THE CHERN-RICCI FLOW

VALENTINO TOSATTI AND BEN WEINKOVE

ABSTRACT. We give a survey on the Chern-Ricci flow, a parabolic flow
of Hermitian metrics on complex manifolds. We emphasize open prob-
lems and new directions.

1. INTRODUCTION

On a Kéhler manifold (M, wy), a solution of the Ricci flow starting from
wp is given by a smooth family of K&hler metrics w = w(t) satisfying

ow
— — —Rj <

(1.1) T Ric(w), 0<t<T,
w(0) = wo,

for T € (0,00]. Here Ric(w) is the (1,1) form associated to the Ricci cur-
vature of the underlying metric ¢ associated to w and is given explicitly
as

(1.2) Ric(w) 1 —v/ =190 log det g.

The equation (1.1) is known as the Kdhler-Ricci flow. It was pointed
out by Hamilton that his Ricci flow [33] preserves the Kéhler condition
of a metric (at least in the compact case, see Shi [72] for the complete
noncompact case). H.D. Cao [7] first studied the Ké&hler-Ricci flow in its
own right, and observed that it is equivalent to a scalar parabolic complex
Monge-Ampeére equation.

More recently there has been interest in the study of nonlinear PDEs,
including complex Monge-Ampere equations and geometric flows, in the
setting of non-Kdhler complex manifolds. All complex manifolds admit
Hermitian metrics. We will identify such a Hermitian metric g, as in the
Kéhler case, with its (1,1) form w = \/jgzjdzi A dZ. In general w is not
closed. Moreover, the Ricci curvature of the Levi-Civita connection of g
is in general not of type (1,1) and hence Hamilton’s Ricci flow will not in
general give a flow of Hermitian metrics. It is natural then to look for another
geometric flow of Hermitian metrics which specializes to the Ricci low when
wp is Kéahler. Many such flows, including the titular Chern-Ricci flow, have
been proposed and investigated (see for example [21, 50, 61, 62, 83, 84, 85]
and Section 8.1 for some discussions of other flows).
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Indeed, the level of interest on flows on complex manifolds has reached the
point where it has a newly designated classification code in the 2020 Math-
ematics Subject Classification, “53K30 Flows related to complex manifolds
(e.g., Kéhler-Ricci flows, Chern-Ricci flows)”.

The Chern-Ricci flow was first studied by Gill [26] in a special setting, and
then introduced and studied in general by the authors [99]. It is arguably
the simplest to write down. In fact, the Chern-Ricci flow is formally just
(1.1), (1.2) above. The difference is that now w(t) are a family of Hermitian
metrics on the complex manifold M, with wy a given Hermitian metric. The
w(t) satisfy as above

ow
_—=— 1 <

(13) 5 Ric(w), 0<t<T,
w(0) = wy,

for T € (0, 00]. The only difference is that now

. 1 =
Ric(w) := —v/—19dlog det g
is no longer the Ricci curvature of the Levi-Civita connection of g, but rather
the Chern-Ricci form of the Hermitian metric g. The Chern-Ricci form can
be identified with a Ricci curvature tensor of the Chern connection of g.
We end the introduction by giving a brief outline of this article.

Reduction to a scalar equation. In Section 2 we explain how the Chern-Ricci
flow can be reduced to a scalar equation of parabolic complex Monge-Ampére
type. This is a key feature of the Chern-Ricci flow which, as for the Kahler-
Ricci flow, allows us to make use of analytic tools from the study of complex
Monge-Ampére equations to prove long time existence and convergence re-
sults.

Examples. On locally homogeneous complex manifolds one can construct
explicit solutions to the Chern-Ricci flow. We explain this briefly in Section
3.

Compact complex surfaces. The study of the Chern-Ricci flow on compact
complex surfaces is the main focus of this survey. A rather detailed picture
has emerged of the known and expected behavior of the Chern-Ricci flow
on minimal (i.e. no smooth rational curves of self-intersection —1) compact
complex surfaces. This is explained in Section 4. There has been great
success so far in understanding the case of minimal surfaces with Kodaira
dimension greater than or equal to zero, while major challenges remain for
those of negative Kodaira dimension. In Section 5 we explain what is known
so far about non-minimal complex surfaces.

Singularities. In Sections 6 and 7 we discuss the nature of singularity for-
mation for the Chern-Ricci flow in the case of finite time and infinite time
singularities respectively.
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Further questions and directions. Finally in Section 8 we discuss, rather
informally, some further questions and new directions for the study of the
Chern-Ricci flow and other related flows. In particular we highlight a success
of Lee-Tam [45] on using the Chern-Ricci flow to construct solutions of the
Kahler-Ricci flow on complete non-compact manifolds, with an application
to Yau’s Uniformization Conjecture.

Acknowledgments. Research supported in part by NSF grants DMS-
1903147 (VT) and DMS-2005311 (BW). Part of this work was carried out
while the first-named author was visiting the Center for Mathematical Sci-
ences and Applications at Harvard University and the second-named author
was visiting the Department of Mathematical Sciences at the University of
Memphis, whom we would like to thank for their kind support and hospi-
tality.

2. THE PARABOLIC COMPLEX MONGE-AMPERE EQUATION

On a compact complex manifold, the Chern-Ricci flow is equivalent to a
parabolic equation for a scalar function [26, 99], just like the Ké&hler-Ricci
flow. Namely, there exists a solution w = w(t) of (1.3) for ¢ in [0,7") if and
only if there exists a solution ¢ = ¢(t) for ¢t in [0,T) of

Jp o (wo — tRic(wp) + v/ —199p)"
ot 8 wp ’
wo — tRic(wo) + vV —109p > 0,

(0) = 0.

Indeed, given (t) solving (2.1) then w(t) := wg — tRic(wg) + v/ —109p(t)
satisfies

(2.1)

0 — )"
—w(t) = —Ric(wg) + vV—190 log w(" = —Ric(w(t)),
ot wg
and hence solves (1.3).
Conversely, given a solution w(t) of (1.3) we define ¢(z,t), for each fixed

x € M, by

n

Lo (wls)
o(x,t :/ log ~———~"—ds,
0= ) 18 o)
which thus satisfies the ODE

%cp(x,t) = log W, o(z,0) = 0.

Then one can compute that

%(w(t) — wp + tRic(wy) — V—19dy) = 0,

(w(t) — wo + tRic(wo) — V—180¢) |t=o = 0,
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and so w(t) = wp — tRic(wg) + vV/—199p > 0 for all t € [0,T), giving that
©(t) solves (2.1).

We observe that (2.1) is a scalar parabolic equation (of complex Monge-
Ampere type) and hence, since M is compact, the Chern-Ricci flow always
admits a unique solution on some maximal time interval [0,7") for some
0 < T < oo, by standard parabolic theory (see e.g. [96, Theorem 3.5] which
can be immediately adapted to this setting). In [99] it was shown that in
fact T' can be characterized as:

(2.2) T =sup {t>0|F € C®(M) with wg — tRic(wp) + vV—189¢ > 0} .

Note that to see that T is bounded from above by the right hand side of
(2.2) is an immediate consequence of (2.1). The reverse inequality requires
a priort estimates.

We remark that when wy is Kéhler, the result (2.2) is due to Tsuji [105]
and Tian-Zhang [92] (see also [7, 104]), and in this case the condition can be
expressed in terms of the positivity of the cohomology class [wo—tRic(wp)] =
[wo] + t2me1 (K ), where Ky is the canonical bundle of M.

