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Abstract

A locally testable code is an error-correcting code that admits very efficient probabilistic
tests of membership. Tensor codes provide a simple family of combinatorial constructions of
locally testable codes that generalize the family of Reed-Muller codes. The natural test for
tensor codes, the axis-parallel line vs. point test, plays an essential role in constructions of
probabilistically checkable proofs.
We analyze the axis-parallel line vs. point test as a two-prover game and show that the
test is sound against quantum provers sharing entanglement. Our result implies the quantum-
soundness of the low individual degree test, which is an essential component of the MIP* = RE
theorem. Our proof also generalizes to the infinite-dimensional commuting-operator model of
quantum provers.
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1 Introduction

Let ¥ denote a finite field and let C denote a subspace of the vector space X" of dimension k < n.
We say that C is a (linear) code over alphabet ¥ with blocklength n and dimension k. Viewing the
elements ¢ € C (called codewords) as functions mapping [n] = {1,2,...,n} to X, if it further holds
that for any two distinct ¢, ¢’ € C the number of ¢ € [n] such that (i) # /(i) is at least d then we
say that C has distance d.

A natural method to build large codes out of smaller codes is to take their tensor product.
Let C denote a code (called the base code) over alphabet ¥ with blocklength n, dimension k,
distance d. The tensor code C®™ is defined as the collection of all functions ¢ : [n|™ — X such
that for all (u1,...,um) € [n|™, for all j € [m], the function g(s) = c(u1,...,uj—1,5,Ujq1,. .., Un)
is a codeword of C (see Definition 2.16 and Definition 2.17). The blocklength of C®™ is n™, its
dimension is £, and its distance is at least d”*. One can also consider taking tensor products of
different codes C1 ® Co ® - - -, but we focus our attention on tensor codes of the form C®™.

Tensor codes have been extensively studied in theoretical computer science because they provide
natural constructions of locally testable codes [GS06, BSS06, DSW06, Vid15]. A code C is locally
testable if it has a tester algorithm that makes a small number of queries to a given w : [n] — X,
accepts if w is a codeword of C, and rejects with noticeable probability if w is far from every code-
word. In other words the code has efficient probabilistic tests for membership. Locally testable
codes are central components of probabilistically checkable proofs (PCPs); in particular improve-
ments in PCPs have been continually driven by the the development of improved low-degree tests,
which are tests for codes based on low-degree polynomials [AS98, ALM™98, RS97, MROS].

In the context of PCPs it is common to present a testing procedure for a code as a game between
a referee and two non-communicating provers. The goal of the referee is to determine, by making a
few queries to the provers, whether the provers’ responses are globally consistent with a codeword
from the code. Let C®™ denote a tensor code; it has a natural two-prover test (called the tensor
code test) associated to it:

]m

1. The referee samples a uniformly random u ~ [n]™ and sends u to prover A. They respond

with a value a € X.

2. The referee samples a uniformly random j ~ [m] and sends the axis-parallel line
¢ = {(u1,...,uj—1,8,Uj41,-..,Uy) : s € [n]} to prover B. They respond with a codeword
gecC.

3. The referee accepts iff g(u;) = a.

If ¢ € C®™ is a codeword and the provers respond with ¢(u) and c|y (i.e. the restriction of ¢ to the
line /) then they will pass with probability 1. Soundness of of the tensor code test refers to the con-
verse statement, namely that provers who succeed with high probability must be (approximately)
responding according to some codeword ¢ € C®¥™. This is formalized as follows.

Theorem 1.1. Let C be an interpolable' code. Suppose provers A and B are deterministic and
pass the tensor code test corresponding to C®™ with probability 1 —e. Let f : [n]™ — ¥ denote the

!The interpolable qualifier on the base code C is a technical condition stating that for every t = n—d+1 coordinates
i1,...,1¢ € [n] and values a1, ...,a; € 3 there exists a unique codeword ¢ € C such that ¢(i;) = a; for j € [¢t]. We
discuss the interpolability condition in more detail in Section 1.2.



responses of prover A. Then there exists a codeword ¢ € C®™ such that

Pr [f(u) = c(u)] > 1 — poly(m,?) - (poly(e) + poly(1/n)) ,

u~[n]m
where t=n —d -+ 1.

The proof of Theorem 1.1 follows almost directly from the analysis of the low-degree test of
Babai, Fortnow and Lund [BFL91], a central ingredient of their characterization MIP = NEXP of
(classical) multiprover interactive proof systems. They analyzed the tensor code test for the case
when the base code C is the set of univariate polynomials over a finite field F of degree at most
s, and the tensor code C®™ is the set of m-variate polynomials over F with individual degree at
most s (i.e. each variable has degree at most s). 2 By noting that their proof only uses the tensor
code structure of low individual degree polynomials and the fact that univariate polynomials with
degree at most s form a code with distance n — s we see that their proof implies Theorem 1.1.

The analysis of Babai, Fortnow, and Lund’s low-degree test in the quantum setting has played
a major role in the study of the class MIP* of languages having quantum multi-prover interactive
proofs [IV12, Vid16, NV18b, NV18a, NW19]. In this setting, the provers are no longer modeled
as deterministic but instead are allowed to use a quantum strategy, in which their responses are
generated by performing measurements on a shared entangled state. While entanglement does not
allow the provers to communicate with each other, it gives rise to stronger correlations that cannot
be achieved classically. Thus the classical analysis does not extend in any direct way.

Quantum soundness of a variant of the multilinearity test (i.e. the case s = 1) played with
three entangled provers is at the heart of the proof of NEXP C MIP* [IV12]. This analysis is
extended to general degree s in [Vid16], and to the case of two provers in [NV18b]. However, it
was later discovered [Vid20] that the argument contained in [Vid16] contains a mistake. The case
of two provers and general s is essential in the proof of the recent characterization MIP* = RE,
which shows that every recursively enumerable language (including the Halting problem) has an
interactive proof in the entangled provers model [JNV*20a]. Our main contribution is a proof of
soundness of the low individual degree test that is used in the proof of MIP* = RE.> We show
that quantum provers who succeed with high probability in the test must still — in a certain sense
— respond according to a low individual degree polynomial. Informally, our main result is the
following:

Theorem 1.2 (Quantum soundness of the tensor code test, informal). Let C be an interpolable code.
Suppose provers A and B are quantum and pass the (augmented *) tensor code test corresponding
to C®™ with probability 1 — e. Let {A"}ugm)m denote the “points” measurements of prover A, who
upon receiving question u € [n|™ performs measurement A" to obtain outcome a € ¥. Then there
exists a measurement G with outcome set C¥™ satisfying the following properties:

2Technically speaking, Babai, Fortnow and Lund analyzed the low-degree test for multilinear polynomials (i.e.
polynomials with individual degree at most 1), but as noted in Remark 5.15 of [BFL91], their analysis generalizes to
polynomials with larger individual degree.

