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ABSTRACT

A common way to increase friction during lubricated sliding is to increase energy dissipation in the
slider or the substrate, for example, by bulk viscoelasticity. It has recently been shown that lubricated
friction can also be enhanced by surface architecture, specifically by periodic variation of near-surface
stiffness. We study this phenomenon by considering a rigid cylinder undergoing lubricated sliding on a
substrate with a periodic variation in mechanical stiffness. We model the process using the Reynolds
theory for transient elasto-hydrodynamic lubrication (t-EHL). We developed a numerical scheme to
solve this t-EHL problem and used it to study how surface variation in stiffness affects the motion
of the cylinder, the distribution of hydrodynamic pressure, the liquid film thickness, and the friction
force. Our results indicate that increasing the variation of the near-surface stiffness can significantly
increase the friction force. The numerical method developed in this work can be applied to other
transient EHL problems with slight modification. Our results provide insight into the mechanism of

friction enhancement and can guide design of surfaces to control friction during lubricated sliding.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Lubrication is ubiquitous. it occurs in scenarios as disparate as
synovial joints, and between eyes and their lids/eyes in soft living
matter to power-transmitting components in motor vehicles. Lu-
bricated elastic contacts have been extensively studied [ 1-3] with
a heavy emphasis on metal contacts such as bearings [4,5] and
pistons [6,7]. For more compliant materials the effect of defor-
mations on the contact geometry and pressure profile, as well as
hysteretic friction forces need be considered [8-12]. Depending
on the sliding velocity and the normal load, lubrication can be
divided into elasto-hydrodynamic lubrication (EHL), mixed, and
boundary lubrication regimes [13,14]. Our interest in this work is
confined to the EHL regime, where there is no solid-solid contact
between the lubricated surfaces. Within the EHL regime, we may
further distinguish steady-state EHL (s-EHL) and transient EHL (t-
EHL) sliding problems depending on whether the solution is a
function of time.

More importantly, surface texture, such as artificial micro-
grooves or micro-dimples fabricated on the contact surface, has

* Corresponding author at: Department of Mechanical and Aerospace Engi-
neering, Field of Theoretical and Applied Mechanics, Cornell University, Ithaca,
NY 14853, USA.

E-mail address: ch45@cornell.edu (C.-Y. Hui).

https://doi.org/10.1016/j.em1.2022.101735
2352-4316/© 2022 Elsevier Ltd. All rights reserved.

been proven to be effective at modulating the tribological per-
formance [15-24]. However, there is relatively little research on
the use of surface architecture to control the lubricated contact
and sliding behavior of a soft solid on a hard surface. In a recent
work [25,26], we have shown experimentally that periodic vari-
ation in near-surface stiffness of a soft substrate can significantly
enhance lubricated friction in the EHL regime. We proposed that
the additional energy loss came from mechanical energy loss
as the indenter moved from the stiff to the soft region. Our
interest in this work is to model this phenomenon. The problem
is a difficult one, since even though the cylinder is moving at a
fixed velocity, the steady state assumption breaks down due to
variation of surface stiffness. To tackle this problem, we develop
a t-EHL model to study lubricated sliding of a rigid cylinder on
flat inhomogeneous substrate with a sinusoidal stiffness profile.
Within this setting, we explore how friction can be enhanced due
to surface variation in stiffness.

Both the s-EHL and t-EHL problems are usually studied us-
ing the lubrication theory developed by Reynolds [27]. Most
previous EHL sliding studies focused on examining the s-EHL
problems with a cylinder-on-flat or sphere-on-flat contact ge-
ometry to investigate the effects of properties such as material
modulus, lubricant viscosity, bulk viscoelasticity [28], and surface
roughness [29-37]. Even for s-EHL problems, many numerical
difficulties have been encountered due to the nonlinearity of the
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Fig. 1. A schematic of lubricated sliding of a rigid cylinder on a patterned elastic foundation.

