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1. Introduction

In classical thermodynamics, many processes are irreversible due to the dissipation of energy. To describe such an effect at the quantum
level, quantum dissipation has been widely studied in the literature, and one of the successful approaches is the Caldeira-Leggett model
[8,9], which assumes that the quantum system is coupled with a harmonic bath. The presence of the bath leads to non-Markovian and
irreversible dynamics of the quantum system. The system-bath dynamics has also been extensively used to study quantum decoherence,
which leads to classical behavior of the quantum systems. In addition to its theoretical importance, the model is widely used to describe
interaction of a quantum system with its environment, and has applications in a number of fields including quantum optics [5], quantum
computation [38], and dynamical mean field theory [20].

The main challenge for simulating Caldeira-Leggett type models lies in the huge degrees of freedom associated with the harmonic bath,
which makes the direct calculation of the wave function impossible in practice. For decades, many techniques for dimension reduction
have been developed in order to avoid solving the harmonic bath directly. Some classical numerical methods based on path integrals, such
as the quasi-adiabatic propagator path integral (QuAPI) method [28,32], the iterative QuAPI-based methods [27,30] and the hierarchical
equations of motion (HEOM) [45], introduce the bath effects using the influence functional [19] and can produce numerically exact
results, while a considerably large memory cost is often required. A wave function-based approach known as the multiconfiguration time-
dependent Hartree (MCTDH) method [2,33], as well as its multilayer formulation (ML-MCTDH) [47], has achieved impressive success in
molecular systems, although they may become harder to converge for the nonequilibrium heat transport in the Caldeira-Leggett model
[11].

Another conventional approach to the system-bath dynamics is the generalized quantum master equation (GQME) [52,37,34] obtained
by applying the Nakajima-Zwanzig projection operator, which reduces the dissipative bath term to a memory kernel. Such formulation
provides an exact integro-differential equation for simulating the reduced dynamics. However, the evaluation of the memory kernel could
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Fig. 1. Two cases of bath correlation invariance B(ty, 72) = B(ty, rz’).

be challenging due to its dependence on the projector. To alleviate this difficulty, [42,51] have proposed new approaches to calculating the
memory kernel based on its projection-free formulations. The transfer tensor method (TTM) [10] based on the discretization of GQME is
later introduced, which is also applied [41] in a method called the time evolving density matrix using orthogonal polynomials algorithm
(TEDOPA) [13,39] to reduce the size of the propagator. Further development on the evaluation of memory kernel includes [24] where the
memory kernel is related to the evolution of a reduced system propagator which is numerically computed by ML-MCTDH, and [22] which
computes the memory kernel based on semiclassical trajectories.

An alternative to these deterministic approaches gaining popularity in the recent years is a class of stochastic methods known as
the diagrammatic quantum Monte Carlo (dQMC) [40,49], which have been shown to be powerful in describing the equilibrium physics
of impurity models. The underlying idea is to replace the expensive high-dimensional integrals in the Dyson series of the quantum
observable by the average of unbiased samples of diagrammatic expansions [12,35,48]. For example in GQME, the memory kernel can
be evaluated stochastically using the real time path integral Monte Carlo [16,15]. However, such an approach severely suffers from the
notorious numerical sign problem [12,7,6], meaning that the variance of the numerical solution grows at least exponentially with time.
To maintain the accuracy of the results, a large number of Monte Carlo samples need to be drawn as time increases, leading to an
extremely expensive computational cost on the evaluation of the bath influence functional. To mitigate the sign problem, many techniques
such as stochastic unraveling of influence functionals [44] and multilevel blocking Monte Carlo [26,18,36] have emerged throughout the
past several decades. Recently, the inchworm Monte Carlo method [14,12] based on the partial resummation of Dyson series has been
proposed, which has proven impressive capability to relieve the sign problem both numerically [11,7] and theoretically [6]. Nevertheless,
the computations of the bath influence functional remain to be the major bottleneck [4,50] even after such reductions. In this paper, we
consider a strategy to further reduce the cost of bath calculations in the summation of Dyson series and inchworm Monte Carlo method.

The central idea to reduce bath calculations lies in the invariance of the influence functional in Dyson series or inchworm method,
which is formulated as a summation over some pairwise bath interactions. In detail, the expected value of an observable O can be written
as tr(p(O)eitH QeitH ) with p(0) being the initial density matrix and H the quantum Hamiltonian. In the diagrammatic Monte Carlo
methods, such an expression is often denoted using the unfolded Keldysh contour [21] plotted in Fig. 1. By Wick’s theorem, computing
the trace requires us to evaluate the correlation function B(t1, 72) of two time points —t < 71 < 17 <t, which can be diagrammatically
represented as an arc in Fig. 1. This two-point correlation function satisfies the translational invariance (when t; and 7, are on the same
side of the origin) and the stretching invariance (when 7; and t; are on different sides of the origin). Making use of this property can
greatly reduce the computational cost for the bath calculation.

Let us remark that the invariance of the two-point correlation function is also utilized in the recently proposed SMatPI (small matrix
decomposition of the path integral) method [31], which is an improved version of the iterative QuAPI method. In SMatPl, the bath
integrand factor is computed using the Feynman-Vernon influence functional. The SMatPl method groups a number of paths into some
small matrices, and using the translational invariance of the Feymann-Vernon influence functional, the information in the small matrices
can be directly used in future time steps without being recalculated. In our method, the bath influence functional is the sum of a lot of
diagrams, and the reuse of previously calculated functionals avoids recomputation of all the translated or stretched diagrams included,
which significantly enhances the computational efficiency.

The rest of this paper is organized as follows. In Section 2, we introduce the spin-boson model and its Dyson series expansion. An
integro-differential equation associated with Dyson series is then derived, based on which we propose a fast algorithm where the previous
bath calculations are reused. An analysis on computational cost is included to examine the performance of the proposed algorithm.
Such framework is then applied to Section 3 where the more complicated inchworm Monte Carlo method is studied. Some numerical
experiments are carried out in Section 4 to verify the theoretical results in Section 2 and 3, and test the order of convergence of the fast
algorithms. Finally, some conclusions and discussions are given in Section 5.

2. Fast calculation of time evolution of Dyson series
2.1. Introduction to spin-boson model and Dyson series

We study the system-bath dynamics described by the von Neumann equation for the density matrix p(t)

d
ld—'(;:[H,p] :=Hp — pH, (1)

where the Schrodinger picture Hamiltonian H is a Hermitian operator on the Hilbert space H = Hs ® Hy, with Hs and #H), representing
respectively the Hilbert spaces associated with the system and the bath. The Hamiltonian H consists of the Hamiltonians of the system
and the bath, as well as a coupling term describing the interaction of the system and the bath. Assuming that the coupling term has the
tensor-product form, we have

H=H;®Id, +1ds ® Hp + W @ Wy,

where Hs, W € H, Hp, Wy € Hp, and Idg, Id, are the identity operators for the system and the bath, respectively. In our paper, we take
the common assumption that the bath is modeled by a larger number of harmonic oscillators. While the algorithms discussed in this work
can be easily generalized to any multiple-state open quantum systems, we only consider the simplest system modeled by a single spin.
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Such a problem contains most difficulties in the treatment of the system-bath coupling, which is known as the spin-boson model to be
introduced below.

2.1.1. Spin-boson model
As one fundamental example of the system-bath dynamics [46,23,17], the spin-boson model assumes that

L
Ho=span([0). 11}, Hp =@ (L2®)).

=1

where L is the number of harmonic oscillators in the bath. The corresponding Hamiltonians are

L

N A 1. A
Hs = €6, + Aby, Hbzg E(P,z-l-wlquz)
=1

Here 6y, 6, are Pauli matrices satisfying 6 |0) = |1), 6x|1) =0), 6,]0) =|0), 6,|1) = —|1), and the parameters €, A are respectively the
energy difference between two spin states and the frequency of the spin flipping. In the bath Hamiltonian Hj, the notations p;, ¢; and w;
are respectively the momentum operator, the position operator and the frequency of the Ith harmonic oscillator. The coupling operators
are given by

L
Ws =67, Wb=261@1,
=1

where ¢ is the coupling intensity between the [th harmonic oscillator gnd the spin.

