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Abstract 

Polymer ionization differs from that for their monomeric counterparts due to 

intramolecular correlations. Such effects are conventionally described in terms of the site-binding 

model that accounts for short-range interactions between neighboring sites. With an apparent 

equilibrium constant for each ionizable group and the nearest-neighbor energy as adjustable 

parameters, the site-binding method is useful to correlate experimental titration curves when the 

site–site interactions are insignificant at long range. This work aims to describe the electrostatic 

behavior of weak polyelectrolytes in aqueous solutions on the basis of the intrinsic equilibrium 

constants of the individual ionizable groups and solution conditions underlying the thermodynamic 

non-ideality. A molecular thermodynamic model is proposed for the protonation of weak 

polyelectrolytes by incorporating the classical density functional theory into the site-binding model 

to account for the effects of the local ionic environment on both inter- and intra-chain correlations. 

By an extensive comparison of theoretical predictions with experimental titration curves, we 

demonstrate that the thermodynamic model is able to quantify the ionization behavior of weak 

polyelectrolytes over a broad range of molecular architectures and solution conditions.  
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1. Introduction 

 The functionality of polyelectrolytes is closely affiliated with electrostatic interactions.  In 

contrast to strong polyelectrolytes, weak polyelectrolytes present ionizable groups with the degree 

of ionization in accordance with the solution pH and the local chemical environment.  The pH-

regulated charge behavior is advantageous for applications in “smart” polymeric systems to 

achieve specific functionality such as targeted drug delivery and controlled release in response to 

the pH variation of intracellular fluids1, 2.  Such behavior can also be utilized in wastewater 

treatment3, thermal energy storage4, solid-liquid separation5, and underwater adhesion6, 7, to name 

only a few.  Clearly, electrostatic interactions play a central role in diverse applications of weak 

polyelectrolyte systems.  

 The dependence of site ionization on solution conditions makes electrostatic correlation in 

weak polyelectrolyte systems more complex than that in strong polyelectrolytes.  For weak 

polyelectrolytes, charge regulation is significantly different from the ionization of monomeric 

compounds because it is coupled not only with interactions with other chemical species in the 

solution but also with the ionization of neighboring sites8.  For weak homo-polyelectrolytes such 

as polyacids and polybases, the ionization is hindered by the Coulombic repulsion among 

neighboring charged monomers9.  On the other hand, polyampholytes are more easily ionized than 

their monomeric counterparts due to favorable attraction between neighboring acidic and basic 

groups because of the opposite charge10.  For many weak polyelectrolytes, the titration curve 

exhibits a step-like shape caused by the sequential ionization of monomers along the polymer 

chain. In general, the degree of ionization is lower than that for their monomeric counterparts due 

to intra-chain correlations.  For example, poly(maleic acid), PMA, exhibits a two-step titration 

behavior resulting from strong interactions among its high-density carboxyl groups along the 



polymer backbone11.  At moderate to high salt concentrations, ionization takes place at alternating 

sites and must overcome strong electrostatic repulsion with the neighboring charged groups8.  In 

weak polyelectrolyte solutions, the charge regulation depends not only on intra-chain correlations 

but also on intermolecular interactions due to the presence of other chemical species. In that case, 

we need a thermodynamic model to account for the solution condition such as salt concentration 

and the chemical details of individual ionic species. 

 Theoretical modeling of weak polyelectrolytes has a long history and varies greatly in term 

of complexity12, 13.  Recent studies of weak polyelectrolyte titration are mostly based on Monte 

Carlo (MC) simulations, typically within the framework of a coarse-grained representation of the 

polymer chains14-17.  For example, Laguecir et al. investigated the ionization of linear poly(acrylic 

acid) using a freely-jointed hard-sphere-chain model along with a screened Debye-Hückel 

potential for electrostatic interactions between charged segments18.  Excellent agreement was 

achieved in comparison with experimental titration curves for the polyacid in dilute electrolyte 

solutions.  These authors also demonstrated that, at the same pH, the degree of ionization is reduced 

as the molecular weight (MW) increases due to the long-range correlation effects.  A similar model 

was used by Uhlík et al. to study the ionization behavior of star-like weak polyelectrolytes in a 

salt-free solution19.  It was found that, when the number of arms varies from 2 to 10 while fixing 

the length of each arm at 100 segments, the overall ionization of the polymer is reduced as the 

number of arms increases due to the increased monomer density near the molecular center.  In 

comparison with analytical methods, one major advantage of MC simulation is that, given a 

polymer model, it is able to account for both the intra- and inter- molecular correlations exactly.  

However, molecular simulation of weak polyelectrolyte systems typically avoids an explicit 

consideration of electrostatic interactions with protons or hydroxyl ions because the inclusion of 



such effects would significantly increase the computational cost. By contrast, mean-field methods 

are able to explicitly account for all ionic species in the solution thus computationally more 

efficient than simulation methods20, 21.  Recently, Uhlík et al. compared the predictions of the self-

consistent-field theory (SCFT) with simulation data19.  While SCFT provides a reasonable 

description of the conformation of weak polyelectrolyte chains, it fails to capture the titration 

curves for star-like weak polyelectrolytes.  Nevertheless, SCFT is able to describe the titration 

behavior of linear poly(acrylic acid) in good agreement with experimental data. Besides, it can be 

combined with a two-site model with one site containing a carboxyl group and the other site 

containing two carboxyl groups (divalent when fully deprotonated)22. 

 In this work, we develop a liquid-state method to describe the titration of weak 

polyelectrolytes by incorporating the classical density functional theory (cDFT) with the 

conventional site-binding model23.  By accounting for the free energy of ionization for each 

segment in a local solution environment, cDFT enables a faithful description of the salt effects on 

weak polyelectrolyte charging that are typically ignored in conventional methods. With the 

intrinsic protonation/deprotonation constant as the input, which can be fixed from fitting with 

experimental data for monomeric systems or predicted by first-principles methods, the 

thermodynamic model provides a quantitative description of the degree of ionization for individual 

segments in weak polyelectrolyte systems with arbitrary chain topologies. In the reminder of this 

article, we will present the theoretical details and numerical results as follows.  We first outline 

the conventional site-binding model for describing the titration of weak polyelectrolyte chains.  

Next, cDFT is introduced to account for the effect of local solution environment on the ionization 

of individual segments by using a coarse-grained model for polymers and electrolyte solutions.  

The numerical results are then discussed by comparison with experimental titration curves for 



linear and branched polyelectrolytes. After demonstrating the theoretical capability of the 

molecular thermodynamic model for diverse weak polyelectrolyte systems, we summarize the 

main results and offer perspectives on possible further developments and new applications. 

2. Thermodynamic model and methods 

In this section, we first recapitulate the two-site model for describing the ionization of weak 

polyelectrolytes with an emphasis on its extension to polymers of arbitrary architecture. Next, we 

introduce a molecular thermodynamic model to account for the solution effects on the binding 

energy and site-site interactions that are not included in conventional site-binding models. The 

theoretical details on the application of classical density functional theory to inhomogeneous ionic 

systems are given in Supporting Information.      