3The present paper is an updated version of an earlier arXiv posting by the same authors [JNVT20b], which was
posted after the mistake in the earlier works had been discovered. We discuss additional improvements compared to
that earlier draft below.

1The qualifier “augmented” refers to the addition of a subtest which is used to enforce approximate commutation
relations between the measurement operators used by prover A. This is a technical point that we discuss in more
detail in Section 1.2.



o (Self-consistency) If prover A and prover B both perform the measurement G, they both obtain
the same outcome ¢ € C®™ with probability at least 1 — 6.

o (Consistency with points) If prover A measures A“ for a uniformly random point u € [n|™
to obtain an outcome a € X and prover B measures G to obtain an outcome ¢ € C®™, then
a = c(u) with probability at least 1 — 4.

Here, 6 = poly(m,t) -poly(e,1/n) witht =n—d+1 .

The formal statement of this theorem is presented as Theorem 4.1. Intuitively the theorem states
that even though the provers are allowed to employ quantum strategies, their strategy is essentially
equivalent to a classical one: the provers would have roughly the same winning probability if they
both measured G (which does not depend on any question) to obtain a codeword ¢ € C®™ and
then responded according to c¢. In other words, the “points” measurements {A"} of prover A
are — despite not necessarily commuting with each other — approximately consistent with a single
“global” codeword measurement G.

This paper generalizes our previous manuscript [JNV*T20b] which established Theorem 1.2 for
the low individual degree test. In addition we significantly simplify the earlier analysis of [JNV120b)]
by working in the framework of synchronous strategies for the quantum provers. Synchronous
strategies are a subclass of quantum strategies where the provers are assumed to use the same
measurement operators whenever they receive the same question, and furthermore the entangled
state that they share is a maximally entangled state. These assumptions allow us to shortcut many
technical calculations that appear in [JNVT20b]. Furthermore, it is without loss of generality since
recent work by one of us establishes that soundness with synchronous strategies for a large class
of two-prover games (including the tensor code test) can be translated back into soundness for
general quantum strategies [Vid21]. As a result, Theorem 1.2 extends in a straightforward manner
to general strategies; see Theorem 4.7 for the precise statement.

An additional benefit of our streamlined analysis is that synchronous strategies can also be
defined in infinite dimensions. In this case the condition that the entangled state is maximally
entangled is replaced by the condition that the state is tracial, a notion which we introduce formally
below. Our proof naturally extends to this situation, and we are thus able to prove soundness of
the tensor code test against infinite-dimensional (synchronous) quantum strategies. We explain
the synchronous strategies framework in more detail in Section 1.1. We motivate the consideration
of infinite-dimensional strategies from a complexity-theoretic viewpoint in Section 1.3.

1.1 Nonlocal games and synchronous strategies

A nonlocal game G is specified by a quadruple (X, A, u, D) which corresponds to the following
scenario: a referee first samples a pair of questions (z,y) from a distribution p over a finite product
set X' x X and sends z to prover A and y to prover B. The provers respond with answers a,b € A
respectively and the referee accepts if and only if D(x,y,a,b) = 1, where D : X x ¥ x Ax A — {0,1}
is a decision predicate. Different kinds of restrictions on the provers’ allowed actions to determine
their answers lead to different optimal success probabilities for them in the game. The tensor code
test described earlier is an example of a nonlocal game, and the analysis of it with deterministic
non-communicating provers is a key component in the aforementioned complexity-theoretic results,

e.g. [BFLI1].



A quantum strategy for a nonlocal game describes the provers’ behavior during the game. We
focus on the class of synchronous strategies. A synchronous strategy .# for a game G is specified
by a separable Hilbert space H (which could be infinite-dimensional), a von Neumann algebra </
on H, a tracial state 7 on the algebra .7, and a collection of projective measurements {M?®},cx
in &/ (each M7 is a set of projections {MZ},c4 summing to the identity).® Given questions (,y),
the probability of obtaining answers (a,b) is given by 7(MZ M}). Thus the probability that the
strategy . succeeds in the game G is given by

Z w(zx,y) Z D(z,y,a,b) 7(M7 M) .

z,yeX a,be A

Readers who are not familiar with von Neumann algebras and tracial states may find the finite-
dimensional setting easier to understand. (No additional difficulty is posed by the infinite-dimensional
setting; we include it because it is more general and, once one gets used to it, simpler.) When
H = C" for some dimension r, then we can without loss of generality take the algebra <7 to be
the set B(H) of all bounded operators on H (which in finite dimensions is simply the set of all
linear operators). In this case there is a unique tracial state, the normalized trace 7(X) = Ltr(X).
In terms of strategies for nonlocal games, this corresponds to the provers using the projective
measurements that are transposed from each other and sharing the maximally entangled state
|®) = % S7_le)le). (The transposition is because in general we have (P|A® B|®) = Ltr(ABT).)
Such a strategy has the property that if both provers receive the same question x € X then they
always output the same answer a € A (this is why these strategies are called “synchronous”).

In the infinite-dimensional setting synchronous strategies give rise to commuting operator strate-
gies: as shown in [PSST16, Theorem 5.5], for every synchronous strategy . = (7,{M?*}) with
Hilbert space H there exist another Hilbert space H’, a state |¢)) € H', and measurements
{A*},{B*} on H' for the provers respectively such that for all z,y € X and a,b € A, the op-

erators AZ and B; commute and we have
(Mg M) = (YAG BJl) -

A consequence of the characterization MIP* = RE (specifically, of the fact that MIP* contains
undecidable languages) is that there exists a game that can be won with probability 1 using a (syn-
chronous) commuting-operator strategy but tensor product strategies (even infinite-dimensional
ones) cannot succeed with probability larger than %

Synchronous strategies arise naturally when considering synchronous games: these are games
where the provers must output the same answers whenever they receive the same question (i.e. for
all z, D(x,z,a,b) = 1 if and only if a = b). Many games studied in quantum information theory
and theoretical computer science are synchronous games; for example the games constructed in the
proof of MIP* = RE are all synchronous. The augmented tensor code test (presented formally in
Section 3) studied in this paper is also a synchronous game.

