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Abstract. Biological and physical systems that can be classified as oscillatory

media give rise to interesting phenomena like target patterns and spiral waves.
The existence of these structures has been proven in the case of systems with

local diffusive interactions. In this paper the more general case of oscillatory

media with nonlocal coupling is considered. We model these systems using
evolution equations where the nonlocal interactions are expressed via a diffu-

sive convolution kernel, and prove the existence of rotating wave solutions for

these systems. Since the nonlocal nature of the equations precludes the use of
standard techniques from spatial dynamics, the method we use relies instead

on a combination of a multiple-scales analysis and a construction similar to

Lyapunov-Schmidt. This approach then allows us to derive a normal form, or
reduced equation, that captures the leading order behavior of these solutions.

1. Introduction. In this paper we consider nonlocal evolution equations of the
form

∂tU = K ∗ U + F (U ;λ) x ∈ R2, U ∈ R2, λ ∈ R, (1)

where K∗ represents a component-wise convolution operator, and the reaction terms
F (U ;λ) undergo a Hopf bifurcation as the parameter λ is varied. This type of non-
local equations can describe for example oscillating chemical reactions with com-
ponents that evolve at different time scales, and where the nonlocal interaction is
the result of adiabatically eliminating the fast variable [50, 49, 38]. Other examples
that can be described by similar equations, but perhaps with different nonlinear-
ities include electrochemical systems, [8, 14], neural field models, [10, 7, 41], and
population models where individuals disperse, or move, in a nonlocal manner. See
for example [30, 11, 21, 6] or [3] and the references therein.

More generally, equation (1) is an abstract model for oscillatory media. As such it
describes any system that is composed of small oscillating elements that are coupled
together in a nonlocal fashion. This coupling is described by the convolution kernel,
K, and the assumptions on this kernel depend on the application. Here we focus
on general diffusive kernels, K(x) = −1 + K1(|x|), where K1(|x|) is exponentially
decaying, can take on negative values, and has a finite second moment. There-
fore the convolution operators K∗ describe a process that lies somewhere between
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anomalous diffusion, modeled using the fractional Laplacian,

(−∆)su(x) = c

∫
R2

f(x)− f(y)

|x− y|2+2s
dy,

with appropriate constant c > 0, and regular diffusion, modeled using the standard
Laplacian,

∆u(x, y) ∼ 1

h2

(
u(x+ h, y) + u(x, y + h)− 4u(x, y) + u(x− h, y) + u(x, y − h)

)
,

with (x, y) ∈ R2, which samples only nearest neighbors.
These assumptions imply that the processes considered here exhibit a charac-

teristic length scale, which may suggest that we instead consider reaction diffusion
equations with a rescaled diffusion constant. However, this simplification misses the
true character of this fast diffusion process and precludes one from finding interest-
ing patterns like spiral chimeras [50], chemical turbulence [14], localized structures,
[9, 15], and other phenomena [42, 38, 52, 5, 37]. Figure 1 also illustrates how slight
variations in the choice of convolution kernel, K, can lead to different patterns in a
FitzHugh-Nagumo system with nonlocal diffusion. The convolution kernel used to
create Figures c) and d) involves longer nonlocal interactions than the one used in
Figures a) and b). These longer connections give rise to a novel pattern not seen
in standard reaction diffusion systems, a spiral chimera, which is a spiral pattern
with an incoherent core.

Our interest here is on rotating wave solutions, which we consider as an entry
point for understanding more complicated phenomena in nonlocal systems, like spi-
ral chimeras. While it is known that rotating waves, and in particular spiral waves,
appear in a wide variety of examples, from chemical reactions [36], to experiments
involving slime mold [51], cardiac tissue [12, 40] and brain tissue [20], their ex-
istence has only been shown in systems that involve local diffusive processes, see
[32, 17, 18, 19, 45]. In this article we extend these results to oscillatory media with
nonlocal coupling. That is, we prove the existence of rotating wave solutions for
problems described by equation (1), and derive a normal form which captures their
leading order behavior.

In contrast to previous works which use reaction diffusion equations [32, 45], the
nonlocal character of our problem prevents us from using techniques from spatial
dynamics and dynamical systems theory. In particular, we are not able to use
center manifold theory as in [45] to construct a normal form and prove existence of
solutions in this way. Instead, our work is based on the approach taken in the physics
literature, where a multiple-scale analysis is used to derive amplitude equations
[34, 55, 14]. Our main contribution is to place this method in an appropriate
functional analytic setting that allows us to use a reduction similar to Lyapunov-
Schmidt to rigorously derive the normal form and obtain its validity at the same
time. In the process we also show the existence of general rotating wave solutions.
We point out here that to obtain the existence of specific rotating wave solutions,
like for example spiral waves, one then has to work with the normal form and show
that such patterns exist as solutions to this reduced equation.

Before describing our methods in more detail, we first state our main assumptions
and describe our set up. Throughout the paper we use polar coordinates (r, ϑ) and
we look for rigidly rotating solutions that satisfy U(r, ϑ, t) = U(r, ϑ+ ct), and that
are periodic in their second argument, i.e. U(r, θ + 2π) = U(r, θ). We do not
consider meandering solutions. With this notation the problem reduces to solving
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(a) (b)

(c) (d)

Figure 1. Spirals obtained by numerical simulations of a
FitzHugh-Nagumo system (see Section 6) with δ = 0.2, β = 1, τ =

0.1, and K ∗u = σ
D [−u+K0(|x|/

√
D)∗u]. Here K0 is the Modified

Bessel function of the second kind. In figures a) and b) the choice
of σ = 5 and D = 0.5, results in a spiral pattern. In contrast, in
figures c) and d) the choice of σ = 5 and D = 1 results in a spiral
chimera pattern (incoherent core). The figures on the right zoom
in into the core of the spirals appearing on the left.

the steady state equation

0 = K ∗ U − c∂θU +DUF (0; 0)U︸ ︷︷ ︸
L

+ [F (U ;λ)−DUF (0, 0)U ]︸ ︷︷ ︸
N (U ;λ)

, (2)

where the rotational speed, c ∈ R, is treated as an extra parameter. We further
assume that

1. F depends on U , but not its derivatives.
2. F (0;λ) = 0 for all λ ∈ R.
3. DUF (0; 0) = A ∈ C2×2 has a pair of purely imaginary eigenvalues ±iω.

We also make the following assumptions on the convolution kernel K, which will
allow us to show that the operator L defines a Fredholm operator in appropriate
weighted spaces.

Hypothesis (H1). The convolution kernel K has a radially symmetric Fourier

symbol K̂(ξ) = K̂(|ξ|). As a function of ρ = |ξ|, the symbol K̂(ρ) can be extended
to a uniformly bounded and analytic function on a strip Ω = R× (−ξ0, ξ0) ⊂ C, for
some constant ξ0 > 0.
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Hypothesis (H2). The symbol K̂(ρ) is symmetric and has a simple zero, which

we assume is located at the origin ρ = 0. This zero is of order ` = 2 and thus K̂(ρ)
has the following Taylor expansion near the origin:

K̂(ρ) ∼ −αρ2 + O(ρ4), α > 0.

As shown in Section 3, Lemma 3.4, with the above hypotheses the symbol K̂ can
be written as

K̂(ξ) = M̂L(|ξ|) |ξ|2

1 + |ξ|2
=

|ξ|2

1 + |ξ|2
M̂R(|ξ|),

where the functions M̂L/R(ρ), are analytic and uniformly bounded. With this in-
formation, we make one further assumption.

Hypothesis (H3). The symbols, M̂L/R, satisfy

M̂L(ρ) = M̂R(ρ) = M̂(ρ) = c(1 + Ĝ(ρ)),

with c ∈ R, and Ĝ(ρ) ∼ O(1/ρ) as ρ→∞.

The following are examples of convolution operators that satisfying the above
hypotheses:

1) K ∗ u = − 1
2u+ exp(−|x|2) ∗ u, which has symbol K̂(ξ) = − 1

2 + 1
2 exp(−|ξ|2/4).

2) K ∗ u = σ
D [−u + K0(|x|/

√
D) ∗ u], where σ,D > 0 and K0 represents the

Modified Bessel function of the second kind. In this case K has symbol K̂(ξ) =

σ
[
−|ξ|2

1+D|ξ|2

]
.

1.1. The method. We start this subsection by giving a short overview of the
multiple-scales method (following [34]), and then move on to describe our approach.

For the case of oscillatory reaction diffusion equations in finite domains, the
multiple-scales method is based on the following analysis. We know that as the
parameter λ crosses its critical value, the homogenous steady state undergoes a
Hopf bifurcation. Since we are considering the case of a finite domain, linearizing
the equation about this uniform state results in an operator with point spectrum,
νk, and corresponding eigenmodes, eikx (assuming periodic boundary conditions).
In particular, we have a pair of complex eigenvalues, ν0 = λ ± iω, associated with
the zero mode, that cross the imaginary axis when λ > 0. If the system size is
small, the eigenvalues are well separated and one can study the dynamics of the
emerging oscillations by keeping track of only the critical mode. This results in the
Stuart-Landau equation (an o.d.e.) as a normal form.

However, as the system size increases, the eigenvalues are no longer well sepa-
rated. Nonuniform perturbations with small wavenumbers become important for
determining the behavior of solutions that emerge from the bifurcation. In some
cases it might be possible to describe these solutions by considering the dynamics
of only a finite number of modes, i.e modes with |k| << δ, for some small δ, and as
a result the normal form becomes a system of o.d.e.

In practice, it is often the case that all modes need to be taken into account,
and instead of separating eigenmodes into critical and rapidly decaying ones, one
separates scales. That is, one establishes fast variables, x, t, and slow variables,
X = εx, T = ε2t, and approximates the solution as a regular expansion of the form

Ũ(t,X, T ; ε) = εU1(t,X, T ) + ε2U2(t,X, T ) + ε3U3(t,X, T ) + · · ·
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with

U1(t,X, T ) = W (X,T )eiωt +W (X,T )e−iωt.

Inserting the approximation Ũ into the reaction diffusion system and collecting
terms of equal order in ε results in a hierarchy of equations. Then, applying the
Fredholm alternative to all these equations leads to solvability conditions, which
at order O(ε3) result in an equation for the amplitude, W (X,T ). This equation is
the complex Ginzburg-Landau equation, which is now a p.d.e. and represents the
normal form, or amplitude equation, associated with problem.

The above approach is formal, mainly because this process does not guarantee
that the expansion Ũ = εU1 + ε2U2 + · · · converges. In other words, more work
needs to be done to show that the complex Ginzburg-Landau equation provides
valid approximations, Ũ , for the reaction diffusion system. That is, given a solution,
W , to the complex Ginzburg-Landau equation that is valid in some time interval
[0, T̃ ], one needs to show that there is a unique solution, U , to the original reaction

diffusion system such that ‖U −U1‖X < ε2 for all t ∈ [0, T̃ /ε2] in some appropriate
space X , and where U1 is given as above. Work in this direction is extensive, some
of which is covered in the references [29, 46, 47, 48, 56, 33]. Roughly the main idea
in these proofs is to show that the residue R = U − U1 remains of order O(ε2) on

the same time interval, [0, T̃ /ε2]. For an alternative approach for deriving similar
amplitude equations see also [44].

Our approach here is to use a similar multiple-scale analysis to derive our normal
form, but because the equation we work with is the steady state equation (2), we
don’t need to look at the evolution of the residue, R, to prove the validity of our
solutions. Instead, we use a construction similar to a Lyapunov-Schmidt reduction
to:

i) prove the existence of rotating wave solutions to equation (2), and
ii) at the same time obtain the normal form which provides the first order ap-

proximation to these solution.

We will explain this approach in the remainder of this section.
Multiple-Scales: We first separate scales and distinguish between fast variables

r, t and slow variables R = εr, T = ε2t. Notice that because we are interested in
rotating wave solutions, the time scales can be written directly into the ansatz.
That is, we can write

U(r, θ) = U(r, ϑ+ ct) = U(r, ϑ+ c∗t+ ε2µt),

where we set c = c∗ + ε2µ. The value of µ is left as a free parameter and the
value of c∗ is chosen so that given a nonzero integer n0 we have that ic∗n0 = iω,
i.e. the eigenvalue of the matrix A = DF (0; 0). Since perturbations with small
wavenumbers are the most unstable, we assume that the dynamics of the solution
is dictated by the slow scales, and thus we can write our small amplitude solution
as

U(r, θ,R; ε, µ) = εU1(θ,R; ε, µ) + ε2U2(θ,R; ε, µ) + ε3U3(r, θ; ε, µ), (3)

with

U1(θ,R; ε, µ) = W1w(R; ε, µ)ein0θ +W 1w(R; ε, µ)e−in0θ. (4)

Here the vectors W1,W 1 are the eigenvectors of the matrix A = DF (0; 0). Notice
also, that the integer n0 ∈ Z is associated with the number of “arms” of the rotating
wave. The fact that we can pick a value of c∗ such that the relation ic∗n0 = iω holds,
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implies that rotating wave solutions with any number of “arms” exists, although
they may not be stable.

Inserting the ansatz (3) into equation (2) and separating the different powers of
ε leads to a hierarchy of equations.

At O(ε):

c∗∂θU1 −AU1 = 0.

At O(ε2):

c∗∂θU2 −AU2 = MU1U1,

where M represents the Hessian matrix of the reaction term (see Section 4 for more
details).

And at higher orders:

c∗∂θU3 −K ∗ U3 −AU3 =− ε2µ∂θ(U1 + εU2 + ε2U3) + K̃ε ∗ (U1 + εU2)

+
1

ε3

[
N (Ũ ;λ)− ε2MU1U1

]
,

where due to the separations of scales there is a distinction between K̃ε and K.
The relation between these two kernels is given in terms of their Fourier symbols,
ˆ̃Kε(P ) = ε2K̂(εP ), and more details can be found in Subsection 4.2. Notice also
that our choice of eigenvector W1 and parameters c∗n0 = ω means that U1 solves
the first equation by design, and that one can use the second equation to find the
function U2 in terms of U1.

