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A B S T R A C T   

When applied to plant canopies, classical radiation theory for a turbid medium yields relatively simple ex
pressions for average fluxes of absorbed radiation within an arbitrary volume of vegetation. However, due to the 
effects of shading and leaf angle, these averaging volumes usually contain a continuous distribution of leaf-level 
radiative fluxes ranging from full sun to full shade. These distributions are obscured within turbid media models 
and are thus usually not considered directly unless a computationally expensive leaf-resolving model is used. 
Consideration of the full probability distribution of absorbed radiative fluxes can yield valuable information 
about interactions between plant structure and function, not only for radiative fluxes but also for fluxes of 
radiation-dependent biophysical processes such as photosynthesis. This work presents the theoretical derivation 
of probability distributions of absorbed direct, diffuse, scattered, and total radiative fluxes for homogeneous 
canopies with varying structure. The theory is verified against predictions of a three-dimensional leaf-resolving 
model, and used to explore the impacts of canopy structure on the distribution of absorbed radiation.   

1. Introduction 

Over a half century ago, the landmark work of Monsi and Saeki 
(1953) (English translation provided in Monsi and Saeki, 2005) used the 
Beer–Lambert law to describe transmission of solar radiation through 
horizontally homogeneous plant canopies as a function of the cumula
tive leaf area index (LAI). The observed exponential decay in trans
mitted radiation with canopy depth can be derived from the radiative 
transfer equation by assuming that a canopy is analogous to a volume of 
radiatively participating gas or “turbid medium”, along with assump
tions that radiation is collimated and there is no emission or scattering in 
solar bands. This resulting simple exponential relationship effectively 
predicts cumulative transmission and absorption of radiation per unit 
ground area as a function of cumulative LAI, which can be used to es
timate the average absorbed flux per unit leaf area. As solar radiation is 
the driver for essentially all biophysical processes in plant systems, these 
average fluxes can be used as the basis for prediction of numerous 
radiation-dependent processes such as photosynthesis, transpiration, 
microclimate, and many others. Consequently, the Beer–Lambert law is 
at the heart of nearly all plant systems models, including crop models 
(Jones and Leinonen, 2003; Keating et al., 2003), ecosystem models 

(Bonan et al., 2003; Krinner et al., 2005), and land surface models 
(Lawrence et al., 2019; Sellers et al., 1996). 

The theory underpinning application of Beer–Lambert law in plant 
canopies has undergone substantial refinement in the years since the 
work of Monsi and Saeki (1953), including representation of anisotropy 
due to leaf orientation (Ross, 1981), diffuse solar radiation transfer 
(Goudriaan, 1977; Norman, 1979), scattering (Goudriaan, 1977; Nor
man, 1979), and heterogeneity/clumping (Bailey et al., 2020; Chen and 
Black, 1993). To represent vertical variation in radiation interception 
and its impact on dependent sub-processes, so-called “multilayer” 
models emerged that calculate fluxes over discrete layers of canopy 
(Bonan et al., 2021; Norman, 1979; Pyles et al., 2000). As computational 
capabilities increased, models with yet further detail arose in which 
Beer–Lambert law was applied to individual plant crowns (Cescatti, 
1997; Wang and Jarvis, 1990), or sub-crown volumes usually called 
“voxels” (Bailey et al., 2014; Kimes and Kirchner, 1982; Sinoquet et al., 
2001). 

Turbid media models like those introduced above generally focus on 
modeling transmitted radiation, which can then be converted to average 
absorbed radiation fluxes per unit leaf area using the LAI and leaf ab
sorptivity. Thus, regardless of the scale of discretization, turbid media 
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models yield average absorbed radiative fluxes over the discrete volume 
of interest (although it is possible to additionally partition average fluxes 
between sunlit and shaded leaf area in the volume; DePury and Farqu
har, 1997; Wang and Leuning, 1998), which in turn can be used to 
determine average fluxes of radiation-dependent processes through 
substitution. However, within a volume of vegetation, leaf angle and 
shading typically create a continuous distribution of radiation flux 
values ranging from full sun to full shade that is obscured when only 
average fluxes are considered. Three-dimensional, leaf-resolving models 
are a recent innovation that enable the prediction of the full distribution 
of fluxes within an arbitrarily defined volume of vegetation (Bailey, 
2019; Chelle and Andrieu, 1998; Cieslak et al., 2008). Their obvious 
drawback is the extremely high computational cost, which usually limits 
their application to the scale of a few plants. 

This work extends classical plant radiative transfer theory to derive 
relatively simple expressions for the leaf-level probability distribution of 
absorbed direct, diffuse, and scattered radiation fluxes within horizon
tally homogeneous canopies. Rather than utilizing the traditional 
approach of aggregating these processes into average fluxes across some 
subset of the canopy volume (e.g., average over whole-canopy, canopy 
layers, sunlit or shaded leaves, leaf angle classes), we instead seek to 
derive the statistical distribution of such fluxes across the canopy. It is 
important here to distinguish between the probability distribution of 
transmitted or absorbed radiation fluxes per unit horizontal canopy 
area, and per unit leaf area. Transmission per unit canopy area can be 
described by Beer–Lamber law, from which absorption on a per unit 
canopy area basis can be readily calculated (absorption is the comple
mentary of transmission). Theoretical approaches have been developed 
to describe the probability distribution of radiation transmission, but 
they are typically based on empirical statistical approaches that fit 
assumed distributions to measurements (Ross et al., 1998; Stenberg, 
1995). However, it is the absorbed flux per unit leaf area, which is the 
focus of this work, that is most relevant to plant function as this is the 
flux actually received by the plant tissues and is the flux substituted into 
sub-models such as photosynthesis. Traditionally, the probability dis
tribution of the absorbed flux has only been accessible through detailed 
3D leaf-resolving simulations (e.g., Bailey, 2019). 

