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Abstract. This paper is concerned with the optimized Schwarz waveform re-

laxation method and Ventcel transmission conditions for the linear advection-

diffusion equation. A mixed formulation is considered in which the flux vari-
able represents both diffusive and advective flux, and Lagrange multipliers are

introduced on the interfaces between nonoverlapping subdomains to handle

tangential derivatives in the Ventcel conditions. A space-time interface prob-
lem is formulated and is solved iteratively. Each iteration involves the solution

of time-dependent problems with Ventcel boundary conditions in the subdo-

mains. The subdomain problems are discretized in space by a mixed hybrid
finite element method based on the lowest-order Raviart-Thomas space and in

time by the backward Euler method. The proposed algorithm is fully implicit

and enables different time steps in the subdomains. Numerical results with dis-
continuous coefficients and various Peclét numbers validate the accuracy of the

method with nonconforming time grids and confirm the improved convergence

properties of Ventcel conditions over Robin conditions.

1. Introduction. Optimized Schwarz waveform relaxation (OSWR) is a class of
global-in-time domain decomposition methods for parallel solutions of evolution
problems. The algorithm takes its name as it is a combination of the waveform
relaxation method (for a large system of ODEs) [37], and the Schwarz method [42]
with optimized transmission conditions [20, 16, 13]. Specifically, OSWR methods
are iterative algorithms that solve time-dependent problems in the subdomains over
the whole time interval and exchange data on the space-time interfaces through
transmission operators of Robin or Ventcel [43] types. Ventcel transmission con-
ditions are second-order differential conditions which involve time and tangential
derivatives; these conditions were first introduced for steady convection-diffusion
problems in [39, 36]. Differently from the classical Schwarz waveform relaxation
method [23, 14, 24, 22, 29] which exchanges only Dirichlet data on the interfaces
and requires the subdomains to overlap, OSWR methods converge with or without
overlap. The Robin or Ventcel transmission conditions include some coefficients that
are determined by optimization of the convergence factor, thus the convergence of
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OSWR is significantly more improved than the classical approach. OSWR methods
were first introduced for the advection-reaction-diffusion and wave equations in one
dimension in [19, 20], then extended to two dimensional convection-diffusion prob-
lems in [38]. Analysis of the optimization problems was carried out in [17] and [5]
for the Robin and Ventcel transmission conditions applied to the one dimensional
advection-diffusion equations; the two-dimensional case was studied in [4]. In ad-
dition to enhanced convergence properties, OSWR allows different discretizations
in both space and time in the subdomains, which makes the methods well-suited
for heterogeneous and coupled problems. In [18, 7, 27, 28, 6, 25], discontinuous
coefficients and nonmatching time discretizations were considered where a suitable
time projection was employed to exchange information between the subdomains on
the space-time interfaces. The method was also applied to the viscous primitive
equations of the ocean in [3]. Reviews of OSWR methods can be found in [26, 15].

For flow and transport problems in porous media, it is important to use con-
servative cell-centered techniques such as mixed methods [9, 41] to obtain accurate
approximations of the solutions. The OSWR methods have been extensively stud-
ied mostly for the primal formulation with either Lagrange finite element or finite
volume discretizations. In the context of mixed formulations, OSWR methods with
Robin transmission conditions and nonconforming time grids were studied for pure
diffusion problems in [31] and for the advection-diffusion problems in [34, 30]. Op-
erator splitting was used in [34] so that the advection is treated explicitly and the
diffusion implicitly, while the method in [30] is fully implicit in time and the prob-
lem is discretized in space by mixed hybrid finite elements [40, 10]. In [33], OSWR
methods were applied to a reduced fracture model of the flow of a compressible fluid
in a porous medium in which the fracture is treated as an interface between two
subdomains and the so-called Ventcel-to-Robin transmission conditions were de-
rived for such a model. In [32], optimized Schwarz methods with Ventcel conditions
in mixed form were considered for the steady diffusion problems. It should be noted
that the convergence of the OSWR method with Ventcel transmission conditions is
improved over that with Robin conditions as shown in [5, 4] (where the problem is
written in primal form).

The objective of this work is to develop a global-in-time optimized Ventcel-
Schwarz method for mixed formulations of the advection-diffusion problem. The
method is based on OSWR with Ventcel conditions, though it is not obtained in
such a straightforward manner as in the case of primal formulations. In particular,
Lagrange multipliers have to be introduced on the interfaces to handle tangential
derivatives involved in the Ventcel conditions. We consider nonoverlapping sub-
domains and formulate the initial-boundary value problem on the whole domain
as a space–time interface problem, through the use of trace operators. Such an
interface problem is solved iteratively in which each iteration involves solution of
time-dependent subdomain problems with Ventcel boundary conditions. For the
spatial discretization, we consider the mixed hybrid finite element method as pro-
posed in [40, 10], in which the flux variable approximates the total flux (i.e. both
diffusive and advective flux) and the Lagrange multiplier arising in the hybridiza-
tion is used to discretize the advective term. Such a mixed hybrid method is fully
mass conservative, as accurate as the standard mixed method [11] while it is more
efficient in terms of computational cost and robust (with the use of an upwind oper-
ator) for problems with high Peclét numbers. The semi-discrete interface problem
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with mixed hybrid finite elements is derived, and the fully discrete problem is ob-
tained using backward Euler time-stepping. The proposed method is fully implicit
and global in time, thus different time steps can be used in the subdomains; data
will be exchanged from one time grid to another via a suitable L2 projection in
time. Note that in this work we treat only conforming spatial discretization and
focus on the use of local time stepping. The reader is referred to [12, 1, 2, 8], where
mortar mixed methods on nonmatching spatial grids are developed. We shall in-
vestigate the accuracy and the convergence of the proposed method and compare
the performance of optimized Ventcel and Robin conditions via numerical exper-
iments with discontinuous coefficients and nonconforming time grids. Analysis of
the semi-discrete local Ventcel problem and the convergence of the iterative method
is beyond the scope of this paper and will be considered separately in a forthcoming
paper.

The rest of the paper is organized as follows: after presenting the model problem
of linear advection-diffusion equations, we derive in Section 2 mixed formulations
of Ventcel transmission conditions with nonoverlapping subdomains. The global-
in-time optimized Ventcel-Schwarz method at the continuous level is presented in
Section 3 and its space-discrete counterpart with mixed hybrid finite element dis-
cretization is discussed in Section 4. Nonconforming time discretization and the
fully discrete interface problem are considered in Section 5. In Section 6, numeri-
cal experiments are carried out to investigate the accuracy and convergence of the
proposed method.

For a bounded domain Ω of Rd (d = 2, 3) with Lipschitz boundary ∂Ω and some
fixed time T > 0, we consider the following linear advection-diffusion problem

ω∂tc+∇ · (uuuc−DDD∇c) = f in Ω× (0, T ),
c = 0 on ∂Ω× (0, T ),

c(·, 0) = c0 in Ω,
(1)

where c is the concentration of a contaminant dissolved in a fluid, f the source term,
ω the porosity, uuu the Darcy velocity (assumed to be given and time independent), DDD
a time-independent diffusion tensor. We suppose that DDD is diagonal and that each
diagonal entry Djj , j = 1, ..., d, is positive and bounded above and away from 0. For
simplicity, we have imposed only Dirichlet boundary conditions; the formulations
presented in the following can be generalized to other types of boundary conditions.
We rewrite (1) in an equivalent mixed form by introducing the vector field ϕϕϕ, which
consists of both diffusive and advective flux [40, 10]:

ω∂tc+∇ ·ϕϕϕ = f in Ω× (0, T ),
ϕϕϕ = −DDD∇c+ uuuc in Ω× (0, T ),

(2)

together with the boundary and initial conditions as in (1). We denote by (·, ·) the
inner product on L2(Ω) or (L2(Ω))2 and write the mixed variational formulation
of (2) as follows:

For a.e. t ∈ (0, T ), find (c(t),ϕϕϕ(t)) ∈ L2(Ω)×H(div ,Ω) such that

(ω∂tc, µ) + (∇ ·ϕϕϕ, µ) = (f, µ), ∀µ ∈ L2(Ω),(
DDD−1ϕϕϕ,vvv

)
−
(
DDD−1uuuc,vvv

)
− (c,∇ · vvv) = 0, ∀vvv ∈ H(div ,Ω).

