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A B S T R A C T 

Spirals in protoplanetary discs have been used to locate the potential planet in discs. Since only the spiral shape from a circularly 

orbiting perturber is known, most previous works assume that the planet is in a circular orbit. We develop a simple semi-analytical 
method to calculate the shape of the spirals launched by an eccentric planet. We assume that the planet emits wavelets during 

its orbit, and the wave fronts of these propagating wavelets form the spirals. The resulting spiral shape from this simple method 

agrees with numerical simulations exceptionally well. The spirals excited by an eccentric planet can detach from the planet, 
bifurcate, or even cross each other, which are all reproduced by this simple method. The spiral’s bifurcation point corresponds 
to the wavelet that is emitted when the planet’s radial speed reaches the disc’s sound speed. Multiple spirals can be excited by an 

eccentric planet (more than five spirals when e � 0.2). The pitch angle and pattern speed are different between different spirals 
and can vary significantly across one spiral. The spiral w ak es launched by high-mass eccentric planets steepen to spiral shocks 
and the crossing of spiral shocks leads to distorted or broken spirals. With the same mass, a more eccentric planet launches 
weaker spirals and induces a shallower gap o v er a long period of time. The observed unusually large/small pitch angles of some 
spirals, the irregular multiple spirals, and the different pattern speeds between different spirals may suggest the existence of 
eccentric perturbers in protoplanetary discs. 

Key words: hydrodynamics – waves – planets and satellites: detection – planet–disc interactions – protoplanetary discs. 
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 INTRODUCTION  

pirals are ubiquitous in astrophysical disc systems. On large scales,
piral galaxies show spiral structures extending from the centre to the
dge of galactic discs (Binney & Merrifield 1998 ). The spiral arms are
ites of star formation, and some spirals can be observed from X-ray
ll the way to radio wavelengths. On small scales, spirals are found in
aturn’s rings (Cuzzi, Lissauer & Shu 1981 ). Spirals with various m
ymmetry are found in Cassini images. Spirals have been discovered
n protoplanetary discs thanks to advancements in adaptive optics
nd radio interferometry. Some discs show grand-design two spirals
n near-IR polarized images ((Muto et al. 2012 ; Benisty et al. 2015 ;

agner et al. 2015 ; Stolker et al. 2017 ) and submm dust continuum
mages (P ́erez et al. 2016 ; Huang et al. 2018 ), while some discs
how multiple spiral arms (Avenhaus et al. 2014 ; Follette et al. 2017 ;
onnier et al. 2019 ; Boccaletti et al. 2020 ). 
The universal spiral structure in discs is explained by the density

av e theory (Binne y & Tremaine 2008 ; Shu 2016 ). Sound wav es
density waves) that propagate in the disc adopt spiral forms (details
n Section 2). These density waves can be excited by perturbers
Goldreich & Tremaine 1979 ), turbulence (Heinemann & Papaloizou
009 ), disc self-gravity (Baehr & Zhu 2021 ; B ́ethune, Latter &
ley 2021 ), vortices (Paardekooper, Lesur & Papaloizou 2010 ), or

he central object’s gravitational potential (e.g. bared galaxies and
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aturn’s ring seismology; Mankovich et al. 2019 ). Independent from
he excitation mechanism, the waves will propagate freely after the
xcitation. 

When the amplitude of a free propagating wave is small, the shape
f the spiral is mainly determined by the disc properties (e.g. disc
emperature) and the wave’s dispersion relationship. The single-
rm spiral excited by a low-mass perturber in a circular orbit is
tudied by Ogilvie & Lubow ( 2002 ). This spiral is the result of
onstructive interference between various m modes. These modes
ave small dispersions among them, which leads to the formation of
ultiple spirals when the waves propagate far away from the planet

Bae & Zhu 2018a ; Miranda & Rafikov 2019 ). When the spiral’s
mplitude is large (e.g. excited by a massive planet), the non-linear
ave steepening effect becomes important (Goodman & Rafikov
001 ), and a spiral w ak e becomes a spiral shock. The stronger the
hock is, the larger the spiral’s opening angle is. The multiple spirals
xcited by a high-mass planet are well separated, forming the m =
 grand-design structure in the disc (Fung & Dong 2015 ; Zhu et al.
015 ; Bae & Zhu 2018b ). 
While the theoretical works with a circularly orbiting perturber

ave some success in explaining spirals in protoplanetary disc
bservations (Dong et al. 2015a , 2016 ; Dong & Fung 2017 ; Baruteau
t al. 2019 ; Rosotti et al. 2020 ), there are notable discrepancies
etween theory and observations. First, the planets predicted in some
piral systems have not been discovered/confirmed (e.g. Boccaletti
t al. 2021 ). Secondly, the pitch angles of observed spirals vary
reatly from less than 5 ◦ (Teague et al. 2019 ) to 30 ◦ (Monnier et al.
© 2021 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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Figure 1. Density disturbance in a non-rotating system (the left image) and a Keplerian rotating system (the right image) after the fluid has been disturbed four 
times at X = 1, Y = 0. The simulations are carried out using ATHENA ++ under a R − θ 2D polar coordinate system. Both density and sound speed are constant 
throughout the whole region. 

2  

v  

m  

B
s  

m  

e
s
e  

e  

t  

e  

o  

p  

F  

a
p
2  

t
(
B  

r

d  

l  

i
S
i

2

2

P
w  

d

p
w  

a  

p  

o
t  

t
 

p  

S  

a  

a
o  

p  

p  

i  

t
p  

fl  

c  

1
C
i  

a  

o
r

 

i  

w  

c  

t  

M
v  

t  

t  

F  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/510/3/3986/6462926 by U
N

