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ABSTRACT

The Hamiltonian structure of a set of gauge-free gyrokinetic Vlasov-Maxwell equations is presented in terms of a Hamiltonian functional
and a gyrokinetic Vlasov—-Maxwell bracket. The bracket is used to show that the gyrokinetic angular momentum conservation law can be
expressed in Hamiltonian form. The Jacobi property of the gyrokinetic Vlasov-Maxwell bracket is also demonstrated explicitly.
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I. INTRODUCTION

The Hamiltonian structure of several plasma physics models has
been a topic of constant interest since the discovery of the
Hamiltonian structures for the ideal magnetohydrodynamics' and the
Vlasov-Maxwell equations.” * The numerical algorithms derived from
the Vlasov-Maxwell Hamiltonian structure were explored in several
recent papers.” '” The generic guiding-center Vlasov-Maxwell bracket
was presented by Morrison,”” while the generic gyrokinetic
Vlasov-Maxwell bracket was presented by Burby et al.'* " The gen-
eral Hamiltonian formulation for the reduced Vlasov-Maxwell equa-
tions was also derived by Lie-transform methods by Brizard et al."®

The guiding-center Vlasov-Maxwell equations suitable for
Hamiltonian formulation were initially presented by Pfirsch and
Morrison'” and recently presented in simplified form (without guiding-
center polarization) by Brizard and Tronci,”’ while two gauge-free gyro-
kinetic Vlasov—-Maxwell models suitable for Hamiltonian formulation
were presented by Burby and Brizard”' and Brizard.”>”

After having asymptotically eliminated the gyroangle { and con-
structed the gyroaction J = (mc/q) u as an adiabatic invariant (u
denotes the magnetic moment of a particle of mass m and charge q), a
reduced Lagrangian L, is expressed in general, form as

(4 dX dac
Lg_(;A+Hg>~g+]$—(qcb+—l<g), (1)
where the reduced phase-space coordinates Z* = (X, py|,J, {) include
the reduced particle position X and the parallel kinetic momentum py,
the reduced symplectic momentum and kinetic energy are denoted Il
and Kg, respectively. We note that, because of the “minimal-coupling”

potential terms (q/c)A - dX/dt — q®, the reduced Lagrangian (1)
is invariant under an electromagnetic gauge transformation (®,A)
— (@ — ¢ '0y/0t, A + V) since the reduced dynamics is invariant
under the Lagrangian gauge transformation™ L, — L, +(q/c) dy/dt,
i.e., this transformation does not change the reduced equations of
motion obtained from Eq. (1). Hence, a gauge-free reduced
Lagrangian formulation is obtained when the reduced symplectic
momentum Iy and the reduced kinetic energy K in Eq. (1) depend
on the electric and magnetic fields (E = —V® — ¢ '0A/0t,B =V
xA) only. For example, in guiding-center Vlasov-Maxwell theory,
Pfirsch and Morrison'” used Tl =p b+ Exgb/Q and
Kge = uB+ |l'[gc|2 /2m, while Brizard and Tronci”’ considered the
simpler guiding-center Lagrangian with Il = p;b and K = uB
+p|2 /2m. The Hamiltonian structure for the Brizard-Tronci version
of the guiding-center Vlasov-Maxwell equations was recently pre-
sented elsewhere,” with an extensive proof of the Jacobi property for
the guiding-center Vlasov—Maxwell bracket.”

In gyrokinetic Vlasov-Maxwell theory, on the other hand, the elec-
tromagnetic potentials in Eq. (1) are decomposed in terms of back-
ground and perturbed components: (@, A) = (e®;, Ay + €A,), where
By = V X Ay is the time-independent background (unperturbed) mag-
netic field, and the dimensionless parameter € < 1 orders the perturba-
tion amplitudes in a manner consistent with standard gyrokinetic
theory.”” We note that, unless a gyrokinetic Vlasov-Maxwell model is
formulated exclusively in terms of the perturbed electric and magnetic
fields (with or without the minimal-coupling potential terms), the
appearance of potentials in the gyrocenter kinetic energy Kg, prevents a
Hamiltonian formulation. Hence, standard gyrokinetic Vlasov—Maxwell
models”” are not suitable for a Hamiltonian formulation.
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The recent work of Burby and Brizard™' is suitable for a
Hamiltonian formulat,i\on, however, since the gyrocenter symplectic
momentum Iy, = p; by is expressed only in terms of the unperturbed
magnetic field, while the gyrocenter kinetic energy Ky is a function of
(E1,B;) up to second order in € [see Eq. (3) below]. The purpose of
the present paper is, therefore, to derive the explicit Hamiltonian
structure for the gauge-free gyrokinetic Vlasov-Maxwell equations
presented by Burby and Brizard.”" This direct approach is in contrast
to the formal derivation presented by Burby."” The case of the gauge-
free gyrokinetic equations derived by Brizard,”””" in which the gyro-
center symplectic momentum Iy, = p| by 4 € Il1gy (E;, By ) includes
first-order electromagnetic corrections, will be considered in future
work.

