(s) anthropometric data. In the model, the posture is
determined by the time-dependent radius R of a virtual cylinder encompassed
by the fingers. After the experimental evaluation of the model, the results
are combined with circle configuration techniques based on the Pedoe maps,
to explore the relation between the fingertip-object curvature within the
contact and the configuration parameter R for precision grasping. Within
the proposed contact geometry setup the fingertip and object curvatures are
represented by circles with different radii. The type of interaction is described
by defining a configuration matrix. Six fingertip grasping configurations are
considered, each of which is constructed from five available circles: two
for the fingertips, one virtual circle, and two at the fingertip-object contact
points. The results from the case study show that it is possible to calculate
the configuration control parameter R based on the choice of any four
circles. The preliminary results could further benefit the field of postural
synergies and object manipulation, and open the door to the definition of
novel kinematic tasks and future combined design-control strategies.
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1 Introduction

The concept of using relative curvature of surfaces in contact to limit the movement of a
workpiece was introduced by Rimon and Burdick (1995a, 1995b). They generalised the
study of the grasping constraint of a rigid body using the fingers of a mechanical hand
by considering the configuration space of movement of the body relative to obstacles
formed by the fingers, and introduced the idea of second order mobility of a constrained
body. Robson and McCarthy (2007, 2009), Robson and McCarthy (2010) and Robson
and Tolety (2011) developed the theoretical framework for the kinematic synthesis of
planar and spatial serial mechanical linkages to guide a workpiece that maintains contact
with objects or virtual guides in the environment. Robson et al. (2015), Robson and Soh
(2018) and Robson and Chen (2019) build up on the developed theoretical framework
and proposed techniques on the simultaneous geometric design of planar multi-limb
mechanisms for multiple realisable motion tasks in the vicinity of fingertips-object
contact. However, the developed methods do not incorporate human-like motion within
the mechanisms.

One of the main functions of hand models is to simulate object grasping, realised by
the hand coordination. The latter is the combination of finger movements encompassing
the inter-joint coordination of each finger and the inter-finger coordination of the hand.
The implementation of the multi-finger coordination (Carpinella et al., 2011) can be
a pivotal direction of modelling. A variety of research on finger/hand modelling in
various points of view has been made in human fingers simulation (Barbagli et al.,
2004), finger motion coordination (Kim, 2014; Braido and Zhang, 2004), virtual hand
modelling and simulation (Pena-Pitarch et al., 2012; Miyata et al., 2007, 2005; Savescu
et al., 2004), articulated human hands (McDonald et al., 2001; Nolker and Ritter, 2002),
and so on. Recent work in modelling the process of grasping and active touch by
natural and artificial hands considers the implications of a geometrical model accounting
for the correlation of degrees of freedom in patterns of more frequent use (postural
synergies). Applications of the synergy models to the design and control of artificial
hands is illustrated in Bicchi et al. (2011) and Santello et al. (1998). Although this may
not hold true for all possible human finger motions, relating such postural synergies in
joint space to Cartesian fingers-object contact and curvature constraints has the potential
to lead to novel simplified combined design-control strategies for grasping and object
manipulation.
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This paper is part of our efforts on exploring ways of incorporating natural
human motion on conceptual design level, by studying the relation/interaction between
fingertips-object within a contact and the control/configuration parameter R, related to
grasping posture for precision grasping tasks. This will further enable the development
of future combined design-control strategies for naturalistic motion.

2 Background

2.1 Summary of circle configuration theorem

The contents in this section are taken from Kocik (2007) and summarised briefly.
Solutions to circle configuration problems are based on Pedoe (1967, 1970, 1957) maps,
whose main notion is to map circles in the plane to vectors of a Minkowski space with
a pseudo-Euclidean inner product. For example, a circle C of radius r centred at (x, y)
is represented by the Pedoe vector π̇(C),

π̇(C) =





b
b̄
ẋ
ẏ



 =





1/r
(x2 + y2 − r2)/r

x/r
y/r





where the element b = 1/r is a circle curvature, b̄ = (x2 + y2 − r2)/r circle
co-curvature and ẋ = x/r, ẏ = y/r reduced positions.

The Pedoe inner product is defined for two circles as follows:

< π̇(C1), π̇(C1) >=
C1 ∗ C2

2r1r2
(1)

where C1 ∗ C2 is the Darboux product Darboux (1872) that is defined as the power of a
pair of circles: C1 ∗ C2 = d2 − r21 − r22 (d = distance between two centres, r1, r2 radius
of each circle).

