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Torus actions, maximality,
and non-negative curvature

By Christine Escher at Corvallis and Catherine Searle at Wichita

Abstract. Let M
n

0
be the class of closed, simply connected, non-negatively curved

Riemannian n-manifolds admitting an isometric, effective, isotropy-maximal torus action. We
prove that if M 2 M

n

0
, then M is equivariantly diffeomorphic to the free, linear quotient by

a torus of a product of spheres of dimensions greater than or equal to 3. As a special case, we
then prove the Maximal Symmetry Rank Conjecture for all M 2 M

n

0
. Finally, we show the

Maximal Symmetry Rank Conjecture for simply connected, non-negatively curved manifolds
holds for dimensions less than or equal to 9 without additional assumptions on the torus action.

1. Introduction

The classification of closed Riemannian manifolds with positive or non-negative sec-
tional curvature is a long-standing problem in Riemannian geometry. One successful approach
has been the introduction of symmetries, and an important first case to understand is that
of continuous abelian symmetries, that is, of torus actions. Our main result, stated below in
Theorem A, establishes bounds for the rank of an isometric, effective and isotropy-maximal
T

k-action on a closed, simply connected, non-negatively curved Riemannian n-manifold and
gives an equivariant diffeomorphism classification of such manifolds. One defines a T

k-action
on a smooth manifold, M

n, to be isotropy-maximal provided there is a point x 2 M such that
the dimension of its isotropy group is n � k, that is,

dim.T
k

x
/ D n � k;
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see Definition 2.5. This result significantly strengthens a recent classification up to equivari-
ant rational homotopy equivalence of a subclass of these manifolds (cf. Galaz-García, Kerin,
Radeschi and Wiemeler [16, Theorems D and B]). It also gives us a full generalization of
work of Wiemeler [58] classifying such manifolds in the case of equality when the manifold is
even-dimensional, that is, where n D 2m and k D bnC1

2
c D m.

Theorem A. Let T
k act isometrically and effectively on M

n, a closed, simply con-
nected, non-negatively curved Riemannian manifold. Assume that the action is isotropy-max-
imal. Then the following hold:

(1) bnC1

2
c  k  b2n

3
c,

(2) M is equivariantly diffeomorphic to a quotient of a free linear torus action of

Z
m D

Y

i<r

S
2ni ⇥

Y

i�r

S
2ni �1

; ni � 2; where n  m  3n � 3k:

In the situation of Theorem A, the torus action on the quotient Z
m

=T
0 by a free linear

action of a torus T is defined as follows. Let T be a maximal torus of
Y

i<r

SO.2ni C 1/ ⇥
Y

i�r

SO.2ni /:

Then there is a natural linear action of T on Z
m. Moreover, T

0 can be identified with a subtorus
of T . Therefore, T=T

0 acts on Z
m

=T
0.

By work of Grove and Searle [21], for closed, simply connected n-dimensional mani-
folds of strictly positive sectional curvature, an isotropy-maximal action only occurs when
k D bnC1

2
c, and such manifolds are equivariantly diffeomorphic to spheres or complex projec-

tive spaces with linear torus actions. In fact, this case corresponds to the maximal symmetry
rank case, where the symmetry rank of a manifold is defined to be the rank of the isometry
group of M .

In contrast, the corresponding maximal symmetry rank for manifolds of non-negative
curvature was conjectured to be approximately two-thirds the dimension of the manifold by
Galaz-García and Searle in [17] and [18]. In [17], they obtained a diffeomorphism classifica-
tion, but only in dimensions less than or equal to 6. Based on our results here, we reformulate
and sharpen the conjecture (cf. [17]).

Maximal Symmetry Rank Conjecture. Let the torus T
k act isometrically and effec-

tively on M
n, a closed, simply connected, non-negatively curved Riemannian manifold. Then

the following hold:

(1) k  b2n

3
c.

(2) When k D b2n

3
c, M

n is equivariantly diffeomorphic to Z=T
m with a linear T

k-action,
where

Z D
Y

ir

S
2ni �1 ⇥

Y

i>r

S
2ni ;

with ni � 2, r D 2b2n

3
c � n, 0  m  2n mod 3, and the T

m-action on Z is free and
linear.
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Remark 1.1. Part (2) of the Maximal Symmetry Rank Conjecture states that those
n-manifolds admitting a torus action of rank b2n

3
c are equivariantly diffeomorphic to

M
3m ' S

3 ⇥ � � � ⇥ S
3
;

M
3m�1 '

´
S

5 ⇥ S
3 ⇥ � � � ⇥ S

3
; or

M
3m

=T
1
;

M
3m�2 '

8
<̂

:̂

S
7 ⇥ S

3 ⇥ � � � ⇥ S
3
; or

S
3 ⇥ S

4 ⇥ S
3 ⇥ � � � ⇥ S

3
; or

M
3m

=T
2 or M

3m�1
=T

1
;

with the linear T
k-action as described after Theorem A. In particular, we note that the torus

action on each of these manifolds is isotropy-maximal.

Note that there are two extremal cases for Theorem A: the case of torus manifolds, where
the rank of the action is half the dimension of the manifold, and the case of those with maximal
symmetry rank, which corresponds to the case where the rank is approximately two-thirds the
dimension of the manifold.

Observation. The so-called LVMB manifolds are examples of closed, simply con-
nected, complex manifolds, of complex dimension n � m, with 2m  n, admitting rank n

isotropy-maximal torus actions, with n > b2

3
.2n � 2m/c (see Ishida [28]). Part (1) of Theo-

rem A tells us that these manifolds cannot admit an invariant metric of non-negative sectional
curvature.

Moreover, we see that the Maximal Symmetry Rank conjecture is a special case of Theo-
rem A, that is, Theorem A implies that the Maximal Symmetry Rank conjecture is true in the
presence of an isotropy-maximal action, giving us the following theorem.

Theorem B. The Maximal Symmetry Rank Conjecture holds for an isotropy-maximal
action.

As mentioned in Remark 1.1, the torus actions are all isotropy-maximal in Part (2) of the
Maximal Symmetry Rank Conjecture and the upper bound of Part (1) follows once Part (2) is
established. This, together with the proof of Theorem B tells us that we may reformulate the
Maximal Symmetry Rank Conjecture as follows.

Maximal Symmetry Rank Conjecture. Let the torus T
k act isometrically and effec-

tively on M
n, a closed, simply connected, non-negatively curved Riemannian manifold. Then

the action is isotropy-maximal for k D b2n

3
c.

Our results also have implications for the class of rationally elliptic manifolds. In Propo-
sition 5.2, we find a lower bound for the free rank of a T

k-action on an Alexandrov space,
where the free rank is the dimension of the largest subtorus that acts almost freely. Combining
this result with the upper bound for the free rank of a torus action on a rationally elliptic mani-
fold given by Theorem A in Galaz-García, Kerin and Radeschi [15], allows us to reformulate
Theorem B as follows.
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Theorem B
0
. The Maximal Symmetry Rank Conjecture holds for rationally elliptic

manifolds.

Observe that if the Bott Conjecture were true, then we would no longer need to assume
rational ellipticity in Theorem B0 nor would we need to assume that the action is isotropy-
maximal in Part (1) of Theorem A. That is, if the Bott Conjecture were true, then the Maximal
Symmetry Rank Conjecture would hold for all simply connected, closed, non-negatively curved
n-manifolds admitting an isometric T

k-action. However, even if the Bott Conjecture were true,
this would still not be enough to give us Part (2) of Theorem A for k < b2n

3
c without the

assumption of an isotropy-maximal T
k-action.

As mentioned above, Theorem A gives us important information for closed, simply con-
nected, non-negatively curved manifolds of maximal symmetry rank. Recall first that such
manifolds have been classified up to diffeomorphism in dimensions less than or equal to 6

in [17] and up to equivariant diffeomorphism in dimensions 4 through 6 in Galaz-García
and Kerin [14]. In Proposition 8.3 we show that a cohomogeneity three torus action must be
isotropy-maximal for this class of manifolds, provided the dimension is greater than or equal
to 7. We can then apply Theorem A to extend the equivariant diffeomorphism classification in
dimensions less than or equal to 6 to higher dimensions.

Theorem C. The Maximal Symmetry Rank Conjecture holds for n D 7; 8, and 9.

As an immediate consequence of Part (1) of Theorem A combined with Proposition 8.3,
we confirm Part (1) of the Maximal Symmetry Rank Conjecture for dimensions less than or
equal to 12.

Corollary D. Part (1) of the Maximal Symmetry Rank Conjecture holds for n  12.

It is also of interest to classify closed, simply connected, non-negatively curved Riemann-
ian n-dimensional manifolds of almost maximal symmetry rank, that is, admitting a T

k iso-
metric, effective action of rank k D b2n

3
c � 1. In a separate article [12], the authors use some

of the tools developed to prove Theorem A, in combination with results about cohomogene-
ity three torus actions, to obtain a classification of 6-dimensional, closed, simply connected,
non-negatively curved manifolds of almost maximal symmetry rank, thereby extending the
almost maximal symmetry rank classification work of Kleiner [32] and Searle and Yang [55]
in dimension 4 and work of Galaz-García and Searle [18] in dimension 5.

Finally, we note that a T
k-action on an n-manifold M is called almost isotropy-maximal

if there exists a point in M whose isotropy group is almost maximal, namely of dimension
n � k � 1, see Definition 2.7. We can then show that T

k-actions, with k D b2n

3
c, on closed,

simply-connected, non-negatively curved n-manifolds which are almost isotropy-maximal are,
in fact, isotropy-maximal. This then allows us to extend Theorem A, and thus Theorem B,
to include T

k-actions, for k D b2n

3
c, that are almost isotropy-maximal. Moreover, we remark

that a forthcoming paper of Dong, Escher and Searle [11], generalizes Theorem A to almost
isotropy-maximal actions when k < b2n

3
c.

1.1. Organization. We have organized the paper in general so as to present the topolog-
ical tools and results first, followed by their geometric counterparts. In Section 2, we describe
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the topological and geometric tools we will need to prove Theorem A and Theorem C. In Sec-
tion 3, we prove a generalization of the Equivariant Cross-Sectioning Theorem of Orlik and
Raymond and thereby obtain an Equivariant Classification Theorem. In Section 4, we gener-
alize results on torus manifolds of non-negative curvature to the class of torus manifolds with
non-negatively curved quotient spaces. This class comprehends almost non-negatively curved
torus manifolds with non-negatively curved quotient spaces. In Section 5, we find a general
lower bound for the free rank of an action on an Alexandrov space with a lower curvature
bound. In Section 6, we prove Theorem A. In Section 7, we prove that an almost isotropy-
maximal action of rank b2n

3
c is isotropy-maximal, thus proving that Theorem A and Theorem B

both extend to include T
k-actions, for k D b2n

3
c, that are almost isotropy-maximal. Finally, in

Section 8, we prove Theorem C and present a significantly streamlined proof of the Maximal
Symmetry Rank Conjecture for dimensions less than or equal to 6.

Acknowledgement. We thank Karsten Grove, Michael Wiemeler, Fred Wilhelm, Wolf-
gang Ziller and the referees for many helpful comments and suggestions for improvement. We
are grateful to Mark Walsh for his generous help with the figures.

2. Preliminaries

In this section we will gather basic results and facts about transformation groups, torus
actions, orbit spaces, torus manifolds and orbifolds, Alexandrov geometry, as well as results
concerning G-invariant manifolds of non-negative and almost non-negative sectional curvature.

2.1. Transformation Groups. Let G be a compact Lie group acting on a smooth mani-
fold M . We denote by

Gx D πg 2 G W gx D xº
the isotropy group at x 2 M and by

G.x/ D πgx W g 2 Gº ' G=Gx

the orbit of x. Orbits will be principal, exceptional, or singular, depending on the relative
size of their isotropy subgroups; namely, principal orbits correspond to those orbits with the
smallest possible isotropy subgroup, an orbit is called exceptional when its isotropy subgroup
is a finite extension of the principal isotropy subgroup, and singular when its isotropy subgroup
is of strictly larger dimension than that of the principal isotropy subgroup.

The ineffective kernel of the action is the subgroup K D T
x2M

Gx . We say that G acts
effectively on M if K is trivial. The action is called almost effective if K is finite. The action
is free if every isotropy group is trivial and almost free if every isotropy group is finite. As
mentioned in the Introduction, the free rank of an action is the rank of the maximal subtorus
that acts almost freely. In order to further distinguish between the case when the free rank
corresponds to a free action and the case when it corresponds to an almost free action, we
make the following definition.

Definition 2.1 (Free dimension). Suppose that the free rank of a T
k-action is equal to r

and let T
r denote a maximal subtorus of T

k acting almost freely. We define the free dimension
to be the dimension of the largest subtorus of any such T

r that acts freely.
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There is a natural stratification of M into smooth submanifolds induced by the group
action. The stratum, S , of x 2 M is defined to be

S ⌘ πy 2 M W there exists g 2 G with Gx D gGyg
�1º:

By definition, S is G-invariant and G acts principally on S . This stratification leads to a nat-
ural stratification on the quotient space M=G. Let ⇡ W M ! M=G, and let S be a stratum of
x 2 M , then ⇡.S/ D S

⇤ is an orbit stratum of ⇡.x/ in M=G.
We will sometimes denote the fixed point set M

G D πx 2 M W gx D x; g 2 Gº of the
G-action by Fix.M I G/. We define its dimension as

dim.Fix.M I G// D maxπdim.N / W N is a connected component of Fix.M I G/º:
One measurement for the size of a transformation group G ⇥ M ! M is the dimension of
its orbit space M=G, also called the cohomogeneity of the action. This dimension is clearly
constrained by the dimension of the fixed point set M

G of G in M . In fact,

dim.M=G/ � dim.M
G

/ C 1

for any non-trivial, non-transitive action. In light of this, the fixed point cohomogeneity of an
action, denoted by cohomfix.M I G/, is defined by

cohomfix.M I G/ WD dim.M=G/ � dim.M
G

/ � 1 � 0:

A manifold with fixed point cohomogeneity 0 is also called a G-fixed point homogeneous
manifold. For product groups, we define the following refinement of a fixed point homogeneous
action.

Definition 2.2 (Nested fixed point homogeneous). Let G D H1 ⇥ � � � ⇥ Hl D H
l act

isometrically and effectively on M
n. Without loss of generality, we suppose that the Hi are

ordered so that the following holds. The subgroup H1 acts fixed point homogeneously on M

and we denote by N1 the connected component of largest dimension in M
H1 . The subgroup

H2 acts fixed point homogeneously on N1 and we denote by N2 the connected component of
largest dimension in N

H2

1
. Continuing in this fashion, we assume that the subgroup Hi acts

fixed point homogeneously on Ni�1 and denote by Ni the connected component of largest
dimension in N

Hi

i�1
for each 1  i  l .

We will call a manifold nested H -fixed point homogeneous when these conditions hold,
and note that this implies the existence of a tower of nested H -fixed point sets,

Nl ⇢ Nl�1 ⇢ � � � ⇢ N1 ⇢ N0 D M:

Observation 2.3. Since each Ni ⇢ Ni�1 is of codimension d , the number l of H

factors is restricted by the dimension n of the manifold, namely, ld  n.