(3)

For given uuu ∈ (W 1,∞(Ω))2, f ∈ C(0, T ;L2(Ω)) and c ∈ H1
0 (Ω), there exists a unique

solution to problem (3) as shown in [10, Theorem 3.2].



4 T-T.-P. HOANG

2. Domain decomposition with Ventcel transmission conditions in mixed
form. We consider a decomposition of Ω into two nonoverlapping subdomains Ω1

and Ω2 separated by an interface Γ (see Figure 1):

Ω1 ∩ Ω2 = ∅; Γ = ∂Ω1 ∩ ∂Ω2 ∩ Ω, Ω = Ω1 ∪ Ω2 ∪ Γ.

The formulations given below can be generalized to the case of many subdomains
in bands.

where c is the concentration of a contaminant dissolved in a fluid, f the source term, ω
the porosity, uuu the Darcy velocity (assumed to be given and time independent), DDD a time-
independent diffusion tensor. We suppose that DDD is diagonal and that each diagonal entry
Djj , j = 1, 2, ..., d, is positive and bounded above and away from 0. For simplicity, we have
imposed only Dirichlet boundary conditions; the formulations presented in the following
can be generalized to other types of boundary conditions. We rewrite (2.1) in an equivalent
mixed form by introducing the vector field ϕϕϕ, which consists of both diffusive and advective
flux [43, 11]:

ω∂tc+∇ ·ϕϕϕ = f in Ω× (0, T ),
ϕϕϕ = −DDD∇c+ uuuc in Ω× (0, T ),

(2.2)

together with the boundary and initial conditions as in (2.1). We denote by (·, ·) the inner
product on L2(Ω) or (L2(Ω))2 and write the mixed variational formulation of (2.2) as
follows:

For a.e. t ∈ (0, T ), find (c(t),ϕϕϕ(t)) ∈ L2(Ω)×H(div ,Ω) such that

(ω∂tc, µ) + (∇ ·ϕϕϕ, µ) = (f, µ), ∀µ ∈ L2(Ω),(
DDD−1ϕϕϕ,vvv

)
−
(
DDD−1uuuc,vvv

)
− (c,∇ · vvv) = 0, ∀vvv ∈ H(div ,Ω).

(2.3)

For given uuu ∈ (W 1,∞(Ω))2, f ∈ C(0, T ;L2(Ω)) and c ∈ H1
0 (Ω), there exists a unique

solution to problem (2.3) as shown in [11, Theorem 3.2].
We consider a decomposition of Ω into two nonoverlapping subdomains Ω1 and Ω2

separated by an interface Γ:

Ω1 ∩ Ω2 = ∅; Γ = ∂Ω1 ∩ ∂Ω2 ∩ Ω, Ω = Ω1 ∪ Ω2 ∪ Γ.

The formulations given below can be generalized to the case of many subdomains in bands.
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Figure 1: Decomposition of Ω into two nonoverlapping subdomains.

For i = 1, 2, let nnni denote the unit outward pointing normal vector field on ∂Ωi, and
for any scalar, vector or tensor valued function v defined on Ω, let vi be the restriction of v
to Ωi. In order to write the Ventcell transmission conditions, we use the notation ∇τ and
∇τ · for the tangential gradient and divergence operators on Γ respectively. For i = 1, 2,
we denote by uuui,Γ = (uuui − (uuui ·nnni)nnni) |Γ and DDDi,Γ = (DDDi − (DDDinnni)⊗nnni)Γ the tangential

2

Figure 1. A decomposition of Ω into two nonoverlapping subdo-
mains.

For i = 1, 2, let nnni denote the unit outward pointing normal vector field on ∂Ωi,
and for any scalar, vector or tensor valued function v defined on Ω, let vi be the
restriction of v to Ωi. In order to write the Ventcel transmission conditions, we use
the notation ∇τ and ∇τ · for the tangential gradient and divergence operators on Γ
respectively. For i = 1, 2, we denote by uuui,Γ (and DDDi,Γ) the tangential component
of the trace of uuui (respectively, DDDi) on Γ. Problem (2) can be reformulated as an
equivalent multidomain problem consisting of the following space-time subdomain
problems:

ωi∂tci +∇ ·ϕϕϕi = f in Ωi × (0, T ),
ϕϕϕi = −DDDi∇ci + uuuici in Ωi × (0, T ),
ci = 0 on (∂Ωi ∩ ∂Ω)× (0, T ),

ci(0) = c0 in Ωi,

for i = 1, 2, (4)

together with the transmission conditions on the space-time interface:

c1 = c2
ϕϕϕ1 ·nnn1 +ϕϕϕ2 ·nnn2 = 0

on Γ× (0, T ) . (5)

Under sufficient regularity, one may replace (5) by the following Ventcel trans-
mission conditions on Γ× (0, T ):

−ϕϕϕi ·nnni + αi,jci + βi,j (ωj∂tci +∇τ · (uuuj,Γci −DDDj,Γ∇τ ci))
= −ϕϕϕj ·nnni + αi,jcj + βi,j (ωj∂tcj +∇τ · (uuuj,Γcj −DDDj,Γ∇τ cj)) ,

(6)

for i = 1, 2, and j = (3 − i), where αi,j and βi,j are positive constants. Ventcel
or second-order transmission conditions in primal formulations were introduced for
stationary problems in [39, 36] and then extended to time-dependent problems
in [5, 27, 28]. The parameters αi,j and βi,j are chosen to optimize the convergence
factor as studied in [5, 27]. Note that the transmission conditions (6) reduce to
Robin transmission conditions [30] when βi,j = 0.

To write the Ventcel conditions (6) fully in mixed form, we introduce the following
Lagrange multipliers on the interfaces Γ: ci,Γ representing the concentration trace ci
on Γ, and a vector field ϕϕϕΓ,i := uuuj,Γci,Γ−DDDj,Γ∇τ ci,Γ, for i = 1, 2 and j = 3− i. Note
that, by definition, ϕϕϕΓ,i involves the coefficients uuuj,Γ and DDDj,Γ from the neighboring
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subdomain. As these coefficients may be discontinuous across the interface, ϕϕϕΓ,i

generally is not the tangential component of the trace of ϕϕϕi on the interface; it is
used as an artificial tool for convergence purposes (it does not have a particular
physical meaning). Finally, we denote by

φφφi,Γ :=
(
uuui,Γ −DDDi,ΓDDD

−1
j,Γuuuj,Γ

)
ci,Γ +DDDi,ΓDDD

−1
j,ΓϕϕϕΓ,i, i = 1, 2; j = (3− i), (7)

the vector field representing the tangential component of the trace of ϕϕϕi on the
interface. We remark that φφφi,Γ is determined from ci,Γ and ϕϕϕΓ,i, and it is used to
exchange Ventcel data with the neighboring subdomain.