Based on the notion mentioned above, Kocik (2007) found a formula for the radii
and positions in the plane for an arbitrary linearly independent circle configuration. To
do this, Kocik defined a configuration matrix f for the set of four circles represented by
Pedoe vectors whose element is represented as fij =< Ci, Cj >, where < ·, · > is the
Pedoe inner product and Ci = π̇(Ci) of a circle Ci. Likewise, a data matrix is defined
as the collective representation of the circles: A = [C1 |C2 |C3 |C4]

The formula describing the relationship of radii and positions among four linearly
independent circles arbitrarily located in the plane is

AFAT = G (2)

where F is the inverse matrix of the configuration matrix f and G = g−1. g is the matrix
of Minkowski metric as:

g =
1

2





0 1 0 0
1 0 0 0
0 0−2 0
0 0 0 −2




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Figure 1 Circle configuration representation of object-multifinger interaction, fingertip
grasping of an object with circular cross-section: (1) TRIO, different configurations
for fingertip grasping of an object with different radii of curvatures at the contact:
(2) TIO1O2, (3) TRO1O2, (4) RIO1O2, (5) TRIO1 and (6) TRIO2 configuration
(see online version for colours)

Notes: The capital letters T, R, I and O represent thumb, virtual circle,
index finger and object, respectively.
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Equation (2) can be represented by a set of single quadratic formulas for the vector
of curvatures and reduced positions, known as Descartes-like formula, generalised to
arbitrary independent circle configurations (Descartes, 1901):

bTFb = 0 (3)
ẋTF ẋ = −1 (4)
ẏTF ẏ = −1 (5)

where

b =





1/r1
1/r2
1/r3
1/r4



 , ẋ =





x01/r1
x02/r2
x03/r3
x04/r4



 , ẏ =





y01/r1
y02/r2
y03/r3
y04/r4



 , F = f−1 (6)

where b is a curvature vector, and ẋ and ẏ are reduced position vectors, respectively.
F is the inverse matrix of a configuration matrix f. The first equation is a generalised
version of Descartes-like formula for arbitrary independent circle configurations.

The paper combines some of the recently developed naturalistic control-oriented
finger kinematic models (Won and Robson, 2019) with circle configuration problems
based on the Pedoe map to explore the possibility of determining the posture (most
probable joint angle trajectories) defined by a planar thumb and index fingers that are
contacting a body. For the problem, it is assumed that the anthropometric data and body
geometry within the contacts are known.

As summarised above, equation (2) governs the relation of radii and positions of
four circles for an arbitrary circle configuration. Depending on the shape of the object
and grasping style (strategies, scenarios, etc), the problem is reduced to the question of
selecting any four circles. For fingertip grasping, we consider six configurations, each of
which are constructed by four radii of curvature: two for the fingertips, one virtual circle,
and two at the fingertip-object contact points (see Figure 1). For example, for the first
case shown in Figure 1, the object, the virtual circle and the two fingertips curvatures
within the contacts are chosen. In the second case, the two fingertips curvatures and the
object curvatures within the contacts are chosen.The circle configuration represents the
interaction between fingers and an object. The type of interaction can be described by
defining a configuration matrix f. The entries in the configuration matrix f are the value
of Pedoe inner product between two circles, Ci and Cj . The following is the summary
of the Pedoe inner product for a circle configuration.

Case 1 Distant circles:

• Darboux product: Ci ∗ Cj = d2ij − r2i − r2j .

• Pedoe inner product: hij =
Ci∗Ci
2rirj

=
d2
ij−r2i−r2j
2rirj

.

Case 2 Intersecting circles:

• Darboux product: Ci ∗ Cj = 2rirj cosϕij (= d2ij − r2i − r2j ), where
ϕij is the angle of intersection made by the two circles.
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• Pedoe inner product: hij =
Ci∗Cj

2riri
= cosϕij .

Case 3 Externally tangent circles [the limiting case of (b) when ϕ = 0 rad]:

• Darboux product: Ci ∗ Cj = 2rirj .

• Pedoe inner product: hij =
Ci∗Cj

2rirj
= 1.

Case 4 Internally tangent circles [the limiting case of (b) when ϕ = π rad]:

• Darboux product: Ci ∗ Cj = −2rirj .

• Pedoe inner product: hij =
Ci∗Cj

2rirj
= −1.

The representative interaction includes circles tangent to each other, intersected, and
positioned independently.

