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Abstract

We give a polynomial-time algorithm for the problem of robustly estimating a mixture of
k arbitrary Gaussians in R, for any fixed k, in the presence of a constant fraction of arbitrary
corruptions. This resolves the main open problem in several previous works on algorithmic
robust statistics, which addressed the special cases of robustly estimating (a) a single Gaussian,
(b) a mixture of TV-distance separated Gaussians, and (c) a uniform mixture of two Gaussians.
Our main tools are an efficient partial clustering algorithm that relies on the sum-of-squares
method, and a novel tensor decomposition algorithm that allows errors in both Frobenius norm
and low-rank terms.
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1 Introduction

1.1 Background and Motivation

Given a collection of observations and a class of models, the objective of a typical learning algorithm
is to find the model in the class that best fits the data. Such learning algorithms often assume
that the input data are i.i.d. samples generated by a statistical model in the given class. This is
a simplifying assumption that is, at best, only approximately valid, as real datasets are typically
exposed to some source of systematic noise. Robust statistics [[HRRS86, HR09] challenges this
assumption by focusing on the design of outlier-robust estimators — algorithms that can tolerate a
constant fraction of corrupted datapoints, independent of the dimension. Despite significant effort
over several decades starting with important early works of Tukey and Huber in the 60s, until fairly
recently, even for the most basic high-dimensional estimation tasks, all known computationally
efficient estimators were highly sensitive to outliers.

This state of affairs changed with two independent works from the TCS community [DKK*16,
LRV16], which gave the first computationally efficient and outlier-robust learning algorithms for a
range of “simple” high-dimensional probabilistic models. In particular, these works developed
efficient robust estimators for a single high-dimensional Gaussian distribution with unknown
mean and covariance. Since these initial algorithmic works [DKK"16, LRV16], we have witnessed
substantial research progress on algorithmic aspects of robust high-dimensional estimation by
several communities of researchers, including TCS, machine learning, and mathematical statistics.
See Section 1.5 for an overview of the prior work most relevant to the results of this paper. The
reader is referred to [DK19] for a recent survey on the topic.

One of the main original motivations for the development of algorithmic robust statistics within
the TCS community was the problem of learning high-dimensional Gaussian mixture models. A
Gaussian mixture model (GMM) is a convex combination of Gaussian distributions, i.e., a distribution
on R of the form M = Zle w;N(ui, L), where the weights w;, mean vectors y;, and covariance
matrices X; are unknown. GMMs are the most extensively studied latent variable model in the
statistics and machine learning literatures, starting with the pioneering work of Karl Pearson in
1894 [Pea94], which introduced the method of moments in this context.

In the absence of outliers, a long line of work initiated by Dasgupta [Das99, AK01, VW02, AMO5,
KSV08, BV08] gave efficient clustering algorithms for GMMs under various separation assumptions.
Subsequently, efficient learning algorithms were obtained [KMV10, MV10, BS10, HP15] under
minimal information-theoretic conditions. Specifically, Moitra and Valiant [MV10] and Belkin and
Sinha [BS10] designed the first polynomial-time learning algorithms for arbitrary Gaussian mixtures
with any fixed number of components. These works qualitatively characterized the complexity of
this fundamental learning problem in the noiseless setting. Alas, all aforementioned algorithms
are very fragile in the presence of corrupted data. Specifically, a single outlier can completely
compromise their performance.

Developing efficient learning algorithms for high-dimensional GMMs in the more realistic
outlier-robust setting — the focus of the current paper — has turned out to be significantly more
challenging. This was both one of the original motivations and the main open problem in the



initial robust statistics works [DKK*16, LRV16]. In fact, [DKK"16] developed a robust density
estimation algorithm for mixtures of spherical Gaussians — a very special case of our problem
where the covariance of each component is a multiple of the identity — and highlighted a number
of key technical obstacles that need to be overcome in order to handle the general case. Since
then, a number of works have made algorithmic progress on important special cases of the general
problem. These include faster robust clustering for the spherical case under minimal separation
conditions [HL18, KSS18, DKS18], robust clustering for separated (and potentially non-spherical)
Gaussian mixtures [BK20b, DHKK20], and robustly learning uniform mixtures of two arbitrary
Gaussian components [Kan20].

This progress notwithstanding, the algorithmic task of robustly learning a mixture of a constant
number (or even two) arbitrary Gaussians (with arbitrary weights) has remained a central open
problem in this field, as highlighted recently [DVW19].

The above discussion motivates the following question, whose resolution is the main result of
this work:

Question 1.1. Is there a poly(d, 1/ ¢)-time robust GMM learning algorithm, in the presence of an e-fraction
of outliers, that has a dimension-independent error guarantee, for an arbitrary mixture of any constant
number of arbitrary Gaussians on R%?

1.2 Owur Results

To formally state our main result, we define the model of robustness we study. We focus on the
following standard data corruption model that generalizes Huber’s contamination model [Hub64].

Definition 1.2 (Total Variation Contamination Model). Given a parameter 0 < ¢ < 1/2 and a class
of distributions ¥ on R, the adversary operates as follows: The algorithm specifies the number
of samples n. The adversary knows the true target distribution X € ¥ and selects a distribution
F such that d1y(F, X) < €. Then n i.i.d. samples are drawn from F and are given as input to the
algorithm.

Intuitively, the parameter ¢ in Definition 1.2 quantifies the power of the adversary. The total
variation contamination model is strictly stronger than Huber’s contamination model. Recall that in
Huber’s model [Hub64], the adversary generates samples from a mixture distribution F of the form
F =(1-¢)X + &N, where X is the unknown target distribution and N is an adversarially chosen
noise distribution. That is, in Huber’s model the adversary is only allowed to add outliers.

Remark 1.3. The strong contamination model [DKK*16] is a strengthening of the total variation
contamination, where an adversary can see the clean samples and then arbitrarily replace an
e-fraction of these points to obtain an ¢-corrupted set of samples. Our robust learning algorithm
succeeds in this strong contamination model, with the additional requirement that we can obtain
two sets of independent e-corrupted samples from the unknown mixture.

In the context of robustly learning GMMs, we want to design an efficient algorithm with the
following performance: Given a sufficiently large set of samples from a distribution that is e-close in
total variation distance to an unknown GMM M on RY, the algorithm outputs a hypothesis GMM
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M such that with high probability the total variation distance dTV(K/(\, M) is small. Specifically, we
want dtv(M, M) to be only a function of ¢ and independent of the underlying dimension d.
The main result of this paper is the following:

Theorem 1.4 (Main Result, see Theorem 8.1). There is an algorithm with the following behavior: Given
¢ > 0and a multiset of n = d°®) poly, (1/8)1 samples from a distribution F on R such that dvy(F, M) <

for an unknown target k-GMM M = Zl L WiN(ui, i ) the algorithm runs in time poly(n) polyk(l/e)
and outputs a k-GMM hypothesis M = Z _, wiN (i, %) such that with high probability we have that
drv(M, M) < O(&°F), where cy depends only on k.

Theorem 1.4 gives the first polynomial-time robust proper learning algorithm, with dimension-
independent error guarantee, for arbitrary k-GMMs, for any fixed k. This is the first polynomial-time
algorithm for this general problem, even for k = 2.

Known Statistical Query lower bounds [DKS17] suggest that dk) samples are necessary for
efficiently learning GMMs, for approximation to constant accuracy, even in the (much simpler)
noiseless setting and when the components are pairwise well-separated in total variation distance.
This provides evidence that the sample-time tradeoff achieved by our result is qualitatively optimal.

As a corollary of Theorem 1.4, we show that the same algorithm also achieves the stronger
parameter estimation guarantee. We note that parameter estimation requires some assumptions on
the underlying mixture. The following corollary applies under the standard assumption that any
pair of components in the unknown mixture has total variation distance at least poly, (¢).

Corollary 1.5. Let M = Zle wiN(ui, Z;) be an unknown target k-GMM satisfying the following
conditions: (i) dryv(N(ui, Zi), N(uj, Z;)) > é‘fl(k)for alli # j,and (ii)) S = {i € [k] : w; > e} s
a subset of [k], where fi(k), f2(k) are sufficiently small functions of k. Given ¢ > 0 and a multiset of
n = dO® poly, (1/¢) samples from a distribution F on R? such that dry(F, M) < ¢, there exists an
algorithm that runs in time poly(n) poly,(1/¢) and outputs a k'-GMM hypothesis M = Zf;l wiN (i, fi)
with k” < k such that with high probability there exists a bijection 7 : S — [k’] satisfying the following: For
all i € S, it holds that |w; — Wy;)| < poly, () and drv(N (ui, Li), N(yn(l), 71(1))) < poly, (¢).

We note that both the pairwise separation between the components and the lower bounds on
the weights in Corollary 1.5 scale as a fixed polynomial in ¢ (for fixed k), which is qualitatively
information-theoretically necessary:.

Discussion Before proceeding, we make a few important remarks about Theorem 1.4.

1. Model of Computation: The algorithm establishing Theorem 1.4 works in the standard bit-
complexity model of computation and its running time is polynomial in the bit-complexity of
the input parameters. We discuss the numerical accuracy required to implement our algorithm
in Appendix B.

IThroughout this paper, we use the notation poly, (x) = 1), where f(k) is only a function of k.



2. Handling Arbitrary Weights: Our algorithm succeeds without any assumptions on the weights of the
mixture components. We emphasize that this is an important feature and not a technicality. Prior
work [BK20b, DHKK20, Kan20], as well as the work [LM20], cannot handle the case of general
weights — even for the case of k = 2 components! In fact, a much simpler algorithm is possible
for the special case of uniform weights (see Theorem 4.12), but natural generalizations thereof
lead to sample and computational complexity growing exponentially in 1/wmin, where wmin, is the
minimum component weight. Obtaining a fully polynomial-time algorithm for the general case
(i.e., one not incurring an exponential cost in 1/wmin) requires genuinely new algorithmic ideas
and is one of the key technical innovations of this work.

3. Handling Arbitrary Covariances: Our algorithm does not require assumptions on the eigenvalues
of the component covariances, modulo basic limitations posed by numerical computation issues.
Specifically, our algorithm works even if some of the component covariances are rank-deficient
(i.e., have directions of 0 variance) with running time scaling polynomially in the bit-complexity
of the unknown component means and covariances. Such a dependence on the bit complexity of
the input parameters is unavoidable — there exist? examples of rank-deficient covariances with
irrational entries such that the total variation distance between the corresponding Gaussian and
every Gaussian with covariance matrix of rational entries is the maximum possible value of one.

Remark The current submission corresponds to the arXiv paper [BD]*20a], whose results quanti-
tatively improve on the results of an earlier arXiv version by the same authors [BD]"20b]. The latter
paper [BDJ*20b] obtained a result similar to our Theorem 1.4 but with final error guarantee of the
form 1/(log(1/¢))“* (see Theorem 6.1 and its Corollary 6.2). Note that the latter error guarantee,
while quantitatively weaker, is still dimension-independent and goes to 0 with €. Moreover, the
algorithm establishing Theorem 1.4 is obtained by refining the guarantees of two components of
the previous algorithm in [BDJ*20b]. In concurrent work to [BD]*20b], [LM20] obtained a closely
related result for a special case of the learning problem, namely under assumptions on the mixing
weights and component covariances. We note that the [LM20] algorithm has no implications for
arbitrary GMMs, even for k = 2. For a detailed discussion, see Section 1.4.

1.3 Overview of Techniques

In this section, we give a bird’s eye view of our algorithm and the main ideas that go into it.

In the non-robust setting (i.e., for ¢ = 0), the algorithm of [MV10], extending [KMV10], solves
this learning problem. The key idea of [MV10] is to observe that if a mixture of k Gaussians has
every pair of components separated in total variation distance by at least 6, then a random univariate
projection of the mixture has a pair of components that are 6/Vd-separated in total variation
distance. Their algorithm uses this observation to piece together estimates of the mixture when
projected to several carefully chosen directions to get an estimate of the high-dimensional mixture.

2For example, for the unit vector v = (1/ V3,1 / V3,1 / v3,0,0,..., 0), for every choice of rational covariance X, the total
variation distance between N (0, —vvT) and N(0, ) is one.



Notice, however, that such a strategy meets with instant roadblock in the presence of outliers: the
fraction of outliers, being a dimension-independent constant, completely overwhelms the total
variation distance between components in any one direction making them indistinguishable.

Our robust algorithm is based on three high-level ingredients: (1) a new and efficient partial
clustering algorithm based on the sum-of-squares (S50S) method, (2) a novel list-decodable tensor
decomposition method (3) a recursive spectral separation method. We describe these ideas below and
how they can be interleaved to obtain efficient robust GMM estimation.

Efficient Partial Clustering. We call a mixture partially clusterable if it contains a pair of
components at total variation distance larger than 1 — Q (1) (we will call such components well-
separated in what follows). Two recent works [DHKK20, BK20b] gave polynomial-time algorithms for
the fully clusterable (i.e., every pair of components is well-separated) case, using the sum-of-squares
method. Interestingly, it turns out that the clustering algorithm of [BK20b] (specifically, their
Lemma 6.4) can be generalized (see Theorem 4.2) to the partial clustering setting, i.e., the setting
where we are guaranteed to have a pair of components that are well-separated (with no guarantees
on the remaining components). For a mixture with minimum mixing weight a, this gives an
algorithm with running time of d*/ 0% to partition the input sample into components so that each
piece of the partition is (effectively) a (poly(a/k) + ¢)-corrupted sample from disjoint sub-mixtures.

By applying our partial-clustering algorithm, we can effectively assume that the input is an
e-corrupted sample from a mixture with every pair of components at most (1 — 2 (1))-far in total
variation distance. At this point, we can make the mixture approximately isotropic — that is, we
would like to assume that the mean of the mixture is ~ 0 and the covariance of the mixture is = I.
Our algorithm needs a dimension-independent error guarantee on the estimated covariance in
Frobenius norm (instead of the weaker spectral norm error guarantee from [KS17b]). Fortunately,
we can use [BK20b] (Theorem 7.1 in their paper and Fact 2.38) gives precisely such an algorithm for
robust covariance estimation that relies on the stronger property of certifiable hyper-contractivity (we
verify that this property holds for mixtures of Gaussians in Lemma 2.34 of Section 2).

After partial clustering and an approximate isotropic transformation, every pair of components
are close in TV distance. Under this condition, in order to learn the unknown mixture with error
guarantees in total variation distance, it suffices to obtain poly, (¢)-error estimates of the y;, X;’s in
Frobenius norm. As we will see soon, this will suffice for our weaker, warm-up result (Theorem 6.1).

To get a fully polynomial algorithm, we delve a bit deeper: the partial clustering algorithm
relies on the characterization of a well-separated pair of Gaussians N(ui, 21) and N(u2, Zp) in
terms of three geometric distances between their parameters — the total variation distance is large
iff one of the following holds: 1) Mean Separation: v such that (41 — p2,0)? > A(vT(Z1 + o)),
2) Relative Frobenius Separation: HZIU 2(22 -V ZHF > A, and 3) Spectral Separation: Jv
such that v"X10 > Av'Zv or v X0 > AvTXiv. The main idea of the algorithm is to give
efficient (low-degree) sum-of-squares certificates of simultaneous intersection bounds that show that
any cluster a natural SoS relaxation finds cannot significantly overlap with two well-separated
clusters simultaneously. This step requires sum-of-squares certificates for two natural analytic
properties: certifiable hypercontractivity and certifiable anti-concentration (introduced in the recent



works [KKK19, RY20a], and also used in [RY20b, BK20a]). The bottleneck that results in the
bad running time for us is the degree of the sum-of-squares certificate needed for certifiable
anti-concentration (which grows polynomially in 1/a).

Itis not known whether there is a sum-of-squares certificate of much smaller degree for certifiable
anti-concentration. To get around this, we observe that the only usage of this certificate occurs in dealing
with spectrally separated pairs of Gaussians. We give a new partial clustering algorithm that works in
fixed polynomial time, whenever there is a pair of Gaussian components separated either via their
means or an appropriate variant of the relative Frobenius distance. The resulting clusters might
now have components that are spectrally separated, a difficulty that we will presently address.

Another bottleneck of the partial clustering step is the rounding algorithm. It obtains a list of
candidate clusters each of size roughly an and guarantees that any such candidate cluster cannot
simultaneously contain a significant fraction of points from two components whose covariances are
separated in Frobenius distance. However, the candidates could be indiscriminate in collecting
an arbitrary subset of points from “nearby” clusters. Our rounding algorithm in Section 4 simply
guesses a partition of them such that every pair a exp(—1/a) success probability in guessing a
2-partition of points such that any cluster (up to a tiny fraction of errors) appears on one side only.
Our new clustering algorithm improves on this random guessing step in the rounding by observing
that points that come from nearby clusters must have covariances that are close in Frobenius norm.
Thus our rounding applies a robust covariance estimation algorithm (with error guarantees in
Frobenius norm) to each candidate cluster of size roughly an and then collects candidate clusters
whenever their estimated covariances are close. We show that this procedure coalesces the O(1/a)
clusters into a collection of at most k. The random guessing step now succeeds with exp(—k)
probability resolving this bottleneck.

List-decodable Tensor Decomposition. Kane [Kan20] gave a polynomial-time algorithm to
robustly learn an equiweighted mixture of two Gaussians. For this special case, after isotropic
transformation, one can effectively assume that the two means are +u and the two covariances are
I £. Kane’s idea was to use the Hermite tensor (which can be built using the 4-th and 6-th raw
moments of the mixture). Since we must use outlier-robust estimates of these tensors, we can only
obtain estimates that are accurate up to constant error in Frobenius norm of the tensor. Kane’s key
observation is that for the special case of k = 2 components, one can build two different Hermite
tensors, one of which is rank-one with component = u (and thus one can immediately “read off” u);
the other only has a tensor power of X.. This second tensor is of the form Ty = Sym((Z—1)®(Z~1I))+E,
where ||E||r = Ox(v¢) and Sym refers to symmetrizing over all possible permutations of the “4
modes of the tensor”. Unlike the case of the mean, one cannot simply “read-off”® = from Tj, but
Kane gives a simple method to accomplish this. As noted in [Kan20], it is not clear how to extend
this to non-equiweighted mixtures of k = 2 Gaussians, and going to even k = 3 components requires
substantially new ideas.

31t is helpful to visualize a single entry of this tensor for, say, the case when i, j, k,  are all distinct: ﬁ(i, j k0=
%(Z(i,j)Z(k, 0) + Z(i, k)X(j, £) + (i, )X(j, k)) + error. Notice that obtaining entries of L from Tj is formally a task of
solving noisy quadratic equations.



The surprising fact that we establish is that by looking at only the first four moments of our
mixture, we can learn all of the components up to low-rank error, i.e., up to errors along a bounded
number of hidden directions. Thus, the new tensor decomposition has both Frobenius norm error
and low-rank error. To see the idea, it is helpful to focus on the simpler case where all the means are
zero. In this case, the estimated 4th Hermite tensor (built from estimated raw moments of degree at
most 4 of the mixture) has the following :

k
Ty= ) wSym((Zi—1)® (I~ 1) +E),
i=1

where E is a 4-tensor with || E||; = Ok(Ve).

Given the form of this tensor, it is natural to consider tensor decomposition algorithms, by
thinking of X; —I asa d?-dimensional vector. However, we run into the issue of uniqueness of tensor
decomposition, since we are dealing with 2nd order tensors (once we view X; — I as a d2-dimensional
vector). One might imagine computing higher-order tensors of similar forms to overcome the
uniqueness issues, but this runs into two major complications: first, the symmetrization operation
introduces spurious terms that do not have the sum of tensor-power structure required for such an
algorithm to succeed. Indeed, this is far from just being an annoying technicality — the recent work
of Garg, Kayal, and Saha [GKS20] addresses precisely such a tensor decomposition problem via
algebraic techniques. Unfortunately, as is explicitly pointed out as one of the main open question
in their work (see page 14), because of their reliance on algebraic techniques, their algorithm
is highly brittle and in particular, may not even be able to handle the benign noise that comes
from estimating tensors from independent (uncorrupted) samples. (Of course, our setting has
to deal with the malicious noise introduced due to the adversarial outliers.) Second, even if one
were to get hold of the tensor without the symmetrization operation, the only applicable tensor
decomposition algorithm (recall that we do not make any genericity assumptions on the components
that are typically required by tensor decomposition algorithms) is the result of Barak, Kelner, and
Steurer [BKS15]. However, the [BKS15] result, while being efficient in its dependence on the number
of components, has exponential dependence on the target error, which is prohibitively expensive
for our application.

Rather than recovering the unique decomposition of the tensor Ty above, we will aim to produce
a list of candidate decompositions. To do this, we start by applying an operation that is a common
trick in most tensor decomposition algorithms. In our context, this trick amounts to taking a random
matrix (with independent standard Gaussian entries) P and “collapsing” the last two modes of T}
with P (i.e., computing 5(i, j) = Y. T4(i,j, k, £)P(k, £)) to obtain a matrix Q. In the usual tensor
decomposition procedures, we are interested in proving that one can recover all the information
about the components of the tensor from Q. We will not be able to prove such a statement here.
Instead, our key observation is that one can choose a matrix P of rank poly(k) and argue that the
resulting $ is Oy (¢)-close to one of the I; — I up to an error term of O(k?) rank. To see this, note that
in the symmetrization

T, j, k,€) = %(Z(i, @k, £) + 23, k) ® £(j, €) + £(i, ) ® =(j, k)) + error
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applying a rank-one matrix P to the modes k, £ will reduce the first term to the matrix X, while the
latter two terms become rank-one terms! When the tensor is a sum of k such symmetrized tensors,
we will use k such rank-one matrices, and take a linear combination of them to get a weighted sum
of the X’s plus a term of rank O(k?). As we show, the linear combination can be chosen such that
only one of the component Z’s survives (up to small Frobenius norm). Moreover, such a low-rank P
can be obtained efficiently by simply choosing poly(k) random rank-1 matrices and exhaustively
searching over an appropriate cover of the O(k?)-dimensional subspace spanned by them. We
then show that we can use the generated estimates S and the tensors T, for m < 4k to find a
poly, (¢)-dimensional subspace V. such that the low-rank error matrix in the estimated S have their
range space essentially contained inside V.. Our next step involves a subspace enumeration over V.
to output a list of a bounded number of parameters such that a mixture defined by some k of them
must be close in total variation distance to the input mixture.

Together with the less efficient partial clustering algorithm (which separates components far
in TV distance), treating any component with wieght significantly smaller than ¢ as part of the
outlier set, and a relatively standard hypothesis testing procedure (using a robust tournament that
goes over each of the candidate mixtures in our generated list and finds one that is approximately
the closest in total variation distance to a (fresh) set of corrupted samples), this combination of
techniques already yields a 4//¢)-time algorithm in the general setting.

Going back to the tensor decomposition, the next bottleneck is in the subspace enumeration over
V., which results in a list with exponential dependence on the dimension of V.. To reduce the list
size of tensor decomposition, first we observe that we can use an elementary filtering technique to
denoise the data, since the number of samples needed is small. Specifically, if the sample complexity
of the algorithm is polynomial in the dimension and error parameter, we can set both the dimension
of V. and the error parameter to be polynomials in 1/¢, so that the number of samples needed is
O(1/¢). Then, with probability (1 — £)°1/¢) = (1), a sample of size O(1/¢) drawn from the total
variation contamination model has no noise. For such a clean sample, we can apply a non-robust
algorithm to the subspace V.. If the time complexity of the algorithm is polynomial in the dimension
and error parameter, then the running time to apply it on V. will be poly, (¢), as desired. The next
step is to prove that such an algorithm exists. We will use the algorithm in Theorem 8 of [MV10]. A
technical issue is that the latter assumes that any pair of components in the mixture has TV distance
at least 6, where 0 is the error parameter. We show that with an appropriately chosen parameter
0" = poly(0), any pair of components with TV distance less than 6’ are close enough so that the
algorithm cannot distinguish the pair from a single Gaussian, since the algorithm only requires a
polynomial number of samples. If we merge all such pairs, any pair in the mixture is separated by
&', and then we can apply Theorem 8 in [MV10]. For each estimate $ of the main algorithm, we
can recover the low-rank error of S by learning the mixture in the subspace V,. Combining the
estimates S and the estimates in the subspace V., we get a list of parameters of size poly, ().

Spectral Separation of Thin Components. While the running time of our partial clustering and
tensor decomposition algorithms are now polynomial, the guarantees of the tensor decomposition
subroutine we discussed above are no longer enough to guarantee a recovery of parameters that



result in a mixture close in total variation distance. Because of the three conditions that we assumed
in the working of the tensor decomposition algorithm, we can no longer guarantee the third one
that gives a lower bound on the smallest eigenvalue of every covariance (relative to the covariance
of the mixture). In particular, we can end up in a situation where, even though we have a list of
parameters that contain Frobenius-norm-close estimates of the covariances, the estimates do not
provide a total variation distance guarantee. (Consider a “skinny” direction where the variance of
some component is very small, or even 0, forcing us to learn the parameters more precisely!)

It turns out that the above is the only way the algorithm can fail at this point — one or more
covariance matrices have a very small eigenvalue (if not, the Frobenius norm error would imply
TV-distance error). But since we have estimates of the covariances, we can find such a small
eigenvector. Now we observe that since the mixture is nearly isotropic (i.e., the overall variance
in each direction is ~ 1), if some component has very small variance along a direction, then the
components must be separable along this direction. We show that it is possible to efficiently cluster
the mixture after projecting it to this direction, so that each cluster has strictly fewer components.
We then recursively apply the entire algorithm on the clusters obtained, which will each have
strictly fewer components.

Achieving Polynomial Complexity. To avoid e-dependence in the exponent of the dimension
or exponential dependence in the minimum mixing weight, we use our new partial clustering
algorithm that does not rely on certifiable anti-concentration, by avoiding spectral proximity
guarantees, and moving the work of separating along small eigenvalue directions to later in the
algorithm. Our tensor decomposition also has a dependence on the minimum mixing weight.
To avoid this exponential dependence on the minimum weight, a natural approach would be to
ignore components lighter than some threshold (that depends on the target error) and treat them as
corruptions. However, this intuitive approach runs into a difficulty. In order to get nontrivial error
guarantees on the tensor decomposition, we need that the minimum mixing weight is significantly
larger than the fraction of outliers (since the decomposition involves generating a list of candidate
hypotheses, one of which must be accurate). To solve this problem, we show that we can set a
minimum weight threshold that depends on the number of remaining components of the mixture,
and “remove” some (but not all) components, so that the remaining mixture has minimum weight
above this threshold; and the threshold is also sufficiently larger than the total weight of small
components treated as corruptions. This makes the overall computational complexity dependence
on d truly polynomial for any fixed k, and avoids any dependence on the true minimum mixing
weight, while giving a TV error guarantee of a fixed polynomial in &.

Parameter Recovery. We show that for any two Gaussian mixtures, if they are close in TV distance,
their components are also close in TV distance, which implies that we can recover the components
or the parameters of the mixture. This result generalizes Theorem 8.1 in [LM20], which has three
additional assumptions: (i) each component has variance at least poly(e/d) and at most poly(d/¢),
(ii) each pair of components has TV distance at least poly, (¢), and (iii) the minimal weights of both
mixtures are at least poly, (¢). [LM20] also proved the conclusion under the assumption that any



parameters (means and covariances) are identical or separated. We reduce the general case to this
simplification. The first step is to deal with the components with small weights. We use a threshold
¢ = poly, (&) of weights such that if we treat components with weights smaller than the threshold
as noise, other components have weights at least poly, (¢’). The second step is a partial clustering on
the union of the components of the two mixtures, after which the components within each cluster
are pairwise not too close, i.e., have TV distance bounded by 1 — poly(¢’). Then we can modify the
parameters in each cluster slightly, so that the resulting parameters for different components are
either identical or have a minimum separation. Thus, we reduce the general case of two arbitrary
mixtures to this special case. Overall, this is a purely information-theoretic statement — for each
significant weight component of one mixture, there will be a component in the second mixture
with very close mean and covariance. We note that this is not necessarily a 1-1 mapping between
components, which is impossible in general without further assumptions.

1.4 Concurrent and Independent Work

In independent and concurrent work with [BDJ*20b], which established Theorem 6.1 and Corol-
lary 6.2, [LM20] gave a robust parameter learning algorithm for mixtures of Gaussians under
additional assumptions. Unlike our main theorem, the algorithm in [LM20] succeeds under three
crucial assumptions: 1) all mixing weights are bounded below by 1/f(k), where f is a function
of k that appears in the exponent of the running time and output error, 2) all components have
covariances with eigenvalues at least poly(e/d) and at most poly(d/¢) (in particular, [LM20] do not
handle rank-deficient components), and 3) every pair of component Gaussians are separated by g(k)
in total variation distance (regardless of how small the fraction of corruptions ¢ is). We stress that
obtaining an algorithm without these assumptions, as achieved in this work, requires significant
new ideas in both the design and the analysis of the algorithm. The analysis of [LM20] obtained a
robust parameter recovery guarantee. In contrast, our Theorem 1.4 (and its precursor Theorem 6.1)
does not make any assumption on the mixing weights, the covariances or component separations,
yielding the guarantee of proper learning (i.e., returning a mixture of Gaussians that is close in total
variation distance to the unknown uncorrupted mixture).

We also note that the techniques adopted in the two concurrent works [BD]"20b, LM20] are
significantly different. On the one hand, both works make essential use of recent advances
in clustering non-spherical mixtures [BK20b, DHKK20]. While [LM20] relies on the clustering
algorithm of [DHKK20], our work leverages a key modification to the clustering algorithm of [BK20b]
that allows us to obtain a fixed polynomial-time algorithm (as opposed to incurring an exponential
cost in 1/wWmin, where wmin is the minimum mixing weight), at the cost of handling only a subclass
of clusterable Gaussian mixtures. Indeed, our novel variant of clustering combined with our new
spectral clustering subroutine is the key to not incurring an exponential cost in 1/wmin. In the
next step, where the input mixture can be assumed to be non-clusterable, [LM20] uses a new
sum-of-squares based algorithm for parameter estimation. In contrast, our work does not use
sum-of-squares method in this component and instead relies on a new list-decoding algorithm for
tensor decomposition that makes no assumption on the underlying components.
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1.5 Related Prior Work

The algorithmic question of designing efficient robust estimators in high dimensions has been
extensively studied in recent years. After the initial papers [DKK*16, LRV16], a number of works
developed robust estimators for a range of statistical problems. These include efficient outlier-robust
algorithms for sparse estimation [BDLS17, DKK*19], learning graphical models [CDKS18], linear
regression [KKM18, DKS19, BP20, Z]S20, CAT*20], stochastic optimization [PSBR18, DKK*18], and
connections to non-convex optimization [CDGS20, ZJS20]. Notably, the robust estimators developed
in some of these works [DKK"16, LRV16, DKK*17] are scalable in practice and yield a number
of applications in exploratory data analysis [DKK*17] and adversarial machine learning [TLM18,
DKK*18]. The reader is referred to [DK19] for a recent survey.

Our partial clustering algorithm makes essential use of the Sum-of-squares based proofs to
algorithms framework (see [FKP19] for an exposition). This framework, beginning with [BKS15],
uses the Sum-of-squares method to design algorithms for statistical estimation problems, and has
led to some of the most general outlier-robust learning algorithms. This includes computationally
efficient outlier-robust estimators of the mean, covariance, and low-degree moments of structured
distributions, with applications to ICA [KS17b], linear regression [KKM18, BP20, Z]S20], clustering
spherical mixtures [HL18, KS17a], and clustering non-spherical mixtures [BK20b, DHKK20]. The
sum-of-squares method also gives a generally applicable scheme to handle the list-decodable learning
setting [BBV08, CSV17], where a majority of the input points are corrupted, yielding efficient
list-decodable learners for mean estimation [KS17a], regression [KKK19, RY20a], and subspace
clustering /recovery [RY20b, BK20a].

Our work also has connections to the usage of tensor decomposition algorithms for learning
statistical models. [HHK13] used fourth-order tensor decomposition to obtain a polynomial-time algo-
rithm for mixtures of spherical Gaussians with linearly independent means (with condition number
guarantees). This result was extended via higher-order tensor decomposition for non-spherical
Gaussian mixtures in a smoothed analysis model [GHK15]. Fourth order tensor decomposition
has earlier been used in [F]K96] for the ICA problem [FJK96], and extended to general ICA with
higher-order tensor decomposition by [GVX14]. Such results rely on additional and non-trivial
assumptions on the parameters of the mixture components in order to succeed, and are incomparable
to our tensor-decomposition result that does not make any assumptions on the parameters of the
mixture components. Indeed, this is the key innovation in our tensor decomposition algorithm that
relaxes the guarantees on the output (we output a small list of candidate parameters) under a priori
bounds on distance between components that is ensured by our partial clustering subroutine. This
relaxation of tensor decomposition, and the new procedure that accomplishes it, is one of the main
contributions of our paper.

Finally, we point out that [DKS17] gave an SQ lower bound for learning (fully) clusterable
Gaussian mixtures without outliers, which provides evidence that a d**) dependence is necessary
in both the sample complexity and runtime of any algorithm that learns GMMs. Ignoring
computational aspects, a sample complexity bound for learning GMMs appears in [ABDH*18].
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1.6 Organization

The structure of this paper is as follows: In Section 2, we provide relevant background and
technical facts. In Section 3, we describe and analyze our new tensor decomposition algorithm.
In Section 4, we use a sum-of-squares based approach to partially cluster a mixture. In Section
5, we give a spectral separation algorithm to identify thin components. In Section 6, we put all
these pieces together to prove Theorem 6.1, the precursor of our main theorem with weaker error
guarantees. In Section 7, we present a refinement of our partial clustering procedure that improves
the probability of success to a constant (independent of the minimum weight of any component
in the input mixture). In Section 8, we present an efficient algorithm that replaces an exhaustive
search subroutine in the tensor decomposition algorithm and combines it with the improved partial
clustering subroutine to get a poly,(¢)-error guarantee for robust proper learning of Gaussian
mixtures, thereby proving Theorem 1.4. Finally, in Section 9, we show that our algorithm in fact
achieves the stronger parameter estimation guarantees and prove Corollary 1.5.

2 Preliminaries

Basic Notation. For a vector v, we use ||v||, to denote its Euclidean norm. For an n X m matrix
M, we use ||M||Op = max|y||,=1 ||Mx||, to denote the operator norm of M and ||M||p = /Zi,]' Mf]. to

denote the Frobenius norm of M. We sometimes use the notation M(i, j) to index the corresponding
entries in M. For an n X n symmetric matrix M, we use > to denote the PSD/Loewner ordering
over eigenvalues of M and tr (M) = X;c[,) M;,i to denote the trace of M. We use UAU to denote
the eigenvalue decomposition, where U is an n X n matrix with orthonormal columns and A is
the n x n diagonal matrix of the eigenvalues. We use M* = UATUT to denote the Moore-Penrose
pseudoinverse, where At inverts the non-zero eigenvalues of M. If M > 0, we use M'/2 = UAY2UT
to denote taking the square-root of the inverted non-zero eigenvalues.