The transmission conditions (6) on the space-time interface Γ × (0, T ) can be
rewritten as

−ϕϕϕi ·nnni + αi,jci,Γ +βi,j (ωj∂tci,Γ +∇τ ·ϕϕϕΓ,i)
= −ϕϕϕj ·nnni + αi,jcj,Γ + βi,j (ωj∂tcj,Γ +∇τ ·φφφj,Γ) ,

ϕϕϕΓ,i = uuuj,Γci,Γ −DDDj,Γ∇τ ci,Γ,
(8)

for i = 1, 2,, j = (3 − i). Next, we derive the formulation of the global-in-time
optimized Ventcel-Schwarz method based on these transmission conditions. We use
the so-called Ventcel-to-Ventcel interface operators to rewrite the problems posed
in the subdomains as a problem on the space-time interface.

3. Global-in-time optimized Ventcel-Schwarz method. We introduce the in-
terface unknowns

ζi := −ϕϕϕi ·nnni + αi,jci + βi,j (ωj∂tci +∇τ ·ϕϕϕΓ,i) , Γ× (0, T ), for i = 1, 2. (9)

The transmission conditions (8) become

ζi − [−ϕϕϕj ·nnni + αi,jcj + βi,j (ωj∂tcj +∇τ · φφφj,Γ)] = 0, on Γ× (0, T ), (10)

for i = 1, 2, and j = (3− i). Equations (9) are used as Ventcel boundary conditions
for the subdomain problems as presented in Subsection 3.1. Then by enforcing the
transmission conditions (10), we obtain the space-time interface problem with the
two unknowns ζ1 and ζ2 as discussed in Subsection 3.2.

3.1. Local problem with Ventcel boundary conditions. For a given func-
tion ζ ∈ L2(0, T ; ΘΓ) with ΘΓ := L2(Γ), consider the following advection-diffusion
problem in subdomain Ωi with Ventcel condition on the interface Γ:

ωi∂tci +∇ ·ϕϕϕi = f in Ωi × (0, T ),
ϕϕϕi = −DDDi∇ci + uuuici in Ωi × (0, T ),
ci = 0 on (∂Ωi ∩ ∂Ω)× (0, T ),

−ϕϕϕi ·nnni + αi,j ci,Γ +βi,j (ωj∂tci,Γ +∇τ ·ϕϕϕΓ,i) = ζ on Γ× (0, T ),
ϕϕϕΓ,i = uuuj,Γci,Γ −DDDj,Γ∇τ ci,Γ on Γ× (0, T ),
ci,Γ = 0 on ∂Γ× (0, T ),
ci(0) = c0 in Ωi,

ci,Γ(0) = c0|Γ on Γ,

(11)

for i = 1, 2 and j = (3−i). Problem (11) can be seen as a coupling of a d-dimensional
PDE in the subdomain Ωi and a (d− 1)-dimensional PDE on the interface Γ; both
PDEs are written in mixed form. To write the weak formulation for the local



6 T-T.-P. HOANG

problem (11), we introduce the following spaces:

Mi =
{
µi = (µi, µi,Γ) ∈ L2(Ωi)× L2(Γ)

}
,

Σi =
{
vvvi = (vvvi, vvvΓ,i) ∈ L2(Ωi)L2(Ωi)L2(Ωi)×L2(Γ)L2(Γ)L2(Γ) : div vvvi ∈ L2(Ωi) and

βi,jdivτ vvvΓ,i − vvvi ·nnni|Γ ∈ L2(Γ)
}
.

For a measurable subset W of Ω, we write (·, ·)W to indicate the inner product
on W . We define the following bilinear forms on Σi × Σi, Σi ×Mi and Mi ×Mi

respectively:

ai(ϕϕϕi, vvvi) =
(
DDD−1
i ϕϕϕi, vvvi

)
Ωi
−
(
DDD−1
i uuuici, vvvi

)
Ωi

+
(
βi,jDDD

−1
j,ΓϕϕϕΓ,i, vvvΓ,i

)
Γ

−
(
βi,jDDD

−1
j,Γuuuj,Γci,Γ, vvvΓ,i

)
Γ
,

bi(ϕϕϕi, µi) = (∇ ·ϕϕϕi, µi)Ωi
+ (βi,j∇τ ·ϕϕϕΓ,i −ϕϕϕi ·nnni, µi,Γ)Γ ,

κi(ci, µi) = (ωici, µi)Ωi
+ (βi,jωjci,Γ, µi,Γ)Γ , κi,α(ci, µi) = (αi,jci,Γ, µi,Γ)Γ ,

and the linear form on Mi:

L(µi) = (f, µi)Ωi
+ (ζ, µi,Γ)Γ .

With the defined spaces and forms, the weak form of (11) can be written as follows:

Find (ci,ϕϕϕi) ∈Mi × Σi such that

ai(ϕϕϕi, vvvi)− bi(vvvi, ci) = 0 ∀vvvi ∈ Σi,
κi(∂tci, µi) + κi,α(ciµi) + bi(ϕϕϕi, µi) = L(µi) ∀µi ∈Mi.

(12)

An existence and uniqueness result for evolution problems posed in mixed form
as (12) is analyzed in [33]. In this paper, we focus on finding the approximate
solution using the mixed hybrid finite element method proposed in [40, 10] (see
Section 4).

3.2. Space-time interface problem. We aim to derive an interface problem as-
sociated with the subdomain problems (4) with Ventcel transmission conditions (10)
using the substructuring technique. Toward that end, we introduce the space

H1,1
∗ (Ωi) :=

{
µ ∈ H1(Ωi) : µ|∂Ω∩∂Ωi

= 0 and µ|Γ ∈ H1(Γ)
}
,

and define the Ventcel-to-Ventcel operators SVtV
i as follows:

SVtV
i : L2(0, T ; ΘΓ)× L2(0, T ;L2(Ωi))×H1,1

∗ (Ωi)→ L2(0, T ; ΘΓ)

(ζ, f, c0) 7−→ SVtV
i (ζ, f, c0) = −ϕϕϕi ·nnnj|Γ + αj,i ci,Γ + βj,i (∂tci,Γ +∇τ · φφφi,Γ) ,

(13)

where (ci,ϕϕϕi, ci,Γ,ϕϕϕΓ,i) is the solution of the local Ventcel problem (11), and φφφi,Γ is
computed from ci,Γ and ϕϕϕΓ,i as defined in (7). The interface problem, corresponding
to the Ventcel transmission conditions (10), is given by

ζ1 = SVtV
2 (ζ2, f, c0),

ζ2 = SVtV
1 (ζ1, f, c0),

on Γ× (0, T ). (14)

As the problems are linear, we can rewrite (14) equivalently as

SVSVSV
(
ζ1
ζ2

)
= GVGVGV (f, c0), on Γ× (0, T ). (15)

where
SSSV :

(
L2(0, T ; ΘΓ)

)2 −→
(
L2(0, T ; ΘΓ)

)2
(
ζ1
ζ2

)
7−→

(
ζ1 − SVtV

2 (ζ2, 0, 0)
ζ2 − SVtV

1 (ζ1, 0, 0)

)
,
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and
GGGV : L2(0, T ;L2(Ω))×H1,1

∗ (Ω) −→
(
L2(0, T ; ΘΓ)

)2

(f, c0) 7−→
(
SVtV

2 (0, f, c0)
SVtV

1 (0, f, c0)

)
,

with H1,1
∗ (Ω) :=

{
µ ∈ H1(Ω) : µ|∂Ω = 0 and µ|Γ ∈ H1(Γ)

}
. The weak form of the

space-time interface problem (15) is defined as
∫ T

0

∫

Γ

SVSVSV
(
ζ1
ζ2

)
·
(
θ1

θ2

)
=

∫ T

0

∫

Γ

GVGVGV (f, c0) ·
(
θ1

θ2

)
, ∀(θ1, θ2) ∈

(
L2(0, T ; ΘΓ)

)2
.