The remainder of this paper is organized as follows. In Sec. II, we
present the gauge-free gyrokinetic Vlasov—Maxwell equations derived
by Burby and Brizard,” which are presented here in the drift-kinetic
limit in order to simplify our presentation. In Sec. ITI, the gyrokinetic
Vlasov-Maxwell bracket is explicitly constructed from the
Hamiltonian formulation of the gyrokinetic Vlasov-Maxwell equa-
tions. This gyrokinetic bracket structure is immediately applied to the
proofs that the gyrokinetic entropy functional is a Casimir of the gyro-
kinetic Vlasov—-Maxwell bracket and the gyrokinetic Vlasov—Maxwell
toroidal angular momentum conservation law, first derived in varia-
tional (Lagrangian) form in Refs. 23 and 28 can be expressed in
Hamiltonian form. In Sec. IV, the explicit proof of the Jacobi property
of the gyrokinetic Vlasov—Maxwell bracket derived in Sec. I1] is given,
and a summary of our work is presented in Sec. V.

1. GAUGE-FREE GYROKINETIC VLASOV-MAXWELL
EQUATIONS

We begin with the gauge-free gyrocenter single-particle
Lagrangian,

q L dx o dl
Ly = Z(A0+6—A1)+P|\b0 IRy | -T2
daz*
7(qeq)1+7Kgy)EPa WﬁHg}u (2)
where the higher-order guiding-center corrections Ry =Ry +31V

x by include the background gyrogauge vector field Ry (which ensures
that the guiding-center equations of motion are independent of the
gyroangle as well as how the gyroangle is measured”) and the
guiding-center polarization correction 3V x bo."" Next, the gyrocen-
ter kinetic energy is expanded up to second orderin e < 1,7

2 2
K. :ﬂ‘f'ﬂ BO+631H+E—|B1|2
& om 2B,

—€ TI:gC . <E1 1>

—é —\EI—O—(pro/mc ) X By | , (3)

pngo

where m,. denotes the guiding-center electric-dipole moment.” For

the sake of clarity, the gyrokinetic Vlasov—Maxwell model considered
here is presented in its drift-kinetic limit, where finite-Larmor-radius
(FLR) corrections are retained only through the guiding-center
electric-dipole moment 7.

scitation.org/journal/php

A. Gyrocenter equations of motion

The gyrocenter equations of motion are first derived from the
gyrocenter Lagrangian (2) as Euler-Lagrange equations w,y dZP /dt
—0Hg, /02",

dX d
0= eqE, — VKy ﬂﬁ B*f%bo, 4)
~ dX 0Ky
- dJ aKgy_ dJ
0=-% o = a (©)

Ta Ty N a @
where w,43(X, p||, u) = OP3/0Z* — OP,/OZF. Equation (6) implies
that the gyroaction J (and the gyrocenter magnetic moment u) is a
gyrocenter invariant as a result of the gyroangle-independence of the
gyrocenter kinetic energy (3), and the gyroangle { is an ignorable coor-
dinate since Eq. (7) is decoupled from the reduced gyrocenter equa-
tions of motion (4) and (5), which are expressed in Hamiltonian form
as

d—X_{x Ko}y +a¢E: - (XX}, ®)

p” = (b1 Ky}, +4€E (X0} ©)

Here, the gyrocenter Poisson bracket,

B g of cby
=— . |vf=-21vV -Vf x Vg, (10
Bj <f Iy Op) g) qB| Ve (0

is used without the ignorable gyromotion canonical pair (/, {), with

{f. gty

B* = B} + ¢B,

- (11
Bﬁ =by-B" = B\*\O + €B1||7
where Bj = By + (p|c/q) V x BO — (ume*/g*) V x R}, which is
gyrogauge invariant, and B ‘0 =Dy - B;. We note that the gyrocenter
equations of motion (8) and (9) are gauge independent since they only
involve the perturbed electromagnetic fields (E;, B; ).
Next, we note that the gyrocenter Poisson bracket (10) satisfies
the Jacobi property for arbitrary functions (f, g, h),

{Ughyt} +{{emy s} +{flyg} =0 (12

subject to the condition,
V-B"=0, (13)

which is satisfied by the definition (11). We note that the gyrocenter
Poisson bracket can be expressed in divergence form,

