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Finite-Time Command-Filtered Composite Adaptive
Neural Control of Uncertain Nonlinear Systems
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Abstract—This article presents a new command-filtered com-
posite adaptive neural control scheme for uncertain nonlinear
systems. Compared with existing works, this approach focuses on
achieving finite-time convergent composite adaptive control for
the higher-order nonlinear system with unknown nonlinearities,
parameter uncertainties, and external disturbances. First, radial
basis function neural networks (NNs) are utilized to approximate
the unknown functions of the considered uncertain nonlinear
system. By constructing the prediction errors from the serial-
parallel nonsmooth estimation models, the prediction errors and
the tracking errors are fused to update the weights of the NNs.
Afterward, the composite adaptive neural backstepping control
scheme is proposed via nonsmooth command filter and adap-
tive disturbance estimation techniques. The proposed control
scheme ensures that high-precision tracking performances and
NN approximation performances can be achieved simultaneously.
Meanwhile, it can avoid the singularity problem in the finite-time
backstepping framework. Moreover, it is proved that all signals
in the closed-loop control system can be convergent in finite time.
Finally, simulation results are given to illustrate the effectiveness
of the proposed control scheme.

Index Terms—Adaptive control, backstepping, command filter,
finite-time control, neural networks (NNs).

I. INTRODUCTION

ACKSTEPPING technique is a typical control tool for

higher-order nonlinear systems and it has attracted wide
attention as the technique presents a systematic recursive
design framework for tracking and regulation control [1]-[6].
Nevertheless, in the traditional backstepping design process,
the repeated analytic differentiation of virtual control laws
is needed, which results in the problem of “explosion of
complexity.” To eliminate this problem, dynamic surface con-
trol (DSC) [7] was proposed by letting virtual control laws
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pass through linear filters. Furthermore, a command-filtered
backstepping control [8], [9] was presented to avoid analytic
differentiation and remove the filtering errors caused by filters
simultaneously.

Although these modified backstepping control methods are
applicable for uncertain nonlinear systems theoretically, they
need large enough gains to suppress uncertainties, which may
lead to saturation problems and degrade closed-loop perfor-
mances [10]-[12]. For the nonlinear systems with high uncer-
tainties, fuzzy-logic systems [13]-[15] and neural networks
(NNs) [16]-[22] can be employed to approximate the unknown
nonlinear functions in system dynamics due to their univer-
sal approximation capabilities. Particularly, NNs have been
widely applied in various adaptive backstepping control meth-
ods [23]-[28]. As a matter of fact, the adaptation laws of
these aforementioned methods were designed according to the
stability of closed-loop systems alone. However, the origi-
nal intent of using NNs for approximation was ignored [29].
And the performances of NNs for identifying unknown model
dynamics were not seriously considered in most of the exist-
ing adaptive neural backstepping control methods [30]-[32].
In practice, the approximation precision of NNs has a major
impact on the closed-loop control systems, which motivates
us to improve the accuracy of the NN-based identified model.
Fortunately, the approximation performances of NNs can be
evaluated by constructing prediction errors obtained from
serial—parallel estimation models. Hence, the prediction errors
can be used to enhance the approximation precision of NNs.
Inspired by the idea, some interesting works concerning com-
posite adaptive neural control were presented by using the
combination of tracking errors and prediction errors for weight
adaptation [3], [29], [33], [34]. Similarly, composite adaptive
fuzzy backstepping control was also reported in [35] and [36]
by utilizing the information of prediction errors. Although
many contributions have been made in the aforesaid excellent
works, these methods can only guarantee infinite-time stabil-
ity, which implies that the errors in their closed-loop systems
can be convergent only when the time approaches infinity.

Different from asymptotic control methods, the finite-time
control technique ensures that the desired system performance
can be realized in finite time. Besides, the finite-time con-
trol technique brings the closed-loop system better robust-
ness [37]-[39]. Because of the above advantages, the finite-
time control technique has become more desirable and
attracted considerable interest in recent years [40]. Hence, the
exploration of finite-time command-filtered composite adap-
tive control is of great significance. Many finite-time control
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methods were presented for various nonlinear systems, includ-
ing constrained systems [41]; multiagent systems [42], [43];
and switching systems [44]. Yu et al. [45] designed a pioneer-
ing finite-time command-filtered backstepping control scheme
for nonlinear systems with strong robustness. However, the
concerned system model was assumed to be known and no
uncertainties were considered in this article. To deal with
unknown nonlinearities, some finite-time convergent adaptive
control methods were developed, including finite-time adap-
tive neural control [46]-[48] and finite-time adaptive fuzzy
control [49], [50]. Sun et al. [47] designed a finite-time adap-
tive neural tracking control scheme for nonlinear systems in
nonstrict feedback form. Lately, Li [51] developed a finite-time
adaptive command-filtered backstepping control scheme with
fault tolerance for strict-feedback uncertain nonlinear systems.
Despite many superiorities, there still exist two issues to be
further addressed. First, the designed parameter adaptation
laws were driven by only tracking errors, which were not able
to guarantee precise approximations. Second, the proposed
control scheme was not able to deal with time-varying exter-
nal disturbances that are commonly seen in engineering
practice.

To the best of our knowledge, the problem of finite-
time command-filtered composite adaptive control design for
higher-order nonlinear systems in the presence of unknown
nonlinearities, parameter uncertainties, and external distur-
bances is still open and remains unsolved. Motivated by
the above observations, we propose a finite-time convergent
command-filtered composite adaptive neural control scheme
for the first time, featuring rapid response, strong robustness,
and high-tracking accuracy. First, radial basis function NNs
(RBFNNs) are utilized to approximate the unknown nonlin-
ear functions of the considered system. Then, to improve the
approximation precision of the RBFNNs, some novel compos-
ite adaptation laws driven by tracking errors and prediction
errors are designed for updating weights. In addition, some
new adaptive neural disturbance observers (ANDOs) are
designed to estimate and compensate disturbances. Finally,
based on the composite adaptive RBFNNs and the ANDOs, the
nonsmooth command-filtered composite adaptive neural con-
trol scheme is developed to achieve finite-time convergence of
all signals in the closed-loop control system.