(16)
The interface problem (16) is solved iteratively by either a block Jacobi iteration

or a Krylov subspace iterative method (e.g., GMRES). The former is equivalent to
the OSWR algorithm with Ventcel conditions in mixed form, which reads as follows:
starting with given initial guesses gi,j ∈ L2(0, T ; ΘΓ) for the first iteration:

gi,j = −ϕϕϕ0
j ·nnni + αi,j c

0
j,Γ + βi,j

(
ωj∂tc

0
j,Γ +∇τ · φφφ0

j,Γ

)
,

then at each iteration k = 1, 2, . . ., solve the subdomain problems for i = 1, 2, and
j = 3− i:

ωi∂tc
k
i +∇ ·ϕϕϕki = f in Ωi × (0, T ),

ϕϕϕki = −DDDi∇cki + uuuic
k
i in Ωi × (0, T ),

cki = 0 on (∂Ωi ∩ ∂Ω)× (0, T ),
−ϕϕϕki ·nnni + αi,j c

k
i,Γ +βi,j

(
ωj∂tc

k
i,Γ +∇τ ·ϕϕϕkΓ,i

)

= −ϕϕϕk−1
j ·nnni + αi,jc

k−1
j,Γ + βi,j

(
ωj∂tc

k−1
j,Γ +∇τ · φφφk−1

j,Γ

)
on Γ× (0, T ),

ϕϕϕkΓ,i = uuuj,Γc
k
i,Γ −DDDj,Γ∇τ cki,Γ on Γ× (0, T ),

cki,Γ = 0 on ∂Γ× (0, T ),

cki (0) = c0 in Ωi,
cki,Γ(0) = c0|Γ on Γ,

(17)

where φφφk−1
i,Γ =

(
uuui,Γ −DDDi,ΓDDD

−1
j,Γuuuj,Γ

)
ck−1
i,Γ +DDDi,ΓDDD

−1
j,Γϕϕϕ

k−1
Γ,i . The convergence of the

Ventcel-OSWR algorithm as well as optimization of Ventcel parameters was studied
in [5, 28, 4] with primal formulations. We shall verify numerically the convergence
of the iterates (17) (after spatial and temporal discretizations) in Section 6.

4. Space-discrete problems with mixed hybrid finite element discretiza-
tion. We consider the mixed hybrid finite element (MHFE) method proposed and
analyzed in [40, 10] for the spatial discretization of the local Ventcel problems (12).
The MHFE scheme is based on mixed finite elements together with the hybridiza-
tion technique, in which the continuity constraint of the normal components of the
fluxes over inter-element edges is relaxed via the use of Lagrange multipliers. The
Lagrange multipliers are also used to discretize the advection term, which is shown
to be efficient for advection-dominant problems [40, 10]. Moreover, the MHFE
formulation is very well-suited for using domain decomposition with Ventcel condi-
tions since one has available both the normal trace of the flux and the trace of the
concentration (i.e. the Lagrange multiplier) on the interface.

In the following, we consider the two-dimensional problem and assume Ω =
(xa, xb) × (yc, yd) is a rectangular domain which is decomposed into two sub-
rectangles Ω1 and Ω2 by a vertical interface Γ = {(x, y) ∈ Ω : x = xΓ} for some
xΓ ∈ (xa, xb). Note that the subdomain problems (12) with Ventcel conditions
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require MHFE discretization in both one and two dimensions. Let Kh,i, i = 1, 2,
be a finite element partition of each Ωi into rectangles such that their union Kh =
∪2
i=1Kh,i forms a finite element partition of Ω. We assume the spatial discretization

is conforming and denote by EΓ
h the set of edges of elements of Kh,1 or Kh,2 that lie

on Γ. Let Eh,i be the set of all edges of elements of Kh,i:
Eh,i = EIh,i ∪ EDh,i ∪ EΓ

h ,

where EIh,i the set of all interior edges and EDh,i the set of edges on the external

boundary ∂Ωi ∩ ∂Ω, for i = 1, 2. Denote by PΓ
h the set of endpoints P of interface

edges E ∈ EΓ
h . For K ∈ Kh, let nnnK be the unit, normal, outward-pointing vector

field on the boundary ∂K; for each edge E ⊂ ∂K, we denote by nnnE the unit normal
vector of E, outward to K. Let hK = diam(K) and h = maxK∈Kh

hK . The discrete
spaces for the two-dimensional scalar and vector variables are defined based on the
lowest-order Raviart-Thomas mixed finite elements:

Mh,i :=
{
µ ∈ L2(Ωi) : µ|K = constant, ∀K ∈ Kh,i

}
,

Σh,i :=
{
vvv ∈ (L2(Ωi))

2 : vvv|K ∈ ΣK , ∀K ∈ Kh,i
}
,

where ΣK :=
{
vvv : K → R2, vvv = (aK + bKx, a

′
K + b′Ky) , (aK , bK , a

′
K , b

′
K) ∈ R4

}
, for

K ∈ Kh,i, is the local Raviart-Thomas space. Note that for the sake of presentation
simplicity, we have omitted the use of the subscript h for functions of the finite
dimensional spaces. The discrete space for the Lagrange multiplier representing the
trace of the concentration on the edges is given by

Λh,i :=
{
η ∈ L2(Eh,i) : η|E = constant on E, ∀E ∈ Eh,i and η|E = 0, ∀E ∈ EDh,i

}
.

In addition, to take into account the interface as part of the subdomain boundary
we define the space

ΛΓ,0
h,i :=

{
η ∈ Λh,i : η|E = 0, ∀E ∈ EΓ

h

}
.

For the interface, the one-dimensional Raviart-Thomas spaces are given by

Θh,Γ =
{
θ ∈ L2(Γ) : θ|E = constant on E, ∀E ∈ EΓ

h

}
,

Σh,Γ :=
{
vvvΓ ∈ L2(Γ) : vvvΓ|E ∈ ΣΓ,E , ∀E ∈ EΓ

h

}
,

where ΣΓ,E :=
{
vvvΓ : E → R, vvvΓ = aE + bEy, (aE , bE) ∈ R2

}
, for E ∈ EΓ

h , is the
local one-dimensional Raviart-Thomas space. Note that we still use bold fonts
for the one-dimensional flux variable and test functions to be consistent with the
formulations given in the previous section. The space of the Lagrange multiplier
for the one dimensional equation is defined as:

Ξh,Γ =
{
ς : PΓ

h → R, ς(P ) = 0 if P ∈ ∂Γ
}
.

For ci(t) ∈Mh,i and λi(t) ∈ Λh,i, we have the representation

ci(t, x, y) =
∑

K∈Kh,i

ci,K(t)χK(x, y), λi(t, y) =
∑

E∈Eh,i

λi,E(t)χE(y),

where χK and χE are the characteristic functions of element K ∈ Kh,i and edge
E ∈ Eh,i, respectively. The values ci,K and λi,E represent the average of the con-
centration on K and on E, respectively.