LV U
niversity Libraries user on 03 July 2022
019 ), which are both difficult to be explained unless the planet is
ery far or very close to the spirals. Thirdly, many systems show
ultiple spiral arms (Avenhaus et al. 2014 ; Monnier et al. 2019 ;
occaletti et al. 2020 ), while the planet-induced spirals normally 

how 1 or 2 spirals. Fourthly, the two spiral arms in SAO 206462
ay have different pattern speeds (Xie et al. 2021 ), which cannot be

xplained by a circularly moving perturber with a constant pattern 
peed. Although these discrepancies can be due to the projection 
ffect for inclined systems (Follette et al. 2017 ) or a different spiral
xcitation mechanism (Dong et al. 2015b ; Bae, Teague & Zhu 2021 ),
hey may also be due to that the planet is in an eccentric orbit. Calcino
t al. ( 2020 ) use an eccentric perturber to reproduce several features
f the spirals in MWC 758. The eccentric perturber has also been
roposed to e xplain observ ed gap structures (Li et al. 2019 ; Muley,
ung & van der Marel 2019 ; Chen et al. 2021 ). Theoretical works
lso suggest that planets can gain eccentricity by interacting with 
rotoplanetary discs (Goldreich & Sari 2003 ; Teyssandier & Ogilvie 
017 ; Ragusa et al. 2018 ). For a luminous pebble accreting planet,
he planet’s eccentricity can be larger than the disc’s aspect ratio 
Velasco-Romero, Masset & Teyssier 2022 ). Recent simulations by 
aruteau et al. ( 2021 ) suggest that the orbit of a giant planet can

each e = 0.25 when the planet migrates into a cavity. 
In this paper, by drawing an analogy to Huygens’ principle, we 

evelop a time-dependent method to calculate the shape of the spirals
aunched by an eccentric planet in a disc. The method is introduced
n Section 2, and it is compared against numerical simulations in 
ection 3. After studying the spirals’ pitch angles and pattern speeds 

n Section 4, we conclude the paper in Section 5. 

 THE  ANALYTICAL  METHOD  

.1 Background 

erturbation in a medium can lead to visible disturbances or patterns 
hich propagate in the medium. We use w ak es to refer to these visible
isturbances or patterns, while we use waves to refer to individual 
ropagating modes that satisfy the wave dispersion relationship. The 
 ak es form from the interference of all individual wave modes. If

ll individual wave modes lead to positive enhancements at the same
osition, the final disturbance will be positive. If there are a mixture
f positive and negative contributions from different wave modes at 
he same position, these waves may cancel out each other and lead
o little final disturbance. 

The left-hand panel of Fig. 1 shows the w ak e pattern after we
erturb a static uniform medium at the same position for four times.
pecifically, we increase the density at x = 1, y = 0 instantaneously
nd then reset it back to the initial density. After each perturbation,
 ring of disturbance is launched which is propagating spherically 
utwards at the sound speed. The disturbance gets weaker while it
ropagates further. The right-hand panel of Fig. 1 shows the wave
attern after we perturb a Keplerian disc at the same position in the
nertial frame ( x = 1, y = 0) for four times. After each perturbation,
he disturbance is quickly advected azimuthally away from the 
erturbation point ( x = 1, y = 0) following the local Keplerian
ow. At the same time, the disturbance launches a spiral which
orotates with the disturbance with the pattern speed �pat = �K ( R =
). The spiral propagates further inwards and outwards with time. 
learly, a disturbance propagates differently in a rotating disc than 

n a static medium. A disturbance in a shearing disc is al w ays in
 spiral form, which leads to the ubiquitous spirals found in disc
bservations of spiral galaxies, protoplanetary discs, and Saturn’s 
ings. 

If the source of the perturbation is moving (e.g. a traveling boat
n the water or an orbiting planet in a protoplanetary disc), the w ak e
ill have a different pattern since different sets of waves can interfere

oherently. In a static medium, a Mach cone forms after an object
hat mo v es at the supersonic speed of v . The opening angle of the

ach cone is arcsin( c s / v) since only waves with the wav ev ector k ·
 = c s maintain the same phase with respect to the moving object so
hat a coherent interference can occur. For a ship moving in water,
he dispersion of the water waves leads to the K e vin wake pattern.
or a planet orbiting around the star at the local Keplerian speed,
MNRAS 510, 3986–3999 (2022) 
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ll the excited spiral waves interfere with each other coherently far
way from the planet to form a single-arm spiral, since spiral waves
ith different m modes have the same pitch angle f ar aw ay from

he perturber (Ogilvie & Lubow 2002 ). Specifically, considering that
he Wentzel–Kramers–Brillouin (WKB) dispersion relationship for
piral wav es (Binne y & Tremaine 2008 ) in a non-self-gravitating
isc is 

 
2 ( �pat − �) 2 = κ2 + c 2 s k 

2 , (1) 

here k is the wavenumber and κ is the epic ycle frequenc y which
quals �k in a Keplerian disc, the pitch angles ( ζ ) of all the modes
 ζ = arccot | kR / m | ) are approaching arccot | ( �pat − �) R / c s | when
hey are far away from the planet so that κ2 can be ignored. With
he same pitch angle, the different m -mode waves can interfere with
ach other coherently, forming a single-arm spiral. If we integrate
he pitch angle starting from the planet’s position, we can derive that
he spiral arm follows 

= θpl + sgn ( R − R pl ) 
R pl �( R pl ) 

c s ( R pl ) 

×
[

−
(

R 

R pl 

)β+ 1 
( 

1 

1 + β
− 1 

1 − α + β

(
R 

R pl 

)−α
) 

+ 

(
1 

1 + β
− 1 

1 − α + β

)]
, (2) 

n a disc with �( R ) ∝ R 
−α and the sound speed of c s ( R ) ∝ R 

−β

Rafikov 2002 ; Muto et al. 2012 ). From equation (1), we can see that
orming a single spiral arm is a property of the wave propagation and
ndependent from the origin of the perturbations (whether due to the
resence of a planet or some other density fluctuations). 
To study w ak es excited by a circularly orbiting planet, the rotating

rame is normally adopted so that a steady state can be achieved. This
ignificantly simplifies the analysis and a time-independent solution
an be found (Ogilvie & Lubow 2002 ; Miranda & Rafikov 2019 ).
o we ver, it is difficult to extend this approach to time-dependent
henomena, e.g. perturbation by a planet in an eccentric orbit. 

