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ABSTRACT. We study the Kuramoto-Sivashinsky equation (KSE) in scalar form on the two-dimensional torus
with and without advection by an incompressible vector field. We prove local existence of mild solutions
for arbitrary data in L2. We then study the issue of global existence. We prove global existence for the
KSE in the presence of advection for arbitrary data, provided the advecting velocity field v satisfies certain
conditions that ensure the dissipation time of the associated hyperdiffusion-advection equation is sufficiently
small. In the absence of advection, global existence can be shown only if the linearized operator does not
admit any growing mode and for sufficiently small initial data.

1. Introduction

We consider the Kuramoto-Sivashinsky equation (KSE for short) with and without advection on a two-
dimensional torus T? = [0, L;] x [0, Ls] with periodic boundary conditions. The KSE arises in combustion
and is a model for diffusive instabilities of flame fronts and, more generally, for phenomena with large-scale
instabilities. (We refer to [27] for a more in-depth discussion and historical perspective on its derivation.)

Two forms of the equation go under the name KSE, a scalar form for a potential function ¢ and a vector,
differentiated form for its gradient u = V¢, defined in any space dimension d. In the scalar form, the KSE is
the following hyperviscous semilinear equation:

1
(L.1) o)+ 5IVoI* = =A% — Ag.
In the differentiated form, the KSE becomes:

1
(12) 8tu + §V|u|2 = —A2u — Au,

and, owing to the fact u is curl free, the non-linearity can be written in advection form as u - Vu, as in
Burger’s equation. We will confine to the scalar form, since we will consider the addition of transport by a
given, incompressible flow:

(1.3) Orp+v-Vo+ %|V¢\2 = —A%¢ — Ag,

where v is a given, time-dependent, divergence-free vector field. The KSE with advection has been used to
model passive flame propagation in premixed-combustion for example [13].

In this work, we are concerned with the long-time existence of solutions to (1.1) and (implicitly) of (1.3).
A main difficulty in proving global existence is the lack of a maximum principle for the KSE, due to the
presence of the biharmonic operator. In dimension d = 1, it is possible to obtain an a priori estimate on the
L? norm of u due to the special structure of the non-linearity in (1.2) , which can be written in divergence
form. The L? control allows to prove global existence by a standard continuation argument [41]. The stability
of the zero solution has also been established [22], [36]. Differently than for the incompressible Navier-Stokes
or Euler equations, this is no longer the case in dimension d > 1. For d > 1, the issue of global existence
of solutions to the KSE is still open. We only consider the classical form of KSE, and not the modified or
generalized KSE, for which more results are known (see e.g. [17,35]).

DEPARTMENT OF MATHEMATICS, PENN STATE UNIVERSITY, UNIVERSITY PARK, PA 16802, USA

E-mail addresses: yzf58@psu.edu, alm24@psu.edu.

2010 Mathematics Subject Classification. 35K25, 35K58, 7606, 7T6F25.

Key words and phrases. Two dimension, Kuramoto-Sivashinsky, mixing, global existence, mild solutions, enhanced diffusion,
diffusion time.



2 GLOBAL EXISTENCE FOR THE ADVECTIVE KSE

There is an extensive literature concerning the KSE in dimension d = 1, concerning also analyticity of
solutions (see [9,24] and references therein), and optimal bounds on the growth of the L? norm as a function
of the period L [7,19-21,37] (see also [40]). There are a few results for the two and multi-dimensional KSE.
Short time existence and analyticity is known to hold in the full space with data in certain L? spaces for
(1.1) [6] (see also [28]). There are fewer results dealing with global existence. For d = 2, global existence
holds for thin domains [5,39] (for the best result to date in terms of size of the domain and conditions on the
data see [32]), and for the anisotropically reduced KSE [33]. In [36], the size of the attractor and the number
of determining modes were studied, assuming a global bound in a higher Sobolev norm that ensures global
existence. In [2], the second author and Ambrose studied the differentiated form (1.2) on T? and proved
short-time existence and analyticity with a bound on the analyticity radius for data in L? and in the Wiener
algebra. They established global existence of mild solutions for mean-free data u(0) sufficiently small in L?
and in the Wiener algebra, but only in the absence of growing modes, which happens when Lq, Lo < 27.

Here, we extend the results in [2] in two ways. We prove existence of mild solutions for sufficiently small
data ¢(0) in L? on an arbitrary interval of time [0,7] (that is, ug small in the homogeneous Sobolev space
H~1) for the scalar form (1.1) of KSE in the absence of growing modes, which requires more refined semigroup
estimates than for (1.2), given the more singular nature of the non-linearity. The mean of the solution is not
preserved by the forward evolution as for (1.2), but it can be controlled.

Our main result for KSE is the following theorem.

Main Theorem 1. Let Ly, Ly < 27 and let ¢g € L?(T?). Let b0 denote the mean of ¢o over T2. There
exists & > 0 such that if ||¢o — dollLz < 9, then for every 0 < T < oo there exists a unique mild and weak
solution ¢ € C([0,T); L2(T?)) N L2([0,T]; H*(T?)) of (1.1) with initial data ¢y.

The proof is by Banach Contraction Mapping Theorem in suitable adapted space after projecting out
the mean. Data in negative Sobolev spaces could be considered, at least for short-time well-posedness (see
Remark 2.5).

We also consider the KSE with linear advection and prove that global existence can be achieved in the
presence of growing modes and for arbitrary data, if the advecting field v is dissipation enhancing with
sufficiently small dissipation time. An example of such a flow is an exponentially mixing flow with sufficiently
large amplitude. Informally, given a dissipative system, we define its dissipation time 7 as the time it
takes the system to dissipate a fixed amount of its initial energy (for a precise definition, see Definition 2.10.
Starting with the seminal work of Constatin et Al. [10] (see also [12,16]), it has been recognized that fast
advection can have a regularizing effect. Such an effect has been used to prevent blow-up in a number of
physical models, such as aggregation models [25,26,29,30] and reactive flows [11]. There is also an important
connection with inviscid damping for incompressible fluids, which we do not discuss in detail (see [4,18,23]
and references therein). We should mention that there are other known mechanisms for stabilization in
dissipative equations, such as fast rotation and dispersive effects (see the recent work [31] and references
therein). In [15], the first author, Feng, Iyer, and Thiffeault studied the effect of mixing on phase separation
in binary mixtures modeled by the Cahn-Hilliard equation, which has the same linear part as the KSE. There
they established enhanced dissipation for the advection-hyperdiffusion operator —A? — v -V, when v is a
strongly mixing incompressible flow. Our main result for the KSE with advection is the following theorem.

Main Theorem 2. Let ¢y € T? and let v € L°°([0,00); L?(T?)). There exists k > 0, depending on L1, Ly and
lldollz2 such that, if the dissipation time T* of the evolution system generated by A2+v-V satisfies 7 < K, then
for every 0 < T < oo there exists a unique mild and weak solution ¢ € C([0,T); L*(T?)) N L2([0, T]; H*(T?))
of (1.1) with initial data ¢y.

The result follows by a continuation principle in L2, showing that the L? norm of the solution remains
bounded under the hypotheses of the theorem. Informally, the bound follows from a dichotomy: either the
dissipation is large and then dissipation alone can control the L? norm )(Lemma 2.14), or the dissipation is
small and then the dissipation time 7* must be small enough to control the L? norm by means of enhanced
dissipation (Lemma 2.15).

