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Introduction

Over the last decades, it has become increasingly clearer that the space of Quantum Field
Theories is vastly larger than initially thought. These developments have been driven by a
dramatic improvement in our understanding of quantum field theory in the strongly coupled
regime using both numerical and analytic techniques. These lectures will review a tiny part
of the latter and only within the context of four dimensional supersymmetric field theories.
Non-lagrangian field theories, that is quantum field theories which are not naturally pre-
sented via their lagrangian description, and for which such a description is often not currently
known, are at the heart of the large increase of the number of known supersymmetric field

I For instance, if we further constrain our problem and restrict to superconformal

theories.
field theories where we can make educated statements about the relative size of field theories
with a given property, we have the following situation as a function of the amount of (global)

supersyrnmetry:2

N =1 The space of N' = 1 superconformal field theories is very rich but not constrained enough.
A complete classification seems unlikely to be completed soon (see [? | and reference
therein, for some very interesting recent developments).

N =2 Very rich as well as constrained. A complete classification is hard but achievable. The
space of N/ = 2 superconformal field theories is populated overwhelmingly by non-
largangian field theories and the existence of a lagrangian description appears instead
to be the exception [? 7 7 7 |. These lectures will delve in some of techniques which
can be used to obtain these results.

N =3 Recently discovered [? ? ? 7?7 |. Great progress has already been made [? 7 7 |,
and a complete classification might be close, though awaits the development of string
theory techniques to construct N/ = 3 theories systematically. All NV = 3 theories are
non-lagrangian and superconformal.

N = 4 Theories with maximal supersymmetry are very constrained, it is believed that they are
completely classified by gauge Lie algebras g and the spectrum of electric and magnetic
line operators [? |, plus possible discrete gauging [? 7 |. All N/ = 4 theories are then

lagrangian and superconformal.

With this definition, any strongly-coupled fixed point is an example of a non-Lagrangian field theory.
20f course the considerations below only reflect the perspective of the author.



The reader that is not already familiar with a notion of a non-lagrangian field theory, might
wonder how, if not via its lagrangian, can a field theory be defined. There are many ways
to answer this question but we will focus on one. The presence of supersymmetry generically
allows for ground state configurations parametrized by a set of continuous variables which
can in turn be interpreted as coordinates of a space called the moduli space of vacua (M).
M inherits a very rigid mathematical structure from supersymmetry (and other symmetry in
the theory) and many physical properties of the theory itself can be extracted directly from
M. The situation is so constrained that, in many cases, the existence of a given field theory
can be purely inferred by the consistency of M without a need for a description in terms of
weakly coupled fields.

The focus of these lectures is to discuss the structure of a particular subset of M; the
Coulomb Branch of four dimensional N' = 2 supersymmetric field theories. The understanding
of this space was revolutionized by the two seminal papers by Seiberg and Witten [? 7 | which
grew in what has become known as Seiberg-Witten theory. I will also refer to the totality
of the geometric constraints on the Coulomb branch captured by the Seiberg-Witten analysis
as Special Kahler geometry. There is by now an incredibly vast literature on the subject
and it is therefore impossible to be systematic in appropriately reference so many brilliant
contributions. I apologize in advance for the omissions that I might have made.

More specifically, in these notes I will try to give a somewhat pedagogical introduction to
the main ideas of Seiberg-Witten theory. My presentation will be motivated by the classifi-
cation spirit outlined above and I will therefore present the topic in a slightly unconventional
way. For example I will not discuss the infamous monopole-dyon singularities appearing on
the Coulomb branch of N' = 2 su(2) super Yang-Mills theory but rather focus on discussing
the Coulomb branch of IR-free or conformal theories. For a more standard treatment of the
subject the reader can consult the many wonderful existing reviews of the subject, e.g. [? ?
2

The lectures are organized as follows. The first lecture introduces the moduli space of
vacua of N = 2 gauge theories M and focuses in particular on its CB C. I will also discuss
the simplest examples in some details. The second lecture focuses instead on introducing the
special coordinates, the Kéahler metric and C as a Kahler space. In the third lecture we will
analyze the abstract geometric structure introduced in the first two lectures in a concrete
example. By explicit calculation, we will familiarize with the puzzling fact that the effective
low-energy theory on C does not have a globally defined lagrangian description and, relatedly,
the CB has metric singularities. In the fourth lecture, we will introduce the concept of electro-
magnetic duality which resolves in a non-trivial fashion the puzzle of a non-global lagrangian
description on C. In the fifth lecture we will introduce formally the notion of Special Kéhler
geometry which describes the geometric structure of the CB. We then use this framework to
derive all the consistent scale invariant one complex dimensional CB geometries. Through
this exercise we will argue for the existence of many N/ = 2 superconformal field theories
which do not have a lagrangian formulation. I will conclude in lecture six by introducing the
Seiberg-Witten (SW) curve and one-form, as well as outlining the generalization to higher



ranks and providing a brief description on how the CB geometry is constructed in the large
z00 of N' = 2 theories which can be obtained from compactification of 6d (2,0) theories, the
so called class-S theories.

Throughout these lecture notes we made various digressions which lie somewhat off the
main line of arguments of the manuscript and could therefore be skipped at a first read. We
chose to leave them there as they might appeal to the more advanced readers. We have also
assumed knowledge of N’ = 1 supersymmetry which is not reviewed here. There are by now
plenty of fantastic references e.g.[? 22 72?72?22 7277 7|

Finally, these lectures are vastly incomplete. The list of subjects we had to omit, given the
time constraints of the school and of life in general, is so long that we can’t even be complete in
listing our incompletness. It is possible that future versions of this manuscript might partially
integrate these omissions. In particular with the addition a discussion of massive BPS states
and mass deformations, as well as one on the relations of Coulomb branch geometry across
dimensions, in particular drawing connection between the four dimensional story and the one
in six, five and three dimensions.

1 Moduli space of vacua of theories

We will start by introducing the main protagonist of these lectures: the Coulomb branch of the
moduli space of vacua of four dimensional A" = 2 supersymmetric field theories. Supersym-
metric field theories generally admit continuous vacuum configurations. These vacua can be
interpreted as coordinates of a space which we call “the moduli space of vacua”. Depending on
the amount of supersymmetry, these spaces are increasingly more constrained. We will restrict
here to the case of N/ = 2 supersymmetry and later we will also add the extra constrain of
superconformal invariance. Henceforth we will use the letter M to refer to the entire moduli
space but, as we will describe momentarily, M decomposes in different branches with different
geometric properties, see figure ?7. In this first lecture we will familiarize with the general
structure and introduce these different branches which take the name of Coulomb, Higgs and
Maized branch.

1.1 N =2 Lagrangian

We here remind the basics of NV = 2 supersymmetric field theories and establish nomenclature
and some conventions. For more systematic reviews see e.g. [? 7 |. The N' = 2 super-Poincaré
algebra takes the schematic form:

(Qn, QL =20k Py, {QR,QFY = capenmZ QR P, =0. (1.1)

The @ are are left-handed Weyl spinors and the P, are the four momentum which generates
translation. The commutator between the Qs and the rest of the generators of the Poincaré
group follow from their representations. We use the following conventions for the matrices o#
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Figure 1. Moduli space of vacua of a four dimensional N' = 2 supersymmetric theory.

and o# are Pauli matrices for p = 1,2, 3 and the identity for y = 0:

o0 — 50 — 10 Lol = 01 R . 0 —1 P B Lo ‘
01 10 i 0 0—-1

(1.2)

(??) has a non-trivial su(2) g x U(1) g R-symmetry group. To discuss the vacuum structure
of N' = 2 supersymmetric theories we need to first introduce the lagrangian of a A/ = 2 gauge
theory with gauge Lie algebra g. The Lagrangian is written down in terms of two N = 2
supermultiplets the N' = 2 vector multiplet and the N = 2 hypermultiplet:

¢A
N =2 Vector multiplet : A 5\2 , (1.3a)
A
Ay
i
. o .
N = 2 Hypermultiplet : q q (1.3b)
vy

where fields on the same row fall in representations of su(2)r and we wrote explicitly the
spinor indices. The fields of the vector and hyper multiplet also falls in A/ = 1 representations,
which are arranged diagonally above. The N' = 2 vector multiplet can be decomposed as an
N = 1 vector and chiral multiplets: VN=2 = (<I>,VN =1). The hypermultiplet can instead
be decomposed in a chiral and anti-chiral N' = 1 super-multiplets: H = (#;,H'). Since the
N = 2 vector multiplet transforms in the adjoint representation, we also wrote explicitly the
gauge index A = 1,...,dimg. The lower-case index ¢ = 1,..., Ny is instead a flavor index.



Imposing the invariance under super-gauge transformations:

Q= 2740, (1.4)

ez‘m eVe—if
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where Q is a N = 1 chiral superfield and T4 € g, the Lagrangian follows:

1 R R T 1
L=_Im { / 4204261 tr (qﬂevcb +HIH + H“evﬂ,) v / d20 <2trW2 + Wﬂ (1.5)

T
The explicit expression of (??) in terms of individual bosonic and fermionic degrees of freedom,
is derived in exercise ?77. If you haven’t done it at least once in your life, we strongly advice
you to work out this form in detail. It is a pedantic yet instructive exercise. In the expression
for the lagrangian, 7 is the holomorphic g gauge coupling :

Ar 0

and the closely resembling W and W should not be confused. The first one is the standard
chiral superfield obtained out of the N/ = 1 vector superfield V'

W, = —iﬁpaw) (1.7)

while the second one is the N' = 1 superpotential which is fixed by N' = 2 supersymmetry to
be

W = V2N + VomiH M. (1.8)

The first term in the lagrangian is given by the integral of the entire N’ = 1 superspace
and is what we will call in the following the Kahler potential:

1 U
K =—Im { / 4204201t (@T Vo + Ml H + ”Hhev?-liﬂ . (1.9)
m
Now that we are done with the basics, can start our real analysis. The first question we need
to answer is what are the classical vacua of this theory. This is easily addressed by looking at
the zeros of the scalar potential which looks:

1 . DA — ]LTAi j
V= DDyt FIE,  with ;jv‘ P (1.10)
E = 7

where the i runs over a range such that ' label all the dynamical scalar fields of the theory.



Here A =1, ...,dimg indicate the elements of the Lie algebra of g. From exercise 77 we derive
that the equations to find the vacua of the theory are:

F-TERM D-TERM
(q‘iﬂqvi)'tracelesAs =0 . [f, ¢T} =0 (1.11>
qlmg + ¢q] =0 [qzqi - Qizj‘”]traceless =0
miGi + @6 =0

To simplify the discussion in the following we will set mz = 0. In this limit there are two

general “types” of solutions to the equations (?7):

CouLoMB BRANCH ¢ =¢q =0, ¢ # 0. The name Coulomb branch (CB) derives from the
fact that low-energy limit description of an N' = 2 supersymmetric
theory on its CB is U(1)" N = 2 gauge theory, where r is the rank of
the theory. This branch of the moduli space will be the main focus
of these lectures and we will indicate it as C C M.

