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ABSTRACT: We develop an efficient and accurate method for numerical
evaluation of nonadiabatic (NA) coupling in the Kohn—Sham
representation with projector augmented-wave (PAW) pseudopotentials
that are commonly used in electronic structure calculations on nanoscale,
condensed matter, and molecular systems. Without additional cost, the
method provides an order of magnitude improvement in accuracy
compared to the current technique, while it is 3—4 orders of magnitude
faster than the exact evaluation. Atomic displacements over typical time
steps in molecular dynamics (MD) simulations are much smaller than the
size of the PAW core region, and therefore, evaluation of the NA in the
core is simplified. The accuracy is demonstrated with three condensed
matter systems. The method is robust to variation in the MD time step.

Pseudo-NAC CA-NAC Inaccurate
1" meV
i Accurate

Concentric approximation (CA)

The accurate NA coupling evaluation also helps in maintaining phase-consistency of the NA coupling and identifying trivial crossings
of adiabatic states. The approach stimulates NAMD applications to modeling of modern materials and processes.

Understanding, predicting, and ultimately controlling
excited-state dynamics are at the heart of diverse areas
of physics, chemistry, and materials science, such as solar
energy conversion into electrical and chemical energy,
optoelectronics, plasmonics, and spintronics, to name a
few.'”® Nonadiabatic (NA) molecular dynamics (MD)
simulation has become a popular, versatile, and powerful tool
to study such dynamics in nanoscale, condensed matter, and
molecular systems.”’ "> NA coupling (NAC) is the crucial
quantity in such simulations; therefore, development of
accurate and efficient methods for evaluation of NAC
constitutes an important goal of theoretical research.

NAC governs the evolution of the wavefunction in the time-
dependent (TD) Schrddinger equation (SE) and NA
transitions between states. Implemented with TD density
functional theory (DFT), which is the most popular approach
for electronic structure calculations, the TDSE is transformed
into the TD Kohn—Sham (KS) equations. DFT calculations
are often performed using a plane-wave basis set and projector
augmented-wave (PAW) pseudopotentials.'®'” The PAW
method generalizes the pseudopotential and linear aug-
mented-plane-wave methods, allowing DFT calculations to
be performed with greater efficiency.'” PAW pseudopotentials
are used widely to model solids, molecules, and liquids as well
as combined systems.'®™*' The exact wavefunction, also called
the all-electron (AE) wavefunction, is expressed in the PAW
method as a linear transformation of the pseudo (PS)
wavefunction. The AE and PS wavefunctions coincide in the

© 2021 American Chemical Society

\ 4 ACS Publications

3082

valence region, away from the nucleus, and differ in the core
region. The PS wavefunction allows one to reduce the required
energy cutoff of the plane-wave basis set, greatly decreasing the
computation cost.

Accurate NAC can be computed with the PAW method.””
However, exact treatment of the core region during NAC
calculation with the AE wavefunction is computationally
expensive, creating a bottleneck in applications to practical
problems that require calculation of millions of NACs.
Alternatively, PS wavefunctions have been used directly for a
long time to evaluate NAC without a rigorous validation.
Recently, a concern has been raised about NAC calculation
with PS wavefunctions, since they are neither eigen-wave-
functions nor orthogonal.”>** In our previous work, we
extensively investigated deviations between PS and AE NACs
and demonstrated that the approximate evaluation of NAC
using PS wavefunctions gives reliable results, with larger errors
observed for transitions metals.”” The error in the PS NAC can
exceed 1 meV when the material contains a transition metal
and its sub-shell d electron contributes to the process under
investigation. Given the importance of NAC in NAMD, a
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general, accurate, and computationally efficient method to
evaluate NAC is desirable.

In this Letter, we describe a concentric approximation (CA)
for the evaluation of NAC within the PAW method and
demonstrate that it reproduces the AE NAC to within 0.1 meV
at the computational expense of the PS NAC. We demonstrate
that small displacements in the atom center of partial waves in
the core region can be ignored in the evaluation of NAC over
an MD time step df that is as large as 10 fs. The present work
merges the efficiency of the PS NAC and the accuracy of the
exact AE NAC. The method is validated with two prototypical
periodic condensed matter systems containing transition
metals, bulk TiO, and Cu, and a molecule/TiO, interface.
The PS NAC exhibits 1 meV errors, and the CA method
reduces the error by an order of magnitude. We also
demonstrate a modification of the CA method, in which the
atomic displacement is monitored, the CA is used for atoms
with smaller displacements, and the full AE calculation is
performed for atoms with larger displacements. We show that
the CA NAC accuracy is robust with respect to variations of
the MD time step, such that the time step is limited by other
considerations.