The density matrix solving (1) can be written as o(t) = e " p(0)el'f, and we assume its initial value has the separable form o(0) =
ps ® pp with the initial bath p, being the thermal equilibrium exp(—gHp), where 8 is the inverse temperature. We are interested in the
evolution of the expectation for a given observable O = Os ® Id;, acting only on the system, defined by

(0(0) :=tr(0p()) =tr(0e™™H p(0)e"™) = tr(ps ® ppe™ 056 ™) = trs(ps G (—t, 1)) (2)

where the propagator G(—t, t) := try(ppel™™ 0se~H) is a 2 x 2 Hermitian matrix due to the cyclic property of the trace operator:
G(—t.0)f =ty 0le " pl) = try (e 0 e py) = try (ppe™ 05e71H) = G(~t. 1). (3)

2.1.2. Dyson series

Due to the high dimensionality of the space Hp, it is impractical to solve e*itH directly. One feasible approach is to apply the method
of quantum Monte Carlo to approximate G(—t,t) numerically. It is well known that G(—t,t) can be expanded into the following Dyson
series (for derivation, see [7]):

400
G(—t,t) = ose i Hs 4 3 im / ds(—1)*5<0y @ (¢t s, t). £(s), fort > 0. (4)

m=1 _ils<t

The above formula is interpreted as:

e Integral notation: for any a < A

A Sm S2
/ ds::/dsm/dsm_1~--/dsl.

a<s<A a a a
o #{s < 0}: number of components in s = (s1, 52, -+, Sy) that are less than 0.
o System associated functional ¢/(®:

U (—t,5.6) = G2 (5m. OWGO (smo1. sm)Ws -+ WG (51 5) WG (—t. 51). (5)

where
ei(srsHs ifs; <sf <0,
GO (sivsp) = e iGi—0Hs ifo < <sp, (6)

elstHs 0 elsifls | ifs; < 0 < sp.
o Bath influence functional £j:

if m is odd;

0,
Lp(S1,--+,Sm) = Z l_[ B(sj,sk), ifmiseven, (7)
qeQ(s) (sj.50)€q
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where B: {(t1,12) | T1 < T2} — C is the two-point bath correlation whose value only relies on the difference of the absolute values of
the two variables:

B(t1, T2) = B*(AT) = % / J(w) [coth (%0) CoS(wWAT) — isin(wAr)} dw (8)
0

with
AT =|71| — |12

The explicit formula of the single-variable function B*(-) depends on the real-valued spectral density J(w). The set Q(s) is given by:

Q(s1, -+, Sm) = [{(Sﬁ,skl),'“ s Sjmps Skm)} | {015+ s Jmyzs ks o skmp2b ={1,---,m}, ji<kforanyl=1,..- ,m/Z}-
9

To get some intuition behind the definition of the bath influence functional, we consider a simple case m = 4, where the equation (7)
turns out to be

Lp(s1,52,53,54) = B(s1, 52)B(s3, 54) + B(s1, 53)B(s2, 54) + B(s1, 54)B(s2, $3), (10)

which can be graphically represented by the following diagrams:

Lp(51, 52,53, 54) = b ETNNF LN (11)

In the diagrammatic representation above, each diagram refers to a product B(-,-)B(-,-) where each arc connecting a pair of bullets
denotes the corresponding two-point correlation. For general m, the value of the corresponding bath influence functional is the sum of all
possible combinations of such pairings, and the number of these diagrams is (m — 1)!!. Since the bath influence functional vanishes when
m is odd, the right-hand side of (4) actually only sums over terms with even m.

To evaluate G(—t,t), one may truncate the Dyson series at a sufficiently large even integer M and evaluate those high-dimensional
integrals on the right-hand side using Monte Carlo integration, resulting in the bare dQMC. More specifically, one can draw M samples
of {m®, s} independently according to a certain distribution P(m,s) for m=2,---,M and s satisfying —t <s; <--- < sy, <t. Then
G(—t,t) can be approximated by

. . 1 M
G(—t, t)~ eltHs Ose—ltHs 4+ — Z

M i=1

1

D _1y#sD <0}, ,(0) (¢ o) 0]
Mmmwnl (-1) UV (—t, s, t)Lp(s'). (12)

The numerical solution obtained via bare dQMC has been proved to have a variance that grows double exponentially with respect to t
[6]. Therefore, the number of samples M should increase with t accordingly to achieve sufficient accuracy at the final time. Hence, the
computational cost of the Monte Carlo approximation, especially the expensive evaluation of the bath influence functional £, also grows
double exponentially with time. To mitigate this problem, in the next section, we will formulate an integro-differential equation which
gives the time evolution of G(—t,t). Thus some bath influence functionals obtained when computing G(—t’, t') with t’ <t can be reused
when computing G(—t,t). Before that, however, we first present the following useful properties of the bivariate functions Ggo)(~, -) and
B(-,-) appearing in the definitions of /© and L:

Proposition 1.

e For any s; < sg, we have

GO (—sg, —si) = GO (si, sp) for si 0 and s¢ # 0, 13)
B(—sf, —si) = B(si, s¢).

e Forany s; < sfand At > 0, we have

B(si — At,sf— AD), ifsi<sf <0,
B(si, Sf) = § B(si + At, sf + At), if0<Si <Ss, (14)
B(si — At, s+ At), ifsi<0<ss.

e For any s;, sy and At satisfying si < sf < 0 < s; + At < s¢ + At, we have

B(sj + At, s+ At) = B(si, S¢). (15)

(13) can be verified by a case-by-case argument under different settings of s; and sy and its detailed proof is placed in Appendix A.
(14) and (15) are the results derived by the definition of the two-point correlation (8). We remark that due to the existence of O; in the
definition of G§0)(~, -), the first equality in (13) does not hold when s; or s; equal to O.

4
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2.2. Integro-differential equation for the propagator

To derive the integro-differential equation, we begin with calculating the derivative of G(—t, t). By definition (4),

G(—(t + AD), (t + AD))

+00
= e!(HADHs g e i(tFADHs 1 R ™ m / ds(=D*=0y O (—(t + A1), 5.t + AL) - Ly ()

m?;i\%en —t=s=t
1o —t
P / o / ds; -+ dsm (=) 0O (— ¢ 4 A), 5.t + A - Ly(8)
ml=2 (hAD  sissyssmst
+o0 t+At
+ oy, i / dsim / dsy -« dsp1 (=1 <040 (_(t 4 Af), 5, t + AL) - £p(S).
mtn t —(t+AD) <51 <Sm_1<Sm

Here we split all integrals into three parts based on the distribution of the time sequences. Note that a minus sign is added before the
second summation above since s is restricted within [— (¢t + At), —t] in this term and thus (—1)#5<0) = —(—1)#{ls:)2 <0} This expression
allows us to differentiate G(—t, t) by the definition of the derivative:

G(—(t + Ab), (t + Ab)) — G(—t,t)

d
—G(=t,t)= li
dt =0 A;TO

At
d /oy il = #is<0) 4 0
=— (etfspget S) in / ds(=1)*S<U —_y/D(—¢t s, t)- Lp(s
- ("0, + (~D*0 U (—t.5.0) - Ly(s)
m=2 _t<s<t
m1s even - =
+00 n (16)
- / dsy - sy (— )P <0/ (Lt 5 o 5 0) - Lp(—t, 52, Sm)
mrig?\%en —t=s2sSSmst
+00 i
+ > / ds -+ dsmt (—DPUIE<OO —p51 o 51, 60 Ly(s1,e - Smet, D).
22 —tssisessporst

Using the definition (5) of ¢/, the derivative in the first series is computed by

d d
UV 5.0 = = (6065 0) WG (sm-1. 5 Ws - WsGL (51, 5 WG (L. 51)

d
+ 6 (s OWSGL (smo1.sm)Ws -+ WG (51,50 Wao (G617 (=t 1))
=iHU O (=t s.0) — iUV (~t, 5. 0)H;.

Note that % (eltHs 0ge~itHs) = jH eltHs 0 je1tHs — jeitHs 0 ge~itHs H, which yields

d /. ‘ = d .
a(e‘mfose’““s>+ ; im / ds(— 150 U O (—t.5,) - Ly(s) = il Hs. G(~t.0)]. (17)
mlizzven —t=s=t

As for the other two series on the right-hand side of (16), we can simplify them by using

UO(—t,—t,5,0) =Wt O (~t,5,0), UV (~t,5.6.0) =UO (~t,5,)W;.
Summarizing all the simplifications of (16), we obtain

+0o0

d
G CCLO=ilHs, G601+ Y i"‘“( / ds(—=1)* =0 WO (—t,5,6) L (s, £)
m’?szo}id —t=s=t

(18)
- f ds(—l)#{s<°1u<°>(—r,s,t)wsﬂb(—t,s)).
—t<s<t

Note that m takes odd values in (18) since the underlined time sequences in (16) have odd numbers of components. The equation (18)
has already provided us an integro-differential equation to work on. However, we may make further simplification by combining the two
integrals into one using the following lemma:
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Lemma 1. For any time sequence —t < s1 <--- < sy <t, define s; = —spy1—i fori=1,.-- ,m.Then —t <sj < --- <s;, <tand
UO(—t,s', ty=uQ(—t,s,t) fors; £0,i=1,--- ,m, (19)
Lp(—t,s") = Lp(s,1). (20)

The statement (19) for the system associated 2/® can be checked by

UO(=t,5'. 1) =GO (s,, OWGCL (s, 1.5t IWs -+ WGP (s}, sH)H WG (—t, s))
=GO (=51, O WGV (=53, —s)Ws - - WG (=5, =5/, WG (—t, —spm)
=GO=t,s)'WG P (s1, 52)Wos - - WGP (51, sm) T WG (5, )T
=UO(—t,s,0)f

using (13). The equation (20) can also be verified using (13). The rigorous proof can be found in Appendix A.
Now we apply the change of variables as shown in Lemma 1 to the second integral in (18). Note that (19) holds almost everywhere in
the domain of integration. We then have

ds(—=)*s<0y Ot s HW Ly (—t,s) = / ds'(—1)*>0 O (¢t ¢ W, (s, 1)

—t<s<t —t<s'<t
== : (21)
- _ f ds’ (—1)*ls'<0) (wsu(")(—t, s OLy(S, t)) .
—t<s'<t
In the last equality above, we have used the fact that s’ = (s}, -- -, sp,) has odd number of components and thus (—1)#'>0 — _(_1)#ls'<0}
for almost every s’. Inserting (21) back to (18), we reach a simpler integral-differential equation for G(—t,t):
Proposition 2. The propagator G(—t, t) satisfies the integro-differential equation
d +00
7 CCtO=ilHs, G601+ > i / ds(—1)*=0 (K (s. ) + K(s.0)T) (22)

m=1 _
mis odd t=s=t

for t > 0, where

K(s, t) = WO (—t, s, t) Ly (s, 1).