HicGs BrRANCH ¢ = 0and q # ¢ # 0. Generally the gauge group is fully Higgsed along
this branch, thus the name Higgs branch. The low-energy effective
descriprion of an N = 2 theory is simply given by free decoupled
hypermultiplets. We won’t discuss this branch in any real detail.

MIixED BRANCH ¢ # q # ¢ # 0. Finding the general solution of the equations in 7?7
is quite challenging. They play an important role in connecting the
constraints from Higgs and Coulomb branches.

A depiction of the moduli space of vacua of a general four dimensional N' = 2 gauge theory is
provided in fig. ?7?.

1.2 Rank-1: su(2)

Let’s start familiarizing with the structure of the CB in the simplest example, an N/ = 2 gauge
theory with g = su(2).
Setting ¢ = ¢ = 0, a solution for the scalar of the vector multiplet which satisfies (??) can

bon = (g _Oa> (112

This vev breaks su(2) — U(1) implying that the effective theory at the generic point of the
CBis a N =2 U(1) theory. su(2) is rank 1 therefore this matches the general claim made
above. In the presence of hypermultiplets, for ¢cp # 0, the superpotential term in (?7) gives

be explicitly written as:

a mass to all the hypers:
mcg ~ |al (1.13)



therefore at low enough energies, the hypermultiplets also decouple and the theory on a generic
point of the CB is a N’ = 2 U(1) theory with no charged matter. This theory is not interacting
and it is described by a single N' = 2 vector multiplet. So far the situation seems quite boring,
yet, perhaps surprisingly, the detailed description of this (extremely elementary) low-energy
abelian theory gives instead a surprisingly rich geometric structure to C and will be the focus
of a large part of the following lectures.

The form 7?7 does not fix the gauge redundancy completely and the remaining gauge
transformations impose further identifications on ¢cp which we have to account for. From
exercise 77, the extra gauge redundancy in the case of su(2) reduces to a Zs; ¢cp and -¢cp
are gauge equivalent. Since a is not gauge invariant, to properly parametrize this branch of
the moduli space, we need to define instead the following gauge invariant quantity:

u = tr ¢pip = 2a° (1.14)

u will be our gauge invariant coordinate on the CB which, for su(2), is a one complex di-
mensional. Henceforth we will drop the subscript ¢g when referring to the vev of the scalar
component of the vector superfield on the CB. It will hopefully be clear from the context when
we refer to the scalar field and when to its vev.

The HB of su(2) theories depends on the number of the hypermultiplets and its description
is considerably trickier. For completion and to satisfy the curiosity of the interested reader, we
report a brief discussion of the HB of the N' = 2 su(2) theory with four hypermultiplets in the
fundamental below. This theory is superconformal and thus its description is somewhat easier
and gives a taste on how to use a more abstract approach, strongly relying on the algebra of
gauge invariant operators, to discuss moduli spaces of N' = 2 theories. This discussion lies
somewhat outside the main theme of the lectures and can be safely skipped during your first
read.

Digression 1.1: Higgs branch geometry of ' = 2 su(2) with Ny =4
Since the fundamental representation of su(2) is pseudo-real, it follows that the N' = 2

su(2) gauge theory with four hypermultiplets in the fundamentals has an so(8) flavor
symmetry, enlarged from the naive U(4) guess. Explicitly, the Pauli matrices satisfy

(0" = —o90'0y (1.15)

which allow the re-arrangement of (¢*,q;), i = 1,...,4 into a fundamental of so(8). We
will label it as g, such that g contains both ¢ and ¢, appropriately arranged to form an 8
of so(8). It is handy to describe the HB directly in terms of the gauge invariant, meson,
operator which can be obtained from @,:

my =g, (1.16)



where we made explicit the su(2) gauge contraction which, recall, are done via the an-
tisymmetric €, symbol. 91 is therefore anti-symmetric in ¢; and ¢ and it transforms
in the adjoint representation of the so(8) or the 28. This implies that 92 := E)ﬁgi)ﬁﬁi
tranform in the Symg228 and which can in turn be decomposed in terms of a direct sum

of so(8) irreducible representations:
Sym;:28 = 300 & 35, & 35, & 35, @ 1 (1.17)

The fact that the “quark” fields g satisfy (?7) implies that 9t satisfies non-trivial
relations [? | and which can most easily formulated in terms of so(8) representation
theory. The idea is that some of the IRREPs appearing by decomposing monomials
of the 9Ms vanish. It turns out that for this particular case, all the relation appear at
the quadratic order and can be framed in terms of vanishing representation in (77?).
Specifically the F-term conditions are:

M@ M|z5, =0 M M1 =0 (1.18)

Furthermore from the fact that we write 91 in terms of the quark fields, it follows that

M automatically satisfies:
M@ Mgs, =0 M@ M35, =0 (1.19)

We then conclude that the Higgs branch of this theory can be fully recast in the following
quadratic relation for the meson field:

IM?|300 # 0 (1.20)

1.3 Rank-2: su(3)

Now let us turn to the analysis of the second simplest example: su(3) N = 2 gauge theories.
Again, since we are interested in general statements about C, we will not specify the hyper-
multiplet content and what we will say apply broadly. In this case the CB solution has the

form:
al 0 0

Gsuz)y = | 0 a2 0 (1.21)
00 —Qa1 — a2

from which it immediately follows that in this case the CB is a two complex dimensional space.

If a1 # az, su(3) — U(1) x U(1) again confirming the general statement above. As
before, the configuration in (?7?) is not gauge invariant. In this case, figuring out the set of
identifications imposed on (?7) by the remaining gauge redundancy is more involved but with
enough effort it can be shown that is tantamount of shuffling the eigenvalues around. This
group is nothing but the symmetric group S3. To identify the correct, globally defined, two



complex coordinate on C, we need to consider polynomial in a; and as which are invariant
under this S3 which are just the symmetric polynomials in a; and as
A possible convenient basis of the symmetric polynomials in a; and as is readily obtained

considering tr ¢§u(3) and tr ¢§u(3):

2 3

up = trqb;u@ =a? + a2 + ajao, ug 1= M?jm(?’) = —a’ay — aja3 (1.22)
(u1,u2), which have scaling dimension respectively 2 and 3, are the global coordinates on C
generalizing (?77). Here the description of the low energy theory is a bit trickier. It remains
true that on a generic point of C all the hypers acquire a mass and thus the low-energy theory
is a U(1)? with no charged degrees of freedom, this time described by two N = 2 vector
multiplet. But in this case, there are non-trivial direction in the (a1, a2) space for which the
masses of the hypermultiplets vanish. The details depend on the superpotential (??) which is
fixed by the number of hypermultiplets and their representations. We will ignore this subtlety
for now and only take home the (partially incorrect) message that the low energy theory is
N = 2 theory of free photons.

Digression 1.2: Mixed branch of su(3) with Ny =6

N = 2 su(3) theories are the theories that provide the simplest non-trivial example of
a mixed branch which we will discuss below for the case with Ny = 6 which is in fact
superconformal. Again this discussion is largely inessential to understand the rest of
these lectures and can be skipped.

Since the fundamental representation of su(3) is a complex representation, this theory
has an su(6) flavor symmetry which acts non-trivially on the hypermultiplets. The HB
structure is more involved than the su(2) case and we will not discuss it, for more details
see for example [? |. Interestingly this theory has a non-trivial Mized Branch (MB)
which is relatively easy to analyze and we will discuss it here. Again it is convenient to
describe this branch in terms of a gauge invariant operator: n:

m! = q'q) (1.23)

For generic value of a; and as, the F-term conditions set the vev of the squarks
(¢,9), and therefore that of ﬁ, to zero. When any of the entries in (??) vanish, the
squarks can acquire a non zero vev “along” that same direction, with the remaining two
components vanishing. Since both ¢ and ¢ are forced by the F-terms to have their non
vanishing vev “aligned”, we can treat them as they are simple complex numbers and the
F-term conditions further simplify. Then the structure of the mixed branch of the su(3)
case can again be encoded in a set of quadratic relations satisfied by the M. Explicitly



ﬁz transforms
Symg235 =405 ¢ 1890 35D 1 (1.24)

imposing the F-term conditions and the fact that M is written in terms of the quarks as
in (??), implies that

ﬁ2‘189@35@1 =0 and ifvvt2’405 7& 0 (1.25)

It can be checked, though it is not at all obvious by the equation above, that these
relations identify a ten complex-dimensional variety.

Even though there are three different choices of a; and ae which allows for the
diagonal entry to vanish, the three are physically equivalent as they are related by Weyl
transformations. Thus the invariant way of describing the mixed branch as a subvariety
of the two-dimensional CB is as the one complex dimensional plane uo = 0. Along this
subvariety the effective low-energy theory is a U(1) x U(1) and the mixed branch can be
identified as the Higgs branch of one of the two U(1) factor for which some of the quarks
charged under it can acquire a vev.

1.4 CB in the general case

Let’s conclude this section describing the CB of a ' = 2 su(n) gauge theory. In this case (?7)
and (?7?) generalizes to:

a10 0 .. 0
0

0 a9 0 ..
¢: . . 0 ) a1y ..y Ap—1 € C (126)

0 —Ziai

and for a; # ag # ... # ap_1 su(n) — U(1)"! and the CB is an n — 1 complex dimensional
space. As before the a; are not gauge invariant and the pattern of discrete identifications
which we have seen in our previous examples generalizes straightforwardly to su(n). The
remaining gauge redundancy acts shuffling the eigenvalues around and therefore closes on the
symmetric group S,. The gauge invariant coordinates on C are:

w =Tr[¢%], up=Tr[¢*], -+, up1="Tr[o"]. (1.27)

which have scaling dimension A, =i — 1.
This structure can easily generalized to any rank-r gauge Lie algebra g. Setting the
hypermultiplet scalar to zero reduces the equation of motion to

(61, 6] = 0 (1.28)

which implies that the CB vacuum configuration are parametrized by the complex scalar of

,10,



g Weyl(g) |Weyl(g)|
su(r+1) or A, Sri1 (r+1)!
sp(2r)/so(2r 4+ 1) or BC, Sy X Z4 2"r!
s0(2r) or D, S, x 751 2r 1yl
G2 ZQ X 53 22 -3
F4 Sg X Weyl(D4) 27 . 32
Es . 27.3%.5
E; . 210.34.5.7
Fg .. 214.35.52.7

Table 1. The Weyl group for each Lie algebra g.

the vector multiplet restricted to the Cartan subalgebra h of g. Calling H; a choice of the

generators of b:

¢=¢;H', i=1,...,r where [H' H']=0 (1.29)

Since the H? all commute with each other they can be simultaneously diagonalized, as we did
in (7?) and (??). We will call the r eigenvalues of ¢, following the same notation as before,
Ay eeey Ap.