For d x d matrices A, B, the Kronecker product of A, B, denoted by A ® B, is indexed by
(i,7),(k,€) € [d] x [d] and has entries (A ® B)((i, j), (k,£)) = A(i, k)B(j, {). We will equip every
tensor T with the norm ||-|| that simply corresponds to the ¢,-norm of any flattening of T to a vector.
The notation T'(-, -, x, y) is used to denote collapsing two modes of the tensor by plugging in x, y.

For a positive integer ¢ and vector v, we also use v® = v ®v...®v.
———
ftimes
We use the notation M = 3¢ wiN (ui, Li) to represent a k-mixture of Gaussians. The total

variation distance between two probability distributions on R? with densities p, q is defined as
drv(p,q) = %/]Rd |p(x) — q(x)|dx. We also use E [-], Var[-] and Cov(-) to denote the expectation,
variance and covariance of a random variable.

For a finite dataset X, we will use Z €, X to denote that Z is the uniform distribution on X. We
will sometimes use the term mean (resp. covariance) of X to refer to Eze,x [Z] (resp. Covze,x(Z)).

2.1 Gaussian Background

The first few facts in this subsection can be found in Kane [Kan20].
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Fact 2.1. The total variation distance between two Gaussians N (u1,X1) and N (uz, X2) can be bounded
above as follows:

dry (NG, 1), Ny, Z2)) = O( (i = )" = (s = o) + 272 (22 - 20 27| ) -

Fact 2.2 (Theorem 2.4 in [Kan20]). Let D be a distribution on R™?, where D is supported on the subset
of R™4 corresponding to the set of symmetric PSD matrices. Suppose that E[D] = ¥ and that for any

symmetric matrix A we have that Var[tr(AX)] = O(GZHZU 2A21/2l|§) . Then, for ¢ < 072, there exists

a polynomial-time algorithm that given sample access to an e-corrupted set of samples from D returns a
matrix ¥ such that with high probability | Z~/2(Z — £)Z12||r = O(a+e).

Fact 2.3 (Proposition 2.5 in [Kan20]). Let G ~ N(u, X) be a Gaussian in RY. Then, we have that

E[G®"] (i1, ..., im) = > X) Tl in) X u (i) -

Partitions P of [m] {a,b}eP {c}eP
into sets of size 1 and 2

We will work with the coefficient tensors of d-dimensional Hermite polynomials:

Definition 2.4 (Hermite Tensors). Define the degree-m Hermite polynomial tensor as

B (x) = Z ® =1 (ia,ip) ® x (ic) -

Partitions P of [m]  {a,b}eP {c}epP
into sets of size 1 and 2

We will use the following fact that relates Hermite moments to the raw moments of any
distribution.

Fact 2.5 (Hermite vs Raw Moments, see, e.g., [Her20]). For any real-valued random variable u,
and m € N, maxi<m | Bu' — B, n01) 2| < 290 maxicp | B hy (). Similarly, maxi<pm | E hy(u)| <
200 maxicy | Eu' — B, p01) 2]

Fact 2.6 (Lemma 2.7 in [Kan20]). If G ~ N(u, I + L), then we have that

Elha(G)l= Y & L (iasiv) Q) pic) -

Partitions P of [m] {a,b}eP {c}eP
into sets of size 1 and 2

Fact 2.7 (Lemma 2.8 in [Kan20]). If G ~ N(u, I + L), then E[h,,(G) ® h,,,(G)] is equal to

3 R Tl 0% (I+2) (ia, i) (X) 1 (i) -

Partitions P of [2m] {a,b}eP {a,b}eP {c}eP
into sets of size 1 and 2 a,b in same half of [2m] a,b in different halves of [2m]

Lemma 2.8 (Slight Strengthening of Lemma 5.2 in [Kan20] ). For G ~ N(u, L), the covariance matrix
of hy(G) satisfies:

1Cov(n(G))llop < I1E [2n(G) ® un(G)]llyp = O (m(1 + =g + [luell)) ™" -
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This follows from the proof of Lemma 5.2 in [Kan20] by noting that the number of terms in the
sum is at most 2" times the number of partitions of [2m] into sets of size 1 and 2, which is at most
O(m)*>".

Next, we use upper and lower bounds on low-degree polynomials of Gaussian random variables.
We defer the proof of the subsequent Lemma to Appendix A.

Lemma 2.9 (Concentration of low-degree polynomials). Let T be a d-dimensional, degree-4 tensor such
that | T||p < A for some A > 0 and let x,y ~ N(0,I). Then, with probability at least 1 — 1/poly(d), the
following holds:

Note that for any matrix M, (M, x ® y), where x,y ~ N(0,I), is a degree-2 polynomial in
Gaussian random variables. As a result, we have the following anti-concentration inequality.

Lemma 2.10 (Anti-concentration of bi-linear forms, [CWO01]). Let M be a d X d matrix and let
x,y ~ N(0,I). Then, for any C € (0, 1), the following holds:

P|[(M,x® y)* < CE [(M,x ®y)?]

< O(\/Z) .

2.2 Sum-of-Squares Proofs and Pseudo-distributions

We refer the reader to the monograph [FKP19] and the lecture notes [BS16] for a detailed exposition
of the sum-of-squares method and its usage in average-case algorithm design.

Letx = (x1, x2,...,x,) be atuple of n indeterminates and let R[x] be the set of polynomials with
real coefficients and indeterminates x1, . . ., x,. We say that a polynomial p € R[x]is a sum-of-squares
(sos) if there exist polynomials g1, ..., g, such that p = q% +o 4 g2

2.2.1 Pseudo-distributions

Pseudo-distributions are generalizations of probability distributions. We can represent a discrete
(i.e., finitely supported) probability distribution over R" by its probability mass function D: R" — R
such that D > 0 and X, cqupp(p) D(x) = 1. Similarly, we can describe a pseudo-distribution by its
mass function by relaxing the constraint D > 0 to passing certain low-degree non-negativity tests.

Concretely, a level-{ pseudo-distribution is a finitely-supported function D : R” — R such that
Y, D(x) =1and 3, D(x)f(x)* > 0 for every polynomial f of degree at most £/2. (Here, the
summations are over the support of D.) A straightforward polynomial-interpolation argument
shows that every level-co-pseudo distribution satisfies D > 0 and is thus an actual probability
distribution. We define the pseudo-expectation of a function f on R” with respect to a pseudo-
distribution D, denoted ]ED(X) f(x), as

Epwf(x) = ), D@)f(x) . (2.1)

The degree-f moment tensor of a pseudo-distribution D is the tensor ]ED(X)(L X1,X2,...,%n)%".
In particular, the moment tensor has an entry corresponding to the pseudo-expectation of all
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monomials of degree at most £ in x. The set of all degree-f moment tensors of probability distribution
is a convex set. Similarly, the set of all degree-{ moment tensors of degree-d pseudo-distributions is
also convex. Unlike moments of distributions, there is an efficient separation oracle for moment
tensors of pseudo-distributions.

Fact 2.11 ([Sho87, Nes00, Las01, Par13]). For any n,{ € N, the following set has an nOO_time weak
separation oracle (in the sense of [GLS81]):

{]ED(X)(L X1,%X2,..., xn)®d | degree-d pseudo-distribution D over ]R”} . (2.2)

This fact, together with the equivalence of weak separation and optimization [GLS81], allows us
to efficiently optimize over pseudo-distributions (approximately) — this algorithm is referred to as
the sum-of-squares algorithm. The level-{ sum-of-squares algorithm optimizes over the space of all
level-¢ pseudo-distributions that satisfy a given set of polynomial constraints (defined below).

Definition 2.12 (Constrained pseudo-distributions). Let D be a level-¢ pseudo-distribution over R".
Let A={f1>0,f>0,..., fn >0} be asystem of m polynomial inequality constraints. We say
that D satisfies the system of constraints A at degree r, denoted D If A, if for every S C [m] and every
sum-of-squares polynomial & with deg h + Y;cs max{deg f;, 7} < ¢, we have that Eph - [];c5 fi = 0
We write D = A (without specifying the degree) if D If A holds. Furthermore, we say that
D If A holds approximately if the above inequalities are satisfied up to an error of 2. |h]l-TTies Il fill,
where ||-|| denotes the Euclidean norm* of the coefficients of a polynomial in the monomial basis.

We remark that if D is an actual (discrete) probability distribution, then we have that D |= A if
and only if D is supported on solutions to the constraints A. We say that a system A of polynomial
constraints is explicitly bounded if it contains a constraint of the form {||x||> < M}. The following fact
is a consequence of Fact 2.11 and [GLS81]:

Fact 2.13 (Efficient Optimization over Pseudo-distributions). There exists an (n + m)°O-time algorithm
that, given any explicitly bounded and satisfiable system> A of m polynomial constraints in n variables,
outputs a level-{ pseudo-distribution that satisfies A approximately.

Basic Facts about Pseudo-Distributions. We will use the following Cauchy-Schwarz inequality
for pseudo-distributions:

Fact 2.14 (Cauchy-Schwarz for Pseudo-distributions). Let f,g be polynomzals of degree at most
d in indeterminate x € RY. Then, for any degree-d pseudo-distribution C, we have that ]EC [fg] <

VEL1Eelg?]

Fact 2.15 (Holder’s Inequality for Pseudo-Distributions). Let f, g be polynomials of degree at most
d in indeterminate x € R?. Fix t € N. Then, for any degree-dt pseudo-distribution C, we have that
Ecl gl < (Belf')7 (Belg' D"

Corollary 2.16 (Comparison of Norms). Let { be a degree-t? pseudo-distribution over a scalar indeterminate
x. Then, we have that E[x]V/t > E[x!" V¥ for every t’ < t

“The choice of norm is not important here because the factor 2 swamps the effects of choosing another norm.
SHere, we assume that the bit complexity of the constraints in A is (1 + m)o(l).
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2.2.2 Sum-of-squares proofs

Let f1, fo, ..., fr and g be multivariate polynomials in x. A sum-of-squares proof that the constraints
{fi>0,..., fin > 0} imply the constraint {g > 0} consists of polynomials (ps)sc[n] such that

g= > ps-Tiesf;. 2.3)
Sclm]

We say that this proof has degree ¢ if for every set S C [m] the polynomial psIT;cs f; has degree at
most £. If there is a degree ¢ SoS proof that {f; > 0 | i < r} implies {g > 0}, we write:

(izo0li<rif{g>0. (2.4)
We drop the x from the turnstile when the indeterminates are clear from context.

For all polynomials f, g: R” — R and for all functions F: R* — R™,G: R" — R¥, H: R? —» R"
such that each of the coordinates of the outputs are polynomials of the inputs, we have the following
inference rules.

The first one derives new inequalities by addition or multiplication:

Al (f20,9>0 Al {f>0}, Al {g>0)

/ (2.5)
Alpif+g20 Az {f9>0
The next one derives new inequalities by transitivity:
A B,8,C
0 £ -, (2.6)
A C
Finally, the last rule derives new inequalities via substitution:
F>0 G=>0
{ ) lT { ) (substitution)

{F(H) > 0} |y {G(H) > 0}

Low-degree sum-of-squares proofs are sound and complete if we take low-level pseudo-distributions
as models. Concretely, sum-of-squares proofs allow us to deduce properties of pseudo-distributions
that satisfy some constraints.

Fact 2.17 (Soundness). If D )? A for a level-{ pseudo-distribution D and there exists a sum-of-squares
proof A }7 B, then D F—— 8.

If the pseudo-distribution D satisfies A only approximately, soundness continues to hold if we
require an upper bound on the bit-complexity of the sum-of-squares A |7 B (i.e., the number of
bits required to write down the proof). In our applications, the bit complexity of all sum-of-squares
proofs will be n9) (assuming that all numbers in the input have bit complexity n°)). This
bound suffices in order to argue about pseudo-distributions that satisfy polynomial constraints
approximately.

The following fact shows that every property of low-level pseudo-distributions can be derived
by low-degree sum-of-squares proofs.
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Fact 2.18 (Completeness). Suppose that d > v’ > r and A is a collection of polynomial constraints with
degree at most r, and ‘A }’ {Xi_i x7 < B} for someﬁmte B. Let {g > 0} be a polynomial constraint. If
every degree-d pseudo-distribution that satisfies D )? A also satisfies D % {g > 03}, then for every ¢ > 0,

there is a sum-of-squares proof A }7 {g > —¢}.

Basic Sum-of-Squares Proofs. We will require the following basic SoS proofs.

Fact 2.19 (Operator norm Bound). Let A be a symmetric d X d matrix and v be a vector in RY. Then, we
have that

> {0740 < < Al 2

Fact 2.20 (SoS Holder’s Inequality). Let f;, gi, for 1 < i < s, be scalar-valued indeterminates. Let p be an
even positive integer. Then,

N R L F R R
i (5 2. f ) < (g fo) (;ng)
i=1 i=1 i=1
Observe that using p = 2 above yields the SoS Cauchy-Schwarz inequality.
Fact 2.21 (S0S Almost Triangle Inequality). Let f1, f2, ..., f be indeterminates. Then, we have that

}L Zfl) < 21 ifizt)

i<r i=1
Fact 2.22 (SoS AM-GM Inequality, see Appendix A of [BKS15]). Let f1, fo, ..., fm be indeterminates.

Then, we have that
it {( Zﬁ) > nKmfi} -

We defer the proofs of the two subsequent lemmas to Appendix A.

Lemma 2.23 (Spectral SoS Proofs). Let A be a d X d matrix. Then for d-dimensional vector-valued

indeterminate v, we have:
v 2
|5 {07 Ao < |All, I[0]3} -

Fact 2.24 (Cancellation within SoS, Lemma 9.2 [BK20b]). Let a, C be scalar-valued indeterminates.

Then, c
a>0bu{a' < Catl} o {a¥ < ¥} .

Lemma 2.25 (Frobenius Norms of Products of Matrices). Let B be a d X d matrix valued indeterminate
for some d € N. Then, forany 0 < A <1,

= {I1ABJ2 < IBIZ}
2 (IBAIZ < 1BIE}
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2.3 Analytic Properties of Gaussian Distributions

The following definitions and results describe the analytic properties of Gaussian distributoins that
we will use. We also state the guarantees of known robust estimation algorithms for estimating the
mean, covariance and moment tensors of Gaussian mixtures here.

Certifiable Subgaussianity. We will make essential use of the following definition.

Definition 2.26 (Certifiable Subgaussianity (Definition 5.1 in [KS17b])). For t € N and an absolute
constant C > 0, a distribution D on R is said to be t-certifiably C-subgaussian if for every even

t’ < t, we have that
t/2
g <cor(gor)

Fact 2.27 (Mixtures of Certifiably Subgaussian Distributions, Analogous to Lemma 5.4 in [KS17b]).
Let D1, Do, ..., Dy be t-certifiably C-subgaussian distributions on RY. Let P1,P2, - -, Pq be non-negative
weights such that 3’; p; = 1 and p = min;<, p;. Then, the mixture }; p; D; is t-certifiably C /p-subgaussian.

Certifiable Anti-Concentration. The first is certifiable anti-concentration — an SoS formulation of
classical anti-concentration inequalities — that was introduced in [KKK19, RY20a].

In order to formulate certifiable anti-concentration, we start with a univariate even polynomial
p that serves as a uniform approximation to the delta function at 0 in an interval around 0. Such
polynomials are constructed in [KKK19, RY20a] (see also [DG]*10]). Let g5 x(x, v) be a multivariate

(x,0)

(in v) polynomial defined by g5 x(x,v) = (UTZZ))ZS ps,x ( W

). Since p;,r is an even polynomial,
gs,x is a polynomial in v.

Definition 2.28 (Certifiable Anti-Concentration). A mean-0 distribution D with covariance X is
2s-certifiably (6, Co)-anti-concentrated if for g5 y(x,v) defined above, there exists a degree-2s
sum-of-squares proof of the following two unconstrained polynomial inequalities in indeterminate
v:
{(x,v)Zs +0%gs x(x,0)* > 6% (UTZT))ZS} , { ]ED s,5(x,0)* < Co (UTZU)ZS} .
X~

An isotropic subset X C R? is 2s-certifiably (5, Cd)-anti-concentrated if the uniform distribution on
X is 2s-certifiably (6, C6)-anti-concentrated.

Remark 2.29. The function s(6) can be taken to be O(é) for standard Gaussian distribution and the
uniform distribution on the unit sphere (see [KKK19] and [BK20a]).

Certifiable Hypercontractivity. Next, we define certifiable hypercontractivity of degree-2 poly-
nomials that formulates (within SoS) the fact that higher moments of degree-2 polynomials of
distributions (such as Gaussians) can be bounded in terms of appropriate powers of their 2nd
moment.
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Definition 2.30 (Certifiable Hypercontractivity). An isotropic distribution © on R is said to
be h-certifiably C-hypercontractive if there is a degree-h sum-of-squares proof of the following
unconstrained polynomial inequality in d X d matrix-valued indeterminate Q:

12
(700" < (€' B (70xp|

A set of points X C RY is said to be C-certifiably hypercontractive if the uniform distribution on X
is h-certifiably C-hypercontractive.

Hypercontractivity is an important notion in high-dimensional probability and analysis on
product spaces [O’D14]. Kauers, O’Donnell, Tan and Zhou [KOTZ14] showed certifiable hyper-
contractivity of Gaussians and more generally product distributions with subgaussian marginals.
Certifiable hypercontractivity strictly generalizes the better known certifiable subgaussianity property
(studied first in [KS17b]) that controls higher moments of linear polynomials.

Observe that the definition above is affine invariant. In particular, we immediately obtain:

Fact 2.31. Given t € N, if a random variable x on R? has t-certifiable C-hypercontractive degree-2
polynomials, then so does Ax for any A € R™,

As observed in [KS17b], the Gaussian distribution is ¢-certifiably 1-subgaussian and ¢-certifiable
1-hypercontractive for every t. Next, we establish certifiable hypercontractivity for mixtures of
Gaussians. We defer the proofs to Appendix A.

Lemma 2.32 (Shifts Cannot Decrease Variance). Let D be a distribution on R?, Q be a d x d matrix-valued
indeterminate, and C be a scalar-valued indeterminate. Then, we have that

Q,C
}T {xiEZ)

Lemma 2.33 (Shifts of Certifiably Hypercontractive Distributions). Let x be a mean-0 random variable
with distribution D on RY with t-certifiably C-hypercontractive degree-2 polynomials. Then, for any
fixed constant vector ¢ € R?, the random variable x + c also has t-certifiable 4C-hypercontractive degree-2
polynomials.

2
(Q(x) - x]pD[Qm])

<E [(Q(x) - C)z]} .

Lemma 2.34 (Mixtures of Certifiably Hypercontractive Distributions). Let D1, D,, ..., Dy have
t-certifiable C-hypercontractive degree-2 polynomials on RY, for some fixed constant C. Then, any mixture
D =3, wiD; also has t-certifiably (C | a)-hypercontractive degree-2 polynomials for & = min;<k ;>0 W;.

Corollary 2.35 (Certifiable Hypercontractivity of Mixtures of k Gaussians). Let M be a k-mixture of
Gaussians ; wiN(u;, L;) with weights w; > a for every i € [k]. Then, for all t € N, D has t-certifiably
4/ a-hypercontractive degree-2 polynomials.

We will use the following robust mean estimation algorithm for bounded covariance distribu-
tions [DKK"17]:
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Fact 2.36 (Robust Mean Estimation for Bounded Covariance Distributions). There is a poly(n) time
algorithm that takes input an e-corruption Y of a collection of n points X C R, and outputs an estimate {1

Sutisﬁ/ing ||]Ex"‘uX X — ﬁ”z < O(\/E) ”]EX"‘uX(x - ]Ex"‘uX x)(x - ]Ex"’ux x)T”Z'
We will use the following robust covariance estimation algorithm from [KS17b]:

Fact 2.37 (Robust Covariance Estimation, [KS17b]). For every C > 0,& > 0 and even k € N such
that Cke'=2/% < ¢ for some small enough absolute constant c, there exists a polynomial-time algorithm
that given an (corrupted) sample S outputs an estimate of the covariance 3. € R with the following
guarantee: there exists ng > (C +d)°®) /e such that if S is an e-corrupted sample with size |S| > ng of a
k-certifiably C-subgaussian distribution D over R? with mean u € R¥ and covariance ©. € R4, then with
high probability:

(1-0)L=E>(1+06)T
for & < O(Ck)e'~?/k,

We will also require the following robust estimation algorithm with Frobenius distance guaran-
tees proven for certifiably hypercontractive distributions in [BK20b]. Since we obtain estimates to
the true covariance in Lowner ordering, we can obtain the subspace spanned by the inliers exactly,
project on to this subspace and apply Theorem 7.1 in [BK20b].

Fact 2.38 (Robust Mean and Covariance Estimation for Certifiably Hypercontractive Distributions,
Theorem 7.1 in [BK20b]). Given t € N, and ¢ > 0 sufficiently small so that Cte'*/* < 16, for some
absolute constant C > 0. Then, there is an algorithm that takes input Y, an e-corruption of a sample X of
size n with mean ., covariance L., and 2t-certifiably C-hypercontractive degree-2 polynomials, runs in time
1O, and outputs an estimate (i and L. satisfying:

1. ZI/Z(‘U* _ ﬁ) < O(Ct)1/2€]—1/t,

2
2. (1-nZ = £ < (1+n)Z, for n < O(Ck)e'?/*, and,

3, 12

w12 (z _ 2*) 5

| < @noEn,
where C" = max {C, B} for the smallest possible B > 0 such that for d X d-matrix-valued indeterminate Q,

2
@ {]Ez) (xTQx —Ep xTQx)> < B ‘ r2oxl2 ‘F}?

The last line in the above fact asserts a bound (along with a degree 2 SoS proof) on the variance of
degree 2 polynomials in terms of the Frobenius norm of its coefficient matrix. In the next few claims,
we verify this property via elementary arguments for the two classes of distributions relevant to

6This notation means that we needed Cte1=2/! to be at most ¢co for some absolute constant ¢y > 0.

"The first two guarantees here hold for the larger class of certifiably subgaussian distributions and were proven
in [KS17b] (see Theorem 1.2). Gaussian distribution (with arbitrary mean and covariance) are ¢-certifiably 1-subgaussian
for all t and their mixtures (similar to Lemma 2.34 and explicitly proven in Lemma 5.4 of [KS17b]) are t-certifiably

O(1/a)-subgaussian where « is the minimum mixing weight.
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this paper. We note that whenever a distribution satisfies the bounded variance property (without
an SoS proof), it also satisfies the property via a degree 2 SoS proof using Lemma 2.23. Thus, asking
for an SoS proof of degree 2 in this context poses no additional restrictions on the distribution.
Nevertheless, we provide explicit and direct SoS proofs in the following.

We first note that this property of having certifiable bounded variance is closed under linear
transformations.

Lemma 2.39 (Linear Transformations of Certifiably Bounded-Variance Distributions). For d € N,
let x be a random variable with distribution D on R? such that for d X d matrix-valued indeterminate Q,
Q

}7 {]EXND(xTQx —~EpxTQx)? < ||Zl/2Q21/2||§}. Let A be an arbitrary d X d matrix and let x’ = Ax be

the random variable with covariance Y. = AAT. Then, we have that

Q a ’ ' T n2 ‘ 11/2 /1/2”2
E - E < (|2 z .
H{X,ND,(X Q¥ - ExTQx) Q[

Lemma 2.40 (Variance of Degree-2 Polynomials of Standard Gaussians). We have that

2
Q
E |x"Qx—- E x"Qx| <3[Ql}{ -
b{mn(x Qs- E x| IIQIIF}

Remark 2.41. As is easy to verify, the same proof more generally holds for any distribution that has
the same first four moments as the zero-mean Gaussian distribution.

As an immediate corollary of the previous two lemmas, we have:

Corollary 2.42 (Variance of Degree-2 Polynomials of Zero-Mean, Arbitrary Covariance Gaussians).
For any 0 < X, we have that

2
Q 2
b{ E (xTQx— E xTQx) <3H21/2Q21/2HF}.

N(©O,X) N(O,L)

We next prove that the same property holds for mixtures of Gaussians satisfying certain
conditions.

Lemma 2.43 (Variance of Degree-2 Polynomials of Mixtures). Let M = }}; w;D; be a k-mixture of
distributions D1, Do, ..., Dy with means u; and covariances L;. Let p = ); w;u; be the mean of M.
Suppose that each of D1, D, . .., Dy have certifiably C-bounded-variance i.e. for Q: a symmetric d X d
matrix-valued indeterminate.

Q ' T ’ /T "2 ‘ 11/2 /1/2”2
E -E < ClX z .
S { B, 0mor - ExTan) x|

Further, suppose that for some H > 1, ||u; — ‘U“% ,NZi = I||p < H for every 1 < i < k. Then, we have that

2

X~

2
(xTQx— E [xTQx]) ] < 1OOCH2||Q||§} .
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As an immediate corollary of Lemma 2.39 and Lemma 2.43, we obtain:

Lemma 2.44 (Variance of Degree-2 Polynomials of Mixtures of Gaussians). Let M = 3}; w; N (i, Z;) be
a k-mixture of Gaussians with w; > o, mean p = Y; w;u; and covariance & = Y; w;((pi — ) (i — 1) T +Xi).
Suppose that for some H > 1, |Z/2(Z; - Z)Z+/2||F < H for every 1 <i < k. Let Q be a symmetric d X d
matrix-valued indeterminate. Then for H' = max{H,1/a},

i

x~M

< 100H"?

2
(xTQx_ E [xTQx]) 21/2Q21/2H2}.
x~M F

Analytic Properties are Inherited by Samples. The following lemma can be proven via similar,
standard techniques as in several prior works [KS17b, KKK19, BK20a, BK20b].

Fact 2.45. Let D be a distribution on R? with mean y and covariance T. Let t € N. Let X be a sample from
D such that, % Sex(1, %)% —Ey .p(1, X)® . < d=OW. Here, ¥ = X1/2(x — y;). Then,

1. If D is 2t-certifiably C-subgaussian, then the uniform distribution on X is t-certifiably 2C-subgaussian.

2. If D has 2t-certifiably C-hypercontractive degree 2 polynomials, then the uniform distribution on X
has t-certifiably 2C-hypercontractive degree 2 polynomials.

3. If D is 2t-certifiably Co-anti-concentrated, then the uniform distribution on X is t-certifiably 2C6-
anti-concentrated.

4. If}% {]ExNZ)(xTQx - E,.pxTQx)2<C ||Q||12D}, then, for the uniform distribution Dx on X,
Q
[ {Exon, ((TQx — Brn, x7Q)2 < 2C QI3

2.4 Deterministic Conditions on the Uncorrupted Samples

In this section, we describe the set of deterministic conditions on the set of uncorrupted samples,
under which our algorithms succeed. We will require the following definition.

Definition 2.46. Fix 0 < ¢ < 1/2. We say that a multiset Y of points in R? is an e-corrupted version
(or an e-corruption) of a multiset X of points in R if |X N Y| > max{(1 - )| X], (1 - €)|Y|}.

Throughout this paper and unless otherwise specified, we will use X to denote a multiset of
ii.d. samples from the target k-mixture M = Zle w;G;, where G; = N(u;, X;). We will use X; for
the subset of points in X drawn from G;, i.e.,, X = Ulexi.

We will use Y to denote an ¢-corrupted version of X, as per Definition 2.46. In this strong
contamination model, the adversary can see the clean samples from X before they decide on
the e-corruption Y. The strong contamination model is known to subsume the total variation
contamination of Definition 1.2 (see, e.g., Section 2 of [DKK*16]). We note that our robust learning
algorithm succeeds in this stronger contamination model, with the additional requirement that we
can obtain two sets of independent ¢-corrupted samples from M. (The second set is needed to run
a hypothesis testing routine after we obtain a small list of candidate hypotheses.)
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Our algorithm works for any finite set of points in R? that satisfies a natural set of deterministic
conditions. As we will show later in this section, these deterministic conditions are satisfied with
high probability by a sufficiently large set of i.i.d. samples from any k-mixture of Gaussians.

Condition 2.47 (Good Samples). Let M = Zle wiN(ui, Zi) be a k-mixture of Gaussians in R?. Let X
be a set of n points in RY. We say that X satisfies Condition 2.47 with respect to M with parameters (y, t) if
there is a partition of X as X1 U Xp U ... U Xj such that:

1. Foralli € [k] withw; > y, any positive integer m < t, and any v € R4,

1
- Z (v, x = up)™ —w; x~N]51- z.)[@’x — ™| < wiy m! (T Z0)"?
xeX; e

2. Forall i € [k) and any halfspace H C RY, we have that ||XZ- NH|/n —wi Proyzx € H]| <.

We will also need the following consequences of Condition 2.47. The first one is immediate.

Lemma 2.48. Condition 2.47 is invariant under affine transformations. In particular, if A(x) : RY — R¥
is an affine transformation, and if X satisfies Condition 2.47 with respect to M with parameters (y,t), then
A(X) satisfies Condition 2.47 with respect to A(M) with parameters (y, t).

We note that the first part of Condition 2.47 implies that higher moment tensors are close in
Frobenius distance.

Lemma 2.49. If X satisfies Condition 2.47 with respect to M = }; w;N(u;, L;) with parameters (y,t),
then if w; > y for all i € [k], and if for some B > 0 we have that ||[Ji||§ , ||Zi||0p < B forall i € [k], then for

all m < t, we have that: ,
E [x®"]- E [x®"]

< yZmO(m)Bmdm )
xe, X x~M

F

We note that Condition 2.47 also behaves well with respect to taking submixtures.

Lemma 2.50. Let M = 3, w;N(ui,L;). Let S C [k] with Y;csw; = w, and let M' =
Yies(wi/w)N(ui, ;). Then if X satisfies Condition 2.47 with respect to M with parameters (y,t)
for some y < 1/(2k) with the corresponding partition being X = X1 U Xp U ... U Xy, then X’ = (J;es Xi
satisfies Condition 2.47 with respect to M’ with parameters (O (ky /w), t).

Finally, we show that given sufficiently many i.i.d. samples from a k-mixture of Gaussians,
Condition 2.47 holds with high probability.

Lemma 2.51. Let M = Zle wiN (i, Zi) and let n be an integer at least kt“'d" />, for a sufficiently large
universal constant C > 0, some y > 0, and some t € N. If X consists of n i.i.d. samples from M, then X
satisfies Condition 2.47 with respect to M with parameters (y, t) with high probability.

The proofs of the preceding lemmas can be found in Appendix A.
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2.5 Hypothesis Selection

Our algorithm will require a procedure to select a hypothesis from a list of candidates that
contains an accurate hypothesis. A number of such procedures are known in the literature (see,
e.g., [Yat85, DL01, DDS12, DK14, DDS15, DKK*16]). Here we will use the following variant from
[Kan20], showing that we can efficiently perform a hypothesis selection (tournament) step with
access to e-corrupted samples.

Fact 2.52 (Robust Tournament, [Kan20]). Let X be an unknown distribution, n € (0,1),andlet Hy, ..., Hy
be distributions with explicitly computable probability density functions that can be efficiently sampled from.
Assume furthermore than mini<i<,(drv(X, H;)) < 1. Then there exists an efficient algorithm that given
access to O(log(n)/n?) e-corrupted samples from X, where ¢ < 1, along with Hy, ..., H,, computes an
m € [n] such that with high probability we have that dvy(X, Hy,) = O(n) .

3 List-Recovery of Parameters via Tensor Decomposition

In this section, we give an algorithm that takes samples from a k-mixture of Gaussians, whose
component means and covariances are not too far from each other in natural norms, and outputs a
dimension-independent size list of candidate k-tuples of parameters (i.e., means and covariances)
one of which is guaranteed to be close to the true target k-tuple of parameters. Our approach
involves a new tensor decomposition procedure that works in the absence of any non-degeneracy
conditions on the components.

The goal of this section is to prove the following theorem:

Theorem 3.1 (Recovering Candidate Parameters when Component Covariances are close in Frobenius
Distance). Fix any a > ¢ > 0, A > 0. There is an algorithm that takes input X, a sample from a k-mixture
of Gaussians M = ¥, w;N(ui, L) satisfying Condition 2.47 with parameters y = ¢d 85k, for C a
sufficiently large universal constant, and t = 8k, and let Y be an e-corruption of X. If w; > a, ||pil|, < %

and ||Z; = I||p < A for every i € [k], then, given k,Y and ¢, the algorithm outputs a list L of at most
exp (10g(1/ &) (k+1/a+A°0 ) 172) candidate hypotheses (component means and covariances), such that

with probability at least 0.99 there exist {fii, Zi}icpx) € L satisfying ||pi — fiill, < O(%/z) n°® and

|z = Zi]|; < O(k*) ARGH) for all i € [K]. Here, 1 = 2k)*O(1/a + A)* Ve, G(k) = m The

running time of the algorithm is poly(|L|, |Y|, d%).
In the body of this section, we establish Theorem 3.1. The structure of this section is as follows:

In Section 3.1, we describe our algorithm, which is then analyzed in Sections 3.2-3.6.

3.1 List-Decodable Tensor Decomposition Algorithm

In this section, we describe our tensor decomposition algorithm, which is given in pseudocode
below (Algorithm 3.2).
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Algorithm 3.2 (List-Recovery of Candidate Parameters via Tensor Decomposition).
Input: An e-corruption Y of a sample X from a k-mixture of Gaussians M = 3; wiN(ui, L;).

Requirements: The guarantees of the algorithm hold if the mixture parameters and the sample X

satisfy:
1. w; > a foralli € [k],

2. |will, < 2/+a foralli € [k],
3. IS — Il < Aforalli € [k]

4. X satisfies Condition 2.47 with parameters (v, t), where y = ed =8 k=Ck, for C a sufficiently
large universal constant, and t = 8k.

Parameters: 1 = (2k)*(Ck(1/a + A)*+fe, D = C(k*/(aym)), 6 = 21]1/(Ck”(k+1)’), ¢V =
100log k (n/(k° (A* + 1/a4)))_4k,f0r some sufficiently large absolute constant C > 0, A = 41,
¢ =10(1+ AZ)/(\/ﬁaS).

Output: A list L of hypotheses such that there exists at least one, {ﬁi,ﬁj}igk € L, satisfying:
lpi = fiill, < O(&/z) nS® and ||Z; - ﬁi”F < O(k*) %/ch(k), where G(k) = =1

a CFI(k+D)!”