.2 The time-dependent method 

y drawing an analogy to Huygens’ principle, we adopt a time-
ependent approach to study spirals launched by an eccentric
erturber in a disc. Huygens’ principle states that every point of
 wave front can be regarded as new sources of wavelets. After these
avelets propagate for a while in the spherical fashion, the surface

hat is tangent to the spherical wavelets, called the envelope of the
avelets, is the new wave front. In other words, current disturbance

t any point is influenced by all the points in the past that can
ropagate to this current point. Such a principle also applies to fluid
ynamics. Furthermore, thanks to the fluid equations’ linearity for
mall perturbations, we can study how the small disturbance at every
osition in the past contributes to the current disturbance, and linearly
dd together the disturbances from all these positions in the past to
erive the current w ak e. 
This allows us to separate all disturbances at one time (including

oth the existing spiral and the perturbation around the planet) into
mall wavelets, then follow the wavelets’ propagation, and finally add
ll the wavelets at a later time to study how the wake changes with
ime. We can apply this approach to study the shape of spirals excited
y an eccentric perturber in a disc, but with several simplifications
o make the problem trackable. First, we assume that every piece
f the spiral (wavelet) propagates in the radial direction at the local
NRAS 510, 3986–3999 (2022) 
ound speed. A wavelet in a non-self-gravitating disc propagates at
he group velocity of 

 g ( R) = sgn ( k) 
kc 2 s 

m ( �pat − �) 
. (3) 

lugging in equation (1), we can see v g ( R ) ≈ sgn( k ) c s when κ
s dropped, e.g. far away from the position of wave excitation.
hus, trailing wavelets ( k > 0) propagate outwards while leading
avelets ( k < 0) propagate inwards. Secondly, we assume that

v ery wav elet follows the pitch angle of arccot | ( �pat − �) R / c s |
hile it propagates either inwards or outwards and rotates at the
attern speed �pat . Note that �pat is the azimuthal pattern speed of
his particular wavelet and different parts of the spiral can have
ifferent �pat . Thirdly, we assume that ev ery wav elet maintains
ts �pat during its propagation. The second and third assumptions
re based on the non-dispersive properties of different m -modes far
way from the perturber (equation 1). All m -modes maintain their
nterference with a constant �pat so that they follow the spiral shape
uring propagation. These assumptions are also justified in Fig. 1 ,
here any perturbation propagates inw ards/outw ards and follows

he spiral shape of equation (2). If we look back in time, every
urrent disturbance can eventually be traced back to the perturbation
t the planet’s location when the wavelet was just launched. The
isturbance’s �pat equals the planet’s angular frequency back then. 
Thus, we can think that the planet is emitting wavelets all the

ime during its orbital motion, and a wavelet propagates at the sound
peed in the radial direction while following a spiral shape in the
zimuthal direction. As long as we know the planet’s position with
ime, we can determine the wavelets’ positions at any time and we
an determine the spiral shape by simply connecting all the wavelets.
magine that two wavelets are launched by a planet at time t 1 (one
raveling inwards and one traveling outwards), the wavelets thus have
 pattern speed of �pat = �pl ( t 1 ), where �pl ( t 1 ) is the planet’s angular
requency at time t 1 . At time t 2 , these wavelets propagate to the radial
ocation at 

 t 1 ( t 2 ) = R pl ( t 1 ) −
∫ t 2 

t 1 

c s d t (4) 

or the inner spiral and 

 t 1 ( t 2 ) = R pl ( t 1 ) + 

∫ t 2 

t 1 

c s d t (5) 

or the outer spiral, where R pl ( t 1 ) is the planet’s radial location at
ime t 1 . Assuming c s ( R ) ∝ R 

−β , we can derive 

 t 1 ( t 2 ) 
β+ 1 − R pl ( t 1 ) 

β+ 1 = ± ( β + 1 ) c s ( R pl ( t 1 )) R pl ( t 1 ) 
β ( t 2 − t 1 ) . 

(6) 

o calculate the azimuthal locations of these wavelets at t 2 , we can
ntegrate 

cot ζ ≡ R d θ/ d R = | ( �pat − �) R/c s | (7) 

tarting from the planet’s radial position at t 1 to R t 1 ( t 2 ) (equations 4
nd 5), where �pat = �pl ( t 1 ) being a constant. After deriving θ ,
e need to add an additional �pat ( t 2 − t 1 ) to θ to account for the
attern’s rotation in the inertial frame. On the other hand, equation (2)
s derived from integrating R d θ /d R . Thus, we can use equation (2)
o calculate θ of the wavelet at t 2 analytically. First, at t 1 , we need
o find the corotation radius where �( R c ) = �pl ( t 1 ) (Fig. 2 ). Then,
he wavelet can be considered as traveling along the spiral of the
maginary planet at ( R c , θ c ). θ c can be derived using equation (2) by
eplacing θ with θpl ( t 1 ), θpl with θ c , R with R pl ( t 1 ), and R pl with R c .
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Figure 2. The spirals at t = t 2 are the sum of all the wavelets that the planet 
emitted in the past during the planet’s orbital motion. The wavelet of the 
spiral at t 2 (the red wiggled curv e) is e xcited by the planet at t 1 . The wavelet 
propagates following the spiral shape while rotates with the planet’s orbital 
frequency at t 1 [labelled as �pl ( t 1 ), which is the wavelet’s pattern speed]. The 
spiral shape can be derived analytically using the planet’s corotating radius 
R c . 
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Figure 3. The spirals excited by a circularly orbiting planet at t = T orb . The 
spirals are shown in the Cartesian coordinate system (top panels) and the 
polar coordinate system (bottom panels). The right panels o v erplot the shape 
of spirals from the analytical theory (cyan curves: the inner spirals, green 
curves: the outer spirals). 

Figure 4. The spirals excited by an eccentric planet with e = 0.25 at 2 T orb . 
We can see spirals that are detached from the planet and detached from each 
other, spirals that bifurcate, and spirals that cross each other. The movies can 
be downloaded at https:// www.physics.unlv.edu/ ∼zhzhu/Movies10.html . 
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ventually, we can derive 

c = θpl ( t 1 ) − sgn ( R pl ( t 1 ) − R c ) 
R c �( R c ) 

c s ( R c ) 

×
[

−
(

R pl ( t 1 ) 

R c 

)β+ 1 
( 

1 

1 + β
− 1 

1 − α + β

(
R pl ( t 1 ) 

R c 

)−α
) 

+ 

(
1 

1 + β
− 1 

1 − α + β

)]
, (8) 

here θpl ( t 1 ) is the planet’s azimuthal position at t 1 . Then, with R c 

nd θ c derived, we can find θ of the wavelet at t 2 by replacing R
n equation (2) with equations (4) and (5), R pl with R c , and θpl with

pl ( t 1 )( t 2 − t 1 ) + θ c which is the imaginary planet’s position at t 2 .
e thus have 

= �pl ( t 1 )( t 2 − t 1 ) + θc + sgn ( R t 1 ( t 2 ) − R c ) 
R c �( R c ) 

c s ( R c ) 

×
[

−
(

R t 1 ( t 2 ) 

R c 

)β+ 1 
( 

1 

1 + β
− 1 

1 − α + β

(
R t 1 ( t 2 ) 

R c 

)−α
) 

+ 

(
1 

1 + β
− 1 

1 − α + β

)]
. (9) 

hrough these steps, we find the position of the wavelet at t 2 that is
mitted by the planet at t 1 . After dividing the planet’s orbital motion
nto many wavelet emitting events separated with a time interval of
 T , we can calculate the positions of all wavelets at t 2 analytically.
y connecting all the wavelets at t 2 that are emitted by the planet

rom t = 0 to t = t 2 with the interval of 	 T , we can derive the shape
f the spiral at t 2 . Although this method is not fully analytical at the
nal step, we will still call it the analytic method to be compared
ith numerical simulations later. 

