THE STEFAN PROBLEM AND CONCAVITY

ALBERT CHAU AND BEN WEINKOVE

ABSTRACT. We construct examples for the one-phase Stefan problem which show that
a-concavity of the solution is in general not preserved in time, for 0 < o < 1/2. In
particular, this shows that, in contrast to the case of the heat equation for a fixed
convex domain, log concavity is not preserved for solutions of the Stefan problem.

1. INTRODUCTION

The one-phase Stefan problem is a free boundary problem used to model phase tran-
sitions in matter where the phase boundary moves with time. The initial data is given
by a domain g in R” and a function g defined on its closure €y which vanishes on the
boundary 0y and is positive in the interior €2g. For positive time ¢, the solution of the
Stefan problem is a family of domains €2; and a function u, positive on €2, such that

u = Au In
uw =0 on O,

and that the Stefan boundary condition holds, which states that 9€); moves in the
direction of the outward normal with speed |Vu|. This can be stated as follows: if X ()
is a path in 0 C R™ whose derivative is normal to 9€; at X (¢) then

(1.2) X(t) = —Vu(X(t),1).

The study of the Stefan problem has a long history, and we refer the reader to [3, 4, 11,
12, 14, 18, 19, 20, 21, 22, 23, 24] and the references therein for the basic existence and
uniqueness results.

In a classic paper, Brascamp-Lieb [2] showed that log concavity is preserved along
the heat equation on convex domains (see also [1, 5, 6, 7, 10, 15, 16, 17] for some related
results). Daskalopoulos-Hamilton-Lee [8] showed that root concavity (1/2-concavity in
the terminology below) is preserved for the porous medium equation, a degenerate dif-
fusion equation. It is natural then to ask what if any concavity conditions are preserved
for the Stefan problem [9].

Our main result is a negative one. We show that a-concavity of the initial data, for
a € [0,1/2), is not in general preserved in time for the Stefan problem. Log concavity
corresponds to o = 0 and so our result implies in particular that log concavity is not
preserved.

More precisely, we will now define what we mean by a solution of the Stefan problem
in the special case that it is of interest to us. Fix £ > 2. Let €}y be a bounded domain
and let ug be a function in C*(Qy) which vanishes on 99, is strictly positive on Qg
and whose derivative Vug is nowhere vanishing on 9Qg. We define a nondegenerate C*
solution of the (one-phase) Stefan problem starting with the initial data (€29, ug) on the
time interval [0, 7] to be a relatively open set  C R" x [0, 7] and a function u € C*(Q)

(1.1)
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satisfying the following conditions. For each ¢ € [0, T, the set €; := QN (R™ x {t}) is a
bounded domain in R” x {t} =2 R™ with ¢t = 0 corresponding to the initial domain €.
The function u|§0 is equal to the initial data ug. The function w is positive on €2 and
vanishes on 0f), and u satisfies (1.1) and (1.2). Moreover, u satisfies the nondegeneracy
condition that its spatial gradient Vu does not vanish anywhere on 0f2.

Some remarks are in order:

(1) In the above we use the parabolic definition of C*, so that u € C* means that
u has k derivatives in the spatial directions and k/2 derivatives in the time
direction (interpreted in the Holder sense if & is odd).

(2) When we refer to the boundary Q) = Q\ €, we are using the subspace topology
on R™ x [0,7]. In particular  includes 2y and Q7 while 92 does not. By the
nondegeneracy condition on u, the boundary 0f2 inherits regularity from wu.

(3) Our definition of a solution to the Stefan problem is rather restrictive since it
insists that « be C* at time t = 0 in both space and time directions, up to the
boundary. This imposes compatibility conditions on ug which are described in
Section 2 below.

We now define the notions of concavity which we will use in our setting. Recall that a
function v is called concave on a convex domain W C R" if its graph lies above the line
segment joining any two points on its graph. When v € C?(W) then this is equivalent
to D?v > 0 on W as a matrix. Recall also that v is called locally concave on a domain
W C R™ (not necessarily convex) if it is concave on a ball around any point in W.