It turns out that in many cases it is rather straightforward to compute
T, especially in the case of complex surfaces which we will discuss in the
next two sections. In particular, we mention a useful result, proved in [100,
Theorem 2.1]: we have T' = oo if and only if the canonical bundle K/ is nef
(in the analytic sense). This is in fact an easy consequence of (2.2) and the
definition of Kj; being nef, which can be stated as follows: for every € > 0
there exists 1. € C*°(M) such that —Ric(wp) + v/ —100%. > —ewp.

Observe that, as is the case for the Kéhler-Ricci flow, the condition that
T = oo is independent of the initial metric wy.

Lastly, we briefly discuss the setting of Gill’s paper [26] (see also [73]
for a recent generalization). There, he considered the parabolic complex
Monge-Ampére equation

Dy (wo + v/ —100p)"
ar 1Og )
03 ot ef'wy
(2:3) wo+v—18590>0,
¢(0) = 0.

on an arbitrary compact Hermitian manifold (M, wy), where F' € C*°(M) is
also arbitrary, and proved that this equation always has long-time existence
and convergence (after normalization) to the solution of an elliptic complex
Monge-Ampére equation, which had been previously solved by the authors
[97]. This is the Hermitian analogue of the result of Cao [7] for who gave
a parabolic approach to Yau’s theorem on compact Kéhler manifolds [113].
The PDE (2.3) (with suitable choice of F') is equal to the Chern-Ricci flow
equation (2.1) only in the case when Ric(wp) = /—100% for some ) €
C*°(M). These manifolds with vanishing first Bott-Chern class [95] will be
discussed below.
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The general Chern-Ricci flow (1.3) was introduced by the authors in [99],
who also proved the above equivalence with (2.1) and the characterization
(2.2) of the maximal existence time.

3. EXAMPLES

One can write down many explicit solutions of the Chern-Ricci flow on
compact complex manifolds which are locally homogeneous (equivalently,
they admit a geometric structure in the sense of Thurston [109]). Indeed,
let (M"™ w) be a locally homogeneous compact Hermitian manifold. Its
universal cover is then biholomorphic to I'\G where G is a Lie group with
a left-invariant complex structure, and I' C G is a discrete subgroup, and w
is induced by a left-invariant Hermitian metric on G.

If (M,wp) is locally homogeneous, then it was observed in [43] that

(3.1) w(t) := wo — tRic(wo),

is always a solution of the Chern-Ricci flow (1.3), which is still locally ho-
mogeneous. Now, locally homogeneous compact complex surfaces (that is,
of complex dimension 2) were classified by Wall [109], they are all minimal,
and the non-Ké&hler ones are exactly diagonal Hopf surfaces with eigenvalues
of the contraction with equal norm, and all Inoue surfaces, Kodaira surfaces
and non-Kéahler minimal properly elliptic surfaces. There are 6 possibilities
for the Lie group G.

The evolved metrics (3.1) were explicitly computed in all these cases in
[98] (except Kodaira surfaces, for which the behavior of the flow was already
determined in [26], but these can be easily treated in the same way), where
the Gromov-Hausdorff limit of (M,w(t)) as t — T was also determined in
each case. Some of these will be discussed below.

4. MINIMAL COMPLEX SURFACES

Let M be a compact complex surface (namely, of complex dimension 2).
For this and the next section we will discuss what is known, and not known,
about the behavior of the Chern-Ricci flow on M. It is convenient for us
to make an assumption that the initial Hermitian metric wq is Gauduchon,
which means that

(4.1) 0wy = 0,

or in other words wy is d0-closed, or pluriclosed. Note that for general
dimension n > 2 the Gauduchon condition is 85(%%1 = 0, a non-linear
equation in wy.

It is natural to restrict to Gauduchon metrics in complex dimension 2.
Indeed, the well-known theorem of Gauduchon [22] states that there exists
a unique (up to scaling) Gauduchon metric in the conformal class of any
Hermitian metric. Hence it imposes no assumption on M. On the other
hand the d9-closed condition (4.1) is preserved along the Chern-Ricci flow,
since the Chern-Ricci form is d-closed and therefore 99-closed. So it is also
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natural in the context of the Chern-Ricci flow. Hence for the rest of this
section and the next we will assume (4.1), even though in fact some of the
results discussed do not actually require it.

In particular, under this Gauduchon assumption, the maximal existence
time T of the Chern-Ricci flow is equal to the first time when either the
total volume of M or the volume of some holomorphic curve C' with negative
self-intersection goes to zero [99, Corollary 1.4], and these volumes can be
effectively computed as

Vol(M, w(t)) = ;/

(wo — tRic(wp))?,  Vol(C,w(t)) = / (wo — tRic(wop)).
M

C
This allows us to easily compute T on all compact complex surfaces.

In this section we will analyze the case when M is in addition minimal,
in the sense of complex geometry. This means that M admits no (—1)-
curves, namely no smooth rational (i.e. biholomorphic to P!) curve E with
self-intersection number £ - F = —1.

It is a classical fact that from every complex surface one can obtain a
minimal complex surface after a finite number of birational transformations
known as blow-downs. Indeed if M admits a (—1) curve E then one can
explicitly construct (see e.g. [4]) a holomorphic surjective map m: M — N,
for N a smooth compact complex surface, with 7(E) = p € N and such
that 7 restricted to M \ E is a biholomorphism onto N \ {p}. If N admits a
(—1) curve then repeat. This process must terminate since the second Betti
number of N is strictly less than that of M.

To understand complex surfaces then, it makes sense to start with the
minimal ones. In Section 5 we will discuss the case when M is not minimal.

We divide the minimal complex surfaces into groups according to their Ko-
daira dimension. This is a birational invariant defined in terms of H°(M, K{,)
for £ > 1, the complex vector space of global holomorphic sections of the ¢th
power of the canonical bundle Ky of M. If all of the spaces H(M, K ]@)
for ¢ > 1 are trivial then we define Kod(M) = —o0o, and otherwise we let

log dim HO(M, K
Kod(M) = lim sup og dim H7(M, Ky)
{—+o0 log ¢

which can be shown to be an integer that satisfies 0 < Kod(M) < 2. Geo-
metrically, the Kodaira dimension of M is measuring the dimension of the
image of the ¢-canonical (meromorphic) map ®p : M --» P(H°(M, K¥,)*),
for ¢ sufficiently large and divisible.

There are then four possibilities: Kod(M) = 2,1,0, —oo. We will start
with Kod(M) = 2 and work downwards.

In general, it is useful to know that if M is minimal and Kod(M) > 0
then K is nef [4, Corollary I11.2.4].

)

4.1. Kod(M) = 2. In this case M is projective algebraic, a minimal surface
of general type, and in particular admits a Kahler metric. We consider here
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the case when wq is not Kahler. Since K, is nef the solution to the Chern-
Ricci flow exists for all time starting at any Hermitian wg. The authors
showed in [99] that when K/ is ample we have smooth convergence

w(t)

T—MuKE, as t — oo,

where wkp is the unique Kahler-Einstein metric on M satisfying
Ric(wkg) = —wkE-

Gill [28] considered the case when Kjs is not ample. He showed that
w(t)/t = wkr in C.(M \ S) as t — oo where S is the (nonempty) union
of all (—=2) curves on M and wkg is a Kéhler-Einstein metric with orbifold
singularities on M. We note that the results of [99, 28] do not require wy
to be Gauduchon, and also hold in higher dimension, except that in higher
dimensions wkg has more complicated singularities along an analytic subva-
riety S, although it has continuous local potentials by [56]. The subvariety
S is by definition the union of all positive-dimensional irreducible analytic
subvarieties V' C M such that (V - K{mV) = 0, and this union is itself a
closed analytic subvariety by the main result of [10].