{f. &by B*éxzu( 12 8y (14)

while the gyrocenter equations of motion (8) and (9) satisfy the gyro-
center Liouville equation,
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OB < OB ~
| I Nt W
o b() € ot Cbo VXEEI
=—-V-|B,— ] ——\|B,— ). 1
v ( I dt) ap( I dt (15)

B. Gyrokinetic Vlasov-Maxwell equations

With the help of the reduced gyrocenter equations of motion
(8) and (9), we now introduce the gyrokinetic Vlasov—Maxwell

equations,
%—_v.(ngZ—):)—gGgy%), (16)
% =cV x Hyy — 4nqLng tfi—):, (17)
o vxE, (18)

5k

where the gyrocenter phase-space density Fy = F Bj is defined in
terms of the gyrocenter Jacobian B‘*‘, so that the gyrokinetic Vlasov
equation (16) is expressed in divergence form, the symbol [, denotes
an integration over (pj, ) in Eq. (17), and summation over particle
species is implied throughout the work.

The macroscopic gyrokinetic fields (Dgy, Hyy) in Eq. (17) are

defined as
Dy, _ €E| +4n Py, 7 (19)
Hgy B0+EB1—4TCMgY

where the gyrocenter polarization and magnetization are defined in
terms of the gyrocenter kinetic energy (3) as

0K,
P :—E’IJF gyEJF n
g . % E, o o
mc? b
:Jng Mg + € - g +22 8 ]|, o
P B _

(21)

\
—_—
o3|
o
|
=
T~
o)
(=]
J’_
(o]
S
+
a
=
=
815

which are expressed in their drift-kinetic dipole-moment form,
whereas FLR corrections would involve higher-order multipole
moments.

The remaining Maxwell equations,

V- Dg = 47qung,
V - Bl = O,

(22)

may be viewed as initial conditions for (D, B,), since
V- (ODgy/0t) = 4n Doy, /Ot = —4n V - ], follows from Eq. (17),
which is a statement of the gyrokinetic charge conservation law, while
V - (0By/0t) = 0 follows from Eq. (18).

C. Hamiltonian gyrokinetic Vlasov-Maxwell equations

In the Hamiltonian formulation of the gyrokinetic
Vlasov-Maxwell equations (16)-(18), we begin with the gyrokinetic
Hamiltonian functional,”

eE;
Hgy:[ngKgy(El,Bl)Jr[ by
JZ JX
1
e | (@I~ B eBiP), (23)
87 Jx

which is derived by Noether method from a Lagrangian formulation
of the gyrokinetic Vlasov-Maxwell equations (16)-(18). If we assume
that Dg, and E, are functionally independent, we then find

THy
oDy

=€ E1 / 47T7
| OHy (24)
€ SE, Dy, /41 — €E; /4n — Pgy = 0,
where we used the definition (20) for the gyrocenter polarization.
As can be seen from the definitions (20)-(21) of the gyrocenter
polarization and magnetization, we might conclude that
D,y = Dgyy[Fyy, Ei, By] and Hyy = Hyy[F,y, E;, B;] might be func-
tionals of (Fgy, E;, By ). The gyrokinetic Vlasov-Maxwell equations
(16)-(18), however, clearly imply that the correct gyrokinetic
fields are (Fgy, Dgy, B1), with E,[Fgy, Dgy, By] treated as functional
in Eq. (23). The reader is invited to consult Morrison’s work'” and
its application in gyrokinetic theory'* to learn how partial func-
tional derivatives can be handled in terms of constitutive
relations.

In what follows, we will formulate a Hamiltonian representation
of the gyrokinetic Vlasov—-Maxwell equations in terms of the gyroki-
netic fields ¥ = (Fgy, Dgy, By). Hence, we shall also make use of the
functional derivatives (24) and

oH 0K, 1
-1 97tgy -1 YRy
: = | F —+—(B B;) =H,, /4 26

¢ 5B, L g€ 8B1+4n( ot €By) =Hg /4, (20)
and we express the gyrokinetic Vlasov-Maxwell equations (16)-(18)
in Hamiltonian form,

105 S 0Hgy
o = ng(‘l’) o Sy (27)

where the gyrokinetic Vlasov—Maxwell Poisson operator Jgs(‘l’)o
acts on functional derivatives of the gyrokinetic Hamiltonian func-

tional (23),
OFy 8 L Mg
o oz ng{z » 5pgy}
8y

= JPp)o —& (28)
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ODgy _1 OHygy dX
ot =4ncV X (6 6—Bl — 47'CqJ;f"éY E
oH
= J]g)yb(‘l’) o 5\;;’, (29)
OBy 1 0Hg N B OHgy
T 4ncV x (6 5Dy ) = Joy (W) 0 Spb (30)