Next, we briefly review NAC in NAMD. For simplicity we
do not use many-body states here, since NACs between many-
body states can be reduced to NACs between KS orbitals.”
The many-body states can be represented by Slater
determinants of KS orbitals, or by their linear superpositions,
as in linear response TDDFT and time-dependent GW-BSE
theory. More details can be found in ref 9. TDSE describes
evolution of the electronic subsystem in NAMD:

@ 0¥(r, R, t)

=H(r, R, t)¥(r, R, t
m (r ) (r )

(1)
Implemented within the TDKS theory, the TD wavefunction
W(r,R,t) can be expanded using a set of instantaneous adiabatic
KS orbitals w;(r;R(t)), which are obtained by solving the
stationary KS equations at atomic configuration R(¢):

W(r, R, £) = ) (ty(r; R(t)

j @)
With eq 2, eq 1 yields
oc(t)
e G\ ) ;
ih—— = zk: c(D)[gd, — ihd,R] o
Here,
| RCAA:
diR = (YIVgly;) R = —— R
&~ § (4)

is the NAC matrix element. NAC calculation plays a key role in
NAMD. However, an analytic solution for NAC is not available
(Vi Hlyy)

&=

in many cases. Even if the term can be obtained

analytically, its calculation may be expensive, as it is a highly
multi-dimensional vector. Hence, the scalar NAC of eq 4 is
routinely evaluated numerically using the Hammes—Schiffer—
Tully formulation:*®
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In eq S, y; can be either the PS wavefunction or the AE
wavefunction. Because PS wavefunctions are not orthonormal,
a post-orthonormalization, e.g, Lowdin transformation, is
required,” or two additional terms should be introduced to
correct the non-orthogonality,”* as was done early on with
both PAW and Vanderbilt pseudopotentials.””**
The AE wavefunction y is constructed in the PAW method
from the PS wavefunction {; using the following linear
transformation:

) = T = W) + 2 D7 (%) = 167) (5" )

a i (6)
The AE partial waves ¢ are typically chosen to be the
solutions of the radial Schrodinger equation for atom a for a
specific angular momentum, labeled by i. The index i is a
shorthand for angular momentum numbers (I,m) and reference
energy (€). The details of index i depend on construction of a
specific pseudopotential. The transformation from the PS
wavefunction to the AE wavefunction is linear, and both PS
and AE wavefunctions can be expanded around each atom site
a into corresponding partial waves using a set of projector
functions, |p{). The sum

1= 21" (n))(E" i)
i (7)

represents the AE wavefunction inside the augmentation
sphere of the site a, and the sum

7= D018 () B i)
i €))

represent the PS wavefunction inside the augmentation sphere
of the site a.
The projector functions are dual to the partial waves:

) = 5, (9)

Under the PAW formalism, for each atom site a, the AE partial
waves |¢7) and their PS counterparts are pairwise identical
beyond the augmentation sphere with the cutoff radius r.:

¢'(r) = qgia(r) forlr — Ryl > r. (10)

The PS wavefunction §; can be expanded locally inside the
augmentation sphere of atom a into the PS partial waves:

W (r) = 2 I(éa(r))@i“ W) forlr — Ryl <1, -

For any operator A,” eqs 6—8 lead to
(Al = (g + X (e — 27 Al + X (i = )
a a
(12)

= (Al + 37 (Glaic) = G 1Az ) -

+ DG - 2ANg, = 70 + Y (- 7 Al = )
(13b)
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Figure 1. Schematic of the PAW and the developed method. The displacement has been amplified greatly for clarification. In reality, I(Ry’ — Ry)!/r.
< 0.5%. In (a) and (b), the nucleus is stationary. The blue and red solid lines represent the pseudo (PS) wavefunctions and all-electron (AE) partial
waves, respectively. The corresponding dashed lines represent the PS partial waves. R is the atomic center for a specific atom site a. r, is the
augmentation sphere cutoff for this atom site. In (c) and (d), the nucleus undergoes a small displacement after dt. The corresponding PS
wavefunction and partial waves are indicated for times ¢ and t + dt, respectively. Ry and R, are the atomic centers for times ¢ and ¢ + dt. In (b) and
(d), the circles indicate different atomic sites and augmentation spheres. The AE and PS wavefunctions are identical outside the augmentation
sphere. Inside the sphere, the AE and PS wavefunctions are expanded in atom-centered partial waves. Since atomic displacement is negligible for a
small dt, we consider the two atomic-centered AE wavefunctions concentric inside the core region, to achieve easier and efficient integration.
Importantly, these wavefunctions are only used to correct the compensation part within the augmentation sphere (r.), and the main contribution to