Retaining the statistical distributions of absorbed fluxes rather than 
immediately aggregating into averages is valuable for several reasons. 
First, it provides a more informative description of these processes and 
the resulting effect of canopy structure. Much like other geophysical 
fields, flux distributions provide an insightful view into contributions of 
individuals to average emergent behavior, which is largely obscured by 
turbid-media-based canopy radiation transport models. Second, disag
gregation into statistical distributions allows for more intuitive specifi
cation of variability in model parameters, since they can also be 
specified according to probability distributions rather than according to 
some arbitrary spatial delineation. Third, once the distribution of radi
ative fluxes is known, the radiation probability distribution can be 
substituted into dependent models such as the energy balance equation 
or a photosynthesis model to yield probability distributions for these 
processes. Finally, the theoretical probability distributions can serve as 
what is arguably the most rigorous verification test of leaf-resolving 
radiation absorption models currently available. 

2. Theory 

2.1. Radiation absorption kernel 

2.1.1. Direct radiation component 
In order to derive the probability distribution of absorbed radiation 

for a canopy, we first consider absorption by a single layer of planar leaf 
elements illuminated by a collimated radiation source (i.e., no penum
bral effects) with no self-shading. The orientation of each leaf is defined 
by the unit normal vector ΩL represented by spherical coordinates θL 
(zenith) and ϕL (azimuth), and follows a random inclination distribution 

that is independent of azimuthal direction. It is further assumed that 
radiative wavelengths are independent such that all radiative fluxes and 
surface properties can be defined as integrals over arbitrary wavebands. 
Initially, leaves are assumed to be black, and an extension to non-black 
leaves is given in Section 2.2.3. 

Assuming perfect absorption, the absorbed radiation flux due to 
incident collimated solar radiation emanating from direction Ωs is 

RL,dir = Ri,dir|ΩL⋅Ωs|

= Ri,dir|sin θs sin θL cos ϕL + cos θs cos θL|,
(1)  

where Ri,dir is the incoming direct solar radiative flux on a plane 
perpendicular to the sun direction (thus, 0 ≤ RL,dir/Ri,dir ≤ 1), θs is the 
zenith angle of the solar direction, and by convention we arbitrarily take 
ϕL to be zero in the direction of the solar azimuth. Using the following 
triangle identity with angle γ between orthogonal components cos θs and 
sin θs cos ϕL 

sin γ =
cos θs

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 θs cos2 ϕL + cos2 θs

√ , (2)  

cos γ =
sin θs cos ϕL̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 θs cos2 ϕL + cos2 θs

√ , (3)  

enables substitution into Eq. (1) to yield 

RL,dir = Ri,dir|cos γ sin θL + sin γ cos θL|

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 θs cos2 ϕL + cos2 θs

√

. (4)  

Applying the additive angle identity gives 

RL,dir = Ri,dir|sin(θL + γ)|

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 θs cos2 ϕL + cos2 θs

√

, (5)  

which can be explicitly solved for θL to give 

θL =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

sin−1

(
RL,dir

Ri,dir

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 θs cos2 ϕL + cos2 θs

√

)

− γ if θL ≥ γ

π − sin−1

(
RL,dir

Ri,dir

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 θs cos2 ϕL + cos2 θs

√

)

− γ otherwise.

(6) 

The leaf orientation distribution is described by the probability 
density function gL(θL), and is subject to the normalization condition 

∫π/2

0

gL(θL)dθL = 1. (7)  

Note that following common convention, gL(θL) has already been 
weighted by solid angle, and thus a factor of sin θL is not included in the 
integrand but is instead wrapped within gL. 

We seek to derive the distribution of the probability that a leaf in the 
layer has a radiative flux equal to RL,dir, which we term the direct radi
ation absorption kernel, κdir. This can be accomplished by performing a 
change of variables as follows 

κdir
(
RL,dir, Ri,dir

)
=

1
2π

∫2π

0

gL
(
θL

(
RL,dir, Ri,dir

))
⃒
⃒
⃒
⃒

∂θL

∂RL,dir

⃒
⃒
⃒
⃒ dϕL. (8)  

Substituting the expression for θL given in Eq. (7) yields 

κdir
(
RL,dir, Ri,dir

)
=

1
2π

∫2π

0

gL
(
θL

(
RL,dir, Ri,dir

))

u
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
(
RL,dir

/
u

)2
√ dϕL, (9)  

where u = Ri,dir

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sin2 θs cos2 ϕL + cos2 θs

√

, and the integrand is taken to 
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be zero when u < RL,dir. For a single leaf layer, Ri,dir is equal to the un
obstructed direct solar radiation flux on a surface perpendicular to the 
sun direction, which we denote as R0,dir. Note also that the average of the 
direct kernel is simply G(θs) Ri,dir. 

Eq. (10) cannot be readily integrated analytically, but can be inte
grated numerically. Computer code for performing this integration is 
provided in the manuscript’s supplemental material. 

The advantage of the above formulation is that it can be used to 
calculate the probability at a single value of RL,dir. However, when 
calculating a discrete probability distribution, it is often easier to use an 
alternative approach. First, RL,dir(θL, ϕL) can be calculated on a uniform 
discrete spherical grid. The corresponding bin in the discrete κdir dis
tribution can then be determined for each of these calculated 
RL,dir(θL, ϕL) values and weighted by gL(θL) at each of these points to 
determine the probability in each discrete bin. Examples of both 
methods for calculating κdir are provided in the computer code in the 
manuscript’s supplemental material. 

2.1.2. Diffuse radiation component 
Considering the same leaf layer as above, the diffuse component of 

the absorbed solar radiation flux on an individual leaf in the layer is 
given by 

RL,diff =
1
π

∫2π

0

∫π/2

0

Ri,diff |sin θd sin θL cos(ϕL − ϕd) + cos θd cos θL| sin θd dθddϕd,

(10)  

where θd and ϕd are respectively zenith and azimuth angles in the upper 
hemisphere. Ri,diff is the diffuse component of the directional unob
structed radiation flux, which is equal to R0,diff fd(θd, ϕd) for a single leaf 
layer, where R0,diff is the unobstructed diffuse radiation flux on a hori
zontal surface, and fd(θd, ϕd) describes the directional distribution of 
incoming diffuse solar radiation across the upper hemisphere, and is 
subject to the normalization condition of 

1
π

∫2π

0

∫π/2

0

fd(θd, ϕd) cos θd sin θd dθddϕd = 1. (11) 

Applying the method of transformations, the absorption kernel for 
diffuse radiation is given by 

1
π

∫2π

0

∫π/2

0

fd(θd, ϕd) cos θd sin θd dθddϕd = 1. (12) 

In general, an analytical solution for κdiff does not exist and must be 
computed numerically. Computer code for doing so is provided in the 
manuscript’s supplemental material. 