 NUMERICAL  SIMULATIONS  AND  

OMPARISON  

o verify the analytical method, we use FARGO code (Masset 2000 ) to
arry out 2D hydrodynamical simulations to study w ak es excited by
lanets. We have carried out four simulations with different planet 
ccentricities (e = 0, 0.1, 0.25, 0.5). The planet mass is very low
ith M p / M ∗ = 3 × 10 −6 (equi v alent to M p = M ⊕ if M ∗ = M 	)

o that the excited w ak es are in the linear regime. In Section 5.2,
e have increased the planet mass to one Jupiter mass to study

he spirals excited by high-mass planets. The planet is on fixed orbits
ith a gravitational smoothing length of 0.3 disc scale height. Indirect 

orces have not been included in the low planet mass cases while they
ave been included in the high planet mass cases. The radial domain
xtends from 0.1 to 5 R p with 638 radial grids that are uniformly
paced in log R and 1024 azimuthal grids that are uniformly spaced
MNRAS 510, 3986–3999 (2022) 
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Figure 5. Top two rows: the spirals excited by an eccentric planet with e = 0.1 at different times from T orb to 2 T orb (from the left-hand to right-hand panels). 
The corotating frame with the planet is adopted, so that the planet is at the same azimuthal angle in all the plots. The spirals are shown in the Cartesian coordinate 
system (the first row) and the polar coordinate system (the second row). Bottom two rows: similar to the top rows but with the spirals from the analytical theory 
o v erplotted. 
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n θ . The disc’s aspect ratio ( c s / v K ) is 0.1 at R = R p . The disc has
 uniform surface density and a constant temperature to simplify
he analysis. Thus, α = 1.5 and β = 0. We have only run the
imulations for four planetary orbits to study how the spirals are
aunched. The sound crossing time is R / c s that is around 1.6 orbits.
he w ak es reach steady states after tw o orbits. To compare with these
umerical simulations, our analytical study adopts a time interval of
 T = 1/200 T orb between every wavelet emitting event by the planet.
The w ak es at one planetary orbit ( T orb ) with the circular perturber

re shown in Fig. 3 (top rows: in the Cartesian coordinate system;
ottom rows: in the polar coordinate system). Both the inner and outer
 ak es have not yet reached to the inner and outer boundaries. The
NRAS 510, 3986–3999 (2022) 
pirals from the analytical theory are traced by cyan and green dots
n the right-hand panels. The dots represent wavelets that are emitted
t a time interval of 1/200 T orb . The earlier the wavelet is admitted,
he smaller the dot is. The dots are so packed together (especially
lose to the planet) that they form a continuous curv e. The c yan dots
race the inner spiral which uses R t 1 from equation (4), while the
reen dots trace the outer spiral with equation (5). As expected for
he circular perturber, the analytical spirals follow equation (2) and
race the spirals in simulations very well. Furthermore, the analytical
pirals roughly show the radial extend of the spirals at t = T orb . At the
ips of the spiral arms, we can see that the simulated spirals extend
 little bit further away than the analytical model. This is because

art/stab3641_f5.eps
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Figure 6. Similar to Fig. 5 but with an eccentric planet having e = 0.25. The ‘V points’ where the spirals bifurcate are labelled with the arrows. 
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he wa ves ha ve intrinsic dispersion, and the wavelet is not localized
s a single point as we assumed. We will discuss this caveat in
ection 5. 
The spirals excited by an eccentric perturber are quite different 

rom the spirals by a circular perturber. With the perturber’s e = 0.25
Fig. 4 ), the excited spirals can detach from the planet. Both the inner
nd outer spirals can exist inside the planet’s position and they are
eparated from each other. We define the inner/outer spirals as the 
 ak es that propagate inw ards/outw ards from the planet after they

re launched. It is difficult to distinguish them just from the images
ithout the help of the analytical theory (the inner and outer spirals

re labelled with different colours in Figs 5–7 ). The spirals can
ifurcate and even cross each other at some positions. Furthermore, 
he spiral’s shape is changing with time, as shown in Figs 5–7 . We
dopt the corotating frame where the planet is al w ays at y = 0,
hich highlights the spirals’ mo v ements with respect to the planet.
n Fig. 5 , we can see that the spirals can be detached and attached
o the planet during one orbit. Or we could think of it as that one
piral is excited and propagates away before a new spiral is excited.
lthough the w ak e is changing o v er time, it returns to the same shape

fter one full orbit except that the spiral extends further radially. This
eriodicity of spiral shape is expected since the planet’s motion has
he periodicity of one planetary orbit. For the spirals excited by
n eccentric perturber, one noticeable feature is that these spirals 
ifurcate at some positions, which is drastically different from the 
pirals excited by a circular perturber. The bifurcation points, which 
e refer as ‘V points’, are labelled in the upper left panel of Fig. 6 . 
When the perturber’s eccentricity increases, the spirals can change 

heir shapes more dramatically during one orbit. In Figs 6 and 7 , part
f the outer spiral is inside the planet’s orbit at t = T orb . At one given
MNRAS 510, 3986–3999 (2022) 
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Figure 7. Similar to Fig. 5 but with an eccentric planet having e = 0.5. 
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adius (e.g. R = 0.6 a pl where a pl is the planet’s semimajor axis),
here are three spirals in Fig. 6 and ev en fiv e spirals in Fig. 7 at t =
 T orb . All these spirals have different pitch angles and radial extent.
round the planet, the spirals cross each other. Overall, the spirals

ppear to be highly complex. 
The simple analytical model reproduces the spiral shapes remark-