When wy is Kéhler these results were established by Cao [7] in the case
of Kjs ample and Tsuji [104] (see also Tian-Zhang [92]) when not.

The following problem is thus very natural:

Conjecture 4.1. Let M™ be a compact complex manifold with Ky nef and
Kod(M) = n, and let w(t) be the solution of the Chern-Ricci flow (1.3)
starting at an arbitrary Hermitian metric wg. Then we have

diam <M, w1(5t)> < C,

for all t sufficiently large, and
t
<M, wi)> = (Z,d), ast— oo,

in the sense of Gromov-Hausdorff (namely, convergence as metric spaces),
where (Z,d) denotes the metric completion of (M \ S, wkg).

These results were shown in the case when wg is Kéhler and n = 2 by
Guo-Song-Weinkove [32] and Tian-Zhang [93] independently. The Tian-
Zhang result also applies when n = 3, and the case of general n was later
settled by Wang [110].

Conjecture 4.1 seems more approachable when n = 2, where one could try
to adapt the method of [32], which unlike [93, 110] does not rely much on the
coincidence of the Chern-Ricci form with the Riemannian Ricci curvature
for Kéahler metrics.
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4.2. Kod(M) = 1. All these surfaces admit a surjective holomorphic map
f M — X onto a compact Riemann surface 3, such that the generic fiber of
f is a torus (i.e. an elliptic curve, after choosing an origin). These surfaces
are called minimal properly elliptic surfaces. We are interested mainly in
the case when M does not admit any Kéhler metric. It turns out that these
non-Kahler minimal properly elliptic surfaces are structurally quite simple:
they are either elliptic bundles over a Riemann surface ¥ (locally f~(U) is
biholomorphic to U x F, for U a small neighborhood in ¥ and F' a torus),
or have a finite cover which is one. Tosatti-Weinkove-Yang [100] considered
the Chern-Ricci flow on such manifolds. As explained earlier, the canonical
bundle K is nef and so the Chern-Ricci flow exists for all time.

For simplicity of the discussion, assume f : M — X is a non-Kahler
elliptic bundle over 3., which is necessarily a Riemann surface of genus at
least 2. It was shown in [100] that

w(t)

— — ffws, ast— oo,

in the CY(M, go) topology where wy is the Kihler-Einstein metric on the
Riemann surface X, satisfying

Ric (wg) = —Wy.

This result implies in particular that the diameter of each torus fiber tends
to zero uniformly and (M,w(t)/t) converges to (S,wy) in the Gromov-
Hausdorff sense. Ome can also say more: w(t) restricted to each fiber
f71(y) converges in the C'! topology to the semi-flat metric waaty on f~1(y).
The semi-flat metric wqat, is defined to be the unique flat metric on the
fiber f~!(y) lying in the cohomology class [wp F-1(y)] (note that wp is not
a closed form, but its restriction to the 1-dimensional fiber is). Very re-
cently, Angella-Tosatti [2] improved this last convergence result, so that
W(t)|p-1() = What,y smoothly on f~1(y).

For a general non-Kahler properly minimal elliptic surface, one can apply
the above result to a finite cover and obtain, for example, Gromov-Hausdorff
convergence of (M,w(t)/t) to (2,dy) where now dy is now the distance
function induced by the orbifold Kéahler-Einstein metric ws: on X.

Later, Kawamura [39] improved the convergence of w(t)/t to f*wy to
C%(M,go),0 < a < 1, in the case when wy is of the form wry + v/—100¢
for some ¢ € C°°(M), where wyy is an explicit Gauduchon metric on M
constructed by Tricerri [103] and Vaisman [107]. Again very recently this
was improved to smooth convergence by Angella-Tosatti [2], who also proved
that in this case the Chern Riemann curvature tensor of w(t)/t remains
uniformly bounded.

These results strongly suggest that the following should hold:

Conjecture 4.2. Let f : M — X be an elliptic bundle over a Riemann
surface ¥ of genus at least 2, and let w(t),t > 0 be the solution of the
Chern-Ricci flow (1.3) on M starting at an arbitrary Gauduchon metric wy.
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Then
t

wi) — ffws, ast— oo,
smoothly on M and (M,w(t)/t) — (X,ds) in Gromov-Hausdorff. Further-
more, the Chern Riemann curvature tensor of @ satisfies the uniform
bound

t
sup ‘Rm (w()) < C,
M ArOW:

for all t sufficiently large. The same results hold for f : M — ¥ a general
non-Kahler minimal properly elliptic surface, up to passing to a finite cover
which makes it an elliptic bundle.

As we said, Conjecture 4.2 was recently proved by Angella-Tosatti [2]
when wp is of the form wry + /=199y for some ¢p € C*(M), but the
general case remains open. See however Question 7.3 below for a local
higher order result that would imply Conjecture 4.2.

As discussed above, the non-Kéahler minimal surfaces of Kodaira dimen-
sion one have a relatively simple structure. In general, minimal properly
elliptic Kahler surfaces still admit an elliptic fibration f : M — X which
may have singular/multiple fibers and this leads to substantial new difficul-
ties when studying the long-time behavior of the flow, which are particularly
acute when wy is not Kéhler. Furthermore, if we let S C M be the union
of all singular/multiple fibers, then the fibers f~1(y),y € X\ f(S) are all
tori, but unlike the previous case they are not mutually biholomorphic in
general, so there is variation of the complex structure of the smooth fibers.
This variation is encoded in a Weil-Petersson form wwp = 0 on X\ f(.9),
and the limiting K&ahler-Einstein metric above is now replaced by a Kéahler
metric wy, on X\ f(.S) which satisfies the twisted Kdihler-Einstein equation

(4.2) Ric(wg) = —wy + wwp,

and which was constructed by Song-Tian [75], who first studied the Kéahler-
Ricci flow on elliptic surfaces.
The following is then the expected picture:

Conjecture 4.3. Let f : M — X be a general Kdhler minimal properly
elliptic surface, and let w(t),t > 0 be the solution of the Chern-Ricci flow
(1.3) on M starting at an arbitrary Gauduchon metric wy. Then

t
(4.3) wi) — ffws, ast— oo,
locally smoothly on M\S, for wy, solving (4.2), and the Chern Riemann cur-

vature tensor of @ remains locally uniformly bounded on compact subsets

of M\S. Furthermore, for each fiber f~1(y),y € S\ f(S) we have

(4.4) w(t)|p-1(y) = Waty;
smoothly on f~1(y).
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Analogously with Conjecture 4.1 one also expects:

Conjecture 4.4. In the same setting as Conjecture 4.3, we have

diam (M, wit)) < C,

for all t sufficiently large, and
(M, wit)) — (Z,d), ast— oo,

in the sense of Gromov-Hausdorff, where (Z,d) denotes the metric comple-

tion of (X \ f(9),ws).

When wy is Kéhler, Conjectures 4.2 and 4.3 were settled by [20, 27, 35,
101], see also [101, §5.14], and Conjecture 4.4 was proved in [78]. Thus, it re-
mains to understand what happens when the initial metric wg is Gauduchon
and non-Kéhler. One of the main obstacles to following the arguments in
the Kéhler case is that so far the “parabolic Schwarz Lemma” from [75, 112]
has not been generalized to the non-Kéhler case (and getting around this
issue was also a major concern in [100]). Observe also that once (4.3) and
(4.4) have been established in C_ , then smooth convergence in (4.4) will
follow using the method in [2, Remark 6.2].