Operation:

1. Robust Estimation of Hermite Tensors: For m € [4k], compute T,, such that
MaXye[4k] ||Tm -E [hm(M)]”F < 1 using the robust mean estimation algorithm in
Fact 2.36.

2. Random Collapsing of Two Modes of T: Let L’ be an empty list. Repeat £’ times: For
j € [4Kk], choose independent standard Gaussians in R?, denoted by xV), y) ~ N(0, 1), and
uniform draws a1, az, . . ., a; from [=D, D). Let S bea dxd matrix such that forallr,s € [d],
%(7’/ s) = Zje[z}k] a;Ty(r,s, x, y(”) = Zje[4k] aj Zg,he[d] Tu(r,s,9, h)x(])(g)y(”(h)- Add
S to the list L.

3. Construct Low-Dimensional Subspace for Exhaustive Search: Let V be the span of

all singular vectors of the natural d x d™~ flattening of T, with singular values > A for
m < 4k. Foreach S € L, let Vé be the span of V plus all the singular vectors of S with

singular value larger than 5/4,

4. Enumerating Candidates in VSI: Initialize L to be the empty list. For each S € L', let
Vi be a 5/4-cover of vectors in Vé with b-norm at most 2 /+/a. Enumerate over vectors
ft in V. Let k' = Ck? and let Csiis be a 6'/*-cover of the interval [—¢, ¢p]¥. For

{Tj}jetr) € Cyua and for all {v;}jex) € Viiya, let 0= Zjelk] ’L']‘U]'U]T. Add {g, 1+ S+Q}
to L.
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3.2 Analysis of Algorithm

We analyze the three main steps of Algorithm 3.2 in the following lemmas. We will prove the
following three propositions in the subsequent subsections that analyze Steps 1, 2 and 3 of Algorithm
3.2. For Step 1, we show that when X satisfies Condition 2.47, the empirical estimates of the moment
tensors obtained by applying the robust mean estimation algorithm to X are sufficiently close to the
moment tensors of the input mixture M.

Proposition 3.3 (Robustly Estimating Hermite Polynomial Tensors). For any integer m < 4k, and
A € Ry, there exists an algorithm with running time poly, (d/¢) that takes an e-corruption Y of X, a set
satisfying Condition 2.47 with respect to M = Zle wiN (i, Zi) with parameters y = ed™""m=C", for C a
sufficiently large constant, and t = 2m. If w; > a, ||uill, < 2/va, and ||£; — I||p < A for each i € [k], then
the algorithm outputs a tensor T, such that ||T,, — E [hm(M)]”F <1, forn=0(m1+1/a+A)" +e.

The proof of Proposition 3.3 is deferred to Section 3.3.

Next, we analyze Step 2 of the algorithm and prove that, with non-negligible probability,
randomly collapsing two modes of T4 yields a matrix S such that S — (X; —I) = P; + Qj, where P;
has small Frobenius norm and Q; is a rank-O(k?) matrix.

Proposition 3.4 (Tensor Decomposition up to Low-Rank Error). Let M = Zle wiN (i, Z;) be a
k-mixture of Gaussians satisfying w; > «, ||uill, < 2/va, and ||Z; —I||p < A for each i € [k]. For
0<n<1,let Tu be a tensor such that ||]E[h4(M)] - T4||F < 1, and let D be a sufficiently large constant
multiple 0fk4/(a\/ﬁ). Forall j € [4k], let x, y(j) ~ N(0,1) be independent and a; ~ U[-D, D], where
U[-D, D] is the uniform distribution over the interval [-D, D), and let § = 2 jefar] ajﬁ (-, a0 y(f)).
Then, for each i € [k], with probability at least (n/(k° (A* + 1/044)))4k, over the choice of x\V), y!) and aj,

we have that § — (Z; — I) = P; + Q;, where ||P;|| = O(w/n/a), 1Qillr = O( i/%gz) and rank(Q;) = O(k?).

The proof of Proposition 3.4 is given in Section 3.4.

Finally, in Step 3, for any S such that § — (X; = I) = P; + Q;, where P; has small Frobenius norm
and Q; is a rank O(k?) matrix, we find a low-dimensional subspace V' such that the range space of
Q; is approximately contained in V’. We will use V’ to exhaustively search for O(k?) rank matrices
to find candidates for Q);.

Proposition 3.5 (Low-Dimensional Subspace V' for Exhaustive Search). Let M = Zi'(:l wiN (ui, Z;)
be a k-mixture of Gaussians satisfying w; > «, ||uill, < 2/va, and ||£; = I||p < A for each i € [k]. Let
|7 — E [hm(M)]”p < 1, foreach 1 < m < 4k, and some 1 > 0. Let V be the span of all the left singular
vectors of the d x d"~' matrix obtained by the natural flattening of T,, with singular values at least 2n. For

each1 <i<k,letS; =X;—IandS; beadxd matrix such that S;—S; = P;+Q;, where ||P;||p < O(\/n/a),

Q; has rank O(k?), and || Q|| < O( b%ﬁz ) Let V' be the span of V plus all singular vectors of S; of singular

values at least & for all i. Then, for & = 2nM (' &+0 with g sufficiently large constant C > 0, we have that:

1. dim(V) < (0 (k(1+1/a + A))4k+5) /.
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2. There is a vector y; € V' such that ||p; — y;”i < %VSA.

3. There are q = O(k?) unit vectors v1,02,...,0g € V' and scalars T1,72,...,T; €
[-10(1 + A?)/(yi1a®), 10(1 + A%) /(ya®)| such that ||Q; — X7, Tivo] ||, < 0(’;—261/4&/2).

The proof of Proposition 3.5 is given in Section 3.5.
We can now use these propositions to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. Using Proposition 3.3, Step 1 of the algorithm outputs estimates T; for i € [4k]
such that max,,e[4x] ||fm -E hm(M)” ¢ < 1. Next, by the standard coupon collector analysis, using

Proposition 3.4 and repeating Step 2 of the algorithm ¢’ = 100log k (n/(k® (A* + 1/ a4)))_4k times,
guarantees that with probability at least 1 — 1/(100k)!%, for every 1 < i < k, there are §; € L such

that §; — (Z; — I) = P; + Q; for P;, Q; satisfying ||P;||p < vn/a, ||Qillr < 1/%% and Q; has rank O(k?).

Next, Proposition 3.5 implies that for every such §; € L/, we can construct a subspace V' = Vé‘

of dimension O((k(1 + 1/ + A))4k+5A/ n?) such that V’ contains 1; that satisfies || Hi — y;”; < % -0,
and there is a rank O(k?) matrix Q; with range space contained in V’ such that HQZ- - Qi” F S
O(E514A12),

o

Now, let V; € V' be a T = 6/4-cover, in f,-norm, of vectors with ¢, norm at most 2/+/a in V.

Then, since ||u;]|, < %, there is a vector {I; € V; such that ||u; — ﬁ,‘ll% <T+ %\/SA < %\/SA.
Further, there exist 71, T2, . . . Tg(2) in a T-cover of [-10(1 + AZ)/(\/ﬁa5), 10(1 + Az)/(\/ﬁaf’)] and

vectors v1,02,...,0g2) € Vi such that “Z?:(fZ) TiviviT - QiHF < O(K*61AAY2 /@), In particular,

Si=I1+65-— Z():(k )TinUlT satisfies

R k451/4A1/2 k451/4A1/2
|2 - Zi”F =0(n) + O(T) = O(T) . (3.1)
R O(K5dim(V"))
The size of this search space for every fixed S € L’ can be bounded above by (1(;' aA; ) . Thus,
the size of L can be bounded from above by
4 4k 2\ O(K3dim(V"))
k° (A— + %) . (ﬂ) < exp (log(l/s) (k+1/a+ A)O(k) /772) .
n o atn o/nad

This completes the proof. m]

3.3 Robust Estimation of Hermite Tensors
In this section, we will prove Proposition 3.3.

Proof of Proposition 3.3. Consider the uniform distribution on the uncorrupted sample X. We want
to analyze the effect of applying the robust mean estimation algorithm (Fact 2.36) to the points
hu(x), for x € X. In order for us to apply Fact 2.36, we need to ensure that the uniform distribution
on {hy(x)}xex has bounded covariance. This step gives us a good approximation to E,~, x f,(x).
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In order for us to obtain an approximation to E k,,(M), we need to bound the difference between
E h,,(M) and Ey-, x hyu(x). We will do both these steps below.
The second part is immediate. By the definition of /1,,(X), we have that

< Z m% df

F  jsm/2

1

] 2y () = E (M)

xeX

1 Z ®(m-2j) ®(m-2j
= Ny — E M®m-2)
|X| xeX

F

By Lemma 2.49, this is at most O(1 + A+ 1/a)" mOmdmi2y, < n/2. We note that a similar argument
bounds

1
] 2 o (09 () = E B (M) (M| < 1
xeX E
Let us now verify the first part. = We proceed via bounding the operator norm
of the covariance of h,(M). We can then use the bound on the Frobenius norm

H% erX hm(x)®hm(X) - ]Ehm(M)®hm(M)HF to Set a bound on H|)1(_| erX hTﬂ(x)hm(x)T

operator norm of the canonical square flattening of the of the 2m-th empirical Hermite moment
tensor of X). This will complete the proof.
Let G; = N(ui, Z;) be the components of M. We have that

(the
op

Cov(itn(M)) = ) wiCov(hn(Gy)
ielk]

+2 > wiw; (Eln(G)l ~ Eln(G))]) (ELn(Go)l - Eln(Gp]) "
i,jelk]

(3.2)

By Lemma 2.8, we have that for all i € [k], it holds

2m

ICov(n(Gillop = O (m(1 + lilly + 1% = 1) = O (m(1 +2/Va+8) ",

where for any matrix M, ||M ||Op = max|,|,=1 |[Mul|, is the operator norm of the matrix. Further,
foranyi,j € [k],

| (B (GoT = EL11(G))1) (BLH (G = Bl (G]) T

op - ”]E[hm(Gl)] - ]E[hm(cj)]nz
= O (m(1+1/a +A)™" .

This claim follows from the triangle inequality of the operator norm. m]

3.4 List-Recovery of Covariances up to Low-Rank Error

. . ., . . . . def
In this section, we prove Proposition 3.4. We first set some useful notation. We will write S; =51
throughout this section. We will also use S’ to denote S; + p; ® ;.

We first show that for every i, there exists a matrix P such that (Zie[k] wiS; ® S; ) (-,-, P)is close
to S'.
1
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Lemma 3.6 (Existence of a 2-Tensor). Under the hypothesis of Proposition 3.4, for each i € [k], there
exists a matrix P such that ||P||; = O(1/(yna)) and ||T4’(-,‘,P)—S;||F = O(w/n/a), where T, =

(Zierwis; ©'5;).

Note that throughout this section it will be useful to think of T, as a d* X d? matrix rather
than as a tensor. In this case, we can think of T, as Zle wi(Sg)(S;)T. From standard facts about
positive semidefinite matrices it follows that S’ is in the image of T, and Lemma 3.6 is just a slightly
robustified version of this (saying that we can find an approximate preimage that it not itself too
large).

The proof of this Lemma 3.6 will involve linear programming duality with an infinite system of
constraints. As the application of duality with infinitely many constraints has some technical issues,
we state below an appropriate version of duality.

Fact 3.7 (Linear Programming Duality for Compact, Convex Constraint Sets). Let K ¢ R"*! be a
compact convex set. There exists an x € R" so that (x,1) -z > 0 for all z € K if and only if there is no
element (0,0,...,0,a) € K forany a < 0.

This fact can be proved by noting that if no such a exists, there must be a hyperplane separating
K from the set of such points (0, 2). This separating hyperplane will be of the form (z, y) € H if and
only if y = x - z for some x and this x will provide the solution to the linear system.

Proof of Lemma 3.6. To show that such a P exists for each i, we apply linear programming duality.
In particular, the conditions imposed on P define a linear program, which has a feasible solution
unless there is a solution to the dual linear program. For sufficiently large constants c; and c»,
consider the following primal in the variable P:

(v, P) < % 101l V veR™ (3.4)
(u, T, (-,-, P) = S!) < coyy lluell V u e R™, (3.5)

Itis not hard to see that ||P||; < ﬁ if and only if (3.4) holds for all v and ||T4’ (,-,P)- S;HF < cn/a
if and only if (3.5) holds for all . Throughout the proof, we suggest that the reader think of # and
v as vectors in d*>-dimensional vector space.

Our goal is to show that there exists a feasible solution P such that (3.4) and (3.5) hold
simultaneously for all u, v € R™“. We first note that this is equivalent to saying that

@, Py + (u, T} (-, P)) — (u,S}) < % olly + cani llullp (3.6)

forall u, v € R™4, This is not quite in the form necessary to apply Fact 3.7, so we note that this is in
turn equivalent to saying that

(0, Py +{(u, T, (-,-,P))y = (u, Sy <1, (3.7)
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for all u, v € R™ so that ﬁ lollp + c2yn llullp < 1, and u € span{S’}. As this is a convex set of
linear equations, we have by Fact 3.7 that there exists such a P unless there exists such a pair of
u and v so that the coefficient of P in Equation (3.7) is 0 and so that the resulting inequality of
constants is either false or holds with equality. In particular, the coefficient of P vanishes if and only
if o = —T (u, -, ). We then get a contradiction only if for some u € span{S’}

—(u,8))>1> % T Gy )+ conT Il (3.8)

We claim that this is impossible.
In particular, squaring Equation (3.8) would give

2

12 Cl ’
LS e [ 1T, )| +
(1) > | o I3 e |+ o el 09)

> <1l e

for some large enough constant ¢ > 1, where the last inequality follows from the AM-GM inequality.
However, using the dual characterization of the Frobenius norm, we have

(u, Ty (u,,)) S Wi
=
llull e llull e

(u,8)?, (3.10)

T )l = 1
where the last inequality follows from T, containing a w;S;®S; term, and the other terms contributing
non-negatively. Rearranging Equation (3.10), we have

1 1
(0,80)" < o I o g Mol < 21T G )l Dl

This contradicts Equation (3.9) unless T} (u, -, -) = 0. This therefore suffices to prove the feasibility
of the primal. m]

We have thus shown that there is some matrix P so that T} (P, -, -) suffices for our purposes. We
need to show that our appropriate random linear combination of x'/) ® y/) suffices. In fact, we will
show that with reasonably high probability over our choice of /), y)) that there is some linear
combination of the x/) ® y'/) (with coefficients that are not too large) so that their projection onto
the space spanned by the S} (which is all that matters when applying T,) equal to P.

For the sake of intuition, we note that if we removed the bound on the coefficients, we would
need that the projections of the x'/) ® /) spanned span{S ’}. Since there are at least k of them, this
will hold unless there is some v € span{S’} so that v is orthogonal to all of the x ® yU). This
shouldn’t happen because each x!) ® /) is very unlikely to be orthogonal to v.

To deal with the constraint that the coefficients are not too large, we use linear programming
duality to show that there will be a solution unless there is some v that is nearly orthogonal to all of
the x) ® V). Again, this is unlikely to happen for any individual term, and thus, by independence,
highly unlikely to happen for all j simultaneously. Combining this with a cover argument will give
our proof.
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Lemma 3.8 (Existence of a Bi-Linear Form). Given the preconditions in Proposition 3.4, with probability
at least 99/100 over the choice of x'1), y\), there exist bj € [-D, D] for j € [4k], where D = O(k4/(\/ﬁa)),
such that the projection of Z§:1 bjx(j) ® y) onto the space spanned by the S’ is P, where P satisfies the
conclusion of Proposition 3.6.

Proof. To prove this lemma, we again use a linear programming based argument. Consider the
following (primal) linear program in the variables b;, for j € [4k]:

Z bi(s;, xV ® yVy = (5!, P) V ie[k] (3.11)
jel4k]

-D<bj<D V j € [4k] (3.12)
We note that a set of b; satisfying Equation (3.11) will have the projection of 2} ;¢4 b ix @y onto
the span of the S’ be the same as the projection of P, and that if the b;’s satisfy Equation (3.12) then
we will have |b;| < D for all j. Thus, it suffices to show that with high probability over our choice of

xU) and ") that the above system is feasible.
We will show this by linear programming duality (since this is now a finite system of equations,
we can use standard results rather than Fact 3.7). In particular, we have that Equations (3.11) and

(3.12) are simultaneously satisfiable unless there are real numbers c; and non-negative real numbers
zZj, z; so that

k

zklci Z bj(S;,x(j) ®y(f)> + Z (zj - Z;)bj < Zci<S;,P> + Z (zj +Z;-)D

=1 je[4k] jel4k] i=1 jel4k]
yields a contradiction. Setting v = Zle ¢iS’, the above simplifies to
> b ((v, X @ yiy + z; - z;.) <(@P)+ Y (z+2)D (3.13)
jel4k] jEl4k]

We note that in order for Equation (3.13) to be a contradiction, it must be the case that the coefficients
of bj are all 0. In particular, we must have

for all j. In particular, this means that
zj+z; > ‘(v,x(j) ® y(j))‘ .
In such a case, the right hand side of Equation (3.13) will be at least

(v,P) + Z ‘(v,x(j) ® y(j))’ D
jel[4k]

Therefore, Equation (3.13) can only yield a contradiction if there exists a v € span{S’} so that

P <=y ‘(v,x(j) ® y(j))‘D. (3.14)
jel4k]
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We want to show that with high probability over our choice of x1/), /) that there is no
v € span{S’} satisfying Equation (3.14). In fact, we will show that for every such v that

@@y > =L ol
Z ‘ Via F

jel4k]

We can scale v so that ||v||; = 1, and it suffices to show that

j;%] ’<5,x(j) ® y<f>>) > (WC;D) (3.15)

holds for all unit vectors v in span{S’} with high probability.
Since we need to show that infinitely many equations all hold with high probability, we will
use a cover argument. In particular, we can construct C, a t-cover for all unit vectors v in the span

of the S;, where we take 7 = ( ) Since this is a cover of a unit sphere in a k-dimensional

C/
k2 \/ﬁlaD
subspace, we can construct such a cover so that |C| = O(1/ 7). Replacing v with the closest point in
C, denoted by v, it suffices to show that with high probability for all v that

() 0 75 () AV — o () (7) 1
Z <v,x ®yY >)> Z ‘(v,x ®y >‘ Z KZ) v, xV®y >‘>( ) (3.16)
jel4k] je[4k] \/ﬁaD

jel4k]

We begin by bounding the terms

Z KU v, 2 y<j)>‘ '

jetak]

For this we notice by Cauchy-Schwartz that each term is at most ||v — v’|| times the Frobenius norm
of the projection of x') ® /) onto the span of the S’. We note that for any k-dimensional subspace
W with orthonormal basis w1, ..., w; we have that
eyl =S i) g 4\
oo - 3200}
1=

k.

Therefore, with high probability over the choice of x7, y'/) each of the projections of x'/) ® y'/) onto
the span of the S’ has Frobenius norm O(Vk). Therefore, if this condition holds over our choice of
x) and y), we can show Equation (3.16) if we can show that

’ j i 2 ~
],;M]KU 2 ®y(])>‘ g (\/ﬁC;D) g (\/ﬁ(;le) ~tO(r") (3.17)

forall v’ € C.
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’ (1) ()

Each term in 3 iy (v, x) ® y')) is a random bi-linear form given by z; = 3 (4 ¥} ,X X0 Yp -

Then, we have that E [z]-] =0and

2

2| _ (]) () _ ’oo ONONON0;
]E[Z]] =E Z Ufp ¢ Yp - Z ]E[vl,’,pvé’,p’x X Yp ]/p
{,peld] LUy
2 2
’ (/) (7
- 3 () )] ()]
¢,peld]

where the last equality follows from o}, = 1.
Using Lemma 2.10 with C = \/%‘ED,
1/2
261
. 1
Pllol< g <= (505 19

However, we note that Equation (3.17) will hold unless |z j| for all j € [4k]. Since the z;’s are

\/‘ aD
independent, we conclude that

2k
P Kv’,x(j)@ <j)>)< a <o( a ) . (3.19)
j;{} Y yiaD JiaD

Since the above argument holds for any v” € C, we can union bound over all elements in the cover
C, and the probability that there exists a ¥’ in the cover that does not satisfy Equation (3.17) is at

2k
most O (kz\/ﬁaD)k -0 (%) . Setting D to be a sufficiently large multiple of (k*/(/fa)) suffices
to conclude that with probability at least 1 — 1/poly(k), the primal is feasible. m]

Proof of Proposition 3.4. We begin by bounding the Frobenius norm of Ty LetTy = E[h4(X)]. It then
follows from Fact 2.6 that

k
T, = Sym (Z w; (35,- ®S;+65; @ U + y?‘*)) . (3.20)
i=1

Further, [S; ®Si[l; < [ISill} < 2. < ISillp lwill3 < 4A/a, and [usd], < flullf <
16/a?. Since Ty is an average of terms of the form Sl@z, S5i® ‘u?Z and ylf@‘}, and each such term is
upper bounded, we can conclude that ||T4||r = (AZ +1/a ) and by the triangle inequality that
||T4||F < O(A*+1/a’+1). Let S; = S; + u®* and let T} := Sk wi (S’ ®S’). We can then rewrite
Equation (3.20) as follows:

T, = Sym (Zk: w; (35]® S/ - 2y;®4)) . (3.21)

i=1
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For j € [4k], let x(), yl ) ~ N(0, I). Collapsing two modes of Ty, it follows from Equation (3.21) that
for any fixed j,

T, ( ) ym) - (ﬁ - T4)(., ) ym) +T, ( (i) yq))

k
_ (ﬁ - T4)(., %), y(j)) +Sym (Z w; (35; ® 5! - 2@4)) ( 3 yu))
i=1
. o ‘ | (3.22)
= (T4 T+ T4,)(" . x(]),y(])) + Z w; (S;x(])) ® (Sgy(J))
i€[k]
= 3w (Siy) @ (Spx) + 3wy (<208 (i, ¥ (1, )
i€[k] ie[k]
where we use that Sym(-) is a linear operator satisfying Sym ( ‘u?‘l) = ny, and
/ 1 ’ ’ 1 ’ ’ 1 ’ ’
Sym (5] @5]) = 35/ ® 5|+ 35/ @S] + 55/ 65|
where for indices (i1, i2,13,i4), (S!®S))(i1,i2,03,is) = (S/®S!)(i1,i3,i2,i4) and

(S:©S!) (i1,12,13,1a) = (S} ® S}) (i1, s, i2, i3). ) i
Next, it follows from Lemma 3.6 that there exists a matrix P; such that ||P1|| F= o(1/ (\/ﬁa)) and
||T’ -+, P;) =8’ || s (\/17 / a). Furthermore, with probability at least 0.99, there exists a sequence
of bj € [—D, D], for j € [4k], such that T} ( ) Vjefar) bix ® yU)) =T (- D).
Consider a cover, C, of the interval [-D, D] with points spaced at intervals of length 7 =
( Vi

W). Since we uniformly sample a;’s, with probability at least (7/ D)OW), for all j € [4k],

|b j—a ]'| < 7, and we condition on this event. Thus,

jel4k] jel4k] jel4k]

F F F
O(,/q/a) +0(m2) < 0( 17/01) .
(3.23)
Taking the linear combinations with coefficients a; in Equation (3.22), we have
Tl Y axeyi|-s; = (ﬁ - Ty +T4/) v Y @y | 8- e
jel4k] jEl4k]
+ Z aj Z w; (S x(])) (S;y(j)) + Z aj Z w; (Sgy(j)) ® (S;x(j))
jel4k]  ie[k] jel4k]  ie[k]
- 530 m () )
jelak] ek
(3.24)
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Setting P; = (ﬁ —-Ty+ T4’) (-, . Zj€[4k] ajx(j)y(f)) —S;, it follows from Lemma 2.9 that with probability
atleast0.99, (ﬁ — T4) (-, > jelak] @ ]-x(f )y(j )) has Frobenius norm O(kDn) and it follows from Equation
(3.23) that with probability at least 0.99, T, (‘, . Z]-E[m ajx(j)y(f)) — S/ has Frobenius norm O(\/n/a).

Setting the remaining terms to Q;, with probability at least 0.99 we can bound their Frobenius norm
as follows:

1Qilly < llgi ® allp + ||| ) wiS; @ S} +wiS; 0 8 —2wiP ||+, > ajxPy")
ie[k] jel4k]
4 a2 32 ~
<2y (Zmax IS+ 22+ kT) 18],

i€k

< 4 +0($ (A+ %)2)

2
<0 1+A ,
Vija?

where the first inequality follows from the triangle inequality, the second follows from our
assumptions that ||u;ill, < 2/vVa, 2 jef4k] b]-x(j)y(j) = P; in the span of the §’, and |a]- - b]-| < 7 for
all j € [4k], and the third inequality follows from the definition of S/, the bound on ||I3|| r and the
bound on ||S; = I||. O

F

(3.25)

R

3.5 Finding a Low-dimensional Subspace for Exhaustive Search

In this subsection, we will prove Proposition 3.5.

We start by extending Theorem 4 of [MV10], which shows that large parameter distance between
pairs of univariate Gaussian mixtures implies large distance between their low-degree moments. In
the following, we use M;(F) = E [F/] to denote the j-th moment of a distribution F. We show:

Lemma 3.9. There exists a constant C > 0 such that the following holds: Fix any D > 0and 0 < <
1/(2(2k — 1)!D?-3). Suppose that F = Zle wiN (Ui, 0*1.2) is a univariate k-mixture of Gaussians with
w; > B, and |u;|,0; < D, forall i € [k]. If |ui| + |a? — 1| > B for some i < k, then

M;(F) = M; (N(0,1))] = gE*" (k+Di-1
],rg[%l i(F) = M;j(N(©,1)| > B

We give the proof of Lemma 3.9 in Section 3.6.

Lemma 3.10 (Bounding p;’s and S;’s in non-influential directions for E [h,,(M)]). Let M =
Zle wiN (ui, L) be a k-mixture of Gaussians on RY satisfying w; > a, ||pill, < 2/vea, and |Z; = I||p < A
for every i € [k]. For some B € R, let u € R? be a unit vector such that |E [h, (M, u))]| < B for all
m € [2k]. Then, for 6 = 200 g1/(CH k+1)Y) 51yd S. = ¥ — I, we have that:

1. foralli <k, |{u,pi)], lu™(I—X)u| <0,
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2. |ISiull5 < 206A/a? + B/a,
where C > 0 is a fixed universal constant.

Proof. The 1-D random variable (u, M) is a mixture of Gaussians described by
Z;;l wiN (i, u),u"Lju). Towards a contradiction, assume that there is an i € [k] such that
[(u, uid| + [uT(I = Xj)u| > 6. Then, applying Lemma 3.9, yields that there is a j € [2k] such that
|M;({u, M) = M;(N(0,1))| > §C kD)1, Applying Fact 2.5 implies that there exists an m € [2k]
such that

‘]E[hm«u//\/())] > 20 sCH (ke )-1 5 B

yielding a contradiction.
We can now prove the second part. Recall that for S; = X; — I for every i, we have that

E [ha(M)] = i ;Sym (3 (S:®S:)+6 (si ® y;@Z) + y;@‘l) .

i=1

We consider the d X d matrix obtained by the natural flattening of the d X d tensor u®? - E [h4(M)].
Then, we can write:

k
El(M)] = 3 (7 Si)S; + 2(Su)(Sie)” + Cu, )3,

i=1

+2Qu, iy pi(Sin) T+ 2(u, wi)(Siw)u] + (' Siw)uip + u, Hi)z}ii#?) . (3.26)

Now, from the first part, we know that for all i € [k], |u"S;u| < 6 and the hypothesis of the lemma
gives us that [|Si||; = ||Z; = I||p < A. Thus, for each i, the first term in the summation above has
Frobenius norm at most Ad. Using that (i, ;)5 < 62 from the first part of the lemma, yields that,
for each i, the Frobenius norm of the third term is at most A5?.

Next, using in addition that ||u;||, < 2/« yields that, for each i, the Frobenius norm of the 4th
and 5th terms are at most 26A/+/a and the Frobenius norm of the 6th and 7th terms are at most
0/a. Thus, for each 7 and all but the 2nd term in the summation above, we have an upper bound on
the Frobenius norm of 40A/a.

Now, since |E [h4 ({(M, u))]| < B, and u is a unit vector, we have that | u®?E [h4(M)]HF <B
Thus, combining the aforementioned argument with the triangle inequality, we have for each i,

1o = s (STl < 2 E DO+ 3 i (07 + ) 151
i€lk]
3w (G ) Nl ISiwlly) + ) oi( (G, )+ 7 i) gl
ie[k] ie[k]

< B/a+150A/a,

and the claim follows. O
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Lemma 3.11 (Subspace covering all the means and large singular vectors of S; = X; — I). Let
M = Zle wiN(ui, Z;) be a k-mixture of Gaussians on R? satisfying w; > a, ||uill, < 2/va, and
|Zi = Il < Aforalli € [k]. Given 0 < n <1, let T, satisfy ||Tm -E [hm(M)]”F < 1) for every m € [4k]
and let A > 21. Let V be the span of all the left singular vectors of the d X d™~1 matrix obtained by the
natural flattening of Ty, with singular values at least A. Then, for & = 2AY@C* 61D e have that:

1. dim(V) < (4k172 4 k0<k>) O(1 +1/a +A* /22,
2. Let

Vint = {fi}tiepr Y {v | i € [k], s.t. ||v]l, = 1 and v is an eigenvector of S; and ||S;v||, > \/5} )
1<
Then, for every unit vector v € Vipy, ||v — [Ty v||3 < 206'/4A/a?, where TTyv is the projection of v
onto V.

Proof. From Fact 2.6, we have that E [, (M)] = Yiclk] Wi E [ (Gi)], where G; = N(u;, Xi), and
since ||uill, < 2/vaand ||Z; — I||p < A, it follows that ||E [Hn(M)]||IZ < O (m(1 + 1/a + A))*™. From
Proposition 3.3, we know that

2
T = E [(M)] <2+ 0 (m1+1/a +A)™ .

F

2
Iulls <2 2 HE Utw(M)]
F

Thus, the number of singular vectors of the d x d"~! flattening of T,, with a singular value > A is at
most (1% + O(m(1 +1/a + A))4m) /A?. Summing up this bound for all m € [4k], yields the claimed
upper bound on dim(V).

For the second part, we will first bound (u, v) for any unit vector u orthogonal to the subspace
V. Towards this, observe that since u is orthogonal to V and ||u||, = 1, we have

E[h

<|[uTull; + [T = Ebn(M)||, <A+n<2A,

where u - E [h,,(M)] is a matrix-vector product of u with a d x d"~! flattening of IE [/,,(M)]. For
5 = 2AM(CH )Y applying Lemma 3.10 yields that

(i, u)? + ||S;ul|3 < 6% +200A/a < 200A/a® . (3.27)

Now, if v is one of the y;’s, then we immediately get from Equation 3.27 that (v, u)? < 206A/a?.
Similarly, note that if v is a unit length eigenvector of S; satisfying ||S;v ||% > V5, then,

IS 1”“2
(u,v)? = (u,Siv)* = 5 (Siu, 0)? < ———=.
(Bl ||sl oll3 IS5
In both cases, setting u = (v — Ilyv)/||v — ITyv||, completes the proof. O

We can now complete the proof of Proposition 3.5:
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Proof of Proposition 3.5. We know that §; — P; — S; is a symmetric, rank-k’ matrix such that k’ = o(k?),
described by the eigenvalue decomposition Zf;l TinUlT, where v;’s are the eigenvectors and 7;’s are
the corresponding eigenvalues. Since ||S;||r < A and

1+ A? 1+ A?
I8 < WPl Qi+ I5i1y < O Y/ + 0 i) +2 = 0| i)

we have that the number of singular values of ; that exceed 5'/# is at most O \/1_+A | Recall that

from Lemma 3.11 it follows that the dimension of the subspace V is at most KOOO(1+1/a+A)*k A2,
Thus, the dimension of V' is at most

(1+1/a+A)*
/\2

o(k) 1 4k+5
RGPS +O( 1+A2):O(k (1+1+4) )

Viia®Vo g
Since V’ contains V constructed in Lemma 3.11, we immediately obtain that for every pu;,
i = Ty pil; < %VEA.

Next, let u be a unit vector orthogonal to V’. Then, since V' contains the V' described in
Lemma 3.11, we know that ||Sz-u||% < %\/SA. Similarly, since V' contains all eigenvectors of Si

with singular values exceeding 6!/4, we know that ||§u||2 6'/2. Thus, we can conclude that
||(§i - Si)u”i 100 0/5A. Let Q; = Z] 1 T]U]Z)] with orthonormal v; € R?. We know such 7j’s and

v;’s exist because of the upper bound on rank(Q);). Therefore, for any j, |va(51 - S)u| < 10?61/ 412,
On the other hand, for any j, we have that

0] (Si = Si)u > (vj, u)t; ~ |Pillp = (vj, u)t; — O(Vn) -

Combining the two bounds above, yields that whenever 7; > 61/4,

[{vj, u)| < O(\/_/T])+ 61/4A1/2 1061/2A1/2.

Thus, the matrix Q; = Z;‘;l 7jITyvj(Ily:v;) T has its range space in V’ and satisfies

k2

Qi - Qill < 0(k261/4) +O( 51/2A1/2) O(;él/ZAl/z) .

3.6 Parameter vs Moment Distance for Gaussian Mixtures

In this subsection, we prove Lemma 3.9. To that end, we will use the following two results; the
second one is from [MV10].

Lemma 3.12. Suppose N(u1, 0%) and N (uz, o%) are univariate Gaussians with |u;|,|o;| < D, for some
D e R;. If |p1 — po| + |O'% - a% < B, then the distance between raw moments of two Gaussians is

IM{(N (11, 02)) — Mi(N (2, 62))| < (j + 1D,
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Proof. By Proposition 2.3, the j-th raw moment of a Gaussian N(u, 62) is a sum of monomials in p
and 02 of degree j. There are at most (j + 1)! terms in the polynomial. Thus, changing the mean or
the variance by at most  will change the j-th moment by at most (j + 1)!D/~1B. m]

Theorem 3.13. ([MV10]) Let F, F’ be two univariate mixtures of Gaussians: F = Zle wilN(ui, 01-2) and
F=y" wiN (!, az’.z). There is a constant ¢ > 0 such that, for any B < c, if F, F’ satisfy:

~

. wi,w; € [ﬁ, 1]

2. il il <1/
3. i — il + 0% = 02| > Band |y, — )| + |07 — 02| > B forall i # i’
4. B < ming }; (lwi - w;(i)l + i — :’“‘;z(i)l + 0% - a;(i)zl), where the minimization is taken over all
mappings :{1,..., k} = {1,...,k'},
then

M;(F) — M;(F")| > g°0 .
je[zﬁ‘fﬁf_n]' i(F) = M;(F')| > B

We are now ready to complete the proof of Lemma 3.9.