It was shown by [PSS*16, KPS18] that if a synchronous game has a perfect strategy (i.e. a strat-

egy that wins with probability 1) then it also has a perfect synchronous strategy. Furthermore, if

°A won Neumann algebra <7 on a Hilbert space H is a *-subalgebra of B(#) (the set of bounded operators on )
that contains the identity operator and is closed under the weak operator topology. A tracial state T on the algebra
o/ is a positive, unital linear functional that satisfies the trace property: 7 (AB) = 7 (BA) for all A,B € /.

SUnlike in the finite-dimensional setting, we cannot without loss of generality take & to be all of B(#); this is
because a tracial state on &/ does not extend to a tracial state on B(#), which is not finite.



the former strategy is finite-dimensional, then so is the latter synchronous strategy. This character-
ization of perfect (finite-dimensional) strategies for synchronous games was recently extended to the
case of near-perfect strategies in [Vid21]: any finite-dimensional strategy for a synchronous game
G that succeeds with high probability can be well-approximated by a convex combination of finite-
dimensional synchronous strategies. In particular, results such as Theorem 1.2 for synchronous
strategies extend in a natural way to general strategies.

Besides the greater generality there are several advantages to focusing on synchronous strategies
when analyzing the tensor code test. We list the three most important, in our opinion. The first
advantage is that it simplifies notation. In the standard formulation of strategies for nonlocal
games, separate measurement operators are specified for both provers, and in the finite-dimensional
setting they are associated to separate Hilbert spaces. With synchronous strategies there is a single
Hilbert space and a single set of measurement operators. Furthermore, in the finite-dimensional
setting there is no need to specify the state used by the provers; it is assumed that they use the
maximally entangled state. (In infinite dimensions there can be multiple non-unitarily equivalent
tracial states.)

The second advantage is that it simplifies certain routine steps that typically occur in analyses
of quantum strategies. For example, an often-repeated argument is “prover switching”: this is to
argue that prover A’s measurement operator A? corresponding to a question x € X and answer
a € A can be approximately mapped to an analogous measurement operator on prover B’s side.
This allows for “cycling” of measurement operators in the following manner:

(AT AY A @ 119) &~ (P|A7 Ay @ Bil) ~ (Y|Ag AT Ay @ 1|y)

where here the first approximation sees A? as acting on the state [¢)) on the right-hand side,
while the second approximation sees BY as acting on the state (1| on the left-hand side. Though
fundamentally elementary, such steps can obfuscate the argument in a proof and are tedious to
verify. With synchronous strategies prover switching comes “for free” because of the tracial property
7(AZ AY AZ) = 7(AZ AZ AY).

The third advantage is the operator-algebraic implications of MIP* = RE can be still be ob-
tained by focusing on synchronous strategies. In fact, as shown by Dykema and Paulsen [DP16]
the connection with Connes’ Embedding Problem (CEP) arises arguably more naturally in the syn-
chronous setting, e.g. a negative answer to CEP is equivalent to whether there is a nonlocal game G
such that the optimal success probability with finite-dimensional synchronous strategies is strictly
smaller than the optimal success probability with infinite-dimensional synchronous strategies.

1.2 Proof overview

At a high level our proof follows the approach of [BFLI1], and it is useful to start by summarizing
their analysis, rephrased in terms of tensor codes rather than low-degree polynomials.

In the setting of [BFLI1|, we consider classical (i.e. deterministic) strategies: the provers’
strategy is described by a “points function,” assigning a value in ¥ to each point v € [n|™, and a
“lines function,” assigning a codeword of C to each axis-parallel line ¢ C [n|™ queried in the test.
From the assumption that the points and lines functions agree at a randomly chosen point with high
probability, we would like to construct a “global” codeword of C®™ that has high agreement with
the “local” points function, on average over a uniformly random w at which both are evaluated. This
is done by inductively constructing “subspace functions” defined on axis-aligned “affine subspaces”:



subsets of [n]™ where m — k coordinates have been fixed, for some 1 < k < m. We refer to the

parameter k as the dimension of the subspace. As special cases, a subspace of dimension k = 0 is
a single point in [n|™, a subspace of dimension k = 1 is an axis-aligned line, and a subspace with
dimension k& = m is the entire space [n]™.

The induction proceeds on the dimension parameter k. The base case is K = 1, and the
“global” codeword is automatically supplied by the lines function. At each step, to construct the
subspace function for a subspace S of dimension k + 1, we pick some number ¢ parallel subspaces
of dimension k that lie within S and compute the unique function in C®**1 that interpolates
them. The analysis shows that at each stage the function constructed through interpolation has
high agreement on average with the points function and lines function. In the end, when we reach
the ambient dimension k& = m, the subspace function we construct is the desired global codeword.

Interpolation Before delving into more detail about the analysis, we first discuss a required prop-
erty of the codes considered in this paper, which is the ability to uniquely interpolate a codeword
from a few positions. Let C be a code with blocklength n and distance d. Let t = n—d+1. The dis-
tance property of the code implies that given ¢ coordinates i1, ... ,i; € [n] and values ay,...,a; € X,
there exists at most one codeword ¢ € C such that c(i;) = a; for j € [t]. We say that the code C is
interpolable if for all i1,...,i; € [n] and aq,...,a; € ¥ there always exists a codeword ¢ with the
prescribed values c(i;) = a;.

Interpolability is a direct generalization of the same property of polynomials. The code C
consisting of the evaluations of all degree-s polynomials over a finite field I is a code with blocklength
|F| and distance |F|—s. Given t = s+ 1 points and values, there always exists a degree s polynomial
interpolating through them.

Not all codes are interpolable; for example consider a code where some of the coordinates
are always fixed to a predetermined symbol. However, a wide class of error-correcting codes are
interpolable, including all polynomial codes.

In this paper, we assume all base codes C are linear (meaning that they form a subspace of a
vector space over a finite field) and interpolable. These two properties ensure that the tensor codes
C®™ are also linear interpolable.

The classical zero-error case We return to giving an overview of the proof. To start building
intuition, it is useful to think about how to carry out the above program in a highly simplified
setting: the classical zero-error case, for m = 3 and d = n — 1. In this case, we assume that we
have access to a points function f : [n]™ — ¥ and lines function g : L, ,, — C that perfectly pass
the tensor code test, where L, ,,, denotes the set of axis-parallel lines in [n]™. Moreover, we will
focus on the final step of the induction: thus, we assume that we have already constructed a set of
planes functions defined for every axis-parallel plane that are perfectly consistent with the line and
point functions. In the final step of the induction our goal is to combine these planes functions to
create a single global codeword h € C®3 that is consistent with the points and lines functions.