We confine ourselves to the two-dimensional KSE to avoid being overly technical and to exemplify the
effects of advection and mixing, but we expect that similar results hold for the three-dimensional KSE as well.
One and two space dimensions are also the most physically justified setting as the KSE models interfacial
dynamics.
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Throughout the paper, we use standard notation to represent function spaces. In particular, H*(T?), s € R,
is the standard L2-based Sobolev space, and C([0,0)) is the space of continuous and bounded functions on
[0,00) with the sup norm. C denotes a generic constant that may change from line to line and depend on
L1, Ly. If X is a function space on T?, X will denote the subspace of all mean-free functions belonging to X.

We close the Introduction with an outline of the paper. In Section 2, we study the KSE with advection
in the presence of growing modes. We first prove short-time existence of mild solution for arbitrary data
in L2, and then show that such solution can be continued for all times, provided the advecting velocity
field v satisfies certain conditions that ensure the dissipation time of the associated hyperdiffusion-advection
equation is sufficiently small. In Section 3, we contrast this result with global existence for KSE without
advection, which we can establish only in the absence of growing modes for sufficiently small initial data.
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2. The KSE with advection

In this section we study the KSE in scalar form with advection (1.3) on the torus T?. We do not impose
any restriction on the periods, and consequently the linearized operator exhibits exponentially growing
modes. For local existence, we need to assume only that the advecting field v € L>((0,00); L?(T?), and that
divv = 0 in distributional sense. To study global existence, we will assume that v is Lipschitz continuous in
space uniformly in time.

Given a function f € LP(T?), p > 1, we denote by f(k) the Fourier coefficient of f at frequency k € Z2. For

notational ease as in [2], we let k := 2#(%, %), where k = (k1, ko) € Z2, so keZ?:= 2L 7 x 2r Ly ' 7.
We also set  # = [k|.

With slight abuse of notation we denote the k-th Fourier coefficient of f € L2(T2) by f(k). Then, we can
define equivalent norms in the Sobolev space H®(T?) and in the homogeneous Sobolev space H®(T?), s € R,
by

o~ ~

(2.1) 1£17e =D @+ k) F )= (I — A f|[7-,
Eez2

(2.2) 1A%, = > [k F&)P = 1(-A)2 fI3.,
keZ2 k#0

where (—A)s/ 2 agrees with the Fourier Multiplier with symbol &°, & # 0 and I is the identity operator. We
observe that f € H* < f e H® if f € L? and s > 0.
Given f € LP(T?), p > 1, we define the projection P onto the space of mean-zero functions over the torus,
that is: -
P(f)(0) =0,
and let ¢ denote the average of ¢ over the torus. This projection is orthogonal on L2, bounded on the Sobolev
space H*(T?) for s > 0, and commutes with any Fourier multiplier. We then set

(2.3) L3(T?) = P(L¥(T?)),  H*(T?) = P(H*(T?)), s> 0.

The norm in H*(T?2) is equivalent to the seminorm in the homogeneous Sobolev spaces H®(T2).

We begin by recalling the notion of mild and weak solutions, which we adapt to our setting, and introduce
some short-hand notation that will be used throughout the paper. We define £ = A% + A, an operator on L?
with domain H*(T?), and denote with e~** the semigroup generated by £ on L?, which is explicitly given by:

_ _ A R12) _ _ T N
e tﬁf:]_- 1(6 t(|k|*— k| )f):f 1(6 ttr(k)f)7
where F denotes the Fourier Transform on T? and

o(k) == |k[* — |k|> = k* — &2
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It was shown in [2] that e~** generates a C° and analytic semigroup on L2(T?2), and the following operator
norm bounds hold:

o) [(—A) /27 f| 22y < Ce? max (1,671) le™ 5 £ 2 (12)

gCetmax(l,tf%) IfllLr (), 5>0,t>0,

where C' = C(Lq, Lo, s). We briefly recall the simple proof of this estimate below in Lemma 2.2 and 2.3 for
completeness, and as a starting point for more refined estimates done in Section 3.
We also formally set:

(2.5) B(¢1, p2) = —%/O 6_(t_7—)£v¢1(7') - Voo(r) dr,
and
(2.6) L(¢) = — /O e~ DL (v(r) - V(7)) dr.

Lastly, ¢(t) means the function of x, ¢(¢)(x) = ¢(¢, z).

Definition 2.1. A function ¢ : C([0,T]; L*(T?)), 0 < T < o0, such that V¢ is locally integrable, is called a
mild solution of (1.3) on [0, T] with initial data ¢g € L?(T?), if it satisfies

t) = — T tL _1 ' —(t—7)L 2 . ¢ —(t=T)L(y .
o) = N(@)1) = e 0 — 5 | IEVG()Pdr — | e TE - Vg)dr

(2.7) = e o0 + B9, 6)(1) + L(#)(1),  0<t<T,

pointwise in time with values in L?, where the integral is intended in the Béchner sense (see e.g. [38]).
A function ¢ € L°°([0,T]; L*(T?)) N L2([0, T]; H*(T?)) is called a weak solution of (1.3) on [0, T') with initial
value ¢(0) = ¢g € L*(T?) if, for all p € C°([0,T) x T?),

T T T
o (0) dx+/ @ Oppdxdt = / A¢ Apdxdt —/ Vo Vpdxdt
T2 0o Jr2 0o Jr2 0o Jr2

1 /7T T
(2.8) +*/ / |V¢>|2<pdxdt+/ / pv-Vodrdt,
2Jo Jr2 o Jr2

and 9, € L2([0, T]; H~2(T?)).

Mild solutions are formally fixed points of the non-linear map A, and (2.7) is in the form of a Volterra
integral equation. A standard way to obtain mild solutions is therefore to apply the Banach Contraction
Mapping Theorem.

2.1. Short-time existence with data in L2. We establish the existence of solutions to (2.7) on a small
time interval [0,7], 0 < T < 1, for arbitrary initial data ¢g € L?(T?), by proving that the map N is a
contraction in a suitable adapted Banach space Xr. Because of the presence of growing modes, one does
not obtain global existence for small data by this method. We need to introduce an adapted space, among
other reasons, to make sense of the nonlinearity, which requires V¢ to be locally integrable (with or without
advection). By contrast, in the vector form (1.2) of the KSE, the non-linearity is a well-defined distribution
if u(t) is in L?(T?) pointwise in time, and one can prove local existence of solutions just using the space
C([0,T]; L?) for the contraction argument (cf. [2]).
Given 0 < T < 1, we define the space

(2.9) Xp:={¢:T> xRy - R| sup ti|Ve|.2 < oo},
0<t<T

and let

(2.10) Xp :=C(0,T); L*(T?)) N Xr,

which is a Banach space equipped with the norm:

1
(2.11) 9]l 5, = max( sup [|¢[z>, sup t3[|VlL2).
T 0<t<T

tx
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We will verify that A/ is a contraction map on a ball in )?T7 using the bounds on the semigroup e <.
For completeness, we briefly recall the proof of the two needed estimates, which we will refine in Section
3 to obtain global existence for (1.1) in the absence of growing modes. We define the set S = {E € 72|
k% > |E| }, then S is a finite set. When k € S, we have [k| < ¢o and o(k) > —1/4. Otherwise, it holds
that 0’( ) > |k[4/2.

