A P, FINITE ELEMENT METHOD FOR A DISTRIBUTED ELLIPTIC
OPTIMAL CONTROL PROBLEM WITH A GENERAL STATE
EQUATION AND POINTWISE STATE CONSTRAINTS

SUSANNE C. BRENNER, SIJING LIU, AND LI-YENG SUNG

ABSTRACT. We investigate a P; finite element method for an elliptic distributed optimal
control problem with pointwise state constraints and a state equation that includes advec-
tive/convective and reactive terms. The convergence of this method can be established for
general polygonal/polyhedral domains that are not necessarily convex. The discrete prob-
lem is a strictly convex quadratic program with box constraints that can be solved efficiently
by a primal-dual active set algorithm.

1. INTRODUCTION

Let Q be a polygonal/polyhedral domain in R™ (n = 2,3), yq € L2(2), 8 be a positive
constant and g € H*(Q). The elliptic optimal control problem is to find

(L) .0) = v | 51y =l o+ Gl
where (y,u) belongs to K, € H'(Q) X Ly(Q) if and only if

(1.2a) aly, z) = / uz dx Vz € HY (),
(1.2b) Y= gQ on 01,

and

(1.3) y<¢ ae in Q.

Here ¢ belongs to W3?(Q) with p > n and 1 > g on 9, and the bilinear form af(-,-) is
defined by

(1.4) aly,z) = / Vy-Vzdr+ /(C -Vy)z dx + / vyz dx,
Q Q Q
where the vector field ¢ € [W1 (Q)]" and the function v € W1 ().

Remark 1.1. We will follow the standard notation for function spaces, norms and operators
that can be found for example in [1, 12, 20].

Date: June 1, 2021.
1991 Mathematics Subject Classification. 65N30, 656K15, 90C20.
Key words and phrases. elliptic distributed optimal control problems, general state equation, pointwise
state constraints, P; finite element method.
This work was supported in part by the National Science Foundation under Grant No. DMS-19-13035.
1



2 SUSANNE C. BRENNER, SIJING LIU, AND LI-YENG SUNG

We assume that

(1.5) The boundary value problem (1.2) is uniquely solvable.

Remark 1.2. The assumption (1.5) holds for example under the condition that ¢ € [WL (Q)]"
and 7 € Loo(€2) satisfy v — 1V - ¢ > 0. The assumption that v € WL(Q) is needed for the
derivation of the interior regularity of § (cf. Section 2 and Appendix A).

Remark 1.3. The state equation defined by (1.2) is the weak form of the following Dirichlet
boundary value problem for a model second order elliptic partial differential equation with
advective/convective and reactive terms:

(1.6a) Ly=mu in Q,
(1.6b) y=g on 0,
where the partial differential operator L is given by

(1.7) Ly=—-Ay+¢-Vy+yy.

Let E(A; Ly(Q)) € HY(Q) be defined by
(1.8)  E(A;Ly(Q) ={y € HY Q) : Ay € Lo(Q)} = {y € HL(Q) : Ly € Lo(Q)},

where Ay and Ly are understood in the sense of distributions. According to elliptic regularity
results for polygonal/polyhedral domains (cf. [21, 30, 38, 40]),

(1.9) EO(A; Ly(€2)) is a subspace of H'**(Q) N H;,.(Q) N Hy(Q)
for some « € (3,1] determined by the geometry of 2, and

(1.10) 2]l givaqq) < CallAz||@) V2 € B(A; Ly(Q)).

We note that the index o can be taken to be 1 if €2 is convex.

Remark 1.4. E(A; Ly(€2)) is more than just a subspace of HZ, (€2). Let Qs (6 > 0) be the
subset of €2 consisting of points whose distances from the reentrant corners of {2 are > 0. We
have z € H?(Qs) for any z € E(A; Ly(€2)) and any positive 4.