NAC arising from the PS wavefunction is unchanged.

DI IR Al

a a'#a

— 7

(13¢)
If A is a local operator, then only term 13a needs to be
explicitly evaluated. This is because, according to eq 10, y; — ¥
in term 13b vanishes outside the augmentation sphere (the |
r — Ryl > r. region in Figure 1la, or the gray region in Figure
1b), while at the same time, according to eq 11, W - X
vanishes inside the augmentation sphere (the Ir — Ryl < r,
region in Figure la, or the blue and orange region in Figure
1b). Therefore, these terms are never nonzero simultaneously
in the same region in the space.

Similarly, in term 13c, there is no region for which yj — ¥/
and y}' — i are both nonzero when a and a’ are different
atom sites, unless the augmentation spheres (blue and orange
regions in Figure 1b) of different sites overlap. However, such
situations are excluded from the PAW approach, which fails in
such a situation.

Thus, for a local operator, eq 13 can be reduced to

(wlAly) = (FlAWE) + X ((lAl) — (7' 1A )

(14)

If an operator is nonlocal, such as the time-derivative operator

%, the CA introduces an error, which is small if the

displacement of nuclei within time dt along a trajectory are
small compared with the radius of the augmentation sphere. In
such case the bra and ket wavefunctions in term 13D still vanish
in the majority region (Ir — Ryl < r. and Ir — Ry’l > r, regions in
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Figure 1c). Only in the r. — IR, — Ry'l < Ir — Ryl < r region,
the bra and ket wavefunctions are nonzero simultaneously.
Therefore, the term 13b is negligible. Term 13c is also small,
unless the augmentation sphere at ¢t + dt overlaps with the
augmentation sphere of a different site at ¢, Figure 1d.
However, this situation does not happen if dt is small. Note
that the augmentation spheres can overlap if the material is
studied at a very high pressure. In such cases the PAW method
breaks down in general.

In the implementation, {; and {is are expanded in a plane-
wave basis set, while ¢, ¢7, and p{ are atom-centered functions
defined for each atom. The exact evaluation of the AE NAC
with eq 13 needs integration between different grids, which is
computationally complex and expensive. The computation cost
of the exact AE NAC can be a substantial limitation during
NAMD, which can require evaluation of millions of NAC
matrix elements. Note that NAC evaluation requires more
accurate convergence of the electronic wavefunction than force
evaluation during adiabatic MD, further adding to the
computational cost.

The numerical evaluation of NAC is performed over a small
atomic time step, on the order of 1 fs, during which atoms
move much less than the size of the augmentation sphere (core
radius). A small time step is needed for an accurate evaluation
of NAC with any electronic structure method, regardless of the
PAW approach. Similarly, when the nuclear derivative vector,
(wilVely:) in eq 4 is needed explicitly, it can be computed
numerically over atomic displacements dR that are much
smaller than the core radius. Therefore, it is reasonable to treat

https://doi.org/10.1021/acs.jpclett.0c03853
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Figure 2. Geometric structure of (a) bulk Cu and (b) bulk rutile TiO,. (¢, d) Corresponding projected DOS. To clarify the correlation of NAC
error and sub-shell d electrons (vide infra), only the projected DOS for the ['-point are presented.

the center of the atomic partial waves (y/ and 7/) as stationary
over the time step dt.