For a > 0, we say that v is a-concave on a domain W C R" if v® is concave on
W, and that v is O-concave if logv is concave on W. In particular, if v € C?(W) then
a-concavity corresponds to the nonpositivity of the matrix with (7, j)th entry

(vD;Djv — (1 — a)DjvDjv)

on W.
Our main theorem gives a family of examples in R? for the Stefan problem which
break the a-concavity for positive time.

Theorem 1.1. Given k > 2 and o € [0,1/2), there exist a bounded convex set Qg C R?
with smooth boundary and uy € C™ (ﬁo) which is strictly positive on o and vanishes
on 0 with the following properties:
(i) ug is a-concave on Q.
(ii) Vug does not vanish at any point of 0.
(iii) There exists T > 0 and a unique nondegenerate C* solution (2, u) of the Stefan
problem starting at the initial data (Qo,ug) on the time interval [0,T] such that:

Qy is not convex for any t € (0,7
and thus in particular
u|q, is not a-concave for any t € (0,T].

Our result in particular implies that additional assumptions are needed for Theorem
1.1 of [9].
The outline of the paper is as follows. In Section 2 we give an overview of the
compatibility conditions required for short time existence of C* solutions to the Stefan
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problem (in the sense described above). We also give some elementary results about
concave functions, including their short proofs. Section 3 is the main part of the paper,
which gives the construction of 2y and ug. The proof of Theorem 1.1 is completed in
Section 4.

2. PRELIMINARIES

2.1. Short time existence result and compatibility conditions. The Stefan bound-
ary condition (1.2) together with (1.1) induces compatibility conditions for uy on the
boundary 0€;. These arise from differentiating with respect to ¢ the equation

(2.1) WX (t),t) =0

along a path X(t) € 0€; whose derivative is normal to the boundary, while using
(1.2) and (1.1) to replace time derivatives with spatial derivatives. We illistrate this by
deriving the first two compatibility conditions in detail as follows.

Differentiating (2.1) once in time gives u; + Vu - X = 0, then using (1.1) and (1.2)
gives the first compatibility condition for ug:

(2.2) Aug — |Vug|> =0 on 9.

Differentiating (2.1) once more in time gives Auy + VAu - X —2Vu,Vu — 2uiuinj =0,
and using (1.1) and (1.2) we obtain the second compatibility condition for ug:

(2.3) A?ug — 3V Aug - Vug +2 > (ug)ij(u0)i(up); = 0 on 9.
12
In general, we see that the kth compatibility condition for the initial condition for wug
can be written as

(2.4) AF(up) + Fi.(ug) =0 on 9Qy,

where Fj, is a differential operator of degree at most 2k — 1 and is obtained as above,
namely by differentating (2.1) k& times in ¢, then using (1.1) and (1.2) to replace time
derivatives of ug with spatial derivatives.

A result of Hanzawa [14] (see also [21]) states that solutions to the Stefan problem
exist on a small time interval [0, 7] as long as ug satisfies compatibility conditions. For
our purposes we may assume that we are given the initial data of a smooth function
up € C°(Qg) where Qq is a bounded domain whose boundary Qg is smooth and has
only one component. The function ug is strictly positive on €y, vanishes on 9}y and
its derivative Vug is nowhere vanishing on 9€)y. In this setting, Hanzawa’s result can
be stated as follows.

Theorem 2.1. Fiz k > 2. Then there exists N = N (k) such that if ug satisfies the
first N compatibility conditions then there exists T > 0 and a unique nondegenerate C*
solution of the Stefan problem (2, u) on the time interval [0, T] starting with this initial
data.

The constant N = N (k) is given explicitly in [14] and is not optimal, but here we are
not concerned with the question of optimal regularity.
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2.2. Two elementary lemmas about concave functions. In this section we recall
two known, elementary results which will be needed in the sequel. Let r denote the
distance from the origin in R2.