Proof of Lemma 3.9. We proceed via induction on k. Consider the base case, i.e., k = 1. Then, either
lu1| > B/2 or |61 — 1| > B/2, and thus the first or second moment differ by at least 2/4. Let the
inductive hypothesis be that Lemma 3.9 holds for at most k components.

Consider the case where |u; — i | + |07 — 03| > B! for all pairs of components i, i’ € [k]. Then,
by Theorem 3.13, we have that

max |M;(F) - Mj(N(0, 1))] > g€ > gkt
jEl2k]
and the lemma follows.

Otherwise, we know that there exists a pair of components with parameter distance less than
,Bckk!. In this case, we merge these two components and get a (k — 1)-mixture F’. By Lemma 3.12,
the distance between the j-th moments of F” and F is at most (j + 1)!D/™! ﬁckk!
Wil + |o;2 -1>p- Bﬁckk! for all components i in F’, the inductive hypothesis implies that

. Since we still have

kg Ck(k)1-1
max |M;(F') = M;(N(©,1))| > (§-36") .
jel2k-2]

By the triangle inequality, we can write

(F) — Mj(N(0,1))] > M;(F') - M;(N(0,1))| - M;(F) - M;(F’
]_IQ[%IM]() iN(©, 1)) jg{gg}z]l j(F) = Mj(N(0,1))] j$2§2]| j(F) = M;(F")|

Ckki-1
> (ﬁ _ 3ﬁckk!) _ (2k _ 1)!D2k_3ﬁCkk!

S ﬁck+l(k+1)!—1
= .

The last inequality follows from the assumption that § < 1/(2(2k - 1)!D%-3). This completes the
proof of Lemma 3.9. m]
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4 Robust Partial Cluster Recovery

In this section, we give two robust partial clustering algorithms. A partial clustering algorithm takes
a set of points X = U;<;X; with true clusters X1, X, ..., X and outputs a partition of the sample
X = X7 U X such that X] = UjesX; and XJ = Ujgs X;, for some subset S C [k] of size 1 < [S] < k.
That is, a partial clustering algorithm partitions the sample into two non-empty parts so that each
part is a sample from a “sub-mixture”. This is a weaker guarantee than clustering the entire mixture,
which must find each of the original X;’s. We show that the relaxed guarantee is feasible even when
the mixture as a whole is not clusterable. In our setting, we will get an approximate (that is, a small
fraction of points are misclassified) partial clustering that works for e-corruptions Y of any i.i.d.
sample X from a mixture of k Gaussians, as long as there is a pair of components in the original
mixture that have large total variation distance between them.

A partial clustering algorithm such as above was one of the innovations in [BK20b] that allowed
for a polynomial-time algorithm for clustering all fully clusterable Gaussian mixtures.

In this section, we build on the ideas in [BK20b] to derive two new partial clustering algorithms
that work even when the original mixture is not fully clusterable. Both upgrade the results of
[BK20b] by handling mixtures with arbitrary weights w;s instead of uniform weights and handling
mixtures where not all pairs of components are well-separated in TV distance. The first algorithm
succeeds under the information-theoretically minimal separation assumption (i.e. separation in
total variation distance) but runs in time exponential in the inverse mixing weight. The second
algorithm is a key innovation of this paper — it gives an algorithm that runs in polynomial time in
the inverse mixing weight at the cost of handling separation only in relative Frobenius distance. This
improved running time guarantee (at the cost of strong separation requirement that we mitigate
through a novel standalone spectral separation step in Section 5) is crucial to obtaining the fully
polynomial running time in our algorithm.

In order to state the guarantees of our algorithms, we first formulate a notion of parameter
separation (same as the one employed in [BK20b, DHKK20]) as the next definition.

Definition 4.1 (A-Parameter Separation). We say that two Gaussian distributions N (u1, 1) and
N(u2, Lo) are A-parameter separated if at least one of the following three conditions hold:

1. Mean-Separation: Jv € R? such that (1 — 2, v)? > A207 (I + Z2)o,

2. Spectral-Separation: 3v € R? such that v 210 > AvT X0,

3. Relative-Frobenius Separation: Y; and X; have the same range space and
Hz{/ 2(%, - zl)z{/ZHi > A2||zhe,|?

As shown in [DHKK20, BK20b], if a pair of Gaussians is (1 — exp(—=O(Alog A))-separated in
total variation distance, then, they are A-parameter separated.

Our first algorithm succeeds in robust partial clustering whenever there is a pair of component
Gaussians that are A-parameter separated. The running time of this algorithm grows exponentially
in the reciprocal of the minimum weight in the mixture.
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Theorem 4.2 (Robust Partial Clustering in TV Distance). Let 0 < ¢ < a < 1, and n > 0. There is an
algorithm with the following guarantees: Let {1;, Z;}i<x be means and covariances of k unknown Gaussians.
Let Y be an e-corruption of a sample X of size n > (dk)“! /e for a large enough constant C > 0, from
M = 3 wiN(ui, Li) satisfying Condition 2.47 with parameters t = (k/m)°® and y < ed 8 k=Ct, fora
sufficiently large constant C > 0. Suppose further that w; > a > 2¢ for every i and that there are i, j such
that N (ui, ;) and N (u;j, L) are A-parameter separated for A = (k/1)°®).

—ol1 &
Then, the algorithm on input Y, runs in time nk/ ")O(k), and with probability at least 2 O(‘" 1°g(”"‘)) over

the draw of X and the algorithm’s random choices, the algorithm outputs a partition of Y into Y1, Y> satisfying:
1. Partition respects clustering: for each i, max{%llﬁ N Xil, %le NXil} = 1-1n-0(e/a*), and,
2. Partition is non-trivial: max; %lXi N Y1|, max; %lXi NYs| >1-1n-0(e/a).

Our proof of the above theorem is based on a relatively straightforward extension of the ideas
of [BK20b], albeit with two key upgrades 1) allowing the input mixtures to have arbitrary mixing
weights (at an exponential cost in the inverse of the minimum weight) and 2) handling mixtures
where some pair of components may not be well-separated in TV distance.

In order to get our main result that gives a fully polynomial algorithm (including in the inverse
mixing weights), we will use a incomparable variant of the above partial clustering method that
only handles a weaker notion of parameter separation, but runs in fixed polynomial time.

Theorem 4.3 (Robust Partial Clustering in Relative Frobenius Distance). Let 0 < ¢ < a/k < 1 and
t € IN. There is an algorithm with the following guarantees: Let {u;, L;}i<x be means and covariances of k
unknown Gaussians. Let Y be an e-corruption of a sample X of sizen > (dk)“* /& for a large enough constant
C >0, from M =Y, wiN(ui, L) that satisfies Condition 2.47 with parameters 2t and y < ed8'k=Ck, for
a large enough constant C > 0. Suppose further that w; > o > 2¢ for each i € [k], and that for some t € N,
B > O there exist i, j < k such that ||=*/2(Z; - Z]-)Z*/z”i =Q ((k2t4)/(ﬁ2/ta4)), where Y. is the covariance

—0(L10g(k
of the mixture M. Then, the algorithm runs in time n°®, and with probability at least 2 O(‘* IOg(”)) over

the random choices of the algorithm, outputs a partition Y = Y; U Y, satisfying:
1. Partition respects clustering: for each i, max {w%nlYl N Xil, wLiHIYz N Xil} >1-p-0(e/a),
and,

2. Partition is non-trivial: max; w%n|Xi NY;|, max; ﬁlXi NYz| >1-B-0(e/a).

The starting point for the proof of the above theorem is the observation that the running time of
our first algorithm above is exponential in the inverse mixing weight almost entirely because of
dealing with spectral separation (which requires the use of “certifiable anti-concentration” that
we define in the next subsection). We formulate a variant of relative Frobenius separation (that
is directly useful to us) and prove that whenever the original mixture has a pair of components
separated in this notion, we can in fact obtain a fully polynomial partial clustering algorithm
building on the ideas in [BK20b].
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4.1 Algorithm

Our algorithm will solve SoS relaxations of a polynomial inequality system. The constraints here
use the input Y to encode finding a sample X’ (the intended setting being X’ = X, the original
uncorrupted sample) and a cluster € in X’ of size = an, indicated by z;s (the intended setting is
simply the indicator for any of the k true clusters) satisfying properties of Gaussian distribution
(certifiable hypercontractivity and anti-concentration).

Covariance constraints introduce a matrix valued indeterminate ITintended to be the square
root of £, the sos variable for the covariance of a single component.

(4.1)

n=uu’
=3

Covariance Constraints: A = {

The intersection constraints force that X’ be e-close to Y (and thus, 2¢-close to unknown sample X).

Vi € [n], ml2 = m;
Intersection Constraints: Ay = Zieymi = (1 —&)n (4.2)
Vie[n], mi(yi—x})=0
The subset constraints introduce z, which indicates the subset C intended to be the true clusters of
X'.

) Vi € [n]. zf =2z
Subset Constraints: Az = (4.3)
Die[n] Zi = an

Parameter constraints create indeterminates to stand for the covariance X and mean I of C

(indicated by z).

1 , “T o
o 2,7 (=) (- )" = £
Parameter Constraints: As = =l " (4.4)
1 ;A
an Z zix; = p
i=1
Certifiable Hypercontractivity : Ay=
t
1 ’ ’ 2 1 ’ ’ 2
Vt < 2s o Z zizj(Q(x] — x].) _]lng) RS a7 Z zizj(Q(x] — x].) - ]IZEQ)
i,j<n i,j<n (45)
1 , 2 6
s > 2z QU - x) ~EQ) < QI
i,j<n

Here, we used the shorthand E, Q = ﬁ i j<n 2iZjQx] - x;.).
In the constraint system for our first algorithm, we will use the following certifiable anti-
concentration constraints on C for 6 = a P%® and v = a /poly(k) and s(u) = 1/u? for every
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1 < ~
—— Z zizqu 5 ((x: - x;) ,v) < 2°0)Cp (ZJTZZ))S((S)
a’n ’
|
Certifiable Anti-Concentration : As = l]n
1
—— Z zizjq%)2 ((x: - x;) ,v) <20y (UTZv)s(n)
a’n ’
i,j=1

(4.6)

We note that the constraint system for our second algorithm (running in fixed polynomial time),

we will not use As. Towards proving Theorems 4.3 and 4.2 we use the following algorithm that

differs only in the degree of the pseudo-distribution computed and the constraint system that the
pseudo-distribution satisfies.

Algorithm 4.4 (Partial Clustering).

Given: A sampleY of size n. An outlier parameter ¢ > 0 and an accuracy parameter 1 > 0.
Output: A partition of Y into partial clustering Y1 U Ya.

Operation:

1. SDP Solving: Find a pseudo-distribution C satisfying U?zlﬂi (Ui_,A; for Theorem 4.3)
such that Bzz; < a + 04(1) for every i. If no such pseudo-distribution exists, output fail.
2. Rounding: Let M = ]EZNC[ZZT].
(a) Choose £ = O(L1og(k/n)) rows of M uniformly at random and independently.
(b) Foreach i < {, let C; be the indices of the columns j such that M(i, j) > n*a®/k.
(c) Choose a uniformly random S C [{] and output Y1 = Ujes Ciand Yo=Y \ Y1

4.2 Analysis

Simultaneous Intersection Bounds. The key observation for proving the first theorem is the
following lemma that gives a sum-of-squares proof that no z that satisfies the constraints U?zlﬂi
can have simultaneously large intersections with the A-parameter separated component Gaussians.

Lemma 4.5 (Simultaneous Intersection Bounds for TV-separated case). Let Y be an e-corruption of a
sample X of size n > (dk)“! /¢ for a large enough constant C > 0, from M = 3; wiN (ui, L) satisfying
Condition 2.47 with parameters t = (k/n)°% and y < ed 8k, for a sufficiently large constant C > 0.
Suppose further that w; > a > 2¢ for every i and that there are i, j such that N(u;, Z;) and N(u;, Z;)
are A-parameter separated for A = (k/n)O%). Then, there exists a partition of [k] into S U L such that,
|S|, IL| < k and for z(X,) = ﬁ DX, Zis

{U?Zlﬂi} }W Z z(Xi)z(X;) < O(k*s/a) + n/a

i€S,jeL
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The proof of Lemma 4.5 is given in Section 4.3.

For the second theorem, we use the following version that strengthens the separation assumption
and lowers the degree of the sum-of-squares proof (and consequently the running time of the
algorithm) as a result.

Lemma 4.6 (Simultaneous Intersection Bounds for Frobenius Separated Case). Let X be a sample
of size n > (dk)“t/e for a large enough constant C > 0, from M = ¥, w;N(ui, ;) that satisfies
Condition 2.47 with parameters 2t and y < ed 8k=Ck, for a large enough constant C > 0. Suppose
further that w; > a > 2¢ for each i € [k], and that for some t € N, p > O there exist i, j < k such that

|=H2(zi - Zj)ZJr/z”P =Q ((kzt‘L)/(‘Bz/t 2)), where ¥ is the covariance of the mixture M. Then, for any
e-corruption’ Y of X, there exists a partition of [k] = S U T such that

{uiL A} }? Z Z 2(X)z(X;) < O(K*)B + O(k?)e/a

ieS jeT
Here, z(X,) = ﬁ Niex, zi for every r.

The proof of Lemma 4.6 is given in Section 4.4.

Notice that the main difference between the above two lemmas is the constraint systems they
use. Specifically, the second lemma does not enforce certifiable anti-concentration constraints. As a
result, there is a difference in the degree of the sum-of-squares proofs they claim; the degree of the
SoS proof in the second lemma does not depend on the inverse minimum mixture weight.

First, we complete the proof of the Theorem 4.2. The proof of Theorem 4.3 is exactly the same
except for the use of Lemma 4.6 (and thus has the exponent in the running time independent of
1/a) instead of Lemma 4.5.

Proof of Theorem 4.2. Let ¥ = O(n?a®/k). We will prove that whenever A > poly(k/n)f =
k
poly (UL&) , Algorithm 4.4, when run with input Y, with probability at least 0.99, recovers a

collection Cq,Cy, ..., Crof £ = O(% log k/n) subsets of indices satisfying | U;<y éi| >(1- r)’/k40)n
such that there is a partition SU L = [{], 0 < |S| < ¢ satisfying:

m1n{—|C NUjesX; | |c NUjerX; |} <100 /a® + O(e/a). (4.7)

We first argue that this suffices to complete the proof. Split [¢] into two groups Gs, Gy, as follows.
For each i, letj = argmax, ;| an |C N X;|. If j € S, add it to Gs, else add it to Gr.. Observe that
this process is well-defined - i.e, there cannotbe j € Sand j' € L that both maximize %|C N Xr|
as r varies over [k]. To see this, WLOG, assume j € S. Note that - |C N X;j| > 1/k. Then, we
immediately obtain: | Ujes X; N Ci| > 1/k. Now, if we ensure that n<ad/ k2 and ¢ < O(a?/k),
then, - - ICi N Ujrer X | is at most the RHS of (4.7) which is <« 1/k. This completes the proof of
well-definedness. Next, adding up (4.7) for each i € S yields that

é—_|| (Ureas Xi) N Ujer X;] < O(log(k/m)/a) (i + Ole/a)),
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where we used that |Gg| < ¢. Combined with | Ui« Cj| > (1 — 1’ /k**)n, we obtain that
| Uiegs Xil > 1=1'/k* = O(log(k/n')/a) (' + O(e/a)) = n + O(IOg(k/na)e/a2)

for’ < O(n*a’/k).

We now go ahead and establish (4.7). Let Cbea pseudo-distribution satisfying A of degree
(k/ n)POlY(k) satisfying ]Egzi = «a for every i. Such a pseudo-distribution exists. To see why, let C be
the actual distribution that always sets X’ = X, chooses an i with probability w; and outputs a
uniformly subset C of size an of X; conditioned on C satisfying A. Then, notice that since X satisfies
Condition 2.47, by Fact 2.45, the uniform distribution on each X; has t-certifiably C-hypercontractive
degree 2 polynomials and is ¢-certifiably Co-anti-concentrated. By an concentration argument
using high-order Chebyshev inequality, similar to the proof of Lemma 2.51 (applied to uniform
distribution on X; of size n > (d k)O(t), C chosen above satisfies the constraints A with probability
atleast 1 — 04(1). Observe that the probabililty that z; is set to 1 under this distribution is then at
most a + 04(1). Thus, such a distribution satisfies all the constraints in A.

Next, let M = ]EE[ZZT]. Then, we claim that:

1. 04(1)+a > M(i,j) > 0forall i,j,
2. M(i,i) € a £ 04(1) for all 4,
3. Ej iy M(i, ) > a? — 04(1) for every i.

The proofs of these basic observations are similar to those presented in Chapter 4.3 of [FKP19]
(see also the proof of Theorem 5.1 in [BK20b]): Observe that A lZ {zizj = 21.22]2. > 0} for every

i. Thus, by Fact 2.18, ]E[zizj] > 0 for every i, j. Next, observe that A l; {(1 —-z))=(1-2z)?*> 0}
for every i and thus, A |7 {zi(l -zj) > O}. Thus, by Fact 2.18 again, we must have ]E[ziz]-] <
E[zi] < a + 04(1). Finally, A l; {Zj ZiZj = Z; Z]- zj= anzi}. Thus, by Fact 2.18 again, we must have
2 M(i,j) = 2 ]E[zizj] =an ;i E[zi] € (a? + 04(1))n. Let B; be the entries in the i-th row M; that
are larger than a?/2. Then, by (1) and (2), we immediately derive that B; must have at least an /2
elements. Call an entry of M large if it exceeds a?n’. For each i, let B; be the set of large entries in
row i of M. Then, using (3) and (1) above gives that |B;| > a(1 — an’)n for each 1 < i < n. Next, call
arow i “good” if % min{|U,er X; N Bi|, |Upes X N Bj|} < 1001}’/a3 + O(e/a*). Let us estimate the
fraction of rows of M that are good.

Towards that goal, let us apply Lemma 4.5 with 7 set to n” and use Fact 2.18 (SoS Completeness),
to obtain }},cs e Biex, Ejex,, M(i, j) < " + O(e/a). Using Markov’s inequality, with probability
1 — /100 over the uniformly random choice of i, Ejex, M(i,]) < 100%17' + O(e/a*). Thus,
1 — @3/100 fraction of the rows of M are good.

Next, let R be the set of % log (kn—s,o) rows sampled in the run of the algorithm and set Ci = B; for
450

100 160 K2
every i € R. The probability that all of them are good is then at least (1 — @3/100) © IOg(“”/) 21-a.
Let us estimate the probability that | U;cr Cil > (1- 1’ /k*)n. For a uniformly random i, the
chance that a given point t € B; is at least a(1 — an’). Thus, the chance that t ¢ U;cgB; is at most
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(1-a /2)100/ alog(k*/(an)) < 1’ /k>. Thus, the expected number of ¢ that are not covered by U;erC; is
at most n1n’/k>. Thus, bAy Markov’s inequality, with probability at least 1 — 1/k'9, 1 — n’/k*° fraction
of t are covered in U;crC;. By the above computations and a union bound, with probability at least
1 -1/ /k' both the conditions below hold simultaneously: 1) each of the 12 log (k°°/1’) rows R
sampled are good and 2) | Ujer Cil=>1- 1’ /k*)n. This completes the proof. O

4.3 Proof of Lemma 4.5

Our proof is based on the following simultaneous intersection bounds from [BK20b]. We will use
the following lemma that forms the crux of the analysis of the clustering algorithm in [BK20b]:

Lemma 4.7 (Simultaneous Intersection Bounds, Lemma 5.4 in [BK20b]). Fix 6 > 0,k € IN. Let
X = X1 UXpU... Xy bea good sample of size n from a k-mixture ),; wiN(u;, Z;) of Gaussians. Let Y be
any e-corruption of X. Suppose there are r, v’ < k such that one of the following three conditions hold for
some A > (k/5)°W):

v Z(i)v

vTE(r' v’ or

1. there exists a v such that v X(r")o > AvTZ(r")v and B = max; <
2. there exists a v € R? such that (u(r) = u(r’), v)g > A%0T (Z(r) + Z(r")) v, o1,
3. [0y 2Ry 2 = 1)l > 4 (lE0) e L)

Then, for the linear polynomial z(X,) = % Yiex, Zi in indeterminates z;s satisfies:

(Uies At o {2(60)2(X0) < O(V8) + O(e/ )}

Proof of Lemma 4.5. Without loss of generality, assume that the pair of separated components are
N(u1,Z1) and N(u2, Xp). Let us start with the case when the pair is spectrally separated. Then,
there is a v € R? such that AvTX10 < 0T Z,0.

Consider an ordering of the true clusters along the direction v, renaming cluster indices
if needed, such that v'21v < v'Xv < ...0"Xv. Letj < k’ be the largest integer such that
poly(k/n)v"Ljv < vTLj1v. Further, observe that since j is defined to be the largest index which
incurs separation poly(k/n), all indices in [j, k] have spectral bound at most poly(k/n) and thus
L2 < poly(k/n)F.

Applying Lemma 4.7 with the above direction v to every r < j and r’ > j and observing that the

A
parameter B in each case is at most -5 < A* yields:
]

Al z {Z(Xr)z(er) <O(e/a) + «/S} .

[ O (k252 poly log(A))

Adding up the above inequalities over all r < j—1and " > j +1 and taking S = [j — 1],
T = [k] \ [j — 1] completes the proof in this case.

Next, let us take the case when N(u1, Z1) and N(u2, X») are mean-separated. WLOG, suppose
(u1,v) < {u2,0) ... < {uk, v). Then, we know that (ur — p1,v) > Av"X;v. Thus, there must exist
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an i such that (u; — git1,v) > Av'Ev/k. Let S = [i] and L = [k] \ S. Applying Lemma 4.7 and
arguing as in the previous case (and noting that x = poly(k)) completes the proof.

Finally, let us work with the case of relative Frobenius separation. Since ||ZI1/ 22? 2 || < poly(k),
the hypothesis implies that ||Z; — Zp||p > A/poly(k). Let B = X1 — X and let A = B/||B||;. WLOG,
suppose (L1, A) < ...(Xk, A). Then, since (Xx, A) — (L1, A) > A/poly(k), there must exist an i such
that (L1, A) — (Zi, A) > A/poly(k). Let usnow set S = [i] and L = [k] \ S.

Then, forevery i € Sand j € L, we must have: (Z;, A) —(L;, A) > A/poly(k). Thus, ||Zj - Zi”P >

2
A/poly(k). And thus, A/poly(k) < ||Zj - Zi”F < “Z;UZZ}/ZHZ‘

ZZ._]/ZZjZi_l/Z - I“F. Rearranging and

2
£l yields that 7557 1] > Afpoly(k).

A similar argument as in the two cases above now completes the proof.

using the bound on

4.4 Proof of Lemma 4.6

We use E, as a shorthand for ain * 1 zi. We will write w%n Yjex, zj = z(X;). Note that z(X;) € [0, 1].
And finally, we will write z’(X;) = ﬁ Yjex, zj1(xj = y;j) — the version of z(X;) that only sums over
non-outliers.

We will use the following technical facts in the proof:

Fact 4.8 (Lower Bounding Sums, Fact 4.19 [BK20b]). Let A, B, C, D be scalar-valued indeterminates.
Then, for any © > 0,

A,B,C,D
{0<AB<A+B<1}U{0<C,D}U{C+D > 1}~ {AC +BD > tAB} .
Fact 4.9 (Cancellation within SoS, Lemma 9.2 in [BK20b]). For indeterminate a and any t € N,

(e <1} {a<1y.

Lemma 4.10 (Lower-Bound on Variance of Degree 2 Polynomials). Let Q € R¥“. Then, for any
i,j <k andz'(X;) = ern Yiex, zil(xi = yi), we have:

ﬂ}%{z'(xr)zz'<x;>z< (32Ct)* (wa4

t
(Ex, Q - Ex, Q) | wiu? (EQ-EQF)

2
s

a?

t 2 t
a
—|EQ-EQ)?| +— |E(Q-EQ)?| |¢-
(0ot - & (po-por) |
Proof. Let z} = z;1(x; = y;) for every i. Using the substitution rule and non-negativity constraints of
the z;’s, we have

+

AL {125@ SEQP = 3 2 Qi - x) - EQ)

i,j<n

g a21n2 Z zgz; (Q(xi — %)= ]IZEQ)Zt }

i,jeX; ori,jeX,,
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Using the SoS almost triangle inequality, we have

{3 slown s

2t 2t
1 ]' ’/ ]' ’-/
g (ﬁ) a’n? Z #i%) (%Q _HZEQ)  an? Z #i%j (Q(xi %) _EQ)

i,jeX,

L) 1 » o y at
()| 7 2 = (B o-EQ) - ¥ = (em-m-Eo) | a9

i,jEXr/

2 o
=27 | (w,/@)z(X,)? (? Q- ]IZEQ) - ﬁ Z (Q(xi —x)-E Q)

i,jeXy

2t 2t
s fisorson(pa-sef - L 3 foon-n- g}

,]EX,I

Using Fact 4.8, we can further simplify the above as follows:

2
Alx {IE(Q EQ)* > 27 -6t 2 f’ Z'(Xr )2 (Xp )Z(EQ E Q)*
2_&(%/&)2 E(Q-E Q)* - 27%(w, /a)? EQ-E Q)*

2,,2

t
> 2SR (X Q - B Q) - (o fa(CH (Q'?(Q -F Q)z)

— (wy [@)*(C)* ()]E(Q - )15 Q)z) }
(4.10)

where the last inequality follows from the Certifiable Hypercontractivity constraint (A). Rearrang-
ing completes the proof.

O

We can use the lemma above to obtain a simultaneous intersection bound guarantee when there
are relative Frobenius separated components in the mixture.

Lemma 4.11. Suppose |[Z™V2(Z, - £,/)Z~ 1/2HF 08ﬁ§2t42 Then, for z'(X,) = = Yex, zi - Wyi = x7)
for every r,

AR (2(X)2/(X)) < B} .
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Proof. We work with the transformation x; — Y 12x;. Let Y = Y12y, y-1/2, = Y2y y-1/2
and ¥, = Y7125, 7712 be the transformed covariances. Note that transformation is only for the
purpose of the argument - our constraint system does not depend on X.

Notice that ||Z;,||2 < w% and ||Z;,||2 < w%,

We now apply Lemma 4.10 with Q = X} — X/,. Then, notice that Ex, Q —Ex,, Q = ||Z; - Z;,”i =
IQ ||12D Then, we obtain:

AL {z'(xmz'(xroz

t
( 32Ct
< .
]EXr Q - ]EX,/ Q

(4.11)

2
o (;1;;(@ -E Q>2)

T

2t 4
) ( — (BQ- EQ)Z) +—(E<Q IEQ)z)

wyw?,

Since X, and X, have certifiably C-bounded variance polynomials for C = 4 (as a consequence
of Condition 2.47 and Fact 2.45 followed by an application of Lemma 2.25), we have:

Q ’ ’
ﬂb{;g(@—;g@ka\z 2y 2| <—||Q||F},

and

ﬂl%{;(@—;l;@)zw

/ npel o 6
£ Por | < = ||Q||%} -
F wy
Finally, using the bounded-variance constraints in A, we have:
Qz 2 6 2
A EQ —]IZEQ) < ) IQIlE -

Plugging these estimates back in (4.11) yields:

(1000Ct)*
AL 27X )2 (X )2 < 0 b (4.12)
4{ o QI
Plugging in the lower bound on ||Q||? and applying Fact 4.9 completes the proof. m|

We can use the above lemma to complete the proof of Lemma 4.6:

Proof of Lemma 4.6. WLOG, assume that Z = I. Let Q = £, — X,» and let Q = Q/||Q||p. Consider
the numbers v; = tr(Z, - Q). Then, we know that max; ; |[v; — v;| > ||Q||r. Thus, there must exist a
partition of [k] = S U T such that [v; — v;| > ||Q||F /k wheneveri € Sand j € T.

> ||QIIZ /K2 = 108 (ﬁ§2t42) We can now apply Lemma

above toevery i € S,j € T, observe that A lZ {z(X})z(Xy) < 2/(X;)z'(X) + 2¢/a}, and add up the
resulting inequalities to finish the proof.

O
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4.5 Special Case: Algorithm for Uniform and Bounded Mixing Weights

In this subsection, we obtain a polynomial time algorithm when the input mixture has weights that
are bounded from below. This includes the case of uniform weights and when the minimum mixing
weight is at least some function of k. At a high level, our algorithm partitions the sample into
clusters as long as there is a pair of components separated in TV distance and given samples that
are not clusterable, runs the tensor decomposition algorithm to list decode. We then use standard
robust tournament results to pick a hypothesis from the list.

Theorem 4.12 (Robustly Learning Mixtures of Gaussians with Bounded Weights). Given 0 < ¢ <
Ox(1), let Y = {y1,y2,...,Yyn} be a multiset of n > ng = poly, (d,1/¢) e-corrupted samples from a
k-mixture of Gaussians M = ;< wiN (ui, X;), such that w; > a. Then, there exists an algorithm with
running time poly, (n1/%) - exp (polyk(l/a 1/¢)) such that with probability at least 9/10 it outputs a

hypothesis k-mixture of Gaussians M Di<k WiN (yl, Z,) such that dry (M M) Ox(¢).

Briefly, our algorithm simply does the following:

1. Clustering via SoS: Guess a partition of the mixture such that each component in the partition
is not clusterable. Let the resulting partition have t < k components. In parallel, try all
possible ways to run Algorithm 4.4 repeatedly to obtain a partition of the samples, {Y;} jelt]
into exactly t components. For each such partition repeat the following.

2. Robust Isotropic Transformation: Run the algorithm corresponding to Lemma 6.7 on each
set 17] to make the sample approximately isotropic. Grid search for weights over [«, 1/ k]
with precision a.

3. List-Decoding via Tensor Decomposition: Run Algorithm 3.2 on each Yj Concatenate the
lists to obtain L.

4. Robust Tournament: Run the tournament from Fact 2.52 over all the hypotheses in £, and
output the winning hypothesis.

Proof Sketch. Setting A = (k**"), it follows from Theorem 4.2 that we obtain a partition of Y
into {Yj}je[t]z for some t € [k] such that 17] has at most O(ke/a) outliers, (1 — O(ke/a))-fraction
of samples from at least one component of the input mixture and the resulting samples are not
A-separated (see Definition 4.1). It then follows from Lemma 6.7 that the mean u; and covariance
YjofY satlsfy a) ||ujll, < O(Vek3/al®),b) (1 - Vek'®/al®) I < £; < (1 - VekS/al®) I, and )
%~ 1], < O(Vekt*/al3).

Each component, Y}, of the partition can have at most k Components. Assuming these correspond
to {wf]), yl])Z(])}le k], observe, x| w(] Z(]) + w(])yy) (y(])) < (1+ Vek!®/al?) I. Thus, we have

that H HEJ )Hz < (1+ Vek!'®) /a*® and combined with not being A-separated, it follows that for all
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i" € [K],

0l —[ls0 () ()50 G0 (0
[ =1 = = -2+ (-0 < == D) w20+ 3w (u) |+l - 1],
i€[k] i€[k] r
< Z wz(]) (25{) _ Zf])) + O(kl‘s/az'S)
i€[k] r
<OA/a) .

There are at most O(k*) ways in which we can partition the set of input points such that each
resulting component is not partially clusterable. We run the algorithm in parallel for each one.
Then, for the correct iteration, we apply Theorem 3.1 to get a list L of size exp(poly,(1/a,1/¢)) such

that it contains a hypothesis {ZTJZ(.j), ﬁgj), if.j)}ie[k] such that )Z@Ej) - wfj)‘ <a, [ftgj) - [uf.j) ‘2 < Ok(e) and

‘2? ) Zgj )HF < Ox(e). Since (1 -1/A) I < Zgj ) it then follows from Lemma 6.5 that the hypothesis

is Oi(¢e)-close to the input in total variation distance.
Algorithm 4.4 is called at most O(k*) times, and along with the robust isotropic transformation,

this requires poly, (nl/ a1/ 8). The grid search contributes a multiplicative factor of (1/ a)k. The

tensor decomposition algorithm and robust hypothesis section poly, (n'/%) - exp (poly,(1/a, 1/¢)).
o

5 Spectral Separation of Thin Components

In this section, we show how to efficiently separate a thin component, if such a component exists,

given sufficiently accurate approximations to the component means and covariances. This is an

important step in our overall algorithm and is required to obtain total variation distance guarantees.
Specifically, the main algorithmic result of this section is described in the following lemma:

Lemma 5.1. There is a polynomial-time algorithm with the following properties: Let M = Zi'(:l w;G; with
Gi = N(ui, ;) be a k-mixture of Gaussians on RY, and let X be a set of points in R? satisfying Condition
2.47 with respect to M for some parameters (y,t). The algorithm takes input parameters 1, 0, satisfying
0 <6 <n<1/(100k), and Y, an e-corrupted version of X, as well as candidate parameters {[1;, ii}jgk.
Then as long as

1. Cov(M) =12,
2. i — fiill2 < 6 and ||Z; - Zillp < 6, forall i € [k], and
3. there exists an s € [k] such that s has an eigenvalue < 1,

the algorithm outputs a partition of Y into Y1 U Y, such that there is a non-trivial partition of [k]| into
Q1UQy, so fhat letting M, j € {1,2}, be proportional to 2ieq; WiGi and Wj = ¥icq, wi, then Yj is an
((O(k?y) + O(nl/zk))/Wj)—corruption of a set satisfying Condition 2.47 with respect to M; with parameters
(O(ky/Wj), t).
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The key component in the proof of Lemma 5.1 is the following lemma:

Lemma 5.2. Let M = Zle w;G; with G; = N(ui, L;) be a k-mixture of Gaussians in R? with Cov(M) >
1/2. Suppose that, for some 0 < & < 1/(100k), we are given fi; and %; satisfying ||u; — fiill2 < O and
i - il < O, forall i € [k]. Suppose furthermore that for some n > 6, there is a Zs, s € [k], with an
eigenvalue less than 1. There exists a computationally efficient algorithm that takes inputs 1, 5, {i;, £, and
computes a function F : RY — {0, 1} such that:

1. Foreach i € [k], F(G;) returns the same value in {0, 1} with probability at least 1 — Oy (n*/@k)). We
define the most likely value of F(G;) to be this value.

2. Thereexist i, j € [k] such that the most likely values of F(G;) and F(G,) are different.

Furthermore, F(x) can be chosen to be of the form f(v - x), for some v € R%, and f : R — {0,1} is an
O(k)-piecewise constant function.

Given Lemma 5.2, it is easy to finish the proof of Lemma 5.1.