Example 2.4. The sphere with an isometric torus action of maximal symmetry rank is
nested S

1-fixed point homogeneous.

2.2. Torus actions. In this subsection we will recall notation and facts about smooth
G-actions on smooth n-manifolds, M , in the special case when G is a torus. We first recall
the definition of an isotropy-maximal torus action, introduced in [28] as maximal and renamed
in [16] as slice-maximal.
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We have chosen instead to call these actions isotropy-maximal because the largest possi-
ble isotropy subgroup for a T

k-action on M
n, that is, a torus action of cohomogeneity n � k,

is of rank n � k. Correspondingly, for a point x 2 M with isotropy group T
n�k , its orbit, T .x/

is of the smallest possible dimension and is therefore called a minimal orbit.

Definition 2.5 (Isotropy-maximal action). Let M
n be a connected manifold with an

effective T
k-action. We call the T

k-action on M
n isotropy-maximal provided either of the

following conditions hold:

(1) If there is a point x 2 M such that the dimension of its isotropy group is n � k, that is,
dim.T

k
x

/ D n � k.

(2) If there is a point x 2 M such that dim.T
k
.x// D 2k � n, in which case, the orbit T

k
.x/

through x 2 M is called a minimal orbit.

The proof of the equivalence of Conditions (1) and (2) in the definition above can be
found in [28]. The following lemma of [28] shows that an isotropy-maximal action on M

implies that there is no larger torus acting on M effectively.

Lemma 2.6 ([28]). Let M be a connected manifold with an effective T
k-action. Let

T
l ⇢ T

k be a subtorus of T
k . Suppose that the action of T

k restricted to T
l on M is isotropy-

maximal. Then T
l D T

k .

We also define the concept of an almost isotropy-maximal action and correspondingly of
an almost minimal orbit.

Definition 2.7 (Almost isotropy-maximal action). Let M
n be a connected manifold

with an effective T
k-action.

(1) We call the T
k-action on M

n almost isotropy-maximal if there is a point x 2 M such
that the dimension of its isotropy group is n � k � 1, that is,

dim.T
k

x
/ D n � k � 1:

(2) The orbit T
k
.x/ through x 2 M is called an almost minimal orbit if

dim.T
k
.x// D 2k � n C 1:

Note that the action of T
k on M is almost isotropy-maximal if and only if there exists an

almost minimal orbit T
k
.x/. Lemma 2.6 generalizes to almost isotropy-maximal actions.

Lemma 2.8. Let M be a connected manifold with an effective T
k-action. Let T

l ⇢ T
k

be a subtorus of T
k . Suppose that the action of T

k restricted to T
l on M is almost isotropy-

maximal. Then l D k or l D k � 1.

In [28], the following properties of an isotropy-maximal action are obtained.

Lemma 2.9 ([28]). LetM be a connected manifold with an isotropy-maximal T
k-action.

Let T
k
.x/ be a minimal orbit and let T

k
x

be the corresponding isotropy subgroup of x 2 M .
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Then:

(1) The isotropy group T
k
x

at x is connected.

(2) T
k
.x/ is a connected component of the fixed point set of T

k
x

.

(3) Each minimal orbit is isolated.

In particular, there are finitely many minimal orbits if M is compact.

Observation 2.10. Note that Parts (2) and (3) of Lemma 2.9 are equivalent. Moreover,
via the proof of Lemma 2.9 in [28], or more simply, via the Slice theorem and the Maximal
Symmetry Rank Theorem of [21] applied to the normal sphere of an almost minimal orbit, it is
easy to see that Property (1) also holds for an almost isotropy-maximal action. Note however
that for almost isotropy-maximal actions, neither Part (2) nor (3) hold in general. Consider an
almost isotropy-maximal T

2-action on S
1 ⇥ S

3 with the first circle acting freely on S
1 and

the second circle fixing a circle in the S
3. Then the almost minimal orbits, T

2
=T

1, are strictly
contained in Fix.S

1 ⇥ S
3I T

1
/ D T

2, and thus are not isolated.

An important class of T
k-actions on n-dimensional manifolds is the class of locally

standard torus actions, which we now define.

Definition 2.11 (Locally standard). A T
k-action on M

n is called locally standard if for
each point x 2 M , there is a neighborhood which is T

k-equivariantly diffeomorphic to

T
r ⇥ W ⇥ Rm

;

where r D k � dim.T
k
x

/, W is a faithful T
k
x

-representation of real dimension 2 dim.T
k
x

/, and
T

k ä T
r ⇥ T

k
x

acts trivially on Rm, T
r acts trivially on W , and T

k
x

acts trivially on T
r .

Finally, we recall the definitions of polar and infinitesimally polar group actions (see, for
example, [23] and [35], respectively).

Definition 2.12. Let G be a compact Lie group acting isometrically on an n-dimen-
sional manifold, M . Then the action is said to be polar if there exists an immersed submanifold,
†, that is, a so-called section, that meets all orbits orthogonally. A G-action on M is said to be
infinitesimally polar if the slice representation at every point is polar.

2.3. Orbit spaces. To any orbit space, M=G, we may assign isotropy information, in
the form of weights. We recall the definition of a weighted orbit space for a smooth G-action
on M .

Definition 2.13 (Weighted orbit space). Let G act smoothly on an n-manifold M with
orbit space M

⇤ D M=G. To each orbit in M
⇤ there is associated a certain orbit type which is

characterized by the isotropy group of the points of the orbit together with the slice representa-
tion at the given orbit. This orbit space together with its orbit types and slice representation is
called a weighted orbit space.

Let G D T
k act isotropy-maximally on M

n. Since the action is isotropy-maximal, it fol-
lows that �.M n

=G/ is a union of codimension one subspaces that correspond to the images
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of codimension two fixed point set components of circle subgroups of T
k . We note that it is

enough to specify the weights of these codimension one subspaces, which we will call facets,
and together with a description of the orbit space, one then obtains a complete description of
all orbit types.

Let

p W Rk ����������! T
k

.x1; : : : ; xk/ 7! .e
2⇡x1i

; : : : ; e
2⇡xki

/

be the universal covering projection and H a circle subgroup of T
k . Since each component of

p
�1

.H/ is a line containing at least two integer lattice points of Rk , it is natural to parametrize
H as follows. Let a1; : : : ; ak be relatively prime integers and let a D .a1; : : : ; ak/ 2 Zk . We
call the ai 2 Z the weights of the corresponding circle isotropy subgroup H.a/. Then

H.a/ D H.a1; : : : ; ak/ D π.x1; : : : ; xk/ W xi D ai t mod Z; 0  t < 1; i D 1; : : : ; kº:
With this notation H.a/ is the image of a line in Rk through the origin and the lattice point
a D .a1; : : : ; ak/ under the projection p. Moreover, we define the matrix of m isotropy groups
H.a1/; : : : ; H.am/ to be the following m ⇥ k-matrix:

M.a1;:::;am/ D

2

66664

a11 a12 a13 : : : a1k

a21 a22 a23 : : : a2k

:
:
:

:
:
:

:
:
:

: : :
:
:
:

am1 am2 am3 : : : amk

3

77775
:

We will denote the weights of a torus action via its matrix M.a1;:::;am/.
We will see that the quotient M=T of an isotropy-maximal torus action is an n-manifold

with corners, that is, a Hausdorff space together with a maximal atlas of local charts onto open
subsets of the simplicial cone, Œ0; 1/

n ⇢ Rn, so that the overlap maps are homeomorphisms
which preserve codimension (see, for example, Davis [9]).

We now recall the definition of a weight preserving diffeomorphism from [45], adapted
to the language of manifolds with corners, noting that a weakly smooth map between manifolds
with corners is as defined in Joyce [30]. Observe that a weakly smooth map is smooth when
restricted to the interior of a manifold with corners.

Definition 2.14 (Weight preserving diffeomorphism). Let M
⇤
1

and M
⇤
2

be manifolds
with corners obtained as the G-quotients of M1 and M2, respectively. We say that a weakly
smooth, strata-preserving map with weakly smooth inverse from M

⇤
1

to M
⇤
2

which carries the
weights of M

⇤
1

isomorphically onto the weights of M
⇤
2

is a weight preserving diffeomorphism.

Remark 2.15. For an isotropy-maximal T
k-action on M

n

i
, let Ai , i D 1; 2 be the set of

weights for each M
⇤
i

and assume that the M
⇤
i

are weight-preserving diffeomorphic. Then the
weight-preserving diffeomorphism is given by

� W .M
⇤
1

; A1/ 7! .M
⇤
2

; A2/;

where A2 D V � A1 � U , with V 2 GL.kI Z/ and U 2 GL.mI Z/, m is the number of strata of
M

⇤
1

with T
1 isotropy, and �jM ⇤

1
is a weakly smooth map with weakly smooth inverse.
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In the following proposition and corollary, we see that for a restricted class of torus
actions the isotropy subgroups will span the torus. They are straightforward generalizations of
Theorem 1.6 and Corollary 1.7 in Kim, McGavran and Pak [31], respectively, and we leave the
proofs to the reader.

Proposition 2.16. Let T
k act onM

n effectively, whereM
n is a closed, simply connected

manifold of dimension n. Suppose further that all isotropy subgroups are connected, all singu-
lar orbits correspond to points on the boundary of the quotient space, and M

n
=T

k D D
n�k .

Then no subgroup T
l , k > l � 1, can contain all elements of T

k that act nonfreely on M
n.

Corollary 2.17. With the same hypotheses as in Proposition 2.16, the isotropy sub-
groups of the T

k-action on M
n span T

k and there are at least k different circle isotropy
subgroups of T

k .

The condition for k circle subgroups to be generators of T
k is contained in the following

lemma from Oh [43].

Lemma 2.18 ([43]). The k circle subgroups generate T
k , that is,

H.a1/ ⇥ � � � ⇥ H.ak/ ä T
k ” det.M.a1;:::;ak// D ˙1:

We recall the definition of a conical orbit structure of a G-action on a space X .

Definition 2.19 (Conical orbit structure). Denote by K
ı
.Y / D Y ⇥ Œ0; 1/=.Y ⇥ π0º/

the open cone over a space Y and its closure by K.Y /. The orbit structure of X is called
conical, if X

⇤ is homeomorphic to an open cone K
ı
.Y / with constant orbit type along rays

less the vertex, p
⇤, and we say that X

⇤ is a conical section.

For the case of a T
k-action on a closed manifold M

n, the following direct consequence
of the Slice Theorem was obtained in McGavran [37] and [38], classifying a neighborhood of
point in M with isotropy group T

l , l  k.

Theorem 2.20 ([37, 38]). Suppose T
k acts locally smoothly on a closed manifold M

n.
Suppose p 2 M

n has isotropy group T
l , 0  l  k. Let X be a closed invariant neighborhood

of p in M such that X
⇤ D K.Y /. Suppose the inverse image in X of K

ı
.Y / has conical orbit

structure. Then X is equivariantly homeomorphic to T
k�l ⇥ D

n�kCl .

Remark 2.21. If we assume the T
k-action is locally standard in Theorem 2.20, then the

action of the isotropy subgroup, Tp D T
l , on its normal slice, D

n�kCl , is polar, and so admits
a section, that is, the T

k-action is infinitesimally polar.

2.4. Torus manifolds. An important subclass of manifolds admitting an effective torus
action are the so-called torus manifolds. For more details on torus manifolds, we refer the
reader to Hattori and Masuda [27], Masuda and Panov [36], and Buchstaber and Panov [4].

Torus manifolds arose as a generalization of the concept of a toric variety, which is
a normal algebraic variety, M , containing the algebraic torus .C⇤

/
n as a Zariski open subset in

such a way that the natural action of (C⇤
/
n on itself extends to an action on M (see Buchstaber
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and Panov [3] for more details). In particular, in Davis and Januszkiewisz [10], a topological
counterpart to non-singular projective toric varieties was introduced, now called quasitoric
manifolds, see Definition 2.24 below. Originally they were named “toric manifolds” but then
were renamed in [3] since the term toric manifold is reserved in algebraic geometry for a “non-
singular toric variety”.

Definition 2.22 (Torus manifold). A torus manifold M is a 2n-dimensional closed, con-
nected, orientable, smooth manifold with an effective smooth action of an n-dimensional torus
T such that M

T ¤ ;.

The T
n-action on M

2n is an isotropy-maximal action. Further, M
2n is a S

1-fixed point
homogeneous manifold and moreover, the action on T

n on M
2n is a nested S

1-fixed point
homogeneous action, that is, we can find a tower of nested fixed point sets for each p 2 M

T :

πpº ⇢ F
2 ⇢ � � � ⇢ F

2n�2 ⇢ M
2n

:

However, not all torus manifolds are locally standard, see Fukukawa, Ishida and Masuda
[29, Section 11] for examples. The orbit space of a locally standard action is a compact con-
nected n-manifold with corners with the property that every codimension k face belongs to
exactly k facets. Adding the assumption that the orbit space is acyclic and has acyclic faces
imposes strong topological restrictions, as we see in the following theorem of [36].

Theorem 2.23 ([36]). Let M be a torus manifold. Then the odd degree integer cohomol-
ogy of M vanishes if and only if M is locally standard and the orbit space M=T is acyclic with
acyclic faces.

The quotient space of a T
n-manifold plays an important role in the theory. Recall that an

n-dimensional convex polytope is called simple if the number of facets meeting at each vertex
is n. A homology polytope is an n-manifold with corners that is acyclic with acyclic faces
(see [36]). A nice manifold with corners, or a manifold with faces, has every codimension k face
contained in exactly k facets. Clearly, a simple convex polytope is a nice homology polytope.

The orbit space of a locally standard action of T
n on M

2n is an n-dimensional manifold
with corners. Quasitoric manifolds have the property that their orbit space is diffeomorphic, as
a manifold with corners, to a simple polytope P

n. Note that two simple polytopes are diffeo-
morphic as manifolds with corners if and only if they are combinatorially equivalent by work
of [9] and Wiemeler [57].

Definition 2.24 (Quasitoric manifold). Given a combinatorial simple polytope P
n, we

call a T
n-manifold M

2n a quasitoric manifold over P
n if the following two conditions are

satisfied:

(1) The T
n-action is locally standard.

(2) There is a projection map ⇡ W M
2n ! P

n which is constant on T
n-orbits and which

maps every k-dimensional orbit to a point in the interior of a codimension k face of P
n

for k D 0; : : : ; n.

This definition implies that the T
n-action on such a quasitoric manifold M

2n is free over
the interior of the orbit polytope P

n, and the vertices of P
n correspond to T

n-fixed points. In
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particular, quasitoric manifolds are examples of torus manifolds. Even though the conditions
on the torus action in the case of a torus manifold are much weaker than the conditions in the
case of a quasitoric manifold, torus manifolds still admit a combinatorial treatment similar to
quasitoric manifolds. For example, the orbit space of a torus manifold is a nice manifold with
corners if the action is locally standard. If, in addition, the orbit space is acyclic with acyclic
faces, the constructions below for simple polytope orbit spaces can be generalized to this case,
that is, to the case of orbit spaces that are nice homology polytopes.