For ϕϕϕi(t) ∈ Σh,i, the function is defined locally as

ϕϕϕi(t, x, y)|K =
∑

E⊂∂K

ϕi,KE(t)wwwKE(x, y),
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where ϕi,KE is the normal flux leaving K through the edge E and {wwwKE}E⊂∂K are
the basis functions of the local Raviart-Thomas space ΣK satisfying

∫

E′
wwwKE ·nnnK = δE,E′ , ∀E′ ⊂ ∂K.

Similarly, for ϕϕϕΓ,i(t) ∈ Σh,Γ, we have the expression

ϕϕϕΓ,i(t, y) =
∑

P∈∂E

ϕΓ,i,EP (t) wwwΓ,EP (y),

where {wwwΓ,EP }P∈∂E are the basis functions of ΣΓ,E . We still denote by uuui the
projection of the Darcy velocity on Σh,i and by uuui,Γ the projection of its tangential
component on Σh,Γ:

uuui :=
∑

K∈Kh,i

∑

E⊂∂K

ui,KEwwwKE(xxx), uuui,Γ :=
∑

E∈EΓ
h

∑

P∈∂E

ui,Γ,EP wΓ,EP (y).

4.1. Semi-discrete local Ventcel problems. The mixed hybrid formulation for
the local Ventcel problem (12) is given by:

Find (ci(t),ϕϕϕi(t), λi(t),ϕϕϕΓ,i(t), ξΓ,i(t)) ∈Mh,i×Σh,i×Λh,i×Σh,Γ×Ξh,Γ, for a.e.
t ∈ (0, T ), such that

(ωi∂tci, µ)Ωi
+ (∇ ·ϕϕϕi, µ)Ωi

= (f, µ)Ωi , ∀µ ∈Mh,i, (18)
(
DDD−1
i ϕϕϕi, vvv

)
Ωi
−

∑

K∈Th,i

∑

E⊂∂K

ui,KE λi,E
(
DDD−1
i wwwKE , vvv

)
K
− (ci,∇ · vvv)Ωi

+
∑

K∈Kh

(λi, vvv ·nnnK)∂K = 0, ∀vvv ∈ Σh,i, (19)

∑

K∈Kh,i

(η,ϕϕϕi ·nnnK)∂K = 0, ∀η ∈ ΛΓ,0
h,i , (20)

(−ϕϕϕi ·nnni, θ)Γ + (αi,j λi, θ)Γ + (βi,jωj∂tλi, θ)Γ + (βi,j∇τ ·ϕϕϕΓ,i, θ)Γ

= (ζ, θ)Γ , ∀θ ∈ Θh,Γ, (21)
(
DDD−1
j,ΓϕϕϕΓ,i, vvvΓ

)
Γ
−
∑

E∈EΓ
h

∑

P∈∂E

ui,Γ,EP ξi,P

(
DDD−1
j,ΓwwwΓ,EP , vvvΓ

)
E

− (λi,∇τ · vvvΓ)Γ +
∑

E∈EΓ
h

(ξi vvvΓ) |∂E = 0, ∀vvvΓ ∈ Σh,Γ, (22)

∑

E∈EΓ
h

(ς ϕϕϕΓ,i) |∂E = 0, ∀ς ∈ ΞΓ
h. (23)

Note that for the space-discrete advection term in (19), we have used the La-
grange multiplier instead of using the piecewise constant concentration. Such a
scheme is shown to give good numerical performance for the case where advection
is moderately dominant [40, 30]. For strongly advection-dominated problems, us-
ing upwind values are recommended; interested readers are referred to [40, 10] for
further details. In addition, equation (20) enforces the continuity of the normal com-
ponents of the fluxes over inter-element edges so that the vector variable ϕϕϕi ∈ Σh,i
belongs to H(div,Ωi). Similar treatment is done for the one-dimensional equations
on the interface (cf. (21)-(23)). By taking the test functions to be basis functions
in (18)-(23), we obtain a system of linear equations as shown in Appendix A. Next
we formulate the semi-discrete interface problem with MHFE discretization.
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4.2. Semi-discrete continuous-in-time interface problem. The semi-discrete
Ventcel-to-Ventcel operators SVtV

h,i are given by

SVtV
h,i (ζ, f, c0) = −ϕϕϕi ·nnnj + αj,i λi + βj,i (ωi∂tλi +∇τ · φφφi,Γ) ∈ L2(0, T ; Θh,Γ), (24)

where (ci(t),ϕϕϕi(t), λi(t),ϕϕϕΓ,i(t), ξΓ,i(t)) ∈ Mh,i × Σh,i × Λh,i × Σh,Γ × Ξh,Γ is the
solution to (18)-(23), for i = 1, 2, and φφφi,Γ ∈ Σh,Γ is determined from λi,ϕϕϕΓ,i and
ξΓ,i by

(φφφi,Γ, vvvΓ)Ωi
=
∑

E∈EΓ
h

∑

P∈∂E

ui,Γ,EP ξi,P (wwwΓ,EP , vvvΓ)E

−
∑

E∈EΓ
h

∑

P∈∂E

uj,Γ,EP ξi,P

(
DDDi,ΓDDD

−1
j,ΓwwwΓ,EP , vvvΓ

)
E

+
(
DDDi,ΓDDD

−1
j,ΓϕϕϕΓ,i, vvvΓ

)
Ωi

, (25)

for all vvvΓ ∈ Σh,Γ. It should be noted that φφφi,Γ is not computed explicitly, i.e. we do
not solve (25); instead we will use (25) to calculate the Ventcel data (24) as detailed
in the Appendix B.

The space-discrete counterpart of the interface problem (16) is as follows: for
a.e. t ∈ (0, T ),

(ζ1, θ1)Γ − (SVtV
h,2 (ζ2, 0, 0), θ1)Γ = (SVtV

h,2 (0, f, c0), θ1)Γ,

(ζ2, θ2)Γ − (SVtV
h,1 (ζ1, 0, 0), θ2)Γ = (SVtV

h,1 (0, f, c0), θ2)Γ,
∀(θ1, θ2) ∈ (Θh,Γ)

2
.

(26)
Again, we solve this interface problem iteratively by block Jacobi or GMRES; at
each iteration, the semi-discrete local Ventcel problem (18)-(23) is solved over the
whole time interval in each subdomain. In the next section, we consider the fully
discrete interface problem with nonconforming time grids.

5. Nonconforming time discretizations. As the interface problem (26) is global
in time, independent time discretizations can be used in the subdomains. Let T1

and T2 be two different partitions of the time interval (0, T ) into sub-intervals (see
Figure 2). We denote by Ji,m the time interval (ti,m, ti,m−1] and by ∆ti,m :=
(ti,m − ti,m−1) for m = 1, . . . ,Mi and i = 1, 2. We use the backward Euler method
to advance in time implicitly; the same idea can be generalized to higher order meth-
ods. We denote by P0(Ti,Θh,Γ) the space of piecewise constant functions in time on

0

T

Ω1 Ω2

∆t1,m

∆t2,m

x

t

Figure 2. Nonconforming time grids in the subdomains.

grid Ti with values in Θh,Γ. To exchange data on the space-time interface between
different time grids, we use an average-valued projection Πji from P0(Ti,Θh,Γ) onto
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P0(Tj ,Θh,Γ) (see [20, 28]):

Πji (ψ) |Jj,m=
1

∆tj,m

Mi∑

l=1

∫

Jj,m∩Ji,l
ψ, for ψ ∈ P0(Ti,Θh,Γ). (27)

This projection is implemented numerically using the algorithm given in [21].