With the CA approximation, the exact overlap encountered
in eq 5 is simplified to

(W) =
) + X 20 X CHUN) — ()G,
o (1s)
in which we defined
G = (B ) (16)

The NAC, which is routinely evaluated numerically using the
Hammes—Schiffer—Tully formulation, is reduced to

. 0
dj R = < " Wk> =
S W, £+ d0) = @, £+ Al (r, 1))
zdtZ L 2 G

-3 dtz Z Z CHit + d (1) — (B, ()

(17)

Approximating eq 13 with eq 15 constitutes the CA. Eq 15
has a form similar to the overlap of the eigen-wavefunctions
derived in the original work by Blochl.'” However, w; and y; of
eq 15 are not from the same structure, nor they are
orthonormal, and eq 16 changes correspondingly. The PS
wavefunction contribution to the overlap, (@ lfy), is not
modified, and the impact of atomic movements on the
electronic properties in the interstitial region is adequately
accounted for.

In the implementation of the CA method, we assume that
the center of the radial functions (¢ and ¢*) has not moved
durm% dt (Figure 1b). Therefore, the integration of (Pp2Igpty —
(@lh) comes to a constant for a specific atom species and can
be precalculated The coefficients (p{lj;) are already calculated

l[lj

Ta r7a

¢ |¢1,>)Ck 1/(t + dt)
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within every ab initio calculation employing PAW, and
therefore, they are readily available without further cost.
Thus, our method does not introduce additional computation
cost relative to the PS NAC calculation. In the current
implementation, the CA NAC computation cost is about 3—4
orders of magnitude lower than calculation of the exact AE
NAC and is determined by the disk I/O operations.

In addition to the accurate and fast evaluation of the NAC
itself, the accuracy improvement provided by the CA NAC
over the PS NAC is important for other advanced techniques
developed for NAMD. For example, adiabatic KS orbitals are
defined up to a phase, and phase-inconsistency of the adiabatic
orbitals computed along MD trajectories results in an
erroneous evaluation of the NAC, subsequently causing
problems in the numerical integration of the NAMD equations
and making NAMD results not reproducible.’” Further, the
trivial’’ or “unavoided”* crossing problem arises when
adiabatic wavefunctions are localized in different parts of a
system and their corresponding eigen-energies become quasi-
degenerate, e.g,, with energy difference less than S meV. Both
NAC phase-consistency and proper ordering of quasi-
degenerate states are required for correct NAC evaluation
using eq 5 and rely on accurate calculation of the overlap
(l//j|l/1k).7’30_33 The error introduced by the PS wavefunction
can potentially amplify these problems, and the CA method
allows for a more robust phase-consistency and state-tracking.

The developed approach is general and can be implemented
with any PAW software packa§e Here, we use the Vienna Ab
Initio Simulation Package.’ More simulation details are
provided in the Supporting Information (SI). To evaluate the
performance of the CA method, we investigate three
prototypical systems containing transition metals, namely,
bulk Cu and rutile TiO,, and a CH;OH/TiO, interface (see
SI). The optimized atomic structures and their corresponding
densities of states (DOS) at 0 K are shown in Figure 2 and SI,
Figure S1. In the previous work,”” we found larger PS NAC
errors in these types of systems containing transition metals.
The deviations between the PS and AE NACs are notable for
electronic transitions associated with sub-shell d electrons and
can reach 2 meV.”* The error is smaller if the system does not

https://doi.org/10.1021/acs.jpclett.0c03853
J. Phys. Chem. Lett. 2021, 12, 3082—3089
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include a transition metal. Therefore, we illustrate the method
with systems containing transition metals. At the same time,
the efficient and accurate evaluation of NAC is important for
other systems as well, in particular in situations when one
encounters trivial crossings, and when NAC acquires a random
sign/phase that has to be kept track of along the trajectory, as
discussed above.

In the following, we calculate three types of NAC, i.e., the PS
NAC, the CA NAC, and the exact AE NAC. The overlap
between the exact AE wavefunctions employed for evaluation
of the AE NAC is evaluated with PAWPYSEED.”** We
consider NAC between all pairs of orbitals in the range from
VBM — 10 to VBM + 10 in both TiO, and Cu at the I"-point of
the simulation supercells (Figure 3). VBM stands for valence

(a) TiO, (b) TIO,
PS - Exact AE meV CA - Exact AE meV
1 +10 1
08 +5 0.8
o VBM
0 -10 5 VBM +5 +10 ’
(c) Cu (d) Cu
meV CA - Exact AE meV