bly well (the bottom panels of Figs 5–7 ). Most importantly, it
redicts the ‘V points’ and the cross points of the spirals. The only
oticeable mismatch is that the analytical model underpredicts the
xtend of some spirals. The spirals in simulations travel a little bit
urther than the ‘V points’. This is similar to the discrepancy at
he tip of the spirals shown in Fig. 3 . We will discuss this more in
ection 5. 
Successfully reproducing the ‘V points’ allows us to use the

nalytical model to understand the origin of the spiral bifurcation.
NRAS 510, 3986–3999 (2022) 
he black solid curves in the bottom panels of Fig. 8 show the
lanet’s radial position with time. Since the planet in this case has
n eccentricity of 0.25, it oscillates between 1.25 a pl and 0.75 a pl .
uring the planet’s orbital motion, wavelets are emitted and travelled

nw ards and outw ards with time. The wavelets’ radial positions with
ime are shown by the blue and green lines in the left (for the inward
o ving wav elets) and right bottom panels (for the outward moving
avelets). These lines are plotted darker when the wavelets are

mitted later during the orbit. The lines are straight since the sound
peed is a constant in this disc. The slopes of the lines are d t /d R =
/ cs ( R ). The top panels show the spirals and the wavelets (dots) at
 planetary orbit. These wavelets’ radial positions correspond to the
ositions of the blue and green lines at t = T orb in the bottom panels.
ormally, the wavelet that is emitted earlier by the planet travels

urther away from the planet. But since the eccentric planet’s radial

art/stab3641_f7.eps
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Figure 8. The top panels: the spirals excited by an eccentric planet ( e = 0.25) at t = T 0 , plotted in the polar coordinate system. The bottom panels: the planet’s 
radial position with time (black curves). Each wavelet propagates inwards (the left-hand panel) or outwards (the right-hand panel) following the tilted straight 
lines after they are excited. The wavelets’ positions at t = T orb in the bottom panels correspond to their radial positions in the upper panels. The first wavelets 
that are excited at t = 0 are labelled with the crosses in the upper panels, and correspond to the wavelets at ‘a’ and ‘d’ in the bottom panels. The spirals’ ‘V 

points’ (where the spirals bifurcate) correspond to the points where the spirals make a turn, and they occur when the planet’s radial speed equals the sound speed 
(b, c, e, f points in the bottom panels). 
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otion can be faster than the sound speed occasionally, an inward 
o ving wav elet (the left-hand panel) that is emitted later can be at
 smaller R than the wavelet that is emitted earlier. The ‘V points’
ccur when the planet’s radial speed equals the sound speed. For a
lanet with eccentricity of e , the ‘V points’ correspond to the wavelet
mitted at the planet’s true anomaly θ where 

 

G ( M ∗ + M p ) 

a pl (1 − e 2 ) 
· e · sin θ = ±c s , (10) 

here the left-hand is the eccentric planet’s radial speed with θ . 
hus, for either the inner or outer spiral, there are two ‘V points’
enerated during each orbit. The ‘V points’ are labelled as ‘b’ and
c’ for the inner spiral and ‘e’ and ‘f’ for the outer spiral in Fig. 8 . We
an also see the generation of new ‘V points’ in the bottom panels
f Fig. 6 . If we just focus on the outer spiral, two new ‘V points’ are
enerated from T pl to 2 T pl . The generation of new ‘V points’ also
akes the spirals more complicated with time until the spirals reach 

he inner and outer boundaries. To see where the spirals originate, 
he first wavelets that are excited at t = 0 are labelled with the crosses
n the upper panels, and correspond to the wavelets at ‘a’ and ‘d’ in
he bottom panels. 

 THE  PITCH  ANGLE  AND  PATTERN  SPEED  

he pitch angle ( ζ ) and pattern speed ( �pat ) are two fundamental
roperties of the spirals. Pitch angles can be directly measured 
rom either density contours in simulations or observational images. 
pecifically, if we plot the observational image under the polar 
oordinate system with ln R as the x -axis, the slope of the spiral
d θ /d ln R ) in the image is cotangent of the pitch angle (cot ζ ).
attern speeds of the spirals can be derived if we can observe the
pirals multiple times with a long enough time interval. Although 
his is not possible for studying spiral galaxies, it is feasible for
rotoplanetary disc observations. Current and future observations 
an probe protoplanetary discs at the au scale where the orbital time
an be less than several years. 

The pitch angle of spirals excited by a circular perturber is
arccot | ( �pat − �) R / c s | , shown as the black solid curves in the

ottom panels of Fig. 9 . To measure the pitch angle of spirals excited
MNRAS 510, 3986–3999 (2022) 
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Figure 9. The top panels: the spirals excited by eccentric planets ( e = 0.1, 0.25, 0.5, from the left to right) at t = 2 T orb . Different spirals are labelled with 
different coloured dots. Their pitch angles are calculated and shown in the bottom panels. The black curves in the bottom panels are based on the analytical 
theory for a circular planet. 
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y the eccentric perturber, we identify density peaks on the spirals,
s shown in the top panels. Different spirals are labelled by dots with
ifferent colours. Using the positions of these dots, we calculate
he pitch angle of each spiral in the bottom panels. Most spirals
including the outer spirals) by eccentric planets have increasing
itch angles towards larger radii, which is noticeably different from
he outer spirals in the circular case. A higher planet eccentricity
esults in more spirals and larger pitch angle deviations compared
ith planets on circular orbits. At the same radius, different spirals

ould have different pitch angles. The spiral with the largest pitch
ngle (cyan dots) is close to the planet. 

Fig. 10 shows the comparison between the measured pitch angles
n the e = 0.25 case and the pitch angles derived from our analytical
olution at t = 2 T orb (the rightmost panel in Fig. 6 ). We did not
NRAS 510, 3986–3999 (2022) 
ick out all the spirals in the simulations since some spirals are very
eak in Fig. 6 . Overall, we can see that the analytical model correctly
redicts the pitch angles for most parts of the simulated spirals, except
hat the spirals in the analytical models are shorter than the spirals
n simulations. Since the spirals by an eccentric perturber cannot
aintain steady states, the pitch angle also changes with time. 
To study the pattern speeds of the spirals, we identify the azimuthal

osition of the density peaks at R = 0.6 a pl . Two peaks associated
ith two spirals (cyan and green spirals in Fig. 9 ) have been studied.
e follow these two density peaks from T pl to 2 T pl to calculate the

attern speeds of the spirals at R = 0.6 a pl . The resulting pattern
peeds are plotted in Fig. 11 for e = 0.25 and e = 0.5 cases. In
ur analytical model, the spiral/wavelet at R = 0.6 a pl should have
he same pattern speed as the planet when this w avelet w as emitted.
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Spirals 3995 

Figure 10. The same as the e = 0.25 panel in Fig. 9 but o v erplotted with the 
pitch angle derived from the analytical theory (black dots). 