2.1 Site-binding model 

The site-binding model is built upon the Ising chain model in statistical mechanics.  It 

describes the ionization of weak polyelectrolytes in terms of the one-body potential and nearest-

neighbor interactions8, 24.  Within this model, the ionizable groups are treated as proton-binding 

sites with their spatial arrangements along the polymer backbone dependent upon the polymer 

architecture (e.g., linear or branched).  Each site may exist in charged or neutral state depending 

on the solution pH and the apparent protonation constant (viz., p ¢K i ).  The interaction between 

neighboring sites is represented by a screened Coulomb potential that partially accounts for the 

solution condition8.   

The site-binding model performs well to correlate experimental titration curves with the 

proton binding constant and nearest-neighbor interaction energy treated as adjustable parameters. 

One major limitation is that the site-binding model is not able to account for polymer 

conformations. Theoretical improvements are mostly focused on site-site interactions beyond the 



immediate neighbors25. However, less attention has been directed at the thermodynamic effects on 

both the one-body potential and intra-chain correlations.  In Section 2.2, we will outline a method 

to account for this thermodynamic non-ideality due to changes in the inter- and intra- molecular 

correlations with the salt concentration. We first begin with an outline of the original site-binding 

model and its extension to polymers with arbitrary architectures.  

 As in the Ising model, the Hamiltonian for the site-binding model is a quadratic function 

of the state variable for the ionizable sites  

 G s1,...,sM( ) = Dmisi
i

M

å + Wi,i+1
P sisi+1

i

M -1

å   (1) 

where si stands for the microstate of ionizable group i, and M is the number of ionizable sites at 

each weak polyelectrolyte chain. The state variable is set as si = 0 if site i is not charged, and si = 

1 otherwise. The first term on the right side of Eq. (1), Dmi , accounts for the reversible work to 

convert a monomer from the neutral state to the charged state. The ionization can be achieved by 

either adding a proton to a basic site or removing a proton from an acidic site.  Approximately, the 

change in the intrinsic free energy, i.e., the free energy of a single site at the single-chain reference 

state, is the same as that for the monomer at infinite dilution,  

 bDmi = bmi si = 1( ) - bmi si = 0( ) =
p ¢Ki - pHéë ùû ln10, for an acid

pH - p ¢Kiéë ùû ln10, for a base

ì
í
ï

îï
  (2) 

where p ¢Ki  is the negative logarithm of the apparent protonation constant for segment i, ¢Ki , 

pH = - loga
H +  with a

H+  being the proton activity, and b = 1/ kBT  where kB is the Boltzmann 

constant, and T is the absolute temperature.  In the conventional site-binding model, the apparent 

equilibrium constant depends not only on the ionization reactions of individual groups but also on 

the local solution condition. It should be clarified that the apparent protonation constant is for that 



of an individual segment and not for the pH at which the polymer is half-charged as it is typically 

referred to in experiments.  In the latter case, the polymer architecture and inter- and intra- 

molecular correlations dictate the pH value at which the polymer is half-charged.  Such monomer-

level information is not accessible experimentally.  The second term on the right side of Eq. (1), 

Wi,i+1
p , takes into account an additional work due to the electrostatic (and non-electrostatic) 

interactions between neighboring sites. This term differentiates the titration of weak 

polyelectrolytes from that for their monomeric counterparts.  Owing to the electrostatic screening, 

the strength of electrostatic interactions among polymer segments varies with the salt 

concentration.  On the other hand, non-electrostatic interactions, which may result from short-

range interactions such as hydrogen bonding and electron sharing, are less sensitive to the salt 

concentration.  The relative strength of the short- and long-range interactions is dependent on the 

distance between neighboring sites.  While the site-binding model is attractive due to its simplicity, 

it provides little insights in the incorporation of the intermolecular correlations through Dmi  and 

the intramolecular correlations through parameter Wi,i+1
p . One major objective of this work is to 

predict these two phenomenological parameters with a thermodynamic model. 

The degree of ionization is obtained from the ensemble average of all possible charge states 

of the ionizable groups based on the semi-grand canonical partition function 

 X = e - b G s1,...,sM( )

s1,...,sM

å  . (3) 

The summation extends to all combinations of uncharged and charged sites on a single weak 

polyelectrolyte chain under consideration.  For each ionizable site, the degree of ionization can be 

determined from  



 a k = sk = -
¶ln X
¶bmk

=

e - b G si{ } ,sk =1( )
si ⌫ k{ }
å

e - b G si{ }( )
si{ }
å

 . (4) 

In principle, Eq. (4) can be evaluated by enumerating all possible combinations of the charge states 

or by applying MC simulation. Whereas such procedures are straightforward for short polymers, 

direct enumeration of all possible charge states of ionizable groups can quickly become 

computationally prohibitive as the chain length increases because the number of charge states 

scales exponentially with the number of segments. From an analytical perspective, the transfer 

matrix technique provides an elegant approach for evaluating the partition function.   

 

Figure 1. (a) Schematic of polymer architecture where the polymer ‘originates’ from a segment 

denoted origin.  Each generation refers to the number of parent-child relations between the 

segment and the origin. The origin is designated as generation 0.  Any segment without any 

children is referred to as an endling.  (b) Schematic of a weak polymer represented by freely jointed 

hard spheres that can be in either neutral of charged states of valence Z=0 and Z=+1 for a basic 

monomer (or Z=-1 for an acidic monomer), respectively.  Here, W stands for the potential of mean 

force between neighboring segments and s p   is the size of the monomer. 



For linear polyacids or polybases with M identical ionizable sites, analytical expressions 

can be readily derived to describe the ionization behavior8.  In this case, we are often concerned 

only with the average degree of ionization, which is calculated from a = a k / M
kå . In principle, 

the transfer matrix technique is applicable to weak polyelectrolytes with more complicated 

architectures.  As shown in Figure 1, we may organize the ionizable groups from a polymer of 

arbitrary architecture in terms of a “parent-child”-like structure26. In this labeling scheme, we first 

assign a polymer segment (no special requirement on this segment) as the origin (i.e., the segment 

in which all other segments branch from).  Then, segments immediately connected to the origin 

segment are labeled as generation 1 (i.e., the children of generation 0).  Thus, the origin segment 

is also the parent to these segments in generation 1.  If the segments in generation 1 have children, 

then they will be the parents to the segments in generation 3 and so on.  However, if the parent-

child relation ends (i.e., there is no child for a particular generation path), then this last segment is 

denoted as an endling and is the child of the previous generation.  A segment is at a generation G 

if the parent-child relation transfers G times between this segment and origin.  For consistency, we 

define the generation of the origin as zero.  The key point of this distinction is that we can find one 

and only one path from the origin to the segment of interest, or from the segment of interest to the 

origin. 