PS - Exact AE

m’ +10

-10 -5

VBM +5 +10

-10 -5

VBM +5 +10

Figure 3. Absolute deviations of PS (a) and CA (b) NACs from AE
NACs for orbitals from VBM—10 to CBM+ 10 for bulk Cu.
Absolute deviations of PS (c) and CA (d) NACs from AE NACs for
orbitals from VBM — 10 to VBM + 10 for bulk TiO,. The deviations
are larger for PS NACs if d electrons contribute to the KS orbitals.
The developed CA NACs show significant improvements over PS
NACs without additional computational expense, while AE NACs are
3—4 orders of magnitude more expensive to compute.

band maximum, coinciding with the Fermi level. Similarly to
what we found in the previous work,”* PS NACs show notable
error for transitions involving sub-shell d electrons. These
errors can exceed 1 meV for both Cu and TiO,, raising a
concern for employing PS NACs for systems with transition
metals. NACs evaluated with the CA method show significant
improvements. The deviations from the exact NAC are
negligible, regardless whether or not sub-shell d electrons are
involved.

In order to get a more quantitative picture on the
improvement of the CA method over the PS approximation,
we present average absolute and relative deviation of the NACs
obtained with the two methods (Figure 4). The average NAC
deviations obtained with the CA method remains within 0.05—
0.1 meV for Cu and 0.02—0.04 meV for TiO,, while the
corresponding deviations for the PS NACs reach 0.3—0.7 and
0.6—1.0 meV, respectively. Because the absolute NAC errors
are generally independent of the NAC value itself, the relative
error can be large for very small NAC. However, this is not a
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matter of concern, because transitions between states coupled
by small NACs do not contribute to the overall dynamics,
which is governed by pathways with large NACs. Typical
NAGC:s for interband and intraband relaxation range within 1-5
and 10—100 meV, respectively.*’™>>

As demonstrated above, the CA method shows negligible
difference from the exact AE NAC calculation, because atomic
movements within dt are sufficiently small compared to the
size of the augmentation sphere. We anticipate situations in
which some atomic motions may be large, for example, with
longer time steps, unstable systems undergoing large-scale
motions, or light and fast hydrogen atoms. Note that in many
cases hydrogen orbitals do not contribute to investigated
processes. If some atoms move over relatively large distances, it
may be desirable to perform the exact AE evaluation for these
atoms and apply the CA for the other atoms. While this idea
requires further testing with appropriately chosen systems for
which the CA method leads to significant errors, we state it
here and demonstrate it with the current systems (Table 1).
We also increased dt to 10 fs, which is too large to be used in
practical NAMD simulations, and found that, remarkably, the
CA method still proved accurate (Figure S). The average atom
displacements in the current systems are 0.00S A when a 1 fs
time step is used. The largest displacement within the 1 fs time
step is 0.012 A. The results reported in the “partial CA” line in
Table 1 were obtained by using the exact AE evaluation for
atoms moving more than 0.005 A within the 1 fs time step and
the approximate CA evaluation for atoms moving less than
0.005 A. The data obtained with the partial and full CA
methods are comparable. The computational expense of the
partial CA method scales linearly with the number of atoms
requiring the AE treatment.

Finally, we examine the dependence of the deviation on the
time step used in the discretization for evaluating NAC (Figure
S). All MD trajectories were obtained with the 1 fs time step,
and we only varied the dt used in eq 17 for NAC, from the
same trajectory data; e.g., we used every 10th point from the
MD trajectories to obtain NACs for dt = 10 fs. Surprisingly,
the deviations barely change when dt increases from 1 to 5 fs,
although the mean ion displacement increases more than S-
fold. A notably increased deviation is observed with the 10 fs
time step for NACs larger than 10 meV. However, the
deviation remains within 0.1 meV, and because the absolute
NAC values are larger than 10 meV, the relative error remains
under 1%. Therefore, we conclude that the CA method is
robust to time step variations and that the choice of the MD
time step is determined by other factors.

The NAC is the scalar product of the NAC vector (NACV),
| Ve g,
-

W Vely = with the classical nuclear velocity, eq 4.

& &
Some NAMD techniques, such as the Ehrenfest approach and
the velocity rescaling step in surface hopping, require
knowledge of NACV.>>*” Although the CA can be used for
numerical evaluation of NACV using finite displacements of
atoms, an analytic evaluation of NACV is more eflicient. Since
NACYV is a multidimensional vector, including hundreds of
components, while NAC is a scalar, NAC calculation is
preferable if possible. In surface hopping, one can compute
that the scalar NAC is the vast overwhelming majority of the
cases and obtain NACV only to rescale velocity. In such cases,
the computational efficiency can be greatly increased by
computing NAC using the CA method.

https://doi.org/10.1021/acs.jpclett.0c03853
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Figure 4. Absolute and relative deviations of PS and CA NACs from exact AE NACs. The developed CA NACs show significant improvements
over the PS NACs in both systems. Note the log scale of the relative deviation.