Figure 11. The pattern speed of the spirals at R = 0.6 a pl from 1 to 2 T orb . 
Two spirals that correspond to the cyan and green dots (the same colour) 
in Fig. 9 have been identified o v er the orbit. The blue curves are from the 
analytical theory (equation 11). 
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ince it takes the wavelet a time of [ R pl ( t ) − 0.6 a pl )/ c s to propagate
o 0.6 a pl after it was emitted by the planet at t , the spiral’s pattern
peed at R = 0.6 a pl is the planet’s orbital speed �pl at a time [ R pl ( t )

0.6 a pl )/ c s ago. In other words, the patter speed at R = 0.6 a pl 

t t is 

pat ,R= 0 . 6 a pl ( t) = �pl 

(
t − [

R pl ( t) − 0 . 6 a pl 

]
/c s 

)
. (11) 

his pattern speed is plotted as blue curves in Fig. 11 . These curves
an also be used to estimate how many spirals exist at one radius.
e can see that, during one orbit, the number of spirals at 0.6 a pl 

an vary between 1 and 3 for the e = 0.25 case. The analytical
urves agree with the measured �pat fairly well. Overall, the pattern 
peed varies with time and the two spirals have different pattern 
peeds. Theoretically, the range of the spiral’s pattern speed is the 
ame as the range of the planet’s orbital speed, since the pattern
peed equals the planet’s orbital speed at some point in the past.
o we ver, the measured pattern speed can be lower than what the

heory predicts. This is because our simple theory cannot capture 
he spiral beyond the ‘V point’ that is due to the wave dispersion
Section 5). 
 DISCUSSION  

.1 Wave dispersion and strength 

espite the success of the analytical method, this simple method 
nderpredicts the spiral’s extent at the tips and ‘V points’ of the
pirals (middle panels in Fig. 12 ). We think this is because each
avelet has some intrinsic dispersion (as the dispersion in different 
 -modes discussed in the introduction) so that it is not localized as a

ingle point. The wavelet has some finite radial and azimuthal extent.
o verify this, we assume that each wavelet has some radial extent
rom R t 1 ( t 2 ) − 0 . 15 c s T orb to R t 1 ( t 2 ) + 0 . 15 c s T orb in equations (4) and
5). The resulting spirals are shown in the right-hand panels of Fig. 12 .
learly, this approach reco v ers the spirals beyond the tips and ‘V
oints’ much better. The 0.15 c s T orb that we add to R t 1 ( t 2 ) is not from
igorous theoretical calculations and it is simply chosen for a better
piral fit. 

This wave dispersion has also been used to explain the disappear-
nce of the primary spiral and the appearance of the secondary spiral
nduced by a circularly orbiting perturber (Bae & Zhu 2018a ). As
ointed out by Miranda & Rafikov ( 2019 ), the formation of secondary
pirals is a generic property of wave propagation regardless of the
xcitation mechanisms. Indeed, these secondary spirals can also be 
een in all our simulations. For example, the innermost two spirals in
he e = 0.1 case of Fig. 9 (the purple and green dots) originate from
he same set of waves. Due to the wave dispersion, the green spiral
the primary spiral) gradually disappears towards the inner disc while 
he purple spiral (the secondary spiral) starts to appear at a slightly
arger θ position. When the planet mass is low, the secondary spiral
s very close to the primary spiral and sometimes we treat them as
 single spiral. When the planet mass is high, the secondary spiral
eparates from the primary spiral, forming two distinct spirals (details 
n Section 5.2). 

Besides predicting the spiral shape, our simple method also carries 
nformation on the strength of spirals through the density of wavelets.

hen the wavelets are closer to each other, their contribution to the
piral w ak e can be coherently added so that the spiral there should be
tronger. This can explain why the spirals are strong at the ‘V points’.
o accurately predict the strength of the spirals, a more detailed model 

hat includes both wave excitation and wave propagation is needed. 

.2 Spirals by high-mass planets 

ince our simple model is built upon the linear theory, we focus
n the low-amplitude w ak es excited by low-mass planets. However, 
pirals from low-mass planets are normally too weak to be observed
Zhu et al. 2015 ; Dong et al. 2015a ; Dong & Fung 2017 ). The
pirals excited by a high-mass perturber are quite different from those
xcited by a low-mass perturber, even if the perturber is in a circular
rbit (Zhu et al. 2015 ). First, the high-amplitude spirals steepen to
piral shocks (Goodman & Rafikov 2001 ). Since shocks propagate 
aster than the sound speed, the spirals open up more with larger pitch
ngles than those from equation (7) (Bae & Zhu 2018b ; Cimerman &
afikov 2021 ). Secondly, the secondary spirals that are produced 
y the wave dispersion (Bae & Zhu 2018a ; Miranda & Rafikov
019 ) separate from the primary spirals more (Bae & Zhu 2018b ),
roducing multiple prominent spiral arms. Third, the spirals are more 
rominent at the atmosphere than at the mid-plane when the planet
ass is higher (Zhu et al. 2015 ; Juh ́asz & Rosotti 2018 ), leading

o observable spirals in near-IR observations. Due to these effects, 
ong et al. ( 2015a ) suggests that a massive perturber ( ∼10 M J ) is

esponsible for the two near-IR spirals in MWC 758. 
MNRAS 510, 3986–3999 (2022) 
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Figure 12. The spirals excited by an eccentric planet ( e = 0.25) at t = T orb . The middle panels are the same as those in Fig. 6 , while the right-hand panels 
o v erplot a modified analytical model in which the wavelets have some dispersion extending over a time period of 	 T = ±0.15 T orb . 
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To study the spirals excited by eccentric high-mass planets, we
ave carried out the same set of simulations but with a Jupiter mass
lanet in the disc. The resulting surface density contours are shown
n Fig. 13 . Although the shape of the spirals from eccentric high-

ass planets are similar to those from eccentric low-mass planets,
here are several noticeable differences, especially evident in the
olar plots (comparing the right two columns). First, similar to the
ase with a circularly orbiting perturber, the spiral w ak es from high-
ass perturbers become quite strong and steepen into spiral shocks,