If the directional diffuse radiation flux is uniform across the sky (e.g., 
a uniform overcast sky), fd = 1, and RL,diff = R0,diff . In this case, the 
radiation absorption kernel is trivial and is given by a δ distribution with 
a peak at RL,diff /R0,diff = 1 

κdiff
(
RL,diff , Ri,diff

)
= δ

(
RL,diff − Ri,diff

)
. (13)  

2.2. Whole-canopy radiation probability distribution 

2.2.1. Direct radiation component 
Expressions for the direct and diffuse radiation absorption kernel 

have been derived above, which contain canopy structure information 
corresponding to leaf orientation only. For a canopy of multiple layers, 
the leaf area distribution is an additional structural attribute that aug
ments the absorbed radiation distribution through shading. This means 
that the flux incident on a given leaf Ri is no longer equal to R0,dir (or 
(R0,diff ⋅fd) for diffuse radiation). Thus, the basic approach for calculating 
the absorbed radiation distribution for a whole canopy is to calculate the 

incident radiation flux field at a given depth in the canopy, substitute 
that value for Ri, and integrate over the canopy depth. 

In order to derive whole-canopy absorption distributions, consider a 
homogeneous canopy with leaves randomly oriented according to the 
azimuthally isotropic distribution gL(θL). The density of leaf elements in 
a column of canopy volume is defined by the cumulative downward leaf 
area index (LAI) L, which is zero at the canopy top and equal to the one- 
sided leaf surface area per unit horizontal canopy area Lc at the canopy 
bottom. 

The average flux of incoming (transmitted) direct radiation at a 
depth of L is given by 

Ri,dir(L; θs) = R0,dir exp
(

−
G(θs) L
cos θs

)

, (14)  

where G is the fraction of leaf area projected in the direction of the sun 
direction θs and is defined mathematically as 

G(θs) =
1

2π

∫2π

0

∫π/2

0

gL(θL)|sin θs sin θL cos ϕL + cos θs cos θL| dθL dϕL, (15)  

where it is reminded that ϕL is taken to be zero at the solar azimuth 
angle. 

The PDF of absorbed direct radiation for sunlit leaf area, Pc,sun, is 

Pc,sun
(
RL,dir

)
=

1
Lc

∫Lc

0

κdir
(
RL,dir, Ri,dir

)
dL, (16)  

where Ri,dir is given by Eq. (15). 
Since, for direct radiation, the absorption kernel is independent of 

height/LAI, and noting that the whole-canopy sunlit leaf area fraction is 

fsun =
1
Lc

∫Lc

0

exp
(

−
G L

cos θs

)

dL

=
cos θs

G Lc

[

1 − exp
(

−
G Lc

cos θs

)]

,

(17)  

we arrive at 

Pc,sun
(
RL,dir

)
= κdir

(
RL,dir , R0,dir

)
fsun. (18) 

Given that the PDF of the shaded leaf area is a δ function at RL,dir = 0 
with an integrated probability of 1 − fsun, the whole-canopy PDF for 
absorbed direct radiation, Pc,dir, is 

Pc,dir
(
RL,dir

)
= κdir

(
RL,dir, R0,dir

)
fsun + δ

(
RL,dir

)
(1 − fsun). (19)  

2.2.2. Diffuse radiation component 
The average flux of incoming (transmitted) diffuse radiation in di

rection Ωd and arbitrary depth into the canopy of L is 

Ri,diff (L; θd, ϕd) = R0,diff fd(θd, ϕd) exp
(

−
G(θd) L
cos θd

)

. (20) 

The absorption kernel evaluated at Ri,diff can be integrated with 
respect to L to give the PDF of absorbed diffuse radiation over the can
opy depth 

Pc,diff
(
RL,diff

)
=

1
Lc

∫Lc

0

κdiff
(
RL,diff , Ri,diff

)
dL. (21) 

Since the diffuse absorption kernel depends on height (and thus L), 
the kernel must be re-calculated at each depth during integration over L 
according to the local value of Ri,diff . 

2.2.3. Radiation scattering 
The above analysis assumed that all elements in the canopy are 
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black, meaning that all incident radiation is absorbed. For the photo
synthetically active portion of the solar radiation spectrum (wave
lengths of approximately 400–700 nm), plant leaves typically absorb 
around 80–90% of incident radiation (Jones and Vaughan, 2010), and 
thus the assumption of black leaves may be a reasonable first approxi
mation in many applications. However, for near-infrared solar radiation 
(wavelengths ≳700 nm), plants generally only absorb around 20% of 
incident radiation, with roughly the remaining 40% reflected and 40% 
transmitted (Jones and Vaughan, 2010). Thus, in the near-infrared band, 
which carries about half of total incident solar radiative energy, scat
tering is likely to be important in many applications. 

In order to derive the distribution of absorbed scattered radiation, we 
need a means for calculating the scattered radiation intensity. Simple 
analytical expressions for scattered intensity are not available in gen
eral. Most 1D canopy models use highly simplified schemes for radiation 
scattering (e.g., Norman, 1979), but caution should be exercised when 
using these schemes because they are not explicitly consistent with the 
equations of radiative transfer. In this work, a numerical solution to the 
radiative transfer equation (RTE) is used to determine the incoming 
radiation field on a leaf layer when scattering is considered. Derivation 
of a simple 1D model for the scattered intensity is given in Appendix A. 