Let
⇡ W M

2n ! P
n D M

2n
=T

n

be the orbit map of a quasitoric manifold and let F D πF1; : : : ; Fmº be the set of facets of P
n.

Denote the preimages by Mj D ⇡
�1

.Fj /, 1  j  m. Points in the relative interior of a facet
Fj correspond to orbits with the same 1-dimensional isotropy subgroup, which we denote
by TFj

. Hence Mj is a connected component of the fixed point set of the circle subgroup
TFj

⇢ T
n. This implies that Mj is a T

n-invariant submanifold of codimension two in M , and
Mj is a torus manifold over Fj with the action of the quotient torus T

n
=TFj

ä T
n�1. Follow-

ing the terminology of [10], we refer to Mj as the characteristic submanifold corresponding
to the j th facet Fj ⇢ P

n. The mapping � W Fj ! TFj
; 1  j  m, is called the characteristic

function of the torus manifold M
2n. Now let G be a codimension k face of P

n and write it as
an intersection of k facets: G D Fj1 \ � � � \ Fjk

. Assign to each face G the subtorus

TG D
Y

Fi �G

TFi
⇢ T

F
:

Then MG D ⇡
�1

.G/ is a T
n-invariant submanifold of codimension 2k in M , and MG is fixed

under each circle subgroup �.Fjl
/, 1  l  k.

To each n-dimensional simple convex polytope, P
n, we may associate a T

m-manifold
ZP with the orbit space P

n, as in [10].

Definition 2.25 (Moment angle manifold). For every point q 2 P
n, denote by G.q/

the unique (smallest) face containing q in its interior. For any simple polytope P
n define the

moment angle manifold

ZP D .T
F ⇥ P

n
/=⇠ D .T

m ⇥ P
n
/=⇠;

where .t1; p/ ⇠ .t2; q/ if and only if p D q and t1 t
�1

2
2 TG.q/.

Remark 2.26. The action of T
m on ZP is locally standard. The proof of this fact is

analogous to the proof of Construction 5.12 in [3].

Note that the equivalence relation depends only on the combinatorics of P
n. In fact,

this is also true for the topological and smooth type of ZP , that is, combinatorially equivalent
simple polytopes yield homeomorphic, and, in fact, diffeomorphic, moment angle manifolds
(see Panov [48, Proposition 4.3] and the remark immediately following it).

The free action of T
m on T

F ⇥ P
n descends to an action on ZP , with quotient P

n. Let
⇡Z W ZP ! P

n be the orbit map. The action of T
m on ZP is free over the interior of P

n,
where each vertex v 2 P

n represents the orbit ⇡
�1

Z
.v/ with maximal isotropy subgroup of

dimension n.
In [3] the following facts about the space ZP are proven.
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Proposition 2.27 ([3]). Let P
n be a combinatorial simple polytope with m facets, then:

(1) The space ZP is a smooth manifold of dimension m C n.

(2) If P D P1 ⇥ P2 for simple polytopes P1 and P2, then ZP D ZP1
⇥ ZP2

. If G ⇢ P is
a face, then ZG is a submanifold of ZP .

2.5. Torus orbifolds. In this subsection we gather some preliminary results about torus
orbifolds. We first recall the definition of an orbifold. For more details about orbifolds and
actions of tori on orbifolds, see, for example, Haefliger and Salem [24], and [16].

Definition 2.28 (Orbifold). An n-dimensional (smooth) orbifold, denoted by O, is
a second-countable, Hausdorff topological space jOj, called the underlying topological space
of O, together with an equivalence class of n-dimensional orbifold atlases.

In analogy with a torus manifold, we may define a torus orbifold, as follows.

Definition 2.29 (Torus orbifold). A torus orbifold, O, is a 2n-dimensional, closed,
orientable orbifold with an effective smooth action of an n-dimensional torus T such that
O

T ¤ ;.

The following theorem from [16], proven using results obtained therein for torus orb-
ifolds, is of use in the proof of Theorem A.

Theorem 2.30 ([16]). Let M be an n-dimensional, smooth, closed, simply connected,
rationally elliptic manifold with an isotropy-maximal T

k-action. Then there is a product bP of
spheres of dimension greater than or equal to 3, a torus bT acting linearly on bP , and an effec-
tive, linear action of T

k on cM D bP =bT , such that there is a T
k-equivariant rational homotopy

equivalence M 'Q cM .

2.6. Alexandrov geometry. Recall that a complete, locally compact, finite-dimensional
length space .X; dist/ with curvature bounded from below in the triangle comparison sense is an
Alexandrov space (see, for example, Burago, Burago and Ivanov [5]). When M is a complete,
connected Riemannian manifold and G is a compact Lie group acting on M by isometries, the
orbit space X D M=G is equipped with the orbital distance metric induced from M , that is,
the distance between Np and Nq in X is the distance between the orbits G.p/ and G.q/ as subsets
of M . Additionally, if M has sectional curvature bounded below, that is, sec M � k, for some
k 2 R, then the orbit space X is an Alexandrov space with curv X � k.

The space of directions of a general Alexandrov space at a point x is by definition the
completion of the space of geodesic directions at x. In the case of orbit spaces X D M=G,
the space of directions † NpX at a point Np 2 X consists of geodesic directions and is isometric
to S

?
p

=Gp, where S
?
p

is the unit normal sphere to the orbit G.p/ at p 2 M .

2.7. Geometric results in the presence of a lower curvature bound. Finally, we
recall some general results about G-manifolds with non-negative and almost non-negative cur-
vature which we use throughout. As noted earlier, that a torus manifold is an example of an
S

1-fixed point homogeneous manifold, indeed, of a nested S
1-fixed point homogeneous mani-

fold. Closed, simply-connected, fixed point homogeneous manifolds of positive curvature were
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classified in Grove and Searle [22]. More recently, the following theorem in Spindeler [56]
gives a characterization of non-negatively curved G-fixed point homogeneous manifolds.

Theorem 2.31 ([56]). Assume that G acts fixed point homogeneously on a closed, non-
negatively curved Riemannian manifold M . Let F be a fixed point component of maximal
dimension. Then there exists a smooth submanifold N of M , without boundary, such that M is
diffeomorphic to the normal disk bundles D.F / and D.N / of F and N glued together along
their common boundaries, that is,

M D D.F / [� D.N /:

Further, N is G-invariant and all points of M n πF [ N º belong to principal G-orbits.

The following two facts from [56], for the case where M is a torus manifold of non-
negative curvature, are important for what follows.

Proposition 2.32 ([56]). Let M; N and F be as in Theorem 2.31 and assume that M is
a closed, simply connected torus manifold of non-negative curvature. Then N has codimension
greater than or equal to 2 and F is simply connected.

For a non-negatively curved torus manifold, Proposition 4.5 of [58] shows that the quo-
tient space, M

2n
=T

n D P
n, is described as follows: P

n is a nice homology polytope and P
n

is of the form

(2.32.1) P
n D

Y

i<r

†
ni ⇥

Y

i�r

Å
ni ;

where †
ni D S

2ni =T
ni and Å

ni D S
2ni C1

=T
ni C1 is an ni -simplex. The T

ni -action on S
2ni

is the suspension of the standard T
ni -action on R2ni , and it is easy to see that †

ni is obtained
as the suspension of Å

ni �1, ignoring the simplicial structure of Å
ni �1. In what follows, we

will refer to †
ni as a lunar suspension of Å

ni �1. Note that each Å
ni has ni C 1 facets and

each †
ni has ni facets, and so, the number of facets of P

n is bounded between n and 2n.
Using this description of the quotient space, the following equivariant classification theo-

rem is obtained in [58].

Theorem 2.33 ([58]). Let M be a simply connected, non-negatively curved torus mani-
fold. Then M is equivariantly diffeomorphic to a quotient of

(2.33.1) ZP D
Y

i<r

S
2ni ⇥

Y

i�r

S
2ni �1

; ni � 2;

by a free linear torus action, where ZP is the moment angle manifold corresponding to the
polytope in Display (2.32.1).

In the proof of Theorem 2.33, the following lemma was important. It is also useful for
the proof of Theorem A.

Lemma 2.34 ([58]). Let M
2n be a simply connected torus manifold with an invari-

ant metric of non-negative curvature. Then M
2n is locally standard and M

2n
=T

n and all
its faces are diffeomorphic (after smoothing the corners) to standard disks D

k . Moreover,
H

odd
.M I Z/ D 0.
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Using Proposition 4.5 of [58] and Theorem 4.2 of [9], the following proposition allows
us to identify the quotient space of a torus manifold, M=T .

Proposition 2.35. Let M
2n be a simply connected torus manifold with an invariant

metric of non-negative curvature. Then M=T D P is diffeomorphic to a product of simplices
and lunar suspensions as in Display (2.32.1).

We also make use of the following theorem from [16].

Theorem 2.36 ([16]). Let M be a closed, simply connected, non-negatively curved
Riemannian manifold admitting an effective, isometric, isotropy-maximal torus action. Then
M is rationally elliptic.

The following corollary of Theorem 2.36 follows for an almost isotropy-maximal torus
action via a simple adaptation of the proof of Theorem 7.1 in [16].

Corollary 2.37. Let M be a closed, simply connected, non-negatively curved Riemann-
ian manifold admitting an effective, isometric, almost isotropy-maximal torus action. Then M

is rationally elliptic.

In the proof of Theorem A, we will need to consider generalizations of Theorem 2.31,
Proposition 2.32 and Lemma 2.34 to manifolds of almost non-negative curvature. We recall
the definition of almost non-negative curvature here, as well as an important result of Fukaya
and Yamaguchi in [13] that allows us to determine under what conditions the total space of
a principal torus bundle will admit a metric of almost non-negative curvature.

Definition 2.38 (Almost non-negative curvature). A sequence of Riemannian manifolds
π.M; g˛/º1

˛D1
is almost non-negatively curved if there is a real number D > 0 so that

Diam.M; g˛/  D; sec.M; g˛/ � � 1

˛
:

A large number of examples of almost non-negatively curved manifolds can be con-
structed by the following result of [13].

Theorem 2.39 ([13]). Let F ,! E ! B be a smooth fiber bundle with compact Lie
structure group G such that B admits a family of metrics with almost non-negative curvature
and the fiber F admits a G-invariant metric of non-negative curvature. Then the total space E

admits a family of metrics with almost non-negative curvature.

3. The Equivariant Cross-Sectioning Theorem and

the equivariant classification

In this section we develop three tools which will help us to prove Theorem A. They are the
Cross-Sectioning Theorem 3.2, the Equivariant Classification Theorem 3.7 and Theorem 3.15,
which shows that a closed, simply-connected manifold, M , with a locally standard T

k-action



236 Escher and Searle, Torus actions, maximality, and non-negative curvature

such that M=T D P , as in Display (2.32.1), has k facets is equivariantly diffeomorphic to ZP ,
as in Display (2.33.1).

3.1. Cross-Sectioning Theorem. Before we state the Cross-Sectioning Theorem, we
define a conical decomposition of a quotient space.

Definition 3.1 (Conical decomposition). We say that the orbit space, M
⇤ D M

n
=T

k ,
of M

n by an effective T
k-action admits a conical decomposition if we may decompose the

orbit space M
⇤ into a collection of conical sections πC ⇤

i
ºm

iD1
, with C

⇤
i

ä D
n�k for each

i 2 π1; : : : ; mº. Moreover, the C
⇤
i

satisfy the following property, namely,

.C
⇤
1

[ � � � [ C
⇤

j
/ \ C

⇤
j C1

D Aj ;

where Aj is an .n � k � 1/-cell for each j , where 1  j  m.

Cross Sectioning Theorem 3.2. Let T
k be a smooth, locally standard action on

a smooth, closed, n-dimensional manifold M
n such that M

⇤ D M
n
=T

k is homeomorphic
to an .n � k/-dimensional disk, D

n�k , and M
⇤ admits a conical decomposition. Then there

exists a continuous cross-section to the orbit map ⇡ W M
n ! M

⇤ that is smooth on a closed
subset of M

⇤ n �M ⇤.

The proof generalizes elements of the equivariant classification theorem for T
3-actions

on M
6 in [37]. Similar techniques are also used in work of Raymond [53] and Orlik and

Raymond [44–46]. The main topological tool in the proof comes from obstruction theory, that
is, the obstruction to extending a map A ! X to a map W ! X , where X is a connected
CW-complex and .W; A/ is a CW-pair. Such an extension always exists, that is, the obstruction
vanishes, if H

nC1
.W; A; ⇡n.X// D 0 for all n. For more details on obstruction theory see, for

example, Davis and Kirk [8].
In the following two lemmas, required for the proof of the Cross-Sectioning Theorem 3.2,

we will be considering a closed T
k D T1 ⇥ � � � ⇥ Tk-invariant subset C of the closed manifold,

M , with M as in Theorem 3.2. We choose C so that its orbit space under the torus action,
C

⇤ ⇢ M
⇤ D D

n�k is a closed conical section of M
⇤, with conical orbit space, as in Defini-

tion 2.19. That is, C
⇤ ä D

n�k D K.D
n�k�1

/, is a closed cone over D
n�k�1. Moreover, we

choose C so that its intersection with the boundary, �M ⇤, is homeomorphic to D
n�k�1. In

Figure 1, we illustrate this orbit space C
⇤ and its homeomorphic image D

n�k . We decompose�C ⇤ into its upper and lower hemispheres, S
C and S

�, respectively, where S
C D �C ⇤\�M ⇤,

S
C \ S

� D S
n�k�2, and p

⇤ 2 S
C denotes the vertex, as in Definition 2.19.

Let i , 1  i  min.n � k; k/, denote the rank of the isotropy subgroup corresponding to
the point p

⇤. Since isotropies are constant along rays from p
⇤, we can partition .S

C
; p

⇤
/ into i

cells of dimension .n � k � 1/, denoted by Uk�iC1; : : : ; Uk , provided they all intersect in p
⇤,

that is, p
⇤ 2 T

k

j Dk�iC1
Uj . Note that to each Ul we associate the corresponding circle isotropy

subgroup Tl , where k � i C 1  l  k. By assumption, the Tl generate the i -dimensional torus
T

i , 1  i  min.n � k; k/, and each pair of distinct circles has trivial intersection, that is,
Tk�iC1 ⇥ � � � ⇥ Tk D T

i .
This gives us a weighted decomposition of .S

C
; p

⇤
/, which we denote by

π.Uk�iC1; Tk�iC1/; : : : ; .Uk; Tk/º:
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p*
S+

S-

p*

S+S-

Figure 1. The conical section C
⇤ ⇢ M

⇤ and its homeomorphic image D
n�k .

S+

S-

p*

U k  k-1U   

Figure 2. The upper hemisphere S
C D Uk�1 [ Uk .