Table 1. Absolute Deviation (meV) of NACs, Obtained
under Full and Partial CA, from the Exact AE NACs in
TiO,”

NAC 0.01-0.1 meV  0.1-1 meV 1-10 meV  10—100 meV
partial CA 0.019 0.021 0.016 0.030
full CA 0.025 0.029 0.027 0.044

“Under the partial CA, the CA is applied only to atoms whose
displacement within df = 1 fs is smaller than 0.005 A. The CA is
applied to all atoms in the full CA. The average atom displacement is
0.005 A, motivating the choice of the partial CA cutoff. The maximum
atom displacement is 0.012 A.

0.124 [_dt=1fs, 0.005A mean displacementdt
[ ]dt=5fs, 0.026A mean displacementdt
< 0.10 [_]dt=10fs, 0.052A mean displacementdt ]
[0) o
2 E0s-
©O <
2 2 0.061
< .©
 0.041
©
0.00 T T T T

0.01-0.1 0.1-1 1-10

NAC (meV)

Figure 5. Deviations of the developed CA NACs from the exact AE
NAGCs for different nuclear time steps in TiO,. The legend gives
average atomic displacement corresponding to each dt. The deviations
are similar for 1 fs, 5 fs, and even 10 fs time steps: the tall yellow bars
on the right represent relative deviations of under 2% and 0.8%,
respectively.

10-100

In many nanoscale systems, atomic motions are dominated
by thermal fluctuations, and the amplitudes of thermal atomic
fluctuations are larger than the differences in system geo-
metries between ground and excited states. This situation
allows for the classical path approximation (CPA), which
provides huge computational savings.” Instead of having to
calculate hundreds or thousands of excited-state trajectories,
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the CPA allows one to precompute a single ground-state
trajectory. Under the CPA, one can perform ab initio NAMD
for systems involving hundreds of atoms for many picoseconds.
Calculation of NACVs is not required under the CPA, while
efficient evaluation of NAC is very important and can be
achieved using the CA method in the PAW approach. The
CPA methodology developed in our group” has demonstrated
great successes in applications to many important classes of
systems and processes. The calculation of NAC constitutes the
main additional cost on top of the standard DFT calculation,
and the developed CA method provides an important
computational advance.

To summarize, the CA method demonstrated here allows
efficient and accurate evaluation of NAC with the PAW
method that is widely used in modeling electronic structure of
condensed matter, nanoscale, and molecular systems. The CA
NAC shows an order of magnitude improvement over the
widely used PS NAC, making the accuracy comparable to the
exact AE NAC. At the same time, the computational cost of
the CA NAC evaluation is similar to that of the PS NAC and is
3—4 orders of magnitude lower than the evaluation of the AE
NAC. While the PS NAC ignores the core region, the CA
NAC explicitly includes evaluation of the wavefunction overlap
in the core. The computational simplification is achieved by
noting that atomic displacements over typical time steps used
in MD simulations are much smaller than the core region size.
Therefore, one can assume that the properties of the core
region change little over the MD time step. As a result, the
computationally expensive terms in the AE NAC can be either
dropped or precomputed and used for the whole MD
simulation. Additionally, we put forth an intermediate
approximation, in which NAC contributions from atoms that
move significantly are treated at the exact AE level, while the
CA is applied to the remaining atoms. We demonstrate the
accuracy of the CA method with two typical condensed matter
systems containing sub-shell d electron levels that contribute to
NA transitions. As demonstrated previously, such systems
exhibit the largest NAC errors. The CA method allows
consistent evaluation of NAC with 0.1 meV accuracy that is
robust with changing MD time step. Remarkably, even for
TiO, containing light O atoms, the CA NAC reproduces the
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AE NAC with better than 2% accuracy even for a 10 fs time
step. Besides the NAC value itself, the accurate NAC
evaluation can be important for NAMD algorithms that
address the phase-consistency and trivial crossing issues in the
NAC computation. The developed approach constitutes an
important advance for successful application of NAMD to
modern problems in physical chemistry and materials science.
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