As now know, gauge redundancy introduces further identification on (??). This set of
identifications has very sharp interpretation in Lie algebra theory and coincides with the
Weyl group of the corresponding Lie algebra (thus Weyl(su(2)) = Zy, Weyl(su(3)) = S5 and
Weyl (su(n)) = S,). These groups are well known for all Lie algebras [? |, see table ??. The
CB for a N' = 2 theory with gauge lie algebra g is therefore parametrized by invariant Weyl(g)
polynomials in the a;s and a good set of global coordinates on C can be chosen to be the set
of the generators of these polynomials. For a Lie algebra g, there are precisely r generators.

The two main take away messages from this section are the following general properties

of N =2 CBs:

Coulomb branch take aways

1. The CB is a r complex dimensional variety parametrized by a;’s, the eigenvalues of
(??). Generalizing this fact, we define the rank of N' = 2 (superconformal) theory
as the complex dimensionality of its CB. To date all known rank zero N = 2 are
free.

2. On a generic point of the CB g — U(1)".

— 11 —



1.5 Global vs. local

At this stage, it would be very natural for the reader to see the a;s and u;s on the same
footage and basically interchangeably. Most of these lectures are geared towards convincing
you that they are not and try to sharpen the distinction between these two objects. For now
it is important to think of the gauge invariant coordinate u; as the proper coordinate on C
and the vev of the scalar component of ¢cp, the N/ = 2 vector multiplet on C, as instead
functions of the u;. When we do that, we will immediately notice some important differences
among the a;s and the u;s
For example in the su(2) case, we saw that:

a=+/u/2 (1.30)

The careful reader should immediately notice that a is not single-valued in u. As we loop
around v = 0 on C, a does not come back to itself. This shows that a is only a good local
coordinate on C while u does not suffer of the same pathology and is in fact globally defined.
In this example dragging a along a loop only makes it change its sign, which as we discussed
means that it picks a non-trivial gauge transformation. For the su(3), and more generally
g, this feature generalizes straightforwardly with the result that generically the a;s, when
dragged along a closed loop v, don’t return to their original value but to one which is gauge
equivalent:
ai a1
21008 3, Weyl(g) o | (1.31)

ar ay,

where the appropriate action of the Weyl group on the a;s, indicated by o, is set by the action
of the gauge group on the complex scalar ¢.

In the following we will see that in general the a;s can suffer even more dramatic trans-
formations along closed loops. But to build to this result we need to first analyze more
systematically the low-energy limit of the an N' = 2 theory on its CB.

Exercises Section 1

Exercise 1.1. Ezpand (??) in components and show that
L= L F po
42 3272
+ (O — 1ALT @) (0" p — iA™T ) — i Y5+ (Oph — 1ALT )
— DI T — iv2 AT\ + ivV2 T X" + FIF;
1 62 1 W ——
ow ow P oW oW 5. (1.32)

WV g W g ;
Tae a2 a@a@w% 2 96109,

=~ v Z -—a 1
HVFG‘P‘ — ? )\aUuDHA + 2792DaDa

- 12 —



Exercise 1.2. Using the explicit form for the N' = 2 lagrangian (??), and (?7), derive
that the equations which constrain the allowed vacuum configurations for an N' = 2 gauge

theory are:
migi+ @ ¢ =0 [6,61] =0 (1.33)
qimg + qﬁqj =0 (qiqz - (f]via}“)traceless =0 (1-34)
(qzai)traceless =0 (1.35)

where ¢, q and q are, respectively, the scalar fields of the N = 2 vector multiplet, the
chiral and anti-chiral of the hypermultiplet.

©)

Exercise 1.3. Show that for any ¢ satisfying [(bT, @] = 0 there always exist a h € su(2)
such that
0
¢cp = hoh™' = <a ) (1.36)
0 —a
Also find the one-parameter family of su(2) transformations, h(0), implementing the
transformation ¢pcg — —¢CB.

2 CB IR Effective theory

Let us look at the effective theory on C more closely. Consider again a rank r AN/ = 2
supersymmetric gauge theory with gauge algebra g and let us analyze what happens when g
is spontaneously broken by a non-zero (¢). Far from the points where two eigenvalues of (¢)
coincide, the only massless fields are the vector supermultiplets associated with the unbroken
subgroup U(1)" of g. Breaking g — U(1)" gives mass to the vector multiplets associated to
the charged vector bosons and the superpotential term (?7) generically gives a mass to the
hyper multiplets, if they are present. The massless fields don’t carry any charge under the
unbroken U(1)" and this theory will be a theory of 7 non-interacting N' = 2 vector multiplets.
We will see below that this seemingly trivial low-energy physics defines in fact a rich geometric

structure on C.

2.1 Prepotential

The most general effective action (the part with at most two derivatives) of a N' = 2 super
Yang-Mills theory is fully determined by an object called the N' = 2 prepotential F which is
only a function of r massless vector supermultiplets. In the N' = 1 language, the corresponding
Lagrangian takes the form (with ®; denoting the chiral superfield component of the N' = 2

,13,



vector multiplets):

L= Siﬂlm (/ A0 Fop (@)W WL + 2/d29d29T (@TeQQV)afa(cp)) : (2.1)
Here, Fo(®) = 0F /0D, Fup(®) = 0*F/0P*0P®. From the above, and comparing with (??)
and (??), we can easily read off the Kihler potential as Im(®T%F,(®)). As we will discuss in
more details below, this gives rise to a metric g, = Im(9,05F) on the space of fields. A metric
of this form is called a special Kahler metric. If we demand renormalisability, then F has to be
quadratic in @, however, if we want to write a low-energy effective action, renormalisability
is not a criterion and F can have a more complicated form. In particular, we can start
from a microscopic theory corresponding to a quadratic prepotential, and try to construct the
modified F for the low-energy Wilsonian effective action. The exact determination of this
function is the subject of the work of Seiberg and Witten [? ? | and, partially, these lectures.
We can use this formalism to describe the low-energy limit of any N = 2 supersymmetric
theory on its CB. Indeed this effective action will be given by the most generic low-energy
lagrangian describing a set of r decoupled N' = 2 vector multiplet associated to the massless
photons of the unbroken U(1)" gauge theory. Specifying (?7?) to the case of U(1)" we get:

r 1 — 1 2 L
v = —Im [/ 9 97 5 +/d29 OF iy | (2.2)
7

eff 0P 2 0PI 0PI @
In this abelian case, the Kahler potential takes the explicit form:

We have therefore reduced the problem of understanding the detail of the low-energy
effective description of an A/ = 2 supersymmetric field theory to determining the prepotential
F. The way we will be able to fix F will be extremely non-trivial and along the way we will
unveil a rich geometric structure which captures the CB geometry in its full glory!

2.2 Special Coordinates

The effective low-energy theory (?7) on a generic point of the CB can, in principle, be obtained
by integrating out all the massive modes as well as massless modes above a low-energy cutoff.
In practice, this procedure is not easy to implement. Seiberg and Witten [? 7 | realized that
the global structure of the CB geometry provides an indirect procedure to study the effective
theory on the CB and often it can be determined exactly.

To start, let’s consider a rank-1 example where the following patter of spontaneous sym-
metry breaking takes place su(2) — U(1). The effective low-energy Lagrangian only depends
on a single chiral superfield ® and from the prepotential F we can compute the value of the
holomorphic gauge coupling associated to the low-energy U(1) theory on a generic point of
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the CB. Recalling (?7):
T(a) = —5. (2.4)
This generalizes to a rank r theory:

02 F
Oarbay’

T(a) == T11(ar) = (2.5)

It is now time to introduce one of the key concepts of this course; the special coordinates.
(??) can be re-written introducing the dual of &:

Lefr=7-Im [/ 9P +/ d29§aT;jwmwg, op = 557 (2.6)

Furthermore the scalar component of ® can also acquire a vev which we will label as a”.

For rank-1 theories we will write this as:

oF daP
D _ Y _ 2
= = 7(a) 9

a (2.7)
the pair (a”,a) is defined to be the special coordinates on C. We have now defined three
different objects (u, a,a®”) that are all related to parametrizing the CB. Since the only global
holomorphic coordinate on C is u, a and a” should be seen as holomorphic functions of .

At tree level the prepotential is quadratic in ® and a” is classically linear in a. In a
N = 2 gauge theory the pre-potential only receives perturbative contributions at one-loop.
This translates readily into the one-loop expression for a” which allows us to compute a”
explicitly, at least in the regime where non-perturbative contributions can be safely neglected.
It is very helpful to compute the expression in a concrete example and we will do it in the
next section.

For a rank r theory, C is an r complex dimensional space parametrized by {u;},i=1,...,r

and on a generic point of C we can naturally define a set of 2r holomorphic special coordinates:

aD
a:(a> 2.9

This definition might not appear very well motivated at this point. Nor the word dual. Soon
enough we will (hopefully) address this concern.

2.3 Kahler metric

To abstract a step further, when analyzing the theory on the moduli space M, it is helpful
to think of the various complex scalars of our theory as maps from space-time to this (target)
space M. Restricting the Kéhler potential (?7) to the scalar components of the chiral fields

®;, call this restriction K (¢;, ¢F) (??) defines a real scalar function on M which we can use
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to define a metric on M:

Gmim = OmOm K (¢, ¢™) (2.9)

where 0, = 9/0¢™ and O = 0/0¢*™ and it gives rise to the line elements is ds? = g,md¢™ ®
d¢*™. A field redefinition which preserves the chiral nature of the fields

() (2.10)

acts as a complex coordinate transformation on M and gives M naturally the structure of a
(complex) manifold. It is possible to check that under (?7?), (??) transforms consistently as
a metric tensor which is furthermore Kahler. M is therefore naturally described as Kdlher
manifold.

Going back to our simple su(2) example the Kéhler potential acquires the particularly
simple form (??) and the metric (??) can be readily computed to be:

, ; 0?F
2 _ g0 —]
ds” = g5 da ®da’ =Im Dada

da ® da. (2.11)

Where, recall, the a is the eigenvalue of the general solution (??) for the scalar field of N' = 2
vector multiplet on C.

This straightforwardly generalizes to a theory of rank-r. In this case the metric on the
CB has the general form:

2

ds? = gijdai ® da’ = Im di @da’ i=1,..,r (2.12)

a; aj
In both cases, the components of the metric have a particularly simple and useful form.
Written in this basis g;; are the same as the generalized holomorphic gauge coupling

0*F daP

Of course this relationship between g;7 is not basis independent. If we perform a coordinate
transformation we will in general spoil this beautiful geometric interpretation of the low-energy
U(1)" couplings. This is at least one reason which makes the as special and holding up to its
name. This relationship is not modified in the quantum theory.