It is understood then in this decomposition that each intersection of j -cells in a .j � 1/-cell
corresponds to the connected isotropy subgroup of the T

k-action generated by the isotropy
subgroups associated to each of the j -cells.

The simplest possible decomposition is as in Lemma 3.3, where the decomposition of
.S

C
; p

⇤
/ is given as π.Uk; Tk/º and is illustrated in the right-hand figure of Figure 1. The

next simplest is given as π.Uk�1; Tk�1/.Uk; Tk/º and is illustrated in Figure 2. The most gen-
eral decomposition will be the one where p

⇤ corresponds to an orbit with T
i isotropy, and

whose weighted decomposition is π.Uk�iC1; Tk�iC1/; : : : ; .Uk; Tk/º. Note that all non-trivial
isotropies are connected and correspond to points on S

C, all other orbits are principal.
In the following lemma, we begin with the simplest case and show that we can construct

a cross-section for C
⇤.

Lemma 3.3. Let T
k D T1 ⇥ � � � ⇥ Tk be a smooth, locally standard action on a smooth,

closed n-dimensional subspace C ⇢ M , where M is a smooth, closed n-dimensional closed
manifold, and C has quotient space, C

⇤, as described above. Suppose .S
C

; p
⇤
/ D π.Uk; Tk/º.

Then the following hold:

(1) There exists a cross-section from C
⇤ to C that is smooth on a closed subset of C

⇤ n �C ⇤.

(2) If a cross-section is given on an .n � k � 1/-cell A ✓ S
� ⇢ C

⇤, it can be extended to
all of C

⇤.

Proof. To prove Part (1), recall that the orbit space, C
⇤, is a closed cone with ver-

tex p
⇤, the north pole of D

n�k . Since the orbit structure is conical and Gp D Tk , it fol-
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lows from Theorem 2.20 that C is equivariantly homeomorphic to T
k�1 ⇥ D

n�kC1 with
Tk acting orthogonally on D

n�kC1. Since the T
k-action is locally standard, we can con-

struct a cross-section from D
n�k to D

n�kC1, see Remark 2.21. We then compose this section
with a section from D

n�kC1 to T
k�1 ⇥ D

n�kC1 by sending an arbitrary point x 2 D
n�kC1

to .t; x/ 2 T
k�1 ⇥ D

n�kC1 for some t 2 T
k�1. This gives us a cross-section from C

⇤ to C .
We denote it by s1.

We note that since C
⇤ n �C ⇤ is homeomorphic to an open .n � k/-disk and corresponds

entirely to principal orbits, its inverse image in C is the trivial bundle T
k ⇥ D

n�k , and so there
exists a smooth cross-section on C

⇤ n �C ⇤, which we will denote by s2.
Since C

⇤ is a cone over �C ⇤, we may write

C
⇤ D K.�C ⇤

/ D .�C ⇤ ⇥ Œ0; 1ç/=.�C ⇤ ⇥ π0º/

and define the following straight line homotopy between s2 and s1 over �C ⇤⇥Œ
1

2
; 1ç ⇢ K.�C ⇤

/:

h.x; t/ D .2t � 1/s1.x/ C .2 � 2t/s2.x/ for all x 2 �C ⇤ ⇥ Œ
1

2
; 1ç:

We may then define a cross-section s.x; t/ on C
⇤ D K.�C ⇤

/ as

s.x; t/ D
´

s2.x/ t 2 Œ0;
1

2
ç;

h.x; t/ t 2 Œ
1

2
; 1ç;

noting that the cross-section s.x; t/ is smooth on a closed subset of C
⇤ n �C ⇤, as desired.

Note that this homotopy can be modified to make the closed subset as close to the boundary as
we like.

To prove Part (2), suppose a cross-section s is given on an .n�k�1/-cell A ✓ S
� ⇢ C

⇤.
Let A

0 D A\ .D
n�k nS

C
/ and ⇡ W C ! C

⇤ ä D
n�k the orbit map. Then ⇡

�1
.D

n�k nS
C

/

is a principal T
n�k-bundle over .D

n�k n S
C

/. Using the long exact sequence for relative
cohomology and excision, it follows that H

i
..D

n�k n S
C

/; A
0
/ D 0 for all i > 0. Thus, by

obstruction theory, we may assume that s is defined on .D
n�k n S

C
/ [ A.

We now obtain the diagram

C

⇡

✏✏

⇡1
//

⇡

✏✏

NC1

⇡2
}}

.D
n�k n S

C
/ [ A

s

77

// D
n�k ,

where ⇡1 W C ! NC1 D C=T
k�1 and ⇡2 W NC1 ! C

⇤ ä D
n�k .

Let s2 D ⇡1 ı s. Then s2 is a cross-section to ⇡2 defined on .D
n�k n S

C
/ [ A. But

S
C corresponds to the set of fixed points of the Tk-action on NC1, so we can define s2 on all

of D
n�k . In order to show continuity of s2 we first describe D

n�k as I ⇥ S
C, where I is

an interval. Note that ⇡
�1

2
.S

C
/ ä D

n�k�1 and ⇡
�1

2
.I / ä K.Tk/ ä D

2 and the Tk-action
on ⇡

�1

2
.I / is rotation. Hence the Tk-action on C1 ä D

n�kC1 ä D
2 ⇥ D

n�k�1 is rotation
on the first factor and trivial on the second. An orbit of the Tk-action can be described as
π.re

i✓
; Re

i‚
/ W 0  ✓ < 2⇡; 0  ‚ < 2⇡º, where

Re
i‚ D

8
<

:

�
r1e

i✓1 ; : : : ; r n�k�1
2

e
i✓ n�k�1

2

�
if n � k � 1 is even,

�
r1e

i✓1 ; : : : ; r n�k�2
2

e
i✓ n�k�2

2 ; 1
�

if n � k � 1 is odd.
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Note that the fixed point set of Tk on D
2 ⇥ D

n�k�1 is π0º ⇥ D
n�k�1. Now let

q D .0; Se
i†

/ 2 Fix.Tk; D
2 ⇥ D

n�k�1
/

and let
πq⇤

n
º D π.rne

i✓n ; Rne
i‚n/

⇤º
be a sequence in M

⇤ converging to q
⇤. Then rn ! 0; Rn ! S and ‚n ! †. But then the

sequence πs2.q
⇤
n
/º will be of the form π.rne

i✓n ; Rne
i‚n/º, which converges to q D .0; Se

i†
/.

Hence s2 is continuous.
Next we define a cross-section s1 on s2.C

⇤
/ ä D

n�k . Let

s1 D s ı ⇡2 W s2.C
⇤
/ n s2.S

C n A/ ! C :

Now ⇡
�1

1
.s2.C

⇤
// is a principal T

k�1-bundle over s2.C
⇤
/ ä D

n�k and we obtain that s1 is
in fact a cross-section of ⇡1 defined on s2.C

⇤
/ n s2.S

C n A/. Since s2.S
C n A/ is a homology

.n � k � 1/-cell on the boundary of s2.C
⇤
/, it follows that

H
i
.s2.C

⇤
/; s2.C

⇤
/ n s2.S

C n A// D 0 for all i > 0.

Again by obstruction theory this implies that s1 can be extended to all of s2.C
⇤
/. Thus s1 ı s2

extends s to all of C
⇤ ä D

n�k . The diagram

C
⇡1

//

⇡

✏✏

NC1

⇡2
||

s1

⌅⌅

D
n�k

s

88

s2

OO

illustrates this case.

We are now ready to construct a cross-section for a general decomposition of C
⇤.

Lemma 3.4. Let T
k D T1 ⇥ � � � ⇥ Tk be a smooth, locally standard action on a smooth,

closed n-dimensional subspace C ⇢ M , where M is a smooth, closed n-dimensional closed
manifold, and C has quotient space, C

⇤, as described above. Let the decomposition of .S
C

;p
⇤
/

be given by π.Uk�iC1; Tk�iC1/; : : : ; .Uk; Tk/º, with 1 < i  n � k  k. Then the following
hold:

(1) There exists a cross-section from C
⇤ to C that is smooth on a closed subset of C

⇤ n �C ⇤.

(2) If a cross-section is given on an .n � k � 1/-cell A ✓ S
�, then it can be extended to all

of C
⇤.

Proof. To prove Part (1), we suppose that

ππUk�iC1; : : : ; Ukº W T
i D Tk�iC1 ⇥ � � � ⇥ Tkº

is the decomposition for .S
C

; p
⇤
/. The orbit structure is conical with vertex p⇤, where

Gp D Tk�iC1 ⇥ � � � ⇥ Tk :
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By Theorem 2.20, C is equivariantly homeomorphic to

T1 ⇥ � � � Tk�i ⇥ D
n�kCi ä T

k�i ⇥ D
n�kCi

and Tk�iC1 ⇥ � � � ⇥ Tk ä T
i acts orthogonally on D

n�kCi . It is easy to construct a cross-
section in this case, following the proof of Lemma 3.3. Again, since the T

k-action is locally
standard, we can construct a cross-section from D

n�k to D
n�kCi , see Remark 2.21. Then we

construct a section from D
n�kCi to T

k�i ⇥D
n�kCi by sending an arbitrary point x 2 D

n�k�i

to .t; x/ 2 T
k�i ⇥ D

n�kCi for some t 2 T
k�i .

Using the same homotopy argument as in the proof of Part (1) of Lemma 3.3, we can
then construct a cross-section from C

⇤ to C that is smooth on a closed subset of C
⇤ n �C ⇤,

as desired.
To prove Part (2), suppose a cross-section s is given on an .n � k � 1/-cell A ✓ S

�.
As in Lemma 3.3 we may assume that s is defined on .D

n�k n S
C

/ [ A. We now obtain the
diagram

C
⇡1

=T
k�i

//

⇡

✏✏

NC1

⇡2

✏✏

:
:
:

⇡i

✏✏

NCi

⇡iC1

ww

.D
n�k n S

C
/ [ A

s

EE

// D
n�k ,

where ⇡1 W C ! NC1 D C=T
k�i , ⇡j W NCj �1 ! NCj D NCj �1=Tk�i�j C2 for j 2 π2; : : : ; iº and

⇡i W NCi ! C
⇤ ä D

n�k .
Let siC1 D ⇡i ı ⇡i�1 ı � � � ı ⇡1 ı s. Then siC1 is a cross-section to ⇡iC1 defined on

.D
n�k n S

C
/ [ A. Now ⇡

�1

iC1
.D

n�k n Uk/ is a principal circle bundle over D
n�k n Uk , and

since we have H
q
.D

n�k n Uk; .D
n�k n S

C
/ [ A/ D 0 for all q > 0, siC1 can be extended to

all of D
n�k n Uk . But Uk corresponds to the set of fixed points of the Tk-action on NCi , so siC1

can be extended continuously to all of D
n�k , exactly as in the proof of Lemma 3.3.

We assume then that we have a cross-section to ⇡lC1 defined on

slC2 ı � � � ı siC1.D
n�k

/ ä slC2.D
n�k

/:

Next we need a cross-section to ⇡l defined for any l , 2  l  i and on slC1.D
n�k

/. Let

sl D ⇡l�1 ı � � � ı ⇡1 ı s ı ⇡iC1 ı � � � ⇡lC1:

Once again we observe that ⇡
�1

i
.slC1.D

n�k
/ n slC1.Uk�l// is a principal circle bundle over

slC1.D
n�k

/ n slC1.Uk�l/ and sl can be extended to all of slC1.D
n�k

/ n slC1.Uk�l/. Then it
follows that

slC1.D
n�k

/ ä D
n�k

; slC1.Uk�l/ ä D
n�k�1 ä �.slC1.D

n�k
//;

and ⇡
�1

l
.slC1.Uk�l// is the fixed point set of the Tk�l -action on ⇡

�1

l
.slC1.D

n�k
//. Hence,

exactly as before, we may extend the cross-section sl continuously to all of slC1.D
n�k

/.
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We arrive at the result that ⇡
�1

1
..s2 ı s3 ı � � � ı siC1/.D

n�k
// is a principal T

k�i -bundle
over .s2 ı s3 ı � � � ı siC1/.D

n�k
/ ä D

n�k and that s1 D s ı ⇡iC1 ı � � � ı ⇡2 is a cross-section
defined on .s2 ı s3 ı � � � ı siC1/..D

n�k n S
C

/ [ A/: As before this can be extended to all of
.s2 ı s3 ı � � � ı siC1/.D

n�k
/. Hence s1 ı s2 ı s3 ı � � � ı siC1 is an extension of s to all of C

⇤.
The diagram

C
⇡1

=T
k�i

//

⇡

✏✏

NC1

s1

}}

⇡2
✏✏

:
:
:

⇡i

✏✏

s2

YY

NCi

⇡iC1

ww

si

[[

D
n�k

s

DD

siC1

EE

illustrates this case.

We are now ready to prove the Cross-Sectioning Theorem 3.2.

Proof of the Cross-Sectioning Theorem 3.2. First, since the quotient space admits a con-
ical decomposition, we decompose the orbit space M

⇤ ä D
n�k into a collection of conical

sections πC ⇤
i

ºm

iD1
, with C

⇤
i

ä D
n�k for each i 2 π1; : : : ; mº, and such that the orbit structure

for each Ci ⇢ M
n is conical as in Definition 2.19. As we saw in the proof of Lemma 3.4, each

Ci ä T
k�l ⇥ D

n�kCl for some l 2 π1; : : : ; kº and therefore a cross-section exists on each C
⇤
i

.
In order to create a cross-section on all of M

⇤, we start by defining a cross-section s

on C
⇤
1

. We then attach C
⇤
2

to C
⇤
1

along an .n � k � 1/-cell A1 and so we have a cross-section s

defined on C
⇤
1

and on A1 ⇢ S
� ⇢ C

⇤
2

. By Lemma 3.4, we can then extend the cross-section s

to all of C
⇤
2

. Continuing this process, we attach each additional C
⇤
i

along an .n � k � 1/-cell
A ⇢ S

� ⇢ C
⇤
i

. Therefore s can be extended to all of C
⇤
i

. It follows that we can extend s to all
of M

⇤. Figure 3 illustrates this process for a partial decomposition of M
⇤.

C*2

C*C*1 3

Figure 3. A partial decomposition of the quotient space, M
⇤, highlighting three conical sections in

the upper hemisphere of M
⇤. The tree-like lines on M

⇤ represent higher rank isotropy
groups.
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Using the same homotopy argument as in the proofs of Lemmas 3.3 and 3.4, we can
then construct a cross-section from M

⇤ to M that is smooth on a closed subset of M
⇤ n �M ⇤,

as desired.

3.2. Equivariant Classification Theorem. For classification purposes it is convenient
to fix orientations. We start with a fixed orientation of the group G. Then an orientation of M

determines an orientation of M
⇤ and vice versa, assuming there are no isotropy groups which

reverse the orientation of a slice. When the orbit map ⇡ W M ! M
⇤ has a cross-section s,

that is, s W M
⇤ ! M is a continuous map such that ⇡ ı s is the identity on M

⇤, we always
assume that the orientation of s.M

⇤
/ is the one induced by the cross-section and the orientation

of M is compatible with it.
We begin with a generalization of the equivariant homeomorphism theorems of [46]

and [43].