When  the ionizable sites in a weak polyelectrolyte are arranged in a parent-child structure, 

we can define a restricted partition function for parent p with k children each with their own 

restricted partition functions27 

 ¢X p sp( ) = zp
sp upk

spsk ¢Xk sk( )
sk{ }
å
é

ë
ê
ê

ù

û
ú
úk=child p( )

Õ .  (5) 



Eq. (5) corresponds to the partition function of the parent with a fixed (restricted) value of the state 

variable sp for the parent segment, where zp is the reduced activity defined as zp = ¢K paH +  and 

upk = exp[ - bWpk ].  The product accounts for the contributions of different child structures, and 

the summation is over the different possible states of child k.  Recursive application of the 

restricted partition function to the entire polymer leads to an exact partition function for weak 

polyelectrolytes of arbitrary tree-type architecture.  To carry out such calculations, we introduce 

variable t p = ¢X p 1( ) / ¢X p 0( ) and the recursion relation28 

 t p =
¢X p 1( )
¢X p 0( ) = zp

¢Xk 0( ) + upk ¢Xk 1( )éë ùû
¢Xk 0( ) + ¢Xk 1( )éë ùûk=child ( p)

Õ = zp
1+ upk t kéë ùû

1+ t kéë ùûk=child ( p)
Õ  . (6) 

The total partition function for the entire polymer can then be written in a recursive manner by 

designating a specific segment as the origin: 

 X = 1+ t o( ) Xk
k=child o( )

Õ   (7) 

where X k  is the partition function for child k who is the parent for its own child j 

 Xk = 1+ t k( ) X j
j=child k( )

Õ . (8)  

The average number of ionized segments, vr = a ii

Må , can be found from the application of Eq. 

(4) to Eq. (7), leading to the recursive relation28 

 vi =
bit i

1+ t i
+ vk
k=child i( )

å   (9) 

where  

 bi =
zi
t i

¶t i
¶zi

= 1+
uik - 1( ) t kbk

1+ uik t k( ) 1+ t k( )k=child i( )
å  . (10) 



The recursion relation is carried out from every endling to the origin generation by generation, 

which means that we must first calculate the quantities at maximum generation G, and then 

calculate these at levels G-1, G-2, …, down to generation 1.  The variable t i  and bi are initialized 

to zi and 1, respectively, for all endling segments.  This results in a straightforward and fast 

procedure to determine the degree of ionization for any weak polyelectrolyte. 

The parent-child resummation scheme discussed above is most useful for polymers with 

highly branched structures. While this technique is applicable to polymers of any architecture that 

can be arranged such that there is only one unique parent to a child (i.e., no loops), it is not 

necessary for linear chains such as poly(acrylic acid) because an analytical expression for the 

partition function is available. When stereochemistry must be considered and the connection types 

(i.e., mesomeric and racemic) are chosen according to a prescribed probability distribution, we can 

also use the parent-child resummation method with one of the end segments of the linear chain 

assigned as the origin. 

2.2 Molecular thermodynamic model 

 As discussed above, the conventional site-binding model accounts for the solution effects 

on weak polyelectrolyte ionization in terms of two adjustable parameters, i.e., the ionization free 

energy of an isolated monomer and the nearest-neighbor interaction energy. Whereas the 

theoretical procedure is convenient for fitting the experimental titration curves, a thermodynamic 

model is needed to relate these parameters to the solution conditions.  Towards that end, we employ 

the primitive model for polyelectrolyte solutions to account for electrostatic interactions, short-

range attractions, and molecular excluded volume effects. As shown schematically in Figure 1, a 

weak polyelectrolyte is represented by a freely-jointed tangent hard spheres such that each segment 

is ionizable dependent upon the local solution condition. Unlike typical coarse-grained models 



used in MC simulation, the salt ions are explicitly considered as charged hard spheres while the 

solvent is represented by a dielectric background. At room temperature, the dielectric constant of 

liquid water is set equal to 78.4.  The hydrated diameter for the salt ions were taken from Simonin 

et al.29. For simplicity, we assume that the hard-sphere diameter for each segment is not influenced 

by the ionization status. For all systems considered in this work, the calculated results were 

relatively insensitive to the ion diameters.  

Thermodynamic non-ideality plays a significant role in both one- and two-body potentials 

of the site-binding model.  In general, we may decompose the one-body energy into chemical and 

physical contributions, i.e., the apparent equilibrium constant can be separated into contributions 

due to protonation reaction and non-bonding interactions:  

 p ¢Ki = pKi
T +

1
kBT ln10

mi
ex si = 1( ) - mi

ex si = 0( )éë ùû . (11) 

The first term on the right side of Eq. (11) is affiliated with the thermodynamic equilibrium 

constant for the ionization of an isolated monomer (i.e., an intrinsic property of the segment 

independent of charge status of the entire polymer) at a reference state of infinite dilution.  In 

principle, the thermodynamic equilibrium constant can be predicted from the Gibb’s energy of 

formation for individual monomers in the solution by using first-principles methods. However, 

quantum-mechanical calculations are computationally demanding and the results are sensitive to 

the theoretical details30. Alternatively, the thermodynamic constant can be determined by fitting 

the thermodynamic model with experimental titration curves for specific polymer systems under 

consideration.   

The second term on the right side of Eq. (11) represents the change in the excess chemical 

potential of the monomer upon ionization.  This term arises from the physical interactions of the 

ionizable site with all other chemical species in the environment thus changes with the solution 



condition. Within the thermodynamic framework discussed above, the change in the excess 

chemical potential can be expressed in terms of the electrostatic correlations (el) and local electric 

potential (charge) 

 Dmi
ex = mi

ex si = 1( ) - mi
ex si = 0( ) = Dmi

el + Dmi
charge  . (12) 

Eq. (12) does not include contributions due to volume exclusion because, as mentioned earlier, the 

segment size is assumed to be the same regardless of whether the ionizable site is charged or 

neutral.  The neglect of the size effect is obviously a simplification since the hydration structure 

may change upon protonation or deprotonation31.  However, the change in the particle size would 

have substantial influence on the excluded-volume effects only in concentrated electrolyte 

solutions32.  Besides, the hydration of a segment within a polymer chain is most likely not the same 

as that for an isolated monomer.  With the assumption that ionization has negligible excluded-

volume effects, the change in excess chemical potential is therefore dominated by electrostatic 

interactions and correlation effects. 

By treating the polymer as ionizable hard-sphere chains, we can derive analytical 

expressions for both the local and bulk thermodynamic properties of weak polyelectrolytes from 

the classical density functional theory (cDFT)33.  The excess chemical potential due to electrostatic 

correlations results from interactions with other ionizable groups in the same polymer chain and 

with all charged species in the solution.  For each polymer segment, the ionization leads to a non-

uniform distribution of free ions and other polymer segments in its surrounding environment. Such 

effects can be described through the mean-spherical approximation (MSA)34.  Importantly, MSA 

reduces to the Debye-Hückel (DH) limiting law at dilute electrolyte concentrations35.   

According to MSA, the change in excess chemical potential due to electrostatic correlations 

between the ionized monomer and the uncharged monomer is expressed as 



 bDmi
el = - lB

Zi
2G + 2Zih s i

1+ Gs i

é

ë
ê

ù

û
ú   (13) 

Where lB = be2 / 4pe0e r  is the Bjerrum length (7.14 Å for liquid water at room temperature), e is 

the elementary charge, and e 0
 and e r  are the vacuum permittivity and the dielectric constant of 

the solvent, respectively; s i
 and Zi are the hard-sphere diameter and valence of the ionic species, 

h  is a parameter related to the asymmetry of the system (i.e., differences in size and valence of 

the ionic species), and G  is the MSA screening parameter.  Approximately, G  is proportional to 

the square root of the ionic strength similar to that for the Debye screening parameter.  As a result 

of this square root dependency, the importance of electrostatics becomes relevant even at dilute 

conditions.  A full set of MSA equations is given in Supporting Information.     