Lemma 2.1. Let q(r) be a C? radial function on R%. Then q is strongly concave on
the set
S ={(z,y) €R? | r#0, ¢(r) <0, and ¢"(r) < 0}.

Proof. This is a straightforward computation, using the fact that r, = z/r and r, = y/r.
At a point in S we have

2 2 2 2
T T 1 T T Y
Gz==q, Guu=—750"+-0—-=5¢=5¢"+=5¢<0
r r r r r r
2 2 2 2
Yy v o Ly oy, 1T,
== ] —-q —=q == —q <0
Qy rq7 ny 7"2q +'f' 7"3q 7"2q +7"3q

Ty Ty 1
Quy = ﬁq// - ﬁqlv QrexQyy — qa2:y = ;q/q” > 0,

as required. O

Next we have the following elementary lemma about extending concave functions
[13].

Lemma 2.2. Let W be an open bounded convex set in R™ and let f be a smooth real-
valued function defined on the set

W ={pe W | dist(p, W) < 6},

for some 6 > 0. Assume that there exists a constant ¢ € [—oc0,00) such that f(p) > ¢
on W0 and f(p) — ¢ as p tends to any point in OW. Also assume that D*f < 0 and
Df # 0 on W°. Then there exists a smooth concave function F : W — (c,00) which
coincides with f on W9 for some 0 < §' < 4.

Moreover, if W is a ball in R"™ centered at a point P and f a function of the distance
r from P, then F' can also be taken to be a function of r.

Proof. The proof is essentially contained in [13], but we give the argument here for the
sake of completeness. First note that the level sets { f = a} for constants a close to (and
strictly larger than) ¢ are smooth convex hypersurfaces contained in W°. If ¢ = —o0
then “a close to ¢” means that «a is sufficiently negative.

Fix now such an a > c¢. Define a function f : W — R by

f:{fv on {f <a}

a, otherwise.

Then the function f is locally concave on W and hence concave on W (away from
{f = a} it satisfies D*°f < 0 and near {f = a} it is the minimum of two concave
functions).

For small ¢ > 0 let fg = f * 7. be the convolution of f by a mollifier n. given
by n:-(p) = e "n(¢~'p) for n a smooth nonnegative function supported in the unit
ball B with [ pNhdx = 1. Then fg is smooth and concave on its domain of definition
We:={p e W | dist(p,0W) > €}.
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Now fix o/ with @ > @’ > ¢. Then f is smooth and locally concave on {f < a'}.
Choose a smooth bump function ¢ which is equal to 0 on {f > o’} and is equal to 1 on
W9 for some small & > 0.

Define a smooth function F': W — R by

F:(1_¢)fe+¢f-

Then F' agrees with the concave function f and hence f on W% and agrees with the
concave function f. on {f > d'}. Here we choose € > 0 small enough so that f. is defined
on the complement of W9 . It remains to check that F is concave on the compact set
K={f<d}\W?%. Write F = f. + ¢(f — f.). Then
Fij = (fé)ij + ¢zg(f - fs) + (bz(f - fa)j + Qb](f - fs)z + ¢(f - fa)ij~

The result now follows from the fact that f. — f uniformly C2 on K as ¢ — 0. Indeed,
since D?f < 0 on the compact set K, it is uniformly strongly concave on K, so we can
choose € > 0 small enough that that the matrix ( fs)ij is uniformly negative definite.
But since f. — f uniformly C2 on K as £ — 0, all the other terms tend to zero, so for
e > 0 sufficiently small we get (Fj;) < 0 on K.