The gyrokinetic Vlasov—Maxwell bracket will be constructed in Sec. I11
from the gyrokinetic Vlasov-Maxwell equations (28)-(30) used in
evaluating the time evolution of an arbitrary gyrokinetic functional
F|Fg, Dgy, Bi,

0F JBF 5f+J 0Dy, 5.7-'_}_%5_.7—'
o Ot OF, x\ Ot 0Dg, Ot JB;
_[9F

T\ o

where the gyrokinetic Vlasov—-Maxwell bracket is applied to function-

als of the gyrokinetic fields W = (Fgy, Dy, B1) and integrations by
parts may be performed.

. OH
—Je(¥)o 5—quy> = [F. Hy],, (31)

lll. GYROKINETIC VLASOV-MAXWELL BRACKET
In Eq. (31), the antisymmetric gyrokinetic Poisson operator
J“b( ) o guarantees the antisymmetry property: [, 0],
—[G, Fl,; and the bilinearity of Eq. (31) guarantees the Le1bn1z
(product rule) property: [F,GK], = [F, G, K+G[F, K],
Jacobi property of the gyrokmetlc Vlasov—Maxwell bracket is
expressed as the requirement that the Jacobiator,

[[97 IC]gy,]-"]gy

- g]gy =0, (32)

JaclF,G,K] = [[ﬁ g]gy,/c]gy +
+[Ik. 7]

must vanish for arbitrary functionals (F, G, KC), which imposes con-
straints on the Poisson operator J% ().

From the gyrokinetic Vlasov-Maxwell equations (28)-(30), we
can now extract the gyrokinetic Vlasov-Maxwell bracket from Eq.
(31), which is expressed in terms of two arbitrary gyrocenter function-
als (F,G) as

[fv_g]gy
oG oF
g
) +(4nq)2J F (;Df {X,X},, - 6(155 >

_, G 0G L OF
1 AV, 1
‘ 5B1> 5|) . (E 5B1>}

(33)

oF

oD

+4nc[
gy

JX

Here, the first term is the Vlasov sub-bracket, the next three terms
(multiplied by first and second powers of 4mg) represent the
Interaction sub-bracket, and the last two terms (multiplied by 47mc)

scitation.org/journal/php

represent the Maxwell sub-bracket. We note that the Interaction sub-
bracket term proportional to (47q)® does not appear in the standard
Vlasov-Maxwell bracket,” ” since the Poisson bracket {x, x} = 0 van-
ishes in particle phase space. The generic form of the gyrokinetic
Vlasov-Maxwell bracket was first presented by Burby et al.'* In the
electrostatic limit, where E; = —V®; and B; = 0, the gyrokinetic
Vlasov-Poisson bracket retains only the contributions from the
Vlasov and Interaction sub-brackets.

We postpone the proof of the Jacobi property (32) until Sec. I'V
and, instead, we now look at two applications of the gyrokinetic
Vlasov-Maxwell bracket (33): first, we present the proof that the
gyrokinetic entropy functional is a Casimir of the gyrokinetic
bracket (33); and, second, we present the proof that the gyrokinetic
toroidal angular momentum conservation law can be expressed in
Hamiltonian form.

A. Gyrokinetic entropy functional

A Casimir functional C associated with the gyrokinetic bracket
(33) satisfies the equation [C, K], = 0, which holds for an arbitrary
functional K. It is well known that the gyrokinetic entropy functional,

SylFysBi] = fLng In (Fy /B)), (34)

is a Casimir for the gyrokinetic bracket (33), which is one example of
the generic form C[Fgy, Bi] = [, B} C(Fgy/B]) * for an arbitrary func-
tion C(F), where F = F oy/ B -

From Eq. (34), using 08, /0Fg = —1 —InF and ¢ 'Sy, /5B,
=intp F bo, we find

where the first term vanishes since, according to Eq. (14), it is an exact
phase-space divergence, while the remaining terms cancel out.

The concept of gyrokinetic entropy can play an important role in
the investigation of magnetized plasma turbulence (see Ref. 31, for
example). The gyrokinetic entropy functional (34) can also be used to
formulate the gyrokinetic metriplectic evolution of an arbitrary gyroki-
netic functional F,”” **

OF
ot

in terms of a self-adjoint collisional bracket (,),, that conserves
energy and momentum, i.e., =0, and satisfies the second
law of thermodynamlcs 0Sgy / 81‘ §' ; Sgy)gy = 0. This metriplec-
tic formulation™"° can assist in the 1nvest1gat10n of dissipative turbu-
lent transport in magnetized plasmas based on structure-preserving
algorithms.