 The polymer ionization also leads to a change in the segment excess chemical potential 

affiliated with the local electric potential, f local .  For an uncharged segment, the local electric 

potential is approximately zero unless it is directly connected with a charged segment.  Upon 

ionization, the local electric potential will be dependent on the segment size and the salt 

concentration.  The change in the excess chemical potential due to ionization is given by the 

difference in the self-energy of the charged segment (i.e., the Born energy) 

 Dmi
charge = eZiD f i

local = eZi f i
local I( ) - f i

local I® 0( )éë ùû ,  (14) 

where Zi is the valence of the charged segment, I is the ionic strength I = å k ckZk
2 / 2 , and ck is 

the molar concentration of species k.  The local electric potential must be taken relative to that 

corresponding to the infinite dilution (i.e., I®0) because it is used as the reference state for the 

thermodynamic equilibrium constant.  The contribution to the change in excess chemical potential 

is always negative since the electrostatic energy is the largest at infinite dilution.  In principle, the 



local electric potential is also dependent upon the position of the ionizable site within the polymer 

backbone.  Because such considerations would be cumbersome from a computational perspective, 

we treat all segments identical and assume that the local electric potential is the same as that 

corresponding to an isolated monomer in the polyelectrolyte system.  The latter can be estimated 

from cDFT calculations by fixing a particle of an absolute charge of e and hard-sphere diameter 

s   at the origin.  As demonstrated in our previous work33, cDFT provides an accurate description 

of the inhomogeneous distribution of ions in an aqueous environment. 

 As indicated before, the ionization of weak polyelectrolytes differs from its monomeric 

counterparts primarily due to the presence of electrostatic interactions between neighboring sites.  

For homopolymers, the intrachain correlation impedes the charging of ionizable groups in the same 

polymer chain and gives rise to a step-like titration curve as commonly seen in polyacids11.  To 

describe the interaction between adjacent sites, we must account for the extra work to form a pair 

of charges.  This extra work can be separated into non-electrostatic and electrostatic components, 

Wi,i+1
P = ui,i+1 +Wi,i+1

el .  The non-electrostatic energy originates from specific interactions such as the 

breakdown of hydrogen bonding between neighboring pairs36 or the stabilization of charge like 

that seen in PMA11.  Whereas a quantitative prediction of the non-electrostatic energy is difficult 

to achieve from a molecular perspective, we expect that the short-range interaction is relatively 

insensitive to the solution conditions. In this work, the non-electrostatic component is estimated 

by fitting the experimental data across different solution conditions. 

The electrostatic interactions between neighboring segments can be estimated from the 

first-order thermodynamic perturbation theory (TPT)37. 

 bWi,i+1
el s i,i+1( ) = - lngi,i+1

el s i,i+1( )  (15) 



where s i, j = (s i + s j ) / 2 ,  and gi, j
el   stands for the electrostatic component of the contact value of 

the radial distribution function between segments i and j. The latter is often approximated by the 

radial distribution function for a reference system of charged hard spheres38 

 gi, j
el s i, j( ) = exp -

lB
s i, j

Zi - h s i
2

1+ Gs i

Z j - h s j
2

1+ Gs j

é

ë
ê
ê

ù

û
ú
ú
 . (16) 

At infinite dilution, the radial distribution function reduces to the exponential of the contact value 

of the electrostatic pair potential between neighboring segments.  Intuitively, Eq. (15) can be 

understood as the electrostatic work to form an ionic bond as represented by the potential of mean 

force.  As the salt concentration increases, two segments of the same charge become less repulsive 

due to electrostatic screening, leading to an increased contact value for the radial distribution 

function. It is important to note that TPT takes into account the chain-connectivity effect on 

ionization only at the nearest-neighbor level. Nevertheless, unlike the original site-binding model 

(viz., the Ising chain) that ignores the chain conformation completely, the thermodynamic model 

takes into account the intra-chain correlations through the excess chemical potential of monomers 

and chain connectivity. Because such correlations are considered at the nearest-neighbor level, our 

model is not able to describe the conformation effects adequately. The influence of polymer 

conformation on ionization is an important problem for future development but beyond the scope 

of this study. 

 The thermodynamic procedure discussed above allows us to predict the effects of solution 

conditions on the one-body energy and nearest-neighbor interaction parameters used in the site-

binding model. The one-body energy includes a contribution affiliated with the change in the 

excess chemical potential of each monomer due to ionization. This term accounts for the reversible 

work to place the monomer at the position of ionization from its ideal reference state. In other 



words, the excess chemical potential arises from the interactions of each ionizable site with all 

other species in the solution. Because the excess chemical potential neglects the intra-chain 

correlation among neighboring sites, TPT is used at the nearest-neighbor level to account for the 

additional work to bring charged monomers together in the same polymer chain. There is no 

double-counting in the one-body and nearest-neighbor interactions.  

3. Results and Discussion 

In the following, we provide three case studies to illustrate applications of our 

thermodynamic model to describe the effects of solution conditions on ionization of weak 

polyelectrolytes with different molecular architectures. We first consider the effects of salt types 

and ionic strength on ionization of poly(acrylic acid), a linear polyacid with a relatively low density 

of ionizable groups.  In this case, the titration behavior has been well studied and can be described 

with various mean-field methods owing to the weak interactions between neighboring sites8, 11, 20.  

Next, we consider two polyacids with a higher linear charge density, poly(maleic acid) and 

poly(fumaric acid), which differ in their stereochemical arrangement of the carboxyl groups.  

Unlike poly(acrylic acid), these polyacids exhibit step-like titration behavior that cannot be 

described by mean-field methods11.  Lastly, we investigate the titration properties of dendrimers 

at different generations that are composed of titratable amine groups.  Normally, the site-binding 

description of dendrimers requires many adjustable parameters due to large changes in the local 

chemical environment from the outer to inner regions of the dendrimer.  We find that the 

application of our thermodynamic model to predicting the titration of weak polyelectrolytes is 

most successful at moderate to high salt conditions.  As low salt concentration, a discrepancy 

emerges between the theoretical results and experimental data due to interactions beyond 

immediate neighbors that are not explicitly accounted for in our thermodynamic model.  



3.1 Poly(acrylic acid)  

Poly(acrylic acid) (PAA) is a linear weak polyelectrolyte that shows no apparent step-like 

ionization in the titration curve. Conventional models are able to describe the titration curves 

provided that both the binding constant and nearest-neighbor energy are allowed to change with 

solution conditions.   

 

Figure 2.  Titration curves for poly(acrylic acid) at 25 °C in aqueous solutions of (a) lithium 

chloride, (b) sodium chloride, (c) potassium chloride, and (d) cesium chloride solutions from 

experiment20 (symbols) and theoretical correlations (lines). As marked in panel (a), different 

symbols stand for different salt concentrations.  The theoretical correlations determined a 



thermodynamic equilibrium constant of 5.22 and the monomer size was 3.56 Å, 3.37 Å, 3.05 Å, 

and 3.25 Å, respectively, for the alkali salts. 