Let ζi = (ζmi )Mi
m=1 ∈ P0(Ti,Θh,Γ), for i = 1, 2. The fully discrete counterpart of

the interface problem (26) is obtained by weakly enforcing the transmission condi-
tions over the time intervals:
∫
Ji,m

[
(ζi, θi)Γ −

(
Πij

(
SVtV
h,j (ζj , 0, 0)

)
, θi

)
Γ

]
dt

=
∫
Ji,m

(
Πij

(
SVtV
h,j (0, f, c0)

)
, θi

)
Γ
dt, ∀θi ∈ Θh,Γ, ∀m = 1, . . . ,Mi,

(28)

where SVtV
h,i (ζi, f, c0) ∈ P0(Ti,Θh,Γ) is computed from the solution to the fully

discrete subdomain problem obtained by applying the backward Euler method to
(21)-(23) on time grid Ti:

SVtV
h,i (ζi, f, c0) =

(
−ϕϕϕmi ·nnnj + αj,i λ

m
i + βj,i

(
ωi

(
λmi − λm−1

i

∆ti,m

)
+∇τ · φφφmi,Γ

))Mi

m=1

,

for i = 1, 2 and j = (3− i).
Remark 5.1. The choice of the coarse and fine time step sizes and their ratio
depends on the physical parameters of the problem. Theoretical results on how to
choose such a ratio for different coefficients and error analysis of nonconforming
time grids have not yet been established. In practice, the ratio between the coarse
and fine time steps is determined on a case-by-case basis - depending on the jumps
in the coefficients as shown numerically in [31, 34, 30] and the next section. We
also remark that global-in-time domain decomposition methods are implicit in time,
thus large time steps can be used (without affecting the numerical stability) when
the model parameters are small [35].

6. Numerical experiments. We study the numerical performance of the global-
in-time optimized Ventcel-Schwarz method presented in the previous sections. In
our numerical experiments, we consider the diffusion tensor DDDi = diIII isotropic and
constant on each subdomain, where III is the 2D identity matrix. The domain of
calculation Ω is the unit square which is decomposed into two equal subdomains
Ω1 = (0, 0.5) × (0, 1) and Ω2 = (0.5, 1) × (0, 1). For the spatial discretization,
we consider a conforming rectangular mesh with size h1 = h2 = h. For the time
discretization, we use different time steps ∆t1 6= ∆t2. Two test cases are presented:
Test case 1 with the same constant coefficients in the subdomains to verify the
accuracy of the method, and Test case 2 with various discontinuous coefficients
corresponding to different Peclét numbers to check the robustness of the method
when advection is dominant.

For Ventcel parameters, we consider two choices: the optimized one-sided Ventcel
parameters, i.e. αi,j = p∗ and βi,j = q∗, and the optimized weighted Ventcel
parameters given by:

αi,j = p∗ − uuuj ·nnnj
2

, βi,j = djq
∗, for i = 1, 2, j = (3− i), (29)

where p∗ and q∗ are positive numbers and are obtained by numerical optimization
of the theoretical convergence factor [18, 27]. We also include the results by the
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optimized two-sided Robin transmission conditions in [30], i.e. with αi,j 6= αj,i and
βi,j = 0, for comparison purposes.

6.1. Test case 1: with a known analytical solution. We first verify the accu-
racy in space and in time of the proposed algorithm by considering a test case with
the exact solution given by

u(x, y, t) = e−4t sin(πx) sin(πy).

Constant parameters are imposed on the whole domain: ωi = 1, uuui = (1, 1)T ,
and di = 1, for i = 1, 2. The interface problem (28) is solved iteratively by ei-
ther (block) Jacobi iteration or GMRES with a zero initial guess on the interface;
the iteration stops when the relative residual is smaller than 10−6. In Table 1, we
show the relative L2(Ω)−norm errors of c and ϕϕϕ at T = 0.1 with fixed time step
sizes ∆t1 = T/80 and ∆t2 = T/60 and a decreasing mesh size h. These errors
are obtained using the optimized Ventcel transmission conditions. We observe that
the order of accuracy in space is preserved with nonconforming time grids. The
numbers of Jacobi and GMRES iterations are also reported in Table 1 with dif-
ferent choices of the optimized parameters. The convergence of OSWR methods
with optimized Ventcel parameters is almost independent of the mesh size. This
is consistent with the theoretical result in [5], where it is shown that the conver-
gence factor of the Ventcel-OSWR method behaves like 1−O(h1/4). Moreover, the
Ventcel-OSWR method converges much faster, by nearly a factor of 2, than the
Robin-OSWR method. As the coefficients are continuous, there is not much differ-
ence in terms of convergence speed between the optimized one-sided and weighted
Ventcel parameters. GMRES improves slightly the convergence compared to Jacobi
iteration.

h 1/20 1/40 1/80 1/160

L2 errors
c 0.0641 0.0321 [1.00] 0.0160 [1.00] 0.0080 [1.00]

ϕϕϕ 0.0453 0.0227 [1.00] 0.0114 [0.99] 0.0057 [1.00]

Jacobi

2-sided Robin 21 21 23 25

1-sided Ventcel 11 11 12 13

weighted Ventcel 11 11 12 13

GMRES

2-sided Robin 16 16 20 22

1-sided Ventcel 10 11 11 12

weighted Ventcel 8 10 10 11

Table 1. [Test case 1] Accuracy in space (the convergence rates
are shown in square brackets) and numbers of Jacobi and GMRES
iterations for different optimized parameters.

Next we fix h = 1/200 and decrease the time step sizes with ∆t1 = 3/4∆t2 to
verify the order of accuracy in time. In Table 2, we show the relative L2(Ω)−norm
errors of c and ϕϕϕ at T = 1 by the Ventcel-OSWR method, and numbers of iterations
for different algorithms. The results show that the accuracy in time is preserved with
nonconforming time grids. The convergence with Jacobi iteration is independent of
the time step size while GMRES, though converges faster, slightly depends on ∆t.
Again, using optimized Ventcel parameters reduces the number of iterations by
nearly half (compared to using optimized Robin parameters).
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∆t2 T/6 T/12 T/24 T/48

L2 errors
c 0.1859 0.0708 [1.39] 0.0301 [1.23] 0.0145 [1.05]

ϕϕϕ 0.2008 0.0768 [1.39] 0.0325 [1.24] 0.0150 [1.12]

Jacobi

2-sided Robin 33 33 33 35

1-sided Ventcel 17 17 17 17

weighted Ventcel 17 17 17 17

GMRES

2-sided Robin 18 18 20 24

1-sided Ventcel 11 12 13 14

weighted Ventcel 10 11 12 13

Table 2. [Test case 1] Accuracy in time (the convergence rates
are shown in square brackets) and numbers of Jacobi and GMRES
iterations for different optimized parameters.

6.2. Test case 2: with piecewise discontinuous coefficients. We now an-
alyze the convergence of the iterative algorithms when the physical coefficients
are discontinuous across the interface. Towards that end, we consider the error
equation with the same two nonoverlapping subdomains as in Test case 1. The
porosity is ω1 = ω2 = ω = 1. The diffusion and advection coefficients, di and uuui,
for i = 1, 2, are given in Table 3 for the diffusion-dominant, mixed regime and
advection-dominant problems, respectively. Note that the global Péclet number in
each subdomain is computed by

PeG,i :=
H | uuui |
di

, i = 1, 2,

where H is the size of the domain (in this case, H = 1).