It follows from (1.10) and the Sobolev inequality (cf. [1]) that
V, =g+ E(A; Ly(Q)) € O(Q),

Therefore using (1.6a) we can reformulate (1.1)—(1.3) as the following equivalent problem:

(111) Find 5= argmin | 1y~ vl o) + 21000 |
yeKy
where
(1.12) Ky={yeV,: y<v¢ in Q}.
In the special case where { = 0 and v = 0, two P, finite element methods for the

minimization problem (1.11)-(1.12) were investigated in [8]. One of the methods exploits
mass lumping so that the resulting discrete problem can be efficiently solved by a primal-dual
active set algorithm. Our goal is to extend this method to the general case.
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Remark 1.5. If Q is convex, then ED(A; Ly(Q)) coincides with H?(Q) N H}(2) and (1.11)-
(1.12) defines a fourth order obstacle problem with the boundary conditions of a simply
supported plates. The idea of reformulating an elliptic optimal control problem with point-
wise state constraints as a fourth order optimization problem was first introduced in [37],
where the fourth order problem was solved by a Morley finite element method. This ap-
proach was extended to other finite element methods in [6, 7, 8, 10, 11, 15, 16, 17, 29], to
problems with both state and control constraints in [9, 14], and the convergence analysis
was refined in [13]. Compared with the traditional approach in [19, 22, 39, 33, 41], the
finite element methods based on the reformulation can be efficiently solved by a primal-dual
active set strategy and the convergence in the L., norm for the state is a natural byproduct.
Moreover, as demonstrated in [7, 8, 11] and the current paper, this new approach is also
applicable to nonconvex polygonal /polyhedral domains.

The rest of the paper is organized as follows. We recall some properties of the continuous
problem in Section 2 and present the finite element method in Section 3. Instead of repeating
arguments similar to the ones in [8], we keep these two sections concise and provide details
of the modifications necessitated by the general state equation (1.2) in Appendix A and
Appendix B. Numerical results are presented in Section 4 and we end with some concluding
remarks in Section 5.

Throughout the paper we will use C' with or without subscript to denote a generic positive
constant that is independent of the meshes.

2. THE CONTINUOUS PROBLEM

Let Z =y — g. Then the minimization problem defined by (1.11)—(1.12) is equivalent to
find

_ 1 B
(2.1) ? = argmin olle = (ya = D, + S ILC+ D]
where
(2.2) K={2€E(ALy(Q) :2<d =1 —g in Q}.

Note that E(A; Ly(€2)) is a Hilbert space under the inner product ((-,-)) defined by
((Z7 Q» = (27 Q)LZ(Q) + (‘CZ7 CQ)LQ(Q))

and K is a nonempty closed convex subset of E (A; LQ(Q)). Therefore we can conclude
from the classical theory of calculus of variations (cf. [24, 35]) that (2.1)—(2.2) has a unique
solution characterized by the variational inequality

(2.3) 5[(55, L(z — z))LQ(Q) + (9, L(z — 5))L2<Q)] F(Z—za,2— 20 >0  VzeK,

where z; = y; — ¢, and it follows from the interior regularity theory in [18, 26, 27] for fourth
order variational inequalities that

(24) S Hl?;c(Q) N WOQO,ZOC(Q)'
(Details for the derivation of (2.4) can be found in Appendix A.)
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The unique solvability of (1.11)—(1.12) follows from the unique solvability of (2.1)—(2.2),
and we can translate the variational inequality (2.3) into

(2.5) U= Ya,y — V)i + BLY, LY = §)) o) =0 Vy € K.
Since § = z + g and g € H*(Q), we have, by (1.9) and (2.4),

(2.6) g€ H(Q) N Hig(Q) N WE 100()-
It follows from (2.5) and (2.6) that

(27) | o= w2+ seneaar= [z vee B(aiLw)

Q Q
where
(2.8) i is a non-positive regular Borel measure,

and the following complementarity condition holds:

(2.9 @ =ndu=o

Moreover, we have
(2.10) ‘/ 2 du‘ <Ozl Yz e E(A; Ly(Q)).
Q

Remark 2.1. Condition (2.9) is equivalent to the statement that u is supported on the active
set A ={z € Q: y(r) =1(r)}. Note that 2 is a compact subset of {2 because 1) > g on 0.

The properties of § in (2.6), the optimality conditions (2.7)—(2.9) and the regularity of
in (2.10) are key ingredients for the convergence analysis of the finite element method. We
omit the derivations of (2.7)—(2.10) since they can be found in [8, 13].