governing equations, especially in the so-called Hertz limit, in
which a large normal load is applied to the indenter which results
in the fluid layer being much thinner than the deformation of
the soft solid [38-40]. Many techniques have been proposed to
overcome these numerical difficulties, such as the inverse method
introduced by Dowson and Higginson [41] for the line load steady
EHL problems; a robust forward iteration method proposed by
Hamrock and Dowson [42-45] to solve the problem of lubricated
sliding of a rigid sphere on an infinite elastic substrate; a differen-
tial deflection method proposed by Hughes and Evan et al. [29-
31] to efficiently solve the deformation of the substrate; a multi-
integration technique developed by Lubrecht and Brandt [46]
to accelerate the calculation of the substrate deformation; and
a revised forward iteration scheme with incremental steps to
approach heavy loading condition [40].

While in previous studies significant efforts were spent on
improving the accuracy and efficiency of the solution of s-EHL
problems, few studies have focused on the t-EHL problems and
their applications. These applications include the hydrodynamic
rod seal [47-49], cam-follower contact [50-52], and roller bear-
ings [53,54]. Other research, for example the work of Wang and
Frechette [55,56], also utilize t-EHL to study transient phenomena
such as interaction between a particle and an elastic wall. In such
applications the s-EHL models are usually inapplicable, mainly
because these dynamic systems usually operate inherently in an
unsteady situation where fluid squeeze effects occur. Vichard [57]
studied a transient hydrodynamic lubrication problem without
considering the deformation of the substrate to explore the in-
fluence of variation of the parameters of the contact with time,
such as the normal load applied to the cylinders, the relative
radius of curvature of the cylinder, the rolling speeds and the
inlet viscosity of the lubricant. Patir and Cheng [58] utilized an
averaged Reynolds equation model to study the effect of surface
roughness on partially lubricated contact. However, the deforma-
tion of the roughness was not taken into account in the study.
Ai and Yu [51,59] combined Newton-Raphson scheme and low
relaxation iteration method to study the transient process of a
cam tappet to a limited accuracy. Other following works deal
with transient EHL problems in different physical settings [15,60,
61]. However, most of these studies either do not consider the
deformation of the substrate or the surface’s roughness, or the
calculation is slow and the accuracy is limited due to the lack
of a fast and stable algorithm to tackle the full t-EHL problem.
Therefore, there is significant need for a t-EHL model.

In this paper, we mainly focus on the hydrodynamic friction
enhancement due to variation of surface stiffness in the t-EHL.
The plan for this paper is as follows: Section 2 summarizes
the t-EHL formulation, after which the focus shifts to numerical
implementation. Section 3 presents the numerical results and
comparison with the experimental data. We conclude with a
summary and discussion in Section 4.

2. Governing equations of t-EHL problem

Fig. 1 shows the schematics of our problem. A rigid circular
cylinder of radius R slides on an elastic substrate. The cylinder
moves with a constant velocity V in the positive X direction. Here
(X,Y,Z) is a Cartesian frame fixed to the substrate. The cylinder
is infinitely long in the out-of-plane Y direction; the solution is
independent of Y. The substrate is modeled as a spring foundation
where the springs have periodic stiffness in the X direction. In the
following, this periodicity is model by a sinusoidal function with
period L. A thin liquid layer lubricates the foundation surface.
A constant normal force N (per unit length) is imposed on the
cylinder.

We also attach a moving coordinate system (x,z = Z) which
is fixed to the center of the cylinder, where x = X — Vt. The
displacement w (x, t) of the foundation and the surface profile
of the cylinder h(x,t) are measured with respect to z = 0.
Specifically, the displacement of the substrate is zero at z = 0
far away from the origin where the fluid pressure vanishes. The
indentation depth is h(x =0, t) hg (t). Since most of the
pressure is confined to a region that is much smaller than R,
h (x, t) is approximated as a parabola:

2
h(x,t) =ho (t) + R (1)
The transient Reynolds equation in the moving frame is (deriva-
tion is given in SI):

LUl v
(pIXZW ) x = — (5) U,x +U,¢

where “,” denotes partial differentiation, p is the hydrodynamic
pressure, 7 is the fluid viscosity and