Lemma 2.2. For any 0 <t < 1, there exists a constant C = C(L1, Ls) such that
(2.12) le™“ fll 2 < CE 5| flla -

Proof. By definition and Plancherel’s identity, we have

le e p3 = 37 e 2o ® I < (sup [FH))? Y 2o

keZ? kez? kez?
<O e ® s 3 o) <O+ [ el an)
kes EEZQ\S R
S CNflIF (e + 172 < Ct 2| f[7

Lemma 2.3. For any s >0 and 0 < t < 1, there exists a constant C = C(Ly, L) such that
(2.13) I(=2)*2e™ " flle < Ct/* | fl12 -
Proof. Again, by Plancherel’s identity:

[(=8) /2t p 7 = 37 IKkP=e 270 fRR + 3 (k[0 flko)

kes ke72\S

<C P Y0P+ Y IK[2 el | F(k) 2

kes keZ2\S

<C [ 1f M)+ (sup e ) N |FR)P

IEER+ ~ .
L kesS kez2—-S

gC@W+fWNm@<CFMWﬁ%

We now state the main result of this section.

Theorem 2.4. Let ¢g € L?(T?) and let v € L*°(Ry; L3(T?)). There exists 0 < T < 1 depending on Ly, Lo,
Sup;sq [|VllL2, and on ||¢ollL2 such that (1.3) admits a mild solution ¢ on [0,T], which is unique in Xr.

Remark 2.5. We work with data in L?(T?) as this space well-adapted to exploit enhanced dissipation to
establish global existence. However, in R? short-time existence holds in larger negative Sobolev spaces (see [6]).
In fact, one expect that the critical Sobolev space to be the homogeneous space H%/ 2-2(R9). Although the
Kuramoto-Sivanshinsky equation is not scale invariant, since A% and A scale differently, A is not relevant for
the short-time dynamics. If neglected, the resulting equation has the following invariance under rescaling.
Given A > 0, if ¢ is a solution of (1.1)on R%, then ¢, is also a solution, where

¢)\(x7 t) = )‘2 ¢(>‘4t7 )\l’)
We split the proof in several parts.
Lemma 2.6. Let 0 < T < 1. The map N : )Z'T — )Z'T and there exists C = C (L1, La) > 0, such that
(2.14) NGz, <C (Idollsz + T 6% +T2 |ViiL~m, iz 9]z, )

Proof. The proof follows by establishing the following two claims:
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Claim 1. If ¢ € X7, then N(¢) € C([0, T]; L*(T?)).
Claim 2. If ¢ € Xr, then supy_,<p t/4|V(N(8))]| 2 < oo.

First, we observe that the fact that e~ ** generates a strongly continuous semigroup and the norm estimates in
Lemma 2.2 and 2.3 imply that e"** ¢y is in )?T for any fixed T' > 0. Next, from the definition and properties
of the Bochner integral (see e.g. [38]), the integral on the right-hand side of (2.7) is well defined and belongs
to C([0,T); L?(T?)) provided the L?(T?) norm of the terms under the integral sign belongs to L'((0,T)). For
any 0 <t < T, we have, in fact, again from the semigroup estimates:

W@ O < (Ioollaz + [ 12 (Vo0 +3(7) - Vol s
<0 (Ionllzs + [ =) NV +¥(r) - Vot or)
<0 (Ioolls + [ (6= 7y 2 4012
# [ = s (96 )
<0 (Ioulis +2 [ =210, ar

1
#12 [ (D e o,

<0 (Igollze + /41012 + 2Vl m e, 1911z, ) -

where 7 = 7/t. This proves Claim 1 taking the supremum over ¢.
Similarly, from the properties of the semigroup generated by L, we have:

t—7 t—1

1 t
IV (@) B)llz2 < e Vol 2 +§/0 IVe™ = “llrasz le™ = £V (T) 2| 2 dr

—T

N P R e
<O ouls +.C [ -1 T ) b

+0 [[6= ) Bl (V0 )
<Ot lgoll 2 +C </01(1 -7 d¢> lol%,

1
o (00 [ amn e ) vl an ol

<O (7 lgollze + 191%, + 14 IVl ey o) 195, )
where 7 = 7/t. Consequently

(2.15) Sup VN (@) 2 < Clldollz + CTY 1%+ CTYV2 v 1o myizo) 01l 5, -

<

This proves Claim 2 and thus concludes the proof of this lemma. |

Next, we prove that the map N is Lipschitz on )N(T with a constant that depends on 7.
Lemma 2.7. Let 0 < T < 1. There exists a constant C = C(Ly, L) such that, for any ¢1,¢s € )?T,
V(@) -N(@2)llz, <

(2.16)
cr'/t (Io1llz, + llo2llz, + T4 V]| oo myiz2)) 161 — P2l 5,
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Proof. The proof is similar to that of Lemma 2.6, and follows again from the following two claims. Let
¢; € Xpr,i=1,2. Forall 0 <t < T:
Claim 1.

(2.17) NV (¢1)(t) = N(¢2) ()22 <

Ct'* (lonllg, + lo2llz, + "/ IVl e, o22) 161 — dall5, 5
Claim 2.

(218) (V4 [VN(61)(t) — VN (02) (1) 12 <
Co (Ioullg, + el + 11Vl m gy zo) 6 — bl

Since B(+,-) is bilinear and using the properties of the semigroup et we have:

[N (@1)(t) = N(¢2)(#)l> < C/O (t =) (I(Vr(r) = V(7)) - Ve ()| s
F(Ver(T) = V(7)) - Voo ()1 + [Iv(T) - (Vér(7) = Vgo(T))|[L1) dr

t
<o ([e-niezar) [lolg, + ez, ] o - oz,

t
+C (/ (t — 7)Y/ -1/ dT) [Vl ®ysr2y l01 — @2l 5,
0

<Ct (g, + 02l g, + "/ IVIee e, e2) 61 — 2l
where we used the change of Varlable 7 =1/t. Claim 1 now follows immediately.
Similarly:

VN (61)(t) — VN (2) (1)l 2
C/ 2 ((Vei(r) = Va(r)) - Vou (7|1
HI(V1(r) = Vga(T)) - Vdo(T)|| L2 + [v(T) - (Vi (1) — Vo (7)) dr

t
<c ( /0 (= )1/ e dT) o~ dallg, [I61]1%, +leallg, ]

t
+C (/ (t — 7')*1/2 7-*1/4 d’r> HVHLO"(R+;L2) ||¢)1 — QSQ”)“(:T
0

<C(lgrllg, +lIgellg, + /4 IVIce@,22) 61 — b2l 5,

where the last inequality follows by making again the change of variable 7 = 7/t. Claim 2 now follows, We
conclude the proof by taking the supremum over 0 < t < T in both claims. ([

Now we are ready to use the Banach Fixed Point Theorem to prove the local existence of a mild solution.