3. THE DISCRETE PROBLEM

Let T, be a shape regular simplicial triangulation of Q, Vj, C H}()) be the P, finite
element space associated with T, (cf. [12, 20]), and V;, = Vj, N HL(Q). The diameter of
T € Ty, is denoted by hp and h = maxyer;, hr is the mesh diameter.

Let the mass-lumping inner product (-,-), (cf. [42] and [47, Chapter 15]) be defined by

(3.1) =3 (X L)) vowev,
peVL TET,

where V), is the set of the vertices of 7y, 7T, is the set of the elements in 7}, that share p as a
common vertex, and |7T'| is the area (n = 2) or volume (n = 3) of 7.
The linear map L, : H'(Q) — V}, is then defined by

(3.2) (Lpw,vp)n = alw, vy) Vo, € Vi,
Let K7 be the affine subspace of V}, defined by
(33) K}gl = {yh c Ihg + ‘O/h cyp < Ihw in Q},
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where I, : C(Q2) — V}, is the nodal interpolation operator. The P; finite element method
for (1.11)-(1.12) is to find
1

_ . B
(3.4) Y, = argmin | = (Yn — Ya, Yo — Ya)122) + = (LaYn: Lhyn)n
yh€K] 2 2

Remark 3.1. The minimization problem (3.4) is a strictly convex quadratic program with box
constraints. Due to mass lumping the system matrix for this quadratic program is readily
available. Therefore (3.4) can be solved efficiently by a primal-dual active set method (cf.
[4, 5, 32, 34]).

Let 7 be defined by

(3.5) a if d =2 or 3 and 7}, is quasi-uniform,
. T=
1 if d =2 and 7T, is graded around the reentrant corners.

Here a € (3,1] is the index of elliptic regularity in (1.10).

Theorem 3.2. Let § be the solution of (1.11), gy be the solution of (3.4) and up, = Lpyp.
We have

L o o 1 -
(3.6) 1 = | o) + 19 = GnllLa) + 19 — Unlare) < C(|Inh[2h + A7),
where the positive constant C' is independent of h and T is given by (3.5).

We also have an L., error estimate in terms of the P; finite element approximation Ry
of y defined by )
Ryy € Vﬁq =Ing+ Vi
and
(3.7) a(Rnij,z) = a(y,z) VzeV,.
Remark 3.3. R,y is well-defined for h sufficiently small under assumption (1.5) (cf. [12,
Section 5.6] and [44]).

Theorem 3.4. Let y be the solution of (1.11) and gy, be the solution of (3.4). We have, for
h sufficiently small,

o 1 - _ _
(3.8) 17 = Gnllzoie) < C(|Inhl2h + A7) + (|7 — Bayl @),
where the positive constant C' is independent of h and T is given by (3.5).

The proofs of these theorems are based on the properties of the continuous problem stated
in (2.6)—(2.10) and results from finite element analysis, in particular the estimates

(3.9) |9 — Rl 1) < CRT,
(3.10) 19 — Ruyll o) < O™,
(3.11) 17 = Bagnllzoie) < C(|Inhlh? + 277),

that are valid for i sufficiently small. Here G' C (2 is an open neighborhood of the active
set 2 such that G is a compact subset of €. (A derivation of (3.9)—(3.11) is provided in
Appendix B.)
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We omit the proofs of Theorem 3.2 and Theorem 3.4 since they follow the same lines as
in [8].

4. NUMERICAL RESULTS

In this section we present numerical examples on three different domains, where for sim-
plicity we take § =~ =1 and ¢ to be a constant vector. Note that for such choices of v and
¢ we have

(4.1) L'Ly=2Ny—C¢-V(¢-Vy) —2A0y+y

where the operator £! is the transpose of L.
The discrete problems are solved by a primal-dual active set algorithm (cf. [4, 5, 32, 34]).

Example 4.1 (Disk Active Set). In this example we take Q = [—4, 4], ¢ = [1,0]" (first test)
and [2,2]" (second test), ¥ = |z|*> — 1 and g = 0.
Following the ideas behind [8, Example 7.1], we define the exact solution by

lz|* — 1 lz| <1
(42) 7= o)+ (- ooyl 1<lal<3
w(a) 3< ]
where
2 z| -1, 1 2 4
@) ollel) = (o~ 00—l e - 120 -3y,
@) o) = (el oy ooy - L

(43c)  w(x) = QSin(%(xl+4))Ssin(%(x2—|—4))3.