4.3. Kod(M) = 0. These surfaces were classified by Kodaira (see [4]), and
are either Kithler Calabi-Yau surfaces (i.e. ¢1(M) = 0 in H?(M,R), which
are tori, K3, Enriques and bielliptic surfaces) or non-Kéhler (which are
primary and secondary Kodaira surfaces). It follows from this that all such
M have Kj; holomorphically torsion, which implies that Ric(wp) is globally
O0-exact. This is a condition known as vanishing first Bott-Chern class (see
e.g. [95]), which when M is Kéhler is equivalent to M being Calabi-Yau.

As mentioned in Section 2, the behavior of the Chern-Ricci flow on all
these manifolds (and in arbitrary dimension) was dealt with in Gill’s first
paper on the topic [26]. Starting at any Hermitian metric wp (the Gauduchon
condition is not needed here), the solution of the Chern-Ricci flow exists for
all time and converges smoothly to a Chern-Ricci flat metric. As mentioned
earlier, this is the analogue of the result of Cao [7] for the Kéhler-Ricci flow
which gave a parabolic approach to Yau’s theorem on the existence of Kéhler
Ricci-flat (or Calabi- Yau) metrics [113].

The rate of smooth convergence is exponentially fast, at least when dim M =
2 and wyg is Gauduchon. As far as we know, this is not written down explic-
itly in the literature, but one can adapt the proof in the Kéahler case which
is sketched in [101, Proof of Theorem 1.5], using the generalization of the
Mabuchi energy from [98, §9].

4.4. Kod(M) = —oo. This is the most difficult case, and remains largely
open. By Kodaira’s classification [4], minimal surfaces with negative Ko-
daira dimension are either P2, ruled, or of Class VII (which means minimal
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surfaces with Kod(M) = —oo and b1 (M) = 1). We divide the discussion
into four parts.

1. Class VIIy with ba = 0: Hopf surfaces.

As we just said, minimal non-Kéhler surfaces with Kod(M) = —oo are
Class VIl surfaces, a name that comes from Kodaira’s original classification
of surfaces (the subscript 0 indicates minimality). If bo(M) = 0 then these
Class VIl surfaces are classified as either Hopf surfaces or Inoue surfaces
by [5, 37, 47, 87].

We begin by discussing Hopf surfaces which are easier to describe explic-
itly but in fact pose a harder challenge in the context of the Chern-Ricci
flow. By definition, a compact complex surface is called Hopf if its univer-
sal cover is biholomorphic to C?\{0}, and it is automatically minimal. For
(o, ) € C?\ {0} with |a| = |B| consider the Hopf surface

Mop = (C*\{0})/ ~
where
(21,22) ~ (az1, Bz2).
The manifold M, g is diffeomorphic to S1 x 83 via the map

(21, 22)
(z1,22) = | |21]? + |2}, —=222—
V1] + |z2/?

€ (RT/(z ~ |a|z)) x 83 = S x §3,

and hence has vanishing second Betti number (which implies it cannot admit
a Kéhler metric).

We can write down an explicit solution w(t) of the Chern-Ricci flow on
M, g starting at the standard Hopf metric
= —5 5V —1ldz; Ndz;

21> + |22 o

which via (4.5) is just a standard product metric on S' x $3. The metric
wy is Gauduchon. We have [99]

w(t) = wy — tRic(wo)

_ . Zizj Tdes A dz
= LB Tl <(1 2t)6ij + 2 B |22|2> V—1dz; A dz;,
for t € [0,1/2) (this also follows from Section 3 since (M,wp) is locally
homogeneous). It was shown in [98] that as ¢ — 1/2 we have convergence
(M, 5) — (S',d) in the Gromov-Hausdorff sense where d is the distance
function on the circle S' ¢ R? with radius lc;gi\}gl. Observe that this is in
stark contrast with what happens when wq is Kéhler, when it is conjectured
that all (diameter-normalized) Gromov-Hausdorff limits of the Kéhler-Ricci
flow on compact Kéahler manifolds are homeomorphic to compact complex
analytic varieties (see e.g. [77]).

(4.5)

(4.6) Wy = WH :
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Interestingly, it is not the case that the evolving metrics remain a product
of metrics on S! x S3, with the S® factor scaling to zero as t approaches
the singular time, as would be the case for the Ricci flow starting at go.
Rather, the metrics w(t) converge to a non-closed semi-positive (1,1) form
whose kernel defines a distribution in the tangent space of S2. The iterated
Lie brackets of this distribution generate the entire tangent space, and this
suffices to prove the Gromov-Hausdorff collapse to S! [98].

A natural conjecture is that the same behavior will occur starting at any
initial metric wy. It is known that as t tends to its maximal existence time T,
which is finite, the volume Vol(M, 3, w(t)) tends to zero [99]. If wy is of the
form wy + /=100 for a smooth real function 1, then it was shown in [99]
that there is a uniform bound |w(t)|,, < C on the evolving metric, and this
implies sequential convergence at the level of potentials ((t) in C17 for any
0 < v < 1. However these results are far from establishing the conjecture.

Edwards [14] considered a more general type of Hopf surface, where the
condition |a| = |B| is replaced by 0 < |a] < [8]. In this case the formula
(4.6) no longer defines a metric on M, 5. Instead Edwards considered initial
data given by a complicated but explicit metric constructed by Gauduchon-
Ornea [25], and established again the estimate |w(t)|,, < C for the evolving
metrics.

The above surfaces M, g are known as primary Hopf surfaces of Class
1. There are also primary Hopf surfaces of Class 0, which are quotients of
C2\ {0} by the relation (21, z2) ~ (8™21 + A2, Bzo) for m a positive integer
and B, A € C with || > 1 and A # 0. There are also secondary Hopf surfaces
which have a primary Hopf surface as a finite cover. As far as we are aware,
the only result known about these other Hopf surfaces is that the volume
tends to zero as t — T < oo [99].

2. Class VIly with by = 0: Inoue surfaces.

We now discuss Inoue surfaces which can be characterized as those Class
VIIj surfaces with by = 0 and no holomorphic curves (Hopf surfaces always
contain at least one holomorphic curve). The Inoue surfaces have been
constructed and classified by Inoue [37]. They are all quotients of C x H
(where H denotes the upper half plane in C) by certain explicit discrete
groups, and we refer the reader to [37] or the exposition in [98], and point
out just some of the basic facts that we need.

It turns out that the behavior of the Chern-Ricci flow on Inoue surfaces
is much better understood than for Hopf surfaces. All Inoue surfaces have
nef canonical bundle, and hence the flow exists for all time. As t — oo,
examples for all Inoue surfaces indicate that, normalized appropriately, the
evolving metrics should always collapse the manifold to a circle [98]. We
describe now more precisely what is known.
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On the universal cover C x H of any Inoue surface M, using coordinates
z1, z2 on C and H respectively, the Poincaré metric

e

(Imz2)2 dzo N dzo

on H descends to a closed nonnegative real (1,1) form on M. A constant
multiple of this form defines a closed real (1,1) form ws with

0 < wy € Cl(KM).

It was shown by Fang-Tosatti-Weinkove-Zheng [15] that given any Hermitian
metric wg there exists a metric @p in its conformal class so that if w(t) is the
solution of the Chern-Ricci flow starting at @p then w(t)/t — woo uniformly
on M and exponentially fast (in fact one can take any initial metric in the
d0-class of @g). Moreover, (M,w(t)/t) — (S!,d) in the sense of Gromov-
Hausdorff, where d is the standard distance function on the circle S of
radius depending on M. Very recently, Angella-Tosatti [2] improved this
and obtained the same conclusion for the Chern-Ricci flow starting at any
Gauduchon metric on M.