Based on the evolution equation (22), one can consider solving G(—t, t) iteratively using Runge-Kutta type methods. To avoid large val-
ues of m in the computation, we truncate the series up to a certain odd integer, and evaluate the high-dimensional integrals stochastically
via Monte Carlo approximation. Compared to the original bare dQMC for the Dyson series (12), solving (22) should be more efficient as
m decreases by 1 for each term of the summation. We also point out that the numerical methods based on the integro-differential equa-
tion preserve the Hermitian property (3) of G(—t,t) as one can easily check that the right-hand side of (22) is always Hermitian under
Monte Carlo approximation, while this is not guaranteed by bare dQMC (12) and may be badly violated when the number of samples
M is insufficient. Moreover, since the equation provides us the time evolution of G(—t,t), we are now able to reuse the calculated bath
influence functionals which will give the major improvement on the efficiency of the algorithm. Our numerical method will be detailed in
the following section.

2.3. Numerical method

To discretize (22), we consider a numerical scheme inspired by the second-order Heun's method. For a general ordinary differential
equation

a t) = f(t,ut)), telo,tmaxl
dtu()_ (7u )7 € > tmaxi

the scheme reads

U =Ui_1 +hf (tiz1, Ui—1),
1 * : ) (23)
U; = 5(U1'71 +U; )+ Ehf(ti, U,

where h is the time step length, t; =i -h, and U; is the numerical approximation of u(t;). For our integro-differential equation, the sums
over high-dimensional integrals should be evaluated in the same way as the bare dQMC (12) using Monte Carlo approximation. In the ith

time step, suppose we have M; samples of time sequences S; = {sl(” }j\jl’ drawn from the domain
M
= J 1™ (24)
m=1
mis odd
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where Ti(m) is the m-dimensional simplex defined by

T = {s= (s, ,5m) |t <51< - <sm < i), 2

and each sampled time sequence satisfies the probability density function P;(m,s) for m =1,3,---, M. Thereby, the scheme coupling
Heun’s method with Monte Carlo integration to approximate G(—t;, t;) is formulated as

Mi—q

h 1 0 o ; ;
G = Gi_1 +hilHs, Gi1] + 3 L RO s + KL oD,
Mi_1 4 P (m(]) s.(])) ! !
j=1 Fi=1UN_ 15911
(26)
1 1 h 1 (4 #(s7 <0} () () o 5
- . ; * m 41 y#s < ) ) )
Gi=5(Gi +GH + ShilHs. GI1+ o > P50 i (-1 K6, )+ ks, D), fors” €S
j=1 £l 5y
for i=1,2,---,N where Nh =ty x with initial condition Gog = O;. The set of samples S; are drawn independently according to the

distribution IP;. We remark that one can apply higher order schemes to achieve better order of accuracy with respect to step length h.
Throughout the current work, however, we use the Heun’s method which can already provide satisfactory numerical results. The accuracy
of discretization will be verified by numerical tests later in Section 4.2. We also refer readers to the numerical experiments in [7, Section
7], where Heun’s method is applied to a number of spin-boson simulations and shows good performance.

The major computational cost lies in the evaluation of /C(s, t;) in each time step. While evaluating each K(s, t;), the bath influence
functional £y (s, t;) is generally much more expensive than the &/ (9 (—t;, s, t;), especially when m is large. In fact, the computational cost
of L}, which is essentially the hafnian of a matrix [1], grows at least exponentially with respect to m using some recent indirect methods
such as Bjérklund’s algorithm [3] or the inclusion-exclusion principle [50], while the cost of /® grows only linearly with m since /(@ is
a product of 2m + 1 matrices as defined in (5). A comparison of the computational time for these two parts will be performed later in
Section 4.3.

Due to the high computational cost of L}, the purpose of this paper is to reduce the number of bath influence functionals to be
computed during the evolution of G(—t,t). While the straightforward application of the numerical scheme (26) requires computation of
different bath influence functionals in different time steps, by the invariance of the two-point bath correlation given in Propositions (13)
to (15), we can actually reuse some bath influence functionals that have been calculated in previous time steps to improve the overall
efficiency. This idea utilizes the following property of £;, which can be easily derived from (14):

Proposition 3. Given s = (s, -+ ,Sm) € Ti(m) fori=1,.-- N—1andodd numberm=1,3,---, M, define the operator Z;(s) = (51, --- , Sm) such
that

. jh, ifsx >0,
S R A (27)
s — jh, ifsp <0

fork=1,---,mand j=0,1,--- ,N—i.Wehavte(s)eTi(r; and

Lp(Zj(s), titj) = Lp(S, ti).

This proposition shows that a class of bath influence functionals has the same value, and thus we just need to compute one of them
if multiple influence functionals appear in our computation. To illustrate how such reuse can be applied to the scheme (26), we consider
the following simple example, where we only sample one time sequence with m =1 (so the sequence actually reduces to a point) in each
time step and consider the time evolution of the scheme up to t = 3h:

(i) in the first time step, we pick a sample s; € (—h, h). Here we assume s; is negative which can be denoted by the black dot in the top
panel of Fig. 2. The corresponding bath influence functional £ (s1, h) = B(s1, h) is then calculated and can be denoted by blue arc;

(ii) in the second time step, Z1(s1) = s — h is a sample in TS) whose bath influence functional can be directly obtained from
Lp(Z1(s1), 2h) = Lp(s1,h) according to Proposition 3. Such reuse of computed bath influence functionals can be visualized as a
stretch of the blue arc by length h in Fig. 2, and the value of the blue arc is invariant after being stretched. In addition to reuse of
calculations, we sample a new time point s € (—2h, 2h) and calculate £p(s2,2h). In Fig. 2, we assume s, is positive and Ly (s2, 2h)
is represented by the red arc;

at t = 3h, the blue arc can be further stretched by another time step h and the value remains the same, meaning that we again
obtain the bath influence functional directly using £;(Z>(s1),3h) = Lp(s1, h) where Z(s1) =s1 —2h € T;D. Similarly, we can also

reuse Lp(Z1(s2),3h) = Lp(s2,2h) with Z1(sy) =s; +h e TV, which corresponds to shifting the red arc to the right by h. Afterwards,
we draw another new sample s3 € (—3h, 3h) and calculate £p(s3,3h) denoted by the green arc.

(iii

=

For general m, this reuse of bath influence functionals can be similarly understood by replacing the arcs by the summation of diagrams
such as in (10). We remark that such invariance does not hold for the system functional /), which does not have a similar property as
Proposition 3 due to the existence of O in its definition.

As can be observed from Fig. 2, given any time sequence s; at the jth time step for j < i, shifting or stretching it to Z;_;(s;) always
moves the nodes away from t =0 by at least length h. This means all the samples obtained by stretching or shifting have no time points
falling between —h and h. As a result, the samples for the ith time step cannot be only inherited from previous time steps. To complete

the sampling of T;, we also need to draw extra samples from T; = UMm:1 Tl.(m)
mis odd

where

7
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Fig. 2. Calculation reuse of Ly (s;, t;) for m = 1. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

T(m) [(51, 5 Sm) € Ti(m) | 3sj such that —h < s < h] . (28)

For example, in Fig. 2, the nodes building up the red diagrams in (—2h, 2h) and green diagrams (—3h, 3h) should be newly drawn from
T, and T3 respectively since these diagrams can never be obtained from shifting or stretching diagrams at previous time steps. Based on
the definition (28), we may express Ti(m) as

i
(m) 7 (m)
" =Jzi; ™)
j=1
where Z;_ j(f;m)) is the collection of time sequences which are shifted or stretched from jth step:

L (1) = Zi-j(o) | s € T]™).

One may easily see that I,;j(f;.m)) are pairwise disjoint for j=1,---,i and thus
i i
Y=Y T @ =T (29)
j=1 j=1
Hence the volume of each f;m) can be calculated by
T =11 =T} | = ,[<2tj>'“ - 60", (30)

To implement the numerical scheme (26), we sample time sequences Sic Tl in each step and evaluate the correspondmg bath influ-
ence functionals. Afterwards, we construct S; by combining the new samples S; with the old samples Z;_ ](S i) for j=1,---,i—1 whose
bath influence functionals can be directly reused by Proposition 3, and then evaluate G; according to (26). Such a procedure is described
by the Algorithm 1.