Then we take (cf. (4.1))
_ LLy+7y x| >1
Ya = { LILG+7+2 |z[ <1
By construction y < v and the active set 2l is the closed disk D = {z : |z| < 1}. The

choices of y4, y and v lead to the optimality conditions (2.7)—(2.9) with the measure u
defined by

(4.4) /zdu: —2/ zdx—42/ zds.
Q D oD

The numerical results for the first test where ¢ = [1,0]" are reported in Table 4.1. The
state, the control and the active set computed at level 9 are shown in Figure 4.1. The
convergence in the H' norm for the state is approaching O(h), which agrees with the estimate
in Theorem 3.2. We also observe that the orders of convergence in the L, and L., norm for
the state and the Ly norm for the control are higher than the ones predicted by Theorem 3.2
and Theorem 3.4. This is likely due to the additional regularity enjoyed by the exact solution
y defined by (4.2). Indeed ¥ is a piecewise C* function that belongs to C?(Q2) and hence
has higher regularity than as indicated by (2.6).
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k115 = UnllLao) | Order | [§ = §n|mi(o) | Order | (|t — n||1,) | Order | [|§ = Fnllr. () | Order
1| 6.68¢:00 - 1176401 - 1436401 - 2.296+00 ]

2| 6.05e400 | 0.14 | 9156100 | 0.35 | 1.68e:01 | -0.23 2520400 | -0.14
3| 411e-01 | 3.8% | 1.96e:00 | 2.22 | 4.28¢:00 | 1.97 1.81e-01 3.80
4] 64101 | -0.64 | 1.13¢:00 | 0.80 | 1.91es00 | 1.16 1.58¢-01 0.20
5| 230001 | 148 | 516601 | 113 | 697c-01 | 145 | 5.79¢-02 145
6 8.68e-02 1.40 2.44e-01 1.08 2.69%e-01 1.37 2.32e-02 1.32
7 3.08e-02 1.49 1.17e-01 1.06 9.82e-02 1.45 9.29e-03 1.32
8 7.18e-03 2.10 5.53e-02 1.08 3.23e-02 1.61 2.95e-03 1.65
9 3.10e-03 1.21 2.46e-02 1.17 1.17e-02 1.46 1.10e-03 1.43

TABLE 4.1. Convergence results for Example 4.1 with ¢ = [1, 0]".

. 0
02
04
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0

—_
%
<
— 0

.2\\(///(,2 ,
4

FIGURE 4.1. State, control and active set at level 9 for Example 4.1 with

¢= [17 O]t

The numerical results for the second test where ¢ = [2,2]" are reported in Table 4.2. We
observe similar behavior as in the first test case.
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E 9= Unllpoo) | Order | |§ — Gn|a (o) | Order | [|a — ﬂh||L2(Q) Order | ||y — gjh”Loc(Q) Order
1 8.42e+00 - 1.83e401 - 1.84e401 - 3.91e+00 -

2 5.24e+00 0.68 8.30e+00 1.14 1.62e+01 0.18 2.24e+00 0.80
3 3.47e-01 3.92 2.00e400 2.05 4.33e+00 1.91 1.60e-01 3.81
4 4.99¢-01 -0.53 1.07e400 0.90 1.84e+00 1.23 1.27e-01 0.33
5 1.82e-01 1.46 4.98e-01 1.10 6.64e-01 1.47 5.09e-02 1.32
6 6.87e-02 1.41 2.38e-01 1.07 2.54e-01 1.39 2.02e-02 1.33
7 2.47e-02 1.47 1.15e-01 1.05 9.20e-02 1.46 7.98e-03 1.34
8 5.91e-03 2.06 5.50e-02 1.07 3.04e-02 1.60 2.48e-03 1.69
9 2.51e-03 1.23 2.45e-02 1.17 1.10e-02 1.46 9.30e-04 1.41

TABLE 4.2. Convergence results for Example 4.1 with ¢ = [2,2]".