The configuration matrix f for each of the six cases in Figure 1 are as follows:

fTRIO =





−1 1 h13 1
1 −1 1 h24

h31 1 −1 1
1 h42 1 −1



 , fTIO1O2 =





−1 h12 h13 1
h12 −1 1 h24

h31 1 −1 h34

1 h42 h43 −1



 ,

fTRO1O2 =





−1 1 h13 1
1 −1 h23 h24

h31 h32 −1 h34

1 h42 h43 −1



 , fRIO1O2 =





−1 1 h13 h14

1 −1 1 h24

h31 1 −1 h34

h41 h42 h43 −1



 ,

fTRIO1 =





−1 1 h13 h14

1 −1 1 h24

h31 1 −1 1
h41 h42 1 −1



 , fTRIO2 =





−1 1 h13 1
1 −1 1 h24

h31 1 −1 h34

1 h42 h43 −1



 . (7)

Note that hij = hji.

2.2 Kinematic joint rotation configuration models

Incorporating proper postures of fingers that resemble natural grasping within the hand
design area is a challenging task. The postures can be determined by the inter-joint
rotation coordination of the fingers. Recently, Won and Robson (2019) presented
a planar thumb-index finger kinematic models, applicable to the realisation of a
naturalistic finger motion for robotic fingers. In the work, a naturalistic shape of fingers
of the human hand is assumed as one that is observed when a human hand is grasping
a (virtual) cylindroid object with an elliptical cross-section as shown in Figure 2. By
maintaining numerical eccentricity (defined as e = c/a, where c =

√
(a2 − b2)) of the

ellipse constant, one can obtain a joint rotation configuration kinematic model of the
index finger which can be manipulated by a single control variable, either a or b. The
joint angle configuration of the index finger can be obtained by formulating and solving
geometric constraints which need to be met to describe the posture of the fingers when
they encompass the virtual elliptic object under consideration.
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Figure 2 Schematic of index finger encompassing a virtual cylindroid object
(see online version for colours)

Figure 3 Joint angle calculation procedure

Figure 4 Example of joint rotation configuration calculation with a cylindroid of, a = 2.5 and
b = 2 cm and a = 4 and b = 3.2 cm (see online version for colours)

Notes: t0I = 1.5, t1I = 1.2609, t2I = 0.9321 and t3I = 0.5532 cm, L1I = 4.0895,
L2I = 1.9317 and L3I = 1.8322 cm.



8 N. Robson and J-S. Won

Figure 5 Schematic of index finger and thumb joint configurations encompassing a virtual
cylinder (planar motion is assumed) (see online version for colours)

Notes: R is the radius of a virtual cylinder object; JiI , i = 1, 2, 3 are the MCP, PIP and DIP
joints, respectively; Li is the length of phalanges of each finger; θi is the joint rotation angle at
each joint; tiI is the width from surface to skeleton (joint).

Source: Won and Robson (2019)

Figure 6 Planar problem geometry setup for a thumb and index finger system, encompassing
a virtual cylinder with a radius R (planar motion is assumed) (see online version
for colours)

Notes: Li is the length of a phalanx i, ti is the radius of joint, and θi is the joint rotation angle
at each joint.

Figure 3 shows how the joint angle of each joint MCP, PIP, and DIP, respectively,
are calculated in consecutive order. Two examples of the calculation with different sets
of a and b are shown in Figure 4. Note that when a = b the object has a circular
cross-section. The joint rotation configuration can be obtained numerically by solving
the constraints (with a = b = R) as well as the formulas discussed in Won and Robson
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(2019). In this special case, the a naturalistic shape of fingers is assumed as one that is
observed when a human hand is grasping a (virtual) object with a circular cross-section.

In the model, the posture is determined by a single control parameter, i.e., the radius
of a virtual circular cylinder (see Figure 5). In finding proper finger posture during
grasping, the basic notion of the proposed idea is to formulate fingertip grasping as
a circle configuration problem and to obtain the control parameter for the postures of
fingers by solving the governing formulas. The model formularises the naturalistic finger
motion during flexion or extension as closely as possible. The notion adopted to develop
joint configuration models is based on the assumption that the posture of a finger which
softly encompasses the surface of a virtual cylinder is similar to the one of the finger
observed in the naturalistic hand defined in Figure 6. Specifically, the model has been
derived based on kinematic relation on the planar thumb and index fingers and the
virtual object with a circular cross-section.

Unlike inverse kinematics techniques, the resulting joint angles for the planar three
degrees-of-freedom index finger are independent from each other and have the following
form

θi = π − arccos(fi(R))− arccos(gi(R)), i = 1, 2, 3 (8)

where g1(R) = 0 and R = R(t).
Similarly, the joint angles for the planar two degrees-of-freedom thumb are

independent from each other and can be represented as:

θiT = −π + arccos(fTi(R)) + arccos(gTi(R)), i = 0, 1, 3 (9)

where fT0(R) = 0. It is noted that the arguments of arccosine function in equations (8)
and (9) have the form of a linear fractional function as a1R+b1

a2R+b2
, respectively.