3 An example in detail

It is helpful to work out the details of the CB geometry in a concrete example by explicitly
integrating out degrees of freedom and computing the low-energy description of the U(1)
theory on C from first principles. To this end we need to remind the reader about RG-running.
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3.1 RG-running and coupling in the IR
Because of quantum corrections, the gauge coupling g changes with the energy scale. At

one-loop the renormalization group equation is:

dg g9’ 5
b O
W~ iz TOW)

(3.1)

where p is the energy scale of the physics we are interested in understanding and b is the
one-loop beta function coefficient for the gauge coupling:

b= ET (adj) —fZT (Ry) —fZT Ry) (3.2)

where the first sum runs over the Weyl fermion in the theory and the second on the complex
bosons. The contributions at higher order in g, O(g°), correspond to higher loops.
Neglecting higher loop corrections, the solution of (??) can be found straightforwardly:

where A is called the strong coupling or transmutation scale and has the important physical
significance of being the scale at which physics becomes strongly coupled. In (?7?), uo is any
fixed scale for which g?(ug) is known.

Depending on the sign of coefficient of the beta function b, we can identify three different
behaviors:

The gauge coupling runs to zero at low-energy
b<0 :IR-free while it diverges at some energy scale Ayy,

for this reasons these theories are not UV complete.

The gauge coupling diverges at some energy Air but it can
b >0 : Asymptotically free instead be defined at arbitrary high energy. Perturbative

methods are not effective to investigate it low-energy limit.

The gauge coupling does not run. The vanishing of the
b=0 : Conformal coefficient of the beta function is usually not stable

under quantum corrections.

\. J

In an NV = 2 theory, the holomorphic gauge coupling only receives perturbative contribu-

,17,



tions at one-loop. So 7 will have the general form:

00 ~\ bn
(A, p) = —% log (X) +Y an <2> (3.4)

where the non-logarithmic part comes from non-perturbative contributions which are in gen-
eral hard to compute. How can we use this expression to compute the low-energy coupling on
a generic point of C?

Let’s first fix g to be su(2) and consider the case in which the theory is IR free. Recall
the expression for the coefficient of the beta function (?7):

b=4-) T(Ry) (3.5)
h

where we used the fact that, in the normalization in which T'(2) = 1, T(3 = Adj) = 4. We
then readily deduce that if we add more than five hypermultiplets in the 2 then b < 0 and our
theory flows at infinite weak coupling in the IR3. Notice that non-perturbative corrections in
(??) can be neglected so long as we consider the theory at energy scales u < \]\]

Now let us study the RG running at a generic point u of C. First recall that for an su(2)

a=+/u/2 (3.6)

and in particular v has scaling dimension 2 (??). Then notice that for energy scales E > [\/ul,

theory

the theory is effectively an su(2) theory and the running is governed by (??)%. |\/u| is physically
the energy scale at which the su(2) — U(1). Since the superpotential terms (??7) induce a
mass to the hypermultiplets mcp ~ |/ul, for energy scales below |\/u|, the theory is, as
we already discussed, a pure N' = 2 theory of vector multiplets. In particular there are
no degrees of freedom which are charged under the U(1) gauge group generating non-trivial
quantum corrections. At any point u € C, the renormalization of the holomorphic coupling
“stops” at |y/u and therefore we can obtain the perturbative contribution to the low-energy
effective coupling by plugging p +— /u in (?7):

() = —2% log <*f> (3.7)

This behavior is depicted in figure ??. To get the full expression of the low-energy effective
coupling as a function of v we need to also include non-perturbative corrections. But for the
moment we choose to neglect them and instead only consider (??) for values of u close to the
origin of C, more precisely |/u| < |A|, where non-perturbative corrections can be neglected.

30f course IR-free theories can also be obtained by adding any number of hypermultiplets in any represen-
tations larger than the 3.

“In making this statement one has to be careful. In fact IR-free theories are not UV complete and thus are
not valid at arbitrarly high energy scales. We are here implicitly assuming that at an energy £ < |/~\| another
description “kicks in” completing the theory in the UV. With this understanding, everything else follows.
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\#

Figure 2. RG-running of the holomorphic gauge coupling. 7(u) is not a constant function of the CB
parameter.

From (??) and (??), we can integrate (??) and obtain:

aD:—b@ [log( u/2> -1

2mi A

+ non-pert. contr. (3.8)

where b is the coefficient of the gauge coupling beta function and the logarithm term corrects
the classical part which is indeed linear in a ~ /u. The initial goal of the CB analysis was
to exactly compute the non-perturbative corrections in (??) [? 7 |, we will instead neglect
them by considering the theory in a regime where these corrections are un-important and
focus instead in highlighting the power of the CB geometry in constraining what A/ = 2
supersymmetric field theories are allowed.

3.2 Multiple Lagrangian descriptions

We have just derived the explicit expression for the special coordinates. Let’s now focus on a
specific example choosing an su(2) theory with exactly five hypermultiplets in the 2. For this
theory b = —1. In section 7?7 we warned the reader that the coordinate a might be only locally
well-defined, justifying this statement by the speculative possibility that a could pick up a
non-trivial transformation if dragged along a closed loop, this would lead to the surprising
result that as we move around the CB, the effective low-energy description of the family of
U(1) theories is not unique. We will show explicitly that this is precisely what happens in
examples, even in the simplest su(2) case. The conclusion is rather bizarre and surprising;
despite the extreme simplicity of the low-energy theory on C (just a single N' = 2 vector
multiplet!) there is no globally defined lagrangian description for it!
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Figure 3. Moving along a small loop around u = 0 we return to a different description of the low-
energy physics.

Let’s recall again the expression for the special coordinates:

a:%¢@§ (3.9)

aP = 2742 [log <j{/2> — 1] (3.10)

we follow [? | choosing a different normalization for (?7), this is appropriate for su(2) theories

with hypermultiplets in the 2 to ensure that the electric charges on C are always integral.
Consider now taking a loop v around the origin C with radius R < |A| (so that we are in

the correct regime to use (??) and (?7)), see figure ??. Something surprising happen to the

™o, a and a” don’t come back to their original values but

CLD along -1-1 CLD o -1-1
=) oG e

This matrix picked up by the special coordinates is called the monodromy along ~. M, has

special coordinates. As ug — €
rather:

a special from (for instance is clearly integer valued). Using (??) we conclude that looping
along v we return to a description of the theory with a different holomorphic coupling:

L SN (3.12)

This transformation has a special name, it is called a T transformation, or rather the negative
of it, and will be discussed again in the next lecture. Is this behavior consistent with what
we know about N = 2 supersymmetric gauge theories? You are probably intuitive enough to
guess that this is a rhetorical question and the answer if of course yes. The resolution of this
puzzle will lead us to realize something possibly even stranger; there is no global lagrangian
description of the low-energy effective theory of a N' = 2 supersymmetric theory on its CB and
many different, yet equivalent, descriptions of the theory of N' = 2 U(1) gauge theories are
needed. And looping around closed loops we come back to a description that is different but
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it is equivalent to the initial one. This set of equivalent descriptions is called electromagnetic
duality and it will describe in detail in the next section.

Another important observation on how multiple lagrangian descriptions of the low-energy
theory at a point ug of C could arise is to notice that, as we showed in exercise 77, at the origin
of C the Kéhler metric diverges. Thus as a metric space, the regular points Cre, = C/{0} and
the loop «y which we considered encircles the singular point. The non-triviality of M, arises
precisely because 7 encircles the origin. The existence of singularities on the CB of N' = 2
theories is a very important concept to absorb and deserves a bit more discussion.

3.3 Singularities on the CB

The Kéhler metric on C (?7) is determined by Im7(u). As we discussed, we generically expect
that if the beta function does not vanish, 7 runs and therefore picks a non-trivial dependence
on u. In addition both its physical interpretation as the holomorphic gauge coupling of the
U(1) theory and the positivity of the metric, bound Im7 > 0. But if Im7 (as well as Rer)
is a bounded harmonic function on R? (real and imaginary part of u), it must be a constant
function over the entire CB. How is this compatible with the RG-running of 7 and its non
trivial dependence on u?

This contradiction was noticed in [? | starting in the case of N' = 2 su(2) Yang-Mills
theory;® and was resolved by realizing that the CB is not C but rather C = C\ V, with V the
set of singularities. In fact the existence of singularities is not just an accident but it has deep
implications on the low-energy phsyics on C. But what is the physical interpretation of such
singularities?

Coulomb branch singularities

The relations (?7) show that the metric structure on C is equivalent, in the special
coordinates basis, to the holomorphic gauge couplings of the low-energy effective de-
scription of our theory. The existence of a singularity in the metric, signals that there
something has gone wrong with our effective-action description. What happens if there
are values of u for which the effective U(1) low-energy theory has extra U(1) charged
degrees of freedom which become massless? The fact that those degrees of freedom
are charged under the low-energy U(1), implies that integrating them out affect the
behavior of the theory in the IR. The fact that they are massless, tells us that we are
no-longer justified to integrate them out.

5This theory is asymptotically free. In the description of [? ], the perturbative calculation of the special
coordinates could only be trusted at very high energy. Thus the analysis in some ways opposite to ours as the
physics which is hard to calculate happens near the origin and their reasoning involves taking a loop v with a
very large radius.
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Digression 3.1

Since C is both a complex and metric space, singularities can and do arise in both
structures. In this series of lectures we will strictly metric singularities. As a complex
manifold, the CB of the su(2) theories we discussed has no singular behavior at the origin,
C = C. This has important physical consequences as complex singularities on the moduli
space have a very different physical interpretation [? ? |.

Exercises Section 3

Exercise 3.1. Using the standard result of the one-loop beta function
b= —T (adj) —fZT R;) —fZTRb (3.13)
show that for N =1 susy gauge theory b reduces to

- gT(ad') - % Z T(R.) (3.14)

where the sum runs over the number of chiral multiplets. Using T(R) = T(R), show that
for N =2 susy gauge theories

T (adj) ZT Ry) (3.15)

where the sum runs over the representation of the hypermultiplets.

Exercise 3.2. Use the quantum corrected expression for a® (??) and compute the Kdihler
metric on C. Show that the metric induced on the C is classically constant but it is
quantum mechanically singular as u — 0.

Exercise 3.3. Show that for an (IR-free) su(2) theory with n+ 4 hypermultiplets in the
2, the monodromy around u = 0 4s:

M, = -T" (3.16)

where n > 0 is the negative of the coefficient of the beta function.
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Exercise 3.4. Using the fact that for a U(1) N' = 2 theory the coefficient of the beta
function is:

U(l) : b= i Q? (3.17)

show that for a U(1) theory the monodromy around the u = 0 is instead:
M, =1T" (3.18)

(Hint: what’s the relation between u and a for U(1) theories?)

Exercise 3.5. Consider the su(2) theory with 6 hypermultiplet in the 2 that we have
analyzed in the previous section. We showed that it has one singularity at the origin of
C. Identify which charged states become massless there.