Proof of Theorem 2.4. We denote by B(0, M) the closed ball in X with center the origin. We let M =
2C|¢o||L2, where C' is the maximum of the constants appearing in (2.14) and (2.16), and assume that

1
2.19 T < min (1, .
(2.19) win (L {GEA T el

Then, Lemma 2.6 implies that

(2.20) IN()ll5, <M, Ve B(O,M).
We can further check that with, such such choice of T', Lemma 2.7 gives
(2.21) V() N W)l5, <dllé— vz .
where

2M + ||Vl oo rs22)
2.22 q= SRS
(222) 2M +2|[v| Lo (ry522)
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By the Banach Contraction Mapping Theorem, there is a unique fixed point of A" in B(0, M). By Definition
2.1, ¢ is a mild solution of (1.3) with initial data ¢(0) = ¢o, which is unique in X7. Indeed, if there is another
mild solution ¢ in B(0, M) with M > M, then ¢ = ¢ in B(0, M) C B(0, M). O

Corollary 2.8. Under the hypothesis of Theorem 2.4, if T* is the mazimal time of existence of the mild
solution v, then

lim sup [|¢(t)|| L2 (2)) = o0.
t—T*

Otherwise, T* = oo.

Proof. If T* < oo and limsup, 7« [|¢(t)[|z2(2)) = 7 < 0o, then there exists ¢y < 7™ such that for all
to <t <T*, [|¢(t)|lL2(r2y) < 37/2. Let T satisfy

1
T < min (1, )7
16(3C?y + C|v|[ o ®;12))*

where C' is as in (2.19). Choose t such that r>1T" - t. Then, by Theorem 2.4, there exists a mild solution ¢
on [t,t + T] with initial data ¢(t) and ¢ = ¢ on [, 7] for all t < T" < T*, by uniqueness of mild solutions
(since, if ¢ is a mild solution on [0,7"] for all 7/ < T*, then sup;_,.¢(t — £)*/*||[Vé(t)| 12 < o0). Hence, the

solution can be continued past T*, which gives a contradiction. O

We close by showing that the local-in-time mild solution we constructed is actually also a weak solution
on [0,T7.

Proposition 2.9. Let ¢ be the mild solution on [0,T] given in Theorem 2.4. Then, ¢ is a weak solution of
(1.3) on [0,T], and satisfies the energy identity for any 0 <t < T':

t
(223) llo(t)ll7- + 2/0 1A¢(s)[1Z2 ds = [|dollZ:

+2/||V¢ ||L2ds—//¢ ) IV6(s)|? da ds.

Proof. We first show that the mild solution ¢(¢) can be represented as follows for 0 < e <t < T

(2:24) o16) =2 6(e) = [ I (FT0nP +v(r) Toln)) dr

with equality as functions in C([e, T]; L?(T?)). Indeed, by the semigroup property, from (2.7) it follows that:
€ 1
ot)-0(e) = (2 =) [ g0 [ E (LTap v V6) () ar
0
i 1
—/ e~ £ <2|V¢(T)|2 +v(7) - V¢(T)> dr
i 1
— (e OE Do) - [ (LIVaR 4 v Votn) ) dr

where I is the identity map. Next, we show that ¢ € L?([e, T]; H*(T?)). Since ¢ € C([0,T]; L*(T?)), it is
enough to show that A¢ € L?([¢,T] x T?). We apply A to (2.24), and use (2.4) with s = 2, using also that
¢ € Xron [g,T]:

¢

I20(0lz2 < € [(¢ =)o@l -+ ( [ e= )4 r2ar ) ol
1>
¢
+ </ (t — 7-)*3/4 7-*1/4 d7'> ||V||L00(R+;L2) ||Q5||55T:|

<C(t—g) /4 [(5‘1/4 + (=) [Vl @) I0l5, + ||¢H§?T} )
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which gives the desired estimate. Given that A¢ is square integrable on [e,T] x T2, 1[V¢(t)|> +v(t) - V(1) €
LY([e,T] x T?). Let ¢ € C*°([¢,T] x T?) and consider the L? pairing of ¢ with ¢. By Plancherel, et~ is a
self-adjoint operator on L?, so that

(2.25) /TZ o(t) p(t) do = /T2 e~ (=L (1) b(e) da
//T % ( Vo(r )I2+v(7)-v¢(f)> da dr.

where we have used Fubini-Tonelli’s Theorem to exchange the order of integration. Now, ¢(t) is in the domain
of L for all ¢ € [, T] by hypothesis and £ generates an analytic semigroup, hence differentiable. Therefore,
strongly in L?(T?),

i e~ Hh=2)L (1) — e=(t=e)L (1)
im
h—0 h
given that Lo(t) € L?(T?) and that that e f=—Lettf=—et“Lfforallt>0,if fisin the domain
of £. Similarly, strongly in L?(T?),
—(t—e)L _ e~ (t=e)L
lim € o(t+h)—e o(t)

h—0 h
tL

e L Lp(t),

_ 6_(t_E)L8tLp(t)7
by the smoothness of . Since e~!# is a strongly continuous semigroup on L?(T?) it follows that %e_(t_g)ﬁap(t) €
C([e, T); L*(T?)) and the Leibniz rule applies:

d d
Lo (t=e)L — e (t=e)L
P p(t) = (e )e(t)

+ e_(t_g)ﬁatgo(t) = e_(t_e)ﬁatgo(t) —L e_(t_g)ﬁgo(t).

In particular, the pairing of e~ (*=%)£x(t) with any function g(¢) that is absolutely continuous in t € [e, T
with values in L?(T?), is differentiable a.e. in ¢, the derivative is integrable in time, and

) G [ e g e = [ (eI 00000 - £l o(0)

e (=L (1) g’(t)) dz.

We are using here the property that, if a Banach space X is separable and reflexive (X = L?(T?) here),
then absolute continuity of X-valued functions of time is equivalent to the existence of a weak derivative,
which belongs to X for a.e. times and which is integrable in the Béchner sense. From (2.25), by (2.26) with
g(t) = ¢(e) and g(t f e~ (=Lp(t) (2|Ve(T)|> + v(1) - Vé(T)) dr, using again Fubini-Tonelli, it follows
that d

4 go<>¢<>dx—/

T2

/TQ / DR (t) — Lo TV () (;|V¢<T>|2+v<7>-v¢<f>) dr da
- [0 (5IV600F +v()- To(0)) da

(e_(t_s)’cat(p(t) _ Ee_(t—s)ﬁw(t)) o(e) dx

Consequently,
d
E ] ettty dr =
t 1
Opp(t) [e (t=e)L 4 / e~ (=)L (|V¢>|2 +v- ngﬁ) (1) dT] dx
T2 2
f/ Lo(t) [e / —(t-7)L <1|ng|2 +V~V¢) (1) dT:| dx
T2 e 2

(2.27) / ot (; (P + () v¢><t>) dr
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1 2
= [ 0ot - oo do [ 0 (519008 +v(0) - Votn)) do

We integrate the above expression over (g,t) for any ¢ < t < T, and then integrate by parts over T? twice:
[ etowar~ [ c@o@ar= [ [ aptwomarar
- / [ Ap(r) Ad(r) dudr + / t /T Velr) Volr) ddr
(2.28) / <|V¢(T)|2 +v(r) - v¢(7)> da dr,

which is justified, since ¢ € L?((e,T); H2 )yNC([0,T]; L?). From (2.28), we conclude that 9,¢ € L*([e, T]; H™?)
by density. In fact, all terms in (2.28) are well defined for ¢ € H'((¢,T); H?). Here, by H'(I, X), where
I C R is an interval and X is a Banach space, we mean the space of all functions ¢ € L*(I; X) with weak
derivative Oyp € L*(I; X).