Furthermore, note that R is the radius of a virtual circle that is used to drive joint angles
of fingers and to control the degree of flexion/extension of fingers.

The Cartesian trajectory of each fingertip can be calculated using the following:

x3T = L0T cos(θ0T ) + L1T cos(θ0T + θ1T ) + L3T cos(θ0T + θ1T + θ3T ) (10a)
y3T = L0T sin(θ0T ) + L1T sin(θ0T + θ1T ) + L3T sin(θ0T + θ1T + θ3T ) (10b)
x3I = L1I cos(θ1) + L2I cos(θ1 + θ2) + L3I cos(θ1 + θ2 + θ3) (10c)
y3I = L1I sin(θ1) + L2I sin(θ1 + θ2) + L3I sin(θ1 + θ2 + θ3) (10d)

Determining the finger joint rotation configuration by a single control parameter R,
could benefit the field of postural synergies, as well as artificial robotic hand design
and controls (Moyer et al., 2013, for example). In what follows we present the idea of
inter-finger coordination models, based on the notion of inter-joint coordination models
described above, and experimentally evaluate them.

3 Inter-finger coordination models derived from joint coordination models and
experimental evaluation

In many hand motions, several fingers work together to perform specific tasks. The
notion of ‘working together’ can be explained in terms of the multi-finger-coordination
function of the hand. The hand coordination is a combination of finger movements
encompassing:
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1 inter-joint coordination in each finger

2 inter-finger coordination in the hand.

In this work, the joint configuration model outlined in Section 2 is used to expand
the concept of multi-finger coordination. The notion of coordinated motions endows
the model with the capability to simulate the natural characteristics of the human hand
movement. As discussed in the previous section, the joint configuration model has one
degree of freedom that is capable of determining each of the joint rotation angles (at
the MCP, PIP and DIP joints) in the finger simultaneously by a single parameter R
and representing the simplest finger movement, i.e., flexion and extension, in a simple
manner. Since the model has no constraints on the angles between joints and each joint
angle is independently determined by one single parameter, it can be easily used to
implement inter-joint coordination.

The establishment of the profile R can be made based on the following need:

1 to meet the sequence of movement in phalanges during flexion or extension
movement (discussed in Carpinella et al., 2011, for example)

2 to form any specific shape with the fingers.

For the sequence of movement in the phalanges of a finger, the temporal aspect of
inter-joint coordination has been established by imposing the time delay into R profile
by providing more natural behaviour of the human finger. As mentioned earlier, the
realisation of the inter-joint coordination using the proposed kinematic model is directly
related to the temporal aspects of a single finger movement that considers the order of
rotation initiation of each joint.

Figure 7 Example of a hand shape formed by the thumb and long fingers with different
flexion degrees in fingers, which can be realised by grasping virtual cylinders with
different radii each

The coordination in the multi-finger level is realised in the inter-finger motion
coordination block. It aims at determining human hand configurations for distinct
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shapes which need to be formed by the hand for performing specific tasks, such as
grasp, or object manipulation (Feix et al., 2016; Cutkosky, 1989; Yu et al., 2001, for
example). The inter-finger coordination is thought to be related to the spatial aspects of
multi-finger movements that consider the arrangement of virtual cylinders with different
radii Ri, i = I , M , R, P , respectively, following the outputs from grasping algorithms
(Bicchi, 1995; Bowers and Lumia, 2003, for example), control systems (Nagai and
Yoshikawa, 1993, 1995; Nagashima et al., 1997) and a library/database of hand gesture
(Molina-Vilaplana and Lopez-Coronado, 2006, for instance) to make a specific shape,
as shown in Figure 7.

Let us assume that RI(t), t ≥ 0 is given for the flexion movement of the index
finger. To establish the inter-finger coordination motion discussed above, R profiles
for the DIP, PIP and MCP joints can be considered as follows. Based on the
above-mentioned techniques, joint rotation angles for different values of R of hyperbola
function (displayed with a speed of 0.1 sec per frame) for the thumb-index fingers can
be calculated. Simulation results related to the inter-joint and inter-finger coordination
are shown in Figure 8.

Figure 8 Calculated joint rotation angles for changes in R of a hyperbolic function,
(a) profiles of R over time, and the simulated stepwise motion of finger joints
(b) thumb-index finger (displayed with a speed of 0.05 sec per frame)
(see online version for colours)

(a) (b)

In what follows we investigate how close these models define natural hand posture
configuration.