Finally, in the case when W is a ball in R” centered at a point P and f is a function
of the distance 7 from P, we define f.(r) to be the convolution of f(r) with a standard
mollifier as a function of . We also choose the bump function ¢ to be a function of r,
and it follows that F' is a function of r. O

3. CONSTRUCTION OF THE INITIAL DATA

Our starting point is a radial function defined on a disk. Fix an integer N > 1 and
some a € [0,1/2) throughout the section. Let D be the open disk in R? of radius 2
centered at the point (0,2), and let r denote the distance from (0, 2).

Proposition 3.1. There exists a smooth function U on the closed disk D satisfying

(a) U is positive on D, vanishes on 0D, and VU is nowhere zero on 0D.
(b) U is a-concave on D.
(c) U satisfies the compatibility conditions (2.4) on 9D, for k=1,...,N.

Moreover, U is a function of r.

Proof. Such a function U (z, y) is easily constructed as follows. Writing r for the distance
from (0,2), let ¢ : [0,2] — R be a smooth function satisfying

(3.1) qir)>0,0<r<2 ¢2)=0
and
(3.2) J(2) <0, ¢"(2) + %q'(Q) > 0.

Then for a € (0,1/2) we see that for r close to 2 we have
(qa)/ — aqaflq/ < 07

and

(@*)" = aq**((a = 1)(¢")* +qq") < 0.
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For the case a = 0 replace ¢® by logq and the same holds. This implies that if we
define U(z,y) = q(r) for r close to 2 then U is strongly a-concave there by Lemma 2.1.
To satisfy AU = |VU|? on dD we note that by (3.2), the quantities AU and |VU|? are
strictly positive on 0D and hence we can scale U to ensure that the first compatibility
condition holds.

We can then recursively prescribe ¢(2#)(2) for k = 2,3,..., N so that the kth compat-
ibility condition (2.4) for U holds up to order N. This does not affect the positivity or
a-concavity of U near dD. We can then extend U by Lemma 2.2 to a positive a-concave
function inside D. O

We now define a new convex domain )y, obtained by modifying the disk D. The
part of the boundary 0D below the line y = 2 can be written as a graph y = G(x) for

(3.3) Glx)=2—-vV4—22 -2<z<2.

Let 6 € (0,1/4) be a small positive constant depending only on «, to be determined
later. Define a new function g : (—2,2) — R by modifying G as follows:

1/20, r€[-4,0
(3.4) g(x) = { G/(w% z 2 E—2, l1/2] ull/2,2)

and extend g to be a smooth function on (—2,2) so that ¢” > 0 on the remaining
intervals (—1/2,—4d) and (9,1/2). Note that g is a convex function. We now define our
convex domain to be

Q=DnN {(.I',y) S (_272) xR ‘ y > g(x>}

Note that 09 is smooth, and contains a line segment [—d, ] x {1/20}.
The main result of this paper is the following construction:

Theorem 3.1. There is a smooth function v on Qg satisfying the following conditions:

(a) v is positive on Qq, vanishes on 0.

) v is a-concave on €.

(¢) Vv does not vanish at any point of 0.
) v satisfies the compatibility conditions (2.4) on 0, for k=1,...,N.
) The map

x = vy(z,1/20), for x € [6,0],

is positive and strongly convex (namely (vy)gs > 0).

Proof. We obtain v by modifying the function U constructed in Proposition 3.1, which
we may assume for convenience is defined as a smooth function on all of R2. We may
write U(x,y) on [—1,1] x [—1,1] as

2N y—G(z)
Ua) = 30— G@)' Bila) + [ Klas)(y = Gla) = Vs,
/=1
for smooth functions Fj, ..., Eay, K. Here we recall that G is defined by (3.3). Indeed,
this follows by considering for each x € [—1,1] the function § — U(z,7 + G(x)) and

using the integral form of the Taylor remainder theorem at § = 0.
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We now define a function v(z,y) on [—1,1] x [—1,1] by

2N
(3.5) v(w,y) =Y (v —g(x))es(x) + Rz, y),

(=1
for

y—g(z)
Rieg) = [ Ko gle) - 5*Vds

0
where g(x) is as in (3.4) and the smooth functions eq,...,eon are to be determined.
Note that the kth partial derivatives of R, for 0 < k < 2N, vanish when evaluated on
y =g(x).