Theorem 3.5. Let G, a compact Lie group, act continuously on closed, n-dimensional
manifolds, M

n

1
and M

n

2
such that the orbit maps ⇡i W M

n

i
! M

⇤
i

are continuous and have
continuous cross-sections si W M

⇤
i

! M
n

i
, i D 1; 2. Then there exists a G-equivariant homeo-

morphism h from M
n

1
onto M

n

2
if and only if there exists a weight preserving homeomorphism

h
⇤ from M

⇤
1

onto M
⇤
2

.
Furthermore, if M1 and M2 are oriented and the orientations of M

⇤
1

and M
⇤
2

are those
induced by M1 and M2, then h is orientation preserving if and only if h

⇤ is orientation
preserving.

Proof. Let M
n

1
and M

n

2
be closed G-manifolds such that their respective orbit maps ⇡i ,

i D 1; 2, admit continuous cross-sections si , i D 1; 2. Denote their quotients as M
⇤
1

and M
⇤
2

,
respectively. Recall that a weight preserving homeomorphism is a continuous strata-preserving
map with continuous inverse that carries the weights of M

⇤
1

isomorphically to those of M
⇤
2

.
So, if h W M

n

1
! M

n

2
is a G-equivariant homeomorphism, then define h

⇤ WD ⇡2 ı h ı s1. Since
h

⇤ is a composition of continuous maps that is one-to-one and onto, with continuous inverse,
.h

⇤
/
�1 WD ⇡1 ı h ı s2, h

⇤ is the desired weight preserving homeomorphism from M
⇤
1

to M
⇤
2

.
Vice versa, if we assume that h

⇤ W M
⇤
1

! M
⇤
2

is a weight preserving homeomorphism,
then both the composition s2 ı h

⇤ ı ⇡1 and the inverse of this composition, ⇡2 ı .h
⇤
/
�1 ı s1,

are clearly continuous. For x 2 s1.M
⇤
1

/, we define h W M
n

1
! M

n

2
so that

h.x/ D s2 ı h
⇤ ı ⇡1.x/:

Then for any y 2 M
n

1
, since y D gx for some g 2 G and some x 2 s1.M

⇤
1

/, we define

h.y/ D gh.x/:

This gives us the desired G-equivariant homeomorphism.

We now recall a corollary of the Whitney Approximation Theorem (see Lee [34, Corol-
lary 6.27]), which states the following.

Corollary 3.6 ([34]). Suppose N is a smooth manifold with or without boundary, M is
a smooth manifold without boundary, A ⇢ N is a closed subset and f W A ! M is a smooth
map. Then f has a smooth extension to N if and only if it has a continuous extension to N .
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Using Corollary 3.6, we can now extend the “if” statement of Theorem 3.5 to equivariant
diffeomorphism.

Equivariant Classification Theorem 3.7. Let G, a compact Lie group, act smoothly
on smooth, closed, n-dimensional manifolds, M

n

1
and M

n

2
whose quotient spaces M

⇤
1

and M
⇤
2

are manifolds with corners. Moreover, assume that for i D 1; 2, the orbit maps ⇡i W M
n

i
! M

⇤
i

are smooth and have continuous cross-sections si W M
⇤
i

! M
n

i
, that are smooth on the closed

subsets N
⇤
1

⇢ M
⇤
1

n �M ⇤
1

and N
⇤
2

D h
⇤
.N

⇤
1

/. If there exists a weight preserving diffeomor-
phism h

⇤ from M
⇤
1

onto M
⇤
2

, then there exists a G-equivariant diffeomorphism h from M
n

1

onto M
n

2
.

Furthermore, if M1 and M2 are oriented and the orientations of M
⇤
1

and M
⇤
2

are those
induced by M1 and M2, then h is orientation preserving if h

⇤ is orientation preserving.

Proof. Let M
n

1
and M

n

2
be closed G-manifolds such that their respective orbit maps ⇡i ,

i D 1; 2, admit continuous cross-sections si , i D 1; 2, and their respective restrictions to N
⇤
1

and N
⇤
2

are smooth. Denote their quotients as M
⇤
1

and M
⇤
2

, respectively. Recall that a weight
preserving diffeomorphism is a weakly smooth, strata-preserving map with weakly smooth
inverse that carries the weights of M

⇤
1

isomorphically to those of M
⇤
2

.
By assumption, there exists a continuous cross-section to the orbit map ⇡i W M

n

i
! M

⇤
i

that is smooth on the closed subset N
⇤
i

, for i D 1; 2. As the ⇡i are smooth, they are continuous,
so we have that Ni D ⇡

�1

1
.N

⇤
i

/ are closed subsets of Mi , for i D 1; 2. Since h
⇤ W M

⇤
1

! M
⇤
2

is a weight preserving diffeomorphism, then both the composition s2 ı h
⇤ ı ⇡1 and the inverse

of this composition, s1 ı .h
⇤
/
�1 ı ⇡2, are clearly continuous and are simultaneously smooth

when restricted to N1 and N2, respectively. Let x 2 s1.M
⇤
1

/ and define

h.x/ D s2 ı h
⇤ ı ⇡1.x/:

Since for any y 2 M1, we have y D gx for some g 2 G, we then define h W M1 ! M2 by

h.y/ D gh.x/:

We may now apply Corollary 3.6 to obtain that h W M1 ! M2 is smooth. A similar argu-
ment works to show that h

�1 is smooth. Thus h is a G-equivariant diffeomorphism from M1

to M2.

Remark 3.8. The “only if” statement of Theorem 3.5 cannot be extended to the smooth
setting with the techniques of the proof of Theorem 3.7, as Corollary 3.6 is, in general, false if
the target manifold, M , has boundary (see [34, Problems 6–7]).

3.3. Creating a weight preserving diffeomorphism. In this subsection we will prove
Theorem 3.15, which is an essential component of the proof of Theorem A. We begin with the
following extension of work of Oh [42].

Lemma 3.9. Let the torus T
k act smoothly and effectively on M

n, a closed, manifold
with M

n
=T

k D D
n�k such that all isotropy subgroups are connected and all singular orbits

correspond to points on the boundary of the quotient space. Then ⇡1.M/ is trivial if and only
if the isotropy subgroups of the T

k-action on M
n generate T

k .
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Proof. The “if” portion of the statement is a straightforward generalization of the proof
of Corollary 1.2 in [42], so we prove the “only if” statement. The proof generalizes the proof
of Theorem 1.1 in [42]. By assumption, k  n � 1. If ˛ is an element of ⇡1.M/, then by the
Whitney Embedding Theorem, there is an embedding f W S

1 ! M which represents ˛. By
transversality, f is homotopic to g W S

1 ! Mreg, where Mreg is the regular part of M , that is,
the union of all principal T

k-orbits.
Thus ◆⇤ W ⇡1.D

n�k ⇥ T
k
/ D ⇡1.Mreg/ ! ⇡1.M/ is a surjection, where ◆⇤ is the homo-

morphism induced by the inclusion. Since the isotropy subgroups H.a1/; : : : ; H.ak/ span T
k

by Corollary 2.17, the determinant of the corresponding matrix is non-zero.
Let ŒHixç be the homotopy class represented by the circle Hix; x 2 Mreg. Since Hi is

the isotropy of a facet of M=T , it follows that Hix bounds a disk in M . So ŒHixç 2 ker.◆⇤/.
Hence ⇡1.M/ ä Zk

=ker.◆⇤/ ✓ Zk
=hŒH1xç; : : : ; ŒHkxçi. Since we assume ⇡1.M/ is

trivial, it is immediate that the determinant of the matrix formed by the H.a1/; : : : ; H.ak/

is ˙1 and the result follows by Lemma 2.18.

With the hypotheses as in Lemma 3.9, Corollary 2.17 tells us that the quotient space,
M=T , has at least k facets and Lemmas 2.18 and 3.9 tell us that there is a .k ⇥ k/ sub-matrix
of weights for M=T that must have determinant ˙1.

Lemma 3.10. Let the torus T
k act isometrically, effectively on a closed, simply con-

nected, n-dimensional Riemannian manifold, whose quotient space M=T is

P
n�k D

Y

i<r

†
ni ⇥

Y

i�r

Å
ni ;

and the number of facets of P
n�k is equal to k. Suppose that all singular isotropies are con-

nected and correspond to points on the boundary and all interior points correspond to principal
orbits. Then there exists a weight preserving diffeomorphism � of P

n�k taking the weight vec-
tors, πaiº, of P

n�k to π�.ai /º, where �.ai / is the unit vector with the value ˙1 in the i -th
position.

Proof. To prove the lemma, all we need to do is exhibit the isomorphism of the weights,
as �jP n�k can be taken to be the identity. Since P

n�k is homeomorphic to an .n � k/-disk,
it follows by Corollary 2.17 that the circle isotropy subgroups span T

k , and by Lemma 3.9
they must generate T

k . We then may assign a weight to each facet, corresponding to the circle
isotropy subgroup of T

k . Each weight may be written as a k-vector and we may group all the
weights in a k ⇥ k-matrix. By Lemma 2.18, the determinant of this matrix is equal to ˙1. Since
the k ⇥ k-matrix of the weights has integer entries and non-zero determinant, using the Smith
normal form, it can be made diagonal. Once it is in diagonal form, we obtain a k ⇥ k-matrix
with ˙1 entries on the diagonal, as desired.

Lemma 3.11. With the same hypotheses as in Lemma 3.10, suppose that the matrix
of weights of P

n�k is a matrix with ˙1 entries along the diagonal. Then the T
k-action has

.2k � n/ freely acting circles.

Proof. By assumption the matrix of weights of P
n�k is a matrix with ˙1 entries along

the diagonal. Hence all circle isotropy subgroups are mutually orthogonal. In order to show
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that the T
k-action has .2k � n/ freely acting circles, we claim that it suffices to find .2k � n/

pairs of opposing facets on the polytope, that is .n � k � 1/-dimensional faces that do not
intersect in any lower-dimensional faces. For each such pair of opposing facets, we consider
the diagonal circle in the subgroup of T

k generated by the corresponding isotropy subgroups of
each opposing facet, that is, we consider the diagonal circle in the corresponding T

2 generated
by the isotropies of each facet that intersects each of these isotropies trivially. Since the facets
are opposing, they will not intersect in any lower-dimensional face and hence the diagonal
circle in this subgroup will intersect all isotropy subgroups trivially and corresponds to a circle
subgroup of T

k that acts freely.
Recall that †

ni has ni facets and Å
ni has ni C 1 facets and that the number of facets

in P
n�k D Q

i<r
†

ni ⇥ Q
s

i�r
Å

ni equals the sum of the facets in each of the †
ni and Å

ni .
That is, if we let f .P

n�k
/ denote the total number of facets, then

f .P
n�k

/ D
X

i<r

.ni / C
sX

iDr

.ni C 1/ D dim.P
n�k

/ C s � r C 1;

where s � r C 1 � 0 is equal to the total number of all simplices in P
n�k . Now, since P

n�k

has k facets by assumption, this means that P
n�k contains the product of 2k � n simplices.

It is clear that †
ni , since it is the lunar suspension of a Å

ni �1, has no pairs of opposing
facets that do not intersect in a lower-dimensional face. Thus, in order to find the .2k � n/ pairs
of opposing facets, it suffices to show that for any product of .2k � n/ of the Å

ni we can find
.2k � n/ opposing facets. The product of these pairs of opposing facets with the remaining
product of lunar suspensions †

ni in P
n�k will then form the desired set of .2k � n/ pairs of

opposing facets.
We will use barycentric coordinates for the n-simplex, Å

n D P
n

iD0
si vi with vertices

v0; : : : ; vn, where .s0; : : : ; sn/ 2 RnC1,
P

n

iD0
si D 1 and si � 0 for i D 0; : : : ; n. We define

the set

Å
n�1

i
D

´
.s0; : : : ; si�1; 0; si ; : : : ; sn/ W

nX

iD0

si D 1; si � 0 for i D 0; : : : ; n

µ

corresponding to the .n � 1/-simplex to be opposite the vertex

vi D .0; : : : ; 0; 1; 0; : : : ; 0/

with 1 in the i -th coordinate.
We will denote an opposing pair of faces in P

n by .F1; F2/, where we allow the dimen-
sion of the Fi , i D 1; 2, to vary from 0 to n�1. Consider the following two canonical examples.

Example 3.12. Consider the simplex, Å
k , with k C 1 facets, arising as the quotient of

a T
kC1-action on S

2kC1. Consider the pair of opposing facets given by .Å
k�1

i
; vi /. Let T

1

i

be the isotropy subgroup corresponding to Å
k�1

i
and let T

k

i
be the isotropy subgroup cor-

responding to vi . Then it is clear that T
1

i
and T

k

i
intersect trivially in T

kC1. The diagonal
circle in T

kC1, which is generated by T
1

i
and T

k

i
, intersects all isotropy groups trivially

and hence acts freely.

Example 3.13. Consider the simplex, Å
k�l ⇥ Å

l , with k C 2 facets, arising as the quo-
tient of a T

kC2-action on S
2k�2lC1 ⇥ S

2lC1. Consider the two pairs of opposing facets given
by

.Å
k�l�1

i
⇥ Å

l
; vi ⇥ Å

l
/ and .Å

k�l ⇥ Å
l�1

j
; Å

k�l ⇥ vj /:
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Let T
1

i
be the isotropy subgroup corresponding to Å

k�l�1

i
⇥ Å

l , T
k�l

i
be the isotropy sub-

group corresponding to vi ⇥ Å
l , T

1

j
be the isotropy subgroup corresponding to Å

k�l ⇥ Å
l�1

j
,

and let T
l

j
be the isotropy subgroup corresponding to Å

k�l ⇥ vj . Then it is clear that T
1

i
and

T
k�l

i
intersect trivially in T

kC2 and so do T
1

j
and T

l

j
. The diagonal circles in

T
k�lC1 D hT 1

i
; T

k�l

i
i and in T

lC1 D hT 1

j
; T

l

j
i

intersect all isotropy groups trivially and hence act freely.

For the sake of simplicity of notation, we will prove only the case when

P
n�k D

2k�nY

iD1

Å
ni :

We will proceed by induction on the number of simplices contained in the product. The base
case is covered by Example 3.12. Let

Q
l

Å
D Q

l

iD1
Å

ni with
P

l

iD1
ni C l D k facets arising

as the quotient of a T
k-action on M

n, with free rank equal to 2k � n D l , and assume by
the induction hypothesis that on any subproduct

Q
l�1

Å
⇢ Q

l

Å
we can find .l � 1/ pairs of

opposing facets.
Without loss of generality, we let

Yl

Å
D

Yl�1

Å
⇥ Å

nl :

We denote Å
n1 ⇥ � � � ⇥ bÅnj ⇥ Å

nl by
Ql;j

Å
. Then we get l freely acting circles from opposing

facets given by °Yl;j

Å
⇥ Å

nj �1

i
;

Yl;j

Å
⇥ vi

±

for j D 1; : : : ; l � 1 and one additional one by the construction in Example 3.13 with the pair
of opposing facets given by

°Yl�1

Å
⇥ Å

nl �1

i
;

Yl�1

Å
⇥ vi

±
:

Hence we get l pairs of opposing facets, as desired.