(2)

ux,t)=hx,t)—wkx,t), (3)

is the liquid film thickness. We normalize the stiffness of the

foundation k by ko which is the average stiffness % foL k(X)dX. In

the moving frame, the normalized stiffness is

k(x,t)
0

where kg is the average stiffness and 0 < y < 1 is the normalized
amplitude of the sinusoidal stiffness function. The deformation of
the substrate w and the hydrodynamic pressure p are related by

k(x, t) =

. 27
:l+y51nT(x+Vt) (4a)

p(x.t)=—kXx ) w X, t) = —kok (x, t) w (x, 1) (4b)
Force balance requires
/ pdx =N (5)

Recall that N is fixed during sliding. Our main interest is the
“long-time” solution in which all field quantities vary periodically
in time.
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2.1. Initial and boundary conditions

The boundary condition is
p(x —> £oo,t) =0. (6)

Physically, we expect that the long-time solution will be in-
sensitive to the initial conditions and depend only on the stiffness
profile. In the following, we chose the initial pressure profile as
the steady state solution of a spatially homogeneous foundation
with stiffness ko (see below).

2.2. Normalization

We introduce the following normalization to simplify the anal-
ysis. The length scale we use to normalize the spatial coordinate,
x, is the Hertz contact length a. Physically, a is the half width
of the contact zone when a rigid cylinder of radius R is pushed
vertically (without sliding) into an elastic foundation of stiffness
ko by a normal force N [62]:

X 3NR\ /2
X=—-, a=|——
a 2ko

We normalize the displacement w, the cylinder’s position h
and the film thickness u by the indentation depth in Hertz con-
tact, § = a®/2R. The hydrodynamic pressure is normalized by the
characteristic pressure for given indentation depth, i.e., koa®/2R.
Time is normalized by the time it takes to slide a distance a. These
result in

w, h,u p a_

w,h, U= , p= , t=—t
@22k P 7 koa?/2R v

(7a,b)

(7c-e)

After normalization, Egs. (2)-(5) become:

1 = — -
ﬁ(i,fﬁg') X = —iﬁ,f-i-ﬂ,f, u=h—-w h(x, t) = o(t)—i—iz
(8a)
. 27
= —wk, k=k (&, t)—1+ysm—(x+t) (8b)
o 4
/ pdx = — (8¢)
e 3
where
koa® koR?) 22 N5/3
B = govam = /27" luf) N7 (84)
nR 961V
w=1L/a (8e)

Thus, the solution of our sliding problem is governed by three
dimensionless parameters 8, w and y. The constant 1/8 is the
generalization of the Hersey number [63] and is a normalized
velocity. It is the ratio of the sliding velocity to a characteristic
velocity of fluid flow at a given indentation depth. The parameter
w is the normalized wavelength of the sinusoidal stiffness; it is
inversely proportional to the number of wavelengths inside the
contact zone (see Fig. 2). y is the normalized amplitude of the
periodic stiffness variation; y = 0 corresponds to a substrate
with no stiffness variation.

2.3. Steady state solution for an unstructured surface ( y = 0)

The initial pressure profile is set to be the steady state solution
for a foundation with a uniform stiffness k (x,t) = k. For this
case, the steady state solution is independent of time and Eq. (8a)
can be solved by integrating once, resulting in

_ 1 — _ _
ﬂﬁ,z(h+§)3=—5(h+ﬁ)+c(ﬂ), h(x) =ho+%  (9)
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where hy (8) and C (B) are unknown constants determined by
force balance Eq. (7c) and the boundary condition p (x — 400) =
0. Eq. (9) can be solved using an ODE solver. In a previous
work, we have shown that for large 8, C (8) = coB~"/? where
o= 1/\/% (see [64] for more details). For large 8, the pressure
distribution is well approximated by the Hertz pressure:

p=1-%, [ <1 (10)

2.4. Numerical scheme

Due to periodic variation of stiffness, the long-time pressure
distribution is periodic but still time dependent. Here we use a
finite difference method to solve the transient EHL equation. The
spatial derivatives are approximated using central differences:

=(k) =(k) f(k) _f(k>

_ Div1 —Pisn - Ui — Uiy
X T o = u77 o = s
Px="5A% T 24X (11)
k K k
_ P1(+)1 ZP(()‘FP:(()]
D.xx =
(4A%)°

where the superscript k represents time step t, and subscripts
i — 1,i,i + 1 denote positions x;_1, x;, X;+1. We use a uniform
mesh so Ax = x;y1 — X; for 1 < i < n where n is the total
number of nodes in the calculation domain x € [—5, 5]. At the
boundary x = £5, i = 1, n, we enforced the boundary conditions
u_Op_pX_Oandux_Op_px_O We use backward
scheme to compute the time derivative, i.e.,

7® _ gtk

wy =t (12)

Using Eqgs. (11)-(12), the discretized transient Reynold equation

Eqs. (8a)-(8b) becomes:
2
—(k)
(u" ) EPNC) 4o - 3200 |50
(4% \4 Ui g 21 ) |Pict
Aj
3
(k)
(ui ) 1 =(k)
12 2 = oy |Fi
(a%*  pat-f
B; (]3&)
r 2
—=(k)
(u" ) 3o L mo 3o\ |50
+ (4%)2 2l 1Y +4”z+1 i+1
G
(k) (k) 7 (k) —(k—1
— l 1+1 Ui 4+ 0 dh _ L
B 4AX e ar. &Y
D;
— | — —(k) _
P = w0 = (a0 -y’ - %) £ (13b)
The steady-state solution in 2.3, denoted by p©, ). u® is

used as the initial condition. At time step k, we use the solution
at the previous time step (k — 1) and guess the cylinder’s vertical
. —(k . —K) |~ —(k k—1

position h((,) to determine dh((,)/dt ~ h(()c) —4 ) /At. This
derivative, together with the solution at the k — 1 step, com-
pletely determines last two terms on the right hand side (RHS)
of Eq. (13a), so Egs. (13a), (13b) become an implicit nonlinear
equation of f),(’:)l, ﬁfk), ﬁﬂfl. A relaxation method with a forward
iteration scheme is used to solve this implicit nonlinear equation.
Details are given in SI.
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Fig. 2. Stiffness variation f of the structured surfaces: (a) homogeneous surface (w = o0) (b) @ =1 and (c) @ = 0.25. y = 0.4 for (b) and (c).
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Fig. 3. Time history of indentation depth hy for a cylinder sliding on surfaces structured with sinusoidal stiffness profile, (a) the sinusoidal stiffness has amplitudes
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3. Results and discussion
3.1. Time history of normalized cylinder indentation depth hy (f)

Fig. 3 shows the time history of the indentation depth at con-
stant normal force for 8 = 10. The result in Fig. 3(a) is obtained
using w = 1 and four different amplitudes y = 0.0, 0.2, 0.4, 0.6.
The companion figure on the right, Fig. 3(b) is for y = 0.2 and
four normalized wavelengths v = 0.25, 0.5, 1.0, 2.0.

Fig. 3(a,b) show that a periodic steady state is achieved for

= Vt/a > 5, or when the indenter moves about 5a. Fig. 3(b)
shows that, for a fixed w, the vertical motion of the cylinder is
periodic, the time average of hy in a cycle is close to the case
where the foundation is spatially homogeneous (the horizontal
line). As expected, larger y results in larger up—-down motion
of the cylinder. Also, for fixed y, 8, larger w results in larger
up-down motion of the cylinder. In SI, we show that, at long
times, the maximum value of hy plateaus to a limiting value as
w increases.

3.2, Hydrodynamic pressure and liquid film thickness

Snapshots of the pressure profiles are shown in Fig. 4 for
structured surfaces with w = 1, 8 = 10 and different stiffness
amplitudes y. Our numerical results show that, for § = 5,
hydrodynamic pressure is practically zero outside x € [—1, 1],
which justifies our use of Hertz contact length to normalize
distance. For this reason, we shall call 2a the length of the contact
zone even though solid-solid contact does not exist due to the
presence of the liquid film. Fig. 4(a) shows that there are signif-
icant differences between the pressure profiles of the structured
and the homogeneous surface with no stiffness variation (black
solid line, y = 0). These differences increase with y. Note

10; the special case of uniform stiffness (y = 0) is the horizontal black solid line, (b) the sinusoidal stiffness has wavelengths:

w = 1 implies that there is roughly one soft and one hard
region within the contact zone (see Fig. 2); this explains the two
pressure peaks. These peaks are located roughly near the center
of each region. The maximum pressure always occurs in the hard
region. As expected, the maximum and the minimum pressure
increases/decreases with y.