For simplicity of notation, in what follows we will denote F1, E» by F, H and eq, ey
by f, h respectively. Note that since VU is nonvanishing on 0D, there exists a constant
¢ > 0 such that

(3.6) F(z)>e¢>0.

We define f as follows. First choose § € (0,1/4) so that the solution 1 (z) of the ODE
problem

pu’ — 21— 20) ()P = ~1, on [-26,29],

$(0) = 1,4/(0) = v/2/(1 — 2a)
satisfies ¢/ > 0 and ¢ > 0 on [—26,20]. Then we define f to be a smooth function on
[—1,1] such that
flz) = Y(z), for — 26 < ax <296,
T\ F(x), for x € [-1,—-1/2] U [1/2,1]
and
(3.7) f(x) >¢>0 on[-1,1],

where we assume without loss of generality that ¢ is the same constant as in (3.6).
Observe that from the definition of f and g, we have vy (z,1/20) = (x) for x € [6, ]
and hence v(z,y) will satisfy (e).

We are interested only in the behavior of v close to the boundary y = g(x) and so in
what follows we can neglect some higher order terms of |y — g|. Write

v=(y—9)f+y—9*h+0(y—g)
where here, and in what follows, we write O(|y — g|*) for a smooth term whose ¢th

derivatives are bounded by Cly — g|[*~¢ for 0 < ¢ < k, for a uniform constant C.
Differentiating this we obtain

vy =f+2(y—gh+0(ly—g*)
ve=—gf+W—9)f —2(y—9)gh+(y—g)°l
(3.8) +(y—9)0(lg')) + Oy — gI*)
vyy =2h + O(ly — gl)
ey = ' = 29'h +2(y — 9)h' + (y — 9)O(|¢']) + O(ly — g*)

ver = — " =29'f' +2(¢")’h + (y — 9)f" + (y — 9)O(lg'|: 1¢") + O(ly — g/*).
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We will now choose the function h(x) so that v satisfies the first compatibility condition
Av = |Vv|? on the boundary {y = g(z)}. Observe that on (z, g(z)) for = € [-1,1],

Av=2h—g"f—2¢f +2(q)*h
and
Vol* = v + vy = ()" f* + 7,
so that we require
@2+ +g"f+29'f
2(1+(9)%) '

We define h(z) by (3.9). It follows that v(x,y) satisfies the first compatibility condition
Av = |Vv|? on 99 ([-1,1] x [~1,1]. Moreover, since our function U constructed in
Proposition 3.1 satisfies the first compatibility condition AU = |VU|? on the boundary,
we have

(3.9) h(z) =

(G")?F?+ F?+G"F +2G'F’
2(1+(G")?) ’

for x € [-1,1]. Since f = F' and g = G whenever z is in the complement of [—1/2,1/2],
it follows that h = H in the complement of [—1/2,1/2].

We can now similarly define es, ey4, ..., ean so that v(x,y) satisfies the kth compat-
ibility conditions for k = 2,3,..., N. Indeed applying the operator A? to (3.5) and
evaluating on y = g(x), the second compatibility condition takes the form

H(z) =

e4(x) = smooth expression in terms of es(x), g(x), f(x), h(x)

1
(3.10) and their derivatives.

We can simply define ez(x) = E3(x). Define e4(x) by the formula (3.10) so that v(z,y)
satisfies the second compatibility condition. Then since U satisfies the second compat-
ibility condition, and f = F, g = G, h = H, e3 = F3 when zx is in the complement of
[—1/2,1/2] it follows that e, = E4 in the complement of [—1/2,1/2].

Continuing inductively, we define es, . .., ean so that the kth compatibility conditions
are satisfied for k = 2,3,..., N. Moreover when z is in the complement of [—1/2,1/2],
the functions f, g, h,es,...,ean coincide with F,G, H, Es, ..., Eon respectively.