4 Electro-Magnetic Duality

In order to make sense of the seemingly inconsistent story which we have just derived, we
need to discuss yet another property of a low-energy N’ = 2 U(1) theory. In particular we
will now show that there are many different, “dual”, descriptions of the same theory. Thus
is physically consistent to have a non-globally defined description so long as it involves dual
ones. The example we studied is precisely of this kind. In order to understand how this works
we need to also include magnetic monopoles.

Consider first a non-supersymemtric U (1) gauge theory (or else restrict to the the gauge
field terms in the bosonig part of the action). Working in the Minkowski space with conventions

(Fuw)? = —(F,)? and F = —F, these terms can be written as
St [ r@)(F+iF)? = —Im [ r(a)(F? +iFF) (4.1)
—1Im [ 7(a iF)=—Im [ 7(a i . .
32m 167

Now we regard F' as an independent field and implement the Bianchi identity dF' = 0 by
introducing a Lagrange multiplier vector field AE . To fix the Lagrange multiplier term,
U(1) € SU(2) is normalized such that all SO(3) fields have integer charges. Then all matter
fields in the fundamental representation of SU(2) will have half-integer charges. With this
convention, a magnetic monopole satisfies ¢%*?9,F,, = 876 (x). The Lagrange multiplier
term can now be constructed by coupling AE to a monopole:

1 1 ~ 1
— [ AP 9, F,, = - / FpF = —

167

o Re / (Fp — iFp)(F +iF), (4.2)
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D _ D D
where, F,;, = 0,4, — 0, A,

Consider then the following lagrangian
T =\ 2 =D
Losi~Im [ <F + zF) +2 | F°R (4.3)

Integrating out FP (??), by constructions, correctly reproduces Maxwell’s equations in the
absence of charges. We can now treat F'” as a dynamical field and instead integrate out F.
Performing this calculation we obtain

1 1 -\ 2
L, ~ 2Im/ - (FD v iFD) (4.4)
T

which is a description of the same theory but instead in terms of the dual variable which, by
construction, couples to monopoles rather than electrically charged particles. (?7) describes
a famous duality in electromagnetism called S-duality [? 7 7 7 | and shows that the physics
of electromagnetism is invariant under the following transformation:
A, — AP aswellas 7 — 1 (4.5)
® T
All the steps which lead to (??) can also be performed in an A/ = 1 supersymmetric
language finding an analogous result. In the case of the N' = 2 supersymmetric lagrangian,
the dual description which we just found relate the scalars ¢ and ¢ and their vevs. Recall
that on a generic point of the Coulomb branch

_ Oap

T(a) = Ba (4.6)

from which we can write the S-duality transformation in N' = 2 language:

(aD)%(“)(aD) ¢ il W)
a -10 a T

this transformation is also called S tranformation.

But (??) does not exhaust all the transformations which leave the physics of a U(1)
N = 2 theory invariant. In fact from the definition of the holomorphic gauge coupling,
shifting 8§ — 6 + 27 provides another transformation which gives an equivalent description of
the same physical system:

(“;>—><éi> (“j) & ror+1 (4.8)

this transformation, which the reader will recognize to be related to M, in (?7), is instead
called a T transformation. Combining (?7) and (??) we can generate an infinite, albeit
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discrete, set of transformations which are parametrized by SL(2,Z). The latter is therefore
identified with the full duality group of our theory. This group acts on 7 and the special
coordinates as follows:

aP ab aP ar+b
(>ﬁ<d><) g ro it (49)

where, ad — bc = 1 and a,b,c,d € Z. It is important to clarify that SL(2,Z) it is not a
symmetry of the theory. It in fact acts on the coupling constant and that is why we refer to
it as a duality group. It maps one description of the theory into a different but physically
equivalent one.%

For an N = 2 theory of rank r, the EM duality group is instead sp(2r,Z). A convenient

way of parametrize this group is:

A
VAIEDY N e MTJM =J 4.10
e o

where A, B, C and D are n by n matrices and J is a 2n by 2n non-degenerate skew-
symmetric matrix. If we make the following choice:

0 i1,
J— (—ﬂn_0> (4.11)

The group action on the special coordinates and the holomorphic gauge coupling straightfor-
wardly generalizes (77):

ATD-CcT"B=1,, A'C and B'D symmetric (4.12)

then (?7) generalizes straightforwardly:
D D
a A B a AT+ B
— , & T —, 4.13
(a) (CD)(a) Cr+D (4.13)
here a” and a are both r-component vectors and 7 = da” /da.

In light of what we learned about electro-magnetic duality, it is physically consistent if
the special coordinates are not single valued on C, so long as the different value are related
by an element of the low-energy EM duality group. This is precisely what happens in (?7)
and what then gives a consistent description of the low-energy physics of theory we analyzed

in the previous section. It also shows another important fact, the special coordinates are not
holomorphic functions on C but rather a holomorphic section of an SL(2,Z) bundle. The

SThere exists special values of the holomorphic gauge couplings which are fixed by finite subgroups of
SL(2,Z). For those values of 7 and these finite subgroups do act as honest symmetry of the theory.
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structure group of the bundle over C in the rank-r case is sp(2r,7Z) instead.

Exercises Section 4

Exercise 4.1. Consider the following which is obtained by adding (??) to (??) and a
coupling term k“AE :

i 54 L pe [ (o ibo)(P 4 iF) 4 [ 104D
o Im | 7(a)(F+iF)* + T6m Re/(FD ZFD)(F+1F)+//<: A (4.14)

Check that integrating out the dual AE from (?7) reproduces the correct Mazwell’s equa-
tions in the presence of a magnetic current:

P70, Fpy = kH (4.15)
Exercise 4.2. Integrate out F' from (??) and check (?7).

Exercise 4.3. Now that we have shown that physical consistency implies that the mon-
odromies M., have to be valued in the discrete group SL(2,7Z), think of a simple topological
argument to show that a monodromy along a loop v can only be non-trivial if the loop
encircles at least one singularity.

5 Rank-1 scale invariant case

It is useful to summarize the properties that we have thus far “discovered” and which charac-
terize the CB of a rank-1 A = 2 gauge theory:
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Summary of Coulomb branch geometry

1. The existence of a one complex dimensional space C, the actual Coulomb
branch. This space parametrizes the allowed gauge inequivalent vacuum configura-
tions of the scalar component of the N = 2 vector multiplet. In each vacuum the
theory in the deep IR is effectively a U(1) theory with no charged degrees of freedom.

2. The existence of a holomorphic section of a two dimensional (flat) SL(2,Z)

D

vector bundle <a ((t;)> from which we can compute the holomorphic
a(u

gauge coupling of the low-energy U(1) theory: 7(u) = da®(u)/a(u). The

aP and a are called the special coordinates on C and they allow to extract important

D

physical information from the geometric data on C. a” is also interpreted as the

vacuum expectation value of the N’ = 2 scalar partner of the dual photon AE .

3. The existence of a Kdhler metric on C. The metric, when expressed in terms
of the special coordinates, is just given by ds?> = Imrda ® da, where 7 is holomorphic
gauge coupling of the the low-energy U(1) theory and its imaginary part is therefore

positive definite.

4. The existence of metric singularities characterized by non trivial SL(2,Z)
monodromies. Because of these metric singularities, C is not a Kahler manifold, a®
and a pick up a non-trivial monodromy when dragged along a closed loop encircling
the singularity.

All combined these properties define what we will call Coulomb branch geometry or
Seiberg- Witten geometry. This geometric structure is also known in the mathematics liter-
ature as Special Kéhler geometry, though often in the math literature the electromagnetic
duality group is defined over the reals rather than the integers [? |.7

"The fact that the electromagnetic duality group is constrained to be over the integers is a result of the
fact that A = 2 theories have an extra structure that we have not discussed. This is the lattice of charges A
which captures the charges of the BPS states of the physical theory. We will not discuss this point any further
here.

— 27 —



Definition 5.1: Singular (rank-1) Special Kéhler space

We define a Singular Special Kahler space as a triple (C, o, 7) where:

e C is a Kéhler space of complex dimension 1.

D
e o(u):= (a (u)) is a two dimensional section of an SL(2,7Z) bundle over C.
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Figure 4. The existance of more than one singularities at finite metric distance breaks scale invariance
(left). Therefore the singularity structure of rank-1 CBs is tightly constrained (right).

o 7= agf is such that Im(7) > 0 and ds? = (Im7)da ® da.

5.1 Possible rank-1 N/ =2 SCFTs

To show the power of this geometric structure we can try to ask an ambitious question:
can we use our machinery to list all rank-1 CB geometries which are compatible with N' =
2 superconformal invariance? In carrying out this task, we will philosophically take the
geometry of C as more fundamental than the N/ = 2 theory which has C as its CB and let
the former constrain the latter. In this way the construction of CB geometries which are
compatible with the Special Kéhler requirements can teach us about the existence of the
theories which we otherwise would not know they existed. In the following we will use the
letter 7 to indicate a generic four dimensional A/ = 2 superconformal field theory.

The way we will encode conformal invariance in our geometrical data, is to require that
our CB geometry is scale invariant. Immediately this requirement constraints dramatically
the number of singularities which can appear. In fact, as depicted in figure 77, scale invariance
readily implies that we can only have one singularity at finite distance located at the origin
of C. Scale invariance does not forbid a singularity at infinity and in fact we will shortly see
that the geometries we construct also have a singularity at infinity.

Let’s be more specific in defining this scaling action and its relation with superconformal
invariance. Operators in a quantum theory are organized in representations of the symmetry
algebra which can be effectively label by the eigenvalues of maximally commuting set of its
generators. For a superconformal theory T the eigenvalues corresponding of this maximal
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commuting set of operators are:®

R : su(2)g (5.1)
ro: U®1), (5.2)
[71572] + $0(3, 1) Lorentz = su(2)r X su(2)g (5.3)
A : RTcorresponding to scaling (5.4)

and we will use the following notation to label quantum numbers of the operators |? |:
. . 1(Ro;
O[Jl;h](A; ro) (5.5)

We will call Ap the scaling dimension of the operator O.

Superconformal invariance of 7T, plus consistency conditions of OPE coefficients with vac-
uum expectation value |? |, imply that the scalars which acquire a vev, and which parametrize
the different branches of the moduli space of vacua, have to be superconformal primaries of
specific (short) multiplets in 7°. For example some of the multiplets that we have already
encountered can written as:

FIELD N =2 MULTIPLET [? |
N = 2 vector multiplet Ay B1[0;0] go;z) (5.6)
N =2 Coulomb branch operator (e.g. Tr[®"]) LB1[0; O]TO;QT)

Therefore we can identify the CB coordinate u as the vev of (?7):

wi= (LB [0; 0024 | ) (5.7)
where the subscript |sp simply specifies that it is only the superconformal primary of the
multiplet which acquires a vev. In the following we will often leave this implicit. We then notice
that the operators which acquire a vev on the CB have the perculiar property that their U(1),
charge is proportional to their scaling dimension A, since Ap > 1 from unitarity constraints,
they are both also non zero. On a generic point of C, the U(1), x R* is spontaneously broken
and their combined action gives rise to a C* action on C where the weight of this action is

proportional to the operators’ scaling dimension: !