Proof of Lemma 5.1. We simply take the candidate parameters, obtain F from Lemma 5.2, and
partition Y = Y3 U Y3, so that F is constant on both Y; and Y>. We let Q; be the set of i so that
F(G;) returns the value j — 1 with large probability. Letting the partition of X for Condition 2.47
be X =XjU...UXy, welet X/ = Useg, Xi- Lemma 2.50 shows that the X/ satisfy the appropriate
conditions for M;. It remains to prove that Y; equals X’ with a sufficiently small rate of corruptions.
The fraction of points misclassified by F equals ¢ (the fraction of outliers in the sample Y) plus the
misclassification error of F. We note that given the form of F and the fact that the uncorrupted
samples in Y satisfy Condition 2.47, the fraction of misclassified samples from each component i
is at most the probability that a random sample from G; gets misclassified (at most Ok(nl/ k) by
Lemma 5.2) plus O(ky). Summing this over components, gives Lemma 5.1. O

Let us now describe the algorithm to prove Lemma 5.2 (and evaluate F), which is given in
pseudocode below (Algorithm 5.3).

Algorithm 5.3 (Algorithm for Spectrally Separating Thin Components).

Input: Estimated parameters {ﬁi, ﬁi}i parameters 1, 0.

<k’

Output: A function F : R — {0,1}.
Operation:

1. Find a unit-norm direction v such that there exists s € [k], vT£s0 < 2n.
2. Compute (vT)iiv)for all i € [k].
(a) If there exists j € [k] such that (UTﬁjU) > /M, find a t such that \J >t > 2n and
there is no j € [k] with t < UTﬁjv <t Q(n~ ), Set F(x) = 1 if there is an i such
that |v - (x = f1;)| < \/flog(l/n) and 0 otherwise.
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(b) Otherwise, compute v - [i; for all i € [k]. Find a t between the minimum and the
maximum of v - {i; such that there is no v - {i; within 1/(20k) of t. Set F(x) = 1 if
v - x > t and 0 otherwise.

Proof of Lemma 5.2. Let v be a unit vector and s € [k] such that vT£50 < 2. By assumption, we have
that Var[v - M] > 1/2. Furthermore,

Var[o - M] = 3" wi@"Ei0) + > wi(o - (i = ) < ) wi o) + ) wilv - (ui = )?

where p is the mean of M. This means that either there exists j € [k] such that (vTZjv) > 1/4, or
there exists j € [k] such that |v - (u; — ps)| > 1/4. Since we have approximations of these quantities
to order 0, we have that there is j € [k] such that (ZJTﬁjv) > 1/10 or that there is j € [k] with
o - (3 — i)l > 1/10.

We first consider the case that there is a j € [k] such that (v7% jv) > /1. Since thereis a j € [k]
with (UTﬁjv) > 4/ and another s € [k] with (v"L5v) < 27, there must be some \1 >t > 2nsuch
that thereisno j € [k] with t < vTﬁjv < tQ(n‘l/ (2K)). Otherwise, there must be at least one %; in
each 21 < Q(n7V/@)! < /7, where we need more than k components.

For a given x, we define F(x) to be 1 if there exists i such that |v - (x — {1;)| < \/flog(l/r;), and
F(x) = 0 otherwise.

To show that this works, we note that for all i € [k], if vT$0 < t, then Var[v - G;] <t +06,and
since |v - (u;i — f1i)| < 9, by the Gaussian tail bound, we have that

_ (Vtlog(1/n) - 6)?
2(t +0)

P (Ix — ] > (Vtlog(1/n) - 6)) <exp ( =0() .

x~Gj

Thus, all but an O(n)-fraction of the samples of G; have F(x) = 1.

On the other hand, for components i with v7Z;v > t71/%), we have that Var[v - G;] > t7
Then, the density of G; is at most 1/+/2mtn~1/(2K). So, the probability that a sample from v - G; lies
in any interval of length 2Vt log(1/n) is at most

~1/20),

1 ~
=2Vt log(1/n) = O(n"/*Y).

\2mtn(

Since there are k such intervals, the probability that F(x) is 1 when x is drawn from G; is at most
Ok(r]l/ (4K)). This completes our proof of point (1), and point (2) follows from the fact that we know
of component G; in one class and G; in the other class.

We next consider the case where (vTﬁjv) < /i for all j € [k], and where |v - ({1; — fi5)| > 1/10
for some j € [k]. Then we can find some t between v - {i; and v - fi; such that no v - fI; is within
1/(20k) of t. In this case, we define F(x) be 1 if v - x > t and 0 otherwise. To show part (1), first
consider i € [k] such that v - fI; <t —1/(20k). Then we have that v - u; < t — 1/(30k). Furthermore,
Var[v - Gj] < 0 + /1. Therefore, the probability that v - G; > t is at most exp(=Q((0 + VD),
which is sufficient.
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A similar argument holds in the other direction for i € [k] such that v - {i; > t +1/(20k), and
statement (2) holds because we know that there are both kinds of components. This completes the
proof. m]

6 Robust Proper Learning: Achieving Dimension-Independent Error

In this section, we show how to combine the partial clustering, tensor decomposition, and recursive
clustering algorithms to establish our weaker result achieving error 1/(log(1/¢))“* in polynomial
time. Specifically, we prove the following:

Theorem 6.1 (Robustly Learning k-Mixtures of Arbitrary Gaussians). Given 0 < ¢ <1/ KK and
amultiset Y = {y1,y2,...,Yyn} of n i.i.d. samples from a distribution F such that dry(F, M) < ¢, for an
unknown k-mixture of Gaussians M = Y., wiN (ui, L;), where n > ng = d°% /poly(e), Algorithm
6.3 runs in time n%Y exp (O(k)/&?) and with probability at least 0.99 outputs a hypothesis k-mixture of
Gaussians M = Di<k OiN (;ii, ii) such that dry (M, M) = O(e%), with ¢, = 1/(100FC*k+D'k1sf(k +1)),

where C > 0 is a universal constant and sf(k) = I;e[x)(k — 1)! is the super-factorial function.
As an immediate corollary, we obtain the following:

Corollary 6.2 (Robustly Learning k-Mixtures of Gaussians in Polynomial Time). Given 0 < ¢ <
1/exp (kko(kz)), and a multiset Y = {y1,Y2,...,Yn} of n iid. samples from a distribution F such
that drv(F, M) < &, for an unknown k-mixture of Gaussians M = ;. wiN (ui, i), where n >
ng = dO% logo(l)(l / €), there exists an algorithm that runs in time poly,(n,1/¢) and with probability

—)

at least 0.99 outputs a k-mixture of Gaussians M = Di<k WiN (ﬁi,ﬁi) such that dry (M,M)
0(k?)
O((l/log(l/e))l/(k ))

The corollary follows by running Algorithm 6.3 with ¢ « 4/1/log(1/¢) and applying Theorem 6.1.

The algorithm establishing Theorem 6.1 is given in pseudocode below. Algorithm 6.4 takes as
input a corrupted sample from a k-mixture of Gaussians and outputs a set of k mixing weights,
means, and covariances, such that the resulting mixture is close to the input mixture in total
variation distance with non-negligible probability. Algorithm 6.3 simply runs Algorithm 6.4 many
times to create a small list of candidate hypotheses (consisting of mixing weights, means, and
covariances), and finally runs a robust tournament to outputs a winner. This boosts the probability
of success to at least 0.99.

Algorithm 6.3 (Algorithm for Robustly Learning Arbitrary GMMs).

Input: An outlier parameter ¢ > 0 and a component-number parameter k € IN. An e-corrupted sample
Y ={y1,Y2,---,Yn} from a k-mixture of Gaussians M = 3y wiN (ui, Li)-

Parameters: Let ¢ = 1/(100FC**V'sf(k + 1)k!) be a scalar function of k, where sf(k) = [T ;cqxy(k —1)!
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and C is a sufficiently large constant.

Output: A set of parameters {(@;, 1, ﬁi)}ie[k], such that with probability at least 0.99 the mixture
M = Ficp iN (i, $) is O(&%)-close in total variation distance to M.

Operation:

1. Let L = {¢} be an empty list. Repeat the following exp (O(k)/€?) times :

(a) Run Algorithm 6.4 with input Y, fraction of outliers ¢, and number of components k.
Let the resulting output be a set of k mixing weights, means and covariances, denoted
by {(@;, gi,ii)}ie[k]. Add {(wi,pi,ii)}ie[k] to L.
2. Run the robust tournament from Fact 2.52 over all the hypotheses in L. Output the winning
hypothesis, denoted by {(@;, [i;, ﬁi)}ie[k].

Algorithm 6.4 (Cluster or List-Decode).

Input: An outlier parameter 0 < ¢ < 1 and a component-number parameter k € N. An e-corrupted
version Y = {y1,Y2,...,Yn} of X, where X is a set of n samples from a k-mixture of Gaussians
M= YicpgwiN (ui, Li) such that X satisfies Condition 2.47 with respect to M with parameters
(ed=8k=C'k 8k + 48), where C" > 0 is a sufficiently large constant.

Parameters: Let cx = 1/(100°C*+V'sf(k +1)k!) be a scalar function of k, where sf(k) = [Ticpg(k=1)!
and C is a sufficiently large constant.

Output: A set of parameters {(Di, fii, £i)}ie[x) such that with probability at least exp (—O(k)/2),
v (Siei ©iN (s, £0), M) < O(e),

Operation:

1. Treat Light Component as Noise: If k = 0, ABORT. With probability 1/2, run Algorithm
6.4 on samples Y, with fraction of outliers ¢ + &'/ OCH kD) gyd pumber of components
k —1. Return the resulting set of estimated parameters, {(®;, [1;, ii)}ie[k—l]/ appended
with (0,0, I). Else, do the following:
// We guess whether the event that the minimum mixing weight « is at least ¢
// holds. If it does not, we proceed with the algorithm. Else, we treat the smallest weight
// component as noise and recurse with k — 1 components.

1/(10C*1 (k+1)!)

2. Robust Isotropic Transformation: With probability 0.5, run the algorithm corresponding
to Lemma 6.7 on the samples Y, and let ﬁ,ﬁ be the robust estimates of the mean and

covariance. If k = 1, return (ZT) =14, )i) Else, compute ﬁAfIT, the eigendecomposition

of £, and for all i € [n], apply the affine transformation y; — UTEY2 (y; — ).
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// The resulting estimates {1, 3. satisfy Lemma 6.7, and the uncorrupted samples are
// effectively drawn from a nearly isotropic k-mixture.

3. With probability 1/2, run either (a) or (b) in the following:

(a) Partial Clustering via SoS: Run Algorithm 4.4 with outlier parameter ¢ and accuracy
parameter ¢!/ GCHN+D) Lot Yy, Yo be the partition returned. Guess the number
of components in Y to be some ki € [k — 1] uniformly at random. Run Algorithm
6.4 with input Y1, fraction of outliers '/ 0 (k+1))  and number of components ki,

and let {(w(l) e 2(1))} be the resulting output. Similarly, run Algorithm

i€ kl]
6.4 with input Y, fraction of outliers /10 D) and yymber of components
k — ki, and let {(wm 02, (2))} o] be the resulting output. Output the set
i€ 1

{@" iy, ﬁf“,zg”)}ie @iyl u, zﬁ”)}ie[k o

1 —A1
// When the mixture is covariance separated, the preconditions of Theorem 4.3 are
// satisfied (see Lemma 6.8). The partition is non-trivial, and the fraction of outliers
// increases from & — g1/A0¢ (kD))

(b) List-Decoding via Tensor Decomposition: Run Algorithm 3.2 and let L be
the resulting list of hypotheses such that each hypothesis is a set of parameters
{(‘ﬁi,ii)}ie[k]. Let 1t = © (81/(40Ck+1(k+1)!)) be an eigenvalue threshold. Select a
hypothesis, {({i;, )ii)}ie[k] € L uniformly at random.

// Conditioned on not being covariance separated, we satisfy the preconditions of
// Theorem 3.1 (see Lemma 6.9). The output is a list that contains {[i;, ii}ie[k]

// such that for all i € [k], ||f; — pill, = 0(81/(20Ck+1(k+1)!)) and
Wi =Ll = 0(81/(20ck+1(k+1)!)).
i. Large Eigenvalues: If for all i € [k], %
[0,1] wniformly at random such that };W;
{ (@, aivea g, g aRea s aAPGT) |
1€

// If all estimated covariances have all eigenvalues larger than T, the recursion
// bottoms out and the hypothesis is returned.

\'%

tl, sample W; from
(1 £ ke). Return

ii. Spectral Separation of Thin Components: Else, Jv,i s.t. v'%v < 7. Run
the algorithm corresponding to Lemma 5.1 with input Y, parameter estimates
{(fi, ﬁi)}ie[k] and threshold . Let Y1 and Y, be the resulting partition.

// Use small eigenvalue directions to partition the points.
A. Ifmin(|Yi, |Ya|) < eV/@OKC R0y oy Algorithm 6.4 with input Y, fraction
of outliers 2&1/A0OKC= D) gnd yymber of components being k — 1, and let

{(w(l) el Z(l))} be the resulting output. Output the resulting hypothesis

SH;
t i i€ k1]

{(zm, QA2 s + o, aAWﬁTiiﬁAUZHT)} oy V0D,
1€E|K—
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B. Else, select ki € [k — 1] uniformly at random.  Run Algorithm
6.4 with input Y1, fraction of outliers V/A0OKCE N 1D g pysmber of
components being ki.  Similarly, run Algorithm 6.4 with input Y,

fraction of outliers V/Q0KCED) g pyymber of components k —
ki, and let {(zbgz),ﬁgz),ﬁgz))}' k] be the resulting output.  Output
1€|K—K1
N 1 A A A N 1 N A A A A 1 A A A
the set {(wlf al/Iv], GAY207 D & p, GAV20TSS >u/\1/2uT)}i€[k1] U

{(zbf-z)lel/lYl,ﬁAl/ZLAITu?) + i, af\l/ZaT)iEz)l:[f\l/zl:IT)}_ L=
1€[k—K1

6.1 Analysis of Algorithm 6.3

To prove Theorem 6.1, we will require the following intermediate results. We defer some proofs in
this subsection to Appendix A.

We use the following lemma to relate the Frobenius distance of covariances to the total variation
distance between two Gaussians, when the eigenvalues of the covariances are bounded below.

Lemma 6.5 (Frobenius Distance to TV Distance). Suppose N(u1, Z1), N(u2, X2) are Gaussians with
lpr = p2ll, < 0 and ||Z1 = Xo|lp < 0. If the eigenvalues of Xy and X, are at least A > 0, then
drv(N(p1, Z1), N(u2, £2)) = O(6/A).

We start by showing that when Condition 2.47 holds, the uniform distribution on a (1 - ¢)-fraction
of the points is certifiably hypercontractive.

Lemma 6.6 (Component Moments to Mixture Moments). Let M = 3 wiN (ui, Zi) be a k-
mixture with mean u and covariance X such that w; > a, for some 0 < a < 1, and for all i,j € [k],
|=¥/2 (2 — ;) £2||, < 1/ Let X be a multiset of n samples satisfying Condition 2.47 with respect to
M with parameters (y,t), for 0 < y < (dk/a)™, for a sufficiently large constant ¢, and t € N. Let D be the
uniform distribution over X. Then, D is 2t-certifiably (c/a)-hypercontractive and for d X d-matrix-valued

indeterminate Q, }% {]EM (xTQx —Ep xTQx)2 <O0(1/a) ||21/2Q21/2||i}.

Next, we show how to robustly estimate the mean and covariance of an ¢-corrupted set of
samples satisfying Condition 2.47 when the mixture is not partially clusterable, and make the inliers
nearly isotropic.

Lemma 6.7 (Robust Isotropic Transformation). Given 0 < ¢ < 1,and k € N, let a = g1/A0CH (k1)) | o

M= Zle w;G; with G; = N(ui, X;) be a k-mixture of Gaussians withw; > a foralli € [k], and let pand
be the mean and covariance of M such that r = rank(Z) and forall i, j € [k), |=*/? (£, - Z;) =2, < 1/va.
Let X be a set of points satisfying Condition 2.47 with respect to M for some parameters (y,t). Given a
set Y, an e-corrupted version of X, of size n > ng = d°W, there exists an algorithm that takes Y as input
and in time nOW outputs estimators fi and ¥. such that & = UAUT is the eigenvalue decomposition, where
U € R™" has orthonormal columns and A € R™" is a diagonal matrix. Further, we can obtain n samples
Y’ by applying the affine transformation y; — U2 (y; — [1) to each sample, such that a (1 — &)-fraction
have mean " and covariance X satisfying
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1wl < Of(1+ L) yea),

1 ’ 1
2 (H(kﬁ/a))lr =r'= (1—(kﬁ/a))l“
3. 1% = Ly < O(ek/a),

where 1, is the r-dimensional Identity matrix, and the remaining points are arbitrary.  Let
X’ be the set obtained by UTEY?(x;—f1). Then, X’ satisfies Condition 2.47 with respect to

Zle wiN (ﬁTﬁ+/2(yi -0, fITﬁ+/ZZiﬁ+/2ﬁ) and parameters (y,t), and Y’ is an e-corruption of X'.

Proof. Forany t’ € N, it follows from Corollary 2.35 that M has 2t'-certifiably (4/a)-hypercontractive
degree-2 polynomials, since w; > « for all i. Next, Lemma 6.6 implies that the uniform distribution
over X also has 2t’-certifiably (8/a)-hypercontractive degree-2 polynomials and for d x d-matrix-
valued indeterminate Q,

|% {E (xTQx -E xTQx)2 <O(1/a) HZUZQZW‘E} '

Then, it follows from Fact 2.38 that if %t’ eI/t <« 1, there exists an algorithm that runs in time
n9") and outputs estimates { and L satisfying:

L - i, € O -,
2. (1 - (k/a)sl‘z/t') r<E< (1 + (k/a)el‘z/t') ¥ and,
3, HZW (z - z) ):*/ZHF < (#']a)O(e1 1Y),

Setting t' = 2, compute 3 = UAUT, the eigendecomposition of £, such that U € R™" has
orthonormal columns, where 7 < d is the rank of £ and A € R™ is a diagonal matrix. Similarly,
let © = UAUT be the eigendecomposition of £. We apply the affine transformation y; —
UT$2 (y; — ) to each sample and thus we can assume throughout the rest of our argument that
we have access to e-corrupted samples from a k-mixture of Gaussians with mean u’ = U7 £/2(u — f1)
and covariance ¥’ = UTS2551/2(]. Then, we have that

aTﬁf/Z([u _ ﬁ)

£V - )
]

where the last inequality follows from (1) and (2). It also follows from (2) that

1411, = | <l

A

1 ~ 1
(1+(kv2/oz>)Z§25 (1—(kv2/a))2' 6D
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Multiplying out (6.1) with UTE1/2 on the left and £/201 on the right, we have

1 ATEHRE 21T < v ( 1
(1+(kvz/a))u S PPy

Observe that (2) implies that the rank of ¥ and X is the same, and thus UT£12551/2(] = I,, where
I, is the r-dimensional Identity matrix. Finally, we have that

) ATEHREENT

I = Il = |

(T$H2Est2(y - mﬁ/zmﬂzau < |[rA-r2gm (z - i) aA—l/zaTH
F F

A 1/2A1/2

O(\/Ek/a) ,

N

(£-=) =]
F

where we use that A=1/2 = A=1/2A12A=1/2, the sub-multiplicative property of the Frobenius norm,

the column span U and U is identical (see (2)), and the Frobenius recovery guarantee in (3).
Finally, it follows from Lemma 2.48 that Condition 2.47 is affine invariant and is thus preserved
under x; — UTE712 (x; — f1), for i € [n], with parameters (), t). O

The above robust isotropic transformation lemma allows us to obtain a covariance that is close
to the identity matrix in a full-dimensional subspace (potentially smaller than the input dimension).
Therefore, we will subsequently drop the subscript for the dimension, wherever it is clear from the
context.

Next, we show that whenever the minimum mixing weight is sufficiently larger than the fraction
of outliers, and a pair of components is covariance separated, we can partially cluster the samples.

Lemma 6.8 (Non-negligible Weight and Covariance Separation). Given 0 < ¢ < 1/ K and k e N,
let @ = eV/AOCK kD) [op A = Zf»;l w;G; with G; = N(ui, Z;) be a k-mixture of Gaussians with mixture
covariance X such that w; > « for all i € [k] and there exist i,] € [k] such that ||Z+/2 (Zi - Zj) Z”ZHF >
1/+a. Further, let X be a set of points satisfying Condition 2.47 with respect to M for some parameters
y < ed 8k=CK, for a sufficiently large constant C, and t > 8k. Let Y be an e-corrupted version of X of
sizen > ng = (k)W /e, Algorithm 4.4 partitions Y into Yy, Yz in time n®Y such that with probability
at least a*¥1°8%/%) there is a non-trivial partition of [k] into Q1 U Qa so that letting M, be a distribution

1/(1ocf+1(k+1)'))

proportional to ZleQ wiGi and Wi = Yicq. wi, then Yj is an O( -corrupted version of

Uieq; Xi satisfying Condition 2.47 with respect to M with parameters (O(ky /W;) , 1).

Proof. Werun Algorithm 4.4 with sample set Y, number of components k, the fraction of outliers ¢ and
the accuracy parameter . Since X satisfies Condition 2.47, we canset t’ > 24, 8 = a! /4 4k" (') < a
in Theorem 4.3. Then, by assumption, there exist i, j such that

B kz(t')4
7 =)

Hz*/z (Zi - %)) z*/ZHF >
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We observe that we also satisfy the other preconditions for Theorem 4.3, since n > (dk/ )Q(l) /€.
Then, Theorem 4.3 implies that with probability at least a¥1°8(k/®) the set Y is partitioned in
two sets Y1 and Y, such that there is a non-trivial partition of [k] into Q1 U Q2 so that letting M,

be a distribution proportional to ZieQ/ w;G; and W; = Zier w;, then Yj is an 0(51/(10Ck+1(k+1)1))_
corrupted version of (Jjeg; Xi. By Lemma 2.50, ;< Xi satisfies Condition 2.47 with respect to M

with parameters (O(ky/Wj) ). O

When the mixture is not covariance separated and nearly isotropic, we can obtain a small list of
hypotheses such that one of them is close to the true parameters, via tensor decomposition.

Lemma 6.9 (Mixture is List-decodable). Given 0 < ¢ < 1/ kko(kz) let @ = V/AOCENR+1D [ op A =
Zle w;G; with G; = N(ui, Z;) be a k-mixture of Gaussians with mixture mean [ and mixture covariance
%, such that ||u||, < O(\/s/_a) IZ-Illp < O(Ve/a), wi > a foralli € [k], and ||Z; — ||, < 1/va
for any pair of components, and let X be a set of points satisfying Condition 2.47 with respect to M for
some parameters y = ed~85k=Ck, for a sufficiently large constant C, and t = 8k. Let Y be an e-corrupted
version of X of size n, Algorithm 3.2 outputs a list L of hypotheses of size exp (1/¢?) in time poly(|L|, n)

such that if we choose a hypothesis {{ii, £; }ic(x) uniformly at random, ||u; — fiill, < O(sl/(zock”(’fﬂ)!)) and
=i - |, < ()(51/(20Ck”(k+1)!))f0r all i with probability at least exp (—1/€?).

Proof. Recall we run Algorithm 3.2 on the samples Y, the number of clusters k, the fraction of
outliers ¢ and the minimum weight a = ¢!/ (10CH(k+1)) | Next, we show that the preconditions of
Theorem 3.1 are satisfied. First, the upper bounds on ||u||, and || X — I||p imply }};cx wi (Zi + yiyiT) =
+puut <1+ O(\/E / a))I . Since the LHS is a conic combination of PSD matrices, it follows that for
alli € [k], pju! < % (1+0(Ve/a)) I, and thus ||yi‘uiT||F < % Next, we can write:

IZi = Il < ||Zi = @+ pp "]l + 12 = Iy + ||ueT ||,

Vek e
= Zi—ij(Zj+yjij) Tt
jelk] .

2 ek ¢
< Zw]-(zi—zj) +E+\/_7+E
jelk] ;
4
<_/
o

where the first and the third inequalities follow from the triangle inequality and the upper bound
on || uil/ ||, and the last inequality follows from the assumption that ||Zi - Z]-” + < 1/+/a for every
pair of covariances X;, ¥;. So, we can set A = 4/« in Theorem 3.1. Then, given the definition of a,
we have that

1 =2k0(1 + A/ Ve = O(¢2")

and 1/¢2 > log(1/n)(k + 1/a + A)*+5 /2. Therefore, Algorithm 3.2 outputs a list L of hypotheses
such that |L| = exp (1/¢?), and with probability at least 0.99, L contains a hypothesis that satisfies
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the following: for all i € [k],

_ oA\ i 1/Q0CK1(k+1)1) | . 1/(10CK*1 (k+1)! 1/(20Ck1(k+1)!
Il fti — will, O( )r] ()—O(e‘ /( (1)) 1€ ””)-O(s /( (+)')) and
(6.2)

[ Zi||F _ O(k4) %/znc(k) _ 0(81/(20Ck”(k+1)!)) .

Then if we choose a hypothesis in L uniformly at random, the probability that we choose the
hypothesis satisfying (6.2) is at least 1/|L| = exp (-1/ 52). O

Finally, if the mixture has a covariance matrix with small variance along any direction, we can
further cluster the points by projecting the mixture along that direction.

Lemma 6.10 (Spectral Separation of Thin Components). Given 0 < & < 1/kko(k2), let @ =
e1/A0C 1)) - Top A = Zle w;G; with G; = N(ui, L) be a k-mixture of Gaussians with mixture
covariance T such that ||£ —I||p < O(Vek/a), and let X be a set of points satisfying Condition 2.47
with respect to M for some parameters (y,t). Given a set Y being an e-corrupted version of X of size n,

and estimates {[1;, ii}ie[k], such that ||u; — fill, < 0(81/(20Ck+1(k+1)!)), ||Zi _ ii”F < 0(81/(20C"”(k+1)!)),

suppose there exists a unit vector v € R? such that v™£,0 < O(/@C D) for some s € [k]. Then,
there is an algorithm that efficiently partitions Y into Y1 and Y, such that there is a non-trivial partition of
[k] into Q1 U Q2 so that letting M be a distribution proportional to ZiEQi w;G;and W; = Zite, w;, then
Y; is an (O(kz)/) + O(el/(SOkCM(k”)!)/Wj))—corrupted version of Ujeq, Xi satisfying Condition 2.47 with
respect to M with parameter (O(ky /Wj) , t).

Proof. We run the algorithm from Lemma 5.1 with the input being the samples Y, the current
hypothesis {{i;, £}ic[x), and the minimum eigenvalue 1 = 0(61/ (40Ck+1(k+1)!)). Observe that the

mixture covariance satisfies L > (1 - O(\/Ek / a)) I > I/2 and the upper bound on means and

1/(20k

covariance is 0 = O(e C*k+1y ) by assumption. Therefore, we satisfy the preconditions of

Lemma 5.1. Thus, we obtain a partition Y, V> such that there is a non-trivial partition of [k] into
Q1 U Q2 so that letting M; be a distribution proportional to 3;cq, wiGi and Wj = };cq. wi, then
it follows from Lemma 2.50 that Y; is an (O(k2y) | O( g1/BOkCE (k) / Wj))-corrupted version of
Uieg; Xi satisfying Condition 2.47 with respect to M; with parameter (O(ky /W;) , t). m]

6.2 Proof of Theorem 6.1

Proof of Theorem 6.1. We divide the proof into two parts: first we show that Algorithm 6.4 outputs a
hypothesis M = 3¢ @iN (fi, 3;) such that M and M are O(&)-close in total variation distance
with probability at least exp (—O(k)/&?); then we show that Algorithm 6.3 outputs a k-mixture of

Gaussians M such that M and M are O(e)-close in total variation distance with probability 0.99.
1

(100)F CTEDisf(k+1)k!

depends on k, where C > 0 is a sufficiently large universal constant.

We proceed the first part by induction on k. Let ¢x = be a scalar that only
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(" Add to list of hypotheses ) : Spectrally Separate Thin :
(tv distance < kal/%) ' Corrllponents ]
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(Lemma 6.5) . . .
J . (Lemma 6.10) .
¢ A
Robust Tournament
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- J

Figure 1: If we assume a 1/poly(k) lower bound on minimum weight, then we can skip all blue
steps above; the partial clustering is carried out till it can no longer be done within a cluster and
then followed by the tensor decomposition step.

Induction Hypothesis: Let X be a set of points satisfying Condition 2.47 with respect to a
k-mixture of Gaussians M for some parameters y = ed 8 k~C'’¥, where C’ is a sufficiently large
constant and t = 8k + 48. Given a set Y being an e-corrupted version of X of size n, the outlier
parameter ¢ and the component-number parameter k, Algorithm 6.3 returns a k-mixture of
Gaussians M such that M and M are Oi(&°F)-close in total variation distance with probability
exp (—(3k —2)/¢&?).

Base Case: For k = 1, the algorithm returns the single Gaussian with mean i and . at Step 2.
Suppose the true Gaussian is N(u, X). It follows from the proof of Lemma 6.7,

-l = -l <olv8
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and
e (5=, <ol
F

and thus it follows from Fact 2.1 that the total variation distance between the hypothesis Gaussian
and the true Gaussian is at most O(\/E ) We can then conclude that the base case is true.

Inductive Step: We assume that our induction hypothesis holds for any m < k and then prove
that the induction hypothesis holds for k.

Small Clusters Can be Treated as Noise. Conditioning on the base case being true, we begin by
guessing whether the minimum weight is less than ¢!/ (10CH(k+1)) with equal probability.

Let Wmin = min; w;. If wmin < el/ (mcm(k“)l), our algorithm takes step 1 with probability 0.5.
In this case, we treat the smallest component as noise and recurse on the set of samples Y. We

set the number of components to be k — 1 and the fraction of outliers being ¢ + !/ (10CH(k+1))

2£1/(10CK (k1)) By Lemma 2.50, Y is an 2¢1/00CK (k1)) _

corrupted version of a set satisfying

Condition 2.47 with respect to a (k — 1)-mixture for parameters y = O(ked 3 k=C% /(1 — wmin)) <

ed80=1(k —1)"C"*=1) and t = 8k + 48. Thus applying the inductive hypothesis to Y, we learn
Ck—

the mixture up to total variation distance Ok((Zsl/ (10ck+1(k+1)!)) g 1) < O(e) with probability

0.5exp (—(3(k —1) —2)/e?) > exp (—(3k —2)/¢?). Now we may assume for all i € [k], w; >
s1/(1ock+1(k+1)!)_

Mixture is Covariance Separated. Let a = l/A0CH (k1)) ang Y1 = {3 N(ui, Zi), N(yj, Zj) |
||Zi - Z.j” P> a1/} be the event that the samples were drawn from a mixture that is covariance
separated. First, consider the case where 11 is true. We will run 3(a) with probability 0.5. Then it
follows from Lemma 6.8 that Y can be partitioned into Y; and Y3 in time d°(), such that they both
have at least one component and the fraction of outliers in each set Y1, Y> is at most ¢!/ (10CK* (k1)1
with probability a0 1o8(k/@) Then, we can guess the number of components in Y; and we will be
correct with probability 1/k. Conditioned on our guess being correct, let Y; consist of k1 components
and Y, consist of k, components and k1 + k> = k.

Let Q1 U Q2 be the non-trivial partition of [k] in Lemma 6.8, M; be a distribution proportional
to Yieq, wiGi and Wj = ¥;co. wi, then By Lemma 2.50, Y] is an O(sl/(lock”(kﬂ)!))-corrupted version
of Uier X; satistying Condition 2.47 with respect to M with parameters y = O(ked’Skk’C’k Ja) <
ed 5 (kj)"'% and t = 8k + 48. Then, applying the inductive hypothesis on Y; for j = 1,2, with
number of components k;, we can learn the mixtures M; up to total variation distance error
Ok(eckf/ (10CKT k1) !)) with probability exp (—(3kj — 2)/¢?). Finally if this is the case, we combine

the two hypotheses on Y1, Y2 by multiplying each weight in the hypothesis of Y; by |Y;|/|Y] and
then taking union of two hypotheses. Then our combining method gives a final output that learns

our full hypothesis to total variation distance error Ok(eckl/ (10Ck+1(k+1)!)) N Ok( el (10Ck”(k+1)!)) <
Ox(e°F) with probability at least 0.5 0.5 - 1 - aOk1o8k/a) exp (—(3ky — 2)/&?) exp (—(3kz — 2)/€?) >
exp (—(3k —2)/¢&?).
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Mixture is not Covariance Separated. Next, consider the case where 1)1 is false. With probability
0.5, the algorithm guesses correctly and executes Step 2. Since the mixture is not covariance
separated, we satisfy the preconditions of Lemma 6.7, and after applying the transformation in Step
2, ¥, the covariance of the mixture M, is ek /a-close to the r-dimensional identity, where 7 is the
rank of X. However, since we obtain the subspace exactly, we can simply project all samples on the
subspace and we drop the r in the subsequent exposition.

Let X’ be the set of points obtained by applying the Affine transformation from Step 2 as defined
in Lemma 6.7. Then, X’ satisfies Condition 2.47 with respect to a nearly isotropic mixture and
parameters y = ed 8 k~C'F and t = 8k +48 so that we can continue the algorithm with X’. Whenever
we return a hypothesis in the following steps, we will first apply the inverse of the transformation
on our estimates [i; and 3. Since total variation distance is affine invariant, we have the same error
guarantee in total variation distance after applying the transformation. From now on, we reduce to
the case where T is vek/a-close to the Identity.

There is a 50% chance our algorithm runs Step 3(b) and we will analyze the remainder of this case
under that assumption. It follows from Lemma 6.9 that we obtain a hypothesis {[1;, i) ie[k] such that

i — fill, < 0(61/(20Ck+1(k+1)!)) and ||Z; - %, < 0(51/(20(3“1("“)!)) with probability exp (—1/&2).
Conditioned on the hypothesis being correct, we now split into two cases: either all eigenvalues of

all the estimated covariances are large (in which case we obtain total variation distance guarantees),
or there is a direction along which we can project and cluster further.

Covariance Estimates have Large Eigenvalues. For the hypothesis {{;, Z; };e[x] from the last step,
we compute all the eigenvalues of the estimated covariance matrices, 3, forall i € [k]. If, for all

i € [k], Amin (ﬁl) > cel/(4ock+1(k+1)!), we land in Step 3(b).i that we guess the mixing weights o;

uniformly in the range [0, 1] and then we output the corresponding hypothesis {@;, {li, £i}ic[x]-
With probability at least ¥, @; are within ¢ of the true mixing weights. Under this condition, by
Lemma 6.5, the mixture M = 3¢ @iN (ﬁi, ﬁ,-) is Ok(gl/(‘mck“(kﬂ)!)) < Ok(e%)-close to M in total
variation distance with probability 0.5 0.5 - ¢* - exp (=1/¢2) > exp (—(3k — 2)/&?).