Finally we will show that v is a-concave in the set

Se={(z,y) | —1<z<1, glo) <y<g(z)+e},

for € > 0 sufficiently small.
For this, it suffices to show that for all z € [-1,1] and y — g(x) sufficiently small and
positive we have

Vg — (1 — a)v? < 0, vuyy — (1 — a)vs <0

and
(V0 — (1 — @)v2) (voy, — (1 — a)vg) — (VUgy — (1 — @)vgy)? > 0.
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We compute the terms above separately using (3.8),

2
T

= <(y —9)f+(y— g)2h> < —g"f =24 +2(4)h + (y — g)f”>

VUze — (1 — @)V

2
(1-a) ( G- 2y g)gh+ g)zh’>
+ (y— 9)?°0(d'|,19") + O(ly — gI*)
= —(1-a)(¢)f+w—9)(—g"f* —2aff'gd —2(1 —2a)f(q)*h)
(g <ff” S a) () + 0. |g"\>)

+0(ly = gP).

Observe that the zero order term in (y — g) is non-positive, as is the first order term
—(y — 9)g" 2. To deal with the term —2a(y — g)ff'g’ we argue as follows. If o # 0,
define

(3.11)

1 —4a?

= ——>5 € 07 1 )

=13 €01
and use the inequality

042

—20(y —g)f'd < (1 —n)(1 =) (¢)?f* + (y - g)Qm(f/)27

to obtain on S, for € > 0 sufficiently small,

Voge — (1= a)v; < —n(1—a)(g")*f* —2(y — 9)(1 — 20) f(g')?h

C¥2
02177 - - - gt Lol o)
+0(ly — g*)
< A a) )P+ - ) (ff" ~ 20— 2a) () + O(lg), \g"w)
- 2 3
+O0(ly — g/*),

where we have absorbed the first order term in the zero order term, used the fact that
f > ¢ >0 and h is bounded and also the definition of 7 in the second order term. This
inequality holds for @ = 0 too, taking n = 1. By definitions of f and g, there exists a
small constant p > 0 such that if —6 —p <2z < J + p then

F57 = 2= 20)(7) = -1

and ¢', ¢” is sufficiently small so that the second order term is strictly negative. Oth-
erwise (¢’)? is uniformly positive and so the zero order term dominates. In either case
there exists a uniform a > 0 such that on S,

(3.12) Vg — (1= a)vy < —aly — g)*,

as long as € > 0 is sufficiently small.
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Next we compute on S,
vy — (1= a)vl = ((y— 9)f + (y — 9)°h)2h
—(1—a)(f+2(y—9)h)*+O(ly — g*)

= —(1—a)f?—2(y—g)1—2a)fh+O(ly — g|*)
<—-a<0,

(3.13)

for a uniform a > 0 uniform as long as € > 0 is sufficiently small, using the lower bound
on f of (3.7).
Next we compute

VUzy — (1 — a)vzvy
— (-0 +w-92) (5= 290+ 20 - 1)

- (1-a) ( ~gdf+W—9f —2(y—9)dh+(y- g)Qh’> (f +2(y — g)h>

+(y—9)?0(g') + O(ly - gI*)
=(1—a)g'f+(y—g)(aff +2(1—2a)fg'h)
+(y = 9)* (=1 = 2a)hf + (1 +a) fh' + O(g']) + O(ly — gI*).
Combining with (3.11) and (3.13), we finally obtain
(VVgz — (1 — a)“i)(wyy -(1- a)“;) — (vogy — (1 - a)vxvy)2

=(1-a)y—9)d"f*
(B.14) 9P ( A=) P — (- a) () — a2 + O, |g"|>>

+0(ly — g
2 a|y - g|27

for some uniform a > 0 uniform as long as € > 0 is sufficiently small. To see this
inequality we argue as follows. Note that the coefficient of (y — g) is nonnegative. There
exists a small p > 0 such that if =0 — p < 2 < §+ p then ff” — 2(1 —2a)(f')* = —1
and ¢', ¢” is sufficiently small so that for these values of x,