Lyapunov-Schmidt: The key to our method lies in solving the last equation,
which gathers all higher order terms. The main point here is that if the left hand side
of this equation describes a well behaved operator, then one can apply a construction
similar to a Lyapunov-Schmidt reduction. More precisely, in Section 4 we prove that
there is projection, P : X −→ X‖, such that the linear operator,

LU = c∗∂θU −K ∗ U −AU,

can be decomposed into an invertible part L⊥ : X⊥ −→ Y , and a bounded operator
L‖ : X‖ −→ Y . This allows us to split the last equation into two systems,

L‖U3 =P
[
−ε2µ∂θ(U1 + εU2 + ε2U3) + K̃ε ∗ (U1 + εU2) (5)

+
1

ε3

[
N (Ũ ;λ)− ε2MU1U1

]]
,

L⊥U3 =(I− P )
[
−ε2µ∂θ(U1 + εU2 + ε2U3) + K̃ε ∗ (U1 + εU2) (6)

+
1

ε3

[
N (Ũ ;λ)− ε2MU1U1

]]
.

If one further assumes that the term U3 ∈ X⊥, then one can use the implicit function
theorem to find a unique solution U3 to equation (6), that depends on U1, ε and µ.
Inserting this solution back into (5) leads to a reduced equation for U1, which after
projecting onto the correct space becomes an equation for w and defines the normal
form. Here we break with tradition and include all terms in this reduced equation
as part of the definition of the normal form. In Section 5 we will prove that with
minimal knowledge of these nonlinearities, mainly that they depend only on U1 and
not its derivatives, solutions to this normal form exist. This result, together with
the Lyapunov-Schmidt reduction just described, then implies that our normal form
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is valid. We make this statement more precise in the next subsection where we also
state our main theorem.

There are two technical difficulties that appear in the above approach. One is
showing that such a splitting for the linear operator, L, is possible, and the second
one is showing that the nonlinearities are well defined functions in the chosen spaces.
The first difficulty arises because we are setting our equations in the whole plane, R2.
Therefore the linearization, L, which behaves very much like a second order elliptic
operator, has essential spectrum that touches the origin. In addition, because of
the symmetries present in the problem, we have a zero eigenvalue embedded in
this essential spectrum. As a result, the linearization does not have a closed range
when posed as an operator between regular Sobolev spaces. In Section 4 we will
show that if instead we use a special class of weighted Sobolev spaces that impose
algebraic growth or decay, we can recover Fredholm properties for L (see [35] for a
similar situation in the case of the Laplacian, and [25, 26] for the case of a nonlocal
equation in one and two dimensions, respectively). In essence, the extra structure
included in these spaces means that we can remove approximate eigenvalues from
our domain and therefore obtain an operator with closed range, and that has a
finite dimensional kernel (nullspace) and finite dimensional cokernel.

The second difficulty comes from including spiral waves among the rotating wave
solutions of interest. Because these patterns are described by functions which are
bounded at infinity, we have to consider spaces that allow for a small algebraic
growth. However, this implies that the chosen spaces are not Banach algebras, and
as a result one is not able to show that the nonlinearities are well defined. To
resolve this issue, we construct spaces that allow us to split our solutions into the
direct sum of algebraically decaying functions plus uniformly bounded functions,
i.e. H = H2

γ(R2) ⊕W 2,∞(R2), and show that the linear operator, as well as the
nonlinearities, maintain this structure.

1.2. Main result: With assumptions (H1), (H2), (H3), and the approach just de-
scribed, we prove that small amplitude rotating wave solutions, U(r, θ), to equation
(2) can be approximated by a function of the form

U1(r, θ; ε, µ) =
(
W1w(εr; ε, µ)ein0θ +W 1w(εr; ε, µ)e−in0θ

)
, (7)

where ε and µ are small parameters, c∗n0 = ω, and the vectors W1,W 1 are the
eigenvectors of the matrix A. In particular, we show that the function w in this
approximation is a solution to the normal form equation,

K̃ε ∗ w + (λ+ i(µ∗ + µ)n0)w + a|w|2w + O(ε|w|4w) = 0. (8)

Here µ∗ is a small nonzero fixed number, λ and a are appropriate constants that
depend on the system’s parameters, and as mentioned before, the Fourier symbol

for the kernel ˆ̃Kε = 1
ε2 K̂(ρ), satisfies Hypotheses (H1), (H2), and (H3).

The following proposition, which is proved in Section 5, then guarantees the
existence of radial solutions, w(r), to this equation, even without explicit knowledge
of the higher order terms. In particular, these solutions live in a space Hγ,n ⊂ H =
H2
γ(R2) ⊕ W 2,∞(R2) ⊂ CB(R2), consisting of functions that can be decomposed

into the sum of a bounded function and an algebraically localized function. For a
more detailed description of the space Hγ,n see Section 4.
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Proposition 1. Given real numbers µ∗ 6= 0, γ > 0, and an integer n0, there exists
positive constants ε0, µ0, and a C1 map

Γ : (−ε0, ε0)× (µ∗ − µ0, µ
∗ + µ0) −→ Hγ,n0

(ε, µ) 7−→ w(R; ε, µ)

such that w(R; ε, µ) is a solution to equation (8).

As a consequence of this proposition, the ansatz (3), (4) and the Lyapunov-
Schmidt reduction described in the previous subsection, we arrive at our main
Theorem.

Theorem 1.1. Let γ > 0, n0 ∈ Z, and suppose w(R; ε, µ) ∈ Hγ,n0
is a solution to

equation (8). Then, there exist a unique solution U(r, θ) of the steady state equation
(2) and constants C, ε∗ > 0, such that for all ε ∈ (−ε∗, ε∗) the estimate

‖U(r, θ)− U1(r, θ)‖CB < Cε2,

with U1 as in (7), holds.

Remark 1. Note that if we let θ = ϑ + c∗t + ε2(µ∗ + µ)t in (7) , then U1 is an
approximation to a solution of equation (1).

Remark 2. If the coupling radius is small compared to the length-scale of the
solution/pattern, then the operator K∗ can be approximated by the Laplacian and
the reduced equation (8) is the same ordinary differential equation obtained in [45]
using center manifold theory. We suspect that in this case one should be able to
adapt the theory presented in [13] to show the existence of a center manifold for
the nonlocal system (1) and thus also obtain the same normal form in this way.

Remark 3. Our analysis shows that a family of rotating wave solutions
parametrized by ε, µ bifurcates from the uniform oscillatory state. The parame-
ter ε relates to the amplitude of these solutions, whereas the parameter µ relates to
their speed. The value of µ∗, which appears in the proposition above, is arbitrary;
its only restriction being that it is not equal to zero. This condition is more a con-
sequence of the method we use to prove the result, i.e. showing that an operator is
invertible, rather than some restriction that comes from the problem itself. In other
words, we can find rotating wave solutions with speeds that are arbitrarily close to
c∗. In the case of spiral waves, we suspect that, just like in the case of reaction
diffusion equations, there is a particular speed that is selected by the system. We
comment more on this last point in Sections 5 and 7.

Remark 4. As already pointed out, the integer n0 is related to the number of
“arms” of the rotating wave solution, and the results presented here show that
solutions with any number of “arms” exists. In the case of reaction diffusion systems,
it has been shown, at least formally, that multi-armed spiral waves are unstable,
[19, 17, 32]. We suspect that a similar result holds for spiral waves in oscillatory
media with nonlocal coupling.

1.3. Outline. The paper is organized as follows: In Section 2 we introduce a spe-
cial class of weighted Sobolev spaces and summarize properties of the convolution
operator K. In Section 3 we use a Fourier series expansion in the angular variable
to obtain a diagonal representation of the linear operator, L, which will prove useful
when deriving Fredholm properties for this map. The Fredholm properties of L are
shown in Subsection 4.1. The rest of Section 4 is dedicated to deriving a general
normal form for rotating solutions using Lyapunov-Schmidt reduction. The validity
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of the normal form is proved in Section 5, and in Section 6 we determine the reduced
equation for a specific example. Finally, we conclude the paper with a discussion in
Section 7.

2. Some useful weighted Sobolev spaces. In this section we define various
weighted Sobolev spaces and their main properties. These spaces will appear in later
sections and are important for showing the Fredholm properties of the convolution
operators considered here. We will also show that when these weighted spaces are
also Hilbert spaces, they can be decomposed as a direct sum which is left invariant
under the Fourier Transform. This decomposition will allow us to pick the correct
projection that is necessary for carrying out the Lyapunov-Schmidt reduction of our
main equation.

2.1. Kondratiev spaces. Given d ∈ N, s ∈ N ∪ {0}, γ ∈ R, and p ∈ (1,∞), we
denote Kondratiev spaces by the symbol Ms,p

γ (Rd) and define them as the space of
locally summable, s times weakly differentiable functions with norm

‖u‖p
Ms,p
γ

=
∑
|α|≤s

‖〈x〉γ+|α|Dαu‖pLp .

Here α is a multi-index and we use the notation 〈x〉γ+|α| = (1 + |x|2)(γ+|α|)/2.
Throughout the paper we also identify M0,p

γ (Rd) with Lpγ(Rd).
To the best of our knowledge Kondratiev spaces where first introduced in [31]

to study boundary value problems for elliptic operators. Variations of these spaces
have also been used to study exterior Stokes problems, see for example [53, 16, 2].
More recently, we have used Kondratiev spaces to show existence of target patterns
in oscillatory media, [22, 24, 26] and to study the emergence of striped patterns via
inhomogeneities in the 1-d Swift-Hohenberg equation [25], and in the 2-d complex
Ginzburg-Landau equation [23].

Notice that depending on the value of γ, these spaces impose a degree of algebraic
decay or growth on functions. In addition, the embeddings Ms,p

α (Rd) ⊂ Ms,p
β (Rd)

hold provided α > β, and if s > r we also obtain that the space Ms,p
γ (Rd) ⊂

Mr,p
γ (Rd). As is the case with regular Sobolev spaces, one can also identify the dual

(Ms,p
γ (Rd))∗ with the space M−s,q−γ (Rd), where p, q are conjugate exponents. The

notation

(f, g) =
∑
|α|≤s

∫
Rd
DαfDαg dx

can then be used to denote the pairing between an element f ∈ Ms,p
γ (Rd) and an

element g ∈ M−s,q−γ (Rd). In the particular case when p = 2, Kondratiev spaces are
also Hilbert spaces and have the inner product

〈f, g〉 :=
∑
|α|≤s

∫
Rd
DαfDαg · (1 + |x|2)(γ+|α|) dx.

The following lemma is the main result of this subsection. It establishes that
the above Hilbert spaces have a direct sum decomposition that will prove useful
when showing the Fredholm properties of the linear part of equation (2). This
decomposition holds for all dimension Rd, but we restrict our exposition to the two
dimensional case, which is relevant here. In the Lemma we use the symbol Ms,p

r,γ (R2)

to denote the subset of radially symmetric functions in Ms,p
γ (R2), and the overbar

to denote the complex conjugate.
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Lemma 2.1. Given s ∈ N ∪ {0} and γ ∈ R, the space Ms,2
γ (R2) can be written as

a direct sum decomposition

Ms,2
γ (R2) = ⊕ms

γ,n,

where n ∈ Z and

ms
γ,n = {u ∈Ms,2

γ (R2) | u(r, θ) = un(r)einθ and un(r) ∈Ms,2
r,γ (R2;C), ūn = u−n}.

In particular, identifying each point (x, y) ∈ R2 with the complex number x+iy =
reiθ, the lemma shows that given any f ∈Ms,2

γ (R2) one can write

f(reiθ) =
∑
n∈Z

fn(r)einθ with fn(r) =
1

2π

∫ 2π

0

f(reiθ)e−inθ dθ, (9)

where fn(r) ∈Ms,p
r,γ (R2). The proof of this result follows a similar analysis as that

of Stein and Weiss [54, Chapter IV, Section 1]. We give here a sketch of the proof.

Proof. The goal is to show that each f ∈ Ms,2
γ (R2) can be approximated by an

element in ⊕ms
γ,n. In particular, the representation (9) is the desired candidate

function. To start, notice that a short calculation shows that fn(r) is indeed in
Ms,p
r,γ (R2). Next, to prove that

‖f −
N∑
−N

fn(r)einθ‖Ms,2
γ
→ 0 as n→∞,

we use an equivalent definition for the norm on Ms,2
γ (R2). Namely, we consider

‖f‖Ms,2
γ

=
∑
|α|≤s

∥∥∥∥ ∂|α|f

∂rα1∂θα2

1

rα2

∥∥∥∥
L2
γ+|α|

,

and show that∥∥∥∥∥ ∂|α|f

∂rα1∂θα2

1

rα2
−

N∑
−N

∂α1fn
∂rα1

(in)α2

rα2
einθ

∥∥∥∥∥
2

L2
γ+|α|

−→ 0 as N →∞.

Now, because f ∈Ms,2
γ (R2), the integral∫
R2

∣∣∣∣ ∂|α|f

∂rα1∂θα2

1

rα2

∣∣∣∣2 〈r〉2(γ+|α|) dx <∞,

so that by Fubini’s theorem, the function ∂|α|f
∂rα1∂θα2

1
rα2
〈r〉(γ+|α|) defines a square

integrable function in the variable θ, and has a Fourier series expansion that con-
verges in the L2 norm for a.e. r. Moreover, one can use integration by parts to

show that the coefficients of this Fourier series are given by ∂α1fn
∂rα1

(in)α2

rα2
〈r〉(γ+|α|).

Using Parseval’s theorem, one then obtains that

gN =

N∑
−N

∣∣∣∣∂α1fn
∂rα1

(in)α2

rα2

∣∣∣∣2 〈r〉2(γ+|α|) −→ 1

2π

∫ 2π

0

∣∣∣∣ ∂|α|f

∂rα1∂θα2

1

rα2

∣∣∣∣2 〈r〉2(γ+|α|) dθ
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for a.e. r, which allows us to use the Dominated convergence theorem and conclude
that

lim
N→∞

∫ ∞
0

N∑
−N

∣∣∣∣∂α1fn
∂rα1

(in)α2

rα2

∣∣∣∣2〈r〉2(γ+|α|)r dr =

1

2π

∫ ∞
0

∫ 2π

0

∣∣∣∣ ∂|α|f

∂rα1∂θα2

1

rα2

∣∣∣∣2 dθ〈r〉2(γ+|α|)r dr.