Algorithm 1 Dyson series

1: mputS,—{,”}M’CTX fori=1,---,N

2: Set Go < Id

3: for i from 1 to N do

4:  Compute [; = {Lb(s()) ) }

5. Set Sj« UJ VT i(S)) > Shift/stretch samples
6:  Set Lj < U] L > Reuse bath calculation
7: Compute G; by scheme (26) based on S; and L;

8: end for

9: return G; fori=1,---,N

To complete the implementation, we need to specify the sampling strategy for the input 3,; which is associated with the probability
density function IP;(m, s) in (26). Ideally, the number of samples in S; should be proportional to the integral of the absolute value of the
bath influence functional:

M o / ds|Ly(s, )] = / ds| > [ BGjs|- (31)
sef'.(m) S€i‘v<m> qEQ(S,ti)(Sj,Sk)ECI

In practice, as the integral is difficult to evaluate, we replace B(s;, sx) by an empirical constant B € (0, max |B|), so that

~(1) ~ (1)
A A (m-—"1!!

where A = 2Bh is the normalizing factor. In the numerical implementation, one may first assign Mgl) = Mo. and the other M,-(m)
can then be set as the nearest integer to the right-hand side of the formula above. Afterwards, we generate each time sequence s =
(51,+++,5m) € f"i(m) by drawing a sample from the uniform distribution U(fi(m)). The following theorem provides the explicit expression
for the probability density IP;(m, s) appearing in scheme (26):
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Proposition 4. Foranyi=1,2,--- ,Nandm=1,3,--- , M, P;(m, s) is given by

1 m
Pi(m.$) = - -mB"F (33)
i
where
@™
Z m — D
m

m'is odd

Proof. For any time sequence s which is obtained by either reuse or newly sampling in each step, we have P(s Ti(m)) % Mgm) where
M?m) is the number of time sequences with m components in ith step. According to our sampling strategy,

M
M™ Z‘M”’” = mis"E ZIT(m)I B 1™
j=1

where we have used the relation (29) for the last inequality. Note that the time sequences S; used in scheme (26) are constructed the
samples drawn from the pairwise disjoint U[Z;_ j(T](-m) )], and the number of these samples locating in each Z;_ j(T}m)) is proportional to

the volume |Z;_ j(f";.m))| according to (32). Therefore, any time sequence in S; can be considered as a sample drawn in U [Ti("”] and thus
we reach the conclusion (33) by

Pim,s)=P(seT™|seT)-

™|
P(SETf(m)) 1 1 B o
= — . = — -ml!l .
/ / /1
Mo PseT™) Ty r ™) gt
m’ is odd m’ is odd

2.4. Implementation of Algorithm 1 with low memory cost

In general, the reuse of bath calculations described in Algorithm 1 requires storing of all time sequences (Line 5) as well as bath
influence functionals (Line 6) in a simulation, which will lead to a high memory cost when the number of samples is large. However for
Dyson series, the linearity of its governing equation (22) allows us to implement the reuse algorithm at a much lower memory cost. To
begin with, we apply the scheme (26) recursively and get the following explicit formula for any G;:

- - 1
Gi=a 05+ hZ @@+ @) (Bt B + ShBi+ ) (34)
k=1
where the operator &« =1+ ih[H, -] and & = %(1 +a?). B; is the average of Monte Carlo samples § = (51, -+ , Sm)
1 U 1
L o) 0 ) ) 4 ; (<) — sm+1 #{s<0
fi=t ;msi ) - U0 (—ti, s ) Ly(s;” 6 with yi(s) = ) AL (—1)*is<0L,

Note that the direct evaluation of G; by (34) requires the storage of all reusable L. To avoid this, we consider the following resumma-
tion of B; according to where the samples are originally generated:

Bi=0i1+06i2+ -6 (35)

where the partial sum
1 My . . .
=0 > 7 (Tk @) U0t TG, 0 Lo(T i 6 0)
i
j=1

stands for the part of calculations where the samples are shifted or stretched from kth step. Note that any kth column of
011,
621, 022,

’ ’ )

(36)
0i1,0i2, -+, -+, Oij,

B I

OnN1,0ON2, -+ 5+ -+ ,ONN,
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I<

shares the same bath influence functionals with the value {£; (s,” tk)} according to the Proposition 3. Therefore, once we have com-

puted one £b(sk ,tr), it is added to all 6 for i =k,---, N and then can be discarded and thus we need to only store one single bath
influence functional to obtain all 6y for 1 <k’ <k < N. In the end, the total memory cost for computing G; for i=1,---, N will only be
the storage of these 6y, which are essentially (N + 1)N/2 two-by-two matrices.

2.5. Analysis on computational cost

To conclude the discussion on the summation of Dyson series, we examine the computational cost that is saved by reusing the bath
influence functionals. Specifically, we consider the ratio 1 — #{3('")} /#{s'™} for various m where

#3™) = ™ 0P 4 A0,
#s™) = MM+ MY+ M.

Here #{§(m)} denotes the number of (m + 1)-point bath influence functionals that one needs to evaluate up to Nth time step in our
algorithm, and #{s™} denotes the corresponding number if all bath influence functionals are to be calculated. For example in Fig. 2, we
have #{§(l)} =3 as the blue and red diagrams need to be computed only once. However, without reusing the existing information, one
then has to draw all the time sequences independently and compute the corresponding #{s’} =6 (3 blue arcs, 2 red arcs and 1 green
arc) bath influence functionals. Therefore, we have achieved a 50% reduction of the computational cost in this example. In general, by (32)
we have

. Mo (= . . mi1
#(3M) = TO.<|T§m>|+|T§m>|+...+|r,(vm>|) -mB"F
v v m
A A (m -1

and

A A A m+1
0. <N|T1(m)| +(N— 1)|T§’")| ot |T,(Vm)|) -mnB"F

A
. . (37)
= ﬂ-zm’"ﬂ muB"T = - YBRVBY)" .
el L m-1l
Hence, for a given m, the percentage of the computational cost that one can save is given by
am) m
#{s N
AL S =: R™(N) (38)
#{s(M} 1m42m 4 ... 4 NT

which only relies on the number of time steps N.

Below we plot the graphs of R‘™ (dashed lines) for various m up to t =5 with the time step length h = 0.05 in Fig. 3, which are
all monotonically increasing and thus one may benefit a higher reduction of computational cost from the bath calculation reuse for
longer time simulations. In addition, the curves become lower as m grows, indicating that the bath influence functionals with smaller
m are reused more frequently for fixed N. This observation can be diagrammatically understood in Fig. 2. In general, a time sequence
s=(s1,---,Sm) with larger m is more likely to have one of its components falling in (—h, h), so that its bath influence functional has to
be newly evaluated. However, the value of m usually does not go too large for the purpose of computing Dyson series. When m = M = 25,
one can still expect an around 77% reduction in bath computations at t = 5. As time further evolves, we may apply the Faulhaber’s formula
[25]

m+1

1M 4+2" ...+ N ~ 1asN—>—i—c>o (39)

to get the asymptotic behavior of R(™:
m+1

RM(NY~1 — . 40
) . (40)
Below we will take into account all choices of m and estimate the overall reduction of the computational cost. Let 7™ denote the
average wall clock time for the evaluation of £y(s1, -+, Sm,t), the overall savings of the computational time spent on bath computations

is then estimated as

Sy #8™y T
Rr(N,h,B)=1— —misodd . (41)
Y ey #(sM). T

mis odd

In our implementation, the bath influence functional is computed using a recently proposed fast algorithm based on the inclusion-
exclusion principle [50, Section 2], whose computational complexity is O (2™). Thereby, asymptotically we have

10
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Fig. 3. Graphs of R™ and R} for Dyson series (left: M = 13, right: M = 25).
Yot #{E™y 2 Mt @Byt
asy m is odd m=1_ (2m-2)!!
Rr~Ry7 :=1- 7 =1- T
_q #{smy}.2m =2~ N (@V/Btj)2m-1
2 met FST Ymlt Xi=1Gmoa
where B is the parameter describing the amplitude of two-point correlation. For large N, this can be approximated by
M+1
RV ~1— ——,
N

which agrees with Fig. 3 where R%Sy (solid lines) converges to RM 3¢ grows. This behavior is due to the fact that more bath influence
functionals with m = M are sampled when t gets larger, and the cost for the evaluation of these (M + 1)-point functionals becomes
dominant. For the same reason, the graph of R%Sy becomes closer to R™) as B increases.