Compared with the existing results, the main contributions
of this article are summarized as follows.

1) A finite-time convergent command-filtered composite
adaptive neural control scheme is proposed for higher-
order uncertain nonlinear systems for the first time in
this article. Different from the virtual control laws design
in existing backstepping approaches, a novel control law
without singularity problem is designed at each step.

2) Unlike existing works for constructing prediction errors
in composite adaptive control schemes, such as [3], [29],
and [33]-[36], a new serial—parallel nonsmooth estima-
tion model (SPNEM) is designed in this article, which
further enhances the NN approximation precision.

3) Apart from external disturbances, the minimum approx-
imation errors of NNs are estimated by design-
ing ANDOs, which are different from conventional
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disturbance observers [52]. The performance and robust-
ness of the control system can be greatly improved by
utilizing the ANDOs for disturbance compensation.

4) The nonsmooth command filters introduced in this arti-
cle can converge faster than the existing linear filters
in [11] and [51]. In addition, the parameters of the non-
smooth command filters are easier to tune, as compared
to those of the differentiators in [45].

The remainder of this article is organized as follows.
Section II addresses the problem formulation. Section III gives
the control scheme design procedure and the closed-loop sta-
bility analysis. Simulations of two representative examples are
conducted in Section IV to verify the effectiveness of the
proposed control scheme. Finally, Section V concludes this
article.

II. PROBLEM FORMULATION

Consider the tracking control problem of the following class
of the nth-order uncertain nonlinear system:

X = fi) + gi(xdxip1 +d;, i=1,2,...,n—1
Xn = fu(n) + gn()u + dy (H
y= Xi

where X; = [x1,x2, ..., x]7 € R %, = [x1, %2, ..., x,]7 € R?
is the system state vector, u € R is the control input, and
y € R is the output variable. Besides, fi(x;) € R, g;(x;) € R,
and d; € R denote the unknown nonlinearities, the nominal
control-gain functions, and the time-varying external distur-
bances, respectively. The control objective is to design a
composite adaptive neural control scheme such that the output
y tracks the reference signal y,; in finite time, where y; and its
time derivative up to second order are known and bounded.

Assumption 1 [1] and [11]: There exist positive constants
Boi, U1; (i = 1,2, ...,n) such that the external disturbances
d; satisfy |d;| < v¢; and |d,| < ;.

Assumption 2 [45]: There exist positive constants 7; such
that |gi(x)| <mi, i=1,2,...,n.

Taking the parameter uncertainties in the system dynamics
into account, the uncertain nonlinear system (1) is derived as

xi= Fi(x)+gi(xxip1 +di, i=1,2,...,n—1
in = Fu(xp) + gn(xn)u+dy 2
y= X

where F;(X;) = fi(xi) + Ai, Fn(X,) = fu(xn) + A, are unknown
functions. Besides, Aj;, j = 1,2,...,n, denote the lumped
parameter uncertainties.

Remark 1: The nonlinear dynamics (2) considers unknown
nonlinearities, parameter uncertainties, and time-varying exter-
nal disturbances simultaneously. Hence, model (2) is more
general than the models considered in [45] and [51].

Remark 2: The finite-time control in this article indicates
that the desired system performance can be realized in finite
time, which focuses on the convergence rate. Another concept
of finite-time control in [53] means that the system state is no
larger than a certain bound in the predefined finite-time span,
which focuses on achieving superior transient performance.
Note that the two concepts are different.
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At the end of this section, some useful lemmas are listed
below for the subsequent analyses.

Lemma 1 [54]: Consider the system x = f(x). Suppose
there exist a continuous positive-definite Lyapunov function
V(x) and some real numbers p; > 0, pp >0, and 0 < @ < 1
such that V(x) < —p1V(x) — poV*(x) holds, then the system
X = f(x) is finite-time stable and the settling time can be
given by

T<T = 1 lnPlVl_"‘(Xo) +P2.
pil—a P2

Remark 3: The finite-time Lyapunov theorem in Lemma 1
was proposed by Yu et al. [54] with the form of the fast
terminal sliding mode and has been widely used to prove the
finite-time stability, such as [45] and [51]. Note that in some
articles concerning finite-time control, the Lyapunov function
condition V(x) < —p2V*(x) can also ensure finite-time sta-
bility. However, the proposed control scheme satisfying the
Lyapunov function condition in Lemma 1 can ensure faster
convergence [55].

Lemma 2 [56] and [57]: For any constant 0 < [/ < 1, the
following inequality holds for Vx; e R,i=1,...,n:

3)

(il + bl 4+ b < al' + el + -+l @)
Lemma 3 [57]: For any given positive constants p, g, and y,
the following inequality holds for Vx,y € R:

p q _»
[xIPly|? < my|x|”+q + m? a|yPte. @)

III. CONTROL SCHEME DESIGN AND
STABILITY ANALYSIS

In this section, we will propose a command-filtered com-
posite adaptive neural control scheme with finite-time con-
vergence for the uncertain nonlinear system (2). The detailed
design procedure and stability analysis will be presented.

A. Brief Introduction of Neural Network

Given that the values of F;(x;), i = 1,2,...,n, in (2) are
not available in practice, we use RBFNNSs to identify these
unknown nonlinear functions due to the universal approxima-
tion properties. The continuous function F;(x;):Qz — R over
a compact set Q5 C R’ can be approximated to arbitrary
accuracy by an RBFNN as follows [26]:

Fi&) = W' Si%) + & 6)
where i = 1,2,...,n, W¥ € R™ is the ideal constant weight
vector, which is expressed as

Wi =argmin| sup |F;(%) — Wi'S;(%)| (7)
WieR™ | X;ieQy;

where W; is the estimate of W} and m; denotes the number
of hidden layer nodes of the RBFNN. The basic function vec-
tor Si()_c,-) = [sil()_c,-), . ,Sl'mi()_ci)]T e R™ with s,-j()_ci) being
selected as

i — )T i — i)
LIV [

1

S,'j()_ci) = exp |:—

Command
Filter: (13)

> Z
1
ér v, _| Virtual Control Law: (11) s

o V,| Composite v
—> SPNEM: | . & e | - v :
an [ +y Y| Adaptation ﬁl, RBFNN: > ANDO: i Compensated
W, =

A,

T

Law: (19) (6) (20) |- Signal (15)
r [ Tin v Z/l

Fig. 1. Block diagram of the proposed control scheme (step i).

where p; € R? is the center of the receptive field and
8; € RT is the width of the Gaussian function. Besides, ¢;
is the minimum function approximation error of the RBFNN
satisfying |e;] < &F with positive bounded constant &f. In
the following, the function S;(x;) will be simplified as S;
for brevity. According to the definition of the basic function
vector, |S;(x;)| < ,/m; holds.