C* 3 Ao (0) := N30 (0) (5.8)

8For a more systematic discussion of superconformal invariance and the constraints on the operator algebra
of a superconformal field theory see Lorenz and Madalena’s notes.

9For a proper definition of the notion of a conformal and superconformal descendent, as well as a classifi-
cation of the AN/ = 2 superconformal multiplets in four dimension see Lorenz’s notes.

10A generalization of this C* action, which also include the action of the Cartan of the su(2)r symmetry,
can also be defined on the entire moduli space M
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Figure 5. By moving around the singularity v = 0, where the N' = 2 SCFT T sits, the special
coordinate pick-up a monodromy transformation ./, .

The special coordinates are also identified with expectation values of the scalar component
of the (gauge invariant) A/ = 2 vector multiplet associated to the free photon and dual photon
on a generic point of the CB. For the following we are only interested in the quantum numbers
of the corresponding operators, which in the case of a” and a are the same. We will thus not
make a distinction between the operators corresponding to the special coordinates though the
reader should be clear that a” and a should in fact be identified as vevs of different operators
in the IR. From (?7):

aP& a := (A3B1|0; 0}%0;2)‘51) (5.9)

The scaling action (??) applied to the triple (u,a”,a) will then give:

U ABu gy
Ao:¢aP = XdP AeC (5.10)
Aa

here A, is the scaling dimension of u which, by unitarity bounds for 4d CFTs satisfies A, >
1''. Recall that the C* action is not a general property of CB geometries and it only arises in
the superconformal. In which case all the properties of the CB must respect this action and
we will say that the CB is scale invariant and its corresponding geometry a scale tnvariant
special Kahler geometry. If C is scale-invariant, there is a single value of the CB coordinate
u which is left invariant under the scaling action (??) and it is the origin u = 0 of C. As we
mentioned in passing above, we expect this point to give rise to a metric singularity and we

will often call it the superconformal vacuum since it is where our superconformal field theory
T “lives”.

"Here we are throwing some subtleties under the rag. Strictly speaking this implication is only valid if the
coordinate ring of the CB is freely generated as we are implicitly assuming throughout these lectures. If not,
apparent violation of the unitarity bound might arise [? ]. These are consequences of non-trivial relations
among CB operators.
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To show the power of scale invariant special Kahler geometry, we want to now impose the
conditions which we summarized at the beginning of this section and ask systematically how
many of these spaces can we construct. We will find, perhaps to the surprise of the reader,
that special Kéhler constraints are tight enough to allow only a finite set of possibilities. It
is important to remark once more that in carrying out this calculation we are abstracting
from the comforting lagrangian framework. This means that we are lifting any pre-conceded
relation between a and w and in particular we are not assuming that the complex coordinate
w on C is identified with a?. The scaling dimension A, will be therefore an outcome of this
discussion and so the functional dependence of a(u).

The main object which we will leverage to complete our analysis will be the SL(2,7Z)
monodromy. This matrix is associated to those closed loops in Ceg which cannot be shrunk
to a point. This follows from the fact that the monodromy takes values over the integers and
admits no non-trivial continuous dependence on a parameter is possible. So what determines
the particular SL(2,Z) value of the matrix is the homology class of a loop [] rather than the
loop itself.

We have already argued that scale invariant CBs have a single singularity at the origin;
Creg ~ C\{0}, therefore their fundamental group is m1(Creg) = Z is generated by a path ~
that circles once around v = 0 counterclockwise. We call .#, € SL(2,7Z) the monodromy
associated to this loop which will act on the special coordinates as in (?7) once we drag them
along 7, see figure ??. To constrain the allowed values for .#, we can use a trick by noticing
this 7 can be see as an orbit of the C* action (??) which naturally acts on C and the (a,a”).
Specifically:

vi={A(t) oug | A(t) := ™2 ¢ c[0,1]} (5.11)

From which we can derive the following constrain on the way (a,a”) transform after

D 4 D D
<aa ) Dy g2/ A (a’a ) = A, (“a > (5.12)

Two important fact immediately follow:

looping around -y:

Conditions for rank-1 monodromies

i) The special coordinates must be proportional to an eigenvector of ..

ii) €?™/Au has to be an allowed eigenvalue for an SL(2, Z) matrix. Therefore, ./, must
have an eigenvalue, p = exp(27i/A,), with |u| = 1.

From exercise ?? we find that if .#, € SL(2,7Z) there are only a finite set of eigenvalues
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A, M T aP(u) |a(u)
6 ST e™/3 | em/3ys | us
4 S i iut | ud
3 |(—ST)"| e¥m/3 ei27/3,5 | o3
2 -1 any 7 | TVu | u

3/2| —ST | /3 ei27/33 | i

4/3 | St i iut | ul

6/5| (ST)~' | e™/3 eim/3us | s
1 1 any 7 TU U

Table 2. Possible values of A,, M, 7, a” and a for rank-1 CB singularities. Below the dashed line
are the IR-free geometries which are discussed below.

satisfying these conditions:
= =+1, 6:|:i7r/3’ e:l:iw/27 6:i:i27r/3. (513)

and since A, > 1 we can immediately read off the list of allowed values of A, and .#, shown
in Table 77.

We still haven’t used the full constraining power of this analysis. The eigenvector associ-
ated to the various monodromy entries in Table 7?7 are of the form:

a(5)-n(5) eee o omeso 519

From condition 7) it then follows that the special coordinates have to have the form:

aP(u) | _ 3
( o(u) ) = f(u) (1> (5.15)

Which allows us to immediately derive a general result about scale invariant rank-1 theories:

D
T(u) = (‘9; = ¢ is constant (5.16)
a

To then completely solve for the special Kahler geometry and fix the u dependence of the
special coordinates we notice that f(u) cannot be single valued around the u = 0 and indeed:

F(e®Tu) = pf (u) (5.17)

Solving this condition for all p in (??) reproduces the result quoted in Table ?7?.
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Let’s take a second to reflect on what we have done. First, our discussion in this section
has been completely bottom-up. Systematically imposing conditions 1-4 above, we were able
to, relatively effortlessly, to construct the full special Kéhler geometry of the allowed rank-1
CBs and the full result is reported in table 7?7. What have learned from this analysis? A first
question that we might to try to answer is how many of the geometry that we found can be
interpreted as CBs of superconformal gauge theories? This answer is quickly addressed by
looking at the scaling dimension of u. There are only two gauge algebras of rank-1, U(1) and
su(2). We have discussed in previous section that A, = 1 for U(1)) and A, = 2 for su(2)
hitting only the fourth and the bottom entry in table ?7. A second question that we might
try to answer is what the hell do the other entries represent? And here is where the beautiful
world of non-lagrangian field theories starts. What we know thus far is that if a theory with
any of the entries in table 77 exists, it will have N/ = 2 supersymmetry and superconformal
invariance by construction.

Using a variety of methods, all the CBs that we have constructed have been realized as
moduli space of vacua of N' = 2 superconformal field theories and some of these theories
have manifested exotic properties. See for instance [? 7 ? |. The entries where u has
fractional scaling dimension correspond to the so-called rank-1 Argyres-Douglas theories [? ?
|. Fractional CB scaling dimensions is what defines an Argyres-Douglas theory (these arise in
class-S in the presence of irregular punctures [? |).

5.2 IR-free theories

For completion, it is useful to explain how the example that we had previously studied, that
is an N' = 2 supersymmetric su(2) gauge theory with 5 hypermultiplets in the 2, fits in this
description. For that we need to understand how to accordingly modify the argument above
to account for IR-free theories which are only locally (that is close enough to the origin) scale
invariant.

In order to account for IR-free theories, where 7 = 400, we need to also consider the
SL(2,Z) elements which are conjugate to T transformations (these are the parabolic elements
which we have discussed in exercise ?77) and have the property of only having a single eigenvalue
+1 which reflects the fact that they cannot be diagonalized but only brought to a Jordan form.
In this case no scale-invariant solution for the special coordinates, which we will collectively
label as o, exist. We should then look for solutions by including the leading corrections to
scaling, e.g., expand o(u) = u + ogu (u/A)B0 + oquln® (u/A), where the f3; are 2-component
vectors of exponents correlated with the entries of the o; € C?, and A is an arbitrary mass
scale. If A, = 1 (which corresponds to N' = 2 U(1) theories) we look for a solution to
o(e*™u) = T"o(u) (see exercise ??). We find o9 = (0 0), 81 = (1 0) and o1 = (5% 0). Thus
for the T™ monodromies we find

a:u<1+27”‘1n (X))_ (5.18)

1
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For this solution the metric is ds* = — = {In (%) + 2} dudu. Note that as |u| — 0, In(uu) —
—00, so the metric is positive-definite in the vicinity of w = 0 only for n > 0. Thus the T
monodromies for n € ZT give sensible geometries. In this case A is the Landau pole. A similar
story goes for the —7™ monodromies. They give positive definite metrics for n € ZT, and
which correspond, as we saw in exercise 77, to su(2) theories with n 4 4 massless fundamental
hypermultiplets.

Exercises Section 5

Exercise 5.1. Eigenvalues of SL(2,Z) matrices always come in pair (A1, A\2) such that
Ao =1 and SL(2,7Z) elements can be consequently characterized as:

ErLLipTIC If A1 2 € C then Ao = A} = X and || = 1.
HYPERBOLIC If A2 € R then Ay =1/\ =1.

PARABOLIC If A\ = Ao = %1 and the matriz can only be reduced to a Jordan
form.

Compute explicitly that the allowed eigenvalues for an elliptic element of SL(2,7)
are:

)\ — ZIZl,8ii2ﬂ/3,€iiﬂ/2,€iiﬂ—/3. (519)

A similar characterization of its elements extend to sp(2r,Z) and its elleptic elements also
have their eigenvalues strongly constrained which similarly constrains the set of scaling
dimensions of CB coordinates at arbitrary ranks [T 7 |.

Exercise 5.2. Come up with a physical argument to convince yourself that for a rank-1
N =2 SCFTs 1 should be constant on the whole CB. Does this argument also work for
rank-2? (Hint: think about RG-flows)

Exercise 5.3. Using the globally defined CB coordinate u, compute the Kdhler metric
associated to the various N = 2 SCFTs that we studied and show that, despite T being
constant, the metric has a singularity at the origin and one at infinity. What is wrong
with computing the metric using the special coordinates?
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6 Seiberg-Witten curve and higher ranks

We are now ready to finally introduce the Seiberg-Witten (SW) curve and the SW one-
form, outline the generalization of special Kdhler geometry for higher ranks as well as make
connection with the construction of the CB of class-S theories. It is important to be clear in
that Special Kahler geometry captures the full scope of the constraints of low-energy N = 2
SUSY, the class-S and SW story should be understood as (some times very effecient) tools to
explicitly construct the Special Kdhler geometries in examples. In this section we will assume
some knowledge of basic algebraic geometry, good introductory texts are [? ? |.