3. Fast implementation of inchworm Monte Carlo method

The idea of the fast algorithm for summing Dyson series can also be applied to the inchworm Monte Carlo method introduced in [7],
which computes the two-variable full propagator G(si, sf), which generalizes G(—t, t) defined in (4) to any initial time point s; € [—t, t]\{0}
and final time point sf € [sj, t]\{0}. Similar to (22), the inchworm method can also be formulated as an integro-differential equation
with bath influence functionals of any time series between s; and sf inside the integral. This structure again allows us to reuse the bath
influence functionals computed in previous time steps. Below we will review the formulas of the inchworm Monte Carlo method before

introducing our numerical method.
3.1. Introduction to inchworm Monte Carlo method

3.1.1. Full propagator
The full propagator G(si, s¢) is formulated by

+00
0 .
Geiosp =G Gisp+ Y. i [ ds(=DHEOUO(s;. 5,59 - Ly(). (42)
m=2 Si<S<sf
mis even
where G§0> (si, sf) is given in (6). When s; = sy, it is defined as G(sj, sf) = Id. Note that this definition is consistent with the Dyson series
(4) if we set s; = —t and s¢ =t. The following properties of G(-,-) will be found useful later in the numerical method:

Proposition 5.

o Shift invariance: For any At > 0, if s + At < 0 or s; > 0, we have

G(s;+ At, s+ At) = G(si, Sf). (43)

o Conjugate symmetry: For any —t < s; < s¢ < t, we have
G(—sf, —si) = G(si, sp) (44)

11
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o Jump condition: G(-, -) is discontinuous on the line segments [—t, 0] x {0} and {0} x [—t, 0] and

lim G(si, sf) = 05 lim G(si, Sp);
s;—0t s—>0~ (45)
lim G(si,sf) = lim G(sj, S¢) Os.

si—>0~ Si~>0Jr

The rigorous proofs for the statements above are omitted as (43) and (45) can be immediately derived by (14) and the definition of
U respectively, and the proof of (44) is identical to that of (20) in Lemma 1 by changing the variables s in the integral to s'.

3.1.2. Integro-differential equation for G(sj, Sf)
The full propagator has been proved to satisfy the following integro-differential equation [7]:

+o0

aG(si, s . :
%zsgn@o iHsG(si,sp+ Y ™! / ds(—=D* O Wl (si, s, 50 L5 (s, 50) |- (46)
f misodd S5

Here we recall that Wy is the perturbation associated with the system, and sgn(-) is the sign function. I/ is defined similarly to /@ with
the bare propagator G§°>(., -) replaced by the full propagator G(-, -):
U(si, S, 5) = G(Sm, SHWsG (Sm—1, Sm)Ws - - - WG (s1, S2) WG (Si, 51). (47)
The definition of £ is similar to the bath influence functional Lp:
Ly smsp=y. ] BGisw, (48)
qe Qe (s,sg) (sj,5k)€q

but O is a subset of Q appearing in £, which only includes “linked” pairings, which means in its diagrammatic representation any
two points can be connected with each other using arcs as “bridges”. For example when m = 3, £ (s1, s2, 53, 5r) only contains one linked
diagram in (11):

L5(s1,52.53.5) = £ NN =B(s1,53)B(s2. 5p). (49)
Another example for m =5 is given by

L} (51,52, 53, 54, S5, S¢)

TN PN L TR L TN LTS (50)

:= B(s1,53)B(s2, S5)B(S4, st) + B(s1, S4) B(s2, $5)B(s3, S¢)
+ B(s1, $4)B(s2, sr) B(s3, S5) + B(s1, $5)B(S2, S4) B(s3, Sf)

which does not include the unlinked terms in the bath influence functional £ (s1, 2, S3, S4, S5, Sf) such as

NN = B(sq, 52)B(s3, 55)B(s4, S¢),

@. := B(s1, s3)B(s2, Sp)B(s4. S5),

where the pairs marked in red do not connect to the rest part of the diagrams via the arc bridges. Compared with the Dyson series,
working with equation (46) is more advantageous as the series in the right-hand side has a faster convergence with respect to m. Also,
L5 (s1, -+, Sm, 5¢) includes fewer diagrams than £p(s1, - , sm, £) in equation (22) for the Dyson series, making its direct evaluation cheaper
than the bath influence functional for small m. However, asymptotically the number of diagrams in Lf(s1,---,Sm.sf) also grows as a
double factorial [43], and its evaluation for large m is even more expensive than Lp(s1,---,Sm,t) [50]. Therefore, we again look for
possible reuse of computed bath influence functionals when evolving the numerical solution.

(51)

3.2. Numerical method

Again, we truncate the series in the integro-differential equation up to a finite M as an approximation and apply the Runge-Kutta
method for discretization on a uniform triangular mesh plotted in Fig. 4(a). For simplicity, we first consider the first-order forward Euler
scheme:

M
Gjk=Gjr1 +sgnteph [ iHsGjpq + Y ™! / ds(—=D)*S =0 W24, (t;. 5. i) L5 (s, tr—1) (52)

m=1 i<s<
mis odd tj=s<ti—

for —N < j <k < N with N = tjhax/h. Here each f;j,k is the approximation of the exact solution G(tj,t;) and is denoted by a dot in
Fig. 4(a). Since U defined in (53) contains G(sk, Sk—1) not on the grid points, we need to approximate J{ using U; defined by

12
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(a)

Fig. 4. An example for h =0.1, N =3 and t = 0.3 (left: mesh structure, right: decomposition of the domain of integration {—0.2 <s1 <s; <s3 <0.1}).

Ut st Smy tk—1) = Gi(Sm, tk—1) WsG1(Sm—1, Sm)Ws - - - WG (51, 52) WG (t}, $1) (53)

where the interpolating function Gi(,-) satisfies G;(t;,tn) = Q,n, for all j <¢ <n<k—1, and the piecewise linear interpolation is
adopted in our implementation. To ensure these &g,n are available before evaluating (53), we compute the full propagator column by
column from left to right in Fig. 4(a). For each of these columns, we compute from top to bottom along the corresponding arrow. In order
to better present the reuse of computed bath influence functionals, we consider the following decomposition of the domain of integration:

[s=(1osmltj<s1 < <sp<tab=JT, (54)
p=j
where
T = {(s1. . Sm) [ tp <1 <tpi1,51 <5< <sm<tqh, (55)
which are pairwise disjoint for p = j,---,k — 2. This decomposition can be visualized using the example in Fig. 4: when we use the
scheme (52) to evaluate G_;» (node in red box in Fig. 4(a)), the domain of integration for m =3 is the simplex {(51,52,83)| —0.2<s1 <

sy <s3 <0.1} plotted in Fig. 4(b). According to the decomposition (54), this simplex can be split into T (blue tetrahedron), T<_31},1 (red

pentahedron) and T(fz)’] (green pentahedron). This decomposition allows us to reuse the bath integrand factor L} (s, t—1) when computing
an integral in (52) via

ds(—D)*S<OwWt (¢, s, 1) L5 (s, tr—1) = / ds(integrand) + / ds(integrand) (56)

tj<s=<ty—q tip1<8=<tp_1 seTj(",'() ]

where the value of £g(s, ty—1) in the second integral above has been obtained when calculating G j+1,k» While £g(s, ty—1) in the last
integral should be newly evaluated. This reuse of bath calculation can also be understood by the same example in Fig. 4: when evaluating
G_3,2, the values of Eg(s, 0.1) for s = (s1,S2,53) in {—0.1 <sy <s <s3 <0.1} (points in blue and red pentahedra) can be reused from

671,2 (node in blue box in Fig. 4(a)), and Lj(s,0.1) for s € T£2) ; (points in the green pentahedron) are to be calculated newly. However,
we remark that such reuse does not apply to the entire integrand as the value of U replies on the t;, which are different in 6_2,2 and
G_12.

At this point, we draw time sequences Sy y_1 := {sp k1 )ie 1” ' from Tpk-1= Um,,,l,s oldd

T;";g_l and approximate the sum of integrals

in (52) using Monte Carlo method. The numerical scheme becomes

1

Gjk=Gjk-1+sgn(ty—1)h |:iHst,k1 + = 00
p=i Mpk=1p=; i Pikoa(my g g8, 0

() (i) . .
+1
x Mkt (1) Hopir = Wsuz(tj,s;’}k],tk_l)ﬁg(sgfk1,rk_1)}

where the function P; x_q(m, s) gives the probability density of (m,s) in Ul;_zj Tp.k—1, and the functional /; is similarly defined as (53)
with all G, replaced by Gj. The reuse of bath influence functionals stated in (56) is also reflected in the above scheme: when evaluating
Gj L (sp 1> tk—1) for p=j+1,--- k—2 have already been obtained when computing G 1k, and L} (sp w1 tk—1) for p = j should be

newly calculated. Such implementatlon also indicates that one should follow a proper order to evolve the scheme, which will be discussed
in detail in the next section.

13
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Fig. 5. An example for N =3 (left: time evolution of inchworm Monte Carlo method, right: sampling and reuse strategy).

To achieve a higher convergence order in time, we now put Heun’s method (23) into this framework and the corresponding inchworm
Monte Carlo method reads:

1 k=2 Mpr-1 1

. 0] (l)
p ]Mpk Tp=j i=1 Pjkal(mp,kfl’ p.k— 1)

Gk =Gjk—1+ sgn(ty— ])h|:lHSG]k 1+

(i)
X imp’k_l_H (_1)#{5[’ k= W u[(t]7 IJ k 1’ k- 'l)[' (Sp k—1° tk— 'l)j|
57
k—1 Mp,k ( )
Gia=5Ghi1+ G0+ sgn(tk)h[msc k+;2 L
.k — K - -
) ) Mp k p=j i=1 Pj,]((m;;?ka s;)l,)k)

(i) (i) . .
: +1 # 0
X ](mp.k )(—]) {$p< }WSL{I* (tj, Sg?k, tk)['i (Sg’)k, tk):|

where U} in the second stage is given by
UF (5,51, 5 Sms b)) = G (Emy Sk 1) WG (Sm—1, Sm)Ws - - - WG (51, s2) WG (E, 51)
with
Gen, if (¢,n) # (j,k+1),
Gl pprs I =( k+1).