B. Finite-Time Command-Filtered Composite Adaptive
Neural Controllers Design

In the following, the finite-time command-filtered composite
adaptive control scheme design will be given step by step via
a recursive approach. The virtual control laws will be designed
instepi (i=1,2,...,n— 1) and the actual control law will
be designed in step n.

Step i (i=1,2,...,n— 1): For clarity, the block diagram
of the ith step of the proposed control scheme is presented in
Fig. 1, which shows the design procedure. Defining e¢; = x;—¢;
with o) = yg, W; = W¥ —W,;, and €; = &; + d;, we have

éi = W[ Si+ gixxip1 + W/ Si+ e — . ©)

Taking x;1 as a virtual control input and following the idea
in [45], the finite-time virtual control law X;y; is designed as
v Yi T .

Xyl = e [—kirei — kiov] — W' Si + &

—gi—1(Xi—1)ei1] (10)

with the constants k;;, ki > 0,0 < y; < 1, where y; = (pi/qi),
pi and g; are positive odd integers satisfying p; < ¢g;, and the
variable v; denotes the compensated tracking error, which will
be defined later. Besides, go(xg)ep = O.

Actually, the nonlinear term k;jp vl?/i in (10) can accelerate the
convergence rate of the compensated tracking error v; when
|vi| € (0,1). However, its time derivative kigyivl?/ iill')i will
lead to the singularity problem when v; = 0 and v; 7 0 due to
y; — 1 < 0, which makes the command-filtered backstepping
design lacks rigor.

To avoid this problem, we modify (10) and design a novel
singularity-free virtual control law X;;1 as

o 1 .
Xip1 = —— [—knei — kngi(v) — WS + &
8i(X:)
—gi—1(Xi—1)ei—1 — & (11
with the nonlinear function ¢;(v;) designed as
Mvile, if vy > &

(V) = . 12
i) { citvi + vy, if v < & (12)
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where the constants 0 < o < 1 and 0 < & < 1. The notation
[x]¢ = |x|%sign(x) is introduced in this article to simplify
expression. Besides, ¢;j = ((3 — Q)/Z)é‘;ig_l and ¢p = ((0 —
1) /2)51.9_3. These parameters are chosen to satisfy cj; +cip >
0. In addition, €; is the estimation of ¢; by using an ANDO,
which will be designed in (20).

Remark 4: Note that the singularity problem will not
occur through using the virtual control law (11) in the
command-filtered backstepping design procedure. Specifying
the coefficients ¢;; and c¢j», we can ensure that the nonlin-
ear function ¢;(v;) and its time derivative are both continuous.
Besides, in (10), the term viy " ¢ R when x < 0. In contrast, the
control law (11) circumvents this problem by designing ¢;(v;).

Note that the function ¢;(v;) can be divided into a nons-
mooth term and a smooth term. In fact, similar to vl?/" in (10),
the nonsmooth term [v;]¢ in ¢;(v;) can also accelerate the
convergence rate of v; when |v;| € (0, 1). Generally, one can
select a small enough §; to guarantee that the nonsmooth term
[v;]¢ dominates @;(v;) during the entire control process.

To avoid repeated analytic differentiation of virtual control
laws, we introduce a new nonsmooth command filter as

Tit1&ip1 = [Xip1 — ®ip1 19 + Xigp1 — 2ig1)

i+1(0) = Xi+1(0) 13)

where the filter parameter 7,11 is a positive constant.

Remark 5: The command filter is a prefilter by treating vir-
tual control law as the input and it generates the filtered virtual
control law and the derivative of the virtual control law. In
practice, command filters are introduced to avoid computing
analytic derivatives and eliminate the problem of the explosion
of complexity in traditional backstepping approaches [8].

Remark 6: Compared with existing methods, the command
filter (13) has some advantages. First, the nonsmooth com-
mand filter is finite-time convergent, which can converge faster
than the linear filter used in [11] and [51]. Second, the param-
eters of the nonsmooth command filter are easier to tune than
those of the widely used Levant differentiator in [45].

Define €i+1 = Xi4+1 — 41 and Gi+l1 = Ui+ —)OC,‘_H. Then,
the derivative of e; is given as

— kgi(v) + WIS 4+ & + gi(xeir
+gi(x)Gir1 — gi—1(xi—1)ei—1.

ei = —kite;
(14)

In order to remove the effect of the filtering error ¢j41, the
compensating signal z; is designed as

zi = —kizi + gi(x) (zit1 + Giy1)

—8i—1(Xi—1)zi—1 — I;sign(z;), z;(0) =0 (15)

where the constant /; > 0 and go(x9)zo = 0. ziy1 will be
defined in the next step. Defining the compensated tracking
error v; = e; — z; yields

— k@i (Vi) + WI'S; + gi(X) Vit
—gi—1(Xi—1)vi—1 + lisign(z;) + €.