Next, we have that∫
R2

∣∣∣∣∣ ∂|α|f

∂rα1∂θα2

1

rα2
−

N∑
−N

∂α1fn
∂rα1

(in)α2

rα2
einθ

∣∣∣∣∣
2

〈x〉2(γ+|α|) dx =

∫ ∞
0

[∫ 2π

0

∣∣∣∣ ∂|α|f

∂rα1∂θα2

1

rα2

∣∣∣∣2 〈r〉2(γ+|α|) dθ − gN
]
r dr,

which is obtained by expanding the integrand in the left hand side, and integrating
with respect to θ. The result now follows by combining these last two equalities.

The next lemma makes explicit the relation between the parameter γ and the
decay rate of elements in the space M2,2

γ (Rd). In particular, it shows that given any

function f ∈M2,2
γ (R2), then f decays algebraically for values of γ > −1 and grows

algebraically for values of γ < −1. This result will prove useful in Section 4.

Lemma 2.2. Suppose f ∈ M2,2
γ (Rd) then |f(x)| ≤ C‖f‖M2,2

γ
|x|−(γ+d/2), with C a

generic constant.

A proof of this lemma can be found in the Appendix.

2.2. Weighted Sobolev spaces: Throughout the paper we will also use the no-
tation W s,p

γ (Rd) to denote the space of locally summable functions with norm

‖u‖p
W s,p
γ

=
∑
|α|≤s

‖〈x〉γDαu‖pLp ,

where α is again a multi-index. When p = 2 to simplify notation we let Hs
γ(Rd) =

W s,p
γ (Rd). Notice that in contrast to Kondratiev spaces, functions in the space

W s,p
γ (Rd) do not necessarily gain localization with each derivative. The following

lemma shows that the spaces Hs
γ(Rd) can also be decomposed as a direct sum. As

before, we use the notation Hs
r,γ(R2) to denote those functions in Hs

γ(R2) that are
radially symmetric.

Lemma 2.3. Given s ∈ N ∪ {0} and γ ∈ R, the space Hs
γ(R2) can be written as a

direct sum decomposition

Hs
γ(R2) = ⊕hsγ,n,

where n ∈ Z and

hsγ,n = {u ∈ Hs
γ(R2) | u(r, θ) = un(r)einθ and un(r) ∈ Hs

r,γ(R2;C), ūn = u−n}.

Since the proof of this result follows a similar argument as that of Lemma 2.1,
we omit the details.
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Remark 5. Notice that the space hsγ,n comes equipped with the norm

‖u(r, θ)‖hsγ,n =
∑
|α|≤s

∥∥∥∥∂α1 ũ(r)

∂rα1

nα2

rα2

∥∥∥∥
L2
γ

.

This definition comes from viewing u(r, θ) = ũ(r)einθ ∈ hsn,γ as an element in

Hs
γ(R2), and writing the norm of this space using polar coordinates

‖u‖Hsγ =
∑
|α|≤s

∥∥∥∥ ∂|α|u

∂rα1∂θα2

1

rα2

∥∥∥∥
L2
γ

.

Notice as well that Lemma 2.3 then allow us to define an equivalent norm in Hs
γ(R2),

namely

‖u‖2Hsγ =
∑
n

‖u‖2hsγ,n .

We will use this definition in Subsection 3.3 to prove the invertibility for some
convolution operators.

2.3. Fourier transform. Here we recall some results from [54] regarding the direct
sum decomposition of L2(R2) presented above, i.e. L2(R2) = ⊕h0

0,n. In particular,

the next lemma shows that the spaces h0
0,n are invariant under the Fourier Trans-

form, F . To simplify notation, from now on we let hn = h0
0,n. We also use the

notation L2
r(R2) to describe the set of radially symmetric functions in L2(R2).

Lemma 2.4. The Fourier Transform maps the spaces

hn = {f ∈ L2(R2) | f(z) = g(r)einθ, g ∈ L2
r(R2)}

back to themselves. In particular, given f(z) = f(reiθ) = g(r)einθ ∈ hn, then the
Fourier transform of these functions can be written as

F [f(z)] = Pn[g](ρ)einφ = ğ(ρ)einφ,

where

Pn[g](ρ) = (−i)n
∫ ∞

0

g(r)Jn(rρ)r dr,

and Jn(z) is the n-th order Bessel function of the first kind. Moreover,

F−1[f̂(w)] = P−1
n [ğ](r)einθ = g(r)einθ,

with

P−1
n [ğ](r) = in

∫ ∞
0

ğ(ρ)Jn(rρ)ρ dρ.

The results of this lemma follow from the fact that the Fourier transform com-
mutes with orthogonal transformations. A detailed proof can be found in [54,
Theorem 1.6], but we also provide a summary in the Appendix.

3. The convolution operator. In this section we recall the assumptions made
on the convolution kernels, K, and summarize some of their properties.

Hypothesis 3.1. The convolution kernel K has a radially symmetric Fourier sym-
bol K̂(ξ) = K̂(|ξ|). As a function of ρ = |ξ|, the symbol K̂(ρ) can be extended to
a uniformly bounded and analytic function on a strip Ω = R × (−ξ0, ξ0) ⊂ C, for
some constant ξ0 > 0.
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Hypothesis 3.2. The symbol K̂(ρ) is symmetric and has a simple zero, which we

assume is located at the origin ρ = 0. This zero is of order ` = 2 and thus K̂(ρ) has
the following Taylor expansion near the origin:

K̂(ρ) ∼ −αρ2 + O(ρ4) α > 0.

The first result of this section is Theorem 3.3, which was proved in [26, 25] and
shows that these convolution operators are Fredholm when viewed as operators
between Kondratiev spaces. Then, in Subsection 3.2 we prove that the convolution
with a radially symmetric function maps the spaces hn back to themselves, (see
Lemma 3.7). This last result then implies that the operator K∗ is a diagonal
operator when we view its domain as a subset of L2

γ(R2) = ⊕hn.

3.1. Fredholm properties. To understand the need for Kondratiev spaces in es-
tablishing the Fredholm properties of K, consider first the pseudodifferential oper-
ator (Id − ∆)−1∆ as a map from its domain D ⊂ L2(R2) back to L2(R2). This
operator is the composition of the invertible map (Id−∆)−1, and the Laplacian. It
has a zero eigenvalue embedded in its essential spectrum, and as a result one can
use one of the corresponding eigenfunctions to construct Weyl sequences. These
sequences then show that the map does not have closed range and therefore it is
not a Fredholm operator.

To see this more clearly, consider for example just the Laplace operator, ∆ :
H2(R2) −→ L2(R2). Its kernel is spanned by harmonic polynomials, and although
none of these functions are in H2(R2), one can use them to construct the following
sequence: take un = χ(|x|/n)p(x, y), where p(x, y) represents a harmonic polyno-
mial and χ(|x|) is a smooth radial function equal to one when |x| < 1, and equal to
zero when |x| > 2. Notice that this sequence does not converge in H2(R2). However
‖∆un‖L2 → 0 as n→∞, showing that the operator does not have a closed range.

On the other hand, if we consider ∆ : M2,2
γ−2(R2) −→ L2

γ(R2) and set γ to be a
large positive number, the above sequence would not be a Weyl sequence. Indeed,
the algebraic decay imposed by the weight means that ‖∆u‖L2

γ
6→ 0. In contrast,

if we impose algebraic growth by picking γ < 1, the above sequence would now
converge to an element in the domain M2,2

γ−2(R2).
This heuristic argument justifies the results of the next theorem.

Theorem 3.3. Let γ ∈ R and suppose the convolution operator K : M2,2
γ−2(R2) −→

H2
γ(R2) satisfies Hypothesis 3.1 and Hypothesis 3.2. Then,

• if 1 + m < γ < 2 + m with m ∈ N, the operator is Fredholm, injective, and
has cokernel

∪mj=0Hj
• if −m < γ < 1−m with m ∈ N, the operator is Fredholm, surjective, and has

kernel
∪mj=0Hj

where Hj denotes the set of harmonic polynomials of degree j. On the other hand,
if γ = m for some m ∈ N, then the convolution operator does not have closed range.

The above result follow from Lemmas 3.4, Lemma 3.5 and Proposition 2, which
show that these convolution operators can be written as the composition of an
invertible operator and a Fredholm operator. For the 1-d case the proof of Lemmas
3.4, and 3.5 appear in [25] as Lemmas 3.9 and 3.10, respectively; while [Proposition
3.7, [25]] is the analogue of our Proposition 2 appearing below. For the 2-d case,
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Lemmas 4.2 and 4.3 in [26] correspond to Lemmas 3.4, and 3.5 stated below, whereas
Proposition 2 in this manuscript appears as Proposition 3.6 in [26].

Lemma 3.4. The Fourier symbol K̂ satisfying Hypotheses 3.1 and 3.2 admits the
following decomposition

K̂(ξ) = M̂L(|ξ|)L̂NF (ξ) = L̂NF (ξ)M̂R(|ξ|), ξ ∈ C2,

where L̂NF (ξ) = −|ξ|2/(1 + |ξ|2). Moreover, the symbols M̂L(|ξ|), M̂R(|ξ|) together
with their inverses are analytic and uniformly bounded functions of ρ = |ξ|, for
ρ ∈ Ω ⊂ C (see Hypothesis 3.1 for the definition of Ω).

Notice that because the Fourier symbols M̂L, M̂R, their inverses, and all their
derivatives are analytic and uniformly bounded, it follows from Plancherel’s Theo-
rem that the corresponding operatorsML/R : Hs

γ(R2) −→ Hs
γ(R2), with s ∈ N∪{0}

and defined by
Hs
γ(R2) −→ Hs

γ(R2)

u 7−→ F−1(M̂L/Rû),

are isomorphisms if γ ∈ Z+. This result can then be extended to values γ ∈ Z−
using duality, and to general γ ∈ R via interpolation, giving us the following lemma.

Lemma 3.5. Given s ∈ N ∪ {0}, the operator ML/R : Hs
γ(R2) −→ Hs

γ(R2), with

Fourier symbol M̂L/R(ξ) is an isomorphism for all γ ∈ R.

The two lemmas above show us that the the convolution operators considered
here are the composition of an invertible operator,ML/R, and the pseudodifferential

operator (Id−∆)−1∆. Therefore, the operators K and (Id−∆)−1∆ share the same
Fredholm properties.

Now, to establish the Fredholm properties of the pseudodifferential operator

(Id−∆)−1∆ : M2,p
γ−2(R2) −→W 2,p

γ (R2),

one first notices that (Id − ∆) : W s,p
γ (R2) −→ W s−2,p

γ (R2) can be written as a

compact perturbation of (Id − ∆) : W s,p(R2) −→ W s−2,p(R2), and is therefore
invertible, see also [25, 26]. Then, in reference [35] it is shown that the the Laplacian

∆ : M2,p
γ−2(R2) → Lpγ(R2), is Fredholm. Combining these two results then leads to

the next proposition.

Proposition 2. Let p and q be conjugate exponents, let γ ∈ R, and consider the
operator

(Id−∆)−1∆ : M2,p
γ−2(R2) −→W 2,p

γ (R2),

then

• if 2/q+m < γ < 2/q+m+1 with m ∈ N , the operator is Fredholm, injective,
and has cokernel

∪mj=0Hj
• if 2− 2/p−m− 1 < γ < 2− 2/p−m with m ∈ N , the operator is Fredholm,

surjective, and has kernel
∪mj=0Hj

where Hj denotes the set of harmonic polynomials of degree j. On the other hand,
if γ = m for some m ∈ N, then ∆ does not have closed range.

The results of Theorem 3.3 then immediately follow.
Finally, taking into account Lemma 3.4, we make one further assumption on the

convolution operator K.
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Hypothesis 3.6. Given a Fourier symbol K̂ satisfying the conditions in Lemma
3.4, we have that

K̂(ρ) = M̂L(ρ)
−ρ2

1 + ρ2
=
−ρ2

1 + ρ2
M̂R(ρ),

where ρ = |ξ|2. We assume that the analytic and uniformly bounded symbols,

M̂L/R, satisfy

M̂L(ρ) = M̂R(ρ) = M̂(ρ) = c(1 + Ĝ(ρ)),

with c ∈ R, and Ĝ(ρ) ∼ O(1/ρ) as ρ→∞.

3.2. Diagonalization. In this subsection we prove that the convolution opera-
tors considered here map the spaces hn back to hn. More precisely, given u(z) =
un(r)einθ ∈ S ∩ hn, where S denotes the Schwartz space of rapidly decaying func-
tions, we have that

K ∗ u = f(r)einθ with f(r) = Kn ∗̃ un.
In particular, Kn is an appropriate radial function and the symbol ∗̃ denotes a
convolution type of operator. In other words, a Fourier series expansion in the
angular variable, denoted here by FS, diagonalizes the operator:

FS[K ∗ u] =
∑
n

(Kn∗̃un)einθ.

In the next Subsection we will use this result to infer Fredholm properties for the
restriction of the convolution operator K to the subspace hn. This will then allow
us to pick a critical mode n0 and the corresponding subspace where the normal
form can be constructed.

Lemma 3.7. Let K be a radially symmetric kernel. Then, the convolution with
this kernel leaves the subspaces S ∩ hn = {u ∈ L2(R2)∩S | u(reiθ) = ū(r)einθ ū ∈
L2
r(R2)} invariant.

Proof. First, notice that since u ∈ S the expression K ∗ u is well defined. Second,
in Lemma 2.4 we proved that the Fourier transform leaves the spaces hn invariant.
As a result the following diagram, where F represents the Fourier Transform and
FS represents the Fourier series expansion on the angular variable, commutes.