= [F. Hyy, + (F:Sg)y (36)
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B. Gyrokinetic Vlasov-Maxwell angular momentum
conservation law

The conservation laws of energy-momentum and angular
momentum for the gyrokinetic Vlasov-Maxwell (28)-(30) were
recently derived by Brizard™’ and Hirvijoki ef al.”® As an application of
the gyrocenter Vlasov—Maxwell bracket (33), we explore the time evo-
lution of the gyrokinetic Vlasov-Maxwell angular momentum
functional,””

— EBl oX
Peyo[Fgy; Dgy, B1] = LngPco + LDgY X e 9g (37)

where the gyrocenter toroidal angular momentum,

~ L] X

p, = EAO +pj oo — (mc/q)uRo} "0
_ a0 X
=1A 5,

includes higher-order guiding-center corrections.™’
We now evaluate the Hamiltonian evolution of the gyrokinetic
functional (37),

OP,
aiyw = [Peyor Hay] o

B dP, qdX oX
= Lng(W car <P %)
€B1 0X
*L(EX%) VX Hy

E oX
—J G—I-Vx(—ngy), (39)
x 4n op
where the functional derivatives of the gyrocenter Hamiltonian func-

tional (23) are given in Eqs. (24)-(26), and the functional derivatives
of the gyrocenter Vlasov—Maxwell angular momentum (37) are

(38)

OPayp/OFgy p,
47 0Pgyy/0Dgy | = | €By x 0X/do |. (40)
41¢ 0Py /(€ By) (0X/0¢p) x Dgy

If we ignore exact spatial derivatives (which vanish when integrated
over space), the second term in Eq. (39) yields the non-vanishing

terms,
6B1 X 68B1 6B1 oX
— X =" H,=H, - —— ——- — | -H
(4n><6(p> V x Hy = Hy 4n dp  4Anm v(&p) &
__B (0B o o
4\ Oo 0
0B,
—ng E(%— B])
B BKgy OB}
JP gy 6B1 '%-FZ'(EBl Xng)7

(41)

where we used the definitions (19) and (21) for the gyrokinetic H-field
and the gyrocenter magnetization, respectively, and we used the axi-
symmetric vector identity,

scitation.org/journal/php

6B0/8q0 = /Z\ X B()7 (42)
and the vector identity,
VW : V(0X/dp) =Z - (W x V), (43)

which holds for arbitrary vectors fields (V, W). Next, the third term in
Eq. (39) yields the non-vanishing terms,

€E1 oX EEl oX € 8E1
. 2D, | =—"L.22(V.D,.) — Lot
4n VX (Bq) 8 gy) 4n Og (V- Dy) & 4m g

(9X €E1
209 (5) G

0K, OF, ax)
= | F & 22 gE, 2=
Jp & <8E1 ap T 0

+2Z - (¢Ey x Pgy), (44)

where we used the vector identity (43) and the definition (20) for the
gyrocenter polarization, as well as the gyrokinetic Poisson equation in
Eq. (22). Hence, by combining Eqgs. (41) and (44), Eq. (39) becomes

Py dp,, ( 1dX ) [9).4
ot _JZFgY|:,ﬁ6q E1+;EXB1 %

[ OK,, OE, 0K, 0B,
F gy 1 gy 1
+Jz gy(aEl e " OB, 3@)
+J2‘(€E1Xng+€B1XMgY). (45)
X

Next, using the explicit expressions for the gyrocenter polarization and
magnetization (20) and (21), the last terms in Eq. (45) become the
polarization and magnetization torques

[2.(6131 X Pgy + ¢By x M)
JX

:J ng2~ (,UBO X eBy + €E; X ngy>
z

_ pb
+JZngZ . [eBl X <ngy X rlncoﬂ (46)

We now write the full expression for 0K,y /0,

0Ky 0Ky (aKgy OF, aKgy.%)

i -) AP R 47
o dp OE, O0¢p OBy 0o “47)

where 0'Kyy/O¢ denotes the derivative of the gyrocenter kinetic
energy (3) at constant perturbed fields (E;, B; ),
0'Kgy

a(p :2 <‘u60 X6B1+6E1 Xﬂgy)

~ |P 60
-z [mc x (€By x ngy)}

R b
-Z- [ngy X (% X eBlﬂ, (48)

where we used Eq. (42). If we now combine these expressions in Eq.
(45), we find
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OPgyo

ot (49)