Stronger estimates were obtained in [15] and [2] under the assumption
that the initial metric is in the 00-class of a special metric constructed by
Tricerri [103] and Vaisman [107] (depending on the type of Inoue surface). In
this case it was shown in [15] that the metrics w(t)/t are uniformly bounded
in the C' topology, giving convergence in C” for any 0 < v < 1, and in [2]
this was improved to smooth convergence, together with a uniform bound
for the Chern Riemann curvature of w(t)/t.

To complete the picture for Inoue surfaces, one would expect the following
conjectures to hold (cf. [15, Conjectures 4.1, 4.2] and [2]):

Conjecture 4.5. Let M be any Inoue surface.

(1) The uniform convergence w(t)/t — woo holds for the Chern-Ricci
flow starting at any Hermitian metric wg, not necessarily Gauduchon
and without any initial conformal change.

(2) The convergence w(t)/t — weo is in the C* topology.

(3) We have that |[Rm(w(t)/t)g4) e < C on M, for all t sufficiently

large.

It would of course be already interesting to settle parts (2) and (3) under
the assumption that wy is Gauduchon.

8. Class VIIy with by > 1.

Next we discuss the Class VIl surfaces with by > 1. These surfaces
remain in general unclassified. The most well-known open problem in the
study of complex surfaces is to complete this classification. The Global
Spherical Shell Conjecture asserts that all such manifolds contain a smooth
3-sphere with a neighborhood biholomorphic to a neighborhood of §% C C?,
whose complement is connected [38]. Class VIl surfaces with by > 1 which
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admit such a “global spherical shell” are known as Kato surfaces and are
well-understood (see e.g. [55]). Teleman has proved the Global Spherical
Shell Conjecture when be = 1 [88] and made further progress when by = 2,3
(89, 90].

Little is known about the behavior of the Chern-Ricci flow on Class VII
surfaces with by > 1, except that the singular time 7' is finite and that
Vol(M,w(t)) — 0 ast — T [99]. A rather optimistic conjecture [15, Conjec-
ture 4.6] is that the limit of the Chern-Ricci flow defines a global spherical
shell in the following sense. As t — T, the metrics w(t) should smoothly
converge to a non-closed nonnegative (1,1) form a. The tangent distribu-
tion defined by the kernel of a gives, after taking iterated Lie brackets, an
integrable 3-dimensional distribution, one leaf of which should be a global
spherical shell. The only evidence in support of this conjecture is that this
is exactly what happens for the explicit solutions of the Chern-Ricci flow
on the standard Hopf surface as described above, which is indeed a minimal
Class VIIj surface with by = 0 which contains a global spherical shell (the
image of the unit sphere S3 C C?\{0} under the projection map to the Hopf
surface).

4. P? and ruled surfaces.

If a minimal complex surface M with Kod(M) = —oo admits a Kéhler
metric then it must be either P? or a ruled surface. The behavior of the
Chern-Ricci flow on these surfaces, starting with a non-Ké&hler metric, is
largely unknown.

In the case of P2, assuming wp is Gauduchon, the volume Vol(M,w(t))
shrinks to zero as t — T < oo [99]. Interestingly, the volume tends to zero
like (T'—t), unlike the case of the Kahler-Ricci flow which shrinks to a point
(a consequence of work of Perelman, see [65]) and whose volume tends to
zero like (T'—t)2. This suggests that, in contrast, the Chern-Ricci flow might
collapse P? to a Riemann surface [15, Conjecture 4.5].

Indeed, since P? does not contain any curve with negative self intersection,
[99, Corollary 1.4] gives that T is exactly the first time when Vol(M,w(t))
shrinks to zero, which is the smallest positive root of the quadratic equation

0= /P2 (wo - tRiC(wo))2

= /Pg (WO — 3tWFS)2

_ :9t2/P?w%S—6t/ﬂp2wo/\wps—|—/]?2w§,
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using that Ric(wg) is 9-cohomologous to Ric(wps) = 3wrs. Here we are
writing wrg for the standard Fubini-Study metric on P2. Therefore

o de e s = (a0 Avors)” — o a3
3 Jp2 wi ,

and Buchdahl’s index-type theorem [6, Proposition 5] shows that

2
</ WO/\WFS) /W%s/ wg = 0,
p2 P2 p2

with equality if and only if there are A € R~ and ¢ € C°°(P?) such that
wo = Awrs + v/ —100¢, and this happens if and only if wy is Kihler. This
shows that T is a double root of the quadratic if and only if wq is Kéhler,
as claimed.

In unpublished work of Xiaokui Yang and the authors, it is shown that
for any initial Hermitian metric wy on P we have

w(t) < Cwrs,

on P" x [0,T"), which in particular proves a uniform diameter upper bound
along the flow. This is shown by applying the maximum principle to the
quantity log tr,.qw(t), and using that wpg is Kahler and has positive bisec-
tional curvature. Apart from this result, which applies in all dimensions,
nothing else is known (when wy is non-Kéhler).

For a ruled surface, it is only known that the volume of the surface shrinks
to zero linearly in finite time [99]. Surprisingly, the behavior even of the
Kahler-Ricci flow on a ruled surface, starting with an arbitrary Kéhler met-
ric, is not completely known (see [19, 79, 74] for results in special cases and
some known estimates in general).

5. NON-MINIMAL COMPLEX SURFACES

Let M be a complex surface which admits at least one (—1) curve E. For
simplicity of the discussion we will assume first that Kod (M) # —oo. Then it
is shown in [99, Theorem 1.5] that the Chern-Ricci flow starting at any initial
Gauduchon metric must have a singularity in finite time 7" < oo, which is
necessarily volume non-collapsing, in the sense that Vol(M,w(t)) > ¢ > 0 as
t — T. Furthermore, the set of all holomorphic curves in M whose volume
is going to zero at time 7' is precisely equal to a nonempty finite collection
of pairwise disjoint (—1)-curves E1, ..., F.

Before discussing the behavior of the Chern-Ricci flow, it will be useful
to recall to the reader what is known about the K&hler-Ricci flow in this
setting. Informally, the Kéhler-Ricci flow “contracts” these (—1) curves to
points and then can be continued in a unique way on the “blown-down”
manifold [80, 81, 82]. This can be repeated until the surface no longer
contains any (—1) curves, namely is minimal, in which case we are in the
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setting of the previous section. This process is the simplest case of the
analytic minimal model program proposed by Song-Tian [75, 76, 77].

We describe now more precisely the results of Song-Weinkove [80, 81],
which made use of estimates from [75, 92]. Let Ej,..., Ex be the disjoint
(—1) curves as above, then there is a smooth Kéhler metric wr on M \ UE;
such that the solution w(t) of the Kéhler-Ricci flow exists on the maximal
time interval [0,7") for 0 < T < oo and w(t) = wr in O (M \ UE;). Let 7 :
M — N be the holomorphic map blowing down the (—1) curves Ey, ..., Ey
to points pi,...,pr. Then the metric completion (N, d) of N\ {p1,...,pr}

is a compact metric space homeomorphic to N and
(M,w(t)) — (N,d), ast — T,

in the sense of Gromov-Hausdorff, and in particular the diameters of the
(=1) curves Ej,...,Ey tend to zero as t — T. Moreover, there exists a
solution w(t) of the K&hler-Ricci flow on N starting at time ¢t = 7" with the
property that
(N,w(t)) = (N,d), ast — T,

in the sense of Gromov-Hausdorff. Moreover, the solution w(t) on N is the
unique Kéahler-Ricci flow “through the singularity” at the level of potentials
as described in the work of Song-Tian [77].