Vi = —ki1vi
(16)

To enhance the approximation performance of the RBFNN
Wl-TSi, a composite adaptation law will be designed for weights
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updating. Defining the prediction error as x; = x; — X;, where
X; is obtained from the following SPNEM:

%= WI'S; 4+ gi(xixiv1 + ki xi + ki [xi1° (17)

we obtain

Xi = WI'Si — kinxi — ko[ i) + €. (18)

Remark 7: As a matter of fact, the actual approximation
error of WiT S; cannot be obtained directly because Fi(x;) is
unknown. Fortunately, the approximation error of Wl-TSi can
be reflected by constructing the SPNEM (17) to generate
the prediction error y;. In addition, different from the linear-
feedback methods for constructing prediction errors in the
existing composite adaptive control [3], [29], [33]-[36], the
designed SPNEM contains the fractional power term [ ;¢ =
| xil®sign(x;). On the one hand, this term contributes to the
finite-time convergence of the closed-loop control system. By
designing the SPNEM, we can obtain the dynamics of the
prediction error as (18), which lays a foundation for the finite-
time convergence analysis of the closed-loop system. On the
other hand, the fractional power term is conductive to achiev-
ing better approximation precision of the ith RBFNN and
overall tracking performances.

Then, the predictor error yx; and the compensated tracking
error v; are employed to construct the composite adaptation
law of W; with o-modification, which is given as

Wi = Bi(vi + Bit xi)Si — oiW; (19)

where B;, Bi1, and o; are positive constants.

Remark 8: The prediction error y; reflects the approxima-
tion error of the RBFNN WiT S;. Hence, the approximation
precision of WiT S; is improved by using the feedback of the
prediction error and the tracking error simultaneously to design
the composite adaptation law (19), which is different from the
existing adaptation laws [30]-[32], [46], [49]-[51]. In contrast,
the conventional adaptation laws are designed according to the
stability of closed-loop systems alone and the performance of
NNs for identifying unknown models is not seriously consid-
ered. Hence, the composite adaptation law (19) is superior
to the conventional adaptation laws in that the compos-
ite adaptation law can enhance the approximation precision
of NNs and improve the closed-loop tracking performance
consequently.

Usually, external disturbances can be estimated by using
model-based disturbance observers [52]. Here, the external
disturbance and the minimum approximation error of the ith
RBFNN are integrated as €;. The ith ANDO for estimating the
lumped disturbance ¢; is designed by using NN approximation

{ hi = —hiChi 4+ Aixi) — hi(WE'S; 4 gi(®)xit1) + i

A 20
€= hi+ \ix; (20)

where A; is an internal state and ); is a positive constant.
Remark 9: 1In this article, the ANDO is designed to estimate
and compensate for the lumped disturbance. Alternatively,
if the considered system suffers from multiple disturbances,
and the disturbances can be divided into different parts, the
composite anti-disturbance control [58] can be used.
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Defining €; = ¢; — €;, we obtain
GL,' = — A€ — )\,‘WZTSI‘ + & — ;. 20

Step n: Defining e, = x, — a, W, = Wi —W,, and €, =
&, + d,, we can write the dynamics of e, as

ép = W,ZSil + &n(xp)u + WnTSn +ep — ay. (22)
The finite-time actual control law u is designed as
1 .
u= — [ — kpren — knp@n(vp) — W;Sn + oy
&n(Xn)
—8n—1(Xn—1)en—1 — €nl (23)

with the constants k1, k,» > 0, and the variable v,, denotes
the compensated tracking error, which will be defined later.
Besides, €, is the estimation of ¢, by using an ANDO, which
will be designed in (31). The function ¢,(v,) is designed as

[va]€, if v,| > &,

. 24
CnlVp + Cn2U2’ if vy| < &, @4

on(vp) = {

where the constants 0 < &, < 1, ¢, = (3 — Q)/2)E§_1,
and ¢,p = (06— 1) /Z)E,f_3. The parameters are chosen to
satisfy c¢,1 + 2 > 0.

Then, the derivative of e, is given as
— kn2@n(vy) + VNV,ZSn
—8n—1(Xn—1)ep—1 + €n.

The compensating signal z,, is designed as

e, = —kuiey

(25)

n = —kn1zp — gn—10n—1)Zn—1 — lpsign(z,), z,(0) =0 (26)

where the constant /,, > 0. Then, defining the compensated
tracking error as v, = e, — z,, we have

—kn1vp — kpp@n(vp) + WnTSn
—8n—1Xn—1)Vn—1 + lysign(z,) + €,.

Dy =

27)

To enhance the approximation performance of the RBFNN
WnT Sn. a composite adaptation law will be designed for weights
updating. Defining the prediction error as y,, = x,, — X,, where
X, is obtained from the SPNEM

5‘\Cn = WnTSn + 8n(Xn)u + kn1 Xn + Kn2 |—XnJQ (28)

we can obtain

X = WISy — knt xn — kn2 [ Xn)® + €n. (29)

Then, the predictor error x, and the compensated tracking
error v, are employed to construct the composite adaptation
law of W,, with o-modification, which is given as

Wn = Bu(Vn + Bu1 Xn)Sn — 0 Wy,

where B8, Bu1, and o, are positive constants.
The nth ANDO for estimating the lumped disturbance ¢, is
designed by using RBFNN approximation, shown as

hn = —An(hy + Apxy) — )\n(WZSn

+8gn(Xn)u) + vy
€n = hy + Apxp

(30)

€29

where A, is an internal state and A, is a positive constant.

Defining €, = €, — é,, we have

€n = —Anén — MWIS, + &, — vp. (32)

Remark 10: Compared to previous works, some new dif-
ficulties appear in our control scheme design process. First,
to obtain the finite-time virtual control laws in the command-
filtered backstepping framework, one may come across the
singularity problem, as shown in (10), by following the
previous works. And it is challenging to design finite-time
virtual control laws to circumvent the singularity problem.
Second, most of the existing results concerning composite
adaptive backstepping control can only achieve infinite-time
convergence. In fact, it is challenging to realize the finite-time
convergence of all signals in the closed-loop control system,
including the tracking errors, prediction errors, parameter esti-
mation errors of RBFNNs, and lumped disturbance estimation
errors. Third, it is difficult to design a finite-time command
filter which can converge faster than the previous filters and
is featured with less parameters.

C. Stability Analysis

Now, we are ready to give the closed-loop stability analysis
of the proposed control system.