L2(R2) L2(R2)

⊕hn ⊕hn
F

F

FS FS

The result now follows from our assumption that the kernel K is a radial function
and therefore it has a radially symmetric Fourier symbol. Indeed, we can see that

FS
[
F [K ∗ u]

]
= FS [K̂(|ξ|)û(ξ)] =

∑
n

[
K̂(|ξ|)û(ξ)

]
n

einφ =
∑
n

K̂(ρ)ûn(ρ)einφ,

where ξ = ρeiφ and

ûn(ρ) =
1

2π

∫ 2π

0

û(ξ)e−inφ dφ.
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The diagram then implies that,

F−1[
∑
n

K̂(ρ)ûn(ρ)einφ] =
∑
n

P−1
n [K̂(ρ)ûn(ρ)]einθ,

where P−1
n is defined in Lemma 2.4. In other words,

FS[K ∗ u] =
∑
n

(Kn ∗̃ un)(r)einθ,

with

(Kn ∗̃ un)(r) = P−1
n [K̂(ρ)ûn(ρ)].

3.3. Fredholm properties revisited. In this subsection we summarize the Fred-
holm properties of the convolution operators K∗ and K ∗+icn when considered as
operators on the subspaces m2

γ,n and hsγ,n, respectively.

Lemma 3.8. Let γ ∈ R, n ∈ Z, and consider the convolution kernel K satisfying
Hypotheses 3.1 and 3.2 restricted to the subspace

m2
γ−2,n = {u ∈M2,2

γ (R2) | u(r, θ) = un(r)einθ, un(r) ∈M2,2
r,γ (R2;C), ūn = u−n}.

Then,

K : m2
γ−2,n −→ h2

γ,n

is a Fredholm operator and

• for 1− |n| < γ < |n|+ 1, the map is invertible;
• for γ > |n|+ 1 the map is injective with cokernel spanned by rneinθ;
• for γ < 1− |n| the map is surjective with kernel spanned by rneinθ.

On the other hand, the operator is not Fredholm for integer values of γ.

Proof. First recall the results from Theorem 3.3, which show that the operator

K : M2,2
γ−2(R2) −→ H2

γ(R2)

is Fredholm for non integer values of γ. Because the Fourier symbol for the con-
volution kernel K is a radial function, Lemma 3.7 together with Theorem 3.3 then
show that the restriction operator

K : m2
n,γ−2 −→ h2

n,γ

is not only well defined, but also Fredholm.
Finally, to obtain the description of the kernel and cokernel given in this Lemma,

one can complexify R2, i.e. let z = x+ iy. Then the harmonic polynomials, which
are the elements in the kernel and cokernel of K, are given by the real and imaginary
parts of (x+ iy)n = zn = rneinθ.

In the next section we will use the following Lemma which establishes the invert-
ibility of the convolution operators K + icn, restricted to the subspace

hsγ,n = {u ∈ Hs
γ(R2) | u(r, θ) = un(r)einθ un(r) ∈ Hs

r,γ(R2;C), ūn = u−n}.

Lemma 3.9. Let s ∈ N ∪ {0}, γ ∈ R, c ∈ R \ {0} and consider the convolution
kernel K satisfying Hypotheses 3.1, 3.2 and 3.6. Then, for all n ∈ Z \ {0}, the
operator Ln : hsγ,n −→ hsγ,n defined by

Ln u(r)einθ = K ∗ u(r)einθ + icn u(r)einθ
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is invertible. Moreover,

‖Lnu‖hsγ,n ≤ nC(γ)‖u‖hsγ,n and ‖L−1
n f‖hsγ,n ≤

C̄(γ)

n
‖f‖hsγ,n ,

where C(γ) and C̄(γ) are positive constants.

Proof. First consider the case of γ ∈ N∪{0}. Because the kernel is a radial function,
Lemma 3.7 shows that the operator K maps hsn,γ ⊂ hn to the space hn. At the same

time, using Remark 5 and Plancherel’s theorem, given u = un(r)einθ ∈ hsn,γ with

Fourier transform û = ŭn(ρ)einφ ∈ hγn,s, we have that for some generic constant
C > 0,

C‖un‖hsn,γ = ‖u‖Hsγ = ‖û‖Hγs = C‖ŭn‖hγn,s .

The results of the lemma then follow if we show that the symbol K̂(ρ) + icn, its
inverse, and all their derivatives are uniformly bounded as functions of ρ ∈ R.

From Hypothesis 3.1 we know that as a function of ρ = |ξ|, the symbol K̂(ξ) =

K̂(|ξ|) is analytic on a strip Ω ⊂ C, so that there exists a subdomain Ω̄ ⊂ Ω ⊂ C
where L̂n = K̂(ρ) + icn is also analytic. Lemma 3.4 and Hypothesis 3.6, then imply
that this same symbol satisfies

K̂(ρ) =
−M̂(ρ)ρ2

1 + ρ2
,

where M̂(ρ) is an analytic function that, together with its inverse and all its deriva-
tives, is uniformly bounded on Ω ⊂ C. Therefore, if we restrict ρ ∈ R, then

|L̂n(ρ)|2 ≤ sup
ρ∈R

(
−M̂(ρ)ρ2

1 + ρ2

)2

+ (cn)2 < C + (cn)2,

|L̂n(ρ)|2 ≥ inf
ρ∈R

(
−M̂(ρ)ρ2

1 + ρ2

)2

+ (cn)2 > (cn)2,

for some constant C. As a result, we also find that |L̂−1
n (ρ)| < 1/|cn|.

Straightforward calculations also show that all derivatives DαL̂n(ρ) and

DαL̂−1
n (ρ), with α satisfying α ≤ γ, are uniformly bounded. In particular,

|DαL̂n(ρ)| < C(γ) and |DαL̂−1
n (ρ)| < C(γ)/(cn)|α|+1,

where again C(γ) represents a generic constant that depends on γ.
This proves the results of this lemma for the case of positive integer values of γ.

One can then extend the results to non-integer values of γ by interpolation, and to
negative values of γ by duality.

The following theorem from Reed and Simon’s book [43], together with Hypoth-
esis 3.6, allows us to show that the operator K ∗ +ζ : W 2,∞(R2) → W 2,∞(R2) is
invertible for any ζ ∈ C, with Im(ζ) 6= 0. This is proved in Lemma 3.11.

Theorem 3.10 (Reed and Simon, Theorem IX.13). Let f be in L2(Rn). Then

eb|x|f ∈ L2(Rn) for all b < a if and only if f̂ has an analytic continuation to
the set {ξ : |Imξ| < a} with the property that for each η ∈ Rn with |η| < a,

f̂(·+ iη) ∈ L2(Rn) and for b < a

sup
|η|≤b

‖f̂(·+ iη)‖L2 <∞.
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Notice that if eb|x|f ∈ L2(Rn), then by Hölder’s inequality we have that f is in
L1(Rn).

Lemma 3.11. Let s ∈ N, fix ζ ∈ C with Im(ζ) 6= 0, and consider the convolution
kernel K satisfying Hypotheses 3.1, 3.2, and 3.6. Then, the operator

K ∗+ζ : W s,∞(R2)→W s,∞(R2)

is invertible.

Proof. Hypothesis 3.6 allows us to write the Fourier symbol for K as

K̂(ρ) = c

[
−1 +

1− ρ2Ĝ(ρ)

1 + ρ2

]
= c

[
−1 + Ĝ1(ρ)

]
, ρ = |ξ|, ξ ∈ R2.

Because Ĝ(ρ) ∼ O(1/ρ) as ρ → ∞, it follows that the term Ĝ1 above, viewed
as a function of ξ ∈ R2, is in L2(R2). Because this function is also smooth in ρ,

there is a constant τ > 0, such that Ĝ1 can be continued analytically to the set
{ξ ∈ C2 : |Imξ| < τ}. In addition we can pick τ small enough so that Ĝ1 satisfies

the conditions of Theorem 3.10 above. As a result, F−1[Ĝ1] is an L1(R2) function.
Using Young’s inequality we can then conclude that K ∗ +ζ defines a bounded
operator from W s,∞ to this same space.

Next we look at (K ∗+ζ)−1 which thanks to Hypothesis 3.6 has Fourier symbol

(K̂ ∗+ζ)−1 =
1 + ρ2

(ζ − M̂(ρ))ρ2 + ζ
.

To show that this symbol defines a bounded operator we rewrite it as

(K̂ ∗+ζ)−1 =
1

(ζ − M̂(ρ))ρ2 + ζ
+

1

ζ − c
+

ζQ̂(ρ)/(ζ − c)
(ζ − M̂(ρ))ρ2 + ζ

,

where Q̂(ρ) =
[
(ζ − c)ρ2)− (ζ − M̂(ρ))ρ2 − ζ

]
/ζ.

Notice that because M̂(ρ) = c(1− Ĝ(ρ)), we have that Q̂(ρ)→ −1 as ρ→∞. In

addition, because the expression (ζ − M̂(ρ))ρ2 + ζ is smooth with respect to ρ ∈ R,

we can find a small number τ̃ > 0 such that [(ζ − M̂(ρ))ρ2 + ζ]−1 is analytic on the
strip {ξ ∈ C2 : |Imξ| < τ̃} and satisfies the assumptions of Theorem 3.10. As before,

using Young’s inequality we obtain that (K̂ ∗ +ζ)−1 : W s,∞(R2) → W s,∞(R2) is
bounded.

Armed with the results from Lemma 3.8, Lemma 3.9, and Lemma 3.11 we are
now ready to derive our normal form.

4. Normal form. In this section we derive a normal form for showing the existence
of rotating wave solutions, U(r, θ) = U(r, ϑ+ct), to oscillatory systems with nonlocal
coupling. These solutions satisfy the steady state equation,

0 = K ∗ U − c∂θU + F (U ;λ) U ∈ R2, x ∈ R2,

with a reaction term F (U ;λ) that satisfies the following assumptions.

1. F depends only on the variable U and not its derivatives.
2. F (0, λ) = 0 for all λ ∈ R, and
3. DUF (0, 0) = A0 has a pair of complex eigenvalues ν = ±iω.
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Our work in this section is split as follows. We first establish the notation we
will be using throughout this section. Then, in Subsection 4.1 we look at the above
equation and its linearization about the trivial state, U = 0. We show that there
exists an appropriate space X and a projection P : X −→ X‖ which diagonalizes
this operator, splitting it into an invertible and a bounded map. In Subsection 4.2
we expand on the ideas presented in the introduction and start the multiple-scale
analysis. In this subsection we also use the projection P to carry out the Lyapunov-
Schmidt reduction and split the steady state equation into a reduced equation and
a complementary subsystem. In Subsection 4.3 we show that the nonlinear terms
are well defined in the chosen space, X, and prove the existence of solutions to the
complementary system using the implicit function theorem. Finally, in Subsection
4.4 we use the reduced equation together with the projection P to derive our normal
form.

Notation. As mentioned in the introduction, because the system is close to a Hopf
bifurcation and the parameter λ is close to its critical value of zero, we may assume
that our solutions exhibit multiple-scales. In other words, letting ε denote a small
parameter, we may establish fast and slow variables, which we denote by r, t and
R = εr, T = ε2t, respectively. In addition, because we are interested in rotating
waves, the different time scales can be written directly into the solution, leading to
the preliminary ansatz

U(r, θ) = U(r, ϑ+ ct) = U(r, ϑ+ c∗t+ ε2µt),

where we let c = c∗ + ε2µ. The value of µ is left as a free parameter and the value
of c∗ is chosen so that given any 0 6= n0 ∈ Z we have that ic∗n0 = iω, the eigenvalue
of the matrix A0 = DUF (0; 0).

In this section we also split the reaction term, F (U ;λ), into its linear, A, and

nonlinear part, F̃ (U ;λ). Our assumptions on F imply that the map A depends on
the parameter λ. When this parameter is near its critical value of λ = 0, we may
expand A and its eigenvalues ν as follows,

A = A0 + λA1(λ),

ν = ν0 + λν1(λ) ∈ C,
with ν0 = ±iω. Here we also let W1,W

∗
1 , denote the right and left eigenvectors of

the matrix A corresponding to the eigenvalue ν = iω + O(λ), and we choose them
so that their inner product satisfies 〈W ∗1 ,W1〉 = 1. This also leads to the relation

A1W1 = ν1(λ)W1.

With the above notation, we may rewrite the steady state equation as follows

0 = K ∗ U +A0U − c∗∂θU︸ ︷︷ ︸
LU

+
[
−ε2µ∂θU + λA1(λ)U + F̃ (U ;λ)

]
︸ ︷︷ ︸

N (U,λ,µ)

. (10)

In the next subsection we concentrate on the operator L.

4.1. The linear operator. Our goal in this subsection is to determine a base space
X and a splitting, X‖⊕X⊥ such that, given U = U‖+U⊥ ∈ X, the operator L can
be written as

LU =

[
L‖ 0
0 L⊥

] [
U‖
U⊥

]
,
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with L⊥ : D⊥ ⊂ X⊥ → Y⊥ an invertible operator and L‖ : D‖ ⊂ X‖ → Y‖ a
bounded operator.

To motivate our choice of X, we recall again that the convolution operator K∗
leaves the spaces hn invariant. We therefore start by looking at the restriction of
the linear operator to these subspaces. That is, we consider

LUneinθ = (K ∗ +A0 − ic∗nI)Uneinθ.

Notice that if n0 satisfies c∗n0 = ω, then the matrix Bn0 = (A0 − ic∗n0 I) has a
nontrivial kernel. A short computation also shows that for all other integers, n, the
matrices Bn = (A0 − ic∗n I), have nonzero eigenvalues, ν1,2 = −i(c∗n ± ω), which
thanks to Lemma 3.9 implies that the operators

K ∗+Bn : hsγ,n × hsγ,n −→ hsγ,n × hsγ,n
are invertible. This suggest that we consider the following splitting

U =

U‖︷ ︸︸ ︷
W1,n0

w1(r) ein0θ +W 1,n0
w1(r) e−in0θ (11)

+

U⊥︷ ︸︸ ︷
W2,n0

w2(r) ein0θ +W 2,n0
w2(r) e−in0θ +

∑
n 6=±n0

Un(r)einθ,

where W1,n0 ,W2,n0 are the right eigenvectors of Bn0 corresponding to eigenvalues
ν = 0 and ν = −2iω, respectively. Notice that W1,n0

is the same as W1, the
eigenvector associated with the matrix A0.