To do this we interpolate the planes as follows. Let us label the 3 coordinates in the space x,
y, and z, and consider planes parallel to the (z,y)-plane. Each plane S, is specified by a value of
the 2z coordinate:

S. ={(z,y,2) : (z,y) € [n]*}.

By the induction hypothesis, for every such plane S, there exists a function g, : [n]> — ¥ belonging
to the code C®? that agrees with the points function. To construct a global function & : [n]? — ¥



belonging to C®3, we pick two distinct values z; # 2z and “paste” the two plane functions g, and
gz, together using the interpolability of the code. Specifically, we define h to be the unique function
in C®3 that interpolates between g, on the plane S, and g,, on the plane S,,. This interpolation
is guaranteed to exist because the code C (and thus C®3) is linear interpolable.

Why is h consistent with the points function? To show this we need to consider the lines
function on lines parallel to the z axis. Given a point (z,y, z), let £ be the line parallel to the z
axis through this point, and let g, be the associated lines function. By construction, h agrees with
ge at the two points z1 and z3. But g, and h|, (the restriction of h to ¢) are both codewords in C,
and hence if they agree at two points, they must agree everywhere. (This is because the distance
of the code C is d = n — 1.) Thus, h agrees with g, at the original point z as well. By success in
the test, g; in turn agrees with the points function f at (z,y,z), and thus, h(z,y,2) = f(z,y, 2).
Thus, we have shown that the global function A is a codeword in C®3 and agrees with the points
function f exactly.

Dealing with errors To extend the sketch above to the general case, with nonzero error, requires
some modifications. At the most basic level, we may consider what happens when we allow for
deterministic classical strategies that succeed with probability less than 1 in the test. Such strategies
may have “mislabeling” error: the points function f may be imagined to be a global codeword of
C®3 that has been corrupted at a small fraction of the points. This type of error is handled by
the analysis in [BFL91]. The main modification to the zero-error sketch above is a careful analysis
of the probability that the pasting step produces a “good” interpolated codeword for a randomly
chosen pair of planes S.,,5,,. This analysis makes use of the distance property of the code together
with combinatorial properties of the point-line test itself (namely, the expansion of the hypercube
graph associated with [n]™).

At the next level of generality, we could consider classical randomized strategies. Suppose we
are given a randomized strategy that succeeds in the test with probability 1 — . Any randomized
strategy can be modeled by first sampling a random seed, and then playing a deterministic strategy
conditioned on the value of the seed. A success probability of 1 — ¢ could have two qualitatively
different underlying causes: (1) on O(e) fraction of the seeds, the strategy uses a function which
is totally corrupted, and (2) on a large fraction of the seeds, the strategy uses functions which are
only e-corrupted. An analysis of randomized strategies could naturally proceed in a “seed-by-seed”
fashion, applying the deterministic analysis of [BFLI1] to the large fraction of “good” seeds (which
are each only e-corrupted), while giving up entirely on the “bad” seeds.

Here we consider quantum strategies, which have much richer possibilities for error. Neverthe-
less, we are able to preserve some intuition from the randomized case by working with submea-
surements, which are quantum measurements that do not always yield an outcome. Working with
a submeasurement allows us to distinguish two kinds of error: consistency error (the probability
that a submeasurement returns a wrong outcome) and completeness error (the probability that the
submeasurement fails to return an outcome at all). Roughly speaking, the completeness error cor-
responds to the probability of obtaining a “bad” seed in the randomized case, while the consistency
error corresponds to how well the strategies do on “good” seeds.

The technique of using submeasurements and managing the two types of error separately goes
back to [IV12]. That work developed a crucial tool to convert between these two types of error
called the self-improvement lemma, and in our analysis we make extensive use of a refined version
of this lemma (Lemma 4.2), that in particular applies to the two-prover setting as opposed to three



provers in [IV12].

Essentially, the self-improvement lemma says the following: suppose that (a) the provers pass
the test with probability 1 — ¢, and (b) there is a complete measurement G, whose outcomes are
codewords g € C®™ that has consistency error v: that is, G always returns an outcome, but has
probability v of producing an outcome ¢ that disagrees with the points measurement A¥ at a random
point u. Then there exists an “improved” submeasurement Hj with consistency error ¢ depending
only on e, and with completeness error (i.e. probability of not producing an outcome at all) of
v + (. Thus the lemma says that we can always “reset” the consistency error of any measurement
we construct at intermediate points in the analysis to a universal function ¢ depending only on the
provers’ success in the test, at the cost of introducing some amount completeness error. Intuitively,
one may think of the action of the lemma as correcting G on the portions of Hilbert space where it
is only mildly corrupted, while “cutting out” the portions of Hilbert space where G is too corrupted
to be correctable. In some sense, this lemma is the quantum analogue of the idea of identifying
“good” and “bad” random seeds in the classical randomized case. The proof of the lemma uses a
version of semidefinite programming duality together with the combinatorial facts used in [BFL91].

Armed with the self-improvement lemma, we set up the following variant of the induction loop
sued in [BFLI1]. We say that an affine subspace S is “k-aligned” if S has dimension k and for all
u,v € S, the projection of u,v to the first m — k coordinates are the same. For k running from 1
to m, for all k-aligned subspaces S, we construct a “subspace measurement” {Gg } that returns a
codeword g € C®¥, as follows.

1. By the induction hypothesis, we know that there exists a measurement Gg for every k-aligned
subspace S, which has (on average over the the subspaces S) consistency error d(k) with the
points measurement. (For the base case k = 1, this is the lines measurement from the provers’
strategy).

2. We apply the self-improvement lemma to these measurements, yielding submeasurements
Gg that have (on average) consistency error ¢ independent of §(k), and completeness error

k(k) =6(k) + C.

3. For each (k + 1)-aligned subspace S’, we construct a pasted submeasurement Gg‘,’, by per-
forming a quantum version of the classical interpolation argument: we define the pasted
submeasurement by sequentially measuring several parallel k-aligned subspaces S C 5" and
interpolate the resulting outcomes. This pasted submeasurement has (on average) consistency
error slightly worse than ¢, and completeness error which is slightly worse than (k). It is at
this step that it is crucial to treat the two types of error separately: in particular, we need
the consistency error to be low to ensure that the interpolation produces a good result.