Theorem 1: Consider the closed-loop system consisting
of the uncertain nonlinear plant (2), the virtual control
laws (11), the actual control law (23), the composite adapta-
tion laws (19), (30), the ANDOs (20), (31), and the command
filters (13) under Assumptions 1 and 2. Then, the tracking
error e; = y—Yyg4 converges to an arbitrary small neighborhood
around zero in finite time by choosing suitable parameters and
all signals in the closed-loop system are bounded in finite time.

Proof: Consider the Lyapunov function candidate as

1 n n n 1 B B n _
V= Z(Zv3+2ﬂi1x?+zﬁwfw,-+ze? . (33)
i=1 i=1 i=1 "t i=1

Differentiating (33) with respect to time obtains
n n n l n
V=> v+ Y Buxiki— Yy EW,-TWI' + ) éé
i=1 i=1 i=1 i=1
n
< Z(_kilviz — knvigi(vi) — ki B xF
i=1

n
— kBl = 7iEE) + Y (Bulxllei
i=1

Oj ~ O ~ .
+ ijWi+ki|6il|W,TSi| + |€]1€;] +li|ViSIgn(Zi)|>-(34)
1
The next part is divided into three cases.
Case 1: When all v; satisfy |v;| > &, i = 1,...,n, using

Lemma 2, we obtain that

n n 1 o
X; —kivigpi(vi) = ) —2°‘ki2(§"i2)
i=

i=1

n 1 @

i=1

(35)

where r; =
(e +1)/2).

min{2(@+tD/ 2Dk, . 2@+tD/Df ) and o =
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Case 2: When there are only m (1 < m < n) compensated
tracking errors satisfying |v;| > &;, we have

n m
> —kipvigi(v) =Y —kp vt
i=1 =
(36)

In (36), when |v;| > & (1 < i = n), we rewrite v; as V;
(I <j < m) and rewrite kp as kp. When |v;| < & (1 <

i < m), we rewrite v;, kp, ci1, and ¢jp as v; s ka, St and ¢

(1 <j < n — m), respectively. Given that k >0, ¢ j2 < 0,
|gj| < & <1, it is obtained that —k 21} < Ig . Then,
using Lemma 2, we have
n m 1 o
> —kivigiv) < —ra | Y 55}
i=1 j=1
o o
| 1,
- Z 5612 T 3V
j=m+1 j=m+1
n—m
+ Z —ki(c) + sz)BjZ (37)
Jj=1
where ry, = min{2°‘%12, el 2"‘%,”2}, v; (m+1 < j < n) denotes

the compensated tracking error that satisfies [v;| < §;.

Applying Lemma 2 to (37) and using Lemma 3 with p =
l—a,g=a,y =a@1-9) y =1 andy= Z;':m+1(1/2)62,
we obtain

o
n

n
1_
Y = kpvigi(v) < —ra| Y Evjz

i=1 j=1

+r(l—a)aTa

n—m

+r Z —v +Z ki (¢

j= m+1

Case 3: When all v; satlsfy il < &,i=1,...,
the similar steps in case 2, we have

n n o
1 o
Z— kipvigi(vi) < —n (Z 51)12) +r(l —a)aT-e

i=1 i=1

+ )y (38)

n, following

+rzz Vi +Z —kin(cit + ci)v; (39)

i=1
Following the three cases, given that r| < rp, ¢j1 + cip >
0, i=1,...,n, we can conclude that Vv; € R, the following
inequality holds:

n n 1 «
Z —kipvigi(vi) <— 11 (Z 5”1‘2)
i=1 i=1
"1
= 2
+rn(l —a)aT + 1 Zl Evi . (40)
=
According to Young’s inequality [2] and recalling the fact

that |S;(x;)| < /m;, the following inequalities are obtained:
oi(2— A
Trw; < - TR T @
26 i

Bi 2B, A
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GINANTES —e + —’||V”v,~||2 (42)
1 * 2
|xilleil < Exi + E(Si + Doi) 43)
Gllal < 22 1 1g2 (44)
-2 2!
Hvisign(zl = 57 + 31 45)

= Vi
where |é;| < B;, and B; is a positive constant. A; € (0, 1] is a
positive constant to be determined.

Using the inequalities (40)—(45), one obtains

1
V< Z[ v +—v + > ; —</<11ﬂ11—@> 7

2 1

. 0i(2—A)) _ Aim; WITWZ . ﬁ _ l .
2B; 2 2

A(E3 - Eevar () v

i=1

E—rsV—r4Z[<—V> (%x?)a]w (46)

where r3 = min{(2ki1 — I — 1),(2/(,'1 — 1),(0’,‘(2 —
A) = MBm), (0 — DY, rg = min{ry, 2%pBL %) (=
1,2,...,n) are positive by choosing parameters and (1 =
Yo [0/ 2B A IWFIIP+(Bin /2) (6F +901)*+(1/2) B +r2(1—
a)a@/1=0) 4 (1/2)2] is positive and bounded.

Following Lemma 2, we can obtain

. "1 )
VS—r3V—V4|:Z(2 Vi + ﬂlel):|

i=1
"l 1\
_ L WTW 4 &2
r4[;<2ﬂi ’ l+26’>}
n o
1o 1
+r4|:z<2—’3iW[TW,'+§ei2):| + 1. (47)

i=1

[\

Applying Lemma 2 and using Lemma 3 with p = 1 — «,
g=a,y =a@1=®) y =1 andy =YL, ((1/28)WI'W; +
Vf —13V — 1V

(1/2)é?), we have
n 1 o
+r4|:2<2’3 W + 26 ):| + (1

-3V —ra V¥ + r4[(1 — a)a%

n
l ~rps 1,
+;<2_,B,Wl Wi+§6i):| +u

< —rsV—rV¥+1p

IA

(48)

where rs = r3 — r4 is chosen to be positive. 1, =11 + r4(1 —
o) @/ (=) ig positive and bounded.