The scattered radiation flux absorbed by a leaf at depth L is 

RL,sc(L, ΩL) =
1 − ρL − τL

2π

∫

4π

Is(L, Ω) |ΩL⋅Ω| cos θs dΩ, (22)  

where ρL and τL are respectively the leaf reflectivity and transmissivity, 
and Is(L; ΩL) is the incoming scattered radiation intensity (see 
Appendix A). 

It is not possible to calculate a generalized absorption kernel for 
scattered radiation because the angular distribution of the scattered 
radiation intensity varies with height. However, the distribution of 
absorbed scattered radiation can be calculated in a single step using Eq. 
(24) and a change of variables similar to that of direct and diffuse 
radiation 

Pc,sc
(
RL,sc

)
=

1
2πLc

∫Lc

0

∫2π

0

gL
(
θL

(
RL,sc

))
⃒
⃒
⃒
⃒

∂θL

∂RL,sc

⃒
⃒
⃒
⃒ dϕ dL. (23)  

2.2.4. Convolution of direct, diffuse, and scattered distributions 
The probability distribution of total absorbed solar radiation due to 

direct and diffuse components can be calculated through convolution of 
the two probability distributions 

Pc(RL) =
(
Pc,dir ∗ Pc,diff

)
(RL) =

∫R0

0

Pc,dir(x) Pc,diff (RL − x) dx, (24)  

where Pc(RL) is the probability distribution of total absorbed radiation 
across all leaves in the canopy, R0 = R0,dir + R0,diff is the sum of the 
above-canopy direct and diffuse radiation fluxes on a horizontal surface. 
The incoming diffuse radiation fraction is defined by fdiff = R0,diff /R0. 
Similarly, if scattering is included, the total probability distribution can 
be calculated by performing another convolution with Pc,sc. 

An alternative approach can also be used to calculate Pc that is more 
efficient in most cases. Rather than dividing into direct and diffuse 
components, leaf area can be divided into sunlit and shaded fractions, 
with the total radiation flux calculated for each in a single step. This 
avoids convolution because the distributions for sunlit and shaded leaf 
area can simply be added together because they correspond to separate 
leaf area rather than separate fluxes incident on the same leaf area. For 
sunlit leaf area, RL(θL, ϕL) is calculated based on the sum of RL,dir(θL, ϕL)

(Eq. (1)) and RL,diff (θL, ϕL) (Eq. (11)). The probability distribution for 
sunlit leaf area Pc,sun(RL) can be calculated similarly as before based on 
the total RL(θL, ϕL), except that it should be normalized such that 

∫R0

0

Pc,sun(RL) dRL = fsun. (25)  

For shaded leaf area, RL(θL, ϕL) is calculated based only on RL,diff (θL,ϕL), 
and the calculated shaded leaf area distribution Pc,sh(RL) should inte
grate to 1 − fsun. Finally, the total distribution Pc(RL) is simply the sum of 
Pc,sun(RL) and Pc,sh(RL). 

2.3. Generalization to heterogeneous canopies 

The above derivations focused on spatially homogeneous canopies 
for simplicity, but extension to vertically or horizontally homogeneous 
canopies is straight forward provided that the incoming radiation field 
can be readily calculated at any point. 

Vertically-varying leaf angle distribution: if the canopy contains 
vertical regions with different leaf angle distributions, the absorption 
kernel must be calculated for each leaf angle distribution. Assuming that 
that the canopy still has homogeneous leaf area density and the leaf 
angle distribution is horizontally homogeneous, the appropriate kernel 
κdir can be inserted in the integral of Eq. (17) (and analogously for Eqs. 
(23) and (25)), where it is noted that κdir is now a function of height (or 
in this case LAI). Note also that G(θ) is also now a function of height, 
which should be considered in the calculation of Ri,dir. If discrete vertical 
zones of constant leaf angle distributions can be delineated, then the 
appropriate κdir can be queried during numerical integration across 
discrete vertical levels. Alternatively, a generalized leaf angle distribu
tion function gL based on one or more continuous parameters could be 
used (e.g., Campbell, 1986; Goel and Strebel, 1984), where the distri
bution shape parameters could be specified as a continuous function of 
height. 

Variable leaf area density: if leaf area density varies with height only, 
the integrand in Eqs. (17), (23), and (25) becomes weighted by the leaf 
area density in each vertical layer increment in the integration. When 
leaf area density is vertically constant, the integration over height 
effectively becomes an equal-weighted average of the kernel over 
height, but with variable leaf area density it becomes an average 
weighted by layer leaf area density, e.g., Eq. (17) can be written as 

Pc,sun =
1
Lc

∫h

0

κdir
(
RL,dir, Ri,dir

)
a(z) dz, (26)  

where a(z) is the leaf area density at height z (one-sided leaf area per 
unit volume of canopy), and h is the canopy height. Similarly, if leaf area 
density varies three-dimensionally in space (e.g., a row crop, a savanna), 
the integral is performed over each spatial coordinate. This also requires 
calculation of the incoming radiation field, which in general requires a 
3D turbid media radiation transfer model (e.g., Bailey et al., 2014; Kimes 
and Kirchner, 1982). 

It is noteworthy that Eq. (28) can still be written as Pc,sun = κdirfsun, 
and thus heterogeneity does not impact the probability distribution of 
absorbed direct radiation for sunlit leaf area, but only the relative 
weighting between sunlit and shaded leaf area. Thus, as long as κdir is 
homogeneous, relatively simple, heterogeneous radiation models (e.g., 
Bailey et al., 2020) can be used to estimate the bulk canopy fsun and 
calculate Pc,sun. 

2.4. Generalization to asymmetric or non-planar leaves 

In the above analysis, absorbed radiative fluxes were calculated on a 
one-sided area basis assuming that each side of the leaf is radiatively 
symmetric. However, in instances where leaves are thick or non-planar 
(e.g., needles), it may be desirable to calculate the absorbed radiation 
PDF separately for each side of the leaf, or for all outward-facing surface 
normals considering only one-sided absorption. The above analysis can 
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be readily extended to such cases. One approach is to explicitly consider 
the direction of incident radiation and the leaf/surface normal direction. 
For example, in Eqs. (1) and (11), we took the absolute value of the dot 
product between the surface normal and radiation direction, thus 
effectively treating each side of the leaf symmetrically. To calculate the 
PDF over only upward surface normals, only the cases in which ΩL⋅Ωs >

0 (or ΩL⋅Ωd > 0 in the case of diffuse radiation) would be considered 
during integration. The flux incident on downward surface normals 
could also be separately calculated by considering only cases when the 
dot product is negative. 