With this information we can define the projection P : X → X‖ given by

PU =
1

2π

∫ 2π

0

〈W ∗1,n0
, U〉W1,n0

e−in0θ dθ +
1

2π

∫ 2π

0

〈W ∗1,n0
, U〉W 1,n0

ein0θ dθ, (12)

where W ∗1,n0
,W
∗
1,n0

are the normalized left eigenvectors associated with the zero
eigenvalue of the matrices Bn0

and B−n0
. Similarly we have the complementary

projection (I− P ) : X → X⊥.
Now that we have a vector decomposition for U ∈ R2, we need to choose a

Banach space, X = X‖ ⊕X⊥, for these functions. Notice that we could let X‖ =

m2
σ−2,n0

×m2
σ−2,−n0

, where each component is in the direction of W1,n0 and W 1,n0 ,

respectively, and take X⊥ ⊂ ⊕h2
γ,n × ⊕h2

γ,n. These choices would then allow us
to show that, for an appropriate domain D, the linear operator L : D ⊂ X →
⊕h2

γ,n × ⊕h2
γ,n is Fredholm. Roughly speaking, this holds thanks to Lemma 3.9,

which implies that the operator L : D ⊂ X⊥ −→ X⊥ is invertible, and thanks to
Lemma 3.8, which proves that L : X‖ −→ h2

σ,n0
× h2

σ,−n0
, is Fredholm. We point

out that this result is independent of the value of γ and σ, so that the domain D
can be composed of either algebraically decaying or algebraically growing solutions,
and still the operator L would be Fredholm. However, in order to guarantee that
the nonlinearities are well defined in the space ⊕h2

γ,n × ⊕h2
γ,n, one then needs to

impose algebraic decay on the elements of D (i.e. pick γ > −1, σ − 2 > −1).
As a result, solutions that are uniformly bounded would be excluded from this
domain. In particular rotating spiral waves with non-vanishing amplitudes would
not be part of D. To get around this, in what follows we define spaces that allow
us to decompose our solutions into a uniformly bounded part and an algebraically
decaying part.
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The Space X⊥: We first define our base space H as the external direct sum of
an algebraically weighted Sobolev space and the space of twice differentiable and
essentially bounded functions, that is H = H2

γ(R2) ⊕W 2,∞(R2). We select values

of γ > −1, which implies that functions in H2
γ(R2) decay algebraically and thus

capture the near field behavior of solutions, while functions in W 2,∞(R2) encode
their far field behavior.

Because the space W 2,∞(R2) ⊂ H2
δ (R2), for any fixed δ < −1, we may use

Lemma 2.3 to decompose this space as a direct sum. That is W 2,∞(R2) = ⊕b2n,
where

bsn ={u ∈W s,∞(R2) | u(r, θ) = un(r)einθ, ūn = u−n, and un(r) ∈W s,∞(R2;C)},

Therefore, we may also write H = ⊕Hγ,n, where Hγ,n = h2
γ,n ⊕ b2n. These consider-

ations, together with Plancherel’s theorem and Remark 5, then allow us to define a
norm for the space H,

‖w‖2H =
[∑

‖un‖2h2
γ,n

]
+ ‖v‖2W 2,∞ ,

which is valid for all w = u+ v ∈ H. Similarly, we consider the space

Hn0 = ⊕n6=±n0Hγ,n,

which is a closed subspace of H, and therefore inherits the same norm, ‖ · ‖H.
Finally, to define the space X⊥ we first change our coordinate system in the

vector space R2, so that given U = (U1, U2) ∈ R2 we have that U1 = U1(x, y)
is the component in the direction of the vector {W1,n0

} and U2 = U2(x, y) is the
component in the direction of {W2,n0

}. Then

U ∈ X⊥ = Hn0
×H.

As for the domain of L⊥, we let D⊥ = D1 × D2 ⊂ Hn0 × H, where Di is the
space of smooth functions closed under the norm

‖w‖2Di =
[∑

(1 + n2)‖un‖2h2
γ,n

]
+ ‖v‖2W 2,∞ , i ∈ {1, 2}.

Lemma 4.1. Consider the convolution operator, K, satisfying Hypotheses 3.1, 3.2,
and 3.6. Then, the operator L⊥ : D⊥ −→ X⊥, defined as

L⊥U = K ∗ U +A0U − c∗∂θU
is invertible.

Proof. Because the Fourier symbol K̂ is radially symmetric, by Lemma 3.7 the
operator L⊥ is a block diagonal operator when we view its domain as a subspace
of H × H, or equivalently ⊕(Hγ,n × Hγ,n). Therefore, we can focus on how the
operator acts on Hγ,n × Hγ,n. In addition, one notices that for elements Uneinθ ∈
(D⊥ ∩ Hγ,n × Hγ,n), the operator takes the form

L⊥Uneinθ = (K ∗+Bn)Uneinθ,

where, thanks to the above change of coordinates in the definition of X⊥, the
matrices Bn = A0− ic∗n are diagonal with eigenvalues ν = i(c∗n±ω), distinct from
zero. We can therefore simplify the analysis by looking at how the operator acts on
elements u ∈ Hγ,n = h2

γ,n ⊕ b2n.

Letting u(r, θ) = un(r)einθ + vn(r)einθ, with un(r)einθ ∈ h2
γ,n and vn(r)einθ ∈ b2n,

and defining Lnu = K ∗ u− i(cn± ω)u, we may write

L⊥u = Lnun(r)einθ + Lnvn(r)einθ.
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Lemma 3.9 then shows that the operator Ln : h2
γ,n → h2

γ,n is invertible for all γ ∈ R,

and that given Lnueinθ = feinθ, the following bounds

‖f‖h2
γ,n

= ‖Lnu‖h2
γ,n
≤ nC(γ)‖u‖h2

γ,n

and

‖u‖h2
γ,n

= ‖L−1
n f‖h2

γ,n
≤ C̄(γ)

|cn± ω|
‖f‖h2

γ,n
,

hold for some generic constants C(γ) and C̄(γ). Therefore,

Ln : h2
γ,n −→ h2

γ,n, and L−1
n : h2

γ,n −→ h2
γ,n,

are bounded operators.
Next, the results from Lemma 3.11 together with our definition of the spaces X⊥

and ⊕b2n = W 2,∞(R2) allow us to conclude that the operator L⊥ is an isomorphism
from ⊕b2n back to itself, and from ⊕n 6=±n0

b2n back to this same space.
Finally, if we now take F = (F1, F2) ∈ X⊥ and U = (U1, U2) ∈ D⊥ such that

L⊥U = F , we see that for i ∈ {1, 2}.

‖Fi‖2H =
[∑

‖f (1)
n ‖2h2

γ,n

]
+ ‖f (2)‖2W 2,∞ ,

≤C1(γ)
[∑

(1 + n2)‖un‖2h2
γ,n

]
+ C2‖v‖2W 2,∞ ,

≤C(γ)‖Ui‖2Di ,

and

‖Ui‖2Di =
[∑

(1 + n2)‖un‖2h2
γ,n

]
+ ‖v‖2W 2,∞ ,

≤C̃1(γ)

[∑ (1 + n2)

|cn± w|2
‖f (1)
n ‖2h2

γ,n

]
+ C̃2‖f (2)‖2W 2,∞ ,

≤C̃(γ)‖Fi‖2H,

as desired.

The Space X‖: We now concentrate on the space X‖, which we define as

X‖ = span{W1,n0
un0

,W 1,n0
u−n0

}. (13)

Here W1,n0
is given as in (11) and the functions u±n0

∈ Hγ,±n0
, with γ > −1.

Notice as well that X‖ is a closed subspace of H and it inherits its norm. We
also define the range of L‖ as Y‖ = X‖. The next lemma shows that the operator
L‖ : X‖ −→ X‖ is bounded.

Lemma 4.2. Consider the convolution operator, K, satisfying Hypotheses 3.1, 3.2,
and 3.6. Then, the operator L‖ : X‖ −→ X‖, defined as

L‖U = K ∗ U +A0U − c∗∂θU

is bounded.

Proof. By an appropriate change of coordinates we can take X‖ = Hγ,n0 × Hγ,−n0 .
Since c∗n0 = ω, we can then write our operator L‖ as

L‖ : Hγ,n0
× Hγ,−n0

−→ Hγ,n0
× Hγ,−n0

(u+, u−) 7−→ (K ∗ u+,K ∗ u−)
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Thus, without loss of generality we can concentrate on functions u ∈ Hγ,n0 =
h2
γ,n0
⊕b2n0

. To simplify notation we also write n instead of n0 and consider functions

u = u0 + v, with u0 ∈ h2
γ,n and v ∈ b2n.

Hypotheses 3.1 and 3.2, together with Lemmas 3.4 and 3.5, imply that the Fourier
symbol K̂(ξ), along with all its derivatives, are analytic and uniformly bounded
functions. Using Plancherel’s Theorem, a similar analysis as that of Lemma 3.9
then implies that K∗ : h2

γ,n −→ h2
γ,n is bounded. At the same time, a similar proof

as in Lemma 3.11 then shows that K∗ : b2n −→ b2n is also bounded.
This leads to

‖K ∗ u‖H =‖K ∗ u0‖h2
γ,n

+ ‖K ∗ v‖W 2,∞ ,

≤C1‖u0‖h2
γ,n

+ C2‖v‖W 2,∞ ,

≤C‖u‖H.
The result of the Lemma then follows directly.

4.2. Multiple-scales. In this subsection we continue with the multiple-scale anal-
ysis started in the introduction. We assume our solutions depend on fast and slow
variables that are independent of each other, derive a hierarchy of three equations,
and use the projection P defined in the previous subsection to split the last equation
into a reduced equation and a complementary system.

Assuming fast variables, r and t, and slow variables, R = εr and T = ε2t, our
preliminary ansatz U(r, θ,R; ε, µ) = U(r,R;ϑ+ c∗t+ ε2µt) can be expanded as,

U(r, θ,R; ε, µ) = εU1(θ,R; ε, µ) + ε2U2(θ,R; ε, µ) + ε3U3(r, θ; ε, µ), (14)

with
U1(θ,R; ε, µ) = W1w(R; ε, µ)ein0θ +W 1w(R; ε, µ)e−in0θ. (15)

Using the notation of subsection 4.1, we assume that

U1 ∈ X‖ ⊂ H×H,
and

U2,3 ∈ D⊥ ⊂ H×H,
where H = H2

γ(R2) ⊕W 2,∞(R2) and 0 < γ. Remark that while U1, U2 depend on
the slow coordinate R, we take U3 = U3(r, θ; ε, µ). This mimics the analysis done
when using center manifold theory to derive amplitude equations. We are assuming
that the term U3 evolves faster in the spatial direction than either U1 or U2.

At this time we also determine how the scaling R = εr affects the operation
of convolution with the kernel K. Given that L2

γ(R2) = ⊕hγ,n, we may assume

that u(r, θ) = un(εr)einθ, without loss of generality. Then, using Lemma 2.4, a
straight forward calculation shows that the Fourier Transform of this function is
F [un(εr)einθ] = ŭn(ρ/ε)einφ/ε2. Therefore,

(K ∗ u)(r) = F−1[K̂(ξ)û(ξ)]

= F−1[K̂(ρ)ŭn(ρ/ε)einφ/ε2]

= P−1
n [K̂(ρ)ŭn(ρ/ε)]einφ/ε2.

More precisely,

(K ∗ u)(r) =P−1
n [K̂(ρ)ŭn(ρ/ε)]einφ/ε2

=

[
in

ε2

∫ ∞
0

K̂(ρ)ŭn(ρ/ε)Jn(rρ)ρ dρ

]
einφ



24 GABRIELA JARAMILLO

=

[
in
∫ ∞

0

K̂(εP )ŭn(P )Jn(εrP )P dP

]
einφ

=ε2

[
in
∫ ∞

0

ˆ̃Kε(P )ŭn(P )Jn(RP )P dP

]
einφ

=ε2(K̃ε ∗ u)(R),

where we used the change of coordinates P = ρ/ε in the third line, and defined K̃ε

through its Fourier symbol ˆ̃Kε(P ) = 1
ε2 K̂(εP ).

Taylor Expansion: Here we look in more detailed at the nonlinearities F̃ (U ;λ).
If we Taylor expand these terms, we obtain

F̃ (U ;λ) = MUU +NUUU + · · · ,

where

(MUU)i =
1

2!
∂jkF̃i(0)UjUk,

(NUUU)i =
1

3!
∂jk`F̃i(0)UjUkU`.

To keep the nonlinearities as general as possible, we assume as well that each term
in the series depends on the parameter λ and has expansions of the form

M(λ) =M0 + λM1(λ) = M0 + ε2λ̄M1(λ),

N(λ) =N0 + λN1(λ) = N0 + ε2λ̄N1(λ), etc.

Equating Coefficients: For convenience, we again recall equation (10),

0 = K ∗ U − c∗∂θU +A0U︸ ︷︷ ︸
L

+
[
−ε2µ∂θU + λA1(λ)U + F̃ (U ;λ)

]
︸ ︷︷ ︸

N (U,λ,µ)

.

Inserting the ansatz (14) into the above equation, letting λ = ε2λ̄, and collecting
terms of equal order in ε, gives us the next three relations.

At O(ε):

c∗∂θU1 −A0U1 = 0.

At O(ε2):

c∗∂θU2 −A0U2 = M0U1U1.

And at higher orders:

c∗∂θU3 −K ∗ U3 −A0U3 =− µ(∂θU1 + ε∂θU2 + ε2∂θU3) + K̃ε ∗ (U1 + εU2)

+ λ̄A1(λ)[U1 + εU2 + ε2U3]

+
1

ε3

[
F̃ (U ;λ)− ε2M0U1U1

]
.