Fig. 4(b) plots the pressure distribution associated with dif-
ferent w (y = 0.2, 8 = 10). For smaller wavelengths such as

= 0.5, there are multiple pressure spikes inside the contact
zone. A rough estimate of the number of pressure peak is 2/w.
Again, the maximum and minimum pressure increase/decreases
with decreasing wavelength w.

Liquid film thickness profiles are plotted in Fig. 5(a,b) for 8 =
10. The special case of a homogeneous surface (y = 0 orw = 00)
is also included in these figures as a comparison (solid black
lines). Just like the pressure distribution, the film thickness has
peaks and valleys. Since the valley corresponds to pressure peak,
the number of valleys is roughly 2/w. For structured surface y >
0, the minimum/maximum film thicknesses are smaller/larger
than the homogeneous case and these differences increase with
y but decreases with w.

3.3. Fluid flow velocity field
Here we provide the fluid velocity field for some structured

surfaces. The normalized velocity in the moving coordinate sys-
tem is related to the normalized pressure gradient by (see SI)

Uy =

@-m _ (14a)
u

VX =6ppz(Z—h)@Z—w) +

Contour plots of the fluid velocity vy is shown in Fig. 6(a-d)
for 8 = 10. In Fig. 6(a, b), w = 1 and y = 0.2 and 0.4. In Fig. 6
(c,d), y = 0.2 and w = 2 and 0.5. Due to no slip condition, the



H. Wu, C. Khripin, A. Jagota et al.

(@)

1.6 T T .

0.8

0.6

0.4

0.2

-0.2

Stiffness
profile )
-2 -1

Extreme Mechanics Letters 54 (2022) 101735

®) 4,

0.8

0.6

0.4

0.2

-0.2
Stiffness k(®)
profile x

2 -1

K of
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y =0,0.2,0.4,0.6 and w = 1, B = 10, t = 20; (b) the sinusoidal stiffness has various wavelength @ = 0.5, 1,2 and y = 0.2, 8 = 10, t = 20.
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Fig. 5. Film thickness profile along x for structured surface with different sinusoidal stiffness; (a) the sinusoidal stiffness has various amplitude y = 0, 0.2, 0.4, 0.6
and w = 1, B = 10, t = 20; (b) the sinusoidal stiffness has various wavelength @ = 0.5,1,2 and y = 0.2, 8 = 10, t = 20.

normalized velocity is —1 on the surface of the substrate z = w
and it is exactly O at the fluid/cylinder interface. In the region
right in front of the cylinder (entrance), the normalized velocity
component vy can be positive as more liquid is squeezed out. As
y increases and w decreases, vy changes more rapidly across the
film thickness. This is illustrated by the white dash horizontal line
(z—w = 0.05) in each figure.

Next, we determine the averaged velocity through the film
thickness by integrating the velocity field Eq. (14a) through the
film and divide it by the film thickness. After some algebra, this
results in

fwhixdz R

Ux,ave = = XU

i 3 (14b)

Fig. 7 compares vy 4y for patterned surface and homogeneous
surface. Outside the Hertzian contact region |x| > 1, the effect of
surface pattern on vy g is insignificant. However, within [x| < 1,
Ux.ave Changes significantly. Fig. 7(a, b) show that for a fixed w,
the amplitude of vy 4. increases in [x| < 1 as y increases from
0.2 to 0.4. Note vy 4, varies much more when the indenter moves
from the soft to stiff region. For this case, the average flow rate
is smaller than the homogeneous case. The opposite is true when
the indenter moves from the stiff to the soft region. Similar results
are found when y is fixed and w decreases from 2 to 0.5. As @
decreases, more significant variation of vy g, is found when the
indenter moves from the soft to stiff region. In the stiff region,
Ux.ave 1S larger than the homogeneous case.
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Fig. 6. Contour plot of vy; (a-b) the wavelength w of the sinusoidal stiffness profile is fixed at @ = 1 while the amplitude A varies from y = 0.2 to 0.4; (c-d)

y = 0.2 and w changes from w =2 to w = 0.5.