Example 4.2 (L-shaped Domain with Singular Function). In this example €2 is the L-shaped
domain Q = [—8,8]%\ ([0, 8] x [=8,0]), ¢ = [2,1]" and g = 10.
Let the singular function v, be defined by

LYs=0 in €,
Yy =1 on Of).
We take the exact solution to be
Y =19+ 102,
where
|z — x.]? =1 |z — x| <1
g=1q vz —a.]) + 1= oz —z|)w(z - z.) 1<|r—x] <3,
w(r — xy) 3< o — z

x, = (—4,4), and the functions v, ¢ and w are defined in (4.3).
The constraint function v is given by

Y= |x — 2> — 1+ 101,
and the desired state is

B LILYy+7+ 100y |x—mz| >1
Ya = LILG+g+2+10¢, |z —x,| <1

By construction the active set of this problem is the closed unit disc D centered at z,,
and (4.4) remains valid for all z € ED’(A; Ly(Q)). We solve the discrete problem on uniform
meshes and graded meshes (cf. [28]). The results are reported in Table 4.3 and Table 4.4.
We can clearly observe improvements in the orders of convergence in the H' and L., norms
for the state on graded meshes, which agrees with Theorem 3.2 and Theorem 3.4.
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k| Pzt | Order 7@‘_;',2\5;;9) Order | It | Order | 10 plist | Order
1| 3.89-01 - 7.61e-01 - 8.71e-01 - 4.98e-01 -
2| 1.79e-01 1.12 5.05e-01 0.59 8.33e-01 0.06 3.12e-01 0.67
3| 3.90e-02 2.19 2.82e-01 0.84 2.14e-01 1.96 1.68e-01 0.89
4| 1.35e-02 1.53 1.52e-01 0.90 9.14e-02 1.23 9.06e-02 0.89
51 4.35e-03 1.63 7.98e-02 0.92 3.30e-02 1.47 5.25e-02 0.79
6| 1.52e-03 1.52 4.24e-02 0.91 1.26e-02 1.39 3.22e-02 0.71
71 5.34e-04 1.51 2.30e-02 0.89 4.56e-03 1.46 1.96e-02 0.71
8| 1.30e-04 2.04 1.26e-02 0.86 1.50e-03 1.61 1.16e-02 0.76

TABLE 4.3. Convergence results on uniform meshes for Example 4.2.
IEaCHE e e e
1] 4.31e-01 - 7.91e-01 - 1.31e400 - 6.33e-01 -
2| 2.11e-01 1.03 9.72e-01 0.47 6.52e-01 1.01 4.47e-01 0.50
3| 8.65e-02 1.29 3.63e-01 0.66 4.46e-01 0.54 2.46e-01 0.86
41 1.90e-02 2.19 2.03e-01 0.84 1.33e-01 1.74 1.00e-01 1.30
5| 7.60e-03 1.32 1.06e-01 0.94 6.38e-02 1.06 3.29e-02 1.61
6| 2.56e-03 1.57 5.38e-02 0.98 2.61e-02 1.29 9.49¢-03 1.79
71 9.40e-04 1.45 2.68e-02 1.00 1.04e-02 1.33 3.09e-03 1.62
8| 2.3%-04 1.98 1.34e-02 1.01 3.34e-03 1.64 1.76e-03 0.81

TABLE 4.4. Convergence results on graded meshes for Example 4.2.

Example 4.3 (Three Dimensional Analog of Example 4.1). In this example (2 is the cubic
domain (—4,4)%, v = |z|> =1, ¢ =[1,1,1]* and g = 0. We define § again by (4.2), where we
modify w as follows:

w(z) =2 sin(g(xl +4))3 sin(g(xg +4))3 sin(g(mg 4,

As in Example 4.1, the active set is the closed ball 2 = {z : |z| < 1}. The convergence
results are shown in Table 4.5. Again we observe O(h) convergence in the H' norm for the
state, which agrees with the estimate in Theorem 3.2. We also observe better convergence
than the ones predicted by Theorem 3.2 and Theorem 3.4 in the L, and L., norms for the
state and the Ly norm for the control, which can be explained by the fact that the exact
solution § is a piecewise C*° function that belongs to C?().
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1.11e-01 2.35 8.41e-01 1.14 7.98e-01 1.70 2.15e-02 1.99