Figure 2 shows the titration curves of PAA (MW=88 kg/mol20) in four types of alkali 

aqueous solutions (lithium, sodium, potassium, and cesium) at different salt concentrations.  The 

ionization behavior is not significantly influenced by the salt type except at the lowest salt 

concentration (e.g., 5 mM).  Except for the case of 5 mM salt concentration, our thermodynamic 

model successfully reproduces the experimental data for all alkali metals.  As the salt concentration 

increases, the polyacid begins to ionize at a lower pH.  Due to the electrostatic screening effect, a 

narrowed pH window is observed between the neutral and fully charged polymer chain.  The 

changes in the position and shape of the titration curves are reflected by the decrease in both the 

apparent equilibrium constant and the work to ionize two adjacent sites together as determined 

from the conventional site-binding model (see Table S1-S4), respectively.   

At the lowest salt concentration (5 mM), the large discrepancy between theory and 

experiment is unsurprising because the site-binding model neglects intra-chain correlations beyond 

the nearest-neighbor level. When interactions beyond adjacent sites become more significant as 

the salt concentration falls, the monomer ionization is subject to an additional potential due to the 

presence of non-adjacent sites.  For homopolymers, the degree of ionization is reduced due to the 

additional repulsion. Since the nearest-neighbor model neglects long-range intra-chain 

correlations, it overpredicts the ionization weak polyelectrolytes in comparison with experiment 

and the deviation is most significant at low salt concentration.  With the apparent binding constant 

and nearest-neighbor energy treated as adjustable parameters, the site-binding model can capture 

the titration curve at 5 mM salt concentration (see Figures S1-S4). However, the good agreement 

should be ascribed to the weak correlation between these sites that allows for the overall titration 



curve to be approximated at the two-body level when using two adjustable parameters. In 

particular, it misses the initial ionization of the polymer, which can be attributed to the 

overestimation of p ¢K  to compensate for interactions between non-neighboring segments 

neglected in the site-binding model.  The mean-field approximation neglects the explicit charge of 

individual sites. Instead, it treats the energy of each site as an average of the overall interactions20.  

By contrast, our coarse-grained model demonstrates the importance of long-range interactions that 

must be considered for a fully predictive model of the titration curves even at low, but not infinitely 

dilute, salt concentrations.    

In correlation of the experimental titration curves for poly(acrylic acid), we use only the 

thermodynamic equilibrium constant and the monomer size (i.e., the distance between sites) as the 

adjustable parameters. Unlike the conventional site-binding model, these parameters are intrinsic 

properties of the thermodynamic system independent of the solution conditions.  It was found that 

the addition of a non-electrostatic pair interaction did not improve the quality of the fitting results 

(see Figure S3).  For the results shown in Figure 2, the experimental data for the salt concentration 

of 5 mM were not included in the fitting procedure because our model does not adequately account 

for intra-chain correlations between next-nearest neighbors and beyond.  The thermodynamic 

equilibrium constant was constrained to be the same for all alkali metals because it is an intrinsic 

property of the polymer (i.e., independent on the specific salt present in the solution).  The pKa 

value, 5.22 ± 0.02, is greater than that corresponding to an isolated monomer, pKa = 4.756 because 

of the influence of neighboring segments39.  The elevated pKa value agrees with previous quantum-

mechanical calculations40, 41.  The polymerization leads to an increased equilibrium constant for 

deprotonation, i.e., the ionizable sites are less acidic in the polymer than the corresponding isolated 

monomeric counterparts.  The apparent equilibrium constant shows a stronger dependence on salt 



concentration than found for simple carboxylic acids (e.g., Dp ¢K = p ¢K - pK  is approximately -

0.6 for PAA versus -0.2 for acetic acid42).  This can likely be attributed to the high local charge of 

a polymer compared to that of a simple acid such that the screening effect is more significant. 

According to our thermodynamic model, the distance between adjacent sites was 

dependent upon the cation and was found to be 3.56 Å, 3.37 Å, 3.05 Å, and 3.25 Å with a 95% 

confidence interval of 0.12 Å for lithium, sodium, potassium, and cesium cation, respectively.  The 

salt-type dependence of the distance between the neighboring ionizable groups could be attributed 

to the differences in hydration of the alkali ions which influences the hydration of the polymer 

sites when the cations approach the negatively charged monomers in PAA.  The specific chemical 

details that lead to this difference are not captured by the primitive model.  For example, there is 

a noticeable difference between the titration curves for lithium chloride versus cesium chloride at 

the same salt concentration of 5 mM.  One consideration is that even though both cations are 

monovalent, they differ significantly in hydrated diameters (4.76 Å versus 1.89 Å)29.  The larger 

hydration shell for lithium ions is partially responsible for the larger distance between adjacent 

sites due to their condensation at the polymer backbone.  At high salt concentrations, the specific 

ion effect becomes less important because the electrostatic interactions are dominated by the 

overall screening of all ionic species in the system.  Further improvement of our model would be 

possible by adopting an effective potential to distinguish different alkali ions besides size and 

valence32.  Nonetheless, our results demonstrate that the incorporation of thermodynamic non-

ideality into the nearest-neighbor site-binding framework can correctly account for the titration 

behavior of poly(acrylic acid) in different aqueous solutions. 

3.2 Poly(maleic acid) and poly(fumaric acid)  



Both poly(maleic acid), PMA, and poly(fumaric acid), PFA, have ionizable groups with a 

linear density significantly larger than that of poly(acrylic acid). As a result, their titration curves 

exhibit a step-like behavior which is characteristic for many weak polyelectrolytes. The steps in 

each titration curve result from alternating ionization of adjacent sites and can be attributed to the 

Coulombic repulsion and non-electrostatic effects such as hydrogen bonding or electron sharing 

between functional groups11, 43.  However, PFA shows significant asymmetry in its titration curve 

below and above 50% of ionization and a less prominent step-like feature.  Interestingly, PMA and 

PFA differ only in the stereochemical arrangement of their carboxyl groups.  For PMA, every 

second bond is racemic (i.e., neighboring carboxyl groups are on the same side along the C-C 

bond) and about one-third from the remaining ones (i.e., the odd bonds) are mesomeric (i.e., 

neighboring carboxyl groups are on the opposite side across the C-C bond).  By contrast, in PFA 

every second bond is mesomeric and only about half of the remaining ones are racemic43, 44.  Due 

to the closer distance between adjacent sites for a racemic bond compared to that for a mesomeric 

bond, we expect that, on average, the interaction between neighboring sites in PMA will be 

stronger than that in PFA.  It is important to clarify that whether the odd bond is racemic or 

mesomeric can only be given in terms of probability.  For example, the probability of the odd bond 

being racemic is 0.655 for PMA and that for PFA is 0.5445.  Thus, there is no regular pattern in the 

PMA backbone structure.  Previous application of the site-binding model with regularity in the 

structure found the resulting titration curves to be unsatisfactory43.  We expect that the poor 

agreement is due to the absence of stretches in racemic bonds and mesomeric bonds in PMA and 

PFA, respectively. 