6.1 SW curve and SW one-form

An important observation made in [? 7 | is that there are two properties of a rank-1 torus
which very closely resemble special Kdhler geometry:

1) There is a one-to-one correspondence between SL(2,7Z) equivalence classes of complex
numbers with positive imaginary part and complex structures of rank-1 tori, 72. The
SL(2,Z) action on 7 € C is precisely the fractional linear transformation (?7):

;T +my

12

TT with mimyg — mamg = 1. (6.1)

N m3T + My

2) The periods of the torus, which are defined as the integration of the holomorphic one-
form on T2 over the two one-cycles generating the first homology (see figure ?7):

bl = % )\hol & b2 = é)\hol (6.2)

satisfy the following properties:

ﬁ:7’ & 1717 = b = e h (6.3)
by by ms3 my ba

We used the letter 7 to indicate the complex structure of the torus not coincidentally. The
reader might have already noticed the similarities between the above properties and those of
the holomorphic gauge coupling defining the K&hler metric on C.

(??) and (??) are very resembling of the properties defining special Kéhler geometry
and they almost make it for a direct identification between a” and a and the periods. To
make the correct identification, notice that nowhere in discussing the torus the CB parameter
appeared. To fully identify the complex structure of a torus with the low-energy holomorphic
gauge coupling on C we need to somehow obtain a non-trivial v dependence of the former. This
is easily achieved by considering a non-trivial fibration of tori over C, with possibly varying
complex structure, and we call 7(u) the complex structure of the torus fibered over the point
w. Similarly by (u) and ba(u) will be the periods computed for the torus at u.
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Figure 6. Depiction of the o and 3 cycles of T2.

Secondly notice that:
B da® B daP du

T(u) = —=—— 6.4
@) da du da (64)
this simple observation, makes the following identifications obvious:
da® da
- & — = 6.5
du %} Whol du é Whol ( )

arriving at the final picture which is summarized in figure ??. The Special Kahler geometry
can be reconstructed by a pair (Xsw, Asw ), the SW curve and SW one-form. The former being
a fibration of tori over the CB C (more below) and the latter being a one form satisfying'?

d\ D—¢ A\
SWo_ o) ¢, Asw
du a= 566 Asw

(6.6)

For the rank-1 case which we have so far discussed, this perspective is particularly useful.
There is in fact a closed algebraic form for 3. This works as follows.

Genus-1 tori are elliptic curves, which can be embedded in C? as follows:'?

v’ =2 + i+ # (6.7)

#1 and #o are complex coefficients which determine the complex structure of the torus .
(??) is called the Weierstrass form of the elliptic curve.

As we discussed, the total space Ysw is obtained by fibering a T2 over any point of C.
This can be readily obtained by making #; and #- functions of the CB parameter u. Because
of the connection between genus-1 tori and elliptic curves, fibering a genus-1 torus over a space

12Given what we discussed thus far, it might seem a bit artificial to make the distinction between Agw
and wnoi. This is because we are considering the conformal case in which this Asw is also holomorphic. The
situation changes in the presence of masses. In that case Agw is in fact not holomorphic and (??) is a non-trivial
relation.

13T avoid discussing complex projective spaces we allowed ourselves to be a bit sloppy. Elliptic curves are
in fact defined in CP? and are therefore written as zeros of a single polynomial in three variables defined up to
a overall multiplication of a non-zero complex number. The form in (?7?), which strictly speaking only extends
over a patch of CP?, is almost correct but it misses the point at infinity.
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da® ¢

= Whol
du S
da "
- = W Whoel
du g

hol

Figure 7. The holomorphic section of the SL(2,Z) vector bundle characterizing the special Kéahler
geometry can be constructed by fibering a T? at each point and computing its periods.

A, M T SWcurve
6 ST /3 | g2 = g% 4 b
4 S i y? =23 +ux
3 |(=ST)"1| e2m/3 | 2 = 23 4yt
2 -1 any 7 | 22, (& — ei(7) )
3/2| —8T | /3 | 2 =23 +u?
4/3 | S1 i y? =23 + ux
6/5| (ST)™' | /3 | 2 =23 +u
1 1 any 7 | y? =23 +u

Table 3. Possible values of A,, M, 7, a” and a for rank-1 CB singularities. Below the dashed line
are the IR-free geometries which are discussed below.

is often referred to as ellipitc fibration. Thus the most generic Ygw has the form:
Ssw: oyt =2’ + flu)z +g(u) (6.8)

where f and g are holomorphic functions of w.
Since on T? there is only one holomorphic one form, the SW one form is easily written
down:

do dx _ dsw
v VAt fwrt+gw)  du

To get some familiarity with the expression (??) and (??), it is useful to work out the curves

Whol =

(6.9)

for the rank-1 geometries in table 77, which match the entries in table 7?7, see exercise 77. This
can be done extending the C* action (?7) to the total space Xgw and applying dimensional
analysis.
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Figure 8. Depiction of the one-cycles on the branched double cover of the Riemann sphere.

Performing the period integrals. Before concluding this subsection, it is useful to explain
how to compute the integrals in (??) and obtain an expression for the special coordinates given
(Xsw, Asw). First re-write (?7?) as

y? = (x —e1)(x —eax)(x — e3) (6.10)

a bit of complex geometry reveals that an elliptic curve is a double cover of the Riemann
sphere (that is C with the point at infinity) branched over four points (e, €2, e3,00). Then
the o and B cycles in figure 7?7 can be identified as the two loops in figure 7?7 and the two

period integrals become:

daP dx 4
— I ——— 0.11
- éy ——K(k) (6.11)
da dzx 4
- - - K(k 6.12
=0 = k) (6.12)

where the elliptic integral K (k) is

1 dx

K(k) = : (6.13)

0 V- 2P0k

and

=279 6.14
o —— (6.14)
=274 6.15
Al (6.15)
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To obtain numerical results, the integral (?7?) is tabulated in Mathematica as K(k) =
EllipticK[k?].

6.2 Generalization to higher ranks

Let us now outline briefly how the CB geometry works if dimcC = r # 1. As we discussed at
the end section 77, at sufficient low-energy, the effective theory on a generic point of the CB is
a N =2U(1)" theory, where r, the rank of the theory, is precisely the complex dimension of
the CB. This effective theory is described by r ' = 2 vector multiplets. The Kéhler potential
of the low energy effective theory again defines a Ké&hler metric on C which acquires the form
(see (77)):

ds? = Imrydal @ da’, I,J=1,...,r. (6.16)

where a; are identified as vevs of the scalar component of the r NV = 2 vector multiplets

t14

describing the r massless photons in the low-energy limit** and 7;; are physically interpreted

as the holomorphic gauge couplings of the r U(1) factors:

14 0 1) Im7ry; > 0.
T = Kl 0} where ) (6.17)

2 .
91y 27 i) Iy = TJyI

Condition i) is trivially satisfied at rank-1 and is obvious from the physics but it adds a non
trivial condition on the geometry at rank higher than 1, see for instance [? ? |. The geometry
of the CB is again captured more directly introducing the special coordinates and in particular
a set of r dual coordinates a? , I =1,...,r which satisfy:

D
Oay

I = 57 (6.18)

The electromagnetic duality group generalizes to Sp(2r,7Z), see section ?? where a convenient
way of parametrize this group was presented - (??) and (??). Using a” and a to indicate
an r-component vector and T = da®” /da, sp(2r,Z) acts on T and the special coordinates as

aP A B aP AT+ B
(CL)%(CD)(G), ¢ roAtD (6.19)

This structure is encoded with the arbitrary rank generalization of Definition 77, which

follows:

goes as follows.

Definition 6.1: Special Kihler space - rank-r

We define a Singular Special Kéhler space as a triple (C, o, 7) where:

Y Notice that the ' = 2 vector multiplet of a U(1) theory is in fact gauge invariant, thus a is a legitimate
observables.
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e (C is a Kéhler space of complex dimension r with globally defined coordinates u =

(U1 ...y Uy ).

D
e o(u):= (a (w) ) is a 2r dimensional holomorphic section of an sp(2r, Z) bundle

over C.

D .
o T = ‘98% is a r X r matrix such that:

i) Im (1) > 0.
i) Trg = TJI.
iii) ds* = (Im7)da ® da.

It is natural for the reader to wonder whether there is a generalization of the SW curve and
one-form story to the theories of general rank. The answer is yes and it works as follows. The
elliptic fibration of rank-1, see figure 77, is generalized to a fibration of a genus-r Riemann
surface %, on a r-complex dimensional base which will be identified with the CB C of the
theory, see figure ??. In this case Hi(%¢,Z) = Z*" so we can choose a basis of 1-cycles
(ar,Br) I = 1,...,r whose intersections can be appropriately normalized: ay - 37 = 67,
ar-ay = p1-B7 = 0. % has genus-r and it admits » independent holomorphic one-forms

w{ml.l‘r} Then periods are straightforwardly generalized to the following

b :yg wiy, b :7§ wiy,  I,=1,..,r (6.20)
ar Bt

and all the relevant properties also follow. We could thus define the SW one-form

a)\SW I
ASW : = 6.21
Wi g =W (6.21)
which leads to a straightforward generalization of (77):
aID = ¢ Asw & al = ¢ ASW (6.22)
ar I

correctly reconstructing the SW geometry for higher rank theories [? 2 72 72 7 72 7 7 |.

A few remarks are in order. First, in this case the SW curve is considerably more compli-
cated. In fact, there is no simple close algebraic description of a generic fibration of a compact
genus r Riemann surface 4, over a r complex dimensional dimensional base C for r > 2. Since
all genus 2 curves are given by a single equation of the form y? = Z(x), where Z(x) is a

15The fact that a genus r compact Riemann surface %, has precisely r independent holomorphic one-forms
can be seen, for instance, applying the Riemann-Roch theorem to the case of the canonical bundle K — %,.
This fact gives an algebraic definition of the genus. Deriving this result is relatively straightforward and it is
useful to start appreciating the power of algebraic geometry.
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Figure 9. H,(%,,Z) = Z*" and we can choose a base of the first homology such that a; - 37 = 67/
and ay-ay;=8L-87=0

polynomial of degree at most six'%, at rank-2 such a fibration can be written as a two complex
dimensional family of polynomial equations.