The natural question is whether the same holds for the Chern-Ricci flow
starting at any Gauduchon metric on M. There are some partial results
in this direction which we now describe. It was shown in [98] that the first
assertion of the paragraph above holds verbatim. Namely, there exist finitely
many disjoint (—1) curves Ey, ..., E on M and a smooth Gauduchon metric
wr on M \ UE; such that the solution w(t) of the Chern-Ricci flow exists
on the maximum time interval [0,7) for 0 < T < oo and w(t) — wr in

To obtain further results, an assumption is made on the initial data wy,
namely that there exists a smooth 3-form 5 on N such that

(*) dwo = 7-‘—*/87

where m : M — N is the map blowing down FE1, ..., E} to points p1,...,pr €
N. This assumption is not entirely satisfactory: it is essentially saying that
the torsion of wy along the (—1) curves on M vanishes. This eliminates a
major obstruction in extending the estimates from the Kéahler-Ricci flow to
the Chern-Ricci flow setting.

Under the assumption (x) it was shown in [98] that (M,w(t)) converges
in the sense of Gromov-Hausdorff to a compact metric space (N, dy) which
is homeomorphic to N, and in particular the diameters of the (—1) curves
shrink to zero as t — T. It was later proved by Nie [59] and T6 [94]
independently that the Chern-Ricci flow can be continued on N and that
one obtains Gromov-Hausdroff convergence backwards in time of (N,w(t))
to (N,dr). The identification of (NN,dr) with the metric completion of
(N\{p1,...,pr},wr) remains open. The more important question is whether
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one can remove condition (), or whether in fact it is essential. For simplicity,
we state the following conjecture/question in the setting where there is only
one (—1) curve.

Conjecture/Question 5.1. Let M be a compact complex surface with
Kod(M) # —oo and with one (—1) curve E and let m : M — N be the
map blowing down E to p in N. Let w(t) be the mazximal smooth solution
of the Chern-Ricci flow starting at an arbitrary Gauduchon metric wg, for
0<t<T < oo, withw(t) = wr in C.(M\ E) ast — T~ where wr is a
smooth Gauduchon metric on M \ E as above. Then:

(1) The metric completion of (M \ E,wr) is a compact metric space
(N, dr) homeomorphic to N and

(M,w(t)) = (N,dr), ast—T,

in the sense of Gromov Hausdorff.

(2) There is a unique solution of the Chern-Ricci flow w(t) for t > T
on N with the property that w(t) — (77 )*wr in C2(N \ {p}) as
t—T% and

(N,w(t)) = (N,dr), ast—TT,

in the sense of Gromov-Hausdorff.

Note that the uniqueness statement in (2) is technically stronger than
what is known for the Kéhler-Ricci flow, where uniqueness is stated in terms
of the potential function ¢ solving a parabolic complex Monge-Ampere equa-
tion [77].

Lastly, we consider the case when Kod(M) = —oo and M is not minimal.
In this case we still necessarily have T' < oo, but the total volume of M
may now also go to zero. If Vol(M,w(t)) > ¢ > 0 as t — T then the
discussion is exactly the same as above. If on the other hand Vol(M,w(t)) —
0 as t — T, then M must be either birational to a ruled surface, or of
class VII (but not an Inoue) [99, Theorem 1.5]. In fact, we can say that
M cannot be a blown-up Inoue surface either: if that was the case, there
would be a sequence of blowups m : M — N where N is Inoue, and so we
would have Ky = n* Ky + E where E is an effective m-exceptional divisor.
Recall as mentioned earlier that K admits a smooth Hermitian metric with
nonnegative curvature, and (Ky - Ky) = 0. Then we would have

og/(w0+2ch1(KM))=/w0+27rT(E.E),
E E
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since this equals lim;_,7 Vol(F,w(t)), and so

th_)rr% Vol(M,w(t)) = /M(wo +21Te1 (Kr))?

:/ w§+47r2T2(E.E)+47rT/ wo/\7r*cl(KN)~|—47rT/wo
M M E

2/ wg—i—élﬂ'T/ wo/\ﬂ*cl(KN)—l—27rT/wo>0.
M M E

Apart from this, nothing is known about the behavior of the flow with finite-
time collapsing singularities (see also the discussion above for Hopf surfaces
and P2 and ruled surfaces). For the Kéhler-Ricci flow, it is expected (and
known in dimensions at most 3 [102]) that such singularities exist precisely
when M admits a Fano fibration.

6. FINITE TIME SINGULARITIES

Let w(t) be a solution of the Chern-Ricci flow (1.3) on a compact complex
manifold M", starting at a Hermitian metric w, which develops a singularity
at a finite time T'. As mentioned earlier, this condition is equivalent to Ky
not being nef. As in the Kéhler case [10] we define the singularity formation
locus as

S = M\ x €M | 3U > x open, 3C' > 0,
- s.t. [Rm(w(t))|ge < Con U x[0,T) [°

Then Gill-Smith [30] show that we have

S — M\ x € M | 3U > x open, 3C > 0,
a st. Rw(t)) <ConUXx|[0,T) [’

where R(w(t)) is the Chern scalar curvature, and furthermore also that

o)

s x € M | 3U > z open, Jwpr Hermitian metric
B on U s.t. w(t) — .

wrast— T~

In particular they deduce that at such a singularity the supremum of the
Chern scalar curvature has to blow up, extending work of Zhang [114] in the
Kahler case.

Let now V' C M be an irreducible closed analytic subvariety with dim V' =
k > 0. Then its volume along the flow is

w k
Vol(V,w(t))—/v g!) >0,

and we can define

¥= U v

Vol(V,w(t))—0
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as the set-theoretic union of all such subvarieties for which the volume
shrinks to zero as t approaches T' (the whole manifold V' = M is also al-
lowed). Then we have

(6.1) ¥ cx.

Indeed, suppose z € ¥, so there is a subvariety V' > x whose volume shrinks
to zero. If x & 31, then there is some U 3 x open and wp a Hermitian metric
on U such that w(t) — wr smoothly on U as t approaches T'. But then

Vol(v,w(t))>/ W) —>/V %>o,

\4a1% k! nU k!

contradicting the fact that Vol(V,w(t)) — 0. As observed in [30], it follows
from [99] that when dim M = 2 and wy is Gauduchon, then we have

(6.2) =3,

and furthermore ¥ is equal to M when Vol(M,w(t)) — 0, and otherwise ¥
is a finite union of disjoint (—1)-curves. In particular, in this case ¥ is a
closed analytic subvariety of M.

Conjecture/Question 6.1. Let w(t) be a solution of the Chern-Ricci flow
(1.3) on a compact complex manifold M"™, starting at a Hermitian metric
w, which develops a singularity at finite time T. Then we have that (6.2)
holds, and furthermore X is a closed analytic subvariety of M.

Thanks to (6.1), the answer is affirmative in the case when the total vol-
ume Vol(M,w(t)) goes to zero, so we can assume that the flow is volume
noncollapsing. In the case when wy is Kahler, Question 6.1 was posed by
Feldman-Ilmanen-Knopf [17] and proved by Collins-Tosatti [10]. As men-
tioned above, Gill-Smith [30] proved it when M is a surface and wg is Gaudu-
chon. The first case to consider would then be when M is a surface and wy
is arbitrary.

7. SINGULARITY TYPE AT INFINITY

Let M be a compact complex surface with Kj; nef, which as mentioned
earlier is equivalent to the fact that the Chern-Ricci flow (1.3) starting at
any Gauduchon metric wg has a solution for all ¢ > 0.