The site-binding model can be applied to describe the titration behavior of PMA and PFA 

by accounting for the different possible connections (i.e., racemic or mesomeric bonds). The 



assumption of different connections between adjacent sites on the chain means different strengths 

for the pair interactions, dependent upon if the connection is by a racemic or mesomeric bond.  

Following the method proposed by Groot et al.45, we may select the odd bonds to be either racemic 

or mesomeric by drawing pseudorandom numbers using the propagation rate Pr as a decision 

threshold level.  The degree of dissociation converges after evaluating for approximately 8000 

consecutive sites on the chain.  Since the two weak polyelectrolytes are different only in the 

sequence and the numbers of racemic and mesomeric bonds, we assume that the distance between 

neighboring sites depends only on the type of bonds but not the polymer.  In that case, the same 

set of model parameters can be used for both PMA and PFA. We obtained these parameters by 

fitting the thermodynamic model with the titration data at different solution conditions11, 43, 45.   

Unfortunately, due to the use of a hard-sphere chain model, the different distances between 

racemic and mesomeric bonds introduces an inconsistency. Because the hard-sphere diameter of 

the individual segments cannot account for this difference, we make the monomer size equal to 

the distance between two sites connected by a racemic bond.  The work to charge two adjacent 

sites connected by a mesomeric bond is then considered through an analytical approximation by 

Henderson et al.46 
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where di,i+1 is the distance between two sites connected by a mesomeric bond and k = 8p lBI .  

The pKa values for PMA and PFA were 4.47 and 4.16 with a 95% confidence interval of ± 0.04, 

respectively, and the distances between adjacent sites characterizing the racemic and mesomeric 

bonds were determined to be 0.69 ± 0.01 Å and 1.95 ± 0.06 Å, respectively.  Because PMA and 

PFA have a higher linear density of ionizable sites compared with PAA, the distances between 



neighboring sites are much smaller than that for PAA (e.g., 3.57 Å for LiCl).  At such short 

distances, the assumption that the Coulomb interaction is governed by the bulk dielectric constant 

of 78.5 is likely not valid47.  If a lower dielectric constant were assumed to govern this interaction, 

the distance parameter would need to be larger in order to reproduce the same interaction energy.  

Considering that the description of inhomogeneous dielectric behavior cannot be well described 

through conventional methods, we use the small distances as a zeroth-order approximation.  The 

lower dielectric constant of the interchain interaction may play a role in PAA as well, but to a 

lesser degree owing to the larger distance between adjacent sites.   

 In addition to the electrostatic component of the pair interaction, our thermodynamic model 

includes a non-electrostatic pair potential of -4.53 ± 0.18 kBT between adjacent sites connected by 

each racemic bond in PMA.  It is important to note that this energy will not vary with salt 

concentration and counteracts some of the electrostatic repulsion (Wel ~ +10 kBT).  It has been 

suggested that the nearest-neighbor attraction originates from the local stabilization of charge 

where a proton can be shared between an uncharged carboxyl group and a neighboring ionized 

group connected by a racemic bond36, 48.  Such interaction does not exist between adjacent sites 

connected by a mesomeric bond since it is sterically impossible.  Due to the stereochemistry of 

PFA, two racemic bonds never occur in a row.  On the other hand, the racemic bonds in PMA 

often appear in series leading to significant charge stabilization by proton sharing.  Thus, we see 

that stereochemistry can make an important difference in the titration behavior of weak 

polyelectrolytes, despite otherwise sharing the same chemical composition. 

Figure 3 compares the theoretical and experimental titration curves for PMA (MW=17.6 

kg/mol43) and PFA (MW=6.6 kg/mol11) in pure water and in aqueous solutions of LiCl and NaCl. 

Our thermodynamic model performs quite well at moderate to high salt concentrations.  



Interestingly, the ionization of PMA and PFA extends over 9 pH units owing to the strong intra-

chain repulsion.  Due to the difference in stereochemistry between the two polymers, there is a 

noticeable contrast between the titration curves.  While PMA shows a short plateau in the titration 

curve when it is half ionized, no such feature is observed in the titration curve for PFA.  The 

difference between the two titration curves can be understood by the larger proportion of the 

weakly repulsive mesomeric bonds in PFA compared to that in PMA.  Two charged sites connected 

by a racemic bond in PFA show more significant repulsion than that of PMA, leading to an 

extended titration curve in the late stage of ionization.    

 

Figure 3.  The degree of ionization for (a) poly(maleic acid) in pure water and in three lithium 

chloride solutions and (b) poly(fumaric acid) in three sodium chloride solutions according to 

experiments11, 43 (symbols) and theory (lines).  

As was seen for PAA, the truncation of the intrachain correlations to only those between 

nearest neighbors becomes problematic at low to dilute salt conditions.  Recently, an efficient 

approach was demonstrated by Garcés and coworkers using the Gibbs-Bogoliubov variational 

principle to incorporate intra-chain correlations via an effective one-body potential49, 50.  The 

agreement between the exact results and this new approach was quantitative when applied to weak 



polyelectrolytes with rod-like configurations.  While this new method is promising, its application 

to realistic systems has not yet been achieved.  Alternatively, Ghasemi and Larson utilized the 

random phase approximation (RPA) to account for the intramolecular electrostatic correlations of 

polymers with a specified structure (e.g., coil-like)51.  The RPA method incorporates the 

intramolecular correlations through an effective one-body potential which utilizes the average 

behavior of the ionizable segments.  Thus, unlike our model employed here, it cannot capture the 

step-like titration since the explicit charge status of neighboring sites (viz. paired charge states of 

neighbors) is not considered.  Nonetheless, this method is a key step towards a universal 

description of weak polyelectrolytes by accounting for contributions beyond nearest neighbors in 

a convenient way.  Unfortunately, the use of a fixed structure of the polymer is problematic as the 

conformation is dependent upon the polymer charge.  The coupling of conformation and ionization 

is not easily described with analytical models because both electrostatic and non-electrostatic (e.g., 

hydrophobic) interactions determine the polymer configuration. While the polymer tends to 

expand upon ionization to reduce the repulsive Coulomb interactions, the hydrophobic interactions 

cause the polymer to collapse upon itself.  Future work in these directions could lead to a more 

accurate description of weak polyelectrolytes across all solution conditions. 

The choice of counterions is of particular importance for the ionization of weak 

polyelectrolytes with a high linear charge density.  We show the titration curve of poly(maleic 

acid) in three different 50 mM salt solutions in Figure 4.  While the charging of the polymer with 

pH is relatively independent of the salt type at a low degree of ionization, the choice of salt cation 

plays a major role above 50% ionization where nearest-neighbor interactions become important.  

While lithium chloride shows only a small plateau when it is half charged, tetramethylammonium 

(TMA) chloride exhibits a plateau in ionization spanning across nearly 5 pH units.  Interestingly, 



even at pH 11, the polymer is still only 75% charged when TMA is used as the counterion.  To 

model the corresponding titration curves, we used the pKa and distance parameters for the racemic 

and mesomeric bond determined previously for PMA in lithium chloride solution and adjusted the 

racemic and mesomeric non-electrostatic energies to account for the salt type effect.   