4. We convert the resulting submeasurement into a full measurement, by assigning a random
outcome whenever the submeasurement fails to yield an outcome. This measurement will
have (on average) consistency error §(k+ 1) which is larger than 6(k) by some additive factor.

At the end of the loop, when £ = m, we obtain a single measurement that returns a global codeword
as desired.

The subcube commutation test The “augmented” qualifier of the tensor code test in The-
orem 1.2 refers to an additional component called the “subcube commutation test”, which is de-
scribed in detail in Section 3. This additional test is not needed in the classical setting, but
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appears necessary in the noncommutative setting. The purpose of this test is to certify that the
points measurements used by the provers approximately commute on average over all pairs of points
x,y € [n]"—something which is automatically true in the classical case. This is done by asking
one prover to report values for a pair randomly chosen points (u,v) from a randomly chosen sub-
cube, asking the other prover to report values for either u or v (chosen randomly), and checking
consistency between their reported values. A subcube is a subset of points in [n|”™ that all share
the same values in the last k coordinates for some 1 < k < n — 1. The reason for choosing a pair of
points uniformly at random in a subcube of this form, as opposed to a pair of points uniformly at
random in the entire cube, biases their distribution in a way that is appropriate for the induction.

The (approximate) commutation guarantee plays an important role in our analysis of the tensor
code test, and it is an interesting question whether it is truly necessary to test it directly with the
subcube commutation test; might it not automatically follow from success in the axis-parallel lines
test? An interesting contrast can be drawn to the Magic Square game [Mer90, Per90, Ara02], in
which questions are either cells or axis-parallel lines in a 3 x 3 square grid. This has the same
question distribution as the axis-parallel line-point test over [3]2. For the Magic Square game,
“points” measurements along the same axis-parallel “line” commute, but points that are not axis-
aligned do not commute: indeed, for the perfect strategy, they anticommute.

1.3 Future directions

This paper has several motivations. The first is to provide a complete proof of quantum soundness
of the tensor code test (and thus the low individual degree test), which as already mentioned plays
a central role in the result MIP* = RE.

Second, although MIP* = RE is ostensibly a complexity-theoretic result about the power of
quantum multiprover interactive proof systems, it also provides negative answers to seemingly-
unrelated questions in mathematical physics and operator algebras, namely Tsirelson’s Problem
and Connes’ Embedding Problem. Unfortunately there is still a large gap between the methods
used to prove MIP* = RE (which combine techniques from theoretical computer science, complexity
theory, and quantum information theory) and the traditional methods to study the problems of
Tsirelson and Connes in functional analysis. We believe that the simpler analysis of the tensor
code test and its presentation in the synchronous strategies framework will help researchers in pure
mathematics as well as theoretical computer science gain a better understanding of MIP* = RE. A
simpler, more direct proof may lead to the resolution of other long-standing open problems such as
the existence of a non-hyperlinear group [CLP15].

Third, we believe that the study of locally testable codes in the quantum setting is a subject
that is interesting in its own right. At its core, the quantum soundness of tensor codes is about
robustly deducing a global “consistency” property of a set of operators on a Hilbert space that
do not necessarily commute. This hints at a more general study of noncommutative property
testing, which could combine questions from property testing in theoretical computer science and
questions from functional analysis and operator algebras. The field of property testing, which
studies how global properties of combinatorial objects such as Boolean functions and graphs can
be robustly detected by only examining local views of the object, was initially motivated by the
MIP = NEXP and PCP theorems. Similarly, MIP* = RE and its mathematical consequences
suggest the occurrence of “local-to-global” phenomena in the noncommutative setting that seem
worth studying independently of interactive proofs and complexity theory.

We conclude with an open question. The complexity of quantum multiprover interactive proofs
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with infinite-dimensional commuting operator strategies, i.e. the class MIP® (where co stands for
“commuting operator”), remains unknown. It is natural to conjecture that MIP“> = coRE, as this
would nicely complement the MIP* = RE result.” The analysis of the soundness of the tensor code
test for infinite-dimensional strategies establishes a first step towards proving this conjecture.
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2 Preliminaries

We write [n] to denote the set {1,2,...,n}. For positive integers a, b, c, ..., that we treat as growing
to infinity, we write poly(a, b, ¢, . ..) to denote a function C'(a+b+c--- )¢ for some universal constant
C > 1. For nonnegative real numbers 0 < a, 3,7,... < 1 that we treat as going to 0, we write
poly(a, 3,7,...) to denote a function C(al/c + B¢ + ’yl/c) for some universal constant C' > 1.
In either case, the universal constant C' can vary each time the poly(-) notation is used.

For a finite set S, we write  ~ S to indicate that z is sampled from S according to some
distribution specified by context (usually the uniform distribution). For an event E in a probability
space, we write I[E] to denote the indicator for the event E.

2.1 Algebras, tracial states, and norms

Let H be a (separable) Hilbert space and let B(#) denote the set of bounded linear operators on
H. We write 13, to denote the identity operator on H (and simply write 1 when the Hilbert space
is clear from context).

A von Neumann algebra on a Hilbert space H is a unital s-subalgebra of bounded operators
B(H) that is closed in the weak operator topology. Let o/ C B(H) denote a von Neumann algebra
on H. We say that a positive linear functional 7 : @/ — C is

o Unital if 7(1) =1 ;

e Normal if there exists a positive trace class® operator A such that for all X € o, 7(X) =
tr(XA) ;

o Tracial if for all A, B € &/, we have T7(AB) = 7(BA) ;

In this paper, 7 will always represent a positive linear functional that is tracial, normal, and unital.
We call such functionals a normal tracial state. For brevity we often drop the “normal” qualifier.

"Note that the co on either side of MIP® = coRE refer to different things!
8An operator A € B(H) is trace class if the trace of A is well-defined; i.e. for all orthonormal bases {|e;)} for H,
the quantity >, (ex|Aler) is well-defined and independent of the choice of basis.
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If H is finite dimensional (i.e. isomorphic to C"), then we will without loss of generality take
the algebra to be B(?). There is a unique tracial state on B(#) which is the normalized trace:

H(A) = %tr(A).

For a more comprehensive reference on von Neumann algebras, we refer the reader to [Bla06].
We record some basic properties of tracial states. First, the map (4, B) — 7(A*B) is a semi-
inner product and in particular satisfies the Cauchy-Schwarz inequality, i.e.