nd the secondary spirals start to separate from the primary spirals.
hese prominent multiple spirals could be observable with near-IR
bservations. Secondly, the shape of the spirals is not as smooth
s the spirals from low-mass planets. Especially when two spiral
hocks cross each other (e.g. at the spiral bifurcating or crossing
oints), the spirals are significantly distorted and may appear to
reak into several segments. The distortion is more apparent when
he spiral shocks have larger amplitudes. This is expected since shock
rossing is highly non-linear and more complicated than the linear
ave crossing. 
The spiral shocks can also deposit the spirals’ angular momentum

o the background disc, leading to gap opening. To study the gap
tructure induced by a massive eccentric planet, we continue our
igh-mass planet simulations to 50 planetary orbits. The discs’
urface density at the end of the simulations is shown in the rightmost
anels of Fig. 14 . Clearly, the gap is shallower when the planet has a
igher eccentricity. This is because weaker spirals are launched by a
ore eccentric planet (e.g. Fig. 13 ). When a gap is induced (the e =

.1 and 0.25 cases), the gap is more dynamic when the planet’s
ccentricity is higher. Regarding the gap depth, this de generac y
etween the planet mass and eccentricity may be useful for placing
imits on the eccentricity of planets in gaps if the planets’ mass can be
ndependently constrained. Rabago & Zhu ( 2021 ) point out that the
lanet detection in the DSHARP sample (Andrews et al. 2018 ) using
NRAS 510, 3986–3999 (2022) 
LMA CO kinematic observations (Pinte et al. 2020 ) is not fully
onsistent with the planet mass from dust continuum observations
Zhang et al. 2018 ). To be detected by CO kinematic observations,
he planet’s mass needs to be higher than one Jupiter mass (Bollati
t al. 2021 ; Izquierdo et al. 2021 ; Rabago & Zhu 2021 ). These planets
hould produce very prominent dusty gaps, but most of these gaps
re shallow and narrow in the dust continuum observations. One
xplanation is that we do not fully understand the physical processes
hat produce the CO kinematics or dusty gaps. Another explanation
ould be that the high-mass planets are in eccentric orbits, producing
ess prominent gaps or traveling outside the main gaps. 

We also notice that, when the planet is at the apastron of its orbit,
he planet can be at the outer gap edge. This is similar to PDS
0c (Haffert et al. 2019 ), where the planet is close to the outer gap
dge. Then, the planet can potentially accrete more material from the
ircumstellar disc, facilitating its growth and the circumplanetary
isc formation (Isella et al. 2019 ; Benisty et al. 2021 ). 

.3 Applications to obser v ations 

ccentric planets can induce a wide variety of spirals. Although this
akes it easier to find a spiral that can fit observations, it poses a

hallenge to use the spirals to accurately predict the planet’s mass
nd position. The spirals excited by eccentric high-mass planets
t different times are displayed in Fig. 14 . When the planet’s
ccentricity is � 0.1, the spirals look similar to the spirals excited
y a circular planet. This is because the planet’s radial speed is less
han the disc’s sound speed (based on equation 10 with the disc’s
 s / v K ∼ 0.1), so that spiral bifurcation and crossing do not occur. 

When the planet’s eccentricity is higher than 0.1, the spirals appear
uch different. First, more spirals are excited when the planet’s

ccentricity is higher. We caution that, when a gap is induced
y a planet (which can be a circularly orbiting planet), the gap

art/stab3641_f12.eps
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Figure 13. The spirals excited by eccentric low-mass planets (one Earth mass) and high-mass planets (one Jupiter mass) at two planetary orbits. The left two 
columns show the density perturbation in the Cartesian coordinate system, while the right two columns show the same data in the polar coordinate system. The 
planet eccentricity increases from the top to bottom panels. 
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dge vortices can also generate many spirals (Huang et al. 2019 ).
econdly, the spirals can bifurcate and cross each other, making the 
piral pattern complicated. The bifurcation point corresponds to the 
avelet that is emitted by the planet when the planet’s radial speed

quals the disc’s sound speed (Fig. 8 ). Theoretically, we can use the
ifurcation point to constrain the planet’s position and speed in the 
ast, which can then be used to constrain the planet’s current position.
o we ver, this may not be practical since the bifurcation point is
ifficult to be identified even in the simulation images without prior
nowledge of the planet’s orbit (Fig. 8 ). The bifurcation point can
lso be confused with the spiral crossing point. Thirdly, probably 
ost importantly, different spirals and even different parts of one 

piral can have different pattern speeds. It is possible to use the
easured pattern speeds to constrain the planet’s eccentricity and 

urrent position by understanding that the pattern speed of any part 
f a spiral corresponds to the planet’s orbital frequency in the past.
his is a challenging task if we only have several pattern speed
easurements. Ho we ver, if the pattern speeds of more spirals or
ore parts of a spiral have been measured, the planet’s eccentricity 

nd position will be better constrained. Generally, the pattern speed 
hould be between the planet’s slowest and fastest orbital frequencies 

√ 

μ

a 3 / 2 (1 + e) 

√ 

1 − e 

1 + e 
< �pat < 

√ 

μ

a 3 / 2 (1 − e) 

√ 

1 + e 

1 − e 
, (12) 

here μ = G ( M ∗ + M p ). We note that the pattern speed can actually
o lower than the leftmost term in equation (12) (as shown in Fig. 11 )
ince our analytical model cannot capture the tip of some spirals
ormed by the wave dispersion. 

A variety of spirals have been discovered in many protoplanetary 
iscs (Yu, Ho & Zhu 2019 ). For example, the CO spirals in TW
ydrae (Teague et al. 2019 ) have pitch angles dropping from 9 ◦ at
0 au to 3 ◦ at 200 au, while the spirals in HD34700A (Monnier et al.
019 ; Uyama et al. 2020 ) can reach 30 ◦ pitch angles. The small pitch
ngles of TW Hydrae spirals could be from the buoyancy resonances
Zhu, Stone & Rafikov 2012 ) of a circularly orbiting planet (Bae et al.
021 ). On the other hand, these spirals could be the outer spirals of
n eccentric perturber. As shown in the 2 T orb panels of Figs 5 and 6 ,
he outer spiral can be considered as two separate spirals, one with a
arger pitch angle joining the planet (the blue spirals in the e = 0.1
nd e = 0.25 panels of Fig. 9 ) and one with a smaller pitch angle
urther away (the grey spirals in the same panels of Fig. 9 ). This
s consistent with TW Hydrae observations where several spirals 
eem to join together with the inner one having a larger pitch
ngle. 