As discussed earlier, Kodaira’s classification shows that M is one of the
following;:

(1) A minimal surface of general type
(2) A minimal properly elliptic surface
(3) A Kahler Calabi-Yau surface

(4) A Kodaira surface
(5)

An Inoue surface.
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Following Hamilton [34], we say that a long-time solution w(t) of the
Chern-Ricci flow (1.3) on M develops a type III singularity at infinity if we
have

sup t{Rm(w(®)) g < +o0,
M x[0,00)

or equivalently sup,, ‘Rm (#)‘ " remains uniformly bounded for all ¢
g

sufficiently large, and a type IIb singularity if

sup t[Rm(w(t))]g) = +oo,
M x[0,00)

or equivalently supj, ‘Rm (ﬂ

i )‘ ©/ does not have a uniform bound as ¢
g(t)/t
goes to infinity.
In analogy with the results proved in [101] for the Kéhler-Ricci flow, we
have the following classification, which is complete modulo Conjectures 4.2

and 4.5 (3):

Theorem 7.1. Let M be a compact complexr surface with Ky nef, and
w(t) a solution of the Chern-Ricci flow (1.3) on M starting at a Gauduchon
metric wg. Then the flow develops a type III singularity at infinity if and
only if:
e In case (1), if and only if Ky is ample
e In case (2), (assuming Conjecture 4.2) if and only if the only singular
fibers are multiples of a smooth fiber (i.e. of Kodaira type mly,m >
2)
e In case (3), if and only if M is finitely covered by a torus and wy is
Kahler
e In case (4), never
e In case (5), (assuming Conjecture 4.5 (3)) always.

The key is the following Lemma, which is proved in [101, Proposition 1.4]
in the Kéahler case, but whose proof works verbatim:

Lemma 7.2. Let M be a compact complex manifold with Ky nef, and
suppose there is a nonconstant holomorphic map f : P! — M with K -
f(PY) = 0. Then every solution of the Chern-Ricci flow (1.3) on M starting
at any Hermitian metric wy develops a type IIb singularity at infinity.

As usual, we will refer to f(P!) as a (possibly singular) rational curve in
M.

Proof of Theorem 7.1. Assume case (1). If Kj; is ample, then [99, Theorem
1.7] shows that w(t)/t converges smoothly to a K&hler-Einstein metric on
M, hence its curvature remains bounded, hence type III. If Kj; is not ample,
then M contains some (—2)-curve C, which satisfies K - C = 0, and so the
flow is type IIb thanks to Lemma 7.2.

Assume case (2). If there is some singular/multiple fiber which is not of
type mly, m > 2, then by Kodaira’s classification of these fibers [4, §V.7]
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this fiber contains a rational curve C. Since C' is contained in a fiber of
f, and K ﬁ/! is the pullback of some divisor on ¥ for some ¢ > 1 (thanks
to Kodaira’s canonical bundle formula [4, Theorem V.12.1]), it follows that
Ky - C =0, and so the flow is type IIb thanks to Lemma 7.2.

If on the other hand all singular fibers of f are of type mly, m > 2, then
M is a “quasi-bundle”, which is finitely covered by an elliptic bundle (see
e.g. [64, Proposition 3.3]), and so the flow is type III thanks to Conjecture
4.2.

Assume case (3). If wg is Kéahler, then this is proved in [101, Theorem 1.5].
If wp is not Kéhler, then by Gill’s result [26] we have that w(t) converges
smoothly to a Chern-Ricci-flat metric wq, of the form ws, = wgy+ m&gwm
for some o € C*°(M). As mentioned earlier, the convergence is exponen-
tially fast, and so it follows easily that the flow is type III if and only if we
is Chern-flat (i.e. its Chern Riemann curvature tensor vanishes identically).
But a Hermitian metric on a compact complex surface is Chern-flat if and
only if it is K&hler and flat by [23], which happens if and only if M is finitely
covered by a torus. But wy, is Kéhler if and only if so is wg, and the result
follows.

In case (4) the exact same discussion as case (3) applies, and of course
in this case wy is never Chern-flat, since Kodaira surfaces are not finitely
covered by a torus.

Lastly, in case (5), all solutions are type III thanks to Conjecture 4.5
(3). O

To end this section, we pose an optimistic question which, if solved, would
imply Conjectures 4.2 and 4.5 (2) and (3) (at least for Gauduchon initial
metrics), and hence would make Theorem 7.1 unconditional:

Conjecture/Question 7.3. Let w(t) be a solution of the Chern-Ricci flow
(1.3) on B x [0,1], where B = B1(0) C C". Suppose that

Ailw(cn < w(t) < Awen,

holds on B x[0,1], for some A > 0. Then for every k > 1 there are constants
C = C(k,A,n) such that

Hw(t)HCk(Bl/27gcn) g C?
fort € [1,1].

For our purposes, it would be sufficient to prove this conjecture when
n = 2 and wgy is Gauduchon. When w(t) are Kahler, this conjecture is
proved in [68]. In the general case, partial results appear in [69] (see also
[12, 59]), but the estimates proved there also depend on the initial metric
wp, which we do not allow here. The main issue is how to get control on
covariant derivatives of the torsion of w(t).

To see that Question 7.3 implies Conjectures 4.2 and 4.5 (2), (3), it suffices
to use the arguments in [2], which we now outline. For elliptic bundles we
take an arbitrary small ball B C ¥ over which the bundle is locally trivial,
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so that we can identify the preimage of B with F' x B where F' = C/A is
an elliptic curve, and let p : C x B — F x B be the quotient map, with
coordinates (21, z2) upstairs. Let also wp be semipositive (1, 1) form on F'x B
induced by \/—1dz; Adz;. For an Inoue surface M, we let p : CxH — M be
the universal cover, and let wp be the semipositive (1,1) form on M which
is denoted by S in [2] (its explicit expression depends on the type of Inoue
surface). Thus in both cases, upstairs we have an open subset of C?, where
we fix a Euclidean metric. If we denote by weo the limit of w(t)/t (for elliptic
bundles this was denoted by wy), then p*(ws + wr) is a Hermitian metric
upstairs.

Instead of working with w(t)/t, it is more convenient to consider the
Chern-Ricci flow w(t) normalized by

ow .
(7.1) T —Ric(w) — w,

which differs from our original w(t)/t only by a space-time rescaling. Then
in either case we know from [2, 15, 100] that upstairs p*w(t) is uniformly
equivalent to p*(ws + e fwr). We then define stretching maps \; upstairs
by Ae(z1,22) = (zlet/2, 29), and metrics

wi(s) = Ap'w(s+1t), —1<s<0,

which for all fixed ¢ > 0 solve (7.1) with time parameter s and are uniformly
equivalent to
A" (weo + €7 wr),

which one checks directly is uniformly comparable to a Euclidean metric,
independent of ¢ > 0,—1 < s < 0. Applying Question 7.3 (again after a
harmless space-time rescaling to bring it back to the form (1.3)) thus gives
local uniform higher order estimates for w(s), for —3 < s < 0. Setting
s = 0 this gives local uniform higher order estimates for Afp*w(t), which
easily imply higher order estimates and the curvature bound for our original
w(t)/t.

Of course, it is quite possible that Question 7.3 turns out to be false, but
we do believe that Conjectures 4.2 and 4.5 are true.

8. FURTHER QUESTIONS AND DIRECTIONS

8.1. Higher dimensions and other flows. Although this survey focuses
mainly on the case of complex surfaces, many results have been proved for
the Chern-Ricci flow on higher dimensional compact complex manifolds, and
with an arbitrary Hermitian initial metric wg. These include the results of
Section 2 on the maximal existence time, the convergence of the Chern-Ricci
flow to a Kéhler-Einstein metric on manifolds with ¢; (M) < 0 (see Section
4.1 and [99]) and Gill’s result on manifolds with vanishing first Bott-Chern
class (Section 4.3 and [26]).