IT(A*B)|> < 7(A*A) 7(B*B).

Second, tracial states give rise to a seminorm on 2/: we define the 7-norm of an operator A € &/
to be

1A[l- = V/7(A*A) = \/7(AAY).

The || - ||; norm satisfies the triangle inequality: i.e., |A + Bl. < ||Al|- + || B]|-. If H is finite-
dimensional, then 7-norm is the normalized Frobenius norm.

More generally, tracial states give rise to p-seminorms for 1 < p < oo via ||A||, = 7(|AP)"/?,
where for all A € o7, the operator absolute value |A| denotes (A*A)'/2. These p-seminorms
satisfy triangle and Hoélder inequalities (see [PX03] for an in-depth discussion of these norms and
noncommutative L, spaces); we record some special cases here.

Proposition 2.1 (Triangle and Hoélder inequalities). Let T be a tracial state on a von Neumann
algebra f , and let A, B € 7. Then

1o r(A) < 7(A]) -

2. (Holder inequality 1) T (|[AB|) < ||A].. - ||B]l, -

3. (Hélder inequality 2) T (|AB|) < ||A|| -7 (|B]) .

4. (Triangle inequality for 1-norm) 7(|A + B|) < 7(|A|) + 7(|B|).

Proof. The proof of the first item is as follows. By the polar decomposition, there exists a unitary
U € o such that A = UJ|A|. Then by Cauchy-Schwarz,

T(A)| = [r(UIAD] = [r(|A]"2UIA]?)] < \/T(\AW?UU*\A!”Z)T(!A\) = 7(|A]).

The proof of the first Holder inequality is as follows. By the polar decomposition, there exists a
unitary U € o/ such that |AB| = UAB. Then

7(|AB|) = |7(UAB)| < /7 (A*U*UA) - 7 (B*B) = ||Al|,.- | B,

where we used Cauchy-Schwarz and the unitary of U.
The proof of the second Holder inequality is as follows. Let |[AB| = UAB and B = V|B] for
unitaries U,V € /. Then

7(IAB) = [r(UAV|B)| = |r(|B|"* UAV |B]'?)] < V r(1B12UAaU- [B12) 7 (1B)
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where we used the cyclicity of the trace and Cauchy-Schwarz. Since AA* < ||AA*|| 1, we have that
this is at most

\/T (11> (44| - 1) |BI?) -~ (1B]) = |4] - 7 (| B)

where we use that /|| AA*|| = || A4]|.

The proof of the triangle inequality is as follows. By the polar decomposition, there exists a
unitary U € o such that |A + B| = U(A + B). Therefore

7(lA+ Bl) = [7(U(A + B))| = |7(UA) + 7(UB)| < [7(UA)| + |7(UB)| < 7(|A]) + 7(|B])

where the first equality follows from the positivity of |A + B| and the last inequality follows from
the second Hélder inequality. O

2.2 Measurements and distance measures on them

Let M = {M,}qen and N = {Ng}aca denote sets of operators, indexed by a finite set A, in a
von Neumann algebra o/ with trace 7. We measure the distance between A and B, denoted by
|M — N7, as

HM_N”T: ZHMa_Na”z'
acA

We say that M is d-close from N, denoted by M, ~5 Ny, if |M — N||- < 6.

A submeasurement on H with answer/outcome set A is a set of positive operators { M, }.eca
such that > ., M, < 1. We say that {M,}aca is a measurement if 3 M, = 1. A projective
(sub)measurement is a (sub)measurement such that each element M, is a projection. To denote
“data processed” measurements, i.e., apply a function f : A — B to the outcome of a measurement,
we use the following notation: My denotes the (sub)measurement with elements

Mgy = >, M,
a:f(a)=b

for all b € B. As an example, suppose A = {0,1}" and B = {0,1}. Then we write M, 4, to
denote the processed measurement that measures a string a, and then returns the i-th bit of a.
To refer to the element of M, ,,, corresponding to outcome b € {0,1}, we write M [a—sa;|p]- For a
predicate P : A — {0,1}, we also use the notation

M[a:P(a)} = Z M, .
a:P(a)=1

For example, the operator M. ).y denotes the sum over all M, such that f(a) # b.

Throughout this paper (sub)measurements are often indexed by a finite set X', and the elements
in the set X are generally drawn from a distribution p. The set X is typically called a question set
and p is typically called a question distribution, because these will correspond to questions that are
sampled in a nonlocal game such as the tensor codes test. Questions appear as superscripts and
answers appear as subscripts of a measurement operator; for example, M denotes the measurement
operator corresponding to question x and answer a.
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We introduce two important distance measures between (sub)measurements that will be used
throughout this paper. We fix a question set X, a question distribution p, and an answer set A.
Let M = {M*}, and N = {N*}, denote two sets of submeasurements, where each M* = {MZ*},
and N* = {NZ},.

The first distance measure we define is called inconsistency. We say that M and N are 0-
consistent if

E > r(MJNy)<6.
o a,beA:
ab
When the question set X, question distribution u, and answer set A are clear from context, we
write M, ~s N, to denote that M and N are d-consistent. Observe that in case M and N are
measurements then M and N are §-consistent if and only if

IINEMZT(M;”N;”) >1-4.
acA

The second distance measure we introduce is called closeness. We say that sets M, N of
(sub)measurements are 0-close if

E Mz — Nz||2 <.
\/M;H oo Ve <

Similarly, when X, A, i are clear from context, we write M7 ~s NI to denote that M* and N*
are d-close on average over x ~ p. Observe that this notion of closeness is also well-defined when
the operators MY, N7 are not necessarily positive. Thus we will also write M} ~s5 N7 to denote
closeness of arbitrary operator sets that are indexed by question and answer sets X, A.

2.2.1 Utility lemmas about consistency and closeness of measurements

We now establish several utility lemmas concerning consistency, closeness, and measurements. In
what follows, we let X' denote a finite question set, i a distribution over X, and A a finite answer
set. All expectations are over x sampled from pu.