In general, the inchworm Monte Carlo method (57) for the integro-differential equation (46) is similar to the scheme (26) for Dyson series,
but for the inchworm method, some special care needs to be taken at time ¢t = 0, which will be detailed in the next section.

GT(tL th) =

3.2.1. General procedure of the inchworm Monte Carlo method

To apply the numerical scheme (57) accurately and efficiently, we need to take the properties of G(-, -) into consideration, which leads
us to the rules below that we should follow during the implementation:

(R1) The evolution of the numerical scheme should begin with the boundary value G; j =Id for j=—N,..., N, which are denoted by the
red dots in Fig. 5(a).

(R2) Due to the discontinuities, when j =0 or k=0 (blue dots in Fig. 4(a)), G;x is considered to be multiple-valued, and we use Gz j
and G; o+ respectively to represent the approximation of the left and right limits Sinoqi G(s, ty) and SEr(r)li G(tj, s). By the jump condition

(45), we have the relation
Gjo+ =0sGjo- and Gg- x = Gg+ yOsfor —N<j<-1,1<k=<N.

In particular, the boundary value on the discontinuities are given by: Gg+ ¢+ = Go- o- =Id and Gy- o+ = Os. Consequently, the
interpolation of G; appearing in the functional I/; should satisfy

limiGI(tj,s):Gj,oi, lil'ﬂi G[(S,tk):GOi,k,
lim lim G;(,s)= lim lim G(s,S) = lim lim G;(s,5) =
s—0t 50t s—>0"5—0— s—>0-§—0t

and the conditions for G} in U/ are similar. This rule is indispensable in our implementation to keep the second-order convergence
rate in time of the Heun’s method.

14
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Fig. 6. Calculation reuse of Eg(s1,52, s3,ty) along the path G_10— G_21 — G_32.

(R3) We only compute G\ locating in the green triangle in Fig. 5(a) excluding the origin. Afterwards, the value of G_ _; is obtained
by the conjugate symmetry (44). In addition, the following full propagators are assigned with the same values according to the shift
invariance (43):

G_N—N+j=G-Nt1,-N+j+1 =" =G_j_1,-1=GC_j o-, (58)
GN—j,N=GN—j-1,N-1="--=GC1 j41 =Go+ jfor1 < j<N-—-1.
Algorithm 2 Evolution of inchworm Monte Carlo method
1: input Sp, ; ={s ;J')k}, 1 C Tpk and Ly = {Ef(sp k,tk)},M]"" for —-N<p<k—1and 0<k<N
2: Set Gj j < 1d for j= ,—1,07,0%,1,--- N and Go- o+ < Os > Initial condition
3: for n from 1 to N do > Time evolution on nth thick segment in Fig. 5(a)
4: Compute G_j o- by (57) and set G_p o+ <= O5G_p -, Go= n < G_p 0% > Compute blue dots
5: for ¢1 from 1 to n do > Compute inside quadrant IV
6: Compute G_p ¢, by (57) and set G_¢, 5y < (G_n,¢, )
7 end for
8: for ¢; from1to N—n—1do > Assign values in quadrant I and Il
9: Set G_n_¢,,—¢, < G_no- and Gy, nye, < Got
10: end for
11: end for

12: return Gy for —-N < j<k<N

We are now ready to sketch the implementation of the numerical scheme (57) in Algorithm 2. For the example in Fig. 5(a), the
computation of full propagators should be first carried out on the thick red segment, followed by the blue thick segment and finally the
black one. Such order of calculation is to guarantee that the values of shorter propagation G, for j <n < ¢ <k are available before
computing G; as argued previously. On each of these segments, we only evaluate G; in the green triangle from left to right, and the
rest dots on the same segment can be directly assigned according to (R3). With the evolution of numerical scheme clarified, we now focus
on the efficient construction of the input S, and L, which will be specified in the next section.

3.2.2. Time sequence sampling and reuse of bath calculation

Due to the invariance and symmetry of the full propagators, one only needs to evaluate G;, in the green triangular area in Fig. 5(a)
where the index (j, k) satisfies 0 <k < —j and —N < j < —1. Since computing G j  requires samples in T,y for j <p <k —2 and Tp
for j <p <k—1 (see (57)), we need to prepare time sequences S, and calculate L, for —N <p <k —1 and 0 <k < N according to
the splitting (54). These indices (p, k) are denoted by the green nodes (both “x” and “e”) in Fig. 5(b). In fact, we can focus only on those
“e” nodes since the set of samples S for (p, k) on “x” nodes can be obtained by shifting the samples in S,_ ¢:

g)k:sg)k’0+tk1f0r0§p <k<N
where 1 is the row vector with all its components being 1. We can then use (15) to directly assign the bath value for these “x” nodes:
LH(SY ) tr) = L5(s)) 1, 0).
Note that this cannot be applied to the green “e” nodes as the corresponding (sg)k,tk) contains both positive and negative entries and
thus the condition of (15) cannot be satisfied.

From here, we will only work with S, with “e” indices and consider the reuse of bath influence functionals for inchworm Monte
Carlo method. Since the full propagator is now defined in the two-dimensional half-space, we have multiple paths following which the
bath influence functionals can be reused and each of these paths is represented by an arrow in the quadrant IV of Fig. 5(b). For example,
the red arrow denotes the reuse of llg(sl, -+« ,Sm, ty) for calculating G_1 0 — G_2,1 — G_3 2, which is illustrated in Fig. 6. When m = 3,
each CC (s1, 52, 53, ty) is represented by a linked diagram as defined in (49), where the time sequence (si,S2,S3) denoted by the three

dots is a sample in T(3) Note that in each diagram, the leftmost dot marked in red should always be restricted within [t,,tp41] by the

definition of T( ) One can easily see that Proposition 3 also applies to £j. Hence, by the stretching invariance, the diagrams with the
same color have the same functional value. In addition, we remark that the shifting invariance such as the reuse of red arc in Fig. 2 is no
longer considered now since the left end t, and right end ¢ satisfy t, <0 <t for all “e” nodes in Fig. 5(b).
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Similar to algorithm for Dyson series, we consider the sample space Tp,k from which we draw new time sequences in each time step
(e.g., the blue diagram in (—h, 0), the red diagram in (—2h, h) and the green diagram in (—3h, 2h)). To do this, we generalize (28) to two
indices:

TA"I()";() = {(51,~-- ,Sm) € TI()";() | —h <ty <hor3s;suchthat —h <s; <h}, (59)
where p=—N,---,—1 and k=0, ---, N. The volume of 'IA'gl) is similarly given by the relation:
(m) (m) :
|.1ﬁ(n';<)| _ IT%I =T, gl F=N=p=-21<k=<N, (60
P Tkl ifp=—-1ork=0,
where |TI(:}()| can be calculated by the definition (55):
tp+1
1
TS = f ds / dsz---dsm = 5 [(tk-p)" = (tk—p-1)""]. (61)
tp $1=82=:=Sm ’

In general, our algorithm for inchworm Monte Carlo method is summarized in Algorithm 3. Lines 2-9 build up the time sequences
Spk and bath influence functionals L, along the arrows in Fig. 5(b) following the strategy similar to Algorithm 1 for the Dyson series,
and Lines 10-14 construct S, x and L, , with “x” indices. The sampling method for the input S‘Ap,k is also similar to that for the Dyson
series: the number of samples in SPJ< is set as

R Mo m
M0 = io AT mus™E (62)

where Mo = /\31(71;0 and ’ = Bh. Each sample is again generated according to the uniform distribution U(fl(,"}()). The formula of the
density function IP; x(m, s) used in the numerical scheme is then given by the following proposition:

Proposition 6. Forany —-N < j<k<Nandm=1,3,--- , M,

1 m
Pji(m.s) = — -mIB"T (63)
Ajk
where
W /
(tk,j)m m'+1
M= 2 m—nn B’
m'=1
m’ is odd

The proof of this proposition is almost identical to that of Proposition 4 and thus omitted.