Examples of collapsing for Hopf surfaces, as described in Section 4.4 can
also be extended to higher dimensional Hopf manifolds which are quotients
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of C"\ {0} [98]. Zheng [115] extended the work of Fang-Tosatti-Weinkove-
Zheng [15] on the Chern-Ricci flow on Inoue surfaces to their higher dimen-
sional analogue, known as Oeljeklaus-Toma manifolds [60].

On the other hand, it is not clear how to extend some other results to
dimensions n strictly larger than two. For example, one may replace ex-
ceptional curves of Section 5 by the exceptional hypersurfaces one obtains
by blowing up a point of an n-dimensional complex manifold (cf. [80, 81])
or consider more general birational transformations in the context of the
minimal model program [77, 91]. The behavior of the Chern-Ricci flow is
not known in these cases.

A major obstacle is that the Gauduchon condition 0w" ™! = 0 is weak
and surely not preserved by the Chern-Ricci flow in general. While the
“pluriclosed” condition, 90w = 0, is preserved by the Chern-Ricci flow,
such metrics do not exist on every compact complex manifold, and by itself
may not be enough to extend the above-mentioned results. A rather natural
condition, considered in [18, 31, 66, 67] for example, is to impose both 90w =
0 and 09w? = 0 (which implies d0w* = 0 for all k). While the existence of
such a metric restricts the possibilities for the underlying complex manifold,
one can check that this condition is preserved by the Chern-Ricci flow (the
authors thank Xi Sisi Shen for pointing this out).

Another approach is to consider flows of (n — 1,n — 1) forms (or more
generally, (k, k) forms). One such flow, related to the Gauduchon conjecture
(proved in [86]) that one can prescribe the volume form of a Gauduchon
metric [24], was studied by Zheng [117], building on suggestions in [29, 86].
Another flow of (n —1,n — 1) forms, known as the Anomaly flow, is derived
from the Hull-Strominger system in String Theory and has been extensively
studied by Phong-Picard-Zhang, Fei-Phong and others (see [16, 61, 62] and
the references therein).

Chu-Tosatti-Weinkove [13] proposed an extension of the Chern-Ricci flow
to manifolds with a non-integrable complex structure (see also [40, 108]
for different flows, the first one with varying almost complex structure).
Namely, let wg be an almost Hermitian metric and consider the flow:

ow
(8.1) ot
w(0) = wo,

= —Ric(l’l)(w),

where Ric(""V(w) is the (1,1) part of the Chern-Ricci form of w. Chu [11]
proved long time existence and smooth convergence of (8.1) under the as-
sumption of the existence of a metric w with Ric(l’l)(w) = 0, which is the
analogue of Gill’s result for the Chern-Ricci flow [26]. Zheng [116] then
proved the analogue of the maximal existence time result of the authors [99]
described in Section 2 above. These results used estimates from [13] on the
Monge-Ampére equation in the almost complex setting.
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In a different direction, following La Nave-Tian [41] in the Ké&hler case,
Sherman-Weinkove [70] consider w(s) solving an elliptic version of the Chern-
Ricci flow,

(8.2) w(s) = wp — sRic(w(s)), s=0,

known as the continuity equation. It is shown in [70] that with a given
initial Hermitian metric wp on a compact complex manifold, (8.2) has a
unique solution for s € [0,7) for the same T as (2.2). This equation has the
feature that the Chern-Ricci form is automatically bounded from below. The
equation (8.2) has also been extended to the settings of almost Hermitian
metrics [48] and Gauduchon metrics [118].

8.2. Curvature conditions. Bando [3] and Mok [53] showed that the non-
negativity of the bisectional curvature is preserved along the Kahler-Ricci
flow. More precisely, writing RZ.M for the components of the curvature ten-
sor then (Griffiths) non-negativity asserts that at each point on the manifold,

Rz X' XIYRy! > 0,

for all (1,0) vectors X, Y. It is natural then to ask whether similar curvature
conditions may be preserved along the Chern-Ricci flow or other flows on
complex manifolds.

The only known result along these lines for the Chern-Ricci flow is a
negative one. By considering Hopf manifolds, Yang [111] gave an example
to show that non-negativity of the bisectional curvature (with respect to the
Chern connection) is not preserved along the Chern-Ricci flow.

On the other hand, Ustinovskiy [106] considered the following example of
the Hermitian curvature flow of Streets-Tian [85],

W i@
(8.3) g~ R @,
w(0) = wo,

where Ric® (w) is the second Chern-Ricci form and @ = %T* T is a certain
quadratic term involving the torsion. Ustinovskiy showed that (8.3) does
preserve the non-negativity of the bisectional curvature and used this to
prove a Hermitian version of the Frankel conjecture [106]. Perhaps surpris-
ingly, Ustinovskiy’s flow coincides with a special case of the Anomaly flow
[16].

Later, Lee [44] showed that, taking instead @ = 0 in (8.3), the non-
positivity of the Chern-Ricci curvature is preserved if the initial metric has
non-positive bisectional curvature. He used this to show a compact Hermit-
ian manifold with non-positive bisectional curvature and negative Chern-
Ricci curvature at one point must have ample canonical bundle (and in
particular, admit a Kahler metric).

While research on this topic is still at an early stage, the results so far
suggest that flows involving the second Chern-Ricci curvature seem to have
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desirable properties with respect to preservation of curvature conditions. On
the other hand, unlike the Chern-Ricci flow such flows are not equivalent to
scalar PDEs, and many results of the type that we have presented are not
available (for example, a characterization of the maximal existence time).

Lastly, we mention here the work of Angella-Sferruzza [1], who study
whether the property of geometric formality of a metric (i.e. the wedge
product of harmonic forms is still harmonic) is preserved by the Chern-Ricci
flow.

8.3. Noncompact manifolds. The Kéahler-Ricci flow on noncompact com-
plete manifolds was first studied by Shi [71]. It was used by Chen-Tang-Zhu
[9], Chau-Tam [8], Ni [57] and others to make progress towards Yau’s uni-
formization conjecture (which remains open as stated): a complete non-
compact Kdhler manifold with positive holomorphic bisectional curvature is
biholomorphic to C". FKarlier work on this conjecture was carried out by
Mok-Siu-Yau [54] and Mok [52].

Liu [49], using non-flow methods, proved the strongest result known so
far: that a complete noncompact Kéahler manifold with positive bisectional
curvature and maximal volume growth is biholomorphic to C™. In fact his
result holds under the weaker hypothesis of nonnegative, rather than strictly
positive, bisectional curvature.

Surprisingly, Lee-Tam [45] then used the Chern-Ricci flow to give a dif-
ferent (and almost contemporaneous) proof of Liu’s theorem. Lee-Tam con-
struct a solution of the K&ahler-Ricci flow starting from the given complete
metric gp with possibly unbounded curvature at infinity. The crux of their
idea is that to deal with the possible bad behavior of the metric gy at infin-
ity they make a conformal change to it outside some large compact set S.
The conformal change destroys the Kéahlerity of the metric gy outside .S, so
instead they apply the Chern-Ricci flow to this new metric which is only
Hermitian outside of S. A crucial feature of the Chern-Ricci flow is that if a
metric is Kéhler in S then it remains so along the flow. By taking a family of
exhausting sets S they construct a global solution of the Kéhler-Ricci flow,
and then apply the result of Chau-Tam [8] to conclude that the manifold is
biholomorphic to C™.

In fact, Lee-Tam prove an analogue of the maximal existence time result
of Section 2 in the non-compact setting. These results were later improved
and used in [46, 51] to study Gromov-Hausdorff limits. For some further
work in the non-compact setting, see [36].
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