One Covariance Has a Small Eigenvalue. Consider the case (Step 3(b).ii) where there exists a
unit-norm direction v and an estimate 3; such that v7%;0 < cel/ (40C** ! (k+1)) Tt then follows from
Lemma 6.10 that we can partition Y into Y7 and Y, such that each has at least one cluster and
51/(80]‘(:“1("“)!)) n. If Y1 or Y, has size

1 /(400kc’<+1(k+1)1))_

the total number of outliers in both Y; and Y5 is at most O(

less than ¢1/(00KC (k+1)Dy;  then we can treat it as noise and get an additive O(e

error in total variation distance. Otherwise, the fraction of outliers in both sets is at most
O((El/(SOkC"”(kH)!)n) /(81/(400kc"”(k+1)!)n)) _ O( 81/(100kc"”(k+1)!))' We then guess the number of

components, ki, in Y] with success probability 1/k. Let k, = k — k; be the number of components

lOOkC"“(kH)!))

in Y>. Then, conditioned on this event holding, Y; is an O(El/ ( -corrupted version

of a set satisfying Condition 2.47 with respect to a mixture of k j components with parameter
y = ked 8 k=Ck/a < ed’8(kf)(kj)_c/(kf) and t = 8k +48. We can apply the inductive hypothesis to
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1/ (100kck+1(k+1)l)), and conclude that

Y7 with number of components k; and fraction of outliers O(e

we learn the components of Y] to total variation distance Ok(eckl/ (IOOkCM(k“)!)) with probability

exp (—(3k] -2)/ 52). A similar argument holds for Y,. Finally if this is the case, we combine the two
hypotheses on Y1, Y2 by multiplying each weight by |Y;|/|Y| and then taking union of two hypotheses.
Then our combining method gives a final output that learns our full hypothesis to total variation
distance error Ok(e% /(1oock+1(k+1)!)) n Ok(gckz/(looCk”(kH)!)) n 0(81/(400kc"”(k+1)!)) < Oule%) with

probability at least 0.5- 0.5 1 - exp (—1/&? — (3ky — 2)/e* — (3k, — 2)/ &%) > exp (—(3k —2)/¢&?).

Sample Size and Running Time of Algorithm 6.4 By Lemma 2.51, we need n > kt"*d* /3
samples to generate X satisfying Condition 2.47 with parameters (y, t). We set y = ed 8 k=% and
t = 8k +48. Then n > ng = (8k)°®d°®) /3. The running time in each sub-routine we invoke is
dominated by the running time of the tensor decomposition algorithm, and by Lemma 6.9 in the
worst case this is poly(|L|, n) = poly (exp (1/€%), do(k)/e3) = d9W exp (1/€2).

This completes the first part of the proof.

Aggregating Hypotheses. We run Algorithm 6.4 repeatedly on set Y and add the return hypothesis
into a list £ until with probability 0.99, there exists a hypothesis M\ € L such that M\ and M
are Oi(e%)-close in total variation distance. Since Algorithm 6.4 outputs a correct mixture with
probability exp (—(3k —2)/ 52), we will run Algorithm 6.4 for exp (O(k)/ 62) times. Then the total
running time is exp (O(k)/e?) - d9® exp (1/¢2) = d°® exp (O(k)/?).

Robust Tournament. Then we need to run a robust tournament in order to find a hypothesis that
is close to the true mixture in total variation distance. Fact 2.52 shows that we can do this efficiently
only with access to an e-corrupted set of samples of size Oy(log(1/¢)/&%k).

This completes the proof. O

7 More Efficient Robust Partial Cluster Recovery

In this section, we prove the following upgraded partial clustering theorem. In contrast to
Theorem 4.3, here we obtain a probability of success that is inverse exponential in k instead of 1/a.

Theorem 7.1 (Robust Partial Clustering in Relative Frobenius Distance). Let 0 < ¢ < a/k <1
and t € IN. There is an algorithm with the following guarantees: Let Y be an e-corruption of a sample
X of size n > (dk)“' /e for a large enough constant C > 0, from M = 3, wiN(u;, L;) that satisfies
Condition 2.47 with parameters 2t and y < ed 3k=Ck, for a large enough constant C > 0. Suppose
further that w; > a > 2¢ for each i € [k], and that for some t € N, B > O there exist i,j < k such that

|=H/2(z; - Z]-)Z*/Zui =Q ((k2t4)/ﬁz/ta4), where X is the covariance of the mixture M. Then, for any

n > \e/a, the algorithm runs in time n°®), and with probability at least 2-°®(1 — O(n/a — /7)) over
the random choices of the algorithm, outputs a partition Y = Y1 U Y, satisfying:
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1. Partition respects clustering: for each i, max {w%n Y1 N X;|, =Y, N Xil} >1-0(n) - O(n%),

/win

where X; C X corresponding to the points drawn from N(u;, L;).

2. Partition is non-trivial: max; w%_n|Xi N Y1, max; w%_ani NY2| >1-0(n) - O(%).

7.1 Algorithm

Our algorithm will solve SoS relaxations of a polynomial inequality system. The indeterminates in
this system are X’ (that is intended to be the guess for the original uncorrupted sample), a cluster
of size an within X’ (indicated by z;s) with mean fi and covariance matrix & and IT (intended to be
the square root of £). The input corrupted sample Y is a constant in this inequality system. Let
U € R and m, z € R? also be indeterminates of the proof system. The system can be thought of
as encoding the task of finding clusters C within Y that satisfies certifiable hypercontractivity of
degree 2 polynomials.

We present the constraints grouped together into meaningful categories below: The first set of

constraints enforce that . is the square of TT.
. . nm=uur
Covariance Constraints: A = s (7.1)

The intersection constraints force that X’ intersects Y in all but an en points (and thus, 2¢-close
to unknown sample X).

Vi € [n], ml2 = m;
Intersection Constraints: Ay = ZiegyMmi = (1 —é&)n (7.2)
Vie[n], zi(fi—-x})=0

The subset constraints enforce that z indicate a subset of size an of X’.

) Vi € [n]. zf =2z
Subset Constraints: Az = (7.3)
Zie[n] Zi =an

Parameter constraints create indeterminates to stand for the covariance ¥ and mean fi of C
(indicated by z).

Parameter Constraints: As = = (7.4)

Certifiable Hypercontractivity : Ay=

Vi < 2s ]IZE(Q _ ]IZEQ)Zt < (Ct/(X)tZZt (HZE(Q _ ]IZEQ)Z)t
e (7.5)
BQ-EQP <10(1) 10
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where we write E, Q as a shorthand for the polynomial % 2. 2iQ(x;) and E.(Q — Ex, Q)%
for the polynomial - 3, z; (Q(x) — L 3., ziQ(xg))ZJ for any j. Note that Q is a d X d-matrix
valued indeterminate. Observe that Q itself can be eliminated from the system as is standard
in several applications [KS17b, KS17a, HL18, BK20b] of SoS proofs in obtaining a succinct set of
polynomial constraints (see Section 4.3 on “Succinct Representation of Constraints” in [FKP19] for
an exposition).

Algorithm 7.2 (Polynomial Time Partial Clustering).

Given: AsampleY of size n. An outlier parameter ¢ > 0 and an accuracy parameter n > 0.
Output: A partition of Y into partial clustering Y1 U Yo.

Operation:

1. Mean and Covariance Estimation: Apply Robust Mean and Covariance Estimation
(Fact 2.37) to estimate fi and £ such that 3¥. < £ < 1.5X where ¥ is the covariance of the
uncorrupted input mixture.

2. Approximate Isotropic Transformation: For each y; € Y, let §j; = Z'/?(y; — ). Let
Y = Uicu i

3. SDP Solving: Find a pseudo-distribution C satisfying Ui A; such that ]Ezzi €a+o4(1)
for every i. If no such pseudo-distribution exists, output fail.

4. Rounding: Let M = ]Ez~5[zzT].

(1) Generate candidate clusters: For { = O(1/alogn/a) times, draw a uniformly
random i € [n] and let C; = {j 1 M(i,j) > a®/2}. Let £ = Ui<tCi.

(b) Candidate 2nd Moment Estimation: Foreach C; € L, let S; be the output of running
robust 2nd moment estimation with Frobenius error (Lemma 7.7) on C; with outlier
parameter n; = O(%5 + 0%) .

(c) Merge candidate clusters: For each i < {, find L; to be the collection of all j such
that ||Si - Sf||F < 2Ct for a large enough constant C > 0. Set C,uLi=B, Repeat
on L\ {L; Ui}.

(d) Output a union of a random subset of candidates: For £’ = U;B;, choose a
uniformly random subset S of L', set Y1 = Ujesﬁj andset Y, =Y \ V1.

Analysis of Algorithm

Lemma 7.3 (Success of Step 1). Let X be the output of the robust covariance estimation algorithm (Fact 2.37)
applied to the input sample Y with outlier parameter €. If Y is an e-corruption of a sample X from a GMM
with minimum weight > «a > Q(+¢), mixture mean p and covariance X satisfying Condition 2.47, then,

0.5 <% <1.5%,
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[£ 2w - a0, < over.

Proof. The lemma immediately follows by noting that GMMs with minimum weight a are 4-
certifiably 1/a-subgaussian (Fact 2.27) and a > Q(+Ve).
O

Lemma 7.4 (Simultaneous Intersection Bounds for Frobenius Separated Case). Let X = X1 U X, U
... Xk be a sample of size n > (dk)“! /¢ for a large enough constant C > 0, from M = ¥, w;N(u;, ;) that
satisfies Condition 2.47 with parameters 2t and y < ed™8'k=C¥. Suppose further that ||u;|l, < 2 for every i,
1Zi], < %for every i and the mixture mean u, covariance ¥ satisfy ||u|l, < 1 and 0.5 < X < 1.51. Let

7=108 [%,for any B > 0. Then, given any e-corruption'Y of X, for every i, j such that ||Zl- - Z]-”lzT > QO(1),

(UL} B {72 (x) <}
where z'(X;) = w%n jex; zil(x; = y;) for every i.

Proof of Theorem 7.1. First, since Y is an e-corruption of a sample X from a GMM such that X
satisfies Condition 2.47, our robust mean and covariance estimation procedure (Step 1) applied to
the mixture succeeds and recovers an estimate of the covariance that is multiplicative 1 + 0.5-factor
approximation in Léwner order. Thus, for the rest of the analysis, we can assume that the smallest
and largest eigenvalue of the mixture covariance are at least 0.5 and at most 1.5. Since each
component has weight at least a, this means that each of the constitute component covariance can
now be assumed to have a spectral norm at most 1.5/a.

Next, by an argument similar to the one presented in the proof of Theorem 4.2, the convex
program we wrote is approximately solvable in polynomial time and is feasible whenever the
uncorrupted sample X satisfies Condition 2.47. The only change here is in the certifiable hyper-
contractivity constraints where instead of the RHS of the bounded variance constraint is stated in
terms of ||Q||12,- instead of ||l_IQl_I||12T with an additional slack of O(1/a?). This modified constraint
is satisfied by all true clusters by an application of Lemma 2.25 since each of their covariance has
spectral norm at most 1.5/a.

Rounding Let M = ]EEZZT. Then, by an argument similar to the proof of Theorem 4.2, we can
conclude:

1. 04(1) +a > M(i, ) > 0.
2. Z}Ll M(i,]) = (& — 04(1))n for every i.
3. Forevery i, let B; be the set of “large entries”: i.e. j such that M(i, j) > a?/2. Then, |B;| > an/2.

In the following, let M; denote the i-th row of M and ||M;||; for the sum of the non-negative
entries of the vector M;.
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Candidate Clusters For every i, let F; C [k] be the set of all i’ € [k] such that ||X; — Zz-/||% > 1 (ie.,
F; is the set of indices of true clusters whose covariances are far from that of the i-th cluster in
Frobenius norm). For every row j € [n], let C(j) € [k] be such that j € X¢(;) Let’s call j-th row of M
“good” if x; = y; (i.e j-th sample is not an outlier) and the following condition holds:

> > o<l (B).

rch(j) teX,xi=y,

Thus, by Markov’s inequality, the fraction of non-outlier entries in B j that come from X, such
that v’ € F, is at most 2 (%)

Let us estimate the fraction of good rows now. From Lemma 4.6 and Fact 2.18, we have that for
every r and r’ € F;:

/(X)) (X,)] < B.
Here, recall that z/(X;) = ern Yi<n zil(yi = x;) for every r. Summing up over r’ € F, yields:

win Z Z Z E[zizj] < np.

r'€F, i€X,xi=yi J€X,:xj=Y;

Thus, by Markov’s inequality, with probability at least 1 — 1 over the choice of i € X, such that

x; = yi, it must hold that:
Z Z ]E[ziz]-] <n (g) X

r'eF, jEX,,/ZX]':y]'

Using that (1 — ¢/a)-fraction of i € X, satisfy x; = y;, for every r, we conclude that 1 —n — ¢/a-
fraction of the rows X, are good.

Thus, with probability at least (1 —n — ¢/a)" > (1 — O(¢(n + ¢/a))), every candidate cluster
picked in Step 1 of our rounding algorithm corresponds to the large entries from a good row of M.

We next claim that we cover most of the points in the input in the union of the candidate clusters:

| Uit Ci| > (1 -2y - (7.6)

€
ik
with probability at least 1 — /1. To see why, let’s estimate the chance that an element j € [n]
does not appear in any of the C;s. First, we can assume that j-th row of M is good (this loses us
n + &/a-fraction js). For each such j, there are at least an /2 large entries. Since M is symmetric,
the j-th column of M also has an /2 large entries. Further, j appears in U;<,C; if at least one of the
an /2 large entries are chosen in our rounding. The chance that this does not happen in any of
the ¢ picks is at most (1 — a/2)’. Since { = ® (% log(1/n)), this chance is at most O(n). Thus, in
expectation [[n] \ U;</C;| < O (1 + ¢/a) n. By Markov’s inequality, with probability at least 1 — /7,

Iln]\ Ui<tCil < O (\/ﬁ+ ﬁ) "
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By a union bound, with probability at least 1 — O (¢ — e€/a) — T > 1 - O (nlog(1/n)/a — \7),
we must thus have both the following events hold simultaneously:

| Uige él| = (1 — 24/ - ) n > (1-3ymn (7.7)

_&
VAL

and, forevery 1 <i < ¢,

|éi N (Ur'ch(r)Xr')| <2 (77% + 5/05) : |éz| . (7.8)

Merging Candidate Clusters Observe, following the proof of Theorem 4.3, we know that there
exists a partition of Y into sets Y7 and Y, such that for all i,

1 1 8
max{ﬂm N Xil, ﬂh@ mXz’|} >1-0(n) - O(TF?)’

1 1

and
1

win

p

na2

1
max |XiﬂY1|,maXﬂ|XiﬂY2| >1-0(n) - 0(=—).
i 1 i
Next, we show that the merging step preserves this partition. For each C;, let C i= ¢inu jgFon X+
That s, C * is the subset of C; obtained by removing points from “far-off” clusters and the outliers.
Then, since we know that |C;| > an/2 and |X N Y| > (1 — ¢)n, we must have |C;| — |é;| = n;léll <

(3—5 + 2 ) |C;|, where we note that < (3—8 + ﬁ)

a  na? a ' na?

Thus, C: is a collection of > (1 —n})an/2 points from the submixture Uj¢r., X;. We know
that each p; is of ¢, norm at most 1/a, each ; has spectral norm at most 1/a and that for every
r, v & Fcay |15 — Zr/||% < 7. Further, L, is at most 7 + 1/a = O(7)-different in Frobenius norm
from the covariance of the sub-mixture. By an argument similar to the proof of Lemma 2.44, we can
establish that the submixture with components r such that » ¢ Fc(;) is O(t)-certifiably bounded
variance. Since CA; is a subset of this sub-mixture of size an/2, we immediately obtain that él' is
O(t/a)-certifiably bounded variance. Thus, applying Lemma 7.7 with outlier parameter n; to input
C; yields an estimate S; of the 2nd moment of C/ within a Frobenius error of at most O(t/a) From
Lemma 7.8, this is an additional O(1/a) different in Frobenius norm from the 2nd moment of the
sub-mixture which, as argued above, is itself at most O(7) different in Frobenius norm from X;.
Chaining together yields that ||X; — S; ||12: < O(t/a) for some constant C.

Since for every r € S,r’ € T it holds that ||Z, — X, ||12D > ()(1/a), conditioned on the good event
above, our algorithm never merges Ciand C j whenever i, j are non-outliers and i is in some cluster
in S and j is in some cluster in T. On the other hand, if i, j belong to the same cluster, then, the
corresponding estimate ||Si -5 ]”12: < 2Ct. Thus, our merging process always merges together any
such candidates.

As a result, the output of the merging process can have at most one i from any true cluster — thus,
the number of distinct members of L’ is at most k. We note that the running time is dominated by
computing a pseudo distribution satisfying the union of all the constraints (Step 3 in Algorithm 7.2)
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and requires n°%) time. Step 4 computes a degree O(1) sos relaxation for at most O(f) components
and the merging only requires a fixed polynomial in 4 and k time.
O

7.2 Proof of Lemma 7.4

In the following lemma, we show that the constraint system A, via a low-degree sum-of-squares
proof, implies that a lower bound on the variance of any degree 2 polynomial on X’ whenever the
cluster C (indicated by z) appreciably intersects two well-separated true clusters.

Lemma 7.5 (Lower-Bound on Variance of Degree 2 Polynomials). Let Q € R be any fixed matrix.
Then, forany i, j < k, and z'(X,) = w%ﬂ Yiex, zi - Wyi = x;), we have for any r # 1" € [k],

(32Ct/a)*
(Ex, Q — Ex, Q)*

w?w ;

Al {z'<xr>z’<x;> < (  (e@-EQpR)

012 2t a2 2t
+w—%(;5(Q—;5Q)) +w—%(;l§y(Q—%Q))) .

Proof. Let z; = z1(y; = x;) for every i. For every 1 < r < k, let Ex, Q denote the expectation
of the homogenous degree 2 polynomial defined by Q: Ex, Q = ﬁ 2ijeX, Q(x;) for every r
where Q(x;) = xiTQxi. Similarly, let IE, Q be the quadratic polynomial in z defined by E, Q =
% Yi<n 2iQ(x;). Using the substitution rule and non-negativity of the z’s, we have for any r, " € [k]:

Al {IZE(Q SEQ¥ = — 3z (00 ~EQ)”

i€[n]

s e ]

1€X,UX,rixi=y;

Then, using the SoS almost triangle inequality (Fact 2.21), we have:
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wiefh 5 lom-

i€eX,UX,r
R 1 | 2t
>2 *(a—ni; (IEQ IEQ) ——Z; ( (%)—EQ)
1 2t 1 2t
+272 — Z z;()]gQ—]EQ) - Z Z;(Q(xi)_;F/Q) (7.10)
i€X,ixi=y; ’ i€Xy Xi=yi '
2t 2t
=2-2f( “(X)(IEQ EQ) ——Z(Q(x)—JEQ)
ieX,
2t 2t
+22f( ’(X)(IEQ EQ) ——Z(Q(x)—EQ) )}
i€X,r

Next, observe that by the SoS almost triangle inequality (Fact 2.21), we must have:

2t 2t 2t
_ _ S o2
ﬂlz{(;lg@ IZEQ) +(;5Q IZEQ) 2 (JEQ ;5(3) }
Further, note that A 5 {&2/(X) + 22/ (Xp) < 2 <1}. Thus, using Fact 4.8
with A = £2/(X,), B = %7(X,), C = (Ex, 0 -E. Q)Zt, and D - (Ex, Q - E. Q)*
©=2"%(Ex, Q - Ex, Q)Zt, we can derive:

—6t wrwr

; 2t
Al {(Ct/a)” (EQ-EQP) > EQ-EQP >2 2(X,)7'(Xr) (IE Q-E Q)

2t 2t
Y plo_EQ| -2 E(0-E
a X Q X, Q a X, Q X,/ Q

) t
> 2 T ()2 ) (E Q - E OF - 2ct/o |E (0~ EQ)

]

where the first inequality uses the Certifiable Hypercontractivity constraints (A4) and the last in-

2
- ~r(Ct/a) | E (Q -E Q)

(7.11)

equality follows from the Certifiable Hypercontractivity of X, and X, (Condition 2.47). Rearranging
completes the proof.
o
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We can use the lemma above to obtain a simultaneous intersection bound guarantee when there
are relative Frobenius separated components in the mixture.

Lemma 7.6 (Lemma 4.6, restated). Suppose ||Z‘1/2(Zr - Zr/)Z‘l/ZHF 108151 . Then, for z(X,) =
oo Diex, Zi - 1(yi = x1),

A (2(X)2(X) < B} -

Proof. WLOG, we will work with the transformed points x; — L7"/“x; where X is the covariance of
the mixture. Note that our algorithm does not need to know X — this transformation is only for
simplifying notation in the analysis that follows.

Lety, =X V2y,»-1/2 ¥ = 2‘1/22 2‘1/2 and £, = Z‘l/ZZr/Z‘l/z be the transformed covari-
ances. Then, notice that ||)ir||2 o ||Z||2 L5 and ||er||2 wr 1Z]], <

We now apply Lemma 4.10 with Q = X, — i Then, notice that Ex, Q - ]EXr/ Q= ||i, - i,/”i +
ul (L = oy — uh(Er — o )pue > IIQIIF - i Then, we obtain:

a’

-1/2

Al {z(Xr)z(xm
2ct/a | o A a N oa A
<(EX,Q—1EX,,Q) (ww (E@-EQF) +w—r(£@—}§,@>) +w—r,(¥r(Q—;l(EyQ)) }

(7.12)

Since X, and X, have certifiably C-bounded variance polynomials for C = 4 (as a consequence
of Condition 2.47 and Fact 2.45 followed by an application of Lemma 2.25), we have:

- 10 10
EQ- EQF <6808l < =210l < Il .
r/
and 10
Q- EQP <6fgi0n < o2 101 < 7101

Finally, using the bounded-variance constraints in A, we have:

A EQ-EQP < lIQl}

Plugging these estimates back in (7.12) yields:

2t 2 2t tZt
ﬂl%{z(X,)z(Xr/)< (1000Ct/aP (o @ & | _ 3 (1000CH* _ 3(1000CH) }

2t ot ’ ’ = ’ 2t 2t 2t 2t
QI « Wy Wy WrWr Wroy ot | QIE a1 QI
(7.13)

Plugging in the lower bound on ||Q ||%t and applying cancellation within SoS (Fact 4.9) completes
the proof. O
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7.3 2nd Moment Estimation Subroutine

The following lemma gives a 2nd moment estimation algorithm with error in Frobenius norm for
distributions that have a certifiably bounded covariance. The proof is very similar to the SoS based
mean and covariance estimation algorithms but we provide it in full for completeness here.

Lemma 7.7 (2nd Moment Estimation in Frobenius Norm). Let 1/100 > n > 0. There is an
nOW time algorithm that takes input an n-corruption Y of an sample X of size n and outputs an
estimate My of the 2nd moment of X with the following properties: Let X C R? be a collection of n

2
points satisfying }% {IP1<_| Yixex (Q(x) - pl(—'Q(x)) <C ||Q||§}for a matrix-valued indeterminate Q. Let
M; = % S vex xxT. Then, the estimate My output by the algorithm satisfies:
|Ma = M|} < 80Cn.

Proof. Consider the constraint system with scalar-valued indeterminates z; for 1 < i < n and
d-dimensional vector-valued indeterminates x/, x5, ..., x;, with the following set of constraints:
A =

Vi<n zzzzi

Vi

/AN
=

S|~

=

i=1

X

T
i

" 2

4 l ’ ’
Qxj—— > x| <ClQllf

i=1

(7.14)

Observe that X’ = X and z; set to the 0-1 indicator of non-outliers satisfies the constraint system.
Thus, the constraints are feasible.

Our algorithm finds a pseudo-distribution { of degree 10 satisfying the above constraints and
output E[M,]. Let us now analyze this algorithm. The key is the following statement that gives a
sum-of-squares proof of closeness of M, and M, in Frobenius norm. We use the notation Ex Qand
Ex Q to abbreviate 1 3" | x[Qx; and Ly x'T Qu! respectively.

n

; 2
A I% { (% Z X[ Qx; — % Z x’z-Tng)

i=1 i=1

. 2
= (% Z(l = zi1(x; = yi))x] Qxi - x'iTng)
i1

n

n

< (%(1 - zil(x; = yi))z) (1 Z () Qxi — x'iTngf)

i=1
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<20n-(%n (ox-EQ) + > (vTox-EQ) +(EQ-EQ)

=1 i=1

2
< 207(2C Q1) +207 (EQ - EQ) }

where the first inequality follows by the SoS version of the Cauchy-Schwarz inequality and the 2nd
by the SoS version of the Almost Triangle inequality.
Rearranging and using that 1 — 201 > 1/2 now yields that:

2
Q 1 - 1 N ’ ’
Al {(5 Z xf Qi =~ Z x Z-TQxZ-) < 80Cn IIQII§}

i=1 i=1

Notice that the LHS above equals the linear polynomial (M, — M, Q). We now plug in Q = My — M,
to obtain:

A l% {”MZ - Mz”i < 80Cn HMz - Mz”i}
Applying Fact 2.24 yields:

Al {||]\712 - M|f} < 804C4174}

Taking pseudo-expectations with respect to { and using Holder’s inequality for pseudo-
distributions yields that

|Ee M — My|[) < B || M2 - M|} < 80*C*p*.
Taking the 4-th root, we can conlcude our rounded value M, = ]Ei M, satisfies:
[N — M|} < 80Cn.

This completes the proof.
O

We also note the following simple consequence of the certifiable bounded variance property
that follows via an argument similar to the one employed in the proof of the previous lemma.

Lemma 7.8 (Subsamples of Bounded-Variance Distributions). Let X € RY be a collection of n

Q
points satisfying }7 {ﬁ Drex(Q(x) - |17|Q(x))2 <C ||Q||12;}for a matrix-valued indeterminate Q. Let
M, = ﬁ Yrex Xx T be the 2nd moment of X. Let S C X be a subset of size at least B|X|. Then,

n

2

1
EZXXT—Mz
F

xeS

1
<=
p

75



Proof. We have by the Cauchy-Schwarz inequality:

d

qu D 1x € S)xTQx - My), Q))) (lel(x e 5)2) (Z(xTQx ~ My), Q>)2)

xeX xeX
ISI)
Q
(le QI -

We now substitute in Q = I%I Yivex 1(x € S)(xTQx — M to obtain:

2
o ]| 1 |S]
1(x € S)(x"Qx - M ) ( ) 1(x € S)(x"Qx — My)
'7{ |X|;g X] IXI;( “I.
We now apply Fact 2.24 to yield:
1 S (1sl)*
Q
1(x € S)(x"Qx — My)|| < (—)
2 { 1] );( 2 o\l
We finally apply Fact 4.9 to conclude that:
| " _(Is
Q
1(x € S)(x"Qx — M) (—) :
B { 1X| ;( 2 PN
Rescaling gives the claim. m|

8 Proof of Theorem 1.4

In this section, we prove our main algorithmic result, which we restate below in more detail.

Theorem 8.1 (Robustly Learning k-Mixtures with small error). Given 0 < ¢ <1/ KK and a multiset
Y ={vy1,y2,...,Yn} of ni.id. samples from a distribution F such that drv(F, M) < ¢, for an unknown k-
mixture of Gaussians M = ;. wiN (ui, X;), where n > ng = dow) poly, (1/¢), there exists an algorithm
OW poly, (1/¢) and with probability at least 0.99 outputs a hypothesis k-mixture of
Gaussians M = Yick OiN (ﬁi, ii) such that dry (M, /T/[\) = O(e%), with ¢y = 1/(100fC*+D' k1sf(k+1)),
where C > 0 is a universal constant and sf(k) = Ik (k — i)! is the super-factorial function.

that runs in time n

In order to obtain the above theorem, we require recovering a polynomial sized list of candidate
parameters, in addition to the efficient partial clustering result we obtained in the previous section.
To this end, we show the following list-recovery theorem which is similar to Theorem 3.1, but the
algorithm outputs a polynomial-size list instead.

Theorem 8.2 (Recovering a small list of candidate parameters). Fix any a« > ¢ > 0,A > 0.
Let X, a sample from a k-mixture of Gaussians M = ; w;N(u;, L;) satisfying Condition 2.47 with
parameters y = ed 85k=Ck, for C a sufficiently large universal constant, and t = 8k, and let Y be an
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e-corruption of X. Let X’ be a set of n’ = O (en/ (k> (A* + 1/014)))_4Ck fresh samples from M and Z
be an e-corruptionn of X'. If w; > a, ||uill, < % and ||Z; = I||p < A for every i € [k], then, given
k,Y,Z and ¢, the algorithm outputs a list L of at most £’ = O ((k5 (A* + 1/a4))4k /n‘”‘) candidate
hypotheses (component means and covariances), such that with probability at least 99/100 there exist
(@i, £iYiepq C L satisfying ||wi — fill, < 0(&2) n°® and ||Z; - Li|, < O(k*) AR GO, for all i € [K].

o
Here, n = (2k}*O(1/a + A)* KO g G(k) = m The running time of the algorithm is
poly(|L|, Y|, d") - poly,(1/e).

8.1 Proof of Theorem 8.2
We use the following notation and background from Moitra-Valiant [MV10]:

Definition 8.3 (Statistically Learnable). Given ¢ > 0, we call a mixture of Gaussians M =
2. wiN(ui, L;) e-statistically learnable if min; w; > ¢ and min;,; drv(N(ui, Zi), N(uj, L)) > e.

Definition 8.4 (Correct Subdivision). Given a Gaussian mixture of k Gaussians, M = ; w;N(u;, L;)
and a mixture of k” < k Gaussians M = }; ;N ({;, ﬁi), we call M an e-correct subdivision of M if
there is a function 7 : [k] — [k’] that is onto and

1. Vj e [K'],

Diin(i)=j Wi — @j’ S¢€

2. Vi € [k],

ti = fri|| + i = Zno [ < .

Theorem 8.5 (Theorem 8 in [MV10]). Given an e-statistically learnable Gaussian mixture M in isotropic
position, for some ¢ > 0, there exists an algorithm that requires n = poly(d/e) samples and runs in
time O(poly, (1)) and with probability at least 99/100 recovers an e-correct sub-division M. Let the
corresponding algorithm be referred to as PARTITION PURSUIT.

The algorithm has two steps: first run the first three steps of Algorithm 3.2 to get the list L’
of § and Vé ; then apply the following proposition to learn the mixture in the subspace VSI. This
proposition is a generalization of Theorem 8.5 without the assumption that the total variation
distance between each pair of components is at least €. The sample and time complexities has a
worse, but still polynomial dependence on ¢. Note that although the algorithm in the proposition is
non-robust, we can take a sample without noise with constant probability because the algorithm
only requires a polynomial number of samples in ¢.

Algorithm 8.6 (Efficient List-Recovery of Candidate Parameters).

Input: An e-corruption’Y of a sample X from a k-mixture of Gaussians M = 3; wiN(ui, X;). Let Z
be an additional e-corrupted sample of size n’ from M.

Requirements: The guarantees of the algorithm hold if the mixture parameters and the sample X

satisfy:
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w; > aforalli € [k],
luill, < 2/a for all i € [K],
|1Z; =I|lp < Aforallie [k].

X satisfies Condition 2.47 with parameters (y, t), where y = ed=8Kk=Ck, for C a sufficiently
large universal constant, and t = 8k.

5. The number of fresh samples n’ = O (en/ (k> (A* + 1/a4)))_46k,for a fixed constant c.

=

Parameters: 1 = (2k)*O(1/a + A 81/(,(0(12))/ D = C(k*/(ay1), 6 = 2171/(Ck+1(k+1)!), U =
100log k (n/ (k> (A* + 1/a4)))_4k,for some sufficiently large absolute constant C > 0, A = 41,
¢ =10(1 + A2)/(\a®), &1 = O (\/Zél/‘*/a).

Output: A list L of hypotheses such that there exists at least one, {ﬁi,ﬁj}igk € L, satisfying:

~ 1/2 & 1/2
i = fiill, < O(AT) W and ||Z; - S| < O(k*) 250, where G(k) = iy

Operation:

1. Robust Estimation of Hermite Tensors: For m € [4k], compute T,, such that
MaXye[4k] ||Tm -E [hm(M)]”F < 1 using the robust mean estimation algorithm in
Fact 2.36.

2. Random Collapsing of Two Modes of T: Let L’ be an empty list. Repeat £’ times: For
j € [4k], choose independent standard Gaussians in R?, denoted by xV), y) ~ N(0, 1), and
uniform draws a1, az, . . ., a; from [=D, D]. Let S bea dxd matrix such that forallr,s € [d],
S(r,s) = 2 jel4k] ajﬁ(r, s,x0, y0y = jelak] 4j Qg held] Ta(r, s, g, h)xD(g)yD(h). Add
S to the list L.

3. Construct Low-Dimensional Subspace: Let V be the span of all singular vectors of the
natural d x d"=1 flattening of T,, with singular values > A for m < 4k. For each § € L, let
VSI be the span of V plus all the singular vectors of S with singular value larger than 5'/*.

4. Moitra-Valiant for Low-Dimensional Subspace: Initialize L to be the empty list. For
each S € L/, let P = UUT be the orthogonal projection matrix onto the span of Vsﬁ, where

U € R4 has orthonormal columns. Let m = dim(VSi) and let Z C Z be a randomly
chosen subset of size poly(m/e1). Let U, denote the first m columns of U and for all
z € Z, compute U} z. Run PARTITION PURSUIT on the resulting set of points and
let {ﬁf , if }ie[x) be the parameters corresponding to the e-correct subdivision output by

PARTITION PURSUIT. Let i = [(ﬁf )T, 0] be a d dimensional vector padded with Os

and ¥; be a d x d matrix with ﬁf in the top left m X m sub-matrix and Q’s elsewhere. Add
{Uf;, US;UT +(S+1) = P(I+S) P} to L.

Proposition 8.7. Given ¢ > 0 and a sample X of size poly(d, 1/¢) from a k-mixture of Gaussians M
with mixture covariance ¥ such that 0.991 < ¥ < 1.01I and satisfies w; > ¢, the PARTITION PURSUIT
algorithm runs in time poly(d, 1/ ) and with probability at least 9/10 returns an O(¢e)-correct sub-division,
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denoted by M.