3.1 Experimental evaluation of the proposed inter-finger coordination model

For the preliminary evaluation of the proposed inter-finger model, a set of motion
capture experiments with a subject was performed. Optical markers were attached on the
thumb, index and middle fingers of the subject, and their movement for two different
grasps (power and pinch) was recorded. Specifically, for the first experiment, the subject
was asked to use their thumb, index and middle fingers to perform a power grasp of a
power ball, shown in Figure 9. The following semi-thickness and length (according to
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Figure 5) of the thumb, index and middle fingers of the subject were considered: t0T =
1.5 cm, t1T = 0.8 cm, t3T = 1.5 cm, L0T = 5.30 cm, L1T = 2.55 and L3T = 1.1 cm; t0I
= 1.5 cm, t1I = 0.9 cm, t2I = 0.6 cm, t3I = 0.4 cm, L1I = 3.1, L2I = 1.9 and L3I = 1.2
cm; t0M = 1.8 cm, t1M = 0.6 cm, t2M = 0.4 cm, t3M = 0.2 cm, L1M = 3.1, L2M = 1.9
and L3M = 1.2 cm. Through the motion capture process, the simultaneous/coordinated
movement of the three fingers was recorded and the planar coordinates for joints and
the fingertips, resulting from the power and precision/pinch grasping, were acquired
(see Figure 9). The thumb-index-middle finger motion starting from an initial position
denoted by A, going through an intermediate B, and contacting the power ball at a final
position C, can be described by considering the arrangement of virtual cylinders with
different radii for the three fingers to make a shape for specified time durations. At
the initial location, the virtual cylinders formed by the thumb-index and thumb-middle
fingers had similar time dependent profiles/radii RIT = RMT = 3.05 cm (see Table 1).
At the intermediate position the thumb-index finger virtual cylinder radius becomes
slightly smaller than the thumb-middle finger one (RIT = 2.60 cm vs. RMT = 2.70 cm)
due to visual feedback of the object size and geometry, and chosen by the subject finger
contact locations. At the final position, where the fingers contact the body, RIT = 2.05
cm vs. RMT = 2.45 cm. A set of joint angles was calculated for the respective time
dependent parameter R using the joint angle configuration model equations, presented
in Section 1. At the time of calculation, the anthropometric dimensions of each subject’s
fingers were considered. From the joint angles for each R, the trajectory (x, y) of the
thumb, index and middle fingertips were calculated using the following:

x = L1 cos(θ1) + L2 cos(θ1 + θ2) + L3 cos(θ1 + θ2 + θ3)

y = L1 sin(θ1) + L2 sin(θ1 + θ2) + L3 sin(θ1 + θ2 + θ3)

In order to explore the extent to which the proposed model can replicate a naturalistic
grasping of a stress ball motion, the joint and Cartesian fingertip trajectories from
the model and the experiment were compared. The comparison of the joint angle
configurations in Cartesian and joint space between the experiment and the model for
the three chosen finger-object positions (initial A, intermediate B, and contact with
the object C) for thumb-index-middle inter-finger coordination model for grasping of a
stress ball is shown in Table 1. Joint angles of the model for each point were calculated
via the equations from Section 1, with the value of R corresponding to the coordinates
of the fingertip point under consideration.

During the second series of experiments, the subject was asked to grasp a small dice
with their index, middle and thumb fingertips (pinch grasp), as shown in Figure 10.

For the thumb-index-middle inter-finger coordination model, a comparison of the
joint angle configurations in Cartesian and joint space between the experiment and the
model for three chosen locations (initial A, intermediate B and contact C) is shown in
Table 2. Joint angles of the model for each point were calculated via the equations from
Section 1 with the value of R corresponding to the coordinates of the fingertip point
under consideration.

A general comparison between the proposed model and the preliminary experimental
results in the thumb-middle-index fingers coordination for both grasping tasks shows
an average joint angle difference of 3.86 degrees. This might be partially due to the
fact that only the simplest circular cross-sectional shape, taken from curves of order
two, was considered and tested, as well as that the current model does not take into
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account the fingers-object contact conditions. Additionally, the model does not account
for uncertainties associated with variations in human grasping, object geometry and/or
object deformability. Overall, the preliminary results show that the finger patterns
predicted by the model during the flexion/extension movement are in agreement with
those obtained experimentally for both precision and power grasping. Thus, with future
investigations and extensions, the proposed model could have the potential of replicating
naturalistic finger motion with a high precision.