 

Figure 4.  The ionization behavior of poly(maleic acid) in tetramethylammonium chloride,  sodium 

chloride, and lithium chloride at 100 mM salt concentration according to experiments11, 43 

(symbols) and theory (lines).  

While some variation in the distance between adjacent sites may exist for different salt 

types as was seen previously for PAA, we expect that the influence of salt type is mostly non-

electrostatic in origin.  This has been suggested previously by the conventional site-binding model 

which found the pair interaction for TMACl to unexpectedly increase with salt concentration for 

both the racemic and mesomeric bonds45.  For TMACl, NaCl, and LiCl, the interaction energies 

were determined to be -1.90, -3.72, and -4.53 kBT, respectively, for the racemic bond.  For NaCl 

and TMACl, it was necessary to include a non-electrostatic energy of +1.99 kBT and +4.86 kBT 

between the adjacent sites connected by a mesomeric bond as well.  As expected from the titration 

curves, the repulsion between neighboring sites increases as the counterion is changed from 

2 4 6 8 10 12
0.0

0.2

0.4

0.6

0.8

1.0

cs = 50 mM

D
eg

re
e 

of
 Io

ni
za

tio
n

pH

 TMACl
 NaCl
 LiCl



lithium to tetramethylammonium.  This can be understood by the differences in the hydration of 

the counterions since lithium is well solvated while TMA is poorly solvated, leading to a 

modulation of the local water structure around the polymer.  The importance of salt type in the 

two-body interaction reflects the need for a more comprehensive understanding of the solvation 

effects. 

3.3 Weak polyelectrolytes with branched architecture 

 Branched polyelectrolytes behave quite differently from their linear counterparts because 

of additional ionizable neighbors at the branching points. For example, a linear 

poly(ethyleneimine) chain is fully charged below pH=2 but a substantial number of amine groups 

remain uncharged when the polymer has a branched architecture28.  While the titration behavior is 

affected by the chemical nature of the amine groups with different coordination numbers, such 

effects were considered as relatively minor in comparison with that due to the topological 

arrangement of the ionizable sites8.   

In comparison with linear chains of similar molecular weight, dendrimers have a more 

compact internal structure thereby more interactions among ionizable sites in the same polymer.  

A dendrimer is typically described as an onion with each shell from the center containing double 

the number of sites within the previous shell. As illustrated in Figure 1, we may label the total 

number of shells as generations, designated by letter G. If all sites are ionizable, the total number 

of ionizable groups is 2G+2-2; and the number of ionizable groups in the outermost shell is 2G+1.  

The ionization of a dendrimer proceeds first through the outmost and every other shells, which 

constitute two-thirds of the total number of ionizable groups, then followed by the ionization of 

the remaining shells.  However, to ionize the remaining shells is more difficult than in their linear 

counterparts because there are three pair interactions in the dendrimer case versus the two pair 



interactions in the linear case.  Previous investigations based on the site-binding model, MC 

simulation and SCFT calculations demonstrated that the ionization of groups in the outmost shell 

is easier than that for those groups in the inner shells due to the increased density of ionizable 

sites19, 52.  To better understand the ionization behavior of weak polyelectrolyte dendrimers, we 

must be able to account for not only the topological effects but also the influence of solution 

conditions. 

 

Figure 5.  Coarse-grained dendrimer of different generations employed in our molecular 

thermodynamic model.  The equilibrium constant for the two outermost shells of any dendrimer is 

given by pKout and all other (i.e., inner) shells are given by pKin.  For generation 1, both shells are 

given by pKout.  All consecutive charged amines, besides the two in the center, experience a non-

electrostatic repulsion of bui,i+1. 

 To demonstrate the application of our molecular thermodynamic model to weak 

polyelectrolytes with branched architecture, we consider the acid-base equilibrium of 1,4-

diaminobutane poly(propylene imine) (PPI) dendrimers at different salt concentrations. van 

Duijvenbode et al.  studied the titration curves for PPI dendrimers of generation one to five in three 



sodium chloride solutions of 0.1 M, 0.5 M, and 1.0 M using experimental techniques and a site-

binding model53.  The original site-binding model employed four equilibrium constants and three 

pair interaction energies to account for different locations of amine groups (i.e., the shell position) 

within the dendrimer. The large number of parameters are required because of significant 

differences in the chemical environment from the outer shell to the inner shell of the dendrimer. 

As shown in Figure 5, we use only two equilibrium constants to represent the ionizable behavior 

of the dendrimers. Besides, all parameters are independent of salt concentrations. Specifically, our 

model employs two size parameters for the amine groups: one for the primary amine (those in 

outermost shell) and one for the tertiary amines (all others).  Their hard-sphere diameters are given 

by s p = 1.80 ± 0.22Å  and s t = 4.21± 0.47Å , respectively. One additional parameter, 

bui,i+1 = 1.68 ± 0.13, is used to account for non-electrostatic repulsion between the ionizable 

groups. For the generation 1 dendrimer, the equilibrium constant of all amines is the same, 

pKout = 9.37 ± 0.01.  For higher generation dendrimers, we find that all ionizable groups except 

those in the two outermost shells can be described by pKin = 8.09 ± 0.06.  The different 

equilibrium constants reflect significant changes in the local chemical environment of the 

dendrimer in its inner region from the outer region.  We see that our coarse-grained model greatly 

simplifies the depiction of a dendrimer employed in the original site-binding model and provides 

physical meaning to the correlated parameters. 

 Figure 6 compares the theoretical and experimental titration curves for PPI dendrimers of 

generations one and five at 0.1, 0.5, and 1.0 M sodium chloride concentrations.  The titration results 

for dendrimers of total generations two, three, and four can be found in Figure S7.  Overall, the 

titration behavior of dendrimers is well accounted for through the coupling of our thermodynamic 

model with the site-binding description of ionization in weak polyelectrolytes.  In contrast to a 



polyacid, a polybase reduces its charge as the pH increases because it is charged in the protonated 

form. The increase in salt concentration shifts the titration curve to higher pH because of 

electrostatic screening.  

 

Figure 6.  The titration curves for 1,4-diaminobutane poly(propylene imine) (PPI) dendrimers in 

aqueous solutions at three concentrations of sodium chloride according to experiments53 (symbols) 

and theory (lines).   

  In the conventional site-binding model, the parameters must vary with the solution 

condition (e.g., salt concentration) in order to reproduce the experimental titration data.  However, 

with the assistance of the thermodynamic model, we use only the size of the titratable group (i.e., 

primary and tertiary amines) to account for the effects of the solution condition on the apparent 

equilibrium constant and pair interaction energies.  We fit the theoretical results to the titration 

curves for different dendrimer generations at 0.5 and 1.0 M sodium chloride concentrations.  The 

interactions with non-neighboring segments seem to be relevant at 0.1 M as indicated by the 

overestimation in the ionization when the generation five is weakly charged. The excellent 

agreement between the theoretical results and experimental data indicates that the physics of weak 

dendrimer ionization is well described by incorporating the electrostatic inter- and intra-



correlations as well as the influence of changes in local electric potential into the site-binding 

model.   