Recall, the PARTITION PURSUIT algorithm satisfies Theorem 8.5 and we will prove that with
an appropriately chosen parameter ¢, PARTITION PURSUIT also satisfies Proposition 8.7. The
main idea is that if any two components are actually close enough in total variation distance, then
any algorithm with access to only a polynomial number of samples could never distinguish these
two components from a single Gaussian. So if all pairwise distances are either sufficiently large
or sufficiently small, the algorithm will behave as if it were given sample access to a mixture that
meets the requirements of Theorem 8.5.

Lemma 8.8. Given 0 < y,6 < 1and two distributions, D1 and D, over RY such that dry (D1, Ds) < Y,
let X1 be set of n i.i.d. samples from D1 and X, be n i.i.d. samples from D,. Let ‘A be any algorithm that
takes as input X1 and outputs a list of m real numbers, Y1 = {Yi}ie[m), such that y; € [-1, 1] with probability
at least 1 — 6. Then, for any T > 0, A on input X, outputs a list of m real numbers Yo = {y}ie[m) such that
with probability at least 1 — 6 — (4dmny /1), forall i € [m], |y; — yl’| < T

Proof. Let U be the uniform distribution over X; and U, be the uniform distribution over X. Then,

drv (U, Us) < N2H? (U, Uy) = N2nH? (D1, Dy)
< V2ndry (D1, D») (8.1)
< \/Eyn

Consider the family of functions # that take as input n samples and output a single bit in {0, 1}.
We know that for any function f € F, the probability that f(X;) # f(Xz) is at most V2yn. Recall,
the algorithm outputs m real numbers in the range [—1, 1], which we can discretize into a grid A of
length 7. There are at most 2/7 distinct grid points and for any y; € [-1, 1], there exists a point
z; € A such that |y; — z;| < 7. Further, observe we can represent each y; using 2/t functions f € ¥.
Then, union bounding over the events that each of the 2/t functions output different bits, for each
of the m parameters, we have that with probabiltiy at least 1 — (2\/§ynm / 'c), any algorithm outputs

a list {y/}i7e[m) such that |yi -y | < 7. Finally, union bounding over the event that algorithm A fails
with probability 6 yields the claim. m|

We then prove there is a gap [f(d, €1), €1) between pairwise distances of components so that if
we merge components within distance f(d, €1), the resulting mixture is ¢1-statistically learnable.

Lemma 8.9. Let f(d)(¢) = f(d, €). There exists £ € [k?] such that for every pair of components, either
drv(N(ui, Zi), N(uj, Zj)) < (f(d))¥(e) or drv (N (ui, Zi), N(uj, Zj)) = (f(d))*"1(e). Moreover, the set
of Gaussians with total variation distance at most (f(d))!(¢) is an equivalence class.

Proof. We can see that intervals { [(f(d))e(e), (f(d)Ye)) }ee[k2] are disjoint. There are at most k? — 1

distinct values of dry (N (ui, Zi), N(uj, ;). So there exists an interval [(f(d))e(e), (f(d)*Y(e)) such
that for every pair of components N(u;, Z;), N(uj, Z;), either dry (N (ui, Zi), N(uj, Zj)) < (f(@)i(e)
or dry (N (i, Zi), N(wj, 7)) > (f(d))(e).
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Next, we show for any ¢, Gaussians with pair wise TV distance (f(d))(¢) form an equivalence
class. Consider component Gaussians G1, G, and Gz such that G; and G; are at total variation
distance at most (f(d))!(¢) and G, and Gj are also at total variation distance at most (f(d))‘(¢).

drv(G1, G3) < drv(Gy, G2) + d1v(G2, G3)
< 2(f(d))'(e)
< (f(d)(e)

and since there is no pair of Gaussians with total variation distance inside the interval

[(f(@)!(e), (f(d)*(¢)), this implies drv(G1, G3) < (f(d))!(¢). o
We can now complete the proof of Proposition 8.7 :

Proof of Proposition 8.7. By Lemma 8.9, there exists an interval [( F(@d)ice), (f (d))e‘l(e)) such
that there is no pair of Gaussians with total variation distance inside the interval and
(f(@)i(e), (f(d)*~1(e) are polynomials in d and ¢. Let &1 = (f(d))"(¢) and f(d, 1) = (f(d))!(e).
Let X be a set of n = (d/¢)° samples from M, where c is fixed universal constant. Let M be the
mixture obtained by merging all components in an equivalence class with total variation distance
at most f(d, €1) to a single Gaussian and observe dry (M, M) < kf(d, €1). Next, observe that
PARTITION PURSUIT outputs at most k means and covariances, which can be represented as a list
of at most 2kd? real numbers. Further, since = < 1.01] and w; > ¢, the means of each component
luill; < 2/¢ and [|Zi]17 < O(d?/¢). )
Then, rescaling the instance by O(e/d?) and applying Lemma 8.8 with D; = M, D, = M,
input samples X and accuracy parameter 7 = (&/d)2, for a large enough constant c», it follows that
with probability at least 1 — 0.99 — O(f(d, 1) - (¢/d)%), for a fixed constant c3, the resulting list of
numbers is 7-close to that obtained by running PARTITION PURSUIT on a set of n samples from
M. Since M is ¢;-statistically learnable, it follows from Theorem 8.5 that with probability at least
9/10, PARTITION PURSUIT will output an O(e1)-correct sub-division M.
O

Proof of Theorem 8.2. Recall, by part (1) of Proposition 3.5, the dimension of the subspace VSZ is

4k+5
m = dim(VSﬁ) =0 (W) and let &1 = VASY*/a. Let ¢y be a fixed constant such that

(m/e1)™™ samples suffice for applying Theorem 8.5. Further, obseve in the fresh sample Y, the
probability that any given sample is corrupted is ¢. Let C be the event that a random subset of
(m/e1)™™ samples from Z does not contain any corrupted points. Then, the event C holds with
probability at least (1 — e)m/ )™ Conditioning on C and running step 4 of Algorithm 8.6, it
follows from Proposition 8.7 that we recover O(¢1)-accurate estimates to the parameters of M in
the subspace, i.e. ||U" u; — {ii]l, < O(e1) and ||UTZiU - ii“l—" < O(é1). Since we repeat the above
for ¢’ candidate subspaces in L’, the probability over all probability of success is (1 — e)m/ )l

By part (2) in Proposition 3.5, there is a vector 1] € V/ such that [l = w|| < 26V4AY2, where

§ = 2n/(€ D) and = O(4k(1 + 1/a + AY*+/e7). Let P = UUT be a projection matrix, where
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the columns of Q span st and let QT y; be the projection of the true means to the corresponding
subspace. Then,

s = pilly < [ = gifly + s = gl

A61/4
< ||u‘ﬁ,‘—P([J; —yi+yl')||2+o \/_a )
A VAs!/A
<[l = UTpll, + O =
o)
04

where the third inequality follows from observing that U T u; is the true mean in the low dimensional
subspace and applying Proposition 8.7.

By Proposition 3.4, there exists S € I’ such that § — (%; — I) = P; + Q; where I1Pillp = O(\/n/_a).
Again by part (3) in Proposition 3.5, there exists a symmetric matrix Q] € Vé X Vsﬁ such that

||Qi - QQHF < O(%zél/‘*Al/Z). We also know that in the subspace spanned by Vsi, o UTZZ'LIHIZE <
poly(ez). Recall, Algorithm 8.6 outputs the following estimate: M = USUT + (I +8§ ) - P (I +8§ ) p.

Observe that for any matrix M and projection matrix P we have that M = PMP + (I - P)M(I - P) +
PM(I = P)+ (I - P)MP. Then,

=i - w1 < |2 (=i - 1)

1 (2)
(-7

®3) 4)

We bound each of the terms above. Since P (I + S — P(I + S)P) P = 0, we can bound term (1) as

follows
VASL/A )

= [|Pxip - PUEUTH|, = Ut - £ < O R

(8.3)

(13 (zi —M)ﬁ

F

Similarly, since (I - 13) (UﬁiUT) (I - 13) =0andXZ;=1+S-P; - Qi, we can bound term (2) as
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follows:

(=) (=) (=P, = (=) (== (r+5)) (=),
<fr=P) (- (15 -0))

| (r=P)er(i-2)

;

-?)
<Pl + (1 2) (@i @) (1-2)| +] (1= 2) 2t (1= ),
<o g+ kzél/OAjAl/z)

(8.4)

Next, we bound term (3). Observe, P (UﬁiUT) (I - 13) =0and P(I + S)P(I - P) = 0. Thus,

o - 1=, = p - ) -9
Jpeani-)]
<Jpn -9
F

!

Term (4) follows from a similar argument. Combining equations (8.3), (8.4),(8.5), and substituting

back into (8.2), we can conclude
1 k251/4A1/2)
A ——] .
a a

The size of L' is ¢’ = O (logk (n/ (k> (A* + 1/a4)))_4k) and since we add a single tuple of k
means and covariances for each subspace in L’, the list L has the same size. The running time is
poly (|Y], L], dk, m, 1/¢1) concluding the proof. O

<O

Iz - ¥, < 0

8.2 Proof of Theorem 8.1

Since we have all the main ingredients: the tensor decomposition algorithm recovering a polynomial
size of list (Theorem 8.2), the upgraded partial clustering algorithm with high probability of success
(Theorem 7.1) and the spectral separation algorithm of thin components (Lemma 5.1), we can now
complete the proof of Theorem 8.1.

The algorithm establishing Theorem 8.1 is almost the same as Algorithm 6.3. The only difference
is we will replace Algorithm 4.4 by Algorithm 7.2 and replace Algorithm 3.2 by Algorithm 8.6. The
following two lemmas show that by modifying the parameters slightly and applying the upgraded
partial clustering and tensor decomposition algorithms, we can have the same conclusions as in
Lemma 6.8 and Lemma 6.9 with a polynomial success probability. Then the proof of Theorem 8.1 is
exactly the same as the proof of Theorem 6.1 in Section 6.2 except for the use of Lemma 8.10 and
Lemma 8.11 instead of Lemma 6.8 and Lemma 6.9.
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Lemma 8.10 (Non-negligible Weight and Covariance Separation). Given 0 < ¢ <1/ K and k N,
let a = 81/(45C"+1(k+1)!)_

Let M = Z;‘:l w;G; with G; = N(ui, Z;) be a k-mixture of Gaussians with mixture covariance ¥ such
that w; > « for all i € [k] and there exist i, j € [k] such that ||ZJF/2 (Zi-%)) ZJF/ZHIZD > 1/ab. Further, let X
be a set of points satisfying Condition 2.47 with respect to M for some parameters y < ed 8k=Ck, for a
sufficiently large constant C, and t > 8k. Let Y be an e-corrupted version of X of sizen > ng = (dk)?D /e,
Algorithm 7.2 partitions Y into Y1, Ya in time n®W such that with probability at least 2-°®(1 — O(a))

there is a non-trivial partition of [k] into Q1 U Q2 so that letting M; be a distribution proportional to
Yieq; WiGi and Wi = }ieq. wi, then Yj is an 0(61/(45Ck+1(k+1)’))—cormpted version of Ujeq, Xi satisfying
Condition 2.47 with respect to M with parameters (O(ky /W;) , t).

Proof. Werun Algorithm 7.2 with sample set Y, number of components k, the fraction of outliers ¢ and
the accuracy parameter 7. Since X satisfies Condition 2.47, we can set t = 10, 8 = (k*t*a)!/? = Ox(a®)
and 1 = a? > 4/e/a in Theorem 7.1. Then, by assumption, there exist i, j such that

2 1 k2t
12 (v _ vyt S
[£2 -z > =0 (52/ta4)
We observe that we also satisfy the other preconditions for Theorem 7.1, since n > (dk/ )2 /e,
Then, Theorem 7.1 implies that with probability at least 2-0Wk)(1— O(n/a—+m)) = 2-00)(1-0(a)),
the set Y is partitioned in two sets Y7 and Y; such that there is a non-trivial partition of [k] into Q1 UQ>
so that letting M; be a distribution proportional to ZieQ]_ w;G; and W; = ZieQ]_ w;, then Y; is an

O( el /(45ck+1(k+1)!))—corrupted version of Uier X;i. By Lemma 2.50, Uier X; satisfies Condition 2.47

with respect to M with parameters (O(ky/W;) , t).
O

When the mixture is not covariance separated and nearly isotropic, we can obtain a small list of
hypotheses such that one of them is close to the true parameters, via tensor decomposition.

Lemma 8.11 (Mixture is List-decodable). Given 0 < ¢ < 1/ kko(kZ) let @ = eV/ECHHD) ot M =
Zle w;G; with G; = N(ui, Z;) be a k-mixture of Gaussians with mixture mean p and mixture covariance
X, such that ||ul|, < O(\/s/_a), IZ-1Ill; < O(Ve/a), w; > a foralli € [k], and ||; - )Zj”lzE <1/a®
for any pair of components, and let X be a set of points satisfying Condition 2.47 with respect to M for
some parameters y = ed-8k=Ck, for a sufficiently large constant C, and t = 8k. Let Y be an e-corrupted
version of X of size n, Algorithm 8.6 outputs a list L of hypotheses of size O((1/ )*%) in time poly(|L|, n)

el /(20C"+1(k+1)!))

such that if we choose a hypothesis {{ii, £; }ic(x) uniformly at random, ||p; — fiill, < O( and

|2 = £i| < O(s”aockﬂ(k“)!))for all i with probability at least O(e*¥*).

Proof. Recall we run Algorithm 8.6 on the samples Y, the number of clusters k, the fraction of
outliers ¢ and the minimum weight @ = ¢!/ (201 (k+1)) Next, we show that the preconditions of
Theorem 8.2 are satisfied. First, the upper bounds on ||u||, and || — I||p imply Y, wi (Zi + yi‘uiT) =
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T+uu’ 2 (1+0(Ve/ a))I . Since the LHS is a conic combination of PSD matrices, it follows that for
alli € [k], wip] < L(1+0(ve/a)) I, and thus ||yiyiT||F < 2. Next, we can write:

-«

I Il < 5~ ot ™+ 1 = g + 7

€
:Zi—Zw]'(Zj+‘u]"u}r) +_+E
jelk] r

2 €
Zw]'(zi—z]') + -+ —+ —
feTk] 4o e
2
< —
a5/2,

N

where the first and the third inequalities follow from the triangle inequality and the upper bound
on H pipt] ||, and the last inequality follows from the assumption that ||Zi - Z]-”i < 1/a for every
pair of covariances ¥;, ;. So, we can set A = 2a75/2 in Theorem 8.2. Then, given the definition of a,
we have that

1 =2K0(1 + A/ Ve = O(¢2")

and 1/¢2 > log(1/n)(k + 1/a + A)*+5/n2. Therefore, Algorithm 8.6 outputs a list L of hypotheses
such that |L| = exp (1/¢?), and with probability at least 0.99, L contains a hypothesis that satisfies
the following: for all i € [k],

0y — Al G(k 1/(20Ck1 (k+1)! 1/(10Ck+1 (k+1)! 1/(20C*k 1 (k+1)!
i — will, =0l — | n ()_0(8_ / (k+1)1) | 1/( (+)'))—O(e /( (+).)) and
(8.6)

£ -2, = O(k4) %/ch(k) _ 0(81/(20Ck+1(k+1)!)) .

Then if we choose a hypothesis in L uniformly at random, the probability that we choose the
hypothesis satisfying (6.2) is at least 1/|L| = exp (-1/¢?). O

9 Robust Parameter Recovery: Proof of Corollary 1.5

Finally, we show that the same algorithm as in Theorems 6.1 and 8.1 actually implies that the
recovered mixture of Gaussians is close in parameter distance to the unknown target mixture. Such
parameter estimation results are usually stated under the assumption that every pair of components
of the unknown mixture are separated in total variation distance. In this work, we provide a
stronger version of this parameter estimation guarantee.

More specifically, we prove that whenever the components of the input mixture can be clustered
together into some groups such that all mixtures in a group are close (and thus, indistinguishable),
there exists a similar clustering of the output mixture such that all parameters (weight, mean, and
covariances) of each cluster are close within poly, (¢) in total variation distance. In particular, this
means that for each significant component of the input mixture there is a component of the output
mixture with very close parameters.
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We note that [LM20] gave a parameter estimation guarantee (under additional assumptions on
the mixture weights and component variances) whenever every pair of components in the unknown
mixture are f(k)-far in total variation distance, where f can be any function of k, but the choice of f
affects the exponent in the running time and error guarantee of the [LM20] algorithm.)

By strengthening one of the structural results in their argument, we establish the following:

Corollary 9.1 (Robust Parameter Recovery). Given ¢ > 0 and a multiset of n = d°® poly, (1/¢)
samples from a distribution F on R? such that dry(F, M) < &, for an unknown target k-GMM M =
Zle wiN(ui, X;), the algorithm runs in time poly(n)poly,(1/¢) and outputs a k'-GMM hypothesis

—

M = 3K %N (T, i) with k' < k such that with high probability we have that there exists a partition of
[k] into k' + 1 sets R, R1, ..., Ry such that

1. Let Wi = Yjeg, wj, i € {0,1,...,Kk'}. Then, for all i € [k’], we have that

|W; — w;| < poly,(¢), and
drv(N(uj, ), N(lii, Z)) < poly,(e) VjeR;.

2. The total weight of exceptional components in Ro is Wy < poly, ().

Corollary 1.5 follows directly from Corollary 9.1.

In order to show that our algorithm recovers the individual components and the parameters,
we will prove the following identifiability theorem. Without any assumption on the mixtures, it is
impossible to distinguish components within ¢ total variation distance with e-fraction of noise. So,
given two mixtures of Gaussians with ¢ total variation distance, the theorem shows that there exist
two partitions of components of the two mixtures respectively such that any two components in the
matched pair is are poly(¢)-close in total variation distance.

Theorem 9.2 (Identifiability). Let M = Z;{il wiGi, M’ = Zfi L WG’ be two mixtures of Gaussians such
that dry(M, M) < e. Then there exists a partition of [k1] into sets Ro, R1, ..., Ry and a partition of [kz]
into sets Sy, S1, ..., Sy such that

1. Let W; = ZjeRi wjfori=0,1,...,k, W = Zjesi w}fori =0,1,...,ko. Then forall i € [£],

[W; — W/| < poly,(¢)
dTv(G]', G;,) < pOlyk(E) V] S Ri,jl €S;

2. Wo, Wj < poly,(e).

Since parameter estimation is implied by TV distance for individual Gaussians (in relative
Frobenius norm), Corollary 9.1 follows immediately from the identifiability theorem.
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Outline of Proof. The first step is to deal with the components in M and M’ with small weights.
We will construct M, M’ by removing components with small weights. If we prove the statement
on M, M , we can then deduce the theorem in the general case with worse, but still polynomial
dependencies on ¢. The second step is a partial clustering, after which the components within each
cluster have TV distance bounded by 1 — poly(¢). We prove this lemma in a separate section. After
that we modify the parameters slightly so that the resulting parameters for different components
are either identical or have a minimum separation. After this, we can use a lemma from [LM?20]
that provides a 1-1 mapping between the components of two such mixtures with small TV distance
such that the mapped pairs have small TV distance.

Distance between Gaussians. We use the following facts for Gaussian distributions.

Lemma 9.3 (Frobenius Distance to TV Distance). Suppose N(u1,X1), N(u2, ) are Gaussians with
lpr = p2ll, < 0 and ||Z1 = Xo|lp < 0. If the eigenvalues of X1 and X, are at least A > 0, then
drv(N(u1, Z1), N(p2, Z2)) = O(6/A).

Lemma 9.4 (Lemma 5.4 in [LM20]). Let M be a mixture of k Gaussians that is connected if we draw edges
between all components i, j in M such that dtv(G;, Gj) < 1—0. Let T be the covariance matrix of M. Then
for any components ¥; of the mixture

1. X; > poly,(0)Z
2. ||=712(2 - ) =2||,. < poly, (6)7L.

The proof is identical to Lemma 5.4 in [LM20]. The only difference is that in [LM20] the authors
assume that the minimal weight of M is at least 6 and TV distance between any pair of components
is at least 6 but here we do not need these two assumptions, which does not affect the proof.

Fact 9.5 (Claim 3.9 in [LM20]). Let d denote the differential operator with respect to y. If

f(y) =Py, X)exp (g(X)y + %b(X)yz)

where P is a polynomial in y of degree k (whose coefficients are polynomials in X) and a(X), b(X) are
polynomials in X then

(0= @(X) + yb () = Qly, X exp (a(X)y + §b<x>y2)

where Q is a polynomial in y with degree exactly k — 1 whose leading coefficient is k times the leading
coefficient of P.

Fact 9.6 (Corollary 3.10 in [LM20]). Let o denote the differential operator with respect to y. If

f(y) =Py, X)exp (a(X)y + %b(X)yz)
where P is a polynomial in y of degree k then
(@~ (a(X) + yb(X)N f(y) = 0.
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Fact 9.7 (Claim 3.11 in [LM20]). Let d denote the differential operator with respect to y. If

fly) = P(y, X)exp (a(X)y + %b(X)y2)

where P is a polynomial in y of degree k. Let the leading coefficient of P (viewed as a polynomial in
y) be L(X). Let c(X) be a linear polynomial in X and d(X) be a quadratic polynomial in X such that
{a(X), b(X)} # {c(X), d(X)}. If b(X) # d(X) then

(9= (e(X) + yd(X)N* f(y) = Qly, X) exp (ﬂ(X)y + %b(X)yz)
where Q is a polynomial of degree k + k' in y with leading coefficient
LX)(b(X) = d(X))*

and if b(X) = d(X) then

(9= (e(X) + yd (X)) £(y) = Qy, X)exp (a(X)y + %b(xnﬁ)
where Q is a polynomial of degree k in y with leading coefficient
L(X)(a(X) = e(X))*.

Lemma9.8. Let M = Zfil w;G;, M = Zfil w' G’ be two mixtures of Gaussians such that drv(M, M') <
e. For any constant 0 < c¢1 < 1, there exists i € [k + ko + 1] such that w]-,w;., ¢ [eci_l, eci)for any
j €lki],j € [kz2]. Moreover, if

i wiG;
: 1+
~ {]:w]->ecl}
M=
D Wi
{]':wj>ecll} ]
i WG
/\:(’ {j:w;>scll} ]

i W,
{j:w;>ecl} )
then drv(M, M) < Ox(e1 ).

Proof. We can see that [sclfl, eci) with i € [k; + ko + 1] are k; + k2 + 1 disjoint intervals and w;, w;.,
with j € [k1],j* € [kz2] have at most k; + k; distinct values. So there is one interval containing no
weights.

We then construct M by removing the small components in M. The sum of weights removed
is at most ke . So drv(M, M) < ke Similarly, we have dry(M’, M’) < ke By the triangle
inequality,

drv(M, M) < dry(M, M') + dry(M, M) + dry(M, M) < Ox(er ).

87



Lemma 9.8 shows that we can remove components with tiny weights in the mixtures. So in the
following lemma, we will assume M and M’ are Gaussian mixtures with minimal weights at least
poly(e). We will show that we can partition the union of components of two mixtures so that if we
prove Theorem 9.2 for each part of the partition, we can combine them to prove Theorem 9.2 on the
full mixtures.

Lemma 9.9. For any constant 0 < c3 < 1, there exist c1,co > 0 that depend on k and c3, such that if

M = Zfil w;Gi, M’ = Zfil w! G} with ky, ky < k, dry(M, M’) < e and w;, w’; > € for all i, then there

exists a partition of [k1] into sets Ry, ..., Ry and a partition of ko] into sets Sy, ..., S¢ such that

1. For all i € [{], let W; = g, wj, W] = Yjes, w;. be the sum of weights in each piece. Let
M; = %’ Yjer, wiGj, M} = WLI, Yjes: w; G;. be the submixtures of Gaussians after partition. Then
foralli € [{],

Wi = W/| < poly(e)
drv(Mi, Mi) < Ok(e®)

2. Consider the graph with vertices corresponding to components in M and M’ and two components are
adjacent if the total variation distance between them is at most 1 — 2. Then the induced subgraph of
vertices with indices R; U S; is connected for all i € [{].

The proof of Lemma 9.9 is deferred to Section 9.1. In the following two lemmas, we then prove
Theorem 9.2 for each pair M;, Ml’ defined in Lemma 9.9. In Lemma 9.10, we construct two mixtures
of which pairs of parameters are identical or separated. We also shows it suffices to work under
this simplification.

Lemma 9.10. For any constant 0 < cy4 < 1, there exist c3, c5 that depend on k and c4, such that if
M= w,Gi, M = £ /G with ki, ky < k and

1. %M + %M' is isotropic,
2. drviM, M) < ¢,
3. wi,w; > % forall i,

4. Let G be a graph with components G, G} in M and M’ as vertex set and two components are adjacent
if the total variation distance between them is at most 1 — . Then G is connected

then there exist two mixtures of Gaussians M= Zﬁl e M = ZE 1 zb{ G; such that
1. Any pair in {{i;} U {1’} is either identical or separated by at least ¢4

2. Any pair in {£;} U {£'} is either identical or separated by at least €45 in Frobenius norm.

3, HE(hm(M)) ~ E(hu(M")

‘F < Ok(e%) for any m < O(k)
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4. There exist 1ty : [k1] — [k1] and 15 : [ko] — [k2] such that

2, W= ), wi=d,

irmy(i)=j it (i)=j

drv(Gi, Gy (i) < poly,(e), foralli € [ki]

drv(G;, G;Z(i)) < poly,(¢), forallie [ko].
Proof. For any 0 < c4 < 1, there is £ € [k?] such that the distance between any pair of parameters
in {;} U {y}} or the Frobenius distance between any pair in {X;} U {¥}} is not in the interval
[5(64/2)[_1, 5(54/2)[)_

Now consider a graph G on k; + k> nodes where each node represents a vector in {u;} U {u’}
and two vectors a, b are adjacent if
la —b|| < elea/2

We now construct new mixtures M, M’. For each connected component in G say {u;,, . .., ”;‘1 ,o..}
pick a representative say y;, and set fi;, = --- = ﬁ;l = -+- = u;,. Do this for all connected components
and similar in the graph on covariance matrices with edges (i, j) if

- 5 < e

After replacing close parameters with a representative, we may get some exactly same components
in each new mixture. We then merge components with same means and covariances by adding their
weights. Since all representatives of means and covariances are in different connected components
of the graphs, they are separated by at least gle/2)' Setting c5 = 1/2(c4/2)"! gives a separation of
€C4C5 .

Next we prove 3. There is a natural mapping 71 : [k1] — [k;] that maps any component in M to
the merged component in M and a similar mapping 7y : [k2] — [k2] for M’, M". For all i, we have

4 4 Z;'(z(l) - Z;

~ ~7 ’ 3 -1
||[Jn1(i) — M| |y — M Yo ) — Z‘il P . < Ok(l)g(C4/2) 9.1)
because for any pair of parameters above say i, ;) and u;, there is a path of length at most 2k
connecting u; to the representative of the connected component, and each edge connects a pair
with TV distance at most ¢. Suppose ||ui|| , ||Zi — I||f < A. Then by Definition 2.4, we have for any
integer m,

H]E(hm(M)) - JE(hm(M))HF < O(m)A" @/

Since 3 M + 3 M’ is isotropic and the minimum weight in M + I M’ is at least 1¢%, we have
l|uill < v/2/¢€% for all i. Applying Lemma 9.4 to 3 M + 2 M’, we have ||I — ;|| < poly,(e%)7L. So
there is a constant a such that A < £7%%. If we take c3 > 0 so that ac30(k) < 1/2(c4/2)""! and take
cs = 1/2(cy/2)!71, then

[ M) = Bl V)| < Oxomyelesr2 ™ -00mmes = 0 e
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for m < O(k). By the same argument, we have the similar inequality for M’ and M’

| - e

= Ok ().
F

Since we can use Proposition 3.3 to robustly estimate the Hermite tensors of a Gaussian mixture
with e-fraction of noise and poly(¢) error guarantee, we must have

IE(m (M) = E(hn(M))IF < poly,(e).

Then by the triangle inequality,

| B (V) - ECr

< [0 - B0+
Ve (M) = B M)l +||ECn (M) = (W)= 0(e).

For the last conclusion, from the definition of 71 and 75, we know that

> vy, ¥ o=

itmy (i)=j iy (i)=j

Applying Lemma 9.4 to $M + 3 M’, we have that eigenvalues of £; and ¥’ are at least poly(e®)
for all i. Then if c3 is suff1c1ently small, by Lemma 9.3, (9.1) implies dTV(Gl, Gn(l)) poly,(¢) and
dw(G}, G G i )) poly,(¢) for all i. O

The following lemma shows the identifiability under the simplification of Lemma 9.10. It is
proved in the proof of Lemma 8.2 in [LM20].

Lemma 9.11. Suppose M = Zf w;iGi, M’ = Z w’ G’ satisfies 1,2,3 in the conclusion of Lemma 9.10
with constants cy, cs and the minimal weights are at least €. There exists a sufficiently small function
f(k) > 0 depending only on k such that if c4 < f(k), then ki = ko and there exists a permutation 1 such
that |w; — w ()| < poly,(¢) and G; = Gn(l)

Proof. Consider the component G} = N(y) , L] ) in M’. We claim that there must be some i € [ki ]
such that

(i, Zi) = (b, T,
Assume for the sake of contradiction that this is not the case. Let S; = {i € [k1] : i = Z;{z} and
Sp={ielkr-1]: X = Z;{z}. Suppose F, F’ are the generating functions of M and M’

[o¢]

F= Zwlexp( I'X + XTZ Xy) Z%hm(/\/{)y”
m=0

[Se]

= Z w' exp (y;TX + %XTZ;X]/Z) = Z %hm(M')y”.
i=1 )

m=0
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Then define the differential operators
Di=0-pu X-X"TiXy
D=9 -y X -X"L/ Xy
where partial derivatives are taken with respect to y. Now consider the differential operator
D= (@}/{2_1)2"1*“’2 (D) z)lglkl’l Dy

By Fact 9.6, D(F) = 0. By Fact 9.6 and Fact 9.7, we have
’ ’ 1 ’
D(F') =P(y, X)exp (ykZTX + EXTZkZXyZ)

where P is a polynomial of degree
deg(P) - 2k1+k2—1 —-1-= Z zi—l _ Z 2k1+i—2
iESl iESz
with leading coefficient
, , i-1 , i-1
Co=w, [] X', -z0X)? | [, - u)"X)?
iE[kl]\Sl i€S]

[T &, ==px2 7 [, - X2

iE[kz—l]\Sz i€Sy

We now compare the following differentials evaluated at y = 0

(D) ") D(F)
(Z)]/Q)deg(P)Z)(P/)

The first quantity is 0 because D(F) is identically 0 as a formal power series. The second one is
Q(1)Co. Since for any i (uj, Lj) # (), X} ), our assumptions imply that the separation between
Ui, y;(z orY;, Z;{Z is at least €45, Then we have Cy > ¢%459() for some X. On the other hand, the
coefficients of the formal power series F, F” are the Hermite polynomials /,,(M) and h,,(M’). This
is a contradiction with our assumption that

NE(hn (M) — E(hn(M)lF < Ox(e)

as long as cy4 is smaller than some sufficiently small function f(k) depending only on k. Thus there
must be some component of M that matches G; = N(u;_, X} ). We can repeat the argument for
each component in M’ and in M to conclude that M and M’ have the same components.

Next we will show that the weights of the same components in M and M’ are close. We can
assume that M = Zle w;iGi, M = Z;‘:l w’G; are two mixtures on the same set of components.
Without loss of generality,

7’ ’ 7’ /7
wr—wy < W =Wy KOS Wi — Wy <00 S Wi — W
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Then we can consider the following two mixtures

(w1 —wy)G1 + - + (we — wy)Gy
(o1 — Wy, 1)Gesr + - + (wy — w} )Gy

If
k

Z lw; —w!| > e

i=1
for some sufficiently small C depending only on k, we can then normalize each of the above into a
distribution and repeat the same argument, using the fact that pairs of components cannot be too
close, to obtain a contradiction. Thus, the mixing weights of M and M’ are poly, (¢)-close and this
completes the proof. m]

Proof of Theorem 9.2. We first set ¢4 = f(k) as in Lemma 9.11, and then c3, c5 according to c4 as in
Lemma 9.10, and ci, c2 according to c3 as in Lemma 9.9. Let ¢1 = min{ci, C2C3}.

By Lemma 9.8, we can find i such that there is no wj, w; in [eci_l, ). Let M = Z{ w;G;

and M’ = 3,

i
jwjze}

. /G, Then drv(M, M) < O(e51). Let &1 = €. We have dry(M, M’) <

{ﬁuG?sﬁ}

O(¢1) and the minimum weights of M, M’ are at least el
Now we can apply Lemma 9.9 on M, M’ and get partitions of components of M, M’. For
i € [£], let M; and M’ be the mixtures defined in Lemma 9.9. We can apply a linear transformation
to make 3 M; + %M: in isotropic position. Since the total variation distance is invariant under
linear transformations, so we still have both conclusions in Lemma 9.9. Let ¢, = eiz. Then
drv(Mi, Myi)) < O(e2) and %M + %M’ satisfies Lemma 9.4 with § = 8;3. Weights of both mixtures

€203
1

We now prove the statement on these smaller mixtures. First we can use Lemma 9.10 to merge
close parameters of M;, M so that all pairs of parameters are either equal or separated by &,*.
Under this simplification, Lemma 9.11 shows that there is a perfect matching between the same
components in two mixtures and their weights are almost the same. By the last statement in
Lemma 9.10, it is also a matching between components of M; and M; by combining 7t and 71, 72.

Moreover, if Gj = G;(].), then dry(Gy, G)) < poly(ez) for all £, ¢" such that 7t1(¢) = j, m2({’) = 7u(f).
Repeating the argument for all pieces in M, M completes the proof. m]

increase when we do the partition. So minimum weights are at least ]! > ¢*? = ¢3°.

9.1 Proof of Lemma 9.9

In this section, we will prove Lemma 9.9. The following fact in [LM20] shows that a good set of
clusters of one mixture exists.

Fact 9.12 (Claim 7.6 in [LM20]). Let M = Zle w;G; be a mixture of Gaussians. For any constants
0<06<1lande >0, there exists t € [k?] such that there exists a partition (possibly trivial) of [k] into sets
Ry, ..., Ry such that

92



1. If we draw edges between all pairs i, j such that drv(G;, Gj) <1 - €%, then each piece of the partition
is connected

2. For any i, j in different pieces of the partition, drv(Gi, Gj) > 1 — e,

Remark. Fact9.12 can be applied to a set of Gaussians instead of a mixture of Gaussians by randomly
assigning positive weights for all Gaussians.

Lemma 9.13. For any constant 0 < ¢ < 1, suppose M = Zfil wiAi, M/ = Zfil w’B; are two mixtures of
arbitrary distributions with drv(M, M) < e and w;, w! > €. If forany i # j, drv(A;i, Bj) > 1 — ¢, then
k1 = ko and dtv(A;, B;) < polykl(e)for all i € [kq].