Figure 9 Experimental data collection for the power grasping task, (a) motion capture process
(b) power grasp experimental data transferred and animated using Mathematica
software (c) Cartesian finger trajectories (see online version for colours)
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Figure 10 Experimental data collection for the precision grasping of a dice task, (a) motion
capture process (b) precision grasp experimental data transferred and animated
using Mathematica software (c) Cartesian finger trajectories (see online version
for colours)
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4 Posture determination evaluation based on predefined circle radii: case
study

As a next step, evaluation of fingers‘ posture determination problems defined above
has been performed based on the predefined values of radii and positions of the
circles as listed in Table 3 (see Figure 11). The following anthropometric data of the
semi-thickness and the lengths of the index finger and thumb under consideration are
used for solving the equations: t0I = 15.1, t1I = 13.1, t2I = 9.4 and t3I = 4.9 mm.
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L1 = 45.4, L2 = 22.9 and L3 = 17.6 mm for the index finger; t0T = 17.4, t1T = 10.2,
and t3T = 2.9 mm. L0T = 62.9, L1T = 36.5 and L3T = 14.9 mm for the thumb. The
correct/pre-defined value of R is 31 mm for the configuration in Figure 11. This value
can be compared with the solutions from equations set for each case of different circle
configurations.

Table 1 Comparison between the modelled and experimental results for three chosen fingertip
trajectory locations for the proposed index-thumb-middle configuration model for
grasping of a stress ball task in joint and Cartesian space

Pos.
Index-thumb-middle

RIT RMT
Joint angle

xI , yI xT , yT xM , yM (cm) (cm) θ1I θ2I θ3I θ0T θ1T θ3T θ1M θ2M θ3M
(cm) (cm) (cm) (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg)

A Exp. 3.8, 4.2 3.8, 5.9 3.7, 4.9 3.05 3.05 26 35 25 152 69 26 34 28 36
mod. 3.7, 4.5 3.7, 5.9 3.2, 5.4 3.05 3.05 31 34 16 152 71 25 41 27 33

Difference (deg) 5 1 9 0 2 1 7 1 3
B Exp. 2.7, 4.8 4.0, 6.5 3.1, 5.2 2.60 2.75 34 45 24 146 69 21 38 31 40
mod. 3.0, 4.7 4.4,6.3 2.7, 5.5 2.60 2.75 34 38 28 149 69 27 43 31 35

Difference (deg) 0 7 4 3 0 6 5 0 5
C Exp. 2.0, 5.1 3.5, 6.6 1.7, 5.5 2.05 2.45 44 39 30 144 60 21 47 40 42
mod. 2.7, 4.9 3.2, 6.3 2.3, 5.5 2.05 2.45 38 36 28 146 67 30 45 35 36

Difference (deg) 6 3 2 2 7 9 2 5 6
Average difference (deg) 3.67 3.67 5 1.67 3 5.33 4.67 2 4.67

Table 2 Comparison between the modelled and experimental results for three chosen fingertip
trajectory locations for the proposed index-thumb configuration model for precision
grasping of a dice task in joint and Cartesian space

Pos.
Index-thumb-middle

RIT RMT
Joint angle

xI , yI xT , yT xM , yM (cm) (cm) θ1I θ2I θ3I θ0T θ1T θ3T θ1M θ2M θ3M
(cm) (cm) (cm) (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg) (deg)

A Exp. 2.6, 4.6 3.5, 6.6 2.4, 5.1 1.99 2.15 31 51 26 144 58 30 39 41 46
mod. 2.3, 5.0 2.9, 6.4 1.7, 5.5 1.99 2.15 38 47 22 143 66 33 47 41 40

Difference (deg) 7 4 4 1 8 3 8 0 6
B Exp. 1.6, 5.0 2.3, 7.2 1.7, 5.3 1.65 2.00 41 53 25 132 53 35 44 45 43
mod. 1.5, 5.0 2.7, 6.6 1.4, 5.5 1.65 2.00 42 54 25 140 62 35 48 44 42

Difference (deg) 1 1 0 8 9 0 4 1 1
C Exp. 0.8, 5.0 1.9, 7.2 1.4, 5.3 1.40 1.75 48 56 30 130 55 38 46 49 42
mod. 0.8, 4.9 2.1, 6.7 0.7, 5.4 1.40 1.75 45 61 28 136 64 39 52 50 45

Difference (deg) 3 5 2 6 9 1 6 1 3
Average difference (deg) 3.67 3.33 2 5 8.67 1.33 6 0.67 3.33

4.1 Grasping an object with a circular cross-section

In this formulation, the curvature of the fingertips, object and the virtual circle (circles
T, R, I, and O) are defined. With the configuration matrix f for TRIO configuration

Nina Robson

Nina Robson
index-thumb-middle, instead of index-thumb
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in equation (7), three equations [equations (3), (4), and (5)] are solved. As mentioned
earlier, the interaction among circles (the fingertips and an object, precisely) can be
described by defining a configuration matrix f. For illustrative purpose, the values of
Pedoe inner product in the configuration matrix are explained first.