We immediately notice that the first equation is satisfied if U1(R) = W1w(R)ein0θ

+W 1w(R)e−in0θ, where W1 is the eigenvector for A0 associated with the eigenvalue
ν = iω. This definition is consistent with our assumption that U1 ∈ X‖. Recall

that this implies that in an appropriate coordinate system, we±in0θ ∈ Hγ,±n0
⊂

H2
γ(R2)⊕W 2,∞(R2) with 0 < γ.
To solve the second equation, notice that the right hand side involves the term

U1U1 = W1W1w(R)2e2in0θ + 2W1W 1|w|2 +W 1W 1w(R)2e−2in0θ.
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Thus, we conclude that U2 must be of the form

U2 = V1w
2e2in0θ + V0|w|2 + V−1w

2e−2in0θ,

which leads to the next 3 linear equations for the vectors V1, V0, V−1,

(2in0c
∗ −A0)V1 =M0W1W1,

(−2in0c
∗ −A0)V−1 =M0W 1W 1,

−A0V0 =2M0W1W 1.

Because the function u = we±in0θ ∈ Hγ,±n0
, Lemma 4.3 in the next subsection

shows that terms of the form u2, ū2, |u|2, and in fact any power up, are in Hγ,±n0
.

It then follows that U2 is indeed in X⊥.
Finally, we use the projection P : X‖ ×D⊥ −→ X‖, defined using (12), to split

the third equation into the system

0 =K̃ε ∗ U1 − µ∂θU1 + λ̄A1(λ)U1 +
1

ε3
P
[
F̃ (U ;λ)− ε2M0U1U1

]
, (16)

0 =− c∗∂θU3 +K ∗ U3 +A0U3 − µ(ε∂θU2 + ε2∂θU3) + K̃ε ∗ (εU2 + ε2U3) (17)

+ λ̄A1(λ)(εU2 + ε2U3) +
1

ε3
(I− P )

[
F̃ (U ;λ)− ε2M0U1U1

]
.

In the next subsection we show that the last equation defines an operator that
satisfies the conditions of the implicit function theorem. As a result solutions, U3,
to equation (17) exist, and they depend smoothly on U1, ε, and µ. In Subsection 4.4
we use this information, together with the reduced equation (16) and the projection
P , to derive our normal form.

4.3. Implicit function theorem: We now look at the right hand side of equation
(17) as an operator

G2(U1, U3; ε, µ) : X‖ ×D⊥ × R2 −→ X⊥,

and prove that it satisfies the conditions of the implicit function theorem (recall
that U2 = U2(U1)). As a consequence, we obtain the existence of neighborhoods
B ⊂ R2 and U ⊂ X‖, with (0, µ∗) ∈ B and 0 ∈ U , and a map Ψ : U × B −→ D⊥,
such that U3 = Ψ(U1; ε, µ) satisfies

0 =G2(U1,Ψ(U1; ε, µ); ε, µ)

0 =DU1
Ψ(0; ε, µ)

for all U1 ∈ U and all (ε, µ) ∈ B.
First, inspecting expression (17) one can check that G2 is smooth in all its vari-

ables and that given any µ = µ∗ it satisfies G2(0, 0; 0, µ∗) = 0. In addition, the
Fréchet derivative of G2 evaluated at U = 0, ε = 0, µ = µ∗ is given by

DUG2(0, 0; 0, µ∗)U = K ∗ U +A0U − c∗∂θU,
which is exactly the form of L⊥ stated in Lemma 4.1. Therefore, DUG2(0, 0; 0) :
D⊥ −→ X⊥ defines an isomorphism. We are left with showing that the operator is
well defined. In particular, we need to show that the terms in the expression,

N =− µ̄(ε∂θU2 + ε2∂θU3) + K̃ε ∗ (εU2 + ε2U3)

+ λ̄A1(λ)(εU2 + ε2U3) +
1

ε3
(I− P )

[
F̃ (U ;λ)− ε2M0U1U1

]
are in the space X⊥.
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First, because U2, U3 ∈ D⊥ ⊂ X⊥ one can immediately see that all linear terms
in the definition of N are well defined. The results from Lemma 4.3, which we state
in the next paragraph, together with the projection (I−P ), then show that all other
higher order terms O((λ+µ)(U)2) also map elements in X‖⊕D⊥×R2 to elements
in X⊥. Notice that Lemma 4.3 provides a more general result than what we need,
and in the present argument we are using the fact that D⊥ ⊂ X⊥ ⊂ H×H, as well
as X‖ ⊂ H×H

Lemma 4.3. Let γ ∈ R with 0 < γ and let p an integer such that p ≥ 2. Then, the
map

Ñ : H⊕H −→ H
(u‖ + u⊥) 7−→ (u‖ + u⊥)p

where H = H2
γ(R2)⊕W 2,∞(R2), is well defined.

Proof. It is enough to show that H is a Banach algebra. That is, given a function
w ∈ H, we need to show that any power wp, with p ≥ 2, belongs to this same space.
If we let w = u + v, with u ∈ H2

γ(R2) and v ∈ W 2,∞(R2), we obtain the following
expression for wp,

wp = (u+ v)p = vp +

p∑
k=1

(
p

k

)
vp−kuk.

Notice that vp ∈ W 2,∞(R2), so that we are left with showing that the rest of
the terms in the sum are in H2

γ(R2). Because vp−k is a bounded function for all

k ∈ [1, p] ∩ N, we only need to show that uk is in H2
γ(R2) for all integers k ≥ 1. To

do this, we first prove that elements in H2
γ(R2) are uniformly bounded.

Since u ∈ H2
γ(R2), thanks to the Sobolev embeddings we have that |u(x)|〈x〉γ ∈

H2(R2) ⊂ CB(R2). Then, because γ > 0 we obtain that |u(x)| < 〈x〉−γ < C.
Therefore, u(x) is a uniformly bounded function, and it then follows that uk ∈
L2
γ(R2) for any k ≥ 1.

Similarly, we find that the derivatives D(uk) = kuk−1Du are well defined, since
they are the product of a bounded function, uk−1, with the L2

γ(R2) function Du.

As for the second derivatives, D2(uk) = k(k− 1)uk−2(Du)2 + kuk−1D2u, this same
argument shows that the last term is well defined, since it involves the product of
an L2

γ(R2) function, D2u, with the bounded function uk−1 .

We are left with showing that the expression (Du)2 is in L2
γ(R2). Here we can use

the Sobolev embedding, |Du(x)|〈x〉γ ∈ H1(R2) ⊂ Lq(R2) for 2 ≤ q < ∞, together
with Hölder’s inequality to conclude that ‖(Du)2‖L2

γ
is bounded. Indeed,

‖(Du)2‖2L2
γ

=

∫
R2

|Du|4〈x〉2γ dx

≤
[∫

R2

(|Du|〈x〉γ)
2
dx

]1/2 [∫
R2

(
|Du|3〈x〉γ

)2
dx

]1/2

≤
[∫

R2

(|Du|〈x〉γ)
2
dx

]1/2 [∫
R2

(
|Du|〈x〉γ/3

)6

dx

]1/2

≤‖Du‖L2
γ(R2)‖Du‖3L6

γ(R2),

where the last inequality holds provided 〈x〉γ/3 < 〈x〉γ , i.e. γ > 0. This completes
the proof.
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4.4. Normal form: Equation (16) will give us our normal form. To simplify this
expression we determine nonlinear terms up to order O(ε3) explicitly. Recall that

F̃ (U ;λ) = MUU +NUUU + · · · .

Using the notation from the start of this section, we find that

MUU =(M0 + ε2λ̄M1(λ))(εU1 + ε2U2 + ε3U3)2

MUU =ε2M0U1U1 + 2ε3M0U1U2 + O(ε4),

NUUU =(N0 + ε2λ̄N1(λ))(εU1 + ε2U2 + ε3U3)3

NUUU =ε3N0U1U1U1 + O(ε4).

The reduced equation (16) is then given by

K̃ε ∗ U1 − µ∂θU1 + λ̄A1(λ)U1+

P
[
2M0U1U2 +N0U1U1U1 + O

(
ε(|U1||U3|+ |U2 + εU3|4)

)]
= 0,

which after projecting onto the space X‖ results in the CGL-type equation

0 = K̃ε,n0
∗ w − µin0w + λ̄ν1(λ)w + (a1 + a2)|w|2w + O(ε|w|4w), (18)

and its complex conjugate. Here the symbol K̃ε,n0 represents the action of the

operator K̃ε on the space X‖. The constants a1, a2 are found using the expressions
for U1 and U2, via the relations,

a1 =〈W ∗1 , 2M0(W1V0 +W 1V1)〉,
a2 =〈W ∗1 , N0(W1W1W 1)〉.

We refer to equation (18), including all higher order terms, as the normal form.

5. Existence of solutions and validity of the normal form. In this section
we prove the existence of solutions to the normal form, i.e. equation (18). We use
this result together with the analysis presented in Section 4 to show the validity of
this equation.

Notice that our definition of the normal form includes all higher order terms,
including those summarized in the expression O(ε|w|4w). Although we don’t have a
precise description for them, we can still prove the existence of solutions to equation
(18) using the implicit function theorem, provided these higher order terms are all
well defined. As shown in Proposition 1.1, which we recall and prove below, this is
just consequence of Lemma 4.3. As a result we are able to establish the existence
of solutions to this normal form, and show that they are valid in a neighborhood of
(ε, µ) = (0, µ∗), where µ∗ is an arbitrary number different from zero.

The above result, together with the Lyapunov-Schmidt reduction presented in
Section 4, then imply the existence of small amplitude solutions to the steady state
equation (2). These solutions take the form,

U(r, θ; ε, µ) = εU1(θ, εr; ε, µ) + ε2U2(θ, εr; ε, µ) + ε3U3(θ, r; ε, µ).

Moreover, they are unique and valid in a small neighborhood of (ε, µ) = (0, µ∗).
Consequently, if w(R; ε, µ) is a solution to equation (18) and U is a solution to the
steady state equation, then the approximation

U1(r, ϑ; ε, µ) = ε(W1w(εr; ε, µ)ein0(ϑ+(c∗+µ)t)+W 1w(εr; ε, µ)e−in0(ϑ+(c∗+µ)t)) (19)
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satisfies
‖U − U1‖CB < ‖ε2U2 + ε3U3‖CB < ε2.

Here we used the fact that U2,3 ∈ H ⊂ CB . Thus, Proposition 1.1 and the
Lyapunov-Schmidt reduction of Section 4 also imply the validity of our normal
form equation. Together, these results give us our main theorem, Theorem 1.

Theorem 1. Let γ > 0, n0 ∈ Z, and suppose w(R; ε, µ) ∈ Hγ,n0
is a solution to

equation (18). Then, there exist unique solution U(r, θ) of the steady state equation
(2) and constants C, ε∗ > 0, such that for all ε ∈ (−ε, ε∗) the estimate

‖U(r, θ)− U1(r, θ)‖CB < Cε2,

with U1 as in (19), holds.

The rest of this section is dedicated to proving Proposition 1.1.

Proposition 1.1. Given real numbers µ∗ 6= 0, γ > 0, and an integer n, there exists
positive constants ε0, µ0, and a C1 map

Γ : (−ε0, ε0)× (µ∗ − µ0, µ
∗ + µ0) −→ Hγ,n

(ε, µ) 7−→ w(R; ε, µ)

such that w(R; ε, µ) is a solution to the equation

0 = K̃ε ∗ w + (µ∗ + µ)inw + λw + a|w|2w + O(ε|w|4w). (20)

Here λ ∈ R, a ∈ C are nonzero constants, and the Fourier symbol, ε2 ˆ̃Kε(ξ) = K̂(εξ)
satisfies hypotheses 3.1, 3.2, and 3.6.

To prove the proposition we first recall Hγ,n = h2
γ,n⊕b2n, and define the operators

Lµ,0w = M̂(0)∆w + (λ+ (µ∗ + µ)in)w,

Lµ,εw = K̃ε ∗ w + (λ+ (µ∗ + µ)in)w,

which we show below in Lemma 5.1 have bounded inverses with domain Hγ,n, and
are also C1 with respect to the parameters µ and ε. Notice that in the definition of

Lµ,0 we have used the properties of ˆ̃Kε(ξ) = K̂(εξ)/ε2, in particular Lemma 3.4, to

conclude that when ε = 0, the convolution with K̃ε reduces to the Laplace operator.
The constant M̂(0), is just the Fourier symbol from Hypothesis 3.6 evaluated at
zero.

Now, preconditioning the normal form with L−1
µ,ε, we may view the right hand

side of equation (20) as an operator F : Hγ,n × R× R −→ Hγ,n, given by

F (w; ε, µ) = Iw + L−1
µ,ε

[
a|w|2w + O(ε|w|4w)

]
.

The zeros of F then correspond to solutions of the equation, which we can find
using the implicit function theorem.

It is clear that the operator F satisfies F (0; 0, 0) = 0, and that its Fréchet de-
rivative DwF (0; 0, 0) = I : Hγ,n −→ Hγ,n defines an invertible operator. That F
is also well defined follows from Lemma 4.3 and Lemma 5.1. Indeed, Lemma 4.3
shows that all nonlinearities of the form |w|pwq, for q, p ∈ N, define a bounded map
from Hγ,n back to itself. On the other hand, Lemma 5.1, which we state and prove
next, shows that L−1

µ,ε is bounded and that it is also continuously differentiable with
respect to the parameters µ and ε. As a result we also obtain that the operator F
is continuously differentiable with respect to these parameters. We may therefore
apply the implicit function theorem, and the results of Proposition 1.1 then follow.