3. Test cases 

Validating the above theory against direct experimental observations 
would be exceedingly difficult, as it would require a very large number 
of radiation measurements throughout the entire canopy depth at 
random angles following the canopy leaf angle distribution. It would 
also likely prohibit separation of direct, diffuse, and scattered compo
nents of the radiation flux, and potentially contain effects of clumping. 
In relatively rare cases (e.g., Baldocchi et al., 1986; Giuliani et al., 2000; 
Ross et al., 1998; Vesala et al., 2000), the probability distribution of the 
transmitted radiation flux has been reported based on experimental 
measurements, but this involves measurement at one angle (horizontal) 
and at often only one height (canopy bottom). Even if the measurements 
could feasibly be collected, it is probable that errors in the experiments 
would be comparable in magnitude to those of the model. 

Because of the challenges inherent in direct experimental validation, 
the above theory was instead verified by comparing against PDFs 
generated from a 3D, leaf-resolving radiation transfer model. The overall 
approach was to adjust various settings in the 3D model to match several 
assumptions that were made in the derivation of the PDFs such as can
opy homogeneity and collimated radiation, which allows for testing of 
the underlying theory for analytical generation of the PDFs. Major un
derlying differences between the analytical- and 3D-model-generated 
PDFs are that the canopy geometry is fully resolved in the 3D model, 
whereas the simplified approach above uses statistical transformations 
to estimate the absorption kernel along with assumptions of a turbid 
media to generate the whole-canopy PDFs. 

The ray-tracing-based model of Bailey (2018) as implemented in the 
Helios modeling framework (Bailey, 2019) was used to simulate 
leaf-level PDFs of absorbed direct, diffuse, and scattered radiation 
fluxes. The model uses a reverse ray-tracing method that ensures 
adequate ray sampling for every geometric element. For simplicity, 
leaves are represented by a 25 × 25 grid of square patches of size 0.1 ×
0.1 m2. Bailey and Kent (2021) showed that a resolution of about 15 ×

15 elements/leaf is adequate for representing radiation PDFs, but higher 
resolution was used in this work to minimize effects of element-scale 

averaging as much as possible. 
Three-dimensional homogeneous canopies were generated with an 

LAI of 1.0 and different leaf angle distributions. The horizontal extent of 
the canopy was 10 × 10 m2, and had periodic horizontal boundary 
conditions. Based on this geometry, the simulated canopy had about 
10,000 leaves with 6.25 M total geometric elements. Four canonical leaf 
angle distributions were simulated: spherical, uniform, planophile, and 
erectophile (de Wit, 1965). The erectophile distribution has leaves that 
tend more toward vertical on average, and uniform and planophile have 
leaves tending more toward horizontal. The spherical distribution is 
isotropic, meaning that leaves have no preferred orientation and thus 
the rate of radiation attenuation is independent of direction. The 
equations used to calculated gL(θ) for each of the leaf angle distributions 
is given in Table 2 of Bailey and Kent (2021). 

Direct solar radiation was assumed to be collimated (no penumbral 
effects) following the assumption made in the analysis above, which was 
sampled using 11000 rays/element (625,000 rays/leaf). Four different 
solar zenith angles were simulated: 0, 25∘ , 50∘ , and 75∘ . Diffuse solar ra
diation was sampled using 10,000 rays/element (6.25 M rays/leaf). 
Cases were simulated in which leaves were black, and with leaf reflec
tivity and transmisitivity of ρL = 0.25 and τL = 0.25. The ground was 
black for all simulations. When scattering was included, three scattering 
iterations were used in the 3D radiation model (cf. Bailey, 2018). 

In order to explore the effect of the angular distribution of incoming 
diffuse radiation, a model was used to specify the diffuse angular dis
tribution as a function of a single parameter. The normalized angular 
distribution of incoming diffuse radiation was calculated as (Harrison 
and Coombes, 1988) 

fd(θ, ϕ) = f0Ψ−K , (27)  

where 

Ψ = cos−1(cos θs cos θ + sin θs sin θ cos(ϕ − ϕs)), (28)  

f0 is a normalization factor that enforces the relationship 

1
π

∫2π

0

∫π/2

0

fd(θ, ϕ) cos θ sin θ dθ dϕ = 1, (29)  

and K is an anisotropy factor. If K = 0, the diffuse radiation is isotropic, 
and as K becomes large diffuse radiation becomes increasingly concen
trated in the direction of the sun. Cases were run with K = 0, 0.5, and 
1.0. 

A visualization of the simulated canopy for one example case, along 
with the resulting canopy-level PDF of absorbed radiation flux, is shown 
in Fig. 1. 

Fig. 1. Visualization of the absorbed radiation flux RL/R0 for the 3D simulation case with spherical leaf angle distribution, θs = 0, fdiff = 0.2, and K = 0. Every leaf 
surface in the simulated canopy is visualized according to its position and orientation, and the surface is colored according to a pseudocolor mapping based on its 
absorbed radiation flux (see colorbar). The sub-axes show the resulting discrete probability distribution of absorbed radiation flux Pc(RL /R0). 
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4. Results and discussion 