Recall that given an n-dimensional homology polytope P , we associate to it the moment
angle manifold, ZP (see Definition 2.25). Note that since the †

ni are lunar suspensions of
simplices Å

ni �1, we may define the barycenter of any †
ni to be the corresponding barycenter

of the Å
ni �1 over which we suspend to obtain †

ni . The barycenter of P is then defined to
be the n-tuple of the barycenters of each †

ni and Å
nj in the product. It is then clear that

a homology polytope of the form P D Q
i<r

†
ni ⇥ Q

i�r
Å

ni admits a conical decomposition
by taking the barycenter of P to be the cone point for each of the cones over the facets. Further,
by Remark 2.26, we see that the T

k-action on ZP is locally standard. Hence, the following
lemma now follows by a direct application of Theorem 3.2.

Lemma 3.14. Let � be the weight preserving diffeomorphism of Lemma 3.10 and let
Z�.P n�k/ be the moment angle manifold corresponding to �.P

n�k
/. Then the T

k-action on
Z�.P n�k/ admits a cross-section.
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The existence of a locally standard action implies that all singular isotropies are con-
nected and correspond to points on the boundary and all interior points correspond to principal
orbits. So we may apply Lemma 3.10, Lemma 3.14, and Lemma 3.11, in combination with the
Cross-Sectioning Theorem 3.2 and the Equivariant Classification Theorem 3.7 to obtain the
following theorem.

Theorem 3.15. Let T
k act isometrically, effectively on a closed, simply connected,

n-dimensional Riemannian manifold, whose quotient space M=T is

P
n�k D

Y

i<r

†
ni ⇥

Y

i�r

Å
ni ;

and the number of facets of P
n�k is equal to k. Suppose that the T

k-action is locally standard.
Then there exists an equivariant diffeomorphism between M and NM , where NM D Z�.P n�k/

admits a freely acting torus of rank 2k � n and � is the weight preserving diffeomorphism of
Lemma 3.10.

4. Almost non-negative curvature and locally standard actions

In this section, using a generalization of work of [56], we extend a result of [58] that
allows us to determine when a torus manifold with non-negatively curved quotient space is
locally standard.

In fact, one can see from the proof of Theorem 2.31, that in order to obtain the disk
bundle decomposition, we only need assume that M is closed and the quotient M=G is a non-
negatively curved Alexandrov space. That is, we can reformulate Theorem 2.31, as follows.

Theorem 4.1. Assume that G acts fixed point homogeneously on a closed Riemannian
manifold M such that M=G is a non-negatively curved Alexandrov space. Let F be a fixed
point component of maximal dimension. Then there exists a smooth submanifold N of M ,
without boundary, such that M is diffeomorphic to the normal disk bundles D.F / and D.N /

of F and N glued together along their common boundaries

M D D.F / [� D.N /:

Further, N is G-invariant and all points of M n πF [ N º belong to principal G-orbits.

One can also see from the proof of Proposition 2.32, that its hypotheses can be weakened
to assume only that M is closed and the quotient M=G is a non-negatively curved Alexandrov
space as follows.

Proposition 4.2. Assume that M is a closed, simply connected torus manifold and let
M; N and F be as in Theorem 4.1. Then N has codimension greater than or equal to 2 and F

is simply connected.

Let G act on M
n, a closed Riemannian manifold. Then the following lemma shows that

G-invariant components of the fixed point set of any subgroup H ⇢ G descend to Alexandrov
spaces with the same lower curvature bound as the orbit space M=G. In particular, this result
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gives a refinement of work of Grove, Moreno and Petersen [20], showing that �.M=G/ is an
Alexandrov space with the same lower curvature bound as the orbit space M=G.

Lemma 4.3. Let M be a closed Riemannian manifold with an isometric G-action. For
any G-invariant component F ⇢ M

H , H ⇢ G, the quotient space, F=G, is an Alexandrov
space with the same lower curvature bound as M=G.

Proof. Since M is a closed Riemannian manifold, it has a positive injectivity radius,
which we denote by ✏ > 0. The fixed point set component F is a closed, totally geodesic
submanifold. Being totally geodesic, it is ✏-convex, that is, any geodesic of length less than ✏

between points p; q 2 F lies entirely in F (see Gromoll and Grove [19]). Moreover, by the
assumption on the injectivity radius, this geodesic will be unique. Since F is a closed submani-
fold of M , it follows that F=G is a compact Alexandrov space, possibly with boundary.

Now let Np; Nq 2 F=G such that Nq 2 B✏. Np/. Let N� be a shortest geodesic between Np and
Nq in M=G. Then N� lifts to a horizontal geodesic � , between p and q, the inverse images of Np
and Nq. But since N� and hence � are of length less than ✏, � is entirely contained in F . But this
means that N� is entirely contained in F=G. Thus F=G is ✏-convex in M=G. Since a subset,
Y , of an Alexandrov space, X , that is itself an Alexandrov space and is ✏-convex will satisfy
local triangle comparison, it follows that Y will have the same lower curvature bound as X .
Therefore F=G has the same lower curvature bound as M=G.

Since fixed point set components of subtori are invariant under the full torus action, the
proof of the following generalization of Lemma 6.3 of [58], which we leave to the reader, now
follows by Lemma 4.3 and the same arguments as in the proof of Lemma 6.3 in [58], using
induction on the dimension of M .

Theorem 4.4. Let M be a closed, simply connected, torus manifold and assume that
M=T is a non-negatively curved Alexandrov space. Then M is locally standard and M=T and
all its faces are diffeomorphic (after smoothing the corners) to standard disks. In particular,
H

odd
.M/ D 0.

One can also generalize Theorem 2.33 for the class of manifolds considered in Theo-
rem 4.4. The only element in the proof of Theorem 2.33, that we have not already generalized
to this class of manifolds and which is curvature dependent is Lemma 4.2 of [58]. However, it is
clear that Lemma 4.2 of [58] does hold, since we require the quotient space to be non-negatively
curved for this class of manifolds, and thus, one can still apply Lemma 4.1 of [18] to obtain
the result. Thus, combining our Theorems 4.1 and 4.4, along with Lemmas 6.4, 6.7, 6.8 of [58]
and an argument from the proof of Theorem 4.1 in [58], yields the following theorem.

Theorem 4.5. Let M be a closed, simply connected, torus manifold and assume that
M=T is a non-negatively curved Alexandrov space. Then M is equivariantly diffeomorphic to
the quotient of a product of spheres of dimensions greater than or equal to 3 by a free, linear
torus action.

Remark 4.6. Using Theorem B of Searle and Wilhelm [54], which allows one to lift
a metric of almost non-negative curvature to a G-manifold M , provided M=G is almost non-
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negatively curved, we note that M as above admits a G-invariant family of metrics of almost
non-negative curvature. So Theorem 4.1 and Proposition 4.2, hold for the class of G-invariant
almost non-negatively curved manifolds with non-negatively curved quotient spaces. More-
over, Theorems 4.4 and 4.5 also hold for the class of G-invariant almost non-negatively curved
manifolds with non-negatively curved quotient spaces.

5. A general lower bound for the free rank

In order to establish the lower bound for the free rank, we first need the following propo-
sition, which establishes the existence of a T

k fixed point when the torus action has no circle
subgroup acting almost freely.

Proposition 5.1. Let T
k act isometrically on X

n, a closed n-dimensional Alexandrov
space with a lower curvature bound. Suppose that no circle subgroup acts almost freely, or
equivalently that every element t 2 T

k has a fixed point. Then T
k has a fixed point.

The proof uses the same ideas as the proof of Lemma 5.5 of Harvey and Searle [26].
However, since it is short, we include it here for the sake of completeness.

Proof. Consider a dense 1-parameter subgroup of T
k , and within it an infinite cyclic

subgroup. By assumption, every element t 2 T
k has a fixed point. Thus the cyclic subgroup

fixes a point. As we move the generator of the cyclic subgroup towards the identity, we gen-
erate a sequence of fixed points in X , and any limit point of that sequence will be fixed by
the torus.

The following proposition establishes a lower bound for the free rank of a general iso-
metric torus action on an Alexandrov space with an arbitrary lower curvature bound.

Proposition 5.2. Let T
k act isometrically and effectively on X

n, a closed Alexandrov
space with a lower curvature bound, and k � bnC1

2
c. Then the free rank of the T

k-action is
greater than or equal to 2k � n.

Proof. Let T
l ⇢ T

k be the largest subtorus that acts almost freely, and suppose that
l < 2k � n. Since l < 2k � n, it follows that

k � l >
n � l

2
�

�
n � l

2

⌫
:

Now T
k�l ä T

k
=T

l acts on X
n�l D X

n
=T

l , a closed Alexandrov space with the same lower
curvature bound, and no circle subgroup of T

k�l acts almost freely on X
n�l . By Lemma 5.1,

there is a point Np 2 X
n�l fixed by T

k�l . So, there is an action of T
k�l on † Np, the unit

normal space of directions to this orbit, which is itself a closed Alexandrov space of dimension
n � l � 1 with curvature bounded below by 1. The Maximal Symmetry Rank Theorem for
positively curved Alexandrov spaces in [26] states that for a rank j torus action on X

m, as is
also true in the manifold case, j  b1

2
.m C 1/c. We then have k � l  bn�l

2
c, a contradiction.

Hence the bound holds.
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Combining Propositions 5.1 and 5.2 with Corollary II.6.3 of [2] yields the following:

Corollary 5.3. Let T
k act isometrically and effectively on M

n, a closed, simply con-
nected, non-negatively curved Riemannian manifold, with k � bnC1

2
c. Suppose that the free

rank of the action is less than or equal to 2k � n. Then, the following hold:

(1) If the free dimension is equal to the free rank, then the quotient space,

M
2n�2k D M

n
=T

2k�n
;

admits a T
n�k-action and is a closed, simply connected, torus manifold of non-negative

sectional curvature.

(2) If the free dimension is not equal to the free rank, then the quotient space,

X
2n�2k D M

n
=T

2k�n
;

admits a T
n�k-action and is a closed, simply connected, non-negatively curved (in the

Alexandrov sense) torus orbifold.

6. Proof of Theorem A

In this section, we first establish in Proposition 6.1 that in the presence of non-negative
curvature, an isometric, effective, and isotropy-maximal T

k-action on an n-manifold is locally
standard, a result which is key in the proof of Part (2) of Theorem A.

We then proceed to prove Part (2) of Theorem A, as the proof of Part (1) of Theorem A
will follow once we have established the proof of Part (2). The strategy for the proof of Part (2)
of Theorem A, is to consider two cases: Case (1), where the free dimension equals the free
rank, and Case (2), where the subtorus corresponding to the free rank acts almost freely, but
not freely.

6.1. Isotropy-maximal torus actions. As mentioned above, before we begin with the
proof of Part (2) of Theorem A, we first show that isotropy-maximal torus actions behave nicely
in the presence of non-negative sectional curvature.

Proposition 6.1. Let T
k act isometrically, effectively and isotropy-maximally on M

n,
a closed, simply connected, non-negatively curved Riemannian manifold. Then the following
are true:

(1) The torus action on M is locally standard, in particular, M=T is a nice manifold with
corners, such that the isotropy groups are constant on all open faces of M=T .

(2) All closed faces of M=T are diffeomorphic to standard disks, after smoothing the cor-
ners.

Proof. The proof follows along the same lines as the proof of Lemma 6.3 in [58] and
is by induction on the dimension of the orbit space, that is, the cohomogeneity of the action.
The anchor of the induction is when the cohomogeneity of the torus action is one. In this case,
we note that a cohomogeneity one T

k-action on a closed, simply-connected n-manifold is only
possible for 2  n  3 by work of Pak [47] (cf. Parker [49]). Part (2) follows immediately as
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the quotient space is an interval. To see Part (1), we note that the only possible manifold under
consideration is a sphere and the action is equivariantly diffeomorphic to the standard linear
action which is clearly locally standard.

We may now proceed to assume the result holds for an isometric, effective T
k-action of

cohomogeneity strictly less than n � k on a closed, simply-connected non-negatively curved
n-manifold. We note that since the principal orbits of the T

k-action are dense in M
n, any

T
k-invariant submanifold of M

n fixed by a subtorus has orbit space of dimension strictly less
than n � k, that is the induced torus action is of cohomogeneity strictly less than n � k. For
simplicity of notation, let T denote the torus T

k throughout. Let T .x/ be a minimal orbit
in M . Then there is a codimension two submanifold F ⇢ M fixed by a circle subgroup C of T

containing T .x/. Note that the action of T=C on F is isotropy-maximal. By Theorem 2.31,
M admits an equivariant disk bundle decomposition as

M D D.F / [E D.N /;

and by Lemma 3.29 of [56], we have that codim.N / � 2.
We split the proof into two cases: Case (1), where codim.N / � 3, and Case (2), where

codim.N / D 2.

Case (1). In the case where codim.N / � 3, as in the proof of Part (2) of Proposition 6.2
of [18], we see that F must be simply-connected as follows. Let � be a loop in F . Since M

is simply connected, � bounds a 2-disk, D
2. Since codim.N / � 3, by transversality, we can

perturb D
2 so as to lie in the complement of D.N /, while keeping � D �D2 in F . Since D

2

lies in D.F /, it deformation retracts onto F and the conclusion follows.
We can now apply the induction hypothesis to F , as it is a closed, simply-connected, non-

negatively curved manifold with an isometric, effective, and isotropy-maximal torus action of
cohomogeneity strictly less than n � k. We then get that the action of T=C on F is locally
standard and F=T and all of its faces are standard disks. Observe that E is a C -bundle over F .
Let x

0 2 E such that ⇡.x
0
/ D x. The orbit T .x

0
/ in E is an orbit of type T=T

0, where T
0

is some codimension one subtorus of Tx such that Tx D C ⇥ T
0. Since the T

0-action on F

is locally standard and T .x/ is a minimal orbit, there is a neighborhood of T .x
0
/ which is

equivariantly diffeomorphic to T=T
0 ⇥ W ⇥ R, where W is a faithful T

0-representation of
dimension 2 dim.T

0
/ and T acts trivially on R. Note that this R-factor is normal to E. Let

T .y/ be the projection of the orbit T .x
0
/ to N . Since dim.T .x

0
// D dim.T .x// C 1 there are

two cases:

(1.a) T .y/ is a minimal orbit, that is, dim.T .y// D dim.T .x//, or

(1.b) T .y/ is not a minimal orbit, that is, dim.T .y// D dim.T .x// C 1.