3.4. Hydrodynamic friction and friction enhancement

The shear traction t,, between the rigid cylinder and the liquid
layer gives rise to a hydrodynamic friction F;. Using Eq. (14a), the
shear traction is:

av _ av, o = 1
sz—na—zx:rzx=8—;=6,3p,;(22—h—w)+ﬁ; (15a)
_ __ 1
Taxlz_p = 6BpzU+ = (15b)
where
- a? 3\ N3 (150
Tow = —— Ty = —_— —_——— Ty, C

zx 2nRV zX 2@ nVRl/3kg/3 zX

is the normalized shear stress. The hydrodynamic friction Fy is
computed by integrating the shear stress 7,|,_, over |x| < oo.
We define the normalized hydrodynamic friction by:

— a 48R> 3\*? N3
Fr— F="fp_f|(2) —— 16a
T 2Rgvg ! ™ ket T T <2) 48R3k (162)

Using Egs. (15b), (15c¢), the normalized hydrodynamic friction is:

_ 1 oo_ B _ oo _ ___ 1
Ff:E/;oo tlezzhd)—c_[w |:6p,x(h w)+—’3(ﬁ_m):|d)—<

(16b)

Time history of the normalized hydrodynamic friction Ff is
plotted in Fig. 8 for different structured surfaces. The homoge-
neous case y = 0 is plotted in the same figure as a comparison.
The important result is that structured surface increases hydrody-
namic friction. In Fig. 8(a) (B = 10, w = 1), Fy increases with y.
For example, when y = 0.2, Ff is slightly higher than the homo-
geneous case. However, ff is about 1.5 times of the homogeneous
case when y = 0.6. _

Fig. 8(b) shows that F; increases with the number of soft
and hard regions within the contact zone (decreasing w). The
homogeneous case, w = o0, is plotted as a reference (horizontal
black line). For large w > 2, Fy oscillates around the homogeneous
friction (denoted by l_’f (w = 00)). As we increase the number of
soft and hard regions within a contact zone, e.g. < 0.5, there
is a significant increase of Fy over Fy (w = 00). Specifically, when
o = 0.25, Ff is 1.36F; (w = 00).

Ff a

The friction coefficient yuy = = 53
normalized time in Fig. 9.

To further quantify how structure changes the hydrodynamic
friction, we replace the parameter y by a new parameter p =
Kmin/Kmax, where kmax and ki, are the maximum and minimum
stiffness respectively. In our model,

z||

is plotted against

1-y
P = kmin/Kkmax = m (17)
The new parameter p € [0,1]; p = 1 corresponds to a
homogeneous surface while p = 0 corresponds to a periodic
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surface modulated by very soft and very hard regions. We mea-
sured enhancement of hydrodynamic friction by introducing a
dimensionless parameter X: the friction enhancement ratio:

(18a)

Since the hydrodynamic friction oscillates, we define three re-
lated quantities:

A= Ff,structured/Ff,homogeneous = Ff,structured/Ff,homogeneous

min (I?f,structured) .

max —

> 'min — i

F f,homogeneous F f,homogeneous

=
fo Ff,structureddw

}Lavg = = (18b—d)

Ff, homogeneous

where: Fy siructured iS Fr for a structured surface and Fy homogeneous
corresponds to a homogeneous surface.