4.1. Direct absorption kernel 

Fig. 2 shows the direct radiation absorption kernel function, κdir for 
spherical, uniform, planophile, and erectophile leaf angle distributions 
at solar zenith angles, θs, of 0, 25∘ , 50∘ , and 75∘ . The spherical distribution 
produces a uniform distribution of absorbed radiation flux, since this 
distribution is uniform with respect to θL when weighted by solid angle. 
The spherical distribution corresponds to a state of minimum entropy in 
the radiation distribution, and any deviation from this random distri
bution creates an increase in entropy (Bailey and Kent, 2021). The 
“uniform” distribution has leaf angles that tend toward horizontal, 
which is due to the fact that solid angles decrease near the poles in a 
spherical coordinate system, and thus when weighted by solid angle the 
uniform distribution yields more leaves closer to horizontal. This pro
duces a high probability of normalized radiation fluxes near 1 when the 
sun is directly overhead (θs = 0). This peak in RL,dir/R0,dir shifts toward 
lower values as solar zenith increases, where this peak value corre
sponds to the value of RL,dir/R0,dir for a horizontal leaf. Similar behavior 
is created by the planophile distribution, which has leaf angles even 
more heavily biased toward horizontal. Because of this stronger bias 
toward horizontal leaves in the planophile distribution, peak values in 
the probability distribution are larger, with probabilities decaying more 
rapidly away from the peak. The erectophile distribution, which has leaf 
angles tending toward vertical, has a depression in the probability dis
tribution around RL,dir/R0,dir = 1 when the sun is vertical. When the sun 
nears the horizon, there is a transition in the distribution in which a peak 
in probability forms at RL,dir/R0,dir = 1. 

Agreement between the theoretical direct absorption kernel and that 
obtained by 3D simulation was excellent, with little if any deviation 
between the two. This suggested that the theory was correctly derived, 
and that there were a sufficient number of statistical leaf samples in the 
simulations. 

4.2. Diffuse absorption kernel 

Fig. 3 shows the diffuse radiation absorption kernel, κdiff , for the four 
different leaf angle distributions and three different incoming diffuse 
radiation distributions with varying anisotropy. When incoming diffuse 
radiation is isotropic (i.e., K = 0), the diffuse radiation kernel is a δ 
function with a peak at RL,diff /R0,diff = 1 regardless of the leaf angle 
distribution. Since the incoming radiation flux is isotropic for this case, 
this also means that the absorbed radiation flux will be independent of 
leaf angle (provided that the surface can absorb radiation from both 
sides). As a result, the kernel is unaffected by leaf angle distribution 
when K = 0. 

As the incoming diffuse radiation distribution becomes increasingly 
anisotropic and concentrated toward the vertical (i.e., increasing K), the 
diffuse absorption kernel generally includes a wider range of flux values. 
For leaf angle distributions that tend toward horizontal, the peak in the 
kernel tends to be located at high flux values, whereas the peak shifts 
toward smaller flux values as the leaf angle distribution shifts toward 
having more vertical leaves. The uniform leaf angle distribution creates 
a bimodal distribution with two peaks at opposite ends of the probability 
distribution. 

As with the direct absorption kernel, there was very close agreement 
between the theoretical kernel and the kernel obtained from 3D simu
lation. This result confirms both the theoretical and 3D simulation ap
proaches for calculation of absorbed diffuse radiation with no mutual 
leaf shading. 

4.3. Direct whole-canopy absorption PDF 

Fig. 4 shows the whole-canopy direct radiation absorption distribu
tion, Pc,dir, for a horizontally homogeneous canopy of LAI = 1 for the 
four different leaf angle distributions and solar zenith angles. The most 
notable difference between the whole-canopy distribution and the cor
responding kernel is the presence of the strong peak in the distribution at 

Fig. 2. Direct radiation absorption kernel: probabil
ity density function of absorbed direct radiation flux 
over a single layer of inclined leaves with no self- 
shading. The absorbed direct radiation flux, RL,dir , is 
normalized by the incoming direct radiation flux on a 
surface perpendicular to the sun direction, R0,dir . 
Azimuthally isotropic leaf angle distributions of 
spherical, uniform, planophile, and erectophile are 
shown in each pane as indicated by the title. Each 
line corresponds to a different solar zenith angle. 
Open symbols correspond to the kernel obtained 
from 3D simulation.   

Fig. 3. Diffuse radiation absorption kernel: probabil
ity density function of absorbed direct radiation flux 
over a single layer of inclined leaves with no self- 
shading. The absorbed diffuse radiation flux, RL,diff , 
is normalized by the incoming diffuse radiation flux 
on a horizontal surface, R0,diff . Azimuthally isotropic 
leaf angle distributions of spherical, uniform, plano
phile, and erectophile are shown in each pane as 
indicated by the title. Each line corresponds to a 
different angular distribution of incoming diffuse ra
diation (see Eq. (29)). Open symbols correspond to the 
kernel obtained from 3D simulation. In all cases 
shown, the solar zenith angle was 0 (vertical).   
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RL,dir/R0,dir = 0. This peak corresponds to shaded leaf area, which in the 
case of no diffuse or scattered radiation, has an absorbed radiation flux 
of 0. As the projected leaf area in the direction of the sun increases, the 
fraction of shaded leaf area increases and thus the magnitude of the 
lower peak increases relative to the rest of the distribution. 

Notably, the presence of a canopy (and thus shading) has no effect on 
the shape of the distribution for RL,dir/R0,dir > 0. The RL,dir /R0,dir > 0 
portion of the distribution corresponds to sunlit leaf area, and thus there 
is no effect of surrounding leaves on its radiation distribution. Thus, the 
absorption distribution for sunlit leaf area is only determined by the 
absorption kernel κdir. 

Agreement between the theoretical and 3D simulated distributions of 
absorbed direct radiation was very high. There was marginally lower 
agreement than for the absorption kernel alone, which was likely due to 
the strong peak in the distribution created by shaded leaf area that is 
difficult to perfectly resolve using a discrete probability distribution. 