According to (48), we obtain V< —r5V+13. Solving it, we
can obtain the following inequality: V(¢) < (12/rs) + (V(0) —
(ta/rs))e” 5. Consequently, all signals of the closed-loop
control system are uniformly ultimately bounded.
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Next, in order to relax the conservatism, the subsequent
proof procedure will be divided into two cases. First, define
the error vector of the closed-loop control system as & =
i, xi, Wi, é17 (i = 1,2,...,n) and define Q| = {E|V <
(t2/¢rs)} for any 0 < ¢ < 1. Besides, €2, is defined as the
complement set of ;. When E is outside of i, that is, E €
Q, and V > (12/¢rs), the inequality (48) can be rewritten as

V< —¢rsV—(1=0rsV — raV® + 1

< —(1=rsV —nVv® (49)

where (1 — ¢)rs > 0, 4 > 0, and 0 < @ < 1. According

to Lemma 1, the error vector E will converge to €21 in finite
time and the settling time is estimated by

1 (1—)rsV!I=*(0) + 14

1 =< In .
rs(1 =01 —a) r4

Second, define Q3 = {E|V < (12/¢r4)V/¥}. Besides, Q4 is

—

defined as the complement set of 3. When E is outside of
Q3, that is, E € Q4 and V > (L2/§r4)(1/“), we have

(50)

T,

V< —rsV =gV — (1= OV + 1o

< —rsV—(1=0)ryV¥ (5D

where rs > 0, (1—¢)rs > 0. According to Lemma 1, the error

vector E will converge to 23 in finite time and the settling
time is estimated by

] rsVIZ40) + (1 = Ory
T rs(l—a) (I=0)ry

—

To summarize, the error vector E will converge to
a small region around the origin, that is, {E|V <
min{(12/¢rs), (t2/¢r4) /), infinite time 7y = max{T,1, Tr2)}.
Then, we obtain (1/2)v? < V < min{(t2/¢rs), (t2/¢ra)V/®}
when ¢t > T. Furthermore, v; will converge to the region |v;| <
min{s/i2/275), v/2(12/¢r4)1/®} when t > Ty. Namely, the
compensated tracking error v; = e; — z; will converge to an
arbitrary small neighborhood around zero in finite time 77 by
adjusting the design parameters.

In the following, it will be shown that the compensating
signals z1, 22, . . . , 2, converge to zero in finite time. Generally,
the process is divided into two steps. The first step is to analyze
the boundedness of the filtering errors ¢; and the second step
is to prove the convergence of the compensating signals z;.
First, construct a Lyapunov function candidate as

T (52)

n
[
Vi = Z S5 (53)
=2
Then, the time derivative of V| is shown as
n

. 1, 1 d
Vi=() —=——lsil®™ — i 54
| <§ s — i i i (54)

where (1/t;) > 0. Given that all signals in the closed-loop
control system are bounded, the derivative of x; is bounded.
Namely, |(d/df)x;| < L holds, where L is a positive constant.
Then

) 1
Vi< —rgVi — V¥ + EL2 (55)

where re = min{(2/2) — 1, 2/w3) — 1,...,2/7,) — 1} > 0,
min{(2%/1), 2%/13), ..., (2%/t,)} > 0, and (1/2)L?
is a positive constant. Similar to the previous analyses, we
obtain that |g;| < p;j—1 can be achieved in finite time, where
v (L%/¢r) is positive and bounded. In addition, the

rp =

i—1 =
spettling time can be estimated by
. I iy L= OV O 17 56)
re(1 —0)(1 —a) r7
Second, choose a Lyapunov function candidate as
"1
V=) Ez%. (57)

i=1
Differentiating V> with respect to time obtains

n

n n—1
Vo= 3 (<kudt) + Yol + Y gicis. (58)
i=1 i=1

i=1

For ¢t > T and from Assumption 2, we have

n n n—1
Va==Y knz — Y _klzl+ Y mipilzil + nupalzal
i=1 i=1 i=1

1
< —rgVo —roVy

(59
where rg = min{2k;}, ro = min{v2(l; — nip)} (i =
1,2,...,n), and p, is a positive constant. According to

Lemma 1, by choosing suitable parameters such that [; > n;0;
holds, the compensating signals z1, 22, . . ., 2, Will converge to
zero in finite time and the settling time is estimated by

1
2
T2 < TO + z In W
g r9

Recalling that e; = v; 4 z;, the tracking errors will all converge
to the region |e;| < min{s/(2t2/Zr5), v/2(t2/¢r4)1/®} in finite
time and the settling time is bounded by T < max{7Tj, T»}.
Hence, e; will converge to an arbitrary small neighborhood
around zero in finite time by adjusting the design parameters.
This completes the proof. |

Remark 11: In comparison with existing works, the nov-
elties of the proposed command-filtered composite adap-
tive backstepping control scheme are three-fold. First, a
new nonsmooth command filter is introduced in the control
scheme, which can converge faster than the linear filter used
in [11] and [51]. Besides, the parameters of the nonsmooth
command filter are easier to tune than those of the widely
used Levant differentiator in [45]. Second, the approximation
precision of RBFNNSs is improved by using the feedback of
the prediction error and the tracking error simultaneously to
design the composite adaptation law of the control scheme,
which is different from the existing adaptation laws [30]-[32].
In addition, different from the linear-feedback methods for
constructing prediction errors in the existing composite adap-
tive control [3], [33]-[36], the prediction errors in the control
scheme are obtained by designing a new SPNEM. Third, the
proposed command-filtered composite adaptive backstepping
control scheme can achieve finite-time convergence of higher-
order nonlinear systems. Different from existing control laws

(60)
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design in the backstepping procedure, a novel control law
without singularity problem is designed at each step.

Remark 12: The design parameters of the proposed control
scheme are usually selected according to the characteristics of
the considered system and the range where the stability criteria
are satisfied. For easy implementation, the selection principles
of some important design parameters are provided. Note that
all the parameters should be determined to ensure Theorem 1
holds. First, given that the nonsmooth term [v; |° performs like
a bridge between a discontinuous-feedback term (o0 = 0) and a
linear-feedback term (o = 1) [59], one should select suitable o
to keep a balance between the robustness of the control system
and the attenuation of chattering. Second, the control gains k;;
and kj» should be set as large positive values to improve the
convergence rate. Nevertheless, too large values of k;; and kj»
will bring the problems of input saturation and energy waste.
Thus, one should carefully make a tradeoff when choosing the
control gains.