Table 3 Predefined radii and positions for equation solving

Circle Radius ri
Centre

x0i y0i

Finger side T 2.9 (= t3T ) x3T = f11(R) y3T = f12(R)

R R (unknown) 0 R + 15.1*
I 4.9 (= t3I ) x3I = f31(R) y3I = f32(R)

Object side O 25.55 10.6 (R + 15.1) + 39.8
O1 14.5 13 (R + 15.1) + 21.9
O2 10.2 –3.2 (R + 15.1) + 30.0

Governing formula Equation (3) Equation (4) Equation (5)

Notes: The values in the solid-line box are information about the object being grasped and
given for numerical simulation. The italic values indicate a finger model geometry
setup (refer to Figure 6). A circle configuration has been made based on the
priori value of R = 31 mm for comparison study. (x3T , y3T ),
thumbtip; (x3I , y3I), index fingertip coordinates. (unit: mm). *t0I = 15.1.

Figure 11 Circle configuration for the case study, fingertip grasping of, (a) cylindrical object
(b) object with a different curvature within the contacts (see online version
for colours)

(a) (b)

Notes: T, thumb tip circle; R, virtual circle; I, index fingertip circle; Oi, object circle(s).

The Pedoe inner product h for each configuration of two circles is given as
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1 Distant case: h13

h13 =
d213 − r21 − r23

2r1r3

where d213 = (x01 − x03)2 + (y01 − y03)2. (x01, y01) = (x3T , y3T ) and
(x03, y03) = (x3I , y3I). Note that the fingertip positions are the function of R.

2 Intersecting case: h24

h24 = cosϕ24

=
d224 − r22 − r24

2r2r4

where ϕ24 is the angle of intersection between c2 and c4. This can be used as a
degree of grasping. d224 = (x04 − x02)2 + (y04 − y02)2 and
(x02, y02) = (0, R+ t0I). r2 = R. (x04, y04), the centre of object, is assumed to
be given priorly.

3 Tangent (external/internal) case: Not explicitly listed in the entries in fTRIO, if
two circles are tangent each other, then hij = 1.

h12 = h21 = 1, h14 = h41 = 1, h23 = h32 = 1, h34 = h43 = 1

When a soft finger grasping is considered (i.e. the finger tip experiences small
deformation when grasping an object) the interaction between the circles can be seen as
an intersecting case. Both h14 = h41 and h34 = h43 can be calculated by the following:

h14 = cosϕ14

=
d214 − r21 − r24

2r1r4

where d214 = (x01 − x04)2 + (y01 − y04)2. Note again that x01 = f11(R) and y01 =
f12(R).

h34 = cosϕ34

=
d234 − r23 − r24

2r3r4

where d234 = (x03 − x04)2 + (y03 − y04)2. Note again that x03 = f31(R) and y03 =
f32(R).

It is thought that quantifying the amount of small deformation during grasping
as the angle of intersection between fingertips and object is one way to deal with
soft finger grasping issue. An interaction relation between hand and object can be
obtained by applying the configuration matrix defined above to equations (3), (4) and
(5). Equation (3) yields a relation among curvatures of circles and equations (4) and (5)
yield relations among curvatures and positions of circles.

The fingertip positions shown in equation (10) are functions of the control parameter
R and they are complicated mainly due to the trigonometric characteristics of joint
rotation angles. This leads to challenges in the expansion and manipulation of F = f−1.
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To lessen computational strains considerably, they are replaced with an approximated
version of functions, obtained by curve fitting. The following is a set of approximated
version with an anthropometric data from the hand of the specific subject, given in the
beginning of the section. The range of R is set to be [25 mm, 240 mm].

x3T = f11(R) = 2.2 · 10−7R4 − 0.00014R3 + 0.035R2 − 3.9R+ 73 (11a)
y3T = f12(R) = −1.3 · 10−7R4 + 7.3 · 10−5R3 − 0.014R2 + 0.69R+ 66 (11b)
x3I = f31(R) = 1.4 · 10−9R5 − 1.1 · 10−6R4 − 0.00032R3