Proposition 2.2 (Cauchy-Schwarz for operator sets). Let M = {M,}aea and N = {Ng}aca
denote sets of operators (not necessarily submeasurements). Then

S ron N[ < () (V)

acA acA acA

Proof. Applying Cauchy-Schwarz twice,

( Sor(M, N <Y ‘T(Ma ' N,)

< VT(M M) T(NGN,)

acA acA acA
= Z [Mall7 [ Nallr < Z ”MaH% ’ Z ”Na”g
acA acA acA
The proposition follows by squaring both sides. O
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Corollary 2.3. Let {MZ} and {NZF} be sets of operators indexed by both X and A. Then

ES - N[ < (EX 1Mz - (B Ve 1R)

acA acA acA

Proof. We apply Cauchy-Schwarz twice:

2| < (B| S wg)|)’
acA acA
<(E [ 1z (3 1Nz 2)
acA acA
< (EX Img2) - (B INZI2) -
acA acA

O

Proposition 2.4 (Data processing inequality for consistency). Let M* = {MZ} and N* = {NF}
be submeasurements with outcomes in A such that M7 ~5 NP on average over x. Let f : A — B.
Then
T T
Mig =5 Nig

on average over x where the answer summation is over b € 3.

Proof.
E > (M NG =E > r(MING) <E > T(MINE) <6 O
b;éb’eB b#b' eB a#a €A
a,a’ €A
fla)=b
Fla)=b/

Proposition 2.5 (Consistency to closeness). Let M* = {MZ7} and N* = {NZ} be measurements
with outcomes in A such that Mg ~5 Ni on average over x. Then Mg = ;55 Ni on average over
x.

Proof.

\/EZ Mz — Nzl = \/IgEGjT«Mg - Nz
< \/IEZ r(Mg + Ng — 2MzNg)
_ \/152 —2) r(MZNg)
- \/215270\4;6(1 — NZ))

ﬂ

The second line follows because MZ — (MZ)? > 0 as {MZ} are measurements. O
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Proposition 2.6 (Closeness to consistency). Let M* = {MZ} be projective submeasurements and
let N* = {NZ},ea be submeasurements with outcomes in A. Suppose that M¥ ~s NZ on average
over x. Then M7 ~s N¥ on average over x.

Proof.
EY 7(MiNy) <EY r(M7(1—Ny)
a#b a
=E) 7(M7(M~Ny)

< \/EZT((M;C)?) . \/EZT((M;C — NZ)(MZr — NZ)*) (by Cauchy-Schwarz)
<9d
where we used that >, 7((MZ)?) < 1. O

Proposition 2.7. Let A* = {A*} and B* = {BZX} be two sets of operators indexed by subscripts
in A such that AL ~5 BZ. Let MY be operators satisfying Y., MZ(MZF)* <1 for all z. Then

ES " r(MIAD) ~5 BY 7 (MIBY).
a a
In particular, if C* = {C*} are submeasurements, then
EY " r(0545) ~5 EY . 7(CIBY).
a a

Proof. Via Cauchy-Schwarz we have:

B (V45 - B)| < \/IgZT<Mg<Mg>*> - \/Igz 4z — Be)2 <6 .

Proposition 2.8. Let M = {My}aea, N = {Ny}aca be sets of operators (not necessarily mea-
surements), and let R = {Rp}vep be a set of operators such that >, RfRy, < 1. Suppose that
M, ~s N,. Then RyM, ~5 RyN, where the answer summation is over (a,b) € A x B. Similarly,
if > RpRp < 1, we have MyRy =5 NoRy.

Proof. We prove the approximation Ry M, ~5 RyNg:

S IBM. = NI = Y (Mo~ No)* By Ry(Ma — o))
acAbeB acAbeB

=Y T((Ma — No)* ( > R;;Rb) (Mo — Na)>
a b

<y T((Ma ~ N (M, — Na))

= Z HMa - Na”72-
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< 62
where in the first inequality we used the assumption that ), R; R, < 1 and positivity of the trace.
The proof for the approximation M, R, ~5 N, R} follows similarly. O

Proposition 2.9 (Transfering “~" using “~"). Let { A%} and {BZ} be measurements, and let {C*}
be a submeasurement. Suppose that AT ~5 CT and AL ~. BX. Then BY ~s.. C¥.
Proof. Let C* = " C% and C = E, C”. First, we can rewrite the inconsistency between {A}}
and {C7} as
B 7 (407) = E Y (4207 7))
aFb
= IET (c”) EZ (AZCY) (because {A%} is a measurement)

—EY 7(ALCY).
Likewise, we can rewrite the inconsistency between {BZ} and {C¥} as
EY 7 (BICY)=7(C)-REY r(BiCY).
a#b a

We want to show that the inconsistency between B and C'is close to the inconsistency between A
and B. In particular, we claim that

EY 7(45C) = EY 7 (BC)

aF#b a#b

To show this, we bound the magnitude of the difference using Cauchy-Schwarz.

— B%)CY)

< \/IEZT (43 - B2y?) \/Ing ()

< e -l (because {C§ } is a submeasurement)

This completes the proof. O

The following fact is useful for translating between statements about consistency and closeness
between submeasurements.

Proposition 2.10. Let {AX} be a submeasurement and let {BEX} be a measurement such that on
average over x,
Al ~., Bj.
Then
A =~ 5 AaBy =~ 5 ATBy, (1)
where A =" A?. As a result, by the triangle inequality,
Ag %2\/,7 AIBZ‘
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Proof. We establish the first approximation in Eq. (1):
EZ ((AZ(1 — B%))"(AZ(1 — BT))) EZ ( 1—Bx))
gxng (AZ(1 - BY))
=EZ (A2B;)

a,b:
b#a
<7.

The first equality follows from cyclicity of the trace. The first inequality folows from the fact
that (A%)? < A%, (1 — B%)? < 1 — B?, and positicity of the trace. The last line follows from the
assumption of consistency between the A and B (sub)measurements.

To establish the second approximation in Eq. (1), we compute the difference:

EZ ( (Bw)><EZ — AT)BT)
_EZ (AZBY)

a,b:a#b
<7.

The second line follows from the fact that (A% — A%)* < A — A% and (B¥)* < BZ, and the last
inequality follows from the consistency between the A and B (sub)measurements. O

The following proposition states that, if a collection of measurements approximately pairwise
commute, then they can also be approximately commuted within longer products of operators.