Algorithm 3 Efficient implementation of inchworm Monte Carlo method

Mp,k

1: input S, = {sg)k},:] cTyxfor —-N<p<-landO<k<N
2: for n from 1 to N do > Reuse on the arrows covering (N —n + 1) “e” in Fig. 5(b)
3: for ¢ from 0 to N —n do .
4 Compute L_j_g e = {L (S(_J%_[.,H_/(, fnu)}jj-\;l{u'w > Arrows starting from p = —1
5 Compute L_,_¢¢ = (L (S<-jr).—z,e’ tg)}j.\:{””" > Arrows starting from k = 0
6: Set S_1—¢nte < Uf‘:o Zi(S-1n); S-n-te < U?:o Zi(S-n0) > Stretch samples
7 Set L_q_ppse < Uﬁ:o Lotn; Lon_ee < Uf’:o Lono > Reuse [ values
8 end for
9: end for
10: for n from 1 to N do > Assign values of “x”
11: for ¢ from 1 to N—n+1 do
) 0 m") )y M-no £
12: Set S_pyee < {s—n,o +tg-17-no }j:I and L_pye¢ < L_npo
13: end for
14: end for

15: return Sy and Ly for —-N<p<k—-1and 0 <k <N

Remark 1. Unlike the method based on Dyson series, low memory cost implementation for inchworm method is not available. The system
factor U} in the numerical scheme (57) now depends on the previously computed full propagators, which prohibits the preparation of
all the partial sums like we did in Section 2.5. Consequently, these sums have to be computed sequentially, and all the bath influence
functionals have to be stored to gain the efficiency. One possible workaround for long-time simulations is to restrict the memory length
like in the iterative QuUAPI method [28]. We will leave this to future works.
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3.3. Analysis on computational cost

We again examine the computational cost saved after reusing the bath calculations for inchworm Monte Carlo method. By (62), the
total number of samples in S, , with “e” indices in Fig. 5(b) is in general given by

N N-n
m+1
#(s™} = (ZZWQ ensel H1TO ”|) -mliB" (64)

n=1¢=0

where |7A'g7}<)| is summed along the arrows in the quadrant IV. Applying the relation (60) on each arrow yields

{A(m)} <Z|T(m) N+nN|+|T(—”II\;N n|> m”B"H'l
MoB"T
=m [(E2m)™ + (t2n—1)™ — (EN)™ — (En—1)™].

On the other hand, similar to (37) for Dyson series, the number of all time sequences, denoted by #{s™}, is expressed by (64) with the
volume |T;”;<)| replaced by |Tg_"k)|. Note that the value of |T;'?;<)| only depends on the difference k — p according to (61), we therefore have

M 2N +1
#Hs™p="20 S > T | misT
A i=1 —N<p=<-1,
0<k<N,
k—p=i
~ N 2N m m
Mo (t]) _(t 1) i (t]) _(tj_1) m+1
= - 2N — ). —— | mllB 2
St T S
j= j=N+1
L

M(]B 2N . N-1 .
—— )" =) ()
CAm—=1 2 ;

j=N+1

Thus, for the order-m bath influence functionals, the proportion of the computational cost saved by the reuse is

a(m) my m m m
#{s 2N 2N —1 N)™ —(N—1
R (N) =1 — { (m)} _ 1 @NT+( M= (N)™ —( ) (65)
#{s(M) Y= Gy
For large N, the denominator can again be estimated by Faulhaber’s formula (39):
2 N-1 2N N-1 1
. . . : QN)™T —2(N — ™t
m __ m: m_2 m_NmN _Nm7
}Z 6) Z(J) Z(]) Z(J) —
j=N+1 = = =1
yielding the following asymptotic growth of R(™:
1\ym+1
— (3 1
RM(N) ~1 (2) m+ (66)

1—Hm N

which also converges to 1 at the rate O(%). It can be seen that this asymptotic value is close to 1 — (m+ 1)/N as in (40) for the Dyson
series, especially for large m. In particular, one can check that (38) and (65) are equal when m = 1. This similarity can be verified by
the graphs of R in Fig. 7 where the dashed lines are almost identical to those in Fig. 3 for Dyson series, suggesting that inchworm
Monte Carlo method can benefit the same reduction in the computational cost of Lg (s1,+-+,Sm) after reusing the bath calculations. By
further taking the computational complexity of £ (s1,---,sm) into consideration, which is O(a™) with o ~ 2.1258 upon applying the
inclusion-exclusion principle [50, Section 3], the overall reduction of the computational cost can again be formulated as (41) with 7™
denoting the average wall clock time on evaluating £j (s, - - -, Sm, Sp), which has the following asymptotic behavior:
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Fig. 7. Graphs of R™ and R} for inchworm Monte Carlo method (left: M = 13, right: M = 25).

ZMm=1 #{g(m)} . am
RT’VR-T-SyZl— m is odd
M #{sm}.gm

mis odd

M+1
= B 2m—1 _ _ _ _
me1 % )P 4 (En-)?™ T — ()2 = (tn-1)?™ ]

M+1
/Ba)2m-1 2N — N-1 _
m=1 ((2ma32)!! ( =N (€2 =30 () ])
W+ (2-HM) 4

2(1-m) N o

This ratio again converges to R™ as shown by the solid lines in Fig. 7.

=1-

~

4. Numerical experiments

In our numerical experiments, we consider the spin-boson model where the system Hamiltonian has the energy difference € =1 and
frequency of the spin flipping A = 1. For the bath influence functional, we assume an Ohmic spectral density

L 2
T c
J@)=23 " L@~
2 wj
=1
where the number of modes is set as L =400. The coupling intensity ¢; and frequency of each harmonic oscillator w; above are respectively
given by

w, I
= wz\/%[l — eXp(—Wmax/wc)], w;=—wcIn (1 - Z[I - eXp(—wmax/wc)]> =1, L

where the maximum frequency is set as wmax = 4@.. Hence, the two-point correlation (8) is formulated as

L 2
B(t1,12) = Z S [coth (%) cos (w AT) —isin (wlAr)] )

= 2wy

In Fig. 8, we plot the amplitude of the two-point correlation with Kondo parameter & = 0.4, inverse temperature 8 =5 and primary
frequency w. = 2.5 as the orange curve. The empirical constant 3 appearing in (32) and (62) should then be chosen between (0, 1.2).
Larger B3 will lead to more time sequences sampled with large m, and thus a higher computational cost. In practice, one may start with
a relatively small 5 to see whether the variance is small enough. If not, one may then increase 53 and repeat the simulation. According
to our tests, choosing B = 0.2 provides satisfactory results. We will also consider another numerical example with & = 0.2 for which the
modulus of the two-point bath correlation is given by the blue curve in Fig. 8. The corresponding B is set to be 0.1. For all our numerical
examples in this section, we truncate the series in (22) and (46) by M = 11.
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Fig. 8. Two-point correlation functions for different Kondo parameters (orange: & = 0.4, blue: £ =0.2).
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Fig. 9. Evolution of (6(t)) under different settings of the Kondo parameter (left: & = 0.2, right: & = 0.4).

4.1. Evolution of observable

To validate our numerical method, we first apply our reuse of bath calculations to both coupling intensities and compare the evolution
of the observables to the results of classical methods. The observable of interest is set to be O = 6, ® Id, which only acts on the system,
and the initial density matrix p = ps ® pp is given by

ps=10)(0| and pp=2Z""exp(—pHp),

where Z is a normalizing factor satisfying tr(p,) = 1. The evolution of observable {6,(t)) is then evaluated discretely by

(62(nh)) ~ (0| G_pn |0) forn=0,1,--- ,N

where G_j , is computed by either scheme (26) for Dyson series or scheme (57) for inchworm Monte Carlo method.

In our numerical tests, we set the time step to be h = 0.05. It is generally believed that the inchworm Monte Carlo method requires
less samples than the summation of the Dyson series. Therefore we set the initial number of samples Mg to be 10° for the solver of the
Dyson equation (22), and set Mo =10* for the inchworm Monte Carlo method. In Fig. 9, we plot the numerical results of observable for
both Kondo parameters. The results by iterative QuAPI method [28,29] are also given as the reference solutions. In the left panel, the two
curves are hardly distinguishable and both match the reference solution well. In the right panel, however, an obvious difference between
two curves can be observed after t = 2.5 and the result of the iterative QuAPI method indicates that the inchworm Monte Carlo method
gives a better approximation. This is due to the fact that the larger amplitude of B(t1, 72) with & = 0.4 makes the Dyson series harder to
converge with respect to m for long time simulations. As a result, the truncation M = 11 is no longer sufficient for Dyson series, but still
works for the inchworm Monte Carlo method thanks to its faster convergence as mentioned in Section 3.1.2.
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Fig. 10. Evolution of (6(t)) for various time step lengths.
Table 1
Wall clock time (seconds) on evaluating a given U@ (—t, sy, -, sy, t) and Lp(s1, -+, Sm, t).
m 1 3 5 7 9 11
uo 6.8000e-05 1.1800e-04 1.8000e-04 2.0800e-04 2.3200e-04 3.6500e-04
Ly 1.0100e-04 3.2800e-04 6.7200e-04 0.0011 0.0016 0.0023

4.2. Accuracy test

To verify the accuracy of the numerical discretization by Heun's method used throughout this paper, we plot the results of (&,(t))
computed by both algorithms with different time steps in Fig. 10. The parameters of simulations are set to be the same as the left panel
of Fig. 9. For Dyson series, the result of h = 0.05 is indistinguishable with the result of h = 0.025 by naked eyes, while the curve for
h = 0.1 still shows observable discrepancy with the other two lines. Note that h = 0.05 is used for the simulations in Fig. 9, which is
now proven to be reliable according to our accuracy test. For the inchworm Monte Carlo method, the convergence is achieved at a coarser
grid h = 0.1, which is possibly due to the smaller number of terms in the bath influence functional. As a comparison, we also plot the
results by first-order Forward Euler scheme (dashed curves), which obviously have not converged at h = 0.05. This shows the advantage
of Heun’s method in terms of the accuracy of time discretization. While the second-order Heun’s scheme is sufficient to produce accurate
simulations up to t = 3 in the current work, it is also worthwhile to consider higher-order or implicit schemes for the integral-differential
equations (22) and (46) to achieve better accuracy and stability.