For HD 34700A, Monnier et al. ( 2019 ) conclude that a circular
erturber is difficult to explain those large pitch angles. Furthermore, 
everal spirals have been detected in the disc. An eccentric perturber
ill naturally produce several spirals and some have large pitch 

ngles, as in the e = 0.25 and e = 0.5 panels of Fig. 9 . Although
D 34700A is a spectroscopic binary with a = 0.21 au and e = 0.25

Torres 2004 ), it is unlikely that such a binary can excite large scale
pirals at 200 au. Another perturber (as in Uyama et al. 2020 ) may be
esponsible for these spirals. We note that the spiral features of HD
MNRAS 510, 3986–3999 (2022) 
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Figure 14. The spirals excited by eccentric high-mass planets (one Jupiter mass) at different times (different columns). The planet eccentricity increases from 

the top to bottom panels. 
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4700A are similar to those in HD 142527 (Avenhaus et al. 2014 ),
hich has been explained by an eccentric binary (with a ∼ 30 au)
ithin the cavity (Price et al. 2018 ). 
Another system with multiple spirals is AB Aurigae (Boccaletti

t al. 2020 ). A large number of spirals are detected at near-IR
Fukagawa et al. 2004 ; Hashimoto et al. 2011 ), while two CO spirals
re detected with ALMA (Tang et al. 2017 ). The near-IR spirals are
ighly complex. The spirals can bifurcate, cross, and break. They
esemble the spirals excited by a moderately or highly eccentric
erturber (e.g. e = 0.25 or e = 0.5 cases). 
An eccentric perturber can explain not only multiple irregular

pirals but also some features of the grand-design two-spiral systems.
WC 758 has two prominent spirals (Grady et al. 2013 ; Benisty et al.

015 ). These two spirals are explained with a single outer perturber
Dong et al. 2015a ), one inner and one outer perturber (Baruteau
t al. 2019 ), or one eccentric inner perturber (Calcino et al. 2020 ).
re viously, the dif ficulties in explaining the spirals with an inner
erturber is the observed large pitch angles ( ∼20 ◦) and the slow
attern speeds (Ren et al. 2020 ). With an eccentric inner perturber,
ts outer spirals can have large pitch angles and the pattern speeds
an be low. Calcino et al. ( 2020 ) adopts an inner companion with e =
.4, which reproduces the two open spirals. If we use equation (12)
ith e = 0.4 and the �pat measured in Boccaletti et al. ( 2021 ) and
en et al. ( 2020 ), we derive that the perturber’s semimajor axis is still
NRAS 510, 3986–3999 (2022) 
uite large � 170 au, not in the cavity. Ho we ver, equation (12) cannot
ully capture all the spirals (Fig. 11 ) due to the wave dispersion, and
n eccentric perturber with a much smaller a remains a possibility.
 bigger challenge for both the inner and outer perturber scenarios

s that such a predicted massive companion has not been disco v ered
et (Boccaletti et al. 2021 ). 

Another grand-design spiral system SAO 206462 (Muto et al.
012 ) exhibits different pattern speeds for its two spirals (Xie et al.
021 ). Although two planets (one at 120 au and one at 49 au)
ave thus been suggested (Xie et al. 2021 ), an eccentric perturber
ay also explain these two independent-moving spirals. If we use

quation (12), we can derive that the ratio between the minimum and
aximum pattern speeds is (1 − e ) 2 /(1 + e ) 2 . Thus, if both spirals

re induced by one eccentric perturber, we have 

(
1 − e 

1 + e 

)2 

≤
(

49 

120 

)1 . 5 

, (13) 

r e ≥0.32. If we adopt e = 0.4, the planet’s semimajor axis should be
etween 74 and 92 au. Ho we v er, man y more spirals should be excited
y such an eccentric perturber, which needs to be tested by future
bservations. Overall, considering the complex spiral pattern excited
y eccentric perturbers, studying pattern speed of spirals could be an
mportant way to locate the planet. 

art/stab3641_f14.eps


Spirals 3999 

6

W  

l
v  

l
n
a
T  

e
d
s  

t

S
m  

b
H  

t
f
a
p

m
d
o
e
e
d

A

W  

a
C

D

T

R

A
A  

B
B
B
B
B
B

B
B
B
B

B

B
B
B

C  

C  

C
C
D
D
D
D  

F
F
F
G
G
G
G
H  

H
H
H
H
I  

I  

J
L
M  

M
M
M
M
M
O
P
P
P
P
R
R
R  

R
R
S
S
T
T
T
T
U
V  

W
X  

Y
Z
Z
Z

T

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/510/3/3986/6462926 by U
N

LV U
niversity Libraries user on 03 July 2022
 CONCLUSION  

e develop a general method to calculate the shape of spirals
aunched by perturbations in a disc (e.g. from disc turbulence, 
 ortices, or gra vitational perturbers). We apply this method to spirals
aunched by an eccentric planet, and find good agreement with 
umerical simulations. The spirals excited by an eccentric perturber 
re very different from the spirals excited by a circular perturber. 
he spirals can detach from the perturber, bifurcate, or even cross
ach other. Multiple spirals can be excited. Different spirals or even 
ifferent parts of one spiral can have different pitch angles and pattern 
peeds. These pitch angles and pattern speeds are also changing o v er
ime. 

With a high-mass eccentric planet, the spirals steepen to shocks. 
econdary spirals start to separate from the primary spirals, forming 
ore spirals. The crossing of spiral shocks lead to distorted or

roken spirals. Gaps can be induced by high-mass eccentric planets. 
o we ver, the gap induced by a more eccentric planet is shallower due

o the weaker spiral shocks it launches. The eccentric planet can travel 
rom one gap edge to another during its eccentric orbit, potentially 
ccrete more material from the circumstellar disc, and facilitate the 
lanet’s growth and the circumplanetary disc formation. 
Finally, we discuss the potential applications of the theory. The 
ultiple spirals in TW Hydrae, HD34700A, AB Aurigae, and the 

ifferent pattern speeds of spirals in HD 135344 could be indicators 
f eccentric perturbers in discs. Our simple method provides an 
asy way to calculate the spirals from an eccentric perturber, which 
nables using spirals to probe eccentric planets in protoplanetary 
iscs and constrain planet formation theory. 
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