We now concentrate on proving the desired properties of the linear operator Lµ,ε.
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Lemma 5.1. Fix µ∗ 6= 0, λ 6= 0 ∈ R, let 0 6= n ∈ Z, γ ∈ R, and take ε, µ, to
be real numbers. Consider as well the convolution kernel K̃ε, with Fourier symbol

ε2 ˆ̃Kε(ξ) = K̂(εξ) satisfying Hypotheses 3.1, 3.2, and 3.6, and define

Lµ,0w = M̂(0)∆w + (λ+ (µ∗ + µ)in)w,

Lµ,εw = K̃ε ∗ w + (λ+ (µ∗ + µ)in)w,

Then, the inverse operators

L−1
µ,0 : Hγ,n −→ h4

γ,n ⊕ b2n

L−1
µ,ε : Hγ,n −→ Hγ,n,

where Hγ,n = h2
γ,n ⊕ b2n, are bounded. Moreover, L−1

µ,ε is C1 with respect to µ and
ε, for all µ, ε ∈ R.

Proof. Step 1. We first prove that the operator L−1
µ,ε is bounded. Because the

Fourier symbol ε2 ˆ̃Kε(ξ) = K̂(εξ) satisfies Hypotheses 3.1, 3.2, and 3.6, then Lemma
3.4 implies that L−1

µ,ε has Fourier symbol

L̂−1
ε,µ(ρ) =

1 + ε2ρ2

β + ρ2[ε2β − M̂(ερ)]
,

where to simplify notation we have taken β = λ + (µ∗ + µ)in. Because ˆ̃Kε(ξ) also
satisfies Hypothesis 3.6, a similar analysis as the one presented in Lemmas 3.9, 3.11,
and 4.1, shows that for a fixed value of ε 6= 0, L−1

µ,ε is an isomorphisms in Hγ,n.

To show that L−1
0,µ : Hγ,n → h4

γ,n⊕b2n is bounded, we look at the related operator,

1

M̂(0)
L0,µu = ∆u+ αu α = (λ+ (µ∗ + µ)in)/M̂(0),

and the commutative diagram

H4
γ(R2;C) H2

γ(R2;C)

H4(R2;C) H2(R2;C)

(∆+αId)

〈x〉γ 〈x〉γ

A(γ)

Notice that the operator

A(γ)u = (∆ + αId)u+
(
2∇u · ∇〈x〉−γ + u∆〈x〉−γ

)
〈x〉γ

is a compact perturbation of (∆ + αId) : H4(R2;C) −→ H2(R2;C), which is in-
vertible since α ∈ C, with Im(α) 6= 0. It follows that (∆ + αId) : H4

γ(R2;C) −→
H2
γ(R2;C) is Fredholm index zero. Then, a similar analysis as that in Lemma B1

of [26] shows that this last operator has a trivial kernel, and as a result it is also
invertible. This proves that L−1

0,µ : h2
γ,n → h4

γ,n is bounded.

Similarly, the Fourier symbol for L−1
0,µ(ρ), when viewed as a function of ρ, is

analytic and uniformly bounded on strip in C containing the real line. Recalling
that ρ = |ξ|, with ξ ∈ R2, it follows that this symbol is also an L2(R2) function,
and that it satisfies the hypotheses of Theorem 3.10 ( Theorem IX.13 in [43]). As

a result L̂−1
0,µ(ρ) generates an L1(R2) convolution kernel, and by Young’s inequality
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we obtain that L−1
0,µ : W 2,∞(R2;C) −→ W 2,∞(R2;C) is bounded. Our result then

follows by Lemma 3.7 and the fact that these operators are invariant under rotations.

Step 2. Next, we show that the operators are C1 with respect to the parameter ε.
Looking at the symbol L̂−1

µ,ε one notices that it is smooth with respect to the
parameter ε. It then follows that the corresponding operator is differentiable, and
that ∂εL−1

µ,ε has symbol

∂εL̂−1
ε,µ(ρ) =− ρ2

β + ρ2[ε2β − M̂(ερ)]

[
−2ε+

(1 + ε2ρ2)

β + ρ2[ε2β − M̂(ερ)]
(2εβ − ∂εM̂(ερ)

]
.

To prove that the corresponding operator

∂εL−1
µ,ε : Hγ,n −→ Hγ,n,

is well defined when ε 6= 0, notice first that M̂(ερ) and all its derivatives are
uniformly bounded and analytic on a strip containing the real line in the complex
plane. Therefore, the symbols inside the brackets satisfy these same properties
and thus define isomorphisms on H2

γ(R2) for all γ ∈ R. Consequently, the main

properties of the operator ∂εL−1
µ,ε are determined by the symbol ρ2

β+ρ2[ε2β−M̂(ερ)]
.

It is then straightforward to check that ∂εL−1
µ,ε : H2

γ(R2) −→ H2
γ(R2) is bounded.

Lemma 3.7 then gives the same result for ∂εL−1
µ,ε : h2

γ,n(R2) −→ h2
γ,n(R2).

To show that ∂εL−1
µ,ε : b2n(R2) −→ b2n(R2) is bounded, notice that the functions,

− ρ2

β+ρ2[ε2β−M̂(ερ)]
and (1+ε2ρ2)

β+ρ2[ε2β−M̂(ερ)]
have a similar structure as the symbol for

the operator (K ∗ +ζ)−1 appearing in Lemma 3.11. As a result they both define
isomorphisms on W 2,∞(R2).

A similar result holds for the symbol ∂εM̂(ερ)(1+ε2ρ2)

β+ρ2[ε2β−M̂(ερ)]
. First, Hypothesis 3.6

implies that ∂εM̂(ερ) ∼ O(1/ρ) as ρ → ∞. Recalling that ρ = |ξ|, as a function
of ξ ∈ R2 this symbol defines an L2(R2) function and satisfies the assumptions of
Theorem 3.10. As in Lemma 3.11, we may then conclude that the corresponding
operator is bounded from W 2,∞(R2) to W 2,∞(R2). We can therefore view ∂εL−1

µ,ε

as a composition of invertible maps, from W 2,∞(R2) back to the same space. Since
b2n is a closed subset W 2,∞(R2) the result then follow.

When ε = 0, similar arguments as in the previous two paragraphs show that the
operator ∂εL−1

µ,0 : Hγ,n −→ h4
γ,n ⊕ b2n with symbol

∂εL−1
µ,0 =

−ρ2

β − ρ2M̂(0)

[
−∂εM̂(0)

β − ρ2M̂(0)

]
,

is also well defined.

Step 3. Finally, we show that the operators are C1 with respect to the parameter
µ.

It is clear that Lµ,ε is continuously differentiable with respect to the parameter
µ. To show that its inverse has this same property we fix ε and use the following
notation. We write Lµ = L(µ) to highlight the dependence of the operator on µ.
Given f ∈ Hγ,n, we let w(µ) denote the solution to Lµw = f and we look at the
following equality,

w(µ+ hµ)− w(µ) = −L−1(µ) [L(µ+ µh)− L(µ)]w(µ+ hµ).
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Since the operator [L(µ+ µh)− L(µ)] = iµhn is bounded from Hγ,n back to this
same space, the above expression then shows that L−1

µ is continuous with respect

µ. At the same time, the above equality shows that the derivative of L−1(µ)
with respect µ is an operator from Hγ,n back to Hγ,n, which is also of the form
−L−1(µ)iµnL−1(µ). Because this last operator is the composition of maps that
depend continuously on µ, it is itself also continuous with respect to this parame-
ter.

We finish this section with some comments. While the constants λ and a appear-
ing in the normal form (20) have specific expressions that can be obtained using a
multiple-scale analysis (see Section 6 below), the value of µ remains an unknown
that needs to be determined when solving this equation. As a result, showing exis-
tence of specific solutions becomes a nonlinear eigenvalue problem, where the form
of the solution, w, has to be determined at the same time as the value of the pa-
rameter µ. A similar problem is encountered when showing the existence of target
patterns in oscillatory media when an impurity is present. There, the frequency
of the waves that emanate from the impurity is not known a priori, and like µ
here, it is a parameter that needs to be determined and thus plays the role of the
eigenvalue. One approach for rigorously finding these target patterns relies on a
combination of matched asymptotics together with the implicit function theorem,
see [26]. In this approach, one first shows the existence of target patterns for all
values of the frequency that lie on a small interval. Then the matching between
the form of the solution in the far field and the shape of the solution at intermedi-
ate distances provides an approximation for the value of frequency that is selected
(which one can show depends on the strength of the impurity). We intend to use a
similar approach to prove the existence of spiral waves. The idea would be to first
prove the existence of solutions to equation (20), valid for all values of µ on a small
interval, and that have the form w(r;µ) = (1 − ρ(r;µ))eiφ(r;µ), with ∂rφ → kr as
r →∞ for some k ∈ R+. Then by matching the form of the solution in the far field
with an intermediate approximation (that in some sense is unique) should allow us
to determine the value of µ that is selected by the system.

6. Example. In this section we consider the following nonlocal FitzHugh-Nagumo
system, posed in R2,

ut = K ∗ u+
1

τ
(u− u3 − v) (21)

vt = βu+ δ.

Here τ is a small positive parameter, β > 0, δ ∈ R, and we assume the convolution
operator, K, has Fourier symbol

K̂(ξ) =
−σ|ξ|2

1 +D|ξ|2
, D, σ > 0.

Our goal is to use the methods developed in the previous section, together with
a multiple scale analysis, to derive a normal form for rotating solutions.

Set Up: To start off the multiple scale analysis, we first expand the system
about the homogeneous steady state (u∗, v∗) = (−δβ , (

δ
β )3 − δ

β ), to reveal the linear
terms,

ut = K ∗ u+
1

τ
((1− 3u2

∗)u− v − 3u∗u
2 − u3),
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vt = βu.

Inserting the rotating solution ansatz, U(r, θ, t) = U(r, θ+ct), letting λ = (1−3u2
∗),

and writing the resulting equations in matrix form, leads to[
cuθ
cvθ

]
=

[
K∗ 0
0 0

] [
u
v

]
+

[
λτ−1 −τ−1

β 0

] [
u
v

]
+

[
−τ−1(3u∗u

2 + u3)
0

]
. (22)

Using the notation from the previous section, we split the linear terms as

A = A0 + ε2λ̄A1[
λτ−1 −τ−1

β 0

]
=

[
0 −τ−1

β 0

]
+ ε2

[
λ̄τ−1 0

0 0

]
.

Then, the eigenvalues of A0 are ν = ±i
√
β/τ , with corresponding right and left

eigenvectors,

W1,2 =

[
−τ−1

±i
√
β/τ

]
W ∗1,2 =

1

2

[
−τ ∓i

√
τ/β

]
, (23)

which are normalized to guarantee that their inner product, 〈W ∗1,2,W1,2〉 = 1.
Notice that the nonlinear terms do not depend on the parameter λ and can be

written as F̃ (U) = MUU +NUUU with

MUV = 〈−3τ−1u∗u1v1, 0〉, (24)

NUVW = 〈−τ−1u1v1w1, 0〉, (25)

where U, V, and W are generic vector functions such that U = (u1, u2), V = (v1, v2)
and W = (w1, w2).

As in the general case presented in Section 4, we let c = c∗ + µ, where c∗n0 =√
β/τ and µ is a small parameter. Here we are interested in one-armed spirals, so

we consider the case when n0 = 1. Again we assume the scalings, s = εr, λ = ε2λ̄,
µ = ε2µ̄ and consider the expansion

U(r, s) = εU1(s) + ε2U2(s) + ε3U3(r),

where U1 ∈ X‖ and U2,3 ∈ D⊥. After inserting this ansatz into equation (22) and
equating coefficients of different powers of ε, one finds that

U1(s) =W1w(s)ein0θ +W 1w(s)e−in0θ,

U2(s) =V1w
2e2in0θ + V0|w|2 + V−1w

2e−2in0θ,

where the vectors V1, V0, V−1, satisfy the equations

(2ic∗n0 −A0)V1 = MW1W1 = −3u∗
τ3

[
1
0

]
,

(−2ic∗n0 −A0)V−1 = MW 1W 1 = −3u∗
τ3

[
1
0

]
,

−A0V0 = 2MW1W 1 = −6u∗
τ3

[
1
0

]
.

They are therefore given by

V1 =
u∗
τ2

[
2i/
√
βτ

1

]
, V0 =

u∗
τ2

[
−6
0

]
, V−1 =

u∗
τ2

[
−2i/

√
βτ

1

]
.
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Normal Form: The analysis of the previous section then shows that the normal
form for this system is

K̃ε ∗ U1 − µ̄∂θU1 + λ̄A1(λ)U1+

P
[
2MU1U2 +NU1U1U1 + O

(
ε(|U1||U3|+ |U2 + εU3|4)

)]
= 0.

Simplifying this equation using the projection P , defined as in (12), then leads to

K̃ε ∗ w − iµ̄w +
λ̄

τ
w + (a1 + a2)|w|2w + O(ε|w|4w),

and its complex conjugate. In particular, we have that

a1 =〈W ∗1 , 2M(W1V0 +W 1V1)〉 =
6u2
∗

τ3

(
3− i√

βτ

)
,

a2 =〈W ∗1 , 3N(W1W1W 1)〉 = − 3

2τ3
,

which are found using the expressions of U1 and U2.

7. Discussion. In this paper, we derived a normal form for systems of equations
modeling oscillatory media with nonlocal coupling. Because of their nonlocal na-
ture, one is not able to use standard techniques from spatial dynamics to obtain this
amplitude equation. The method we use in this paper relies instead on a combina-
tion of Lyapunov-Schmidt reduction and a multiple-scales analysis, which is very
similar to the approach taken in the physics literature. Our main contribution has
been to set up the equations in an appropriate Banach space, which then allowed
us to decompose the linear part of our system into an invertible operator and a
bounded operator. This decomposition is an essential ingredient for carrying out
the Lyapunov-Schmidt reduction, and for arriving at the normal form.

In our analysis we also showed the existence of solutions to the normal form
equation. Because this equation is precisely the reduced equation obtained from
the Lyapunov-Schmidt reduction, by showing existence of solutions to the normal
form we also obtain existence of solutions to the full system. We emphasize that
in contrast to other equations that are more commonly referred to amplitude equa-
tions, say for example the complex Ginzburg-Landau equation, our normal form
equation accounts for all terms that are part of the reduced equation. This includes
higher order terms for which we do not have explicit expressions. The point here is
that even without explicit knowledge of these terms, we are able to show the exis-
tence of solutions to the normal form and to obtain a first order approximation the
solutions of the full system. Moreover, in contrast to the complex Ginzburg-Landau
equation, which is a parabolic equation and requires additional analysis to prove the
validity of its approximations, the validity of our normal form follows easily from the
Lyapunov-Schmidt reduction. That this is the case follows from the fact that here
we are mainly interested in rotating waves, while the full complex Ginzburg-Landau
equation gives information about the general-time dependent problem.