4.3. Efficiency test

We now examine the computational time that can be saved by reusing the bath calculations. The experiments are carried out using
MATLAB on AMD Ryzen 7 4800H CPU, and we use the parameters for the orange curve (¢ = 0.4) in Fig. 8 for the efficiency tests.

We first compare the wall clock time on evaluating a given system associated 2/® with that on £, appearing in the integrand of
Dyson series. As shown in Table 1, the evaluation of £}, is more expensive than /©© in terms of time consumed for all choices of m.
As m increases, this difference becomes larger due to the linear complexity of /(¥ and exponential complexity of L£,. Therefore, the
computational cost on the bath influence functional dominates the overall evaluation of a given Dyson series. Similar conclusion for the
inchworm Monte Carlo method can be drawn by Table 2, where we list the wall clock time of /; and £j in the scheme (57). Here both
Lp and Lj are computed using the fast algorithms based on inclusion-exclusion principle as mentioned previously. Instead of directly
summing the linked diagrams in (50), a given Lj(s,t) is evaluated indirectly under such algorithms which relies on the value of Ly (s, t)
as well as £,(8,t) for some subsequences § C s, making £} in general more expensive than £}, despite the fact that £} contains fewer
diagrams. We refer the readers to [50] for more details of the algorithm. On the other hand, the computation of /; defined by (53) in
inchworm method is faster than /©) defined by (5) in Dyson series since each matrix G; in I{; is obtained by linear interpolation, which
is cheaper than G2 in 2/ where a matrix exponential is to be computed.

In Fig. 11, we plot the theoretical savings in computational time spent on bath computations Rt defined by (41) as the yellow solid
lines, where the average wall clock time 7™ for £, in Dyson series and L; in inchworm Monte Carlo method are respectively assigned
with the values in Table 1 and 2. The graphs of R and RV are also plotted as the reference. As augured in Section 2.5 and 3.3, Rt is
always bounded by R and RV,

Meanwhile, we carry out two sets of numerical simulations under both methods with the initial number of samples Mo = 100. In
the first set of simulations, we apply the bath calculation reuse and record the total time spent on the bath influence functional up to
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Table 2
Wall clock time (seconds) on evaluating a given U (si, S1, -+ , Sm, Sf) and LE(SL <o, Sm, Sf).

m 1 3 5 7 9 11

U 2.8000e-05 5.3000e-05 7.2000e-05 1.2600e-04 1.5900e-04 1.7000e-04

LZ 8.8000e-05 4.0200e-04 0.0010 0.0025 0.0053 0.0118
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Fig. 11. Overall savings of computational time spent on bath calculations.

nth time step as 7A'(n), while the second set are implemented without reusing calculations and the time consumed on bath is denoted by
T (n). Then we may use the ratio

R () =1—T(n)/T(n)

to measure the overall saving in time in real implementations, which are plotted as the purple solid lines in Fig. 11. Since each evaluation
on Ly or Lj cannot cost exactly the same amount of time, some oscillations can be observed in the purple curves. Nevertheless, R;eal
generally matches the theoretical Rt as t grows, and thus we have verified the complexity analysis in Section 2.5 and 3.3. As time further
evolves, we may expect the overall saving in time to gradually converge to R('" (orange dashed lines). Therefore, asymptotically the bath
calculation reuse can achieve a total reduce in computational time at around the percentage 1 — % for both Dyson series and inchworm
Monte Carlo method for this example according to (40) and (66).

4.4. Order of convergence

As both numerical methods we have developed are stochastic schemes based on Monte Carlo, it is of interest to study the convergence
rate of the standard derivation of the numerical solution with respect to the initial number of samples M. In this experiment, we fix
the time step length as h = 0.1 and compute up to t = 1. The parameter setting for the two-point correlation is given as w. =1, £ = 0.1
and B = 0.2 with the empirical constant B = 0.3. We run the same simulation independently for Nexp = 1000 times, and the standard
derivation of G_j  is estimated as

Nexp 5 1/2
k
GMO(fn): N Z G[Jz,n_ﬂfn,n v  forn=0,1,---,20
EXP k=1
where | - ||¢ denotes the Frobenius norm. Here G/ is the result of kth numerical simulation, and jt_, , should be the expectation of

G_n,n, which in our implementation is replaced by the numerical exact solution G_p,n that is computed based on a large initial number of

samples Mo =106 for Dyson series and M =10 for inchworm Monte Carlo method. The numerical results are shown in Fig. 12, where
the 1/2 order of convergence for the standard derivation is obvious, indicating that the optimal convergence rate of Monte Carlo method
is achieved in both stochastic schemes.

5. Conclusion
We propose fast algorithms by reusing calculations of bath influence functionals to accelerate the summation of Dyson series and
inchworm Monte Carlo method in the simulation of system-bath dynamics. For Dyson series, an integro-differential equation is derived,

allowing us to solve the evolution of the observables using classic numerical schemes such as Runge-Kutta type methods. The idea of
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Fig. 12. Evolution of the convergence rate of the standard derivation for the numerical solution.

our fast algorithm is to make use of the invariance of the bath influence functionals so that any bath influence functional computed in
the current time step can be reused in all the future time steps. Thanks to the linearity of the governing equation, the reuse algorithm
for Dyson series can be implemented at a low memory cost. Such idea is then extended to the inchworm Monte Carlo method which
computes the observables via the bivariate full propagator G(sj, sf), where the bath influence functionals calculated during the computation
G(si, sf) can be reused when computing G(sj — T, s+ 7) for any 7 > 0. According to our complexity analysis, the computational cost is
saved by a factor of N with N being the number of time steps, which makes our algorithms efficient for long time simulations. These
theoretical results are further verified by numerical experiments.

While we mainly focus on spin-boson model in this paper, our acceleration strategy can be also applied to general quantum systems
interacting with the harmonic bath, where the value of two-point correlation B(t7, 2) only relies on the time difference At = |11] — |12]
as in (8). We also point out that for certain parameter settings of B(t1, T2), a very small truncation at M = 1 or M = 3 may be sufficient for
Dyson series and inchworm Monte Carlo method (see such examples in [7, Section 7]). In these cases, computational cost on the system
integrand factor is comparable to that on the bath as shown in Table 1 and 2. Therefore, including the system associated functional in
the calculation reuse will be an interesting future direction. In addition, as the storage of bath influence functionals is the Achilles’ heel
of inchworm method in the current framework, further explorations into the memory cost reduction are also worth considering in future
works.
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Appendix A. Proof of statements

A.l. Proofof (13)

Proof. e If 5; <sf <0, we have

GEO) (Si, Sf)T = (efi(sffsi)Hs>T — efi(sifsf)HS’

B(si, sf) = B*(sf — i) = B*(s; — 5¢)

Since 0 < —sf < —s; in this case,
0 —i(si— 0
G (—sp. —sp) = e =0Hs = GO (5 5T,
B(—s¢, —si) = B*(s; — sr) = B(sj, s¢).

o If 0 < s; < s¢, we have —sf < —sj < 0 and thus

. . T
G (s, —si) = e i — (im0t ) 605, spf,

B(—st, —si) = B*(sf — si) = B*(s; — sp) = B(si, Sp).
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o If s; <0 < sf, we have —sf < 0 < —s; and thus

. ; ; g\ T
GEO) (—sp, —5;) = e isiHs Ose_‘SfHS _ (elsfHS OselS‘HS) _ GEO) (si, Sf)T,

B(—s¢, —si) = B (si + st) = B*(—(s; + sr)) = B(si, 5¢).

The above analysis excludes the special cases 0 =s; < s¢ and s; < sf = 0 for which the statement for B(.,-) is still true, while for
c§°>(-, -) in general it is not due to the presence of O;.

o If 0 =s; < sf, we have —sf < 0 and

Gy (=st. =s) = G (=5, 0) = 0se 1M = 0,65 (51, 5",
B(—s, —si) = B(—s, 0) = B"(sp) = B*(—sp) = B(si, 5p).

e If s; < sf=0, we have —s; > 0 and
GO (—s, —s1)05 = GO (0, —s1) 05 =e s 0, = 60 (s, 5p)T,
B(—st, —si) = B(0, —sj) = B*(si) = B*(—sj) = B(si, 57).

o If si=s;=0,

GO (—st, —si) = G 0,00 =1 =G (s;, 5p),

B(—Sf,—Si)ZB(O,O)Z%/](w)deB(Si,Sf). m]
0

A.2. Proof of (20) in Lemma 1

Proof. Define s,y 1 =t and s; = —t, we have

Lo(~t,s1,--sm= > [] BGjsp

q'eQ(-t,s') (s/j,s,@)eq/

Z 1_[ B(=Sm4+1—j, —Sm+1—k)

q'eQ(—t,8) (s/}.,si)eq’

> [ BGmr1—kSmt1-5)

q'eQ(-t,s") (s/j,s,l)eq’

replace ' =m+1—-kkK=m+1—-j== Z H B(sj, sk)

’ _r / / ’
a'eQ(-t, s)(sm+1—k”sm+l—j’)€q

Z l_[ B(Sj/,Sk/)

q'€Q(—t,—s) (=sp,—s;)€q’

> Tl BGyps)=LoGr. smD. O

qeQ(s,t) (sy.S)€q
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