IV. SIMULATION RESULTS

In this section, two examples will be given to illustrate the
effectiveness and superiority of the proposed control scheme.

Example 1: To verify the effectiveness of the proposed con-
trol scheme, a second-order inverted pendulum system [60] is
considered, whose dynamics is expressed as

)‘Cl = X2
2 .
. mylx5 cosxy sinx
. gsiny -
X2 = 5
l(%f”lzc?: Xl)
cosy! "2 (61)

+Lm22bt + dz

4 mycostx
l(§_ 2 1

my+my
y=x

where x; denotes the angular position of the pendulum, x;
denotes the corresponding angular velocity, m; denotes the
mass of the cart, my denotes the mass of the pendulum, /
denotes the half length of the pendulum, d> denotes the exter-
nal disturbance, and u denotes the applied force (control input).
Besides, g = 9.8 m/s? is the acceleration of gravity. In this
example, we choose m; = 1 kg, mp = 0.1 kg, and [ = 0.5 m.
The parameters of the proposed control scheme are chosen
as ki1 = 5, kio = 2, ko1 = 5, koo = 2, 0 = (9/11),
&l =86 =/2), n=~0/8), k1 =2, k0 =1, =35,
Bo1 =10, and A, = 4.

Scenario 1: The simulation in this scenario is conducted to
demonstrate the effectiveness of the proposed control scheme.
The reference signal is set as y; = 0.34 cos(0.58¢4-0.3) —0.26.
The initial values of [x1, x2]7 are set as [0.6, —0.2]7. The sim-
ulation results are shown in Figs. 2—4. Fig. 2 gives the tracking
performance of the proposed control scheme. From it, we can
see that the proposed control scheme obtains excellent tracking
accuracy. Besides, the performance of the composite adaptive
RBENN Fz()_cz) = W2T S» is depicted in Fig. 3, which shows
that the composite adaptive RBFNN I:"z (x2) can approximate
F>(x2) with high precision. In addition, the response curve of
Xy is shown in Fig. 4, which verifies the effectiveness of the
SPNEM and the composite adaptive RBFNN.
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Fig. 4. Estimation result of the SPNEM.

Furthermore, in order to verify the superiority of the
proposed control scheme in tracking precision, a compara-
tive simulation is conducted. This simulation is carried out
by applying the proposed control scheme given in Section III
(denoted as “PCS” hereafter) and two comparative control
schemes. The first comparative control scheme is the exist-
ing finite-time adaptive neural control scheme [45] (denoted
as “EFCS” hereafter), which represents the improved version
of the finite-time command-filtered control scheme in [45] by
using conventional adaptive RBFNNSs. Specifically, RBFNNs
in the form of (6) are used to approximate the system unknown
functions F;(x;) in (2). In addition, the adaptation law of EFCS
is constructed as the traditional form: Wi = BiviSi—o;W;. The
second comparative control scheme is the existing composite
adaptive neural control scheme (denoted as “ECCS” here-
after), which is borrowed from [3] by replacing fuzzy systems
with RBFNNs. To make a fair comparison, the three control
schemes all adopt the same parameters. The tracking errors
e] =y — yq by applying the three control schemes are shown

Authorized licensed use limited to: University of Rhode Island. Downloaded on June 14,2021 at 01:42:45 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

SUN et al.: FINITE-TIME COMMAND-FILTERED COMPOSITE ADAPTIVE NEURAL CONTROL 9
0.1 ; : . ; .
PCS 0.5 - — =W 1
————— EFCS y (PCS)
——-kccs| | r |___ y (EFCS)
0.05 1 — — —y (ECCS)
- = 0r 1
N T~ PmbEN - s
Oi% ——== === ="
J]
y 05 1
I
_005 [ Il L Il 1 1 j
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time (s) Time (s)
Fig. 5. Tracking errors by using the three control schemes. Fig. 7. Tracking performances of the three control schemes.
TABLE 1 0.02
QUANTITATIVE ASSESSMENT OF THE TRACKING
PERFORMANCES FOR SCENARIO 1 o
Control Schemes IAE ITAE
§ -0.02
PCS 0.1022 0.2010
EFCS 0.2902 2.8066
ECCS 0.1857  0.7859 oot
0.06 ‘ | | . I
03 3 0 5 10 15 20 25 30
- Time (s)
£ 025 £ 25
7 0.2 % 5 Fig. 8. Tracking errors by using the three control schemes.
@ B 2
z =
g 0.15 515 TABLE II
4= 5 QUANTITATIVE ASSESSMENT OF THE TRACKING
£ 0.1 5 1 PERFORMANCES FOR SCENARIO 2
O
9 2
<
= 005 505 Control Schemes IAE ITAE
PCS EFCS ECCS PCS EFCS ECCS PCS 0.1024 " 0.2089
Control Schemes Control Schemes EFCS 0.2589 2.2510
ECCS 0.1867 0.7980
Fig. 6. Performance index comparisons in Scenario 1.
0.3 25
in Fig. 5. From it, we can observe that PCS obtains smaller 2 028 =
tracking error than EFCS and ECCS. In addition, to evalu- Ele £ 2
ate the performances of the three control schemes, integral g 02 z s
absolute error (IAE) and integral time absolute error (ITAE) = 015 g
are adopted as performance indices to quantify the tracking E g 1
errors of these control schemes. IAE and ITAE are defined 5 O <
as fOT le1(t)|dt and fOT tle1 (¢)|dt, respectively. The quantitative = 005 g0
assessment results of the tracking performances are given in o o
Table I and the performance index comparisons are illustrated PCS EFCS ECCS PCS EFCS ECCS
in Fig. 6. These results clearly reveal that PCS outperforms Control Schemes Control Schemes
EFCS and ECCS. Fig. 9. Performance index comparisons in Scenario 2.