These friction enhancement ratios are plotted against p and
w in Fig. 10a,b. Fig. 10(a) shows that for @ = 1, the enhance-
ment ratio increases with decreasing p. This figure shows that as
p — 1 (homogeneous surface) there is no hydrodynamic friction
enhancement. The enhancement ratio can exceed 1.5. In Fig. 10(b)
the enhancement ratio A increases with decreasing w. For w > 4,
there is hardly any hydrodynamic friction enhancement. Signifi-
cant enhancement of friction is achieved at w = 0.25. However,
one should note that further decreasing w will not achieve more

enhancement. In our model, the ratio of the minimum liquid
film thickness over the surface structure wavelength is up;, /L =
Uminad/ QwR). For @ = 0.1, Uy, =~ 0.04 and umin/L =~ 0.2a/R.
Further decreasing @ would eventually make up;, /L so large that
the thin film assumption of Reynold’s theory breaks down. In the
limit of o — 0, the size of the feature is vanishingly small in
comparison with the size of the contact zone, hence the surface
behaves as a homogeneous surface with average stiffness kO and
there should be no friction enhancement.

3.5. Effect of B on film thickness u and hydrodynamic friction ff

Larger B corresponds to larger normal force and smaller slid-
ing velocity. Our numerical results reveal scaling behavior be-
tween friction and sliding rate. The results are shown in Fig. 11.
For the homogeneous surface, we have shown in previous work
that Ff o« B=Y/2 for B > 10 [64]. For structured surfaces, our
result show that ff o« B~P, where b is a constant depending
on y and w. For structured surface with w = 1, the power law
exponent b varies between 0.42 and 0.43 fory = 0to y = 0.4
(or p € [0.428,1]) . We also studied the effect of 8 on film
thickness u and hydrodynamic friction enhancement ratio Aqyg.
More details could be found in SI.
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4. Summary and discussion

In this paper, we focused on a special case of a transient elasto-
hydrodynamic lubrication problem: lubricated sliding of a rigid
cylinder on an elastic foundation with sinusoidal stiffness profile.
Enhancement of friction in hydrodynamic lubrication is conven-
tionally thought to come mainly from the substrate’s deformation
and associated energy dissipation, for example, due to viscoelas-
ticity. We have recently shown experimentally that enhancement
of hydrodynamic lubrication friction can also come from surface
architecture. In this work we develop a model and a new numer-
ical scheme to explain this phenomenon. This numerical scheme
allows us to study the time dependent hydrodynamic pressure
profile, fluid film thickness as well as the velocity field during
sliding. We focus on thin elastic substrates for which the elastic
foundation model is a very good approximation. We found that
when the elastic foundations are patterned with a sinusoidal stiff-
ness profile, lubricated sliding of a rigid cylinder on this substrate
exhibits a significant improvement of hydrodynamic friction F;.
This is due to that these patterned stiffness in the structured
surface locally changes the liquid film thickness as well as the
pressure gradient, which ultimately affects hydro-shearing force
and bring more hydrodynamic friction. To develop a physical
understanding of why spatial variation in contact stiffness leads
to increase in dissipation, consider a much simpler problem of
Couette flow between two parallel planes, one rigid and the other
a spring foundation with varying contact stiffness. As y — 0, we
have simple Couette flow given by equation S.9a in SI. There is
no pressure gradient and only the second term, corresponding
to Couette flow survives. Its derivative with respect to z gives
the shear force, which results in friction. As y take on a small
value, this sets up a variation in film thickness, which results in a
periodic pressure gradient. This, in turn, activates the Poiseuille
flow (first term in S.9a in SI). For this term at z = h, it has
the product of pressure gradient and (h-w) both of which will
vary sinusoidally. As a result, their product adds a positive term
to the shear deformation rate. This corresponds to the vertical
pumping action on the fluid layer due to spatially varying contact
stiffness that was introduced in [25]. Specifically, our result show
that significant enhancement of friction occurs for surfaces with
shorter wavelength and larger amplitude. We also discovered
interesting scaling relationship between friction and velocity for
different structural surfaces.

With little modification, the numerical formulations and
schemes presented in this work can be used to simulate other

Extreme Mechanics Letters 54 (2022) 101735

transient EHL problems. The results presented here could serve
as a guideline for designing special surfaces to improve hydrody-
namic friction performances.
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