− 0.049R2 + 3.8R− 46 (11c)
y3I = f32(R) = −3.5 · 10−6R3 + 0.0024R2 − 0.6R+ 79 (11d)

For the configuration setting, the equations are solved and the results are given in
Table 4. It is thought that the slightly different values could possibly be due to
the fact that the coordinate of the fingertip was expressed using an approximation
formula and/or due to calculation error that occurs when the solution of the nonlinear
higher-order equation is sought. It is worth noting that when the hand fully encompasses
a circular object (i.e., C3 = C4), the configuration matrix f for the circle configuration
is constructed as

fTRIO =





−1 1 h13 1
1 −1 1 −1
h13 1 −1 1
−1 −1 1 −1



 (12)

This circle configuration does not guarantee independence of circles. The rank of matrix
f is three, F can not be found, as expected. Thus, it is not possible to get an interaction
relation between the fingertips and an object to be grasped for this case.

Table 4 Simulation results for TRIO configuration

Circle Radius ri
Centre

x0i y0i

Finger side (joint angle model) C1 (T) 2.9 x3T = f11(R) y3T = f12(R)

C2 (R) R (unknown) 0 R + 15.1
C3 (I) 4.9 x3I = f31(R) y3I = f32(R)

Object side C4 (O) 25.55 10.6 (R + 15.1) + 39.8

Interaction relation Equation (3) Equation (4) Equation (5)

Solution R 14.58 14.56 14.12
29.34 30.20 29.79

Notes: The values in the solid-line box are information about the object being grasped and
given for numerical simulation. The italic values indicate a finger model setup.
A circle configuration has been made based on the priori value of R = 31 mm
for comparison study. (x3T , y3T ), thumbtip; (x3I , y3I), index fingertip coordinates
(unit: mm).
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4.2 Grasping an object with different curvature within the contact

For the case shown in Figure 1(b), five possible circle configurations can be defined. For
each configuration, equations are constructed and solved to obtain the control parameter
R which guarantees fingertip grasping under consideration. Table 5 lists the solutions
from the equations solving for different cases of circle configuration. The correct/a priori
given value of R can be set if appropriate conditions are imposed. As mentioned before,
the value of R was set to be 31 mm. It is noted that because of the difference in the
degree of polynomial from curve fitting in equation (11) and in the combination of
circles, the number of solutions is different.

Table 5 Results of equations solving for different cases

Circle R from
configuration Equation (3) Equation (4) Equation (5)

TIO1O2 4.22, 14.31, 30.13, 30.45, 13.03, 30.09 13.07, 30.07, 30.96, 153.96
74.95

TRO1O2 16.41, 29.64 21.11, 38.94 16.90, 29.86
RIO1O2 6.53, 13.16, 15.52, 30.25 12.51, 13.73, 21.35, 30.48 16.46, 30.40
TRIO1 13.30, 30.11 12.47, 39.83 10.92, 30.51
TRIO2 16.71, 29.51 19.89, 30.31 16.96, 30.09

Figure 12 Selection of four circles for solving problem of grasping a specific type of object
(see online version for colours)

As shown in Figure 12, depending on the characteristics of the object being grasped, the
control/posture configuration parameter R can be calculated by taking any four circles
from the fingers-object geometry setup.
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5 Conclusions

In this paper, a recently developed planar finger kinematic model for natural motion is
experimentally evaluated. Overall, the preliminary results show that the finger patterns
predicted by the model during the flexion/extension movement are in agreement with
those obtained experimentally for both precision and power grasping. Thus, with future
investigations and extensions, the proposed model could have the potential of replicating
naturalistic finger motion with a high precision. As a next step, it is studied if the model
could be combined with circle configuration techniques based on Pedoe maps to explore
the relation between the fingertips-object contact curvature and the posture configuration
for precision grasping applications. Within the proposed planar contact geometry setup
the fingertips and object curvatures in the vicinity of the contacts are represented
by circles with different radii. The results show that it is possible to calculate the
posture configuration based on the choice of any four circles. Moreover, when grasping
an object with a circular cross-section, the configuration matrix does not guarantee
independence of circles and thus, it is not possible to get an interaction relation
between the fingertips and the object. In cases where the configuration parameter is
defined, there are four different scenarios and if the posture configuration parameter
is not known, both the object geometry within the contacts and the curvature of each
fingertip could be specified. Future directions include exploring ways to incorporate
fingertip curvature and/or posture along with the object curvature within the kinematic
synthesis of grasping and manipulation tasks in order to enable novel future combined
design-control strategies.
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