k|17 = 9nllLy@) | Order | |5 — Gnlmi(qy | Order | ||a — tpl|p, o) | Order | [|[§ — GnllLo (o) | Order
1 1.01e401 0.00 2.65e+01 0.00 2.76e+01 0.00 2.29e+00 0.00
2 1.15e401 -0.18 1.47e4+01 0.85 2.84e401 -0.04 1.48e+00 0.62
3 1.01e+00 3.51 3.85e+00 1.93 7.22e+00 1.98 1.92e-01 2.95
4 5.63e-01 0.84 1.86e+00 1.05 2.60e+00 1.47 8.50e-02 1.18
5

6

4.30e-02 1.37 3.72e-01 1.18 2.78e-01 1.52 6.92e-03 1.63

TABLE 4.5. Convergence results for Example 4.3.

5. CONCLUDING REMARKS

We have extended the P; finite element method based on mass lumping in [8] to elliptic
optimal control problems with a general state equation. Since we do not use any stabiliza-
tion technique in the discretization of the state equation, the performance of our method
depends on ¢. For instance, if the vector field ¢ in Example 4.1 is taken to be [1000, 1000,
then the resulting errors at the beginning refinement levels are two orders higher than the
corresponding ones in Table 4.2. It is both interesting and challenging to construct more
sophisticated L, in order to obtain methods that are robust with respect to . We note that
in the case of control constraints this was investigated in [31, 36].
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APPENDIX A. INTERIOR REGULARITY OF Z

We will establish (2.4) by relating (2.3) to fourth order variational inequalities analyzed
in [18, 26, 27].

It follows from (2.3) and the Riesz representation theorem for non-negative functionals
(cf. [25, 43, 46]) that

(A.1) 5{(55’52)@(9) + (g,ﬁz)LQ(QJ +(Z = 24, 2) o) = / zdv Vze EO(A; LQ(Q)),
Q

where v is a non-positive regular Borel measure. Moreover,
(A.2) v is supported on A= {z € Q: 2 =14(z)} = {z € Q: F(z) = Y(x)}

by the principle of virtual work.
Let ¢ be any C*° function with compact support in €2 such that

(A.3) p=1 on an open neighborhood of 2.
We will show that Z = ¢z belongs to H3(Q) N W2 (), which then implies (2.4).
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Given any z € E(A; Ly(€2)), we have, in view of (1.7),
L(¢z) = —A(¢z) + ¢ - V(dz) +7(¢2)

(A4) = —(A¢)z —2V¢-Vz - ¢(Az) + (¢ - V¢)z + ¢(¢ - Vz) + ¢(72)
= oLz + Mz,

where M : E(A; Ly(Q)) — HA(Q) is defined by

(A.5) Mz =-2V¢-Vz+ ((-Vo—Ag)z.

Here Mz € H}(Q) because E(A; Ly(€2)) is a subspace of H ().
Note that z belongs to

(A.6) Ki={z € H}(Q): % < ¢y on Q},
and we have, in view of (A.2) and (A.3),
(A.7) /ng(zT — Z)dv = /Q[(ZT — o)y >0  Vz € K.
It follows from (A.1), (A.4) and (A.7) that
(L7, L(z — ))L @ = = (Lz,0L(z — 2 )L @ T (Mz, L(z — 5))L2(Q)
(['Z Lo ( - 2)) L2(Q) (L‘E?M(ZT _2))L2(Q)
+ (M A ))LQ(Q)

L(
(

T

l\zz

> -7 (2 - 24, ))LQ(Q) (9 L(o(z — 5)))L2(Q)

— (L2, M(z — ))LQ(Q) (Mz, L(z - 2>)L2(Q)’
which together with (1.7) implies

(AZ, Az = 2) 1,0
> —B7(2 — 2a, 02 — g))L2(Q) = (L2 M(z - 2))L2(Q)
— (9, =A(p(z1 = 2)) + (€ - V)(0(z — 2)) + yo(2 — 5))@(9)
(A.8) + (Mz,—A(z — ) + ¢ V(2 — 2) + (2 — 7))
+(A%,¢-V(z = 2) + (2 — 5))L2(Q)
— (¢ VE+92, =D = 2) + ¢ V(2 = 2) + (2 = D) 1 )