The theoretical prediction shows more noticeable deviation from the experimental data at 

a small degree of ionization while it is more quantitative in the later stages of ionization.  In the 

early stage of charging, the interactions of segments with non-neighboring segments are of more 

significance as there are not sufficient ions drawn into the dendrimer to screen these interactions 

at low salt concentrations.  This is why our results overestimate the ionization at 0.1 M for the 

generation 5 dendrimer since only the correlation with neighboring segments is considered 

explicitly.  For low generation dendrimers, the discrepancy between experiments and theory is 

reduced as the dendrimer is less compact so the influence of non-neighboring segments is 

diminished.  One exception is the generation two dendrimer (Figure S7b) which shows a consistent 

overestimation of the ionization for all three salt concentrations beyond the condition when the 

polymer is two-thirds ionized.  The reason for this is that the equilibrium constant of the middle 

(i.e., second outermost) shell is not well represented by pKout, but by a value ~0.3 units lower (viz. 

pK = 9.1).  This likely reflects generation two as a transition from a small molecule (G=1) where 

the local environment is approximately the same for all amines to a large molecule (G ⇡ 3) which 

shows two clear regions (viz. inner and outer) as reflected by their own pK values.   

4. Conclusions 

 We developed a molecular thermodynamic model for predicting the ionization of weak 

polyelectrolytes by incorporating the site-binding model with classical density functional theory 

(cDFT). The new model accounts for the local thermodynamic condition for individual ionizable 

sites through the separation of the apparent equilibrium constant into two components: a chemical 

contribution, i.e., the thermodynamic equilibrium constant for proton binding/dissociation of 



ionizable functional groups, and physical contributions due to non-bonding interactions (e.g., 

electrostatics) with all chemical species in the solution.  The influence of solution conditions on 

the one-body term is affiliated with the electrostatic correlations as determined by the mean 

spherical approximation (MSA) and with the change in the local electric potential upon ionization 

of the monomer as determined by cDFT.  In addition, we account for the non-ideality due to 

electrostatic correlations between neighboring monomers within the polymer. The electrostatic 

work to form a pair of charged sites can be related to the negative natural logarithm of the radial 

distribution function which is determined from the reference charged hard-sphere system.  The 

incorporation of the thermodynamic non-ideality into the site-binding model allows us to describe 

the titration behavior of weak polyelectrolytes with different arrangements of ionizable sites and 

configurations. 

 The molecular thermodynamic model provides a theoretical basis to estimate the 

parameters employed in previous applications of the site-binding model. While quantities like the 

intrinsic binding constants (viz., pKa values) must be determined by fitting with experimental data, 

they maintain physically realistic values and are invariant with the solution conditions. We 

demonstrate the predictive application of our thermodynamic model by extensive comparison to 

experimental titration behavior of weak polyelectrolytes across different solution conditions and 

polymer architectures.  Specifically, we first consider the linear weak polyacid, poly(acrylic acid) 

(PAA),  in various solutions of alkali chloride ranging in salt concentration from 5 mM to 1 M.  It 

is found that the titration behavior at moderate to high salt concentration (i.e., greater than or equal 

to 20 mM) can be described through two parameters: the thermodynamic equilibrium constant and 

the size of the monomer.  The monomer size varies with the types of alkali cations present in 

solution likely owing to differences in their hydration behavior.  At the lowest salt concentration 



considered in this work, the importance of intra-chain correlations beyond nearest neighbors 

cannot be ignored and noticeable deviation is seen between the theoretical values and experimental 

data.  A similar trend was found for the linear weak polyacids, poly(maleic acid) (PMA) and 

poly(fumaric acid) (PFA), which have a much greater density of carboxyl groups along their 

backbones in comparison with PAA.  Despite the strong correlations between neighboring 

monomers in PMA and PFA, our model agrees well with the experimental titration data at 

moderate to high salt concentrations.  As a final example for the application our model to branched 

weak polyelectrolytes, we considered the titration behavior of poly(propylene imine) dendrimers.  

In spite of the complex structure of dendrimers, the influence of solution conditions on the degree 

of ionization was quantitatively captured by our thermodynamic model.  Thus, the inclusion of 

inter- and intra-chain correlations into the one- and two-body terms of the conventional site-

binding model, respectively, provides a feasible method to account for the salt concentration effect 

on the titration behavior of different weak polyelectrolytes. 

According to the site-binding model, the influence of chain length on the ionization 

behavior of weak polyelectrolytes is significant when the end-effects are relevant (e.g., M<20). 

However, recent experiments (e.g., Laguecir et al.18) indicate that the chain length can be important 

even for long polymers if there is a strong coupling between ionization and polymer conformation.  

Such effect is not captured in this work because our calculations are based on the site-binding 

model but with a predictive one-body energy and the two-body interaction parameter. Indeed, the 

description of weak polyelectrolytes using our thermodynamic model provides only a first step 

towards a fully predictive model for weak polyelectrolyte ionization. A major shortcoming of the 

site binding model is the truncation of the multi-body expansion of the free energy to only include 

up to the nearest neighbor two-body term.  While previous applications of the site-binding model 



with nearest neighbor interactions have been used successfully to describe the titration behavior 

of weak polyelectrolytes at low salt concentrations, our model demonstrates that correlations 

beyond adjacent monomers do become relevant at such conditions. Therefore, the success of the 

conventional method must be contributed to the weak correlation between non-consecutive sites.  

While further improvements can be done by accounting for contributions beyond nearest-neighbor 

interactions systematically, the theoretical description of these interactions is not well understood, 

and the incorporation of multi-body correlations is computationally challenging.  Future work 

incorporating such correlations may glean useful insights from the charging behavior of weak 

polyelectrolytes in dilute aqueous solutions.   

The modified site-binding model discussed in this work can be readily extended to weak 

polyelectrolytes with different types of ionizable groups.  In comparison with that for a monomer, 

the ionization of a polymer segment can be either prohibited or promoted in a heterogeneous weak 

polyelectrolyte because the extra work to ionize adjacent sites is positive for like-charges and 

negative for unlike-charges.  In addition to electrostatic interactions and excluded volume effects, 

it can be expected that other non-electrostatic interactions may also be relevant.  For example, 

polyacids such as poly(fumaric acid) exhibit nearest-neighbor interactions that are dependent upon 

the salt cations in the solution45.  It was suggested that the variation in the nearest-neighbor energy 

originates from differences in cation hydration.  In addition, the loss of hydrogen bonding mediated 

by the surrounding water molecules can also be a contributing factor53.  We expect that, by 

accounting for the non-ideality in both the electrostatic and non-electrostatic components of the 

reversible work of ionization, the thermodynamic model will be able to describe the titration 

behavior of weak polyelectrolytes with molecular parameters independent of the solution 

conditions. Moving beyond the site-binding model, polymer density functional theory (PDFT) 



provides a convenient avenue to analyze the microscopic structure of polymers in solution and 

near surfaces.  We are currently pursuing further development along these directions. 
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