Scenario 2: In this simulation, the parameter uncertainties
and external disturbances in the inverted pendulum dynam-
ics (61) are both taken into consideration. To be more specific,
all the coefficients of the nonlinear model (61) are chosen as
30% deviated from their nominal values and the external dis-
turbance d5 is set as 2 sin(#)+cos(¢) in the simulation model. In
addition, we also apply PCS, EFCS, and ECCS to system (61).
The comparative simulation results are shown in Figs. 7 and 8.
IAE and ITAE are also adopted as performance indices to
quantify the tracking errors of the three control schemes. The
quantitative assessment results of the tracking performances
are given in Table II and the performance index comparisons
are illustrated in Fig. 9. From these results, we can clearly

observe that PCS is superior to EFCS and ECCS in tracking
precision.

Example 2: Inspired by the example in [45], we further
consider the following third-order uncertain nonlinear system:

X1 =x2
X2 = Fa(%2) + g2(x2)x3 + da 62)
X3 =F3(x3) + g3(x3)u+d3
y= xi
where F(x2) = f2(x2) + Az, F3(x3) = f3(x3) + Az, fo(x2) =
—-32 sin(xl) — 0.48)62, gz()_CQ) = 16, f3()_63) = —0.06)62 —
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Fig. 10. Tracking performance of the proposed control scheme.
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Fig. 11. Performances of the composite adaptive RBFNNs.

(a) Approximation results of F, and F3. (b) Estimation results of the
SPNEMs.

(1/3)x3, and g3(x3) = (1/15). Besides,A> and A3z denote the
parameter uncertainties. Note that F»(xp) and F3(x3) are com-
pletely unknown for the control scheme design procedure. d3,
and d3 represent the time-varying external disturbances.

The reference signal is set as y; = 0.8 sin(¢) + 0.5 sin(0.57).
And the initial values of [x], x2, x3]7 are set as [0.2, —0.2, 0]7.
The parameters of the proposed command-filtered composite
adaptive neural control scheme are set as k11 = 10, kjp = 2,
koy =20, koo =2, k31 =20, k32 =2, 0=(9/11), §1 =& =
&E=01/2), n=13=~1/8), k21 =k31 =2, k0 =k320 =1,
Br = B3 =25, By =35, B31 =30, and A, = A3 = 4. Besides,
there are two RBFNNSs to approximate F; and F3, and all the
weights of the RBFNNs are initialized as zero.

The nominal simulation results are shown in Figs. 10
and 11. Fig. 10 shows the tracking performance of the
proposed finite-time command-filtered composite adaptive
neural control scheme. Clearly, the proposed control scheme
guarantees that y tracks y; in a rapid and precise way. In
addition, the performances of the composite adaptive RBFNNs
are depicted in Fig. 11. From Fig. 11(a), we can see that the
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Fig. 13. Tracking performance of the proposed control scheme.
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Fig. 14. Estimation results of the SPNEMs.

composite adaptive RBFNNs > (¥2) = W1 S5, F3(33) = WI'S;
can approximate F;(x2), F3(x3) with high accuracy. Besides,
the estimation results of the SPNEMs, that is, the response
curves of X, and X3, are shown in Fig. 11(b), which fur-
ther demonstrates the effectiveness of the composite adaptive
RBFNNSs.

Similar to Example 1, a comparative simulation between
the proposed control scheme and the existing finite-time adap-
tive neural control scheme [45] is conducted. The simulation
result is shown in Fig. 12. From it, a consistent conclusion
can be obtained that the proposed control scheme can achieve
better performance with smaller tracking error than the exist-
ing finite-time adaptive neural control scheme, which further
verifies the superiority of the designed composite adaptation
laws.

Furthermore, the robustness of the proposed composite
adaptive neural control scheme is examined in the presence of
parameter uncertainties and external disturbances. Specifically,
all the coefficients of the nonlinear dynamic model (62) are
chosen as 40% deviated from their nominal values and the
external disturbances are set as do = 4sin(f) and d3 =
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2sin(2¢) in the simulation model. Besides, the initial values
of [x1,x2,x3]7 are set as [1,1, —1]7, which lead to bigger
initial tracking errors and estimation errors. In this case, the
reference signal is chosen as y; = 0.5 sin(¢) + 0.5 sin(2¢). The
simulation results are shown in Figs. 13 and 14. The track-
ing performance of the proposed command-filtered composite
adaptive neural control scheme is shown in Fig. 13. Note
that the precise values of F> and F3 in (62) are hard to be
depicted when the model is exposed to parameter uncertain-
ties. Thus, the approximation performances of the composite
adaptive RBFNNSs are illustrated by observing the estimation
results of the SPNEMs in Fig. 14. From Fig. 14, it is inferred
that the composite adaptive RBFNNs can still approximate
the unknown functions F» and F3 effectively. From these
results, we can conclude that the proposed control scheme still
achieves satisfactory performance when the nonlinear dynamic
model (62) is exposed to various parameter uncertainties and
external disturbances.

V. CONCLUSION

This article has proposed a novel command-filtered com-
posite adaptive neural control scheme for uncertain nonlinear
systems with finite-time convergence. By constructing the
prediction errors from the SPNEMs, the prediction errors and
tracking errors are utilized together to design the composite
adaptation laws for updating RBFNN weights. The ANDOs
are designed to compensate for the external disturbances
and RBFNN minimum approximation errors. Subsequently,
the overall control scheme design is accomplished by using
the nonsmooth command-filtered backstepping technique. The
proposed control scheme is featured with many advantages.
First, the scheme guarantees that high precision tracking
performances and NN approximation performances can be
achieved simultaneously. Second, the scheme greatly improves
the robustness of the control system by compensating the
lumped disturbances. Third, the scheme ensures finite-time
convergence of all signals in the closed-loop system. The
future works will be focused on reducing the parameters of the
proposed control scheme via minimal-learning-parameter tech-
nique and designing finite-time convergent composite adaptive
control schemes for uncertain nonlinear systems with full-state
constraints.
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