Assume first that we are in Case (1.a). Then T .y/ is a minimal orbit. Moreover, a neigh-
borhood of T .y/ is equivariantly diffeomorphic to T=Ty ⇥ W ⇥ C where Ty=T

0 acts on C by
rotation and C is normal to N . Since N is an invariant submanifold, it follows that N is a fixed
point component of some subtorus T

00 such that Ty ⇢ T
00 ⇢ T . Since T .y/ is a minimal orbit,

it follows that N is contained in some codimension two submanifold F
0 fixed by a circle sub-

group of T . Applying the above arguments for F
0 instead of F , we see that the action on F

0

is locally standard and that F
0
=T and each face of F

0
=T is diffeomorphic to a standard disk

after smoothing corners. In particular, this is also true for the action on N . The rest of this case
is as in the first case of the proof of Lemma 6.3 of [58].
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In Case (1.b), T
0 is the identity component of Ty . As in the proof of Lemma 6.3 of [58], it

follows that C acts freely on N . Moreover, N is fixed by a torus T
00 ⇢ T

0 with the property that
codim.N / D 2 dim.T

00
/ C 1. Hence it follows that N=C is a closed, non-negatively curved,

simply connected manifold with an isotropy-maximal torus action of cohomogeneity strictly
less than n � k, and so the induction hypothesis applies to N=C . To show that the action is
locally standard on M and that all closed faces of M=T are diffeomorphic to standard disks,
after smoothing the corners then follows as in [58].

Case (2). Note that in this case we only know that ⇡1.F / is cyclic by Theorem 3.1
of [12]. There are two cases:

(2.a) the fundamental group of F is Zk for some k 2 Z, or

(2.b) the fundamental group of F is Z.

In Case (2.a), the argument for Case (1) can be applied to eF , the universal cover of F ,
with the lifted torus action. Theorem I.9.1 of [2] shows that eF =T D F=T and that the isotropy
subgroups will be the same, since the cover has a finite number of sheets. The rest of the
argument then proceeds as in Case (1).

In Case (2.b), eF , the universal cover of F , splits metrically as the product of NF n�3 ⇥ R,
where NF n�3 is a closed, non-negatively curved, simply connected manifold by the Splitting
Theorem of Cheeger and Gromoll [6], and the induced T

k�1-action lifts to either a T
k�1 or a

T
k�2 ⇥ R isometric action with largest isotropy subgroup of rank T

n�kC1 by Theorem I.9.1
of [2]. By work of Hano [25], the isometry groups of eF split into the product of the isometry
groups of the factors. So, if the lifted group is T

k�1, this implies that the group acts trivially on
the R factor, and thus that T

k�1 fixes a 1-dimensional submanifold of F , a contradiction to the
fact that the action is isotropy-maximal. Thus the lifted action is T

k�2 ⇥ R and the R-action
is trivial on NF n�3 and free on R, while the T

k�2-action is isotropy-maximal on NF n�3 and
trivial on the R factor. Now . NF ⇥ R/=.T

k�2 ⇥ R/ D NF =T
k�2. Since the T

k�2-action on NF
is isotropy-maximal, the induction hypothesis implies that NF =T

k�2 and all of its faces are
diffeomorphic to disks.

It remains to show that ÅF =.T
k�2 ⇥ R/ is diffeomorphic to F=T

k�1. To this end, by
letting p W ÅF ! F , pF W F ! F=T

k�1, and p ÅF W ÅF ! ÅF =.T
k�2 ⇥ R/, it follows that the

induced map

pF ı p ı p
�1

ÅF
W ÅF =.T

k�2 ⇥ R/ ! F=T
k�1

is a surjective local homeomorphism between compact Hausdorff spaces, hence it is a covering
map. Since ÅF =.T

k�2 ⇥ R/ is diffeomorphic to a disk, it must be a regular covering map. If the
covering is m-sheeted, then there exists a non-trivial element in the deck group acting on m

points of the fiber. But by Brouwer’s fixed point theorem any such transformation should have a
fixed point in the disk, so it must be trivial, as all deck transformations act freely. Hence m D 1

and pF ı p ı p
�1

ÅF
is a diffeomorphism (after smoothing the corners) and the result follows.

Once again, the rest of the proof then follows as in [58].

6.2. The proof of Part (2) of Theorem A. Recall that in Theorem A we have an iso-
metric and effective T

k-action on M
n, a closed, simply connected, non-negatively curved

Riemannian manifold. Moreover, we assume that the T
k-action is isotropy-maximal, that is,

the free rank is equal to 2k � n.
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As mentioned earlier, we split the proof into two separate cases: Case (1), where the free
dimension equals the free rank, and Case (2), where the subtorus corresponding to the free
rank acts almost freely, but not freely. In both cases there are two further subcases: Subcase (a),
where the rank of the action is equal to the number of facets of the orbit space M

n
=T

k , and
Subcase (b), where the rank of the action is strictly less than the number of facets of the orbit
space M

n
=T

k .

6.2.1. Proof of Case (1) of Part (2) of Theorem A. For the sake of simplicity and
consistency of notation in what follows, we set the rank k of the torus action to be n C p and
the dimension n of the manifold to be 2n C p, that is, we set

´
k 7! n C p;

n 7! 2n C p:

Thus, we consider a T
nCp-action on M

2nCp with free rank equal to p and dim.M=T / D n.
Recall that we assume here that the free dimension of the torus action is equal to the free rank.
As detailed above, we now break the proof into two cases.

Case (1.a): The number of facets of M=T is equal to the rank of the torus action.

We first consider the following more general situation: let M
2nCp be a closed, simply con-

nected, principal T
p-bundle over N

2n, where N
2n has a locally standard, smooth T

n-action
with orbit space P

n as in Display (2.32.1) and the number of facets of P is equal to n C p. In
the following theorem we show that such an M is equivariantly diffeomorphic to the moment
angle manifold ZP as in Display (2.33.1).

Theorem 6.2. Let M
2nCp be a closed, simply connected, principal T

p-bundle over
a manifold N

2n, where N
2n has a locally standard, smooth T

n-action with orbit space P
n

as in Display (2.32.1) and n C p facets. Then M
2nCp is equivariantly diffeomorphic to the

moment angle manifold ZP .

Proof. Since M is a principal T
p-bundle over N , it is clear that the T

nCp-action on M

is locally standard. Then Theorem 3.15 establishes that M is equivariantly diffeomorphic
to Z�.P / D ZP , the moment angle manifold corresponding to �.P /, where � W P ! �.P /

is the weight preserving diffeomorphism of Lemma 3.10, as desired. The diagram

M
2nCp

=T
nCp

��

ä
//

=T
p

✏✏

Z
2nCp

P

=T
p

zz

N
2n

=T
n

✏✏

P
n

illustrates this case.

We now observe that if M
2nCp is a closed, simply connected, non-negatively curved

manifold, admitting an isotropy-maximal T
nCp-action then Part (1) of Corollary 5.3 tells us
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that N
2n D M

2nCp
=T

p, the quotient of M
2nCp by the free T

p-action, is a non-negatively
curved torus manifold. Lemma 2.34 gives us that the torus action on N is locally standard.
Proposition 2.35 tells us that the orbit space of N , P D M

2nCp
=T

nCp D N
2n

=T
n, is a prod-

uct of simplices and lunar suspensions, as in Display (2.32.1).
The following corollary of Theorem 6.2 is then immediate, thus proving Case (1.a) of

Part (2) of Theorem A.

Corollary 6.3. Let M
2nCp be a closed, simply connected, non-negatively curved mani-

fold admitting an isotropy-maximal T
nCp-action with free rank equal to the free dimension and

such that the orbit space P
n has n C p facets. Then P

n is as in Display (2.32.1) and M
2nCp

is equivariantly diffeomorphic to the moment angle manifold ZP .

Case (1.b): The number of facets is strictly greater than the rank of the torus action.

Again, we consider the following more general situation: let M
2nCp be the total space of

a closed, simply connected, principal T
p-bundle over N

2n, where N
2n has a locally standard,

smooth T
n-action with orbit space P

n as in Display (2.32.1) and the number of facets of
P

n is strictly greater than n C p, with p > 0. The following theorem establishes that such
a manifold M is equivariantly diffeomorphic to the quotient of the moment angle manifold ZP

by a free, linear torus action.

Theorem 6.4. Let M
2nCp be a closed, simply connected principal T

p-bundle over the
manifold N

2n, where N
2n has a locally standard, smooth T

n-action with orbit space P
n as in

Display (2.32.1), with m facets, where m > n C p. We further assume that the bundle of prin-
cipal orbits is trivial. Then there is a smooth, principal T

m�n�p-bundle ⇡ W Y
nCm ! M

2nCp,
with Y

nCm a closed, simply connected manifold that is T
m-equivariantly diffeomorphic to the

moment angle manifold ZP . Thus M
2nCp is equivariantly diffeomorphic to the quotient of ZP

by a T
m�n�p-action.

Proof. Since M is a principal T
p-bundle over N

2n, and H
2
.N

2n
/ ä Zm�n (see, for

example, [4, Theorem 7.4.35]), using the Leray–Serre spectral sequence or the homotopy
sequence for the bundle, we obtain that H

2
.M I Z/ contains Zm�n�p as a subgroup. Recall

that if Y is a principal T
m�n�p-bundle over M , then it is classified by homotopy classes of

maps of M into BT
m�n�p, hence by ŒM; BT

m�n�p
ç. Since

ŒM; BT
m�n�p

ç ä ŒM; BS
1
ç ⇥ � � � ⇥ ŒM; BS

1
ç ä

m�n�pM

iD1

H
2
.M I Z/;

and H
2
.M I Z/ is non-trivial, it follows that there is a non-trivial principal T

m�n�p-bundle
over M , Y

mCn.
We now use the fact that Y is a T

m�n-principal bundle over N
2n, since in the category

of finite-dimensional manifolds the composition of two principal bundles is again a principal
bundle (see, for example, McKay [39]).

We must now show that Y
mCn can be chosen to be simply connected. To do so, we apply

the argument used in the proof of Proposition 6.4 in [9] to show that H1.Y / is trivial. Since Y is
a principal T

m�n�p-bundle over M and M is simply connected, it follows from the long exact
sequence in homotopy associated to the fibration that ⇡1.Y / is abelian. Since H1.Y / D 0, this
implies that ⇡1.Y / D 0.
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Since Y is simply connected, this means that we are now in the setting of Theorem 6.2.
Hence Y

mCn is equivariantly diffeomorphic to the moment angle manifold ZP as claimed.
The diagram

Y
nCm ä

//

=T
m�n�p

✏✏

Z
nCm

P

=T
m�n�p

uu

=T
m�n

uu

M
2nCp

=T
nCp

��

=T
p

✏✏

N
2n

=T
n

✏✏

P
n

illustrates this case.

As in Case (1.a), given M
2nCp a closed, simply connected, non-negatively curved mani-

fold admitting an isotropy-maximal T
nCp-action with free rank equal to the free dimension

and such that the orbit space P
n has m facets where m > n C p, it follows that the quotient of

M by the free T
p-action is a non-negatively curved torus manifold with a locally standard torus

action whose orbit space P is as in Display (2.32.1). The following corollary of Theorem 6.4
is then immediate, thus proving Case (1.b) of Part (2) of Theorem A.

Corollary 6.5. Let M
2nCp be a closed, simply connected, non-negatively curved mani-

fold admitting an isotropy-maximal T
nCp-action with free rank equal to the free dimension

and such that the orbit space P
n has m facets where m > n C p. Then there is a smooth

principal T
m�n�p-bundle ⇡ W Y

nCm ! M
2nCp. Further, Y

nCm is simply connected and is
T

m-equivariantly diffeomorphic to the moment angle manifold ZP . Thus M
2nCp is equivari-

antly diffeomorphic to the quotient of ZP by a free, linear T
m�n�p-action.

6.2.2. The proof of Case (2) of Part (2) of Theorem A. In this subsection we prove
Case (2) of Part (2) of Theorem A, namely when the free dimension does not equal the free
rank. Again, for the sake of simplicity and consistency of notation in what follows, we set the
rank k of the torus action to be n C p and the dimension n of the manifold to be 2n C p,
that is, we set ´

k 7! n C p;

n 7! 2n C p:

Thus, we consider a T
nCp-action on M

2nCp with free rank equal to p and dim.M=T / D n.
Recall that by Corollary 5.3, M

2nCp
=T

p D X
2n is a non-negatively curved torus orbifold

admitting a T
n isometric action.

Applying Theorem 2.36, we see that M
2nCp is rationally elliptic. For quotients of ratio-

nally elliptic manifolds admitting almost free torus actions, we have the following observation.

Observation 6.6. Let M be a closed, rationally elliptic manifold admitting an effective,
almost free torus action. Then M=T is a closed, rationally elliptic orbifold.
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Proof. The simple connectivity of M=T follows directly from Corollary II.6.3 of [2].
In addition, since M=T is closed, the finiteness condition on the rational cohomology groups
is automatically satisfied.

Moreover, since M is rationally elliptic, the long exact sequence in homotopy associated
to the fibration

T ,! M ! M ⇥T ET

tells us that the finiteness condition on the rational homotopy groups of M ⇥T ET is satisfied.
The long exact sequence in homotopy associated to the fibration

ET ,! M ⇥T ET ! M=T;

obtained by projection onto the first factor, implies that ⇡i .M ⇥E ET / ä ⇡i .M=T / for all
i � 1. Hence M=T is rationally elliptic.

By Observation 6.6, M
2nCp

=T
p D X

2n is a simply connected, rationally elliptic (non-
negatively curved) torus orbifold. The proof of Theorem 2.30 shows that the face poset of M=T

is combinatorially equivalent to that of the face poset of P , where P is as in Display (2.32.1).
Then Theorem 4.2 of [9] gives us that M=T is as in Display (2.32.1).

Case (2.a): The number of facets of M=T is equal to the rank of the torus action.

We have seen that the orbit space, M=T D P , is as in Display (2.32.1) and by Proposition 6.1,
the torus action on M is locally standard. It then follows by the Equivariant Cross-Sectioning
Theorem 3.2 that a cross-section for the action on M exists. Further, by Theorem 3.15, it
follows that M is equivariantly diffeomorphic to NM D Z NP n with the product metric, admitting
an isometric, effective action of T

nCp with free dimension p, and NN 2n D NM=T
p is a torus

manifold of non-negative curvature. We summarize this result in the following proposition.

Proposition 6.7. Let M
2nCp be a closed, simply connected, non-negatively curved

manifold admitting an isotropy-maximal T
nCp-action with free rank equal to p and such

that the orbit space P
n has n C p facets. Then M

2nCp is equivariantly diffeomorphic to the
moment angle manifold ZP .

The diagram

M
2nCp

=T
nCp

��

=T
p

✏✏

ä
// NM

2nCp ä
//

=T
p

✏✏

Z NP n D ZP n

=T
p

xx

X
2n

=T
n

✏✏

NN 2n

=T
n

✏✏

P
n ä

// NP n

illustrates this case.