)

—[F Py Ry (E +1d—x><B> X
T d T e N T a0 o

after using the vector identity,
UX(VXW)+VXx(WxU)+Wx (UxV)=0,

with U = By, V = mg, and W = pHBO/mc. Finally, using the equa-
tion of motion (A3) for the gyrocenter azimuthal angular momentum,
we arrive at the conservation law,

OPgye
5 = [Peyps Hey ] =0. (50)
This conservation law was derived by the Noether method”’ in the
variational ~ (Lagrangian) formulation of the  gyrokinetic

Vlasov-Maxwell equations (16)-(18). Here, we have shown that this
conservation law can also be expressed in Hamiltonian form with the
help of the gyrokinetic Vlasov—-Maxwell bracket (33).

IV. JACOBI PROPERTY OF THE GYROKINETIC
VLASOV-MAXWELL BRACKET

We now verify that the gyrokinetic bracket (33) satisfies the
Jacobi property (32). The proof will rely on several Poisson-bracket
identities derived from the gyrocenter Poisson bracket (10).

According to the Bracket theorem,”'” the proof of the Jacobi
property involves only the explicit dependence of the gyrocenter
Vlasov-Maxwell bracket (33), where the gyrokinetic Vlasov—Maxwell
Poisson operator Jgff(ng, B,) o is independent of the gyrokinetic dis-
placement field Dy, where we note that the dependence on the mag-
netic field B, enters through Eq. (11) appearing in the gyrocenter
Poisson bracket (10). Hence, we can write the double-bracket involv-
ing three arbitrary gyrocenter functionals (F, G, KC),

P O[F. Gy oK
o], = ol T .

+4n J ok Ix 17y
1,7 5Dy, |7 oFg
gy
- OP[F,G
_47[CJ g .V X ﬁ (51)
X E(SBI 5Dgy

where the terms involving 6°'[F, G] oy/ ODygy vanish on the basis of the
Bracket theorem.

Here, the Poisson variation 6° of the bracket (33) only involves
variations with respect to (Fgy, By ),

P _ Fy o
51,4, L(apgy_y By - ¢ OB,

X U &)y + 474 (G- (X S}y — B {X.gly)

scitation.org/journal/php

where we use the notation (f,g, k) = (0F /Fgy, 0G/0Fgy, 0K /0Fy)

and (F,G,K) = (0F/0Dgy, 0G/0Dyy, 6IC/0Dg,). In  addition,
(3B* = by - €0B; represents the variation of the Jacobian, which
appears in the denominator of the gyrocenter Poisson bracket (10),
while 0B* = €0B; appears only in the first term of Eq. (10). In the
first two terms of Eq. (51), we therefore have the Vlasov sub-bracket,

51, Gy oK
= (U hok} +ama{ (G (XS —F {Xghy )k}
+(4nq)2{F-{X,X}gva,k} : (53)

8y

and the Interaction sub-bracket,
o 5P ]:7 g
- oK X, (7, Glgy
0Dy, OFyy o
= 4ngK - {X, {f, g}gy} + (4mq)’ K
g
. {x, <G AX fly — F{X, g}gy) }g
y
+(4mq)’K - {x7r~ X, X}, G} 7 (54)
gy

while the third term in Eq. (51) is the Maxwell sub-bracket,

§"IF.G )
e TGy g 9K
X €5B1 (SDgy

cF,
= —4rn ¥ v x K
quLIB*
Jg of
Vf —4ngF) == — (Vg — 4nqg G) —
(Vf —4nq )ap” (Vg —4nq )017\\

cby
+4an Fgy — P -V x K[{f Sy T 419

% (6 {Xfly —F- (Xgly)]

+(4mq) J Fy qtz;* V x K( XX}, G). (55)

From these terms, it is clear that the proof of the Jacobi property (32)
must hold separately for each power of 47,

3
JaclF,G,K] =) (4nq) J Fyy Jac,[F, G, K], (56)
n=0

where each Jacobiator term Jac,[F, G, K] involves the gyrocenter
Poisson bracket (10). At zeroth order, for example, the Vlasov sub-

+(4nq)°F - {X, X}, G] +J Fyy 62?1 bracket (53) yields
I
0g 0 Jacy[F,G,K] = k k
|9 —ama B 5 (Vg -4 qc%u, 2l G.K] = {{f gl k) +{{g kb }
+{{k.f}y.80 =0, 57
) {{k g} (57)
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which vanishes because of the Jacobi property (12) of the gyrocenter
Poisson bracket (10). In what follows, we will use cyclic permutations
(denoted by () of the functionals (F, G, K) in order to combine simi-
lar terms from the sub-brackets (53)-(55) at the next three orders in
4mq.