Since ¢ € L*((¢,T); H*)NH!((e, T); H=?), there exists a sequence {¢"} C C*([g, T]; H?) such that ¢" — ¢
strongly in C([e,T]; L?) N L?((e,T); H?) as n — oo and such that d,p,, — 9;¢ weakly in L?((e,T); H™2)
(this can be shown by suitably extending ¢ in ¢t to R and mollifying in time). By the Sobolev Embedding
Theorem, ™ — ¢ strongly in L?((¢,T); L*). By Hélder’s inequality then,

( Vo2 +v- w) de dr

<™ = bl (e, IVl 22 (.11

+ 10" = llL2(e,1y,00) IVIILo= ®s:22) IVl L2((e,1):24),

We take " as test function in (2.28). We can then pass to the limit n — oo in every term of the resulting
expression. In particular:

(2.29) 16122 — 6(E)]2 = / / o(r) Bud(r) d dr — / 1AG(r) |22 dr

/HV¢ )IZa dT—/ / <1V¢(T)2+v(7)-v¢(r)) dz dr.

Since ¢ € L%((e,T); H?) with d,¢ € L?((e,T); H~2), the mapping t — || &(t )”%2@2) is absolutely continuous
and the Fundamental Theorem of Calculus apphes

[ [ ownowa= / S8l

=3 (||<15(t)\|L2 —lle@)lz:), e<t<T
Therefore, we have from (2.29):

t t
(2:30) lle(®)Z — lo(e)l72 + 2/ 1AG(T)]Z2 dr = 2/ IVe(r)1Z: dr

t
- / / ¢ |Vp|*dx dr .
e JT2
The term with v vanishes identically, as v is divergence free.
Next, we show that we can take £ — 0 in (2.30), obtaining an energy inequality valid on [0,T). First, by
the Gagliardo-Nirenberg and Young’s inequalities,

[ [ olvoravar| < [ 10186 + lol- ar

t
</ 1A¢(T)]1Z: dT+C/ le(DIIZ2 + lle(r)Z- dr,

where we used that ¢ is a mild solution in )N(T, so the left-hand side is well defined. Utilizing this inequality
n (2.30), we get
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/ IAG(T)II72 dr < llo(e)lIZ= — lo(t)]I72 +2/ IVe(r)lIZ- dr

t
e / 16(r) 1% + ()32 dr .

Since ¢ € C([0,T],L?), ||¢(¢)|lzz — ||Pollzz as € — 0, so that the right hand side in the expression above
is bounded above uniformly in e. By the Monotone Convergence Theorem, ¢ € L*((0,T); H?) and (2.23)
is recovered by sending € — 0 in (2.30). Similarly, since ¢ € L*((0,T); H?), the right-hand side of (2.28)
with ¢ € L2((0,T); H?) is uniformly bounded in ¢, so the left-hand side is, which implies that (9;¢) X[e,T)
converges weakly to d;¢ in L?((0,T); H=2). Therefore, by the Dominated Convergence Theorem, we can
pass to the limit ¢ — 0 in (2.28), taking the test function ¢ € C2°([0, 7] x T?) with support in [0, T). In the
limit, we recover the weak formulation (2.8). Hence ¢ is a weak solution on [0, T]. g

2.2. Global existence with advecting flows of small dissipation time. In this section, we tackle the
issue of global existence for solutions of (1.3). Here, we make stronger assumptions on the advecting velocity,
namely, we assume that v is Lipschitz continuous in space uniformly in time, v € L>([0, 00), W>°(T?)) and
continue to assume that v is divergence free.

Let S5+, 0 < s <t, be the solution operator of the advection-hyperdiffusion equation

(2.31) of+v-Vf+A%f=0.

That is, S;+ maps the solution of the above equation at time s to the solution at time ¢ > s. The solution
operator satisfies the semiflow property and form an evolution system (cf. [34]).

We introduce the concept of dissipation time for (2.31) (see [15]). Informally, it is the time it takes the
system to reduce the energy, i.e., the norm of the solution in L?(T?), by half. We give the precise definition
below.

Definition 2.10. The number 0 < 7* < 0o, where

(2.32) ™ =inf{t > 0] [|Sssttllj2yjo < 5, forall s >0},

1
2
is called the dissipation time associated to the system S, 0 < s < t. With slight abuse of notation, we will
also refer to 7* as the dissipation time of v.

We will show that the mild solution constructed in Section 2.1 can be continued for any time ¢ > T,
provided the flow generated by the velocity field v induces a sufficiently small dissipation time. Indeed, the
proof of Theorem (2.4) shows that, given the initial data for the problem, the time of existence of the mild
solution depends only on the L?-norm of the initial data.

Remark 2.11. When v is more regular, v € L>([0, c0), C?(T?)), 7* can become arbitrarily small, provided the
amplitude of v is large enough and v is weakly mizing (see [15, Proposition 1.4, Definition 3.1]). While there
are no known explicit examples of optimal mixing flows with C? regularity in two dimensions (for an example
in the Lipschitz class, we refer to [1], see also [14]), many examples can be given using probabilistic methods [3].
Generally, v is called dissipation enhancing if 7* — 0 as the amplitude of v tends to infinity. When the vector
field v is time independent, enhanced dissipation for the Laplacian implies enhanced dissipation with the
bi-Laplacian, a result which follows from the characterization of relaxation enhancing flows in [10]. For the
case of a general time-dependent vector field v, the relationship between the dissipation time corresponding
to the Laplacian and that corresponding to the bi-Laplacian was studied in [15]. Their results, which might
not be optimal, do not imply that dissipation enhancement holds for the bi-harmonic if it holds for Laplace’s
operator. In [29], the authors proved that for the advection-diffusion equation an arbitrarily small dissipation
time can be achieved by means of a suitable cellular flow. However, it is unknown whether the same result is
true for the hyperdiffusion-advection equation (2.31).

In the definition of 7* we have implicitly used the fact that the projection P onto mean-free functions
commutes with Ss ;. To control the L2-norm of ¢(t), we employ energy estimates, after we project onto the
subspace of mean-free elements, as in general the mean is not preserved by the forward evolution. We denote
the mean of ¢ € L?(T?) by ¢ = ﬁ Jp2 ¢(x) dz and set ) =Pp = — ¢ € L?(T?), then ¢ formally satisfies

d - 1 1

Q= =57 22 = T T~mo7 22
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and 1 formally satisfies
1
(2.34) 8t¢+v-Vw+§P(W¢|2)+A2w+Aw:0.

Recall that the mild solution ¢ satisfies supy.,.q t/4||Vé(t)|| 2 < oo. Therefore, |[V(t)||2, is integrable in

(0,T), so that (2.33) holds at least a.e. in (0,7) and a simple Gronwall’s estimate give that ¢(t) is uniformly

bounded on [0,7]. One could also estimate directly the L? norm of V1 on [0,7] from Duhamel’s formula.
We begin by deriving a priori energy estimates for ¢. Let N(¢) = 1P(|V¢|?) + At. Then (2.34) becomes

(2.35) oY +v-Vip+ A%+ N(y) =0.
2.2.1. Bounds on the non-linear operator N. We observe that the following estimates hold for the operator
N.