Since Z = ¢z belongs to HZ(£2), Mz belongs to H}(S2), g belongs to H*(Q), ¢ belongs to
(WL (Q)]" and « belongs to WL (), we can use (A.5) and integration by parts to rewrite
(A.8) in the form of

La(2)

(A.9) (AZ A(ZT — Z Z fiy Oi( + (fos 2 — §)L2(Q) Vz € Ky,

where f; € Ly(Q2) for 0 <i <mn.
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Note that (A.6) and (A.9) define a biharmonic variational inequality treated in [26]. There-

fore we can apply the interior regularity result there to conclude that z € H} (2), and hence

z € H3(Q) because Z is compactly supported in 2. We can also conclude that z € H} ().
According to the Sobolev embedding theorem, we have H'(Q) — Lg(Q2) and Wy ;(Q) —

Ly(€2) in both two and three dimensions. Hence we can use (A.4), the facts that { €
(WL, v e WL(Q), z € H? (Q) together with integration by parts to rewrite (A.8) in
the form of

(A.10) (AZ, Az — 5))L2
where F' € W5 ().
Let p € H2(Q) be defined by
(Ap, Av) oy = F(v) Vo€ HQ).

Then p belongs to W¢,,.(2) € W2 ,,.(Q) by interior elliptic regularity (cf. [2, section 14])
and the Sobolev embedding theorem, and (A.10) becomes the variational inequality

(A.11) Az, Az — 24)) 0 =0 VzeK,

Q) > F(ZT - 2)7

(
where

Ky ={z € Hj () : 2 < ¢ — p}
and z, =z — p € Kj.

We can now apply the interior regularity results in [18, 27] to the biharmonic variational
inequality (A.11) to conclude that z, € WZ ,,.(Q), and hence Z = 2, 4 p € WZ (Q) because
Z is compactly supported in €.

APPENDIX B. ESTIMATES FOR Ry

It follows from the assumptions on ¢ and ~ that we have
(B.1) a(y,z) < Clyllm@llzllme — Vy.z € H(Q),
and also the following Garding inequality (cf. [12, Theorem 5.6.8])

1
(B.2) a(z,2) + wll2llzye) 2 Mzl V2 € HY(Q),

where & is a positive constant.
Recall I;, : C(2) — V} is the nodal interpolation operator and there is a standard
estimate (cf. [12, 20, 23])

(B.3) ¢ = InClusery < CRE°|C e ery

that holds for t >n/2,0<s <t ¢ € H(T) and T € Tj.
In view of (1.10) and (B.3), we have the following interpolation error estimate (cf. [3, 12,
20, 23, 30)):

(B.4) 12 = In2|| o) + hlz — Dzl < CRTT|AZ|| @) V2 € B(A; Ly(Q)),
where 7 is defined in (3.5). It follows from (B.4) that
(B.5) 17 = 103l Lot + 21T — Ll @) < CHYT
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because § € g + E(A; Ly()) and g € HY(Q).

As mentioned in Remark 3.3, the finite element approximation Ry is well-defined for A
sufficiently small.

Since the function I, — R,y belongs to Vj, C H} (), we have

.. _ _ _ o _ _ _
§Hjhy — Rujllingg) < allng — Rug, Ing — Rag) + 6|10y — Ragl2, )
(B.6) = a(Iny — 4, Ing — Ruy) + KllIng — Rugll7,
< CW |1y — Rigllmr ) + £I1ng — RugillZ,

by (3.7), (B.1) and (B.5).
Let ¢ € H}(2) be defined by

(B?) CL(Z, ¢) = (Z, [hg — Rhg>L2(Q) Vz € Hé(Q)
Then ¢ belongs to ED(A; L,(Q)) and we have
(B.8) @l r+ei) < Cll Al Ly0) < CllAT — Bafl o)

by elliptic regularity.
It follows from (3.7) and (B.7) that

(B.9) 1107 — Rugill7 ) = a(Iny — Ruy, & — Ing) + a(Iny — 4, In9),

and we can use (B.1), (B.4) and (B.8) to estimate the first term on the right-hand side of
(B.9) by