Secondly in describing the generalization above, we have been a bit quick. In fact the
type of fibration that we described involving compact Riemann surfaces %, of genus r, only
captures a subset of measure zero of possible Special Kéhler geometry. The 775 satisfying
the condition in Definition 7?7, is in one to one correspondence to a close cousin of complex
structures compact Riemann surface of genus r; rank-r polarized abelian variety. The correct
generalization of the SW story to rank-r is a fibration of rank-r polarized abelian varieties
rather than genus r Riemann surfaces and this difference starts becoming important for r» > 3.
These objects are just rank-r algebraic complex tori'” and in many cases are related to %,
but rank-r polarized abelian varieties represent in fact a far larger set than %,.

Without getting too deep in algebraic geometry technicalities, let us elaborate a bit more
on this point. A first helpful observation is that there is a canonical map which associate a
rank-r polarized abelian variety to a genus r compact Riemann surface. This map is called
the Abel-Jacobi map and the resulting abelian variety is called the Jacobian variety of 6, and
indicated by J(%,). The statement that the set of rank-r polarized abelian varieties is larger
than that of genus-r compact Riemann surfaces, is the statement that the Abel-Jacobi map
is not surjective and the set of Jacobian varieties J(%,) is a set of measure zero in the set of
rank-r abelian varieties.

A second important observation is that if we replace the %, fiber by a rank-r abelian
variety, something more radical has to happen in the way we define both the Kéhler metric
and the special coordinates. In fact rank-r abelian varieties are r complex dimensional spaces
and it is no longer the case that we can integrate a one-form over it. The framework to
properly understand this generalization is that of complex integrable systems [? |. Roughly
speaking a generalization of action-angle coordinates to the complex set-up. For lack of time,
we will not delve in describing the connection between integrable systems and CB geometry.
This perspective will return to bite us again in the next subsection where we will summarize

16 Algebraic curves which can be written in this form are called hyperelliptic if the degree of &(x) is strictly
greater than four.

'7A rank-r complex torus is defined in a similar way the more familiar 72 as C" /A, where A is a rank-2r
lattice. Complex tori are complex manifold but they cannot all be written as a space of solutions of a set of
algebraic equations. Those which can, are algebraic varieties.
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the way in which the CB geometry for a large set of N' = 2 SCFTs, so-called theories of
class-S |7 7 |, can be effectively computed.The peculiar feature of theories of class-S is that

they are obtained from compactification of six dimensional (2,0) theories.

6.3 Class-S theories

Here we will review how to construct the CB for class-S. Recall that the class-S construction
[? 7 | involves starting with a g (2,0) theory in six dimension, putting it on R*! x %, where
% is a Riemann surface. The N' = 2 theory of our interest is the theory obtained in the limit
in which the volume of % shrinks to zero. The important properties of the six dimensional

(2,0) theory to understand the brief description below are:

- )

Properties of 6d (2,0) theories

a. (2,0) theories are maximally supersymmetric theories in six dimensions and are
identified by a simply-laced lie algebra g and will be labeled as Tlg], g =
{AnanaE67E7aE8}'

b. Tlg] is superconformal and the (2,0) superconformal algebra in six-dimensions is
0sp(8|4) with R-symmetry s0(5)p.

c. Tlg] has a 5r real dimensional moduli space, with r being the rank of g.

d. The low-energy theory on this moduli space is that of r free tensor multiplet. For
this reason this is often call a tensor branch.

e. The free tensor multiplet contains a scalar component transforming the in the 5 of
50(5)r, we will call that .

f. Upon circle compactification the 7T [g] flows to a maximally supersymmetric g Yang-
Mills theory on R*!.

The moduli space of T[g] has a simple description:
Mensor = RE]T/WGYI(Q) (623)

where 7 is the rank of the (simply laced) Lie algebra g characterizing the six dimensional
theory. The factor R® can be understood by the fact that the scalar component of the tensor
multiplet, as we said above, transforms in the fundamental of the so(5)r R-symmetry. As
we saw in the case of the CB of N/ = 2 theories, the space in (??) is parametrized by the
generators of the invariant polynomials in R%" under Weyl(g). Those are, roughly speaking,
the vevs of the gauge invariant operators

Oq = tr(p?) (6.24)
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for appropriate values of d (we are here suppressing an so(5)g index).

To reduce to four dimension we need to put the theory R>»! — R3! x ¢ where % is
a compact Riemann surface whose topology is specified by two integers (g,p), the former
indicating the genus of the ¢ and the latter the number of punctures (we won’t discuss at all
how ¢ and p characterize the final four dimensional theory). Right away the initial so(5, 1)
Poincaré symmetry of the original six dimensional theory is broken down to s0(3,1) ®s0(2)«.
Similarly the R-symmetry of the (2,0) theory decomposes s0(5)r — 50(3)r @ s0(2)r, which
gives the correct R symmetry for a four dimensional N/ = 2 theory. The scalar of the tensor
multiplet, splits as 5 — 3 @& 2 where the 2 can be rearranged in a single complex scalar
which we call ¢. Projecting (??) down to the 2 component, we get the operators whose
vevs parametrize the CB of the corresponding four dimensional theory (which are then some
homogenous polynomials in ¢ and @).

Things are a bit subtler. The curvature of the Riemann surface breakes supersymmetry
(think about why?). To land onto a N' = 2 theory in four dimension, we then need to
implement a partial twist [? |. This involves identifying the s0(2)¢ with the s0(2) component
of the R-symmetry. The consequence of this twisting is that all local operators carrying
an s0(2)r charge also acquire non-trivial transformation under the diffeomorphism of €. In
particular a local operator carrying charge r under s0(2)g, transforms now as a r differential
on ¥. One convenient way to account for the partial twisting is to elevate the operators in
(??) which parametrize the CB, to degree d differential on €.

The partial twisting condition also sets to zero all non-holomorphic vevs and in particular
the initial scalars of the 6d theories which could acquire vevs are now g-valued holomorphic
one form on ¥

¢ = ¢(z)dz (6.25)

where we have suppressed both the Lie algebra and the R-symmetry indices. We are then
left with the fact that the CB of the resulting four dimensional theory is parametrized by the
vevs of holomorphic d differentials on %. These objects are counted by H(%, K ®d), which
formally is the 0-th cohomology group of the sheaves of section of various tensor product of
the canonical bundle over ¥ and precisely counts the global holomorphic d-differential over
%. Thus the CB of class-S is often written, in a somewhat fancy form, as:

B=PH¢ K*") (6.26)

and where the d;s are precisely given by the degrees of the polynomial invariant under Weyl(g)
n (??). Notice that we should have used C but we chose B instead to make connection with
class-S notation.

(??) gives the parametrization of the space of vacua of the theory. But how do we
reconstruct the full special Kédhler geometry? Ultimately, if (??) is truly to be interpreted as
a CB of a N/ = 2 theory, it should also carry the extra information of the low-energy U(1)"
effective theory which is encoded in the special coordinates. To really understand this point,
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there is a lot of extra background needed which we won’t be able to cover. I will instead
sketch the mean points, unfortunately losing in pedagogy.

As mentioned in passing in the previous section, the SW geometry in general defines a
complex integrable systems. This object is readily accessible in the class-S description by
an elaborate set of non-trivial observations involving 5d, 4d and 3d supersymmetric theories.
The gist of it is that there is an advantage of studying the theory obtained by compactifying
the 4d theory on a circle. This is because we can “invert” the order of compactification, that
is put the initial (2,0) theory on R*! x ¢ x S' and first shrink the S!, and take advantage
that the theory we obtain is a five dimensional g Yang-Mills theory on R*! x ¥ which has
a lagrangian description and it is easier to study. By studying a 5d g Yang-Mills theory on
R%1 x €, it is possible to precisely derive the CB of the theory in three dimensions, which is
N = 4 supersymmetric'®. We call this space Msq 4 which, by N' = 4 supersymmetry in 3d,
is an hyperkéhler space.

There is a canonical way to reconstruct the complex integrable system arising from the
CB of the 4d theory from the hyperkihler CB of the 3d theory!?. Therefore the knowledge of
M3q.¢ allows to reconstruct the full SW geometry of the four dimensional theory.

A bit more explicitly, the complex integrable system that we obtain in the class-S con-
struction, is of special type, namely a family of Hithcin systems [? |. These are very well
studied in mathematics and are precisely obtained fibering a polarized abelian variety over the
affine space given in (??). We can be even more explicit in what the abelian variety looks like,
it is in fact the Jacobian variety associated to a Riemann surface which isn’t quite &, rather
a (ramified) covering ¥ — % of it?°. This ramified covering can be written algebraically as
the spectral curve (of the Higgs bundle associated to the Hitchin system):

det(¢p(z)dz — xzdz) =0 (6.27)

where ¢(z) is the g-valued holomorphic one-form in (?7?). Notice that  parametrizes a generic
component of a one-form on &. The covering > C T*%, the cotangent bundle of the Riemann
surface % .

Finally the SW one-form can be obtained from the symplectic two form which is canon-
ically given by the family of integrable systems which in this case is the family of Hitchin

18A quick way to understand the amount of supersymmetry preserved in three dimension, is to notice
that we can get there by compactifying the 4d theory on a circle. This compactification does not break any
supersymmetry and therefore the 3d theory should contain the same amount of supersymmetry as an ' = 2
theory. Since N' = n in 4d corresponds to A/ = 2n in 3d, this readily gives the answer.

9The details are inessentials but for the curious reader this involves identifying a distinguished complex
structure carried by Msq« and we reconstruct the complex integrable system by considering Msq « as a
holomorphic symplectic variety with respect to this complex structure

20 Again, this statement is not quite precise. The covering ¥ — % induces a map between the two associated
Jacobian varieties J(X) — J(%). The fiber of the fibration is the subvariety of J(X) which is the kernel of this
map or also called the Prym wvariety of the covering.
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systems. Doing this procedure carefully we obtained that:
Asw = xdz (6.28)

This very abstract presentation can be made concrete by choosing specific examples and, for
those theories of class-S for which a lagrangian theory is known, it has been in fact checked
that this picture actually reproduces the SW geometry of the previous sections.

Exercises Section 6

Exercise 6.1. Derive the SW curves in table 7?7 for all the entries in table ?7. This can
be done using straightforward scaling argument. First extend the scaling action (?7) on
(u,a,aP) to the the coordinates (x,y) of the family of elliptic curves and show that this
C* action on the total space Xgw is given by:

2[y] = 3[z] = [f(w)] + [2] = [g(u)] (6.29)
f(u) =u™ & g(u) =, m,l €N (6.30)

where [-] indicates weight of - under the C* action. Then show that (??) and (?77?) imply
that m and ¢ cannot be non-zero at the same time, unless [u] = 2 (which already singles
out this case). Finally, imposing (why is it that [a] = [a”] = 12):

who] =1 =[u],  [u] =21 (6.31)

and using (?77?), derive the curves in table 77 as only allowed possibilities.

(e]

Exercise 6.2. Compute explicitly (aD, a) using the expression for the curves in table 77
and (??) and (??). Show that, up to an inessential u independent numerical coefficient,
the expression for the special coordinates coincide what we derived previously in table 77.
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