(1) For any 1 € IT2(T2), there exists a constant C' = C(Ly, L) such that

1
(2:36) [ o) da| < 51013 + CllolE: + IS

In fact, we first have by Cauchy’s inequality with € and by Holder’s inequality:
1
[, o) daf < G101 PATGP) s + sl Ao

1
< SIlz1VelTs + 1l 1A -
We then use the Gagliardo-Nirenberg interpolation inequality

IVollze < ClAvIE Tl
and Young’s inequality with ¢ to get the desired result.
(2) For any ¢ € H?(T?), there exists a constant C' = C(L1, L) such that
(2.37) IN@) |2 < CllAY|Z2 + C| Al 2 -

Indeed, Poincaré inequality, interpolation, and other standard inequalities give:
1 1
IN@e < SIPAVYP)ILLe + A% < SHVEPL + 1A L
1
<S1AYILs + ClAYIL: < ClAY|T: + ClAYL: .

Remark 2.12. The proof of short-time existence of mild solutions follows a well-established approach for
abstract evolution equations. Our proof in fact can be adapted to a large class of non-linearities N (¢), for which
Lemma 2.6 and Lemma 2.7 still hold, for instance, N(¢) = |¢|* with a suitable exponent « > 2. Concerning
global existence, conditions on the non-linear term leading to global existence for the corresponding standard
diffusion-advection equation via enhanced dissipation were given in [29]. For the case of hyper-diffusion, these
conditions read:

(1) For any ¢ € H 2(T?), there exist g9 € (0,1] and an increasing continuous nonnegative function F,

such that
[ eN@)da] < (= o) |AYIGs + Fllvse).

(2) For any ¢ € H> (T?), there exist a nonnegative constant Cy and an increasing continuous nonnegative

function G, such that

IN@)L2 < CollAvlI72 + Gl z2) -
If the function F' and G satisfy

(2.38) lim sup W <

y—0t+

o0,

then a global-in-time bound on the L? norm of the solution for equation (2.35) holds. We note that conditions
(1)-(2) essentially imply that the non-linearity is quadratic. It would be interesting to investigate whether
global existence can be extended to higher-order nonlinearities.
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Exploiting these estimates, we establish that the L2 norm of 9 will not double within a certain interval of
time.

Lemma 2.13. For any B > 0, let

4B2 1
2.39 To(B) = ——d
(239) B = [ Gram

where C = C(Ly, Lg) is the constant in (2.36)-(2.37). Let v = P¢p, where ¢ is a mild solution of (1.3) on
[0,T]. If [|[¥(to)|lz2 < B, then for any to <t <tog+ To(B), 0 < tg < T, it holds

(2.40) Y @)llr2 < 2(1¥(to)llze -
Proof. By the energy identity for ¢, we derive an energy identity for :
1d
2 IlEs = —18wlE: + [N @) de.
2dt
Applying (2.36), we have
d
(2.41) @IWJH%’Z < —Ag[2: + ClllI72 + Cllpllg: < CllelZ: + Cllv|Se -
By Grénwall’s inequality, [|1]|2, can at most grow as the solution of the following ode
d 3 2
(2.42) P Cy+Cy~, y(to) = [[¥(to)lI72 -

which implies

[9@)llz> < 209 (to)llz2,  to <t <o+ To(l[(to)lL2),
where Ty (||t0(t0)||r2) is defined as in (2.39) with B = ||[¢)(to)|| 2. Finally, since Tp(B) is a decreasing function
in B, Ty(B) < To(||¥(to)||L2) as long as ||v(to)||z < B. Thus (2.40) is proved. O

In the previous Lemma, we neglected the action of hyperdiffusion, which is encoded in the integral of
|[Ay(t)[|32.. Next, we examine the case when this term is large on time intervals of the order of Ty(B),
showing in Lemma 2.14 that then hyperdiffusion alone can overcome the growth of the norm of ¥». When
this term is small, instead, in Lemma 2.15 we will gain decay by enhanced dissipation for the operator S;,
provided v satisfies some conditions (cf. Remark 2.11). The decay of the norm of ¢ then implies a uniform
bound on the L? norm of ¢, and hence global existence follows by the continuation principle.

Lemma 2.14. Let p1 > 0. Given B > 0, if ¢ satisfies || (to)||r2 < B, and if for 0 < 7 < Typ(B),

1 to+T7
(2.43) ;/ [A%(#)122 dt > 2ul|v(to) |2 + 4C|% (o) 22 + 64C |9 (t0) |5 ,

to

where C = C (L1, L) is the constant in (2.36)-(2.37), then

(2.44) [ (to + 72 < e lv(to) |2 -

Proof. First, Lemma 2.13 gives
[¥(to +8)llL> < 2l (to)llL2, VO <t <To(B).

Hence, ||1(t)]|z2 is uniformly bounded in the interval [tg,to + Tp(B)]. Integrating the energy estimate (2.41)
over the interval [to,to + 7] C [to,to + To(B)] and using this bound, we have

to+T
(o + )25 < [[(t0)]22 — / IAG(E) 22 dt + 40T [(to) 12

+ 6407y (to) 172 < (1 — 2um)[[$(t0) 172 < €77 [[e(t0)lI72,

where the inequalities on the last line follows by applying hypothesis (2.43). O
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Lemma 2.15. Let > 0. Given B > 0, let T1(B) be defined by
1
© 4C(2p +4C + 64CB*)B + 4C(2p + AC + 64CB4)1/2’
where C = C(Ly, Lg) is the constant in (2.36)-(2.37). If ||¢(t0)|lr2 < B and the dissipation time of v, T,
satisfies

(2.45) Ti(B)

. 1
(2.46) 7 < min (TO(B), T.(B), @),
then (2.44) holds, even when

1 to+71"
(2.47) ;/t 1A (@) 72 dt < 2p[9(to) |72 + 4C [0 (t0) |72 + 64C[¢(to) 22

Proof. Since v is a mild and weak solution of (2.34) on the interval [to,tg + 7*],

*

(2.48) P(to +7) = Sy, 7P (to) + /0 Sto+t to+r=N((to + 1)) dt ,

and, by (2.37) and the definition of 7*,

1 v
[tto+r")lze < GGl + [ ING(to + 1))z de
0
1 to+7"
<l +C [ (vl + A5 d
to

1 to+1* ) to+T" ) 1/2
<ol c [ javitaro([ T avla) V.
to to

Next, from the definition of 7 it follows that T7(B) < Ti(||1(to)|/r2). Hence 7" < Ti(||¢(to)||z2) and
using (2.47) we get

1 1
[0 +75)lz2 < 5l (to)llz2 + Z ¥ (to)llze <

< (1= pr)[9(to) |2 < e [ (to) 22
1

where we used 7* < i in the second to last inequality. O

Our main result is an exponential decay estimate for ¢, which implies global existence for the mild solution
.