Proof. Suppose  is any coupling of M and M’ and X,Y are random variables with distri-
butions M and M’. Then drv(M, M’) = min {P-(X # Y)}. We define m to be the optimal
coupling such that dry(M, M’) = P(X # Y). Then we can define 7t on variables 7,j,X,Y
such that ¥c(x,)jero) (i, j, X, Y) = m(X,Y) and the marginal distribution 7tx with fixed i
of X is w;A; for all i € [ki] and the marginal distribution 7ty with fixed j is w;Bj for all
j € [ko]. Let Pjj = /X,Y fi(i,j, X,Y)dXdY and A;j = PL] f, (i, j, X, Y)dY be distributions on X,
Bjj = Pl,] fX 7i(i, j, X, Y)dX be distributions on Y. Then we have

dry(M, M) = P(X #Y) = P(X #Y)
= D PjPX #Y [i))
i

> Zpij - drv(Aij, Bij).
ij
By the definition of Pjj, A;j, Bjj,
w;A; = PjjAjj + Z Piy Ay
I'#j
w;Bi = Pi]'Bij + Z Pi'jBi’j
i#i

Dividing both sides by max{w;, w;.}, we get

Pij wi Pij
A; = —,Al‘]‘ +11- — A+ Z —,Ai]‘/
max{w;, w].} max{w;, w].} o max{w;, w].}
P;; w’ P
] ] U]
Bj = —,Bij+ 1_—/ Bi+Z—IBZ'/]'
max{w;, w].} max{w;, w].} e max{w;, w].}

From the above two equations, we can write A;, B; as linear combinations of two distributions.

Pi: P
Az‘ =3 Ai]‘ + (1 S — )) A;

"~ max{w;, w;} max{w;, w;}
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Bj=—— Biji+|1-—————|B,
’ ] i
max{wi,w].}

Then by the triangle inequality,

drv(An B) € —— (A B + 1 ——
VA 2] \max{wi,w;} VA2l max{wi,w;}

Pij - drv(Aij, Bij) > Pij — (1 - drv(A;, Bj)) max{w;, wi}. (9.3)
Combining (9.2) and (9.3), we have the following inequality on the TV distance between mixtures
and the TV distance between components
A (M, M) > 3" (P = (1= dru(Ay, By) max{ar, w)}). ©04)
ij

By the lower bounds on dtv(A;, Bj), we have

e > divM, M) > Z P;; - Z(l — drv(A;, Bj)) max{w;, w}} - Z(l - drv(A;, B;)) max{w;, w}}

i i#] i
=>1- Z & — Z max{w;, w} + Z max{w;, w’}drv(A;, B;)
i# i i
>1- Z €— Z max{w;, w;} + WmindTv(A1, B1)
i%] i

(9.5)

where A1, By can be replaced by any A;, B; pair. Let k = max{ky, ko}. When i # j and drv(A;, Bj) >
1 - ¢, we plug it into Equation (9.4) and get

e > dryM, M) > Z Pij — (1 - drv(A;, Bj)) max{w;, w’} > Z(sz - ).

i#] i#j

Z Pij < Ke.

i#j

This implies

Then we can bound }}; max{w;, w’} — 1 in Equation (9.5)

Z max{w;, w;} —1= Zmax{wi,w;} —w; < Z Pj; < Ke.
i i i#]

Plugging this bound into Equation (9.5), for any i, we have

2k>
kze+Zmax{wi,w;}—1 < ‘
i

drv(Ai, Bi) <

. c
min €
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Proof of Lemma 9.9. We apply Fact 9.12 on the union set of components of M and M’ with parameter
0 to find a partition Ry, ..., Ry. Let

M= 2.Ger; WiGj
P b B
ZG/GR,‘ w]
2cer, WiG;
M=

i Z , w
GieRi j

Then for any i # j, we know d1y(G,, G}) > 1 - 9" for Ga € Ri, G} € R;j. By (9.4) in the proof of
Lemma 9.13, we have
dry(Mi, M) > 1 - 2ke® .

Then by Lemma 9.13, for any i, there exists a such that dv(M;, Ml’.) < e et cy = adt~L. If we
set 0 = coc3/0'! = acs, the partition satisfies the second conclusion. O
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A Omitted Proofs

In this subsection, we provide the proofs that were omitted from Section 2 and Section 6.

A.1 Omitted Proofs from Section 2.1

Lemma A.1 (Concentration of low-degree polynomials, Lemma 2.9 restated). Let T be a d-dimensional,
degree-4 tensor such that ||T||r < A for some A > 0 and let x,y ~ N(0,I). Then, with probability at least
1 —1/poly(d), the following holds:

IT (2, )% < 0(1og(d)A2) .
Proof. We note that

E[ITCx ] = E| ),

i1,i2

2
Z T (i1, i2, i3, i4) x (i3) y (i4))

i3,i4
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=E Z
i1,iz

N
= Z T (i1, i, i3,14)" < A .

i1,i2,i3,i4

Z T (i1, i, i3, is)* x (i3)* y (i4)2)]

i3,i4

The second equality follows from the fact that x (i3) , v (i) are independent and have zero means. So
the only non-zero terms are the squares. The third equality follows from the fact that x (i3) , y (i4) are
independent with unit variances. Observe that ||T (-, -, x, y) ||% is a degree-2 polynomial in Gaussian
random variables. Using standard concentration bounds for low-degree Gaussian polynomials (see,
e.g., Theorem 2.3 in [DRST14]), we obtain

P[ITC, % p)IE > PE[ITCo x| | <exp-e .

Setting t = Q(log(d)) completes the proof. ]

A.2 Omitted Proofs from Section 2.2

Lemma A.2 (Spectral SoS Proofs, Lemma 2.23 restated). Let A be a d X d matrix. Then for d-dimensional
vector-valued indeterminate v, we have:

= {07 A0 < ||AlL [[0113) -

Proof. Note that v is the only variable in the proof here (A is a matrix of constants). We note that
A < ||A|l,I or ||A||,I — A is PSD and thus ||A|l,I - A = QQT for some d X d matrix Q. Thus,
1Qull5 = v (J|All,I — A)v = ||All, ||lvll3 = vT Av. Thus, ||All,||v]|5 — vT Av is a sum of squares
polynomial (namely ||Qu]|3) in variable v. This completes the proof.

O

Lemma A.3 (Frobenius Norms of Products of Matrices, Lemma 2.25 restated). Let B be a d X d matrix
valued indeterminate for some d € IN. Then, forany 0 < A < I,

- {IABIZ < |IBI2} ,

and, 5
- {IBAIZ < [IBI2}

Proof. The proof of the second claim is similar so we prove only the first. We have:
B
5 {IBIE = I1CA +1 = A)BIE = I ABI + (1 = A)BII? +2tr(1 ~ A)BB™A)|

Now, A — A2 > 0, thus, A — A> = RR” for some d X d matrix R. Thus, tr((A — A>)BBT) =
tr(RRTBBT) = ||BR||? - a sum of squares polynomial of degree 2 in indeterminate B. Thus,
|5 {tr((A — A%)BBT) > 0}. O
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A.3 Omitted Proofs from Section 2.3

Lemma A.4 (Shifts Cannot Decrease Variance, Lemma 2.32 restated). Let D be a distribution on RY,
Q be a d x d matrix-valued indeterminate, and C be a scalar-valued indeterminate. Then, we have that

Q,C
}T {xiED X~

2
(0w~ £ fow)

<E [(Q(x) - C)Z]} .

Proof.

5 {JFD @ -cp|=

[ 2
E (Q(x)— E [QW)]+ E [Q(x)]—c)
] x~D x~D

+ E_[(Q(x)-C)|
x~D

x~D

[ 2
E (Q(x)— L [Q(x)])
| x~D

‘2 E [(Q(x)— E [Q(x)])(lE [Q(x)]—c)]
x~D x~D x~D

x~D

[ 2
= E (Q(X)— E [Q(x)]) + E_[(Q()-C)
| x~D x~D

\Y%

[ 2
E (Q(x)— E [Q(x)]) }
- xNZ) B

x~D
O

Lemma A.5 (Shifts of Certifiably Hypercontractive Distributions, Lemma 2.33 restated). Let x
be a mean-0 random variable with distribution D on RY with t-certifiably C-hypercontractive degree-2
polynomials. Then, for any fixed constant vector ¢ € R¥, the random variable x + c also has t-certifiable
4C-hypercontractive degree-2 polynomials.

Proof. Observe that using that Ey~p [x] = 0, we have that
l% { E [(x +0)TQ(x + C)] = E [xTQx + CTQC]} .
x~D x~D

Next, by two applications of the SoS Triangle Inequality (Fact 2.21), an application of Lemma 2.32
followed by certifiable hypercontractivity of O, we have:

X~

v
((x +0)"Q(x+c)— E [(x+0)"Q(x + c)]) ‘
D D

"
= E ((xTQx— E [xTQx])+xTQc+cTQx)
x~D x~D
p
<4'| E (xTQx—IExTQx) + E [TQo)|+ E [(CTQx)t/])
X~D D x~D x~D
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t'/2
< 4t'(ctl)t’( E

x~D

2
(xTQx - ]ngQx)

+ E [(xTQc)Z]t,/2+ E [(CTQx)Z]t’/Z)}.
x~D x~D

On the other hand, notice that

X~

2
((x +0)"Q(x+¢c)- E [(x +0)"Q(x + c)])
D D

2
(xTQx - ]ZijTQx)

TA2 T2
+x@~ED [(x Qo) ] +x@~ED [(c Qx) ]) } .

t)2

v/ v /2
+( E [(xTQcﬂ) +( E [(cTQx>2])
x~D x~D

(xTQx— E [xTQx])2

x~D

<4’ | E
~D

X~

ST\ 2
((x +0)"Q(x +¢) - ]ED [(x +0)TQ(x + c)]) ]) } .

As a result, we obtain:

s

X~

g
((x +0)"Q(x +¢) - ]~Ez) [(x +0)TQ(x + c)]) ]

ST\ /2
< @4ct)” ((x +0)TQ(x+¢) - E [(x+0)TQ(x + C)]) ]) } ,

E
D

X~

which completes the proof. m]

Lemma A.6 (Mixtures of Certifiably Hypercontractive Distributions, Lemma 2.34 restated). Let
Dn, Do, ..., Dy have t-certifiable C-hypercontractive degree-2 polynomials on R4, for some fixed constant
C. Then, any mixture D = Y,; w;D; also has t-certifiably (C /a)-hypercontractive degree-2 polynomials for
a = miniék,wi>0 w;i.

Proof. Applying Lemma 2.21 followed by SoS Holder’s inequality on the second term and followed
by a final application of SoS Holder’s inequality (Fact 2.20), we obtain:

Q j—
l?{]E _x]~EZ)

< 2t (Zl: w; XE)
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t/
(xTQx— E [xTQx])
x~D

x~D

t/
x Qx — Z w; xE) [xTQx])

"
xTQx — Z w; xin [xTQx])

(o g, e

i



¢
+ (Zl: w; XE)i [XTQX - xE)i [xTQx]] ))
ST\ /2
< Zt’((Ct’)t' (Z w; XE)i (xTQx - xE)f [xTQx]) ])
21\
+ Z w; (xTQx - xE)i [xTQx]) ]) )

(40) (Z“’l E|(rox- & [TQx])ZD*’/Z}'

On the other hand, note that by Lemma 2.32, we know that
0 . = o)
$g (e geraf|-Ze g (o g o]
[ 2
> S |[or g, (o]

Combining the two equations above completes the proof. m]

E

x~D;

Corollary A.7 (Certifiable Hypercontractivity of k-Mixtures of Gaussians, Corollary 2.35 restated).
Let D be a k-mixture of Gaussians },; wiN(ui, Li) with weights w; > « for every i € [k]. Then, D has
t-certifiably 4/ a-hypercontractive degree-2 polynomials.

Proof. From [KOTZ14], we know that the standard Gaussian random variable has t-certifiably
1-hypercontractive degree-2 polynomials. From Fact 2.31, we immediately obtain that for any PSD
matrix X, the Gaussian N(0, X) also has t-certifiable 1-hypercontractive degree-2 polynomials. From
Lemma 2.33, we obtain that for any p, the Gaussian N(u, L) has t-certifiable 4-hypercontractive
degree-2 polynomials. Finally, applying Lemma 2.34 to D; = N(u;, L;) and mixture weights
w1, Wy, ... w, yields that D = 3, w;N(u;, Z;) has t-certifiably 4/a-hypercontractive degree-2
polynomials. This completes the proof. m]

Lemma A.8 (Linear Transformations of Certifiably Bounded-Variance Distributions, Lemma 2.39

restated). For d € N, let x be a random variable with distribution D on R such that for d x d matrix-valued
Q

indeterminate Q, }7 {]ExN@(xTQx —EpxTQx)? < ||21/2Q)21/2||i}. Let A be an arbitrary d X d matrix

and let x’ = Ax be the random variable with covariance ! = AAT. Then, we have that

2
1/ Z;l/zn '
Q F

Q T T "2
}T{x’]?@’(x Qx’ - gx Qx") <‘

Proof. The covariance of x” is AAT = ¥, say. Let Z'1/2 be the PSD square root of £’. The proof follows
by noting that x’"Qx’ = (Ax)TQ(Ax) = xT(ATQA)x" and that ||ATQA||12T =tr(ATQAATQA) =

2
tr(AATQAATQ) — tr(z/Qz/Q) — tr(z/l/zQZ/I/Zzll/ZQZ/l/Z) — 2'1/2Q2'1/2HF~ O
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Lemma A.9 (Variance of Degree-2 Polynomials of Standard Gaussians, Lemma 2.40 restated). We

have that
Q 2 2
}7 { E (xTQx - E XTQX) <3 ||Q||p} .

N(O,I) N(O,I)

Proof. Wewillview xx™ and I € R¥ as d?-dimensional vectors. Consider the matrix [E,.. N, (X" —=

I)(xxT —I)T. The diagonal of this matrix is 21 ;2. The off-diagonal part has exactly one non-zero

entry in any row (which corresponds to entry indexed by (i, j) and (j, i) for i # j), and thus has

spectral norm at most 1 by the Gershgorin circle theorem. Thus, E, n(n(xx" =I)(xx" =I1)T < 3l .
We thus have:

N(QO,I) N(QO,I) N(0,I) N(0,I)

2
I%{ E (xTQx— E xTQx) = E (xx"-1Q)’= E (w"-1,Q)

<[ E (x"-Dx"-1)"

x~N(0,I)

1QIIF < 3Lzl 1IQIIF =3 ||Q||%}. (A1)
2

O

Lemma A.10 (Variance of Degree-2 Polynomials of Mixtures, Lemma 2.43 restated). Let M = }}; w;D;
be a k-mixture of distributions D1, D, ..., Dy with means p; and covariances X;. Let p = Y; w;u; be
the mean of M. Suppose that each of D1, D,, ..., Dy have certifiably C-bounded-variance i.e. for Q: a
symmetric d X d matrix-valued indeterminate.

}7 2
f { E (x"Qx'-Ex'"Qx)*<C ‘ 2’1/2Q2’1/2H } .
x'~D; D;

F
Further, suppose that for some H > 1, ||u; — pll5, |Zi — I||p < H for every 1 < i < k. Then, we have that
}8
> 4 E

x~M

X~

2
(xTQx - E [xTQx]) ] < 100CH? ||Q||§} .
M
Proof. We have the following sequence of (in-)equalities:

I%{ ]EM (xTQx - ]EM xTQx)2 = ;;wix]%i (xTQx - ]EM xTQx)2 (A.2)
2
- Zwix“:b (xTQx—xE)i xTQx+xE)i xTQx—xFMxTQx) (A.3)
2 2
< ZZ w; XE)I_ (xTQx - xE)i xTQx) + ZZ w; (xE)i x'Qx — xLEM xTQx) } , (A.4)

where the third line follows from Fact 2.21 (SoS Almost Triangle Inequality).
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Let us firstbound the 2nd term in the RHS above. Towards that, letX = Y; w;((ui—p)(ui—p) " +Xi)
be the covariance of the mixture M. Then, notice that © = Y, wi((pi — w)(ui — )7 + Xi) =
2iwipip! + 3, w;E — upu'. Thus, we can write

i +Zi ST = ) wilpip] - )+ ) wi(Zi - 5)

j#i j#i

= > Wil = )= )7 = D (= )= )T+ > wi (5 - X))
j#i j#i j#i

= > wiluj =)= )" = D (== )T+ ) wi(Ti =1 = > wi(Z— 1),
j#i j#i j#i j#i

Here, in the second to last step, we added and subtracted }; j#i Wj pp’ and used that Y, wip; = 1,
and in the last step we added and subtracted };;.,; w;I.

By application of the triangle inequality for Frobenius norm to the RHS of the above, we have
that:

liaed + 21 =™ = 2l < 7w s = @i = w7l + 3wl = e = w7

J#i j#i
+ > Wil =Dllg+ Y w; |1 =Ll <H+H+H+H=4H .
j#i j#i

Using the SoS version of the Cauchy-Schwarz inequality (Fact 2.20) on indeterminate Q and constant
pu’ = pip +X; — X and the above bound, we have:

2
I%{Zwi( E x"Qx- E xTQx) = > wi (i +20,Q) - (pp” +%,Q))°

- x~D; x~M
2
< D willup” = pie] +Zi - Z[FIQIF < 16H ) w; [QIIf = 16H ||Q||%}~
i i

Let us now bound the first term in the RHS of (A.4) above. First, observe that x " Qx—IE Ui, %) xTQx =
(= i) TQ(x — i) =B,z (x — i) TQ(x — i) +2(x — ;) "Qui. Thus, using Fact 2.21 and Lemma 2.42,
we have:

2
I%{Z wi E (xTQx - E xTQx) (A5)

2
< 2; wj %:; ((x - i) Qx — i) — XE)i(x — i) Q(x — yi)) + 8; w; g ((x - yi)TQyi)Z

(A.6)

<6Zwic’
i

2
z/ ZQZZVZHF +8 Z wi B ((x = #i)TQ#i)z} : (A7)
i<k !
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For the first term, note that ||Z;||, <1+ ||Z; = I|| <1+ H. Thus,
172 2 1) < VI ¥ HI. Using Lemma 2.25 with A = (1 + H)"/22/* and B = Q¥

i i

Zg/sz < V1 + H. Thus, we have

1/2
i 7

that 2./ < T+ (Z

2 2
we have: I% {“Z}/ZQZg/ZHF <(1+H) ”QZ}/ZHF}' By another application of Lemma 2.25, we have:

Q 2 Q 2
lT {HQZ}/ZHF <(1+H) ||Q||%}. Thus, altogether, we have: |7 {“23/2Q23/2HF <(1+H)7? ||Q||%}'

Using our assumption that 1 < H, we thus have:
Q 2
%{Z wic||zozi?[ < ca+mRiQI} < 4ch? ||Q||%} -
i
For the second term, first observe that the following equality of quadratic polynomials in indetermi-

2 2
nate Qi ((x — u)TQu)” = (=1 — w) =2 Qui) . Thus, Exeo, (v = )™ Qui)” = |21 Quu] .
Next, by the SoS Cauchy-Schwarz inequality (Fact 2.20), we have that

|% {HZ}/ZQWHE = tr(pip] QLiQ) < Htr(QLQ) = H HZ}/ZQ“i} '

Applying Lemma 2.25 with the observation above that Z}/ 2 < (1 + H)Y2 yields: l%
2 e

{HZ}/ZQHF <(1+H) ||Q||12E} Thus, altogether, we obtain: lT {Ex~p,(x — yi)TQui}z < H(1 +
H)?||Q|I? < 4H?||Q||3. We thus have:

Q

lT{Z wi B ((x = )" Qui)* < 4H IIQII%} :

i<k

Plugging in these bounds into (A.7) completes the proof. m|

As an immediate corollary of Lemma 2.39 and Lemma 2.43, we obtain:

Lemma A.11 (Variance of Degree-2 Polynomials of Mixtures of Gaussians, Lemma 2.44 restated).
Let M = ; wiN(u;, X;) be a k-mixture of Gaussians with w; > a, mean u = ; w;u; and covariance
Y=Y wil(ui —w)ui — )" + Li). Suppose that for some H > 1, ||Z+/2(Zi — I)Z”ZHF < H for every
1 <i < k. Let Q be a symmetric d X d matrix-valued indeterminate. Then for H' = max{H,1/a},

e,

X~

2
(xTQx - E [xTQx]) ] < 100H" 21/2Q21/2H2} .
x~M F
Proof. Let . = UAUT be the covariance of the mixture M along with its eigendecomposition.
We want to apply Lemma 2.43 and Lemma 2.39 with the linear transformation x — Ax for
A = AT2UT. For this, we need to check that the conditions of the Lemma 2.43 are met after this
linear transformation. The new component covariance is X! = AL;AT and the hypothesis implies
that they are within H in Frobenius distance of the new mixture covariance I’ = AXLAT (I in the
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range space of I). The new means of the components after the linear transformation are u; = Ay;
and the new mixture mean is y’ = Au. Thus, noting that I’ = 3, w;(u} — @) (0 — )" + X, w;X},
and since each of the terms in the RHS of the preceding equality are PSD, we must have that
I' > wiy, — W), — )T for every i. Thus, 1 = [I'll, > wi |, - w) @, — )|, = |1 — ][5
Rearranging yields that ||y; - y’“i < 1/w; < 1/a. Thus, we can now apply Lemma 2.43 to the
linearly transformed mixture and the conclusion follows. m]

A.4 Omitted Proofs from Section 2.4

Lemma A.12 (Lemma 2.49 restated). If X satisfies Condition 2.47 with respect to M = 3; wiN(ui, Li)
with parameters (y, t), then if w; > y for all i € [k, and if for some B > 0 we have that || |5, IZillop < B
forall i € [k], then for all m < t, we have that:

2

E [x®"] - E [x®"]

< )/ZMO(m)Bmdm )
xe, X x~M

F

Proof. We begin by noting that for any symmetric m-tensor A we have that
||A||12: <mo(m)(]EU~N(0,I)[(A, v®M)2]). This is because, in the notation of [DKS18], the squared ex-
pectation of (A, v®") is E[Homa(v)?] > m!E[ha(v)?] = m! ||A||12;, where the first inequality holds
because V!l 4(v) is the degree-m harmonic part of Hom4(v), and the equality is by Claim 3.22.
Therefore, to prove the lemma, it suffices to bound

[ 2
B [EJE 0= E 0] ‘

xe, X

2
1 " w; )
(E E (0 %)™ —w,; xNN]Eu,Zi)(U o ))

xEXi

>

= E
v~N(0,I) (1:1

k m m\ i (1 | |
:v~/£l/:70,1) Z Z (j )“i ] (E Z(U (= )Y —wi X~N]Ezi,zi)(v (= )

xeX;

[ k m
< v~/£l/§(0,1) Z Z (7) v - ;| (wiym!(yTZv)f/z)

k
<2mOm g ( (o - ] + (T x0) /2 Zm)
yimon Zl wi(lo - il + (@"Z0)'/?)

< 2..0(m) E 2B™ 2m
PmOe E (28" ol

<yrmOtmpmgm,

2

This completes the proof. m]

Lemma A.13 (Lemma 2.50 restated). Let M = }}; wiN(u;, Z;). Let S C [k] with };cs w; = w, and let
M =Y ics(wi/w)N(ui, Z;). Then if X satisfies Condition 2.47 with respect to M with parameters (y, t)
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for some y < 1/(2k) with the corresponding partition being X = X1 U Xo U ... U X, then X' = ;s Xi
satisfies Condition 2.47 with respect to M’ with parameters (O(ky /w), t).

Proof. After noting that |X’| = w|X|(1 + O(ky/w)), the rest follows straightforwardly from the
definitions using the partition X’ = | J;c5 Xi. O

Lemma A.14 (Lemma 2.51 restated). Let M = ZZ‘:] wiN(ui, L;) and let n be an integer at least
ktCtdt /y3, for a sufficiently large universal constant C > 0, some y > 0, and some t € N. If X consists of n
i.i.d. samples from M, then X satisfies Condition 2.47 with respect to M with parameters (y, t) with high
probability.

Proof. We will show that Condition 2.47 holds with high probability using that partition where
X; is the set of samples drawn from the i-th component of M. Note that the second part of
Condition 2.47 holds with high probability, so long as 1 is a sufficiently large multiple of d/y? by
the VC-Theorem [DLO01]. In particular, if we think of samples as being drawn from R? x [k], where
the second coordinate denotes the component that the sample was drawn from, the second part of
Condition 2.47 says that the empirical probability of any event H x {i} is correct to within additive
error ). It is easy to see and well-known that the class of such events has VC-dimension O(d), from
which the desired bound follows.

For the first part of Condition 2.47, we claim that it holds with high probability so long
as n > kt“d'/y3. To prove this, we show it separately for each i with w; > ) (as otherwise
there is nothing to prove) and take a union bound. As Condition 2.47 is invariant under affine
transformations, we may perform an invertible affine transformation so that y; = 0 and X; is the
projection onto the first 4’ coordinates, for some d’. It is clear that only the first d’ coordinates of
any element of X; will be non-zero. We claim that the first part of our condition will follow for a
given m, so long as ||X;|/n — w;| < yw; (which holds with high probability if n > log(k)/y?), and
2

E [x*"]- E [x*"]

<%, A8
XEuXi JC"'N(O,Id/) ‘)/ ( )

F

as % Yvex {0, x = ui)™ = wi(1 £ y)(Eye,x,[x®"],v®™). It is easy to see that each entry of the tensor
on the left hand side of Equation (A.8) has mean 0 and variance m©™ /|X;|, and thus the expected
size of the left hand side is m©™d™ /| X;|. Then, when n > kC¥d*k/ y3 for a sufficiently large constant
C, all parts of our condition hold with high probability. This completes the proof. m]

A.5 Omitted Proofs from Section 6

Lemma A.15 (Frobenius Distance to TV Distance, Lemma 6.5, restated). Suppose N (u11, 1), N(u2, L2)
are Gaussians with ||u1 — uz||, < 6 and ||X1 — Lo\ < 0. If the eigenvalues of X1 and X are at least A > 0,
then

drv(N(u1,Z1), N(u2, X2)) = O(6/A) .
Proof. By Fact 2.1, we have

1/2 _ _
drv (N(p1, £1), N (2, L2)) = 0(((u1 ) 5 N - ) 1P ) |
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Then the first term is (yl - yz,Zl_l(yl - y2)>1/2 < (||ZI1||0p = “2”%)1/2 < 6/VA. The second term
is

2
-1/2 -1/2 -1/2 -1/2
A e [ R
2
—tr ((z;l/z(zl - o)z, ) )

< tr (2 - 2oR) (1/4)2
< (8/M)%

Thus,
drv(N(u1, Z1), N(u2, £2)) = O(5/VA + 6/A) = O(5/A) .

O

Lemma A.16 (Component Moments to Mixture Moments, Lemma 6.6 restated). Let M =
Zie[k] wiN (ui, Z;) be a k-mixture such that w; > a, for some 0 < a < 1, and M has mean p and covariance
Tand forall i # j € [k], |£%/? (S - Z;) ||, < 1/Va. Let X be a multiset of n samples satisfying Con-
dition 2.47 with respect to M with parameters (y,t), for 0 < y < (dk/a)~, for a sufficiently large constant
c,and t € N. Let D be the uniform distribution over X. Then, D is 2t-certifiably (c /a)-hypercontractive

and for d x d-matrix-valued indeterminate Q, }% {]EM (xTQx —EpxTQx)* < O(1/a) ||Zl/2Q21/2||i}.

Proof. First, since M is a k-mixture of Gaussians with minimum mixing weight wmnin > «,
it follows from Corollary 2.35 that M is t-certifiably (4/a) hypercontractive. Further, since
X satisfies Condition 2.47 with parameters (y,t), it follows from Lemma 2.48 that the set
X' = {Z¥2(x; — p)}yex also satisfies Condition 2.47 with parameters (y,t) w.rt. M’ =
Ziek] WiN (Z+/2(yi - ‘u),ZJr/ZZiZJr/Z). Since ||Z+/22i2+/2||0p < O(1/a), it follows from Lemma

2.49 that for all m < ¢, ||Exe, x/[x®™] - ]EXNM/[X®m]||12: < y*mOMmgm(1/a)y™. Since y < (dk/a)=°®,
it follows from Fact 2.45 that X is 2f-certifiably (c/a)-hypercontractive.

By assumption, for all i # j € [k], we have that ||£*/2 (Z; — £;) /2|, < 1/va. We can now
apply Lemma 2.44 to obtain

x~M

(xTQx - E [xTQx])2 <O(1/a) HZMQZ”ZH?D} .

Therefore, it follows from Fact 2.45 that since X satisfies Condition 2.47 with parameters (y, t), the
uniform distribution Dy on X, |g {IEXNDX(xTQx —Ex-py xTQx)? < O(1/a) ||21/ZQ21/2||12E}. o
B Bit Complexity Analysis

Here we address numerical issues related to our computation. We begin with the assumption that
the eigenvalues of our covariance matrices are bounded below.
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Lemma B.1. f M = Zle w;G; is a mixture of Gaussians G; where each G; has mean and covariance of
norm at most 2° for some positive integer b and each G; has covariance matrix whose eigenvalues are bounded
below by some A > 0. Let M’ be an e-corruption of M whose outputs are bounded by 2°®). Let N be a
sufficiently large polynomial in d* /& and let 1) be A divided by a sufficiently large polynomial in 2°d /e (where
sufficiently large is degree O(1)). Then if our algorithm is given N i.i.d. samples from M’ with each of their
coordinates rounded to a nearby multiple of n) (by which we mean one of the two closest), then our algorithm
runs in time poly(N, b, log(1/n)) and with high probability returns a list of mixtures of Gaussians X; with
at least one of the X; poly, (¢)-close to M in parameter distance.

Proof. This follows from noting firstly that with high probability the any subset of the rounded
samples will have moments A /poly(d/¢)-close to their moments before rounding. This means that
with high probability these rounded samples will satisfy Condition 2.47. This means that our
algorithm satisfies the necessary correctness guarantees. Furthermore, given that our samples now
all have bounded bit complexity, it is easy to see that the runtime of our algorithm is polynomial in
N and the bit complexity. m]

More generally, as long as the parameters of the components of our mixture can be expressed
with bounded bit complexity, we can prove a similar result, without needing any lower bound on
the covariances.

Theorem B.2. Let M = Zle w;G; be a mixture of Gaussians where the G; are Gaussians whose means
and covariance matrices can all be written with coefficients given by rational numbers with bit complexity at
most b for some integer b. Let M’ be an e-corruption of M so that with probability 1 the returned points
have size 2°®), Let N be a sufficiently large polynomial in d*/e. Then there exists an algorithm that given b
bit-oracle access to these samples runs in time poly(N, b) and with high probability returns a mixture of
Gaussians X so that dry(X, M) < poly,(¢).

Proof. We begin by showing that we can find a list of hypotheses at least one of which is close. It is
then straightforward to show that we can run a tournament over these hypotheses to find a specific
one that works. We also assume for simplicity that each w; is at least 3¢.

We begin by setting A to be 27 4 fora sufficiently large constant C. By adding each sample
to a random sample from N(0, AI), we can produce samples from M’, and e-corruption of
M= Zle w;G; where G; is the convolution of G; with N (0, AI). Note that G; is a Gaussian whose
covariance has eigenvalues at least A. Furthermore, if the covariance matrix of G; is non-singular, the
smallest eigenvalue of the covariance matrix must be at least 200:d) and therefore drv(G;, G;) < .

Since the eigenvalues of the components of M are bounded below, we can apply Lemma B.1 to
our samples from M’ rounded to an appropriate accuracy 7, and in poly(N, b)-time obtain a list of
hypothesis mixtures at least one of which is (with high probability) close to M in total variation
distance.

If the covariances of all of the G; with weights more than some sufficiently large poly, (¢) are all
non-singular, then one of these hypotheses will be close to M. Otherwise, there must be some 7 for
which w; is relatively large and for which G; has singular covariance matrix. In particular, there
must be an integer vector v with bit complexity O(bd) in the kernel of the covariance matrix of G;.
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The hypothesis mixture X that is close to M in parameter distance must contain some component
close to G;. Since G; has covariance matrix £; = AI + Z; where ¥; is the covariance matrix of G;.
We note that ¥; will have an eigenvalue of A and that therefore, our close hypothesis will have an
eigenvalue at most 2A.

If any of our returned hypotheses have any component with a covariance matrix X which has
any eigenvalue less than 21, we do the following. We consider the quadratic form on integer vectors
v defined by

Q) =v'Zv + \/le@.

We note that if this ¥ is close in parameter distance to a singular X; where Z; had a null-vector v of
norm 299 then for that same value of v we will have that Q(v) < A4 Using the Lenstra, Lenstra
and Lovdsz Algorithm [LLL82], we can find a v so that Q(v) is within a 20@_factor of the minimum
possible value over all non-zero, integer vectors v. If for this v, Q(v) > 29 A1/4 we know that the
hypothesis in question is not close to M in parameter distance and can be ignored. On the other
hand, any v with Q(v) this small must have |v| < 20 A-1/2 and vTTo < 20@AV4, Note that the
projection of v onto the ker(Z;)" is either zero or has magnitude at least 2°9. In the latter case, it
would need to be the case that Q(v) is substantially larger. Thus, if such a hypothesis is close to M
in parameter distance, then v is in the kernel of some X;.

If our algorithm finds some v for some hypothesis, we then compute v - x to error A for each
of our samples x. If M really has a component with v in the kernel of its covariance matrix, all
of the x’s taken from this component will have v - x the same. This means that at least a (3/2)¢
fraction of our samples x will have v - x within A of each other. Note that if v is not in the kernel
of any covariance matrix of any G; than Var[v - G;] will be at least 20(b) for each i, and with high
probability we will not find this many close samples.

To summarize, if our algorithm applies this procedure to every component of every hypothesis
and does not find such a v, then it cannot be the case that M contains any components of weight
more than poly, (¢) that are singular, and thus one of our original hypotheses must be close in total
variational distance. We can then run a tournament to find a single one that is close. Otherwise,
if we find such a v for which many points do have v - x close by, then v must be a null vector
of the covariance matrix of some G;. Furthermore, all of the samples within A of this common
value of v - x, with high probability are either errors or come from components contained in
some lower dimensional subspace. We can determine what this subspace is by noting that it is
defined by v - x = g for some rational number g with bit-complexity at most O(bd) and using
continued fractions on a good numerical approximation of g in order to determine its true value.
Our algorithm can then recurse on the points in this subspace (a mixture of Gaussians in a lower
dimensional space) and on the remaining points (which are from a mixture of fewer Gaussians),
and return an appropriate mixture of the results. m]
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