(B.10) a(lny — Ry, ¢ — 1) < CRT| 1y — Ruyl m o)l Iny — Rl La(0)-
According to (1.4), the second term on the right-hand side of (B.9) is given by
(B.11) a(lny =y, Ing) = / V(Iyy —y) - V(Ino)dz +/ (¢ V(g — )| In¢ d

Q Q

+ [ - phod,
Q
and we have

[l - ot + [ 105 -phods

Q
(B.12) = - /(Ihy —§)¢ - V(Ing)de + /(v =V Q) Uy — g)lno de
Q Q
< ChM7|| g — Rudll o)
< ChQTH]hZ] - Rh@HM(Q)

by (B.4) and (B.8).
It only remains to estimate the first term on the right-hand side of (B.11), which can be
rewritten through integration by parts as

B13) [ V(hi-0) V)= 3 [ (=0 - 0)/onlas,

ogES g
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where .7, is the set of all the sides, [0(I,¢ — ¢)/On] is the jump of the normal derivative
of (In¢ — ¢) across o, and dS denotes the infinitesimal length (n = 2) or infinitesimal area
(n =3).

Lemma B.1. We have
(B.14) / V(1hy — ) - V(Inp)dz < CRT|| 147 — Rajl| 1,0)-
Q

Proof. Let o be a side (edge if n = 2 and face if n = 3 ) of the element 7. By the trace
theorem with scaling, we have, for 1/2 < s <1,

(B.15) 1< ooy < CTh211¢ Laery + 5 P¢

Ho())] -

In the case of quasi-uniform meshes, we can use (B.3), (B.8), (B.13) and (B.15) to obtain

/ V(g —7) - V(Iho)dz < C Y P0G — Glgararzmhs 2@l mem
Q

TEeT,
< CR* |G — Rl 1),

which is (B.14) for quasi-uniform meshes.

The case of graded meshes in two dimensions is more involved. Let c¢q,...,c be the
corners of €2 and wy be the interior angle at ¢,. We take ay to be a number < 7/w (ay = 1
if w < m) so that the index of elliptic regularity oo = minj<y<y, ay.

We can use (B.13) and (B.15) to obtain

L
(B.16) /Q V(g =) - V(e < CY 7 7 b0y = glyaserhs ™10l esy

1=1 T€Tn e
+C " 107 = Gl b |Gl e,
TeTh

where 7j, 4 is the set of the triangles in 7}, that touch the corner ¢;, and ﬁ =Tn\ (Ule 7@3).

Note that 3 and ¢ belong to H*(T') for T € T (cf. Remark 1.4).
The first sum on the right-hand side of (B.16) is bounded by

L
> g = Gl garepszmy s P60l e

=1 T€EThe

L
< CZ Z W |Gl vee () |9l ey < CR2 G — Rigll o)

l=1TETh,

where we have used (B.3), (B.8) and the fact that on the graded mesh we have h, ~ h!/*
if T € Thy (cf. [3, Section 4] and [30, Section 8.4.1]).
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Finally the second sum on the right-hand side of (B.16) is bounded by

Z h;hlfhz? B g‘Hl(T)h;/2|¢’H2(T) <C Z P21l 2y |0 2 ()

TET, TeTh

< (3 (a1 PNily) (3 o/ ol

TeT, TET,
< CR?|AY|| Ly 1A Lo
< CP?|1hG — Rudl o),
where we have used (B.3), (B.8), the fact that on the graded mesh we have

(hs/h) = (distance between T and the closest corner ¢,)'=% if T € Ty,

together with the nature of the singularity at a reentrant corner of Q (cf. [3, Section 4] and
[30, Section 8.4.1]). O

Putting (B.9)—(B.12) and (B.14) together, we arrive at the estimate
(B.17) 1105 — Rugll Loy < CAT(WT + |17 — Rugillan«)) -
It follows from (B.6) and (B.17) that
1 1h7 — Rl < Ch7 and  ||IJ — Rujllr.) < Ch™7,

which together with (B.4) imply (3.9) and (3.10).
Finally the estimate (3.11) follows from (2.6), (3.10) and the interior maximum norm
estimate in [45, Eq. (0.8)].
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