Theorem 2.16. Let u > 0. Let ¢ be a mild solution of (2.34) on [0,T]. For 0 <ty < T, let ||(to)]r2 =
B > 0. If the dissipation time of v, T*, satisfies (2.46), then there exists a constant Cy, such that for t > 0,

(2.49) [¥(to +)llze < Coe™ |9 (to)| L2 -

Proof. Take 7 = 7*, if (2.43) holds, then applying Lemma 2.14, we get

(2.50) lto +7)z2 < e [l4h(to)l -

Otherwise, we apply Lemma 2.15 and the above estimate still holds. Iterating this estimate, we obtain
(2.51) [ (to +n7*) L2 < e [[$(to) | 2 -

For any ¢ > 0, there exists n € N such that ¢t € [n7*, (n+ 1)7*). Then it holds that

(2.52) 9 (to +t)]lL2 < e (ko) L2 < e *ET ) [[b(to)[| 2 < Coe [l (to)|| 2 ,

where Cj can be taken as e!/%. O

Our goal is to prove that ||¢(¢)||z2 is uniformly bounded in ¢.
Theorem 2.17. Let ¢ be the solution of (1.3) with initial data ¢(0) = ¢ € L?(T?). Then, the a priori bound

(2.53) l6(t)l1» < Ch,
holds for t > 0 with C1 > 0 depending on the data, but not on t.
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Proof. We first bound the mean of ¢ over T?, ¢. From (2.33), we have:

- - 1 ¢ ) 1 ¢ )
(2.54) |p(t) — ol < W/o [V(s)||72ds < W/o [AY(s)I72 ds,

where A is the first eigenvalue of —A on T?. Estimate (2.50) gives that [[¢(t)||z> decays exponentially from
[0z, where 1o = ¢g — ¢g. Therefore, the energy estimates (2.41) and (2.49) imply that

t t t
J 180 ds < ol +€ [ o)1 ds+C [ ()]s ds
0 0 0

< Clivollze + Cllvoll7
From (2.54) it follows that

CI¥ollZ2 + llvollz2)
201 Lo

We recall that ¢(t) = 1(t) + #(t). Then by the triangle inequality and (2.49) again, we get
eIz < ()22 + 6] 22 = [¢(t)l| 2 + L1 Lo §1>113|¢3(t)|

Clllgollz> + lI¥ollZ2)
2M

which completes the proof. O

+ | ol-

lp(t)] < |p(t) — do| + |ol <

+ L1 Ls|¢ol

< Coe ™[4 > +

Applying Corollary 2.8, we obtain global existence of mild solutions from Theorem 2.16.

Corollary 2.18. Under the hypothesis of Theorem 2.16, the mild solution ¢ of the advective KSE (1.3) exists
on [0,00).

3. Global existence without advection

In this section, we consider the standard scalar form of the KSE without advection. We prove global
existence of mild solutions for small enough initial data in L? in the absence of growing modes for the
linearized operator £. Global existence in L? for the differentiated form of KSE without growing modes,
which corresponds to small data ¢g € H', was established by one of the authors and David Ambrose in [2].
The proof in the scalar case is mode delicate, since the non-linearity is more singular. Furthermore, the
spatial average of the solution is not preserved by the time evolution as for the differentiated form.

We assume that the size of the periodic box T? is small:

(3.1) Ly <27, Lo < 27,
so that
(3.2) o(k) = |k|* — |k|> > 0, for all k # (0,0),

since [k| > 1 by condition (3.1) .
We let again ¢ = P¢. Using (2.33), it is enough to prove that 1 exists globally in time and ||V(t)]|3. =
[V4(t)||2. in integrable on any fixed time interval. To this end, we apply P to the KSE:

(33) Dy = A% — Ay — P(VUP).

Formally integrating in time, we obtain the mild form of the projected KSE:

(3.4) v(t) = ey = [ LRIV () dr = Tw),

where e~*# denotes again the semigroup generated by the operator £, 1)y = 1(0), and the integral is intended
in the Bochner sense.

We will construct a global mild solution to the KSE as a fixed point of the non-linear map 7 in a suitable
adapted Banach space. To this end, we introduce the global analog of the space Xp:

Xoo :={f :]0,00) x T? | supt/*||Vf| 1> < oo},
>0
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and let X = C(]0,00); L2) N X4 with the induced norm:
1l = Max(sup | f][ g2, sup /4| V £ 2).
h t>0 t>0

The main result of this section is the following.

Theorem 3.1. Let Ly, Ly < 2 and ¢ € L?(T2). There exists § > 0 such that, if ||| ;2 < 8, there ewists a
mild solution ¥ of (3.3) in X such that ¥ (0) = .

Similarly to what done in Section 2, one can show that the mild solution of the projected equation is
unique in X and that it is a weak solution on [0, co).

Corollary 3.2. Under the condition of Theorem 3.1, if ¢ € L?(T?) and Pgq is such that ||Pol|r= < &, for
any T > 0 there exists a mild solution of KSE with initial data ¢o on [0,T].

We will prove both results at the end of this section. For notational ease, we use the symbol < to mean
< ¢, where the positive constant ¢ may depend on L; and Ly or a regularity index s, but not on t.

3.1. Semigroup estimates. A main ingredient in the proof of Theorem 3.1 is operator estimates for e *%,

valid for ¢ € (0, 00), which improves on the bounds obtained in [2] and recalled in Lemma 2.2 and 2.3.
In what follows, we let ko denote the non-zero elements on the lattice Z2 of minimal distance xg to the
origin. We note that kg depends only on L; and L, and kg > 1.

Lemma 3.3. For any Ty > 0, there exists constants 1, > 0 depending on Ly, Ly < 2w and Ty such that
for all f € LY(T?) with mean zero and for all t > 0,

(3.5) e Fllee < v ha(®) || fllzr-
where
=14, 0<t<T,
ha(t) = —1/2 ,—pBt
t e , t>1Ti.

Proof. We proceed as in Lemma 2.2. By Plancherel’s theorem:

le= M F 1) lee < Ifllzr e e

By McLaurin’s formula,

et M2, < /

e—QtU(E) dE 5 / He—Qtnz(K2—l) dr
szB(O,I{(])

Ko
o0 2 2 1
< / Ke—2tn (kg—1) dr < = 6_2’@t,
Ko t
where 3 = k3(k3 — 1).
Next, we observe that for 0 < t < T7:

He—to(iZ)n?2 5/ e—QtO'(i:) dE 5 /oo He_thQ(HZ_l) dr

R2—B(O,H0) Ko
1 o0 _ _op2(z=2_ 1/2 _ 1 o _ _ozm2(z2 1/2 _
<= Re 2R (R —t )dl*iSﬁ Re 2R (R =T, )dli
t / t1/4’{0 t / t1/4l€o
1 oo

5 | ReT N g g 12,

O

Lemma 3.4. There exists constants vy2,To > 0 depending on s, L1, Lo < 2w such that for all f € i2(T2) and
forallt >0,

(3.6) le™ Fll e < v2ha(t) 1 f]lL2-
where
=3/ 0<t< Ty
ho(t) = ’ S
2( ) {e‘ﬁt, t>1T5.
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Proof. We proceed as in Lemma 2.3. By Plancherel’s theorem:

le™* fll%. < <~ sup [k 72 k’) 111z (r2)

k€eZ2 k#£0

2s —2t(k*—kK?) 2
< (e ) e
Now, we simply observe that the maximum of the function g(x) 1= x2° e2/(*"=+") occurs at &2 = (\/1 + 4s/t+
1)/4. Let t = Ty be such that & < ko (which occurs for Ty large enough). Then for 0 < t < Ty, g(x) < t75/2
for all k € R, while for ¢ > T5, the maximum of g occurs at kg for k > kg, so g(k) < e~2% where 3 = K — K3

as in Lemma 3.3. Therefore:
le ™ f11%,. S 20 Ry 0<t< T,
_2,6%”-](‘”[,2 (T2)> t> TQ-
O

3.1.1. Proofs. We proceed with the proof of Theorem 3.1. We find it convenient to use the following version
of the Banach Contraction Mapping Theorem (see e.g. [8]).