4.4. Diffuse whole-canopy absorption PDF 

Fig. 5 shows the whole-canopy diffuse radiation absorption distri
bution, Pc,diff , for the four leaf angle distributions and levels of incoming 
radiation anisotropy. The overall shape of the distribution was very 
similar regardless of the leaf angle distribution or level of anisotropy in 
ambient diffuse radiation. There was a peak in the distribution near a 
value of RL,diff /R0,diff = exp(−kdL) (kd being the diffuse attenuation co
efficient), with a rapid decrease to the left of this peak and a more 
gradual decrease to the right. Increasing fraction of leaf area projected in 
the vertical direction or increasing LAI (not shown) tends to shift the 
extent of the non-zero portion of the distribution to the left because it 
increases shading and thus increases the probability of having leaves 
with low radiative fluxes. It is perhaps surprising that the degree of 
anisotropy had a weak effect on the whole-canopy distribution, but had 
a strong effect on the diffuse distribution for a single layer of leaves with 
no shading (Fig. 3). This was also generally the case for the effect of leaf 
angle distribution. 

Overall agreement between the theoretical and 3D simulated distri
butions was high, with differences between the two only slightly larger 
than that of the direct absorption distribution, Pc,dir. Differences tended 

to increase with increasing K or as the leaf angle distribution tended 
toward horizontal, particularly near the peak in the distribution. It is 
possible that the 3D model tends to slightly smooth the peak in the 
distribution due to sub-leaf-scale flux averaging. However, these dif
ferences were overall fairly small. 

4.5. PDF of scattered radiation 

Fig. 6 shows the whole-canopy scattered radiation absorption dis
tribution, Pc,sc, for the four leaf angle distributions and solar zenith an
gles. In all cases, the distribution appears roughly bell-shaped, with 
relatively small skewness and a peak near the middle of the distribution. 
For leaf angle distributions tending more toward horizontal, the devia
tion in the distribution appeared to decrease in general. The distribution 
shifted to the left as the solar zenith angle increased, which was more 
pronounced for distributions with higher probability of horizontal 
leaves. 

Agreement between the theoretical and 3D simulated scattered dis
tributions was relatively good considering the small scattered fluxes RL,sc 
relative to R0,dir. Errors appeared to increase with solar zenith angle 
(which decreased the magnitude of scattered fluxes), and as the leaf 
angle distribution tended more toward horizontal. Because of the sharp 
gradients in the PDF, small errors can appear amplified in the discrete 
distribution. 

4.6. Total absorption PDF 

Example convolutions of direct and diffuse absorption PDFs are 
given in Fig. 7 for the uniform leaf angle distributions and various 
diffuse incoming radiation fractions. Addition of diffuse radiation tends 
to decrease the probability of leaves with very low radiation fluxes, and 
tends to remove the peak in probability at RL = 0 that is observed in the 
direct radiation distributions due to shaded leaf area. As is to be ex
pected, this effect became stronger as fdiff is increased. In the case of 
fdiff = 0, the distribution will simply resemble that shown in Fig. 4 
where all radiation was direct, and in the case of fdiff = 1 the distribution 
will resemble that shown in Fig. 5 where all radiation was diffuse. In
termediate values of fdiff essentially produce a smooth transition 

Fig. 4. Probability density function of absorbed 
direct radiation flux within a horizontally homoge
neous canopy of LAI = 1. The absorbed direct ra
diation flux, RL,dir , is normalized by the incoming 
direct radiation flux on a surface perpendicular to 
the sun direction, R0,dir . Azimuthally isotropic leaf 
angle distributions of spherical, uniform, planophile, 
and erectophile are shown in each pane as indicated 
by the title. Each line corresponds to a different solar 
zenith angle. Open symbols correspond to the dis
tribution obtained from 3D simulation.   

Fig. 5. Probability density function of absorbed 
diffuse radiation flux within a horizontally homoge
neous canopy of LAI = 1. The absorbed diffuse radi
ation flux, RL,diff , is normalized by the incoming diffuse 
radiation flux on a horizontal surface, R0,diff . 
Azimuthally isotropic leaf angle distributions of 
spherical, uniform, planophile, and erectophile are 
shown in each pane as indicated by the title. Each line 
corresponds to a different angular distribution of 
incoming diffuse radiation (see Eq. (29)). Open sym
bols correspond to the distribution obtained from 3D 
simulation. In all cases shown, the solar zenith angle 
was 0 (vertical).   
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between the two distributions. 
The alternative method for producing the total absorption PDF based 

on sunlit-shaded leaf area partitioning is given in Fig. 8 for the same 
canopy cases as in Fig. 7. Addition of diffuse radiation shifts sunlit 
radiative fluxes upward, and decreases or eliminates sunlit leaves with a 
flux of 0. The flux distribution of shaded leaf area is simply the diffuse 
distribution with R0,diff = fdiff . The sum of the sunlit and shaded distri
butions yields a similar total radiation distribution as when using the 
convolution method. 

Patterns in agreement between theoretical and 3D simulated direct 
and diffuse distributions follow those that were separately observed for 
direct and diffuse radiation. Recalling that agreement for the direct 
distribution was excellent in all cases, and that there was small 
disagreement for the diffuse distribution, errors in the total distribution 
increased slightly with increasing fdiff because this increases the 
weighting toward the diffuse distribution. 

5. Conclusion 

The theory presented in this work for determination of the proba
bility distribution of absorbed direct, diffuse, and scattered radiation in 
homogeneous canopies was in close agreement with distributions ob
tained from 3D, leaf-resolving simulations. This not only confirmed the 
theory, but also verified the robustness of the 3D model. Results pro
vided a depiction of how canopy structure affects the probability dis
tribution of absorbed radiation, which is generally inaccessible using 
traditional turbid media models. Knowledge of the probability distri
bution of absorbed radiation fluxes in addition to volume-averaged 
fluxes has the potential to shed new light on interactions between 
plant structure and function. Although not explicitly explored in this 
work, these radiation distributions can serve as inputs to radiation- 
dependent models such as photosynthesis to understand their distribu
tion and how it is affected by canopy structure, and potentially provide a 

Fig. 6. Probability density function of absorbed scattered radiation flux within a horizontally homogeneous canopy of LAI = 1. Azimuthally isotropic leaf angle 
distributions of spherical, uniform, planophile, and erectophile are shown in each pane as indicated by the title. Each line corresponds to a different solar zenith 
angle. Open symbols correspond to the distribution obtained from 3D simulation. In all cases, the diffuse radiation fraction was fdiff = 0. 