Problems d1 uuu1 PeG,1 d2 uuu2 PeG,2

(a) Diffusion dominance 1 (−0.02, −0.5)T ≈ 0.5 0.1 (−0.02, −0.05)T ≈ 0.5

(b) Mixed regime 0.01 (−0.02, −0.5)T ≈ 50 0.1 (−0.02, −0.05)T ≈ 0.5

(c) Advection dominance 0.02 (0.5, 1)T ≈ 56 0.002 (0.5, 0.1)T ≈ 255

Table 3. [Test case 2] Discontinuous diffusion and advection co-
efficients.

We consider h = 1/100, ∆t1 = 1/100 and ∆t2 = 1/75, and use a random ini-
tial guess on the space-time interface to start the iteration. Figure 3 shows the
errors (in logarithmic scale) in L2(Ω)−norm of the concentration versus the num-
ber of Jacobi or GMRES iterations (similar convergence curves are obtained for
the vector variable and are omitted). Three choices of optimized parameters are
considered: optimized two-sided Robin (blue curves), optimized one-sided Ventcel
(magenta curves), and optimized weighted Ventcel (red curves). We observe that
for coefficients with jumps, optimized weighted Ventcel parameters are robust with
respect to different Peclét numbers and give faster convergence than optimized one-
sided Ventcel parameters. The one-sided parameters have similar performance as
the two-sided Robin parameters when advection is not so strong. We see that GM-
RES slightly improves the convergence when compared to Jacobi; however, there is
not much difference between GMRES and Jacobi when optimized weighted Ventcel
parameters are used.



14 T-T.-P. HOANG

0 5 10 15 20

Number of Jacobi iterations

10
-8

10
-6

10
-4

10
-2

10
0

L
o

g
 o

f 
e

rr
o

r 
in

 c
o

n
c

e
n

tr
a

ti
o

n
Opt. one-sided Ventcell

Opt. weighted Ventcell

Opt. two-sided Robin

0 5 10 15 20

Number of GMRES iterations

10
-8

10
-6

10
-4

10
-2

10
0

L
o

g
 o

f 
e
rr

o
r 

in
 c

o
n

c
e
n

tr
a
ti

o
n

Opt. one-sided Ventcell

Opt. weighted Ventcell

Opt. two-sided Robin

(a) Diffusion dominance, maxPeG,i ≈ 0.5
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(b) Mixed regime, maxPeG,i ≈ 50
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(c) Advection dominance, maxPeG,i ≈ 255

Figure 3. [Test case 2] Convergence curves by Jacobi (left) and
GMRES (right) for different Péclet numbers: L2−norm errors in
the concentration at T = 1 with optimized two-sided Robin (blue
curves), optimized one-sided Ventcel (magenta curves), and opti-
mized weighted Ventcel (red curves) parameters.
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In the following, we shall use only optimized weighted Ventcel parameters since
they give fastest convergence. To verify the performance of the optimized param-
eters, we consider the advection-dominant problem (i.e. Problem (c)) and show in
Figure 4 the errors in concentration (in logarithmic scale) for various values of the
parameters p and q after 12 Jacobi and GMRES iterations. We see that for both
Jacobi and GMRES, the pair of optimized parameters (q∗, p∗) (red star) is located
close to those giving the smallest error after the same number of iterations.
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Figure 4. [Test case 2: Advection dominance] Level curves for
the error in concentration (in logarithmic scales) after 12 iterations
of Jacobi (left) and GMRES (right) for various values of p and q.
The red star shows the optimized values computed by numerically
minimizing the continuous convergence factor of the OSWR algo-
rithm.

Finally, we investigate whether the nonconforming time grids preserve the ac-
curacy in time. We again consider the advection-dominant problem with homo-
geneous Dirichlet conditions on the boundary. The source term is f(x, y, t) =
exp(−100((x − 0.2)2 + (y − 0.2)2)), and the initial condition p0(x, y) = xy(1 −
x)(1 − y) exp(−100((x − 0.2)2 + (y − 0.2)2)). We use four initial time grids with
∆tc = T/12 and ∆tf = T/16 where T = 0.5:

• Time grid 1 (coarse-coarse): conforming with ∆t1 = ∆t2 = ∆tc.
• Time grid 2 (coarse-fine): nonconforming with ∆t1 = ∆tc and ∆t2 = ∆tf .
• Time grid 3 (fine-coarse): nonconforming with ∆t1 = ∆tf and ∆t2 = ∆tc.
• Time grid 4 (fine-fine): conforming with ∆t1 = ∆t2 = ∆tf .

The time steps are then refined several times by a factor of 2. In space, we fix a
conforming rectangular mesh with h = 1/200, and we compute a reference solution
by solving the monodomain problem (3) directly on a very fine time grid, with
∆t = ∆tf/2

7. The converged DD solution is such that the relative residual is smaller
than 10−8. We show in Figure 5 the relative errors at T = 0.5 versus the time step
∆t = max(∆tc,∆tf ) obtained by using the optimized two-sided Ventcel conditions.
We observe that first order convergence is preserved in the nonconforming case.
The errors obtained in the nonconforming case with a fine time step in Ω1 where
the parameters are large (Time grid 3 with blue triangle markers) are nearly the
same as in the finer conforming case (Time grid 4, in red with circle markers). On
the other hand, the errors obtained in the nonconforming case with a fine time
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Figure 5. [Test case 2] Errors in the concentration c (left) and
the vector field ϕϕϕ (right) between the reference and multidomain
solutions.

step in Ω2 where the parameters are small (Time grid 2 with green x-markers)
are close to those by the coarse conforming case (Time grid 1, in magenta with
diamond markers). Thus using nonconforming grids can adapt the time steps in
the subdomains depending on the physical parameters and limit the computational
cost locally, while preserving almost the same accuracy as in the finer conforming
case.

Conclusion. We have developed mixed formulations of a global-in-time domain
decomposition method based on OSWR and Ventcel transmission conditions to solve
heterogeneous, linear advection-diffusion problems. A flux variable representing
the total advective and diffusive flux is introduced, and Lagrange multipliers are
considered on the interfaces of the nonoverlapping subdomains to handle tangential
derivatives involved in the Ventcel conditions. A space-time interface problem is
derived based on trace operators of Ventcel-to-Ventcel type which involve solving
time-dependent problems with Ventcel boundary conditions in the subdomains.
The local Ventcel problem is written in mixed form and can be seen as a coupling
of a d-dimensional PDE in the subdomain and a (d − 1)-dimensional PDE on the
interface. Mixed hybrid finite elements are used to discretize the equations in space,
where the Lagrange multiplier arising in the hybridization is used to discretize the
advective term. The fully discrete problems are obtained by the backward Euler
method. The proposed global-in-time optimized Ventcel-Schwarz method is fully
implicit and allows different time steps in the subdomains. Numerical results show
that the method preserves the accuracy in time with nonconforming time grids; its
convergence with optimized Ventcel transmission conditions is almost independent
of the mesh size and time step size, and is robust for problems with high Peclét
numbers. Moreover, using optimized weighted Ventcel parameters for problems
with discontinuous coefficients is most effective, with a reduction of the number of
iterations by nearly half compared to using optimized Robin parameters. Future
work includes the analysis of the discrete local Ventcel problems and convergence of
the iterative algorithm, as well as the handling of Ventcel transmission conditions at
cross points. Further numerical experiments on more realistic test cases involving
a large number of subdomains and parallel simulations are also necessary to assess
the computational efficiency of the proposed method.
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Appendix A. Algebraic system for the local Ventcel problem. We derive
the linear system for the mixed Ventcel subdomain problem presented in Subsec-
tion 4.1; such a system is local to each subdomain and is solved independently at
each Jacobi or GMRES iteration of the interface problem. In the following, the
subscript i refers to the ith subdomain. We assume the porosity is piecewise con-
stant and denote by ωi,K the value of ωi on element K ∈ Kh,i. Taking µ = χK
(K ∈ Kh,i) in (18), vvv = wwwKE (K ∈ Kh,i, E ⊂ ∂K) in (19) and η = χE (E ∈ EIh,i)
in (20) we have:

|K|ωi,K∂tci,K +
∑

E⊂∂K

ϕi,KE =

∫

K

f dxxx, ∀K ∈ Kh,i, (30)