A. First-order Jacobi property

By using the Leibniz property of the gyrocenter Poisson bracket
(10), the cyclic permutations of the Vlasov sub-bracket (53) include
the first-order terms,

(K. Sy Xy — (Kghy - (XS
K- ({{x,g}gwf}gy + {U,X}gy,g}gy), (58)

while the cyclic permutations of the Interaction sub-bracket (54)
include

K- {x, {f. g}gy}gy —K- {{g, f}gy,X}gy, (59)

where we used the antisymmetry of the gyrocenter Poisson bracket.
Finally, the first-order terms in cyclic permutations of the Maxwell

sub-bracket (55) are
of
Vg ——1. (60)
£ 6P||)

c g
-V x K{f, ——VxK-|Vf>—
I v g}gy qBH ( fapH

Using the gyrocenter Poisson bracket identity

c g of cbo
Vf == - Vg = | =—2 {f, +{X, x {X, .

Equation (60) becomes
V xK- {X7 g}gy X {X7f}gy
- {K7g}gy ) {va}gy - {K7f}gy : {X,g}g}” (61)
where we used the identity
{U7 U}gy = {X7 U}gy : VU, (62)

for a vector field U assumed to be independent of pj|, while v(X, py|) is
an arbitrary gyrocenter function.

By combining Egs. (58), (59), and (61), we obtain the first-order
term in the Jacobiator (56),

Jac,[F,G,K] = K; {{{X",g}gy,f}gﬁ{{f,Xf}gy,g}gy

+{{g, f}gy,X“}gy} +0=0, (63)

which vanishes because of the Jacobi property (12) of the gyrocenter
Poisson bracket (10).

B. Second-order Jacobi property

Cyclic permutations of the Vlasov sub-bracket (53) include the
second-order terms,

scitation.org/journal/php

{K X, X}, - F,g}gY = Filg{{Xj,Xi}gy7g}gy

+{K7g}gy : {X7X}gy -F
+K- {X, X}gy . {F’g}gy’ (64)

where summation over repeated indices is implied in the first term.
Next, using the identity (62), the second and third terms become

~ ~

(X, g}y - (VK~ Do g vE. o

9B, 9B,

where we used the Poisson-bracket identity

X K> , (65)

CBO
qB;

U {X, X}, V=—

-UxV, (66)

for any two vector fields (U, V).
Cydlic permutations of the Interaction sub-bracket (54) include
the second-order terms,

F- {X,K : {X,g}gy}gy ~K- {X,F~ {X,g}gy}gy

=FK; <{{g7Xj}gy,Xi}gy + {{Xivg}gwxj}gy)

—|—<F XK}y, — K- {X, F}gy> X, gl (67)
where the last two terms can be expressed as
CBQ CBO
- xK-VF—-—xF-VK| - {X, . (68)
(‘13 4B ) otle

Hence, by combining Egs. (65) and (68), we obtain

CB CB
{X7g}gy' {(qBZ ><F> xVxK-— <q_B?‘XK> ><V><F:|

_CBO B* ag
I Il “Pll
cby B* Og
- - |V x F(K-{X, —(K-V xF) — =1,
- (K- {X,gly) ~ ( )5 7

(69)

where we used the Poisson-bracket identity (CBO /aB]) - {X, g}l
= (C/qB‘*{) dg/9py.

Cyclic permutations of the Maxwell sub-bracket (55) include the
second-order terms,

CBO B* Og 660
——— |V xK(F-{X, —(F-VXK) — 2| +—
4Bj (F {Xighg) = ) Bj ‘91’] 98]
B* O¢
. [V x F(K-{X,g},) — (K-V xF) BT*‘ 8p||} (70)

which exactly cancels the terms in Eq. (69), so that the second-order
Jacobi term in Eq. (56) is obtained by adding Eqs. (64), (67), and (70),
which yields the second-order term in the Jacobiator (56),
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Jac,[F.G. K] = FiK, {{{xf, g}gy,xf}gy+{{xf,xf}gy, g}gy

+{{g, X"}gy,Xi}gy} +O =0, 1)

which vanishes because of the Jacobi property (12) of the gyrocenter
Poisson bracket (10).