Fig. 7. Probability density function of absorbed direct radiation 
(left pane), diffuse radiation (middle pane), and sum of direct 
and diffuse radiation (right pane) within a horizontally homo
geneous canopy of LAI = 1. Each line corresponds to a different 
incoming diffuse radiation fraction. Open symbols correspond to 
the distribution obtained from 3D simulation. In all cases shown, 
the solar zenith angle was 0 (vertical), the leaf angle distribution 
was uniform, and K = 0 (isotropic incoming diffuse radiation).   

Fig. 8. Probability density function of absorbed radiation for 
sunlit leaves (left pane), shaded leaves (middle pane), and total 
leaf area (right pane) within a horizontally homogeneous can
opy of LAI = 1. Each line corresponds to a different incoming 
diffuse radiation fraction. Open symbols correspond to the dis
tribution obtained from 3D simulation. In all cases shown, the 
solar zenith angle was 0 (vertical), the leaf angle distribution 
was uniform, and K = 0 (isotropic incoming diffuse radiation).   
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means for better describing the distribution of model input parameters. 
Future work will focus on utilizing the theory presented herein to 
develop schemes for simple up-scaling of processes like photosynthesis 
in order to efficiently predict their average values and distributions 
across large spatial scales. Additionally, the theory may not be valid for 
very tall canopies with small leaves (e.g., coniferous forests) in which 
penumbral effects may be important, and thus future work is needed to 
extend the analysis to non-collimated direct radiation. 

Rigorous validation of 3D, leaf-resolving models is extremely chal
lenging because usually only aggregate, large-scale measurements of 
light interception are available, which do not fully test model validity. 
“Exact” theoretical fluxes of absorbed radiation are available for eval
uation of higher-order models, but they are typically limited to average 
fluxes (first order statistics) in horizontally homogeneous canopies. 
Comparison of 3D model outputs against the theoretical probability 
distributions introduced in this work can serve as what is perhaps the 
most rigorous theoretical test of leaf-resolving radiation absorption 
models currently available. Further validation work is needed to eval
uate the implications of the assumptions used to derive the absorption 
PDF across a range of different canopy architectures. Since 

accomplishing this based on direct experimental data would be difficult 
for the reasons discussed previously, this is most likely to be done based 
on additional model comparisons. This could be achieved using Helios 
by altering settings to simulate more realistic physical conditions, by 
comparing against other 3D models utilizing independent assumptions 
or approaches, or by engaging in radiation model intercomparison ex
ercises (e.g., Widlowski et al., 2013). 
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Appendix A. Profile of scattered radiation intensity 

For a non-emitting homogeneous medium of vegetation (such as in the solar bands), and assuming the leaf angle distribution and surface radiative 
properties are spatially homogeneous, the radiative transfer equation is given by Modest (2013) 

dI(L; Ω)

dL
cos θ = −G(Ω) I(L; Ω) +

1
π

∫2π

0

∫π

0

Γ(Ω, Ω′

)I(L; Ω
′

) sin θ
′

dθ
′

dϕ
′

, (A.1)  

where I is the radiation intensity propagating along direction Ω, which has a corresponding zenith angle of θ, Ω′

is the direction of scattered radiation, 
L is the cumulative leaf area index along the vertical component of radiation propagation, and Γ(Ω, Ω′

) is the area scattering phase function (Myneni 
et al., 1988b), which is defined as 

Γ(Ω, Ω′

) =
1

2π

∫2π

0

∫π

0

ω gL(ΩL)|ΩL⋅Ω||ΩL⋅Ω′

| dθL dϕL, (A.2)  

where 

ω =

{
ρL if (ΩL⋅Ω)(ΩL⋅Ω′

) > 0,

τL if (ΩL⋅Ω)(ΩL⋅Ω′

) < 0,
(A.3)  

and ρL and τL are respectively the leaf reflectivity and transmissivity integrated across the radiative band of interest, and it is noted that surface 
reflection has been assumed to be Lambertian. It is also noted that for downwelling radiation (i.e., θ > π/2) L is zero at the canopy top and increases 
downward, whereas for upwelling radiation (i.e., θ ≤ π/2) L is zero at the ground and increases upward. 

The upper boundary condition is specified based on the unobstructed downwelling solar radiation flux, which corresponds to θ > π /2. The lower 
boundary condition is specified based on the properties of the ground. If the ground is black, the boundary condition at the canopy bottom is I(0,θ ≤ π 
/2) = 0. If the ground reflects incoming radiation, the upwelling radiation at the ground I(0, θ ≤ π/2) is specified based on the downwelling intensity 
at the canopy bottom I(0, θ > π/2) and the radiative properties of the ground. 

Eq. (A.1) can be integrated across space and direction using any number of numerical integration methods (e.g., trapezoidal rule, Gaussian 
quadrature; Press et al., 2007). For simplicity, and because computational efficiency is not an issue in the present application, a forward Euler scheme 
was used to integrate over the spatial dimension (i.e., L) and the midpoint rule was used for angular integration. If computational efficiency is 
important, it is suggested to use a more sophisticated scheme such as Gaussian quadrature (i.e., discrete ordinates; Myneni et al., 1988a). 

Eq. (A.1) can then be solved numerically by first guessing an initial distribution for I(L, θ), then evaluating angular integrals numerically and 
iterating to convergence. Code for performing this solution is given in the manuscript’s supplementary material. 

The scattered component of the radiative intensity Is is simply given by the scattering source term in Eq. (A.1) 

Is(L; Ω) =
1
π

∫2π

0

∫π

0

Γ(Ω, Ω′

)I(L; Ω
′

) sin θ
′

dθ
′

dϕ
′

. (A.4) 
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The absorbed scattered radiation flux field RL absorbed by a leaf oriented at ΩL is then 

RL(L; ΩL) =
(1 − τL − ρL)

2π

∫2π

0

∫π

0

Is(L; Ω) |Ω⋅ΩL| cos θs sin θ dθ dϕ, (A.5)  

where θs is the solar zenith angle. 
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