∑

E′⊂∂K

AKEE′ϕi,KE′ −
∑

E′⊂∂K

AKEE′ui,KE′ θi,E′ − ci,K + θi,E = 0,

∀K ∈ Kh,i, ∀E ⊂ ∂K,
(31)

ϕi,K1E + ϕi,K2E = 0, ∀E = (∂K1 ∩ ∂K2) ∈ EIh,i, K1,K2 ∈ Kh,i, (32)

where AKEE′ =
∫
K

(DDD−1wwwKE′) ·wwwKE dxxx, for E,E′ ⊂ ∂K, K ∈ Kh,i.
For each interface edge E ∈ EΓ

h , we write E = [P1, P2] where P1, P2 ∈ PΓ
h are

the two endpoints of E. For the equations on the interface, we proceed in a similar
manner, i.e. choosing the test functions in (21), (22) and (23) to be the basis
functions of the associated spaces, and obtain the following equations after some
simple calculations:

−ϕi,KE + αi,jλi,E + βi,jωi,K∂tλi,E + βi,j (ϕΓ,i,EP1
+ ϕΓ,i,EP2

) =

∫

E

ζdy,

∀E = [P1, P2] ∈ EΓ
h , E ⊂ ∂K ∈ Kh,i,

(33)

1

6
DDD−1
j,Γ|E|

[
2 −1
−1 2

] [
ϕΓ,i,EP1

ϕΓ,i,EP2

]
− 1

6
DDD−1
j,Γ|E|

[
2 −1
−1 2

] [
ui,Γ,EP1

ξΓ,i,P1

ui,Γ,EP2
ξΓ,i,P2

]

− λi,E
[

1
1

]
+

[
ξΓ,i,P1

ξΓ,i,P2

]
=

[
0
0

]
, ∀E = [P1, P2] ∈ EΓ

h , (34)

ϕΓ,i,E1P + ϕΓ,i,E2P = 0, ∀P = ∂E1 ∩ ∂E2 ∈ PΓ
h , E1, E2 ∈ EΓ

h . (35)

Note that DDDj,Γ is a scalar for Γ ⊂ R2. With backward Euler time stepping (cf.
Section (5)), we obtain, at each time step ti,m, for m = 1, . . . ,Mi, a symmetric
system of the following form :




A BT ET ETΓ 0 0
B C 0 0 0 0
E 0 0 0 0 0
EΓ 0 0 Cα,β BΓ 0
0 0 0 BTΓ AΓ ET∂Γ

0 0 0 0 E∂Γ 0







ϕ̃i
m

c̃mi
λ̃mi,I
λ̃mi,Γ
ϕ̃mΓ,i
ξ̃mΓ,i




=




0
∗
0
∗
0
0



, (36)

where ϕ̃mi and c̃mi represent the flux and concentration unknowns in subdomain

Ωi at time ti,m (i.e. (ϕi,KE(tm)K∈Kh,i,E⊂∂K and (ci,K(tm))K∈Kh,i
). λ̃mi,I and λ̃mi,Γ

are the Lagrange multipliers living on internal edges and on interface edges, respec-

tively. ϕ̃mΓ,i represents the one-dimensional flux unknowns on interface and ξ̃mΓ,i is the
Lagrange multipliers associated with the interface nodes. The first two equations
of (36) correspond to the flux equation (31) and the mass conservation equation (30)
while the third equation represents (32) to enforce the continuity of the flux over
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internal edges. The last three equations of (36) correspond to (33), (34) and (35)
to enforce the Ventcel condition on the interface. The right-hand side of (36) whose
explicit form is omitted can be deduced from (30) and (33).

Appendix B. Computing the discrete Ventcel-to-Ventcel operators. The
interface problem (26) involves the calculation of the Ventcel-to-Ventcel operators
SVtV
h,i (ζ, f, c0) after solving the time-dependent subdomain problem (30)-(35) over

the whole time interval (0, T ). The interface space Θh,Γ consists of piecewise
constant functions on the interface edges E ∈ EΓ

h , thus we choose θi = χE and
rewrite (26) as

∫

E

ζi dy −
∫

E

SVtV
h,j (ζj , 0, 0) dy =

∫

E

SVtV
h,j (0, f, c0) dy, ∀E ∈ EΓ

h , (37)

for a.e. t ∈ (0, T ) and for i = 1, 2, j = (3− i). Using (24), we deduce that:
∫

E

SVtV
h,i (ζi, f, c0) dy = ϕϕϕi,KE + αj,i λi,E + βj,iωi∂tλi,E

+βj,i (φi,Γ,EP1
+ φi,Γ,EP2

) ,
(38)

for E = [P1, P2] ∈ EΓ
h , where we have used the fact that φφφi,Γ(t) ∈ Σh,Γ with

φφφi,Γ(t, y) =
∑

P∈∂E

φi,Γ,EP (t) wwwΓ,EP (y).

We will compute the terms involving (φi,Γ,EP )E∈EΓ
h ,P∈∂E

in (38) by using the rela-

tion (25) between φφφi,Γ and the solution of the subdomain problem (30)-(35). Taking
vvvΓ to be the basis functions of Σh,Γ in (25) and after some simple calculations, we
obtain[

2 −1
−1 2

] [
φi,Γ,EP1

φi,Γ,EP2

]
=

[
2 −1
−1 2

] [
ui,Γ,EP1 ξΓ,i,P1

ui,Γ,EP2 ξΓ,i,P2

]

−DDD−1
j,ΓDDDi,Γ

[
2 −1
−1 2

] [
uj,Γ,EP1 ξΓ,i,P1

uj,Γ,EP2
ξΓ,i,P2

]

+DDD−1
j,ΓDDDi,Γ

[
2 −1
−1 2

] [
ϕΓ,i,EP1

ϕΓ,i,EP2

]
, ∀E = [P1, P2] ∈ EΓ

h ,

(39)

Adding the two equations of (39) yields the sum of φi,Γ,EP1
and φi,Γ,EP2

for each
E = [P1, P2] ∈ EΓ

h . Then we plug it into (38) to compute the Ventcel data for the
interface problem. Similar calculation can be done for the fully discrete case, in
particular we have:

∫

Ji,m

∫

E

SVtV
h,i (ζi, f, c0) dy = ϕϕϕmi,KE + αj,i λ

m
i,E + βj,iωi

(
λmi,E − λm−1

i,E

∆ti,m

)

+ βj,i
(
φmi,Γ,EP1

+ φmi,Γ,EP2

)
,

for E = [P1, P2] ∈ EΓ
h and m = 1, . . . ,Mi.
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