Proposition 3.5. Let X be a Banach space equipped with norm || - ||, and let B : X x X — X denote a
bounded bilinear operator such that for some n > 0,
(3.7) [B(z1, z2)|| < mlleall ez, Yoy, 22 € X.
Then, for all y € X with ||y|| < 1/(4n), the equation
xr=y+ B(z,x)

has a solution T € X satisfying ||z|| < 2||ly||. Such solution is unique among those for which ||£E|| < 1/(27m).

We apply this proposition with X = X, y = e 1, and B(¢1,92) = —3% fo le( ) -
Vo (7)) dr, so that T () = y + B(t,1). From Lemma 3.3 and 3.4, it follows immediately that 3 € Xoo
We next show that B is well defined and bounded.

Lemma 3.6. B : Xo X Xoo — C([0,00); L2) and there exists g, > 0 such that:
1B, o) Ol <mi ol ez,

for allt > 0 and for all ¢; € )?Oo, i=1,2.
Proof. We first observe that, in view of the definition of the Bochner integral, it is enough to show that
e~ E=EP(Vi (7) - Viho (7)) || ;2 € L*((0,¢)) uniformly in t. We set Ty := max(71,73) as in lemmas 3.3
and 3.4, and distinguish two cases.

(a) 0 <t < Tp: by Lemma 3.3,

hl(t):t71/4, 0<t<Ty.

Hence: .

1B Ol < G | el (V) - Taatr) dr

t
m 1 1
<2 ([ o) g Iz

< iz el
where the last inequality is obtained by making the change of variable § = 7/t in the integral.
(b) t > Tp: we split the time integration into two parts:

1

t—To
1 / e~ =DEP(Vapy (1) - Vipo(7)) dr
0

B(t1,v2)(t) = 5

+ 1/t e~ CLP(Tiy (1) - Vapo (7)) dr =: I} + I,
2 Ji_n,
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Since in Iy, t — 7 > Ty, from Lemma 3.3

t*TD
11l < / (b= 7) 7 2P|V (7) - Vo ) |11 d7
0

t—To

(/ (1= 7) 1212 B )nwm ol
t

([e=nm2r2a) sz lwls,

Sl 2l

again by making a change of variables in the last integral. We next bound I5. Since in I, t — 7 < Ty,
as in Case (a),

A

N

t
gal 1
Bl <3 [ G V) Vel i

¢ 1
< - - ~ ~
([, ) Ilz_leale.
To 1 -
S /0 WW 1ullz el

4
Ty ol 5 llvellz

where 7 = t — 7 and the last inequality follows by making the change of variables in the integral
0=1/Tp.

The desired estimate now follows by taking the supremum over ¢ in both cases and setting ; = max(¥ TO1 / 4, ¥,y TO1 / 4).

Lemma 3.7. There exists 12 > 0 such that:
B, ) @)l <m0l 2l s

for allt > 0 and for all ¥; € )Z’oo, 1=1,2.

Proof. We again distinguish two cases and use the notation in the proof of Lemma 3.6.
(¢) 0 <t < Tp: we note first that

(t=7) 7’)
1B (1) ()]l s < & / T

—(t—7)
le™ = Zllp—s 2 IVY1(r) - Vipo(7)]| o1 dr.

As in Case (a),
hi(t) = ho(t) =t~ /4 0 <t < Ty,

where hi, hy are the functions in Lemmas 3.3 and 3.4. We then have the bound:

\IB(¢17¢2)(t>IIg1<7\%2 ; (t_lT)l/2||w1(T)-w2(r)|L1 dr

t
M2 1 1
<22 ([ ) Ialz_ vl
<Ay, Il

again by making the change of variables § = 7/t in the last integral. Therefore, for 0 < ¢t < Tp:

B ) Ol AT 5 I12l5_-




GLOBAL EXISTENCE FOR THE ADVECTIVE KSE 19

(d) ¢ > Tp: again we split the integral into two parts:

1 [t=To
Bl vn)(1) = /0 Ve IEP(Tyhy (r) - Vo (7)) dr
+1 /t Ve CDEP(TVipy (1) - Vipo (1)) dr =: I} + I.
2 T

Since in I, t — 7 > Ty, from Lemma 3.3-3.4 with s = 1,
t1/4|‘j1||i2 < t1/4~

t=To _t=mp _=mp
- le™ = Fll e lle™ = Fllero 22 [V (7) - Vipa(7) |22 dr
0

Y t To e—Bt—1)
t"/ a1z 47 | 1z [1all5
-7) (t — A\1/211/2

o—B7
(tm/n) )1/271/2 )|¢1|| lall

t —B7

o [ ) Wl el

O

—ﬁt&
<t1 )1/2 91/2 > ||¢1|| HQ/JQH)'ZOO
s (tl/‘*e’m”lo(ﬁt/?)) lenliz_ el

where 7 = t—7, 6 = 7/t, and T is the modified Bessel function of the first kind. Since Zo(¢) = O(e!/\/t)
for large t, we conclude that sup,q, t'/4e=/2 Iy (Bt /2) < (L1, Ls), so that

sup £/ (|11 || > < a1 (L, La) [l 5 l2llz -
t>To o o

We next turn to the second integral. Since in I, t — 7 < Tp, from Lemma 3.3-3.4 with s = 1,

t

717, 1

$1/4 ||I?HL2 < \1/52 $1/4 / e 7-)1/2 V41 (T) - Vabo(T) || L1 dT
t—To

<o ([ ) e sl
~ 0 (t_7—.)1/27—.1/2 XKoo XKoo

< 41/4 To/t 1
St ; md‘g 1l I1¥2ll%,

S /% arcsin (\/TT/t) lengoo ||1/}2H§°°7

where we used the same notation as for I; and that 0 < T/t < 1. Since arcsin(z) = O(z) as z — 0,
we conclude that sup;.., t'/* arcsin (\/To/t) < ¢(L1, Ls), so that

sup t'/* | Iz 2 < aa(Ly, Lo) [l 5 12l -
t>To =
We finally obtain the desired estimate by setting ns = max (¥ TO1 / * o, asg). O

Proof of Theorem 3.1. From Lemma 3.6 and 3.7, it follows that B : )?oo X )?oo — )~(oo and that
(3.8) 1B vl <nllvallz. Idallz_,

for all ¢; € Xoo, i = 1,2, where 1) = max(y, 72). Next, Lemma 3.4 gives that ||e_t£z/10H§ < 1/(4n) provided
|0l ;2 < 6 with ¢ sufficiently small. We conclude the proof by applying Proposition 3.5, observing that 7 (1)
is continuous in ¢ in L2 so that ¢ (0) = T (¥)(0) = . O
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Proof of Corollary 5.2. Let 1o = P¢g. Let ¢ be the mild solution obtained in Theorem 3.1. Fix T > 0
arbitrary. Then, ¢ € C([0,T]; L?) N X7 is a mild solution of the projected equation (3.3) on [0, T]. Let ¢(t)
be the unique solution of

¢

O — VUl 0<t<T
with ¢(0) = ¢o and let ¢ = 1) + ¢. Then, ¢ € C([0,T]; L?) N Xr and ¢ solves (2.33), consequently ¢ is a mild
solution of KSE on [0, T]. O
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