Case (2.b): The number of facets of M=T is strictly greater than the rank of the

torus action. Let m be the number of facets of M=T D P , with m � n � p > 0. It follows



Escher and Searle, Torus actions, maximality, and non-negative curvature 257

from the proof of Theorem 2.30 that M has the rational homotopy type of the base of a principal
T

m�n�p-bundle with total space the corresponding moment angle manifold, which is a product
of spheres of dimensions greater than or equal to 3. In particular, using the long exact sequence
in homotopy, this tells us that H

2
.M

2nCpI Z/ is isomorphic to Zm�n�p. Note that principal
T

m�n�p-bundles over M are classified by m�n�p elements ˇ1; : : : ; ˇm�n�p 2 H
2
.M I Z/.

Here each ˇi can be described as the Euler class of the oriented circle bundle

Y=T
m�n�p�1 ! M;

where Y is the total space and T
m�n�p�1 ⇢ T

m�n�p is the subtorus with the i -th T
1-factor

deleted. It follows that there exists a T
m�n�p-principal bundle over M

2nCp with total space
Y

nCm, a closed, simply connected Riemannian manifold. Further, by Theorem 2.39, Y
nCm

admits a family of almost non-negatively curved metrics and by construction, its quotient space
is non-negatively curved.

As in Case (2.a), using Proposition 6.1, the Equivariant Cross-Sectioning Theorem 3.2,
and Theorem 3.15, it follows that Y

nCm is equivariantly diffeomorphic to NY nCm, and that
NY nCm admits an isometric and effective T

m-action with free dimension equal to m � n. More-
over, NY nCm, with the pullback metric from the product metric on Z NP n , is non-negatively
curved. We can now apply Corollary 6.5 to conclude that NM

2n is the quotient of a free torus
action on NY nCm, which is equivariantly diffeomorphic to the moment angle manifold ZP .
Since NY nCm is equivariantly diffeomorphic to Y

nCm, by commutativity of the diagram, we
can then conclude that M is equivariantly diffeomorphic to the quotient of the moment angle
manifold ZP by a free torus action.

Hence NM
2n D NN nCm

=T
m�n is a non-negatively curved torus manifold. We summarize

this result in the following proposition.

Proposition 6.8. Let M
2nCp be a closed, simply connected, non-negatively curved

manifold admitting an isotropy-maximal T
nCp-action with free rank equal to n C p and such

that the orbit space P
n has m facets, where m > n C p. Then there is a smooth principal

T
m�n�p-bundle ⇡ W Y

nCm ! M
2nCp. Further, Y

nCm is simply connected and is T
m-equiv-

ariantly diffeomorphic to the moment angle manifold ZP . Thus, M
2nCp is equivariantly

diffeomorphic to the quotient of ZP by a free T
m�n�p-action.

The diagram

Y
nCm

=T
m�n�p

✏✏

ä
// NY nCm

=T
m�n

✏✏

ä
// Z NP n D ZP n

=T
m�n

||

M
2nCp

=T
nCp

��

=T
p

✏✏

X
2n

=T
n

✏✏

NN 2n

=T
n

✏✏

P
n ä

// NP n

illustrates this case.
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Propositions 6.7 and 6.8 give us that M
2nCp is equivariantly diffeomorphic to the quo-

tient of the moment angle manifold ZP by a freely acting torus, where P D M=T . So, in
order to finish the proof of Case (2) of Part (2) of Theorem A, it only remains to show that the
T

m�n�p-action on ZP is linear.
We use the cross-sections c1 and c2 given by the Equivariant Cross Sectioning Theo-

rem 3.2 to construct an equivariant diffeomorphism from M
2nCp to NM

2nCp. Then

M
2nCp ä NM

2nCp ä Z NP n=T
m�n�p

and T
m�n�p is a free linear action since it is subaction of the free linear action of T

m on Z NP n .
The diagram

Y
nCm

=T
m�n�p

✏✏

ä
// NY nCm

=T
m�n�p

✏✏

⇤⇤

ä
// Z NP n D ZP n

=T
m�n

}}

M
2nCp

=T
p

✏✏

ä
// NM

2nCp

✏✏

X
2n

=T
n

✏✏

NN 2n

=T
n

✏✏

P
n

c1

FF

ä
// NP n

c2

FF

illustrates this case.
This completes the proof of Part (2) of Theorem A.

6.3. The proof of Part (1) of Theorem A. We now prove the upper bound of Part (1)
of Theorem A, while noting that the lower bound follows immediately from the definition of
an isotropy-maximal action.

Moreover, while we can simply appeal to results in [15] to prove the upper bound on the
rank, we will give a constructive proof, as it is straightforward and quite simple.

We assume then that k D b2n

3
c C s, with s > 0 to obtain a contradiction. Since the action

is isotropy-maximal, the free rank is equal to 2k � n and in particular, we see that

X
2n�2k D M

n
=T

2k�n

is a torus orbifold. By Part (2) of Theorem A, M
n is equivariantly diffeomorphic to the free,

linear quotient by a torus of a product of spheres of dimension greater than or equal to 3.
This product of spheres can have dimension at most 3n � 3k. So, n must be less than or equal
to 3n � 3k. However, a simple calculation shows that for s � 1,

3n � 3k  n C 2 � 3s < n;

which gives us a contradiction. Hence k  b2n

3
c, and the result is proven.

This concludes the proof of Theorem A.
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7. Almost isotropy-maximal is isotropy-maximal for k � b2n
3

c

In this section we establish that for a closed, simply-connected, non-negatively curved
n-manifold, an almost isotropy-maximal T

k-action is, in fact, isotropy-maximal if the rank of
the action is greater than or equal to b2n

3
c. This gives us an extension of Theorem A to almost

isotropy-maximal actions with rank greater than or equal to b2n

3
c.

Theorem 7.1. Let the torus T
k act isometrically, effectively and almost isotropy-maxi-

mally on M
n, a simply connected, closed, non-negatively curved Riemannian n-manifold, with

k � b2n

3
c. Then the action is isotropy-maximal and k D b2n

3
c.

Before we begin the proof of Theorem 7.1, we first need the following topological result
for manifolds admitting a disk bundle decomposition. Here we let rk.G/ denote the number
of Z factors in the finitely generated abelian group G.

Lemma 7.2. Let M be a manifold with rk.H1.M I Z// D k, k 2 ZC. If M admits a disk
bundle decomposition

M D D.N1/ [E D.N2/;

where N1, N2 are smooth submanifolds of M , and N1 is orientable and of codimension two,
then both rk.H1.N1I Z// and rk.H1.N2I Z// are less than or equal to k C 1.

Proof. It follows from the Mayer–Vietoris sequence of the decomposition and the hypo-
thesis on the rank of H1.M/ that the sequence

(7.2.1) H1.E/ ! H1.N1/ ˚ H1.N2/ ! Zk ˚ Ä ! 0

is exact, where Ä is a finite abelian group. Since E is a circle bundle over N1, it follows from
the Gysin sequence for homology that rk.H1.E//  1 C rk.H1.N1//. The same statement
follows for rk.H1.N2// since E is either a circle or sphere bundle over N2. Using these facts
and the exactness of the sequence in Display (7.2.1), it follows that

rk.H1.N1// C rk.H1.N2// � k  rk.H1.E//  rk.H1.N1// C 1;

rk.H1.N1// C rk.H1.N2// � k  rk.H1.E//  rk.H1.N2// C 1;

and the lemma is proven.

Proof of Theorem 7.1. Note that once we have shown that the action is indeed isotropy
maximal, Theorem A gives us that k D b2n

3
c.

The proof is by contradiction. Let x 2 M belong to an almost minimal orbit,

T .x/ ä T
k
=T

n�k�1 D T
m

;

where m D 2k � n C 1. Then Tx ä T
n�k�1 acts on the unit normal S

2n�2k�2 to T .x/, and
this action is both isotropy-maximal and of maximal symmetry rank. In fact, both the isotropy
and the torus action are nested S

1-fixed point homogeneous. That is, there is a nested tower of
fixed point sets containing the smallest orbit T

m, as follows:

T
m ⇢ N

mC1 ⇢ N
mC3 ⇢ � � � ⇢ N

n�2 ⇢ N
n D M

n
;
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and T
m and N

mC1 are both fixed by T
k�m. Note that since M

n is nested S
1-fixed point

homogeneous, each N
l is a non-negatively curved S

1-fixed point homogeneous manifold. So
it follows by Theorem 2.31 that each N

l admits a disk bundle decomposition as in the statement
of Lemma 7.2, that is, N

l D D.N1/ [ D.N2/, where N1 D N
l�2.

The induced action of T
k
=T

k�m D T
m on N

mC1 is by cohomogeneity one. We claim
that this action must have circle isotropy, which in turn implies that the action of T

k must
have been isotropy-maximal to begin with. If it does not, then by the classification of coho-
mogeneity one torus actions (see work of Mostert [40], Neumann [41], [49], and [47]), N

mC1

is equivariantly diffeomorphic to T
mC1 and has first integer homology group ZmC1. How-

ever, applying Lemma 7.2 successively to each N
l containing N

mC1 in the tower for a total
of n�m�1

2
D k � m times, we see that the number of Z factors in H1.N

mC1I Z/ must be less
than or equal to k � m. Note that k � m < m C 1 if and only if k � b2n

3
c, giving us the desired

contradiction.

With this result, we now obtain the following extension of Part (2) of Theorem A.

Theorem 7.3. Let T
k act isometrically and effectively on M

n, a closed, simply con-
nected, non-negatively curved Riemannian manifold, with k � b2n

3
c. Assume that the action is

almost isotropy-maximal. Then k D b2n

3
c and M is equivariantly diffeomorphic to a quotient

of Z
m by a free linear torus action.

The proof of Theorem 7.3 is completely analogous to the proof of Part (2) of Theorem A
using Theorem 7.1 combined with the following remark.

Remark 7.4. By Theorem 7.1, Corollary 5.3 holds also when the free rank is equal
to 2k � n C 1 for k � b2n

3
c.

8. Consequences of Theorem B

We now present the proof of Theorem C, as well as a streamlined proof of the Maximal
Symmetry Rank Conjecture in dimensions less than or equal to 6. Before we prove Theorem C,
we first recall:

Lemma 8.1 ([18, Lemma 4.4]). Let T
n�3 act on M

n, a closed, simply connected
smooth manifold. Then some circle subgroup has non-trivial fixed point set.

We also need the following proposition:

Proposition 8.2 ([18, Proposition 4.5 and Corollary 5.6]). Let M
n be a closed, non-

negatively curved manifold with an isometric T
n�3-action. Suppose that M=T D S

3 and that
there are isolated T

n�4 orbits. Then the number of such isolated T
n�4 orbits is bounded below

by n � 2 and above by 4. In particular, if n � 7, then there are none.

Now, Theorem C follows immediately by combining Theorem B with the following
proposition.
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Proposition 8.3. Assume that M
n is a closed, simply connected, non-negatively curved

Riemannian manifold admitting an isometric, effective cohomogeneity three torus action. If
n � 7, then the action is isotropy-maximal.

Proof. Lemma 8.1 tells us that a cohomogeneity three torus action on a closed, simply
connected manifold must have isotropy subgroups of rank at least 1. An effective cohomo-
geneity l torus action can have isotropy subgroups of rank at most l , and an action with
isotropy T

l or T
l�1 will be isotropy-maximal or almost isotropy-maximal, respectively. Since

n � 3 � b2n

3
c for n � 7, Theorem 7.1 then gives us that an almost isotropy-maximal action is

isotropy-maximal. So, in order to prove the proposition, it suffices to show that such a cohomo-
geneity three torus action must be almost isotropy-maximal, that is, we must show that there is
an orbit with isotropy subgroup of rank at least 2. We suppose that all orbits have isotropy of
rank 1 to obtain a contradiction. There are two cases to consider: Case (1), where the action has
non-isolated orbits of circle isotropy, and Case (2), where the action has only isolated orbits of
circle isotropy.

We begin with Case (1), where the action has non-isolated orbits of circle isotropy. Note
that for a cohomogeneity three torus action, if there is only circle isotropy and the correspond-
ing orbit is not isolated, then it follows that there is a circle acting fixed point homogeneously.
The corresponding codimension two fixed point set of the circle, N

n�2, admits an induced
T

n�3
=T

1 D T
n�4-action of cohomogeneity two. This action is either free or almost free.

By Theorems 12.3 and 12.15 of Conner and Raymond [7] (see also [46]), for the action
.T

n�1
; N

nC1
/, with n � 4, one can find a splitting T

n�1 D T
n�2 ⇥ T

1 and a finite abel-
ian subgroup Ä ⇢ T

n�2 so that .T
n�2

; N
nC1

/ is fibered equivariantly over .T
n�2

; T
n�2

=Ä/,
with fiber M

3 and structure group Ä . Since N
nC1 is non-negatively curved, it follows that

⇡1.M
3
/ is finite (see [44]). Using the low degree terms in the Leray–Serre–Atiyah–Hirzebruch

sequence (see [8]) we obtain that the map ⇡⇤ W H1.N
nC1

/ ! H1.T
n�2

/ is surjective, where
⇡ W N

nC1 ! T
n�2 is the projection map. Hence

rk.H1.N
nC1

// � n � 2 > 1;

yielding a contradiction by Lemma 7.2.
We now consider Case (2), where the action has only isolated orbits of circle isotropy.

Recall from Corollary IV.4.7 of [2] that the quotient space, M
⇤, of a cohomogeneity three

G-action on a compact, simply connected manifold with connected orbits is a simply connected
3-manifold with or without boundary. Note that when there is only isolated circle isotropy for
a cohomogeneity three torus action, the quotient space will not have boundary and thus, by
the resolution of the Poincaré conjecture (see Perelman [50–52]), we have that M

⇤ D S
3.

Therefore, we may apply Proposition 8.2 to obtain a contradiction.
The desired result then follows.

Finally, we present a significantly streamlined proof of the Maximal Symmetry Rank
Conjecture for dimensions less than or equal to 6 (cf. [17] and [14]).

Theorem 8.4. Let M
n, 2  n  6, be a closed, simply connected, non-negatively curved

manifold admitting an effective, isometric torus action. Then the Maximal Symmetry Rank
Conjecture holds.
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Proof. We begin with the following observation.

Observation 8.5. For a cohomogeneity one torus action on a closed, simply connected
manifold of dimension n � 2, without curvature restrictions, the action is isotropy-maximal.
This result also holds for a cohomogeneity two torus action on a closed, simply connected
n-manifold, for n � 4 (see [31, Theorem 1.3]).

Combining now Theorem B with Observation 8.5, we obtain the desired result (cf. [17]
and [14]).

One notes that in order to extend these classification results to higher dimensions, it
suffices to show that an action of maximal symmetry rank must be either almost isotropy-
maximal or isotropy-maximal. One possible course of action would be to establish the existence
of an upper bound on the free rank of the action that is strictly less than the rank of the action;
that is, show that some circle has non-empty fixed point set. However, to date, there are no
known obstructions for a cohomogeneity m torus action, m � 4, on an n-dimensional closed,
simply connected, non-negatively curved Riemannian manifold with n � 10 to be free (see
Kobayashi and Nomizu [33], Angulo-Ardoy, Guijarro and Walschap [1]).
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