(L= a)f2(ff" = (1= a)(f)?) = 2F2(F)* + O(lg'], lg"1)

= — (L= )2 = () + O 1)

>~ (1= @)~ S(1-20)() + Ollg1, 19"
=1 -a)f*+0(g'l1g")) > a >0,

using the fact that 1/(1—«) > 1 > 2/3. For x not in this range, ¢” is uniformly positive
and so the first order term in (y — ¢g) dominates. This establishes (3.14).

Combining (3.12), (3.13) and (3.14) we see that v is a-concave on S, for ¢ > 0
sufficiently small. Moreover, v(x,y) agrees with the function U(x,y) for = in the com-

plement of [—1/2,1/2] and hence we can extend v (by simply setting equal to U(z,y)
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for (z,y) ¢ [—1,1] x [-1,1]) to give a smooth a-concave function, still referred to as v,
on the set

0 = {p € Qo | dist(p, 9) <}

Moreover v has nonvanishing derivative on the boundary 9€y. Applying Lemma 2.2
completes the proof of the theorem. O

4. CONVEXITY BREAKING

In this section we complete the proof of Theorem 1.1.

Let k > 2 be given, and choose N = N(k) sufficiently large as in Theorem 2.1. We
take our initial data ug to be the function v € C*°(€)) constructed in Theorem 3.1 for
this given N so that by Theorem 2.1 we have a nondegenerate C* solution (Q,u) of
the Stefan problem with this initial data on [0,7T]. Let p be the point (0,1/20) € R?
and consider the disc Dj/p(p) of radius /2 centered at p. Shrinking 7' if necessary,
the solution u has nonvanishing derivative on the boundary 0€);. Hence by the Implicit
Function Theorem, the free boundary 9Q: N Dj/5(p) is given by a graph y = w(z,t) for
a locally defined C* function w. Moreover, w(z,0) = 1/20 and by the Stefan boundary
condition (1.2) the function wy(z,0) coincides with —vy(x,1/20) and so by part (e) of
Theorem 3.1,

x — we(z,0)

is strictly negative and strongly concave. Here, and in what follows, we may increase k
without loss of generality as necessary.

To show that €2 is not convex it is sufficient to show that for ¢ € (0, 7] the function
w(z,t) is not convex as a function of z. This however is an immediate consequence of
Taylor’s Theorem which gives

w(z,t) =1/20 + we(z,0)t + R(z,t)t
for x € [-0/2,6/2] and t € [0, T, where

@ds.

t
R(z,t) = / wy(x, S)
0
In particular, we bound |Ry.(2,t)| < (t/2) maxse(o 7 [witzz (2, 5)| and thus as t — 0, the
remainder term R(z,t) tends to zero in the C? norm with respect to z. Hence, shrinking
T if necessary we obtain wyg(x,t) < 0 for ¢ € (0,7] and in particular, z — w(zx,t) is
not convex.

This immediately implies that u|g, is not a-concave for ¢t € (0,7]. Indeed, fix t €
(0,T], write u = u|o, and consider the set {u(x,y) = €} for a small ¢ > 0, near the
point (0,1/20). Shrinking ¢ if necessary we may assume that Vu does not vanish there
and {u = ¢} is given locally by a C? graph y = p(x) which has p”(0) < 0. Rotating and
translating the coordinates we may assume that p(0) = p’(0) = 0 and hence u,(0,0) = 0.
Differentiating twice the equation u(z, p(z)) = € gives ug.(0,0) = —u,(0,0)p”(0) > 0.
Hence utiz, — (1 — a)u? > 0 at (0,0) and so u is not a-concave.

This completes the proof of Theorem 1.1.
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