To obtain the existence of solutions to the reduced equation, we assumed that
the speed of these solutions corresponds to a free parameter. More precisely, the
rotational speed of solutions appears in the normal form as a the parameter µ.
Here we showed that for all values of µ in a small interval, solutions to the reduced
equation exist. However, as already pointed out in Section 5, some solutions of
interest, like for example spiral waves, correspond to specific rotating wave solutions
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whose speed is selected by the system. This means that in order to find these
patterns one has to view the normal form as a nonlinear eigenvalue problem. We
remark that this is not a feature of the nonlocal character of the equations, and
that a similar result is seen in the case of other oscillatory systems that are well
represented by reaction diffusion systems. Indeed, in [45] a center manifold is used
to derive a similar normal form for reaction diffusion systems undergoing a Hopf
bifurcation. In this reference, spiral wave solutions are shown to exists using spatial
dynamics and singular perturbation methods. In particular, it is shown that in the
supercritical case there is a family of spiral wave solutions which is parametrized by
µ, but that in addition there is one particular solution whose speed is selected by
the system. On the other hand, in the subcritical case the system always selects the
value of speed. We suspect that similar results holds as well in the nonlocal case
and we plan to address this problem using matched asymptotics and the implicit
function theorem in future work.

Finally, we point out that the approach presented here works only for finding
2-dimensional rotating wave solutions. However, the general philosophy of using
a multiple-scale analysis combined with a Lyapunov-Schmidt reduction (based on
well-chosen Sobolev spaces) extends to higher dimensions. For example, one could
set up the problem of proving existence of scroll waves in 3-d reaction diffusion
systems as follows. First, recall that scroll waves can be modeled as a stack of 2-d
spiral waves that rotate about a filament, see for example [27, 28]. In the simplified
case of a straight filament that runs along the z-direction one can consider an ansatz
of the form

U(r, θ, z, t) = V
(
r, θ − ct+ ψ(εz, ε2t)

)
+ ε2u(r, θ, εz, ε2t),

where (r, θ, z) ∈ R3 represent cylindrical coordinates and V (r, θ) = V (r, θ − ct)
describes a 2-d spiral wave solution. Inserting this guess into the original system,

Ut = ∆U + F (U), x ∈ R3,

results in the expression

Lu = Vθ
∂ψ

∂T
− Vθθ

(
∂ψ

∂Z

)2

− Vθ
∂2ψ

∂Z2
+ ε2 ∂u

∂T
− ε2 ∂

2u

∂Z2
+ F (U)− F (V )−DUF (V )u

with Lu = ∆2u+DUF (V )u and T = ε2t, Z = εz.
The strategy would then be to choose a Banach space X and a projection P :

X −→ X⊥, (1− P ) : X −→ X‖, such that the restriction of the operator L to these
subspaces satisfies: L⊥ : X⊥ → Y⊥ is invertible, while L‖ : X‖ → Y‖ is bounded.
Then one can apply Lyapunov-Schmidt reduction to derive a reduced equation, as
done in this paper. Because one-armed spiral wave solutions V (r, θ) −→ eikreiθ as
r → ∞, with k > 0, the term DUF (V ) approaches a periodic function of r. Then
the decomposition into Fourier modes presented here together with the results from
[25], where the Fredholm properties of elliptic operators with periodic coefficients
is established, suggest that such a space, X , and projection P might be available.
Notice that by assuming u ∈ X⊥, one would recover with this approach a Burger-
type equation for the modulation ψ(Z, T ). That is,

Vθ
∂ψ

∂T
− Vθθ

(
∂ψ

∂Z

)2

− Vθ
∂2ψ

∂Z2
+ O(ε2) = 0.
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8. Appendix.

Lemma 8.1. The Fourier Transform maps the spaces

hn = {f ∈ L2(R2) | f(z) = g(r)einθ, g ∈ L2
r(R2)}

back to themselves. In particular, given f(z) = f(reiθ) = g(r)einθ ∈ hn, then the
Fourier transform of these functions can be written as

F [f(z)] = Pn[g](ρ)einφ = ğ(ρ)einφ,

where

Pn[g](ρ) = (−i)n
∫ ∞

0

g(r)Jn(rρ)r dr,

and Jn(z) is the n-th order Bessel function of the first kind. Moreover,

F−1[f̂(w)] = P−1
n [ğ](r)einθ = g(r)einθ,

with

P−1
n [ğ](r) = in

∫ ∞
0

ğ(ρ)Jn(rρ)ρ dρ.

Proof. First, we notice that because the Fourier Transform, F , commutes with

orthogonal transformations, if f is a radial function then so is f̂ , so that h0 maps
back to itself under F .

Next, given f ∈ hn∩L1(R2), i.e. f(z) = einθg(r), we want to show that f̂(ρeiφ) =

einφf̃(ρ), for some radial f̃ . To see why this holds, let ψ be constant and define
G(z) = f(rei(θ+ψ)). Then, G(z) = ein(θ+ψ)g(r) = einψf(z). Therefore,

F [G(z)] = F [einψf(z)] = einψ f̂(w).

On the other hand, because eiψ represents a rotation, and the Fourier Transform
commutes with orthogonal transformations,

F [G(z)] = F [f(eiψz)] = f̂(eiψw).

This implies that f̂(eiψw) = einψ f̂(w) for all w and all ψ. Letting w = ρ we obtain
the desired result for those f ∈ hn ∩ L1(R2). Since hn ∩ L1(R2) is dense in hn, we
can conclude that F maps the spaces hn back to themselves.

Finally, given f(z) ∈ hn we have that

F [f(reiθ)] =F [g(r)einθ]

=
1

2π

∫
R2

g(r)einθe−iξ·x dx

=
1

2π

∫ ∞
0

∫ 2π

0

g(r)einθe−irρ cos(θ−φ) dθ r dr

=
einφ

2π

∫ ∞
0

∫ 2π

0

g(r)ein(θ−φ)e−irρ cos(θ−φ) dθ r dr

=
einφ

2π

∫ ∞
0

g(r)

∫ 2π−φ+π

−φ+π

ein(ψ−π)e−irρ cos(ψ−π) dψ r dr

where this last integral follows form the change of variables ψ = θ − φ + π. If we
now focus on the inner integral, we notice that because the integrand is 2π-periodic,
then ∫ 2π−φ+π

−φ+π

ein(ψ−π)e−irρ cos(ψ−π) dψ =

∫ 2π

0

ein(ψ−π)e−irρ cos(ψ−π) dψ
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=

∫ 2π

0

(−1)neinψeirρ cos(ψ) dψ

=

∫ 2π

0

(−1)n cos(nψ)eirρ cos(ψ) dψ

= 2π(−i)nJn(ρr).

Where in the last line we used the following definition for the n-th order Bessel
function [39][Eq. 10.9.2]

Jn(z) =
(i)−n

π

∫ π

0

eiz cos θ cos(nθ) dθ.

Going back,

F [f(reiθ)] =F [g(r)einθ]

=
einφ

2π

∫ ∞
0

2π(−i)ng(r)Jn(ρr) r dr

=einφ(−i)n
∫ ∞

0

g(r)Jn(ρr) r dr

=einφPn[g](ρ)

A similar calculation then shows that

P−1
n [ğ] = (i)n

∫ ∞
0

ğ(ρ)Jn(rρ)ρ dρ.

That the transformations Pn and P−1
n are inverses of each other follows from the

identity ∫ ∞
0

xJα(ux)Jα(vx) dx =
1

u
δ(u− v)

which holds for α > −1/2, see for example [4][Sec. 11.2].

Lemma 8.2. Suppose f ∈ M2,2
γ (Rd) then |f(x)| ≤ C‖f‖M2,2

γ
|x|−(γ+d/2), with C a

generic constant.

Proof. Let (r, θ) ∈ (R+,Σ) denote a point in Rd in spherical coordinates. Given
any f ∈M2,2

γ (Rd), we may find an upper bound for the L2(Σ) norm of the function

f(·, R), where R ∈ R+ is a fixed number, as follows.

‖f(·, R)‖2L2(Σ) =

∫
Σ

|f(θ,R)|2 dθ

≤
∫

Σ

(∫ ∞
R

|∂rf(θ, r)| dr
)2

dθ

≤
∫

Σ

(∫ ∞
R

rαrγ+1|∂rf(θ, r)| r(d−1)/2 dr

)2

dθ

≤
∫

Σ

(∫ ∞
R

r2α dr

)(∫ ∞
R

r2(γ+1)|∂rf(θ, r)|2 r(d−1) dr

)
dθ

≤CR2α+1

∫
Σ

(∫ ∞
0

r2(γ+1)|∂rf(θ, r)|2 r(d−1) dr

)
dθ

Where C is a generic constant, we assumed 2α + 1 = −(2γ + d) < 0, and we used
Cauchy-Schwarz inequality on the fourth line. If instead we had that 2α + 1 =
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−(2γ + 2) > 0, then the above argument can be again carried out, but now the
integration in the r variable would be from zero to R. This shows that

‖f(·, R)‖L2(Σ) ≤ CR−(γ+d/2)‖∇f‖L2
γ+1(Rd).

On can also repeat the above argument to show that all θ derivatives satisfy

‖Dθf(·, R)‖L2(Σ) ≤ CR−(γ+1+d/2)‖D2f‖L2
γ+2(Rd).

We now recall Theorem 5.9 in Adam’s book [1] which shows that given p > 1
and mp > (d − 1), and 1 ≤ q ≤ p, then there is a constant C = C(m, d, p, q) such
that

‖f(·, R)‖L∞(Σ) ≤ C‖f(·, R)‖θWm,p(Σ) ‖f(·, R)‖1−θLq(Σ)

with θ = (d − 1)p/[(d − 1)p + (mp − (d − 1))q]. In our case, m = 1 and q = p = 2
leading to

‖f(·, R)‖L∞(Σ) ≤C‖f(·, R)‖1−θL2(Σ)

‖f(·, R)‖L2(Σ) +
∑
|β|=1

‖Dβ
θ f(·, R)‖L2(Σ)

θ

≤CR−(γ+d/2)‖f‖M2,2
γ (Rd).
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[52] J. Siebert, S. Alonso, M. Bär and E. Schöll, Dynamics of reaction-diffusion patterns controlled

by asymmetric nonlocal coupling as a limiting case of differential advection, Phys. Rev. E ,
89 (2014), 052909.

[53] M. Specovius-Neugebauer and W. Wendland, Exterior Stokes problems and decay at infinity,

Math. Methods Appl. Sci., 8 (1986), 351–367.
[54] E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Vol. 32,

Princeton Mathematical Series.

[55] D. Tanaka and Y. Kuramoto, Complex Ginzburg–Landau equation with nonlocal coupling,
Phys. Rev. E , 68 (2003), 026219.

[56] A. van Harten, On the validity of the Ginzburg–Landau equation, J. Nonlinear Sci., 1 (1991),

397–422.

Received March 2021; revised January 2022; early access April 2022.

E-mail address: gabriela@math.uh.edu

http://www.ams.org/mathscinet-getitem?mr=MR1857542&return=pdf
http://dx.doi.org/10.1137/S0036139900346453
http://dx.doi.org/10.1137/S0036139900346453
http://dx.doi.org/10.1103/PhysRevLett.94.198301
http://dx.doi.org/10.1103/PhysRevLett.94.198301
http://www.ams.org/mathscinet-getitem?mr=MR3403988&return=pdf
http://dx.doi.org/10.1093/imamat/hxv004
http://www.ams.org/mathscinet-getitem?mr=MR1638058&return=pdf
http://dx.doi.org/10.1137/S0036141097318948
http://www.ams.org/mathscinet-getitem?mr=MR1361138&return=pdf
http://dx.doi.org/10.1002/mana.19951760118
http://www.ams.org/mathscinet-getitem?mr=MR1391402&return=pdf
http://dx.doi.org/10.1002/(SICI)1099-1476(199606)19:9<717::AID-MMA792>3.0.CO;2-Z
http://www.ams.org/mathscinet-getitem?mr=MR1600499&return=pdf
http://dx.doi.org/10.1007/s000300050034
http://dx.doi.org/10.1063/1.3427649
http://dx.doi.org/10.1063/1.3427649
http://dx.doi.org/10.1103/PhysRevE.69.036213
http://dx.doi.org/10.1103/PhysRevE.69.036213
http://dx.doi.org/10.1016/S0960-9822(95)00184-9
http://dx.doi.org/10.1016/S0960-9822(95)00184-9
http://dx.doi.org/10.1103/PhysRevE.89.052909
http://dx.doi.org/10.1103/PhysRevE.89.052909
http://www.ams.org/mathscinet-getitem?mr=MR859830&return=pdf
http://dx.doi.org/10.1002/mma.1670080124
http://dx.doi.org/10.1103/PhysRevE.68.026219
http://www.ams.org/mathscinet-getitem?mr=MR1143976&return=pdf
http://dx.doi.org/10.1007/BF02429847
mailto:gabriela@math.uh.edu

	1. Introduction
	1.1. The method
	1.2.  Main result:
	1.3. Outline

	2. Some useful weighted Sobolev spaces
	2.1. Kondratiev spaces
	2.2. Weighted Sobolev spaces:
	2.3. Fourier transform

	3. The convolution operator
	3.1. Fredholm properties
	3.2. Diagonalization
	3.3.  Fredholm properties revisited

	4. Normal form
	4.1. The linear operator
	4.2. Multiple-scales
	4.3.  Implicit function theorem:
	4.4. Normal form:

	5. Existence of solutions and validity of the normal form
	6. Example
	7. Discussion
	8. Appendix
	REFERENCES