C. Third-order Jacobi property

At the third order in 47g, we note that only the Interaction and
Maxwell sub-brackets (54) and (55) contribute terms in
Jacs|F, G, K. First, the third-order terms in cyclic permutations of
Egs. (54) and (55) are

K~{X,F-{X,X}gy-G}gy+©
by

K~{X,X}gY~G<qB*
I

=Jac;[F,G, K]+

(72)

-V><F>+O

and

b
G- {X.X},, K(;BS
i

~V><F) +K-{X,X},,

Cbo

F(2.vxG|+F (XX}, (2. vxK]|, @3
<‘13 ) Xy (qu )

which when combined, using the antisymmetry property of Eq. (66),
introduces simple cancelations and yields the result

K- {X,F- {X, X}y, - G} + 0 = Jacs[F, G, K],
gy
where the third-order term in the Jacobiator (56),
_rC iy 0 i 3t i
Jacs[F,G.K] F,G]Kg[{{X X}y X }gy+{{x X}, X }gy
x4Lx x| = 4
+{{x X}, }gy} 0, (74)

vanishes because of the Jacobi property (12) of the gyrocenter Poisson
bracket (10).

V. SUMMARY

The explicit Hamiltonian structure of the gauge-free gyroki-
netic Vlasov—Maxwell equations was constructed directly from Egs.
(28)-(30) in terms of a gyrokinetic Hamiltonian functional (23)
and the gyrocenter Poisson bracket (10), which resulted in the gyro-
kinetic Vlasov-Maxwell bracket (33). The gauge-free gyrokinetic
equations were presented here in their drift-kinetic limit, which
simplified the expressions for the gyrocenter polarization and mag-
netization (20) and (21). Future work will consider extensions of
our gyrokinetic Hamiltonian formulation to include higher-order
FLR effects.

As simple applications of our gauge-free gyrokinetic
Hamiltonian formulation, we demonstrated in Sec. III that the

scitation.org/journal/php

gyrokinetic entropy function (34) is a Casimir functional for the gyro-
kinetic Vlasov-Maxwell bracket (33), and that the gyrokinetic toroidal
angular momentum conservation law can be expressed in
Hamiltonian form (50).

In Sec. IV, we presented an explicit proof that the gyrokinetic
Vlasov-Maxwell bracket (33) satisfies the Jacobi property (32).
While this may seem to be an academic exercise, our proof follows
similar proofs for several Vlasov-Maxwell models presented in
the Appendix of Ref. 13, for example. In analogy to the recent
more extensive proof ’ of the Jacobi property of the guiding-
center Vlasov-Maxwell bracket, the proof of the Jacobi property
(32) relies on identities derived from the gyrocenter Poisson
bracket (10) and the vanishing gyrokinetic Jacobiator (32) is
inherited from the Jacobi property (12) of the gyrocenter Poisson
bracket.

Future work will consider an alternate gauge-free gyrokinetic
Vlasov-Maxwell model*’ in which the gyrocenter polarization drift
ell; - dX/dt is added to the symplectic part of the gyrocenter
Lagrangian (2), where II, = [E; + (pHBO/mc) x By] x qBO/QO.
This extension will explicitly introduce electric-field terms in the gyro-
center Poisson bracket (10) and introduce new terms in the Poisson
variation (52).
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APPENDIX: GYROCENTER ANGULAR MOMENTUM
EQUATION OF MOTION

In this Appendix, we derive the equation of motion for the
gyrocenter angular momentum (38) in an axisymmetric back-
ground magnetic field.

We begin with the covariant azimuthal (toroidal) component
of the Euler-Lagrange equation (4),

(E +1d—XxB) OX _ 0Ky
A\ ™ cdt ! dp Do
7de ~ 00X q,. dX 0X

where the toroidal derivative of the gyrocenter kinetic energy
OKgy /0 = (0X/0¢) - VKgy is given in Eq. (47).

Next, we explicitly evaluate the gyrocenter time derivative of
P,,
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d PN
Py _ dp) (bo.(;%) +g‘% {VAS.%+V<%> A(’;}

_de ~ 0X q.. [dX 0X
*W(bO'%)ﬁBO' @ <o

N X - X
+zxA3-qd—+z~ (d—xﬂAg)
c

¢ dt dt
_de ~ 00X q.,. dX 0X
= (P05, ) B x50 (A2)

where we used the gyrocenter invariance of the magnetic moment u
and we used DA} /d¢p = Z x A} under the assumption of axisym-
metry of the background magnetic field, while we used the identity
W - V(0X/0¢p) -V =2Z- (W x V), which holds for arbitrary vec-
tors (V, W). Hence, Eq. (A1) yields the gyrocenter angular momen-
tum equation of motion,

P, 1dX OX 0Ky

We note that in the electrostatic limit, where E; = —V®; and
B, =0, Eq. (A3) yields the standard equation dP,/dt = —O0H,,/
0@, where Hgy = eq @y + Kgy.
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