Proposition 2.11. For all x € X let A* = {AZ} denote a submeasurement with answer set A.
Furthermore suppose that on average over x,y ~ X, it holds that

AzAY . AYAT. &)
Then for all k € N it holds that on average over x ~ X and uniformly random s ~ X*,
P; Ay ~ie Ay P (3)
where for all integers k > 1, vectors @ € A*, and sequences s € X* we define
P = AZ’% Ag.i Ag.z

Proof. We prove Equation (3) by induction on k. The base case for & = 1 follows from the
assumption of the approximate commutativity of the A* measurements. Assuming the inductive
hypothesis holds for some k > 1, we now prove it for k + 1: let s € X*,t € X. We can treat (s, t)
as a sequence of length k£ 4+ 1. Then for all z € X, we have

> ||Priaz - axpy

2
7b’
-

SNXk
Pl abe
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= > |PeasAr - AzpsALl2

fimw/\(abc

< | 2 (e )] [ (e er ] Y

< ZHR(AtAw AwAt)H n ZH(Pwa AwR)At
f,;fx dbe T f,;fx @b

where the second line follows from the triangle inequality, and the third line follows from squaring
both sides and applying Cauchy-Schwarz. Next, notice that

B> | ma (g - azai)| = B S r((apar - aray) (ppypy(apar - azay))

t,.CENX avbvc t,.CENX avbvc

< MNXZHAtAx AzAll? <e

7

where the last inequality follows from the assumption (2). Similarly, we can bound

E, Z H (PHAI _ Awﬂ)At

tyx~X @,0,¢

< PﬂAx — A“"/’Pﬂ 2 <k
< \/W - ZH 12 < ke

using the fact that {A}} is a submeasurement for the first inequality and using the inductive
hypothesis for the second inequality. Thus we have established that

St gz Az pSit
E 2 |Pesaz — 4z,
Paex \ dbe

2
IECERIE

which proves the inductive hypothesis for k£ + 1. By induction, the hypothesis holds for all k. [

2.3 Codes

Recall the definition of a code from the introduction.

Definition 2.12. A linear [n, k, d]s; code over a finite field ¥ is a set C of functions ¢ : [n] — ¥ with
size |C| = |X|* that is closed under linear combination, such that for any two distinct ¢ # ¢ € C,
the number of coordinates i € [n] such that ¢(i) # /(i) is at least d. The parameter n is called the
blocklength, k is called the dimension, and d is called the distance of the code.

Since all codes in this paper are linear, we drop the qualifier “linear” for brevity. The distance
property of a code implies the following simple fact:

Proposition 2.13. Let C be an [n,k,d]s, code, and let t = n — d+ 1. Suppose that iy,...,i; are
t distinct elements in [n]. Then given a set of values ay,...,a; € X, there erists at most one
codeword c € C such that c(ij) = aj for all 1 < j <t.
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Proof. Suppose not. Then there are two distinct codewords ¢, ¢’ that agree on at least n —d + 1
locations, and thus disagree on at most d — 1 locations. This contradicts the assumption that the
code has distance d. O

We now formally define the interpolability condition on codes, which was discussed in Section 1.2.
All codes we consider in the paper are interpolable.

Definition 2.14. Let C be a linear [n, k, d]y; code, and let t = n—d+1. We say C is interpolable if, for

all collections of ¢ coordinates i1, ..., 4 € [n], there exists a linear interpolation map ¢;, i, : ¥t C
that maps a collection of values (a1,...,a;) € ¥ to the unique codeword ¢ € C such that c(i;) = a;
for all j € [t].

Remark 2.15. The condition of being interpolable is equivalent to saying that any t rows of the
generator matriz G € X™*F of the code are linearly independent. We observe that the Reed-Solomon,
code is interpolable for any degree: for Reed-Solomon with degree s, the distance of the code is n—s,
and a degree-s polynomial can be uniquely interpolated from its value at t = s + 1 points.

2.3.1 Tensor codes

Definition 2.16. Given j € [m] and u € [n]™!, the awis-parallel line ((j,u) through axis j and
with intercept u is the set

0(j,u) = {(ur,ua, ..., uj—1,0,Uj,...,Un-1) € [n]™ i € [n]}.

Definition 2.17. Let C be a [n, k,d]y code and let m > 1 be an integer. The tensor code C®¥™ is
the set of all functions ¢ : [n]™ — X such that the restriction c|; of ¢ to any axis-parallel line ¢ is a
codeword of C.

Proposition 2.18. Let v, =1 — %= For any ¢ # ¢ € C®™ it holds that

n m

mt
Pr (c(u) = (u)) < < — .
o (et =) <y < 2
Proof. The first inequality follows from the fact that the distance of C®™ is d™. (This is easily seen
by verifying that codewords of C™ are exactly the tensor products of (possibly different) codewords
from C.) For the second inequality we use Bernoulli’s inequality,

d <1_t—1> Sm(t—1)<mt

n n
O
The following two propositions relate codewords of C®("+1) to tuples of codewords of C®™.

Proposition 2.19. Let C be an [n,k,d]s code, and let t > n—d+ 1. Let xy,...,z¢ € [n], and
define the subset S C (C®™)" as

S={(g1,---,9t) € (C®m)t . there exists h € C®" D) sych that h|xj =g;},

where h|;; denotes the function h(,...,-,x;). Then there is a one-to-one correspondence between
S and C®(m+1),
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Proof. The correspondence maps a tuple (g1,...,9:) € S to the unique corresponding element
h € C®(Mm+1) guch that h., = g; for all j. By the definition of S such an h exists; to show that this
is well defined, suppose there are two distinct h # h’ such that hl, =9 = B ; for all j. Since
h # I/, there must exist some axis-parallel line ¢(m + 1,u) along the (m + 1)-st axis such that
hle # K|, (this is because such lines partition the entire space [n]™*!. At the same time, we have
that

(hle)(x5) = gj(u) = (B']e)(x5)

for all 1 < j <t. Thus, h|; and 1| are two codewords of C which are not equal, yet agree on at
least n — d + 1 points. By Proposition 2.18, this is impossible. Hence, h is unique.

So far, we have established the the correspondence is well defined. It remains to show that it is
one-to-one. First, we observe that it is clearly injective by definition. Next, observe that it is also
onto: for any h € C2(™*1 it holds that the tuple (h|y,,...,hls,) is in S and maps to h under the
correspondence. Therefore, it is one-to-one. O

Proposition 2.20. Let C be a [n,k,d]y, code that is interpolable, and let t =n —d+ 1. Let S be
as in Proposition 2.19. Then S = (C®™)".

Proof. Fix coordinates x1,...,2; € [n] and let ¢, . 4, : ¥ — C denote the corresponding linear
interpolation map for C. It suffices to show that all tuples (g1,...,9¢) € (C®m)t are contained in S
(which is a set defined with respect to x1,...,z;). Indeed, given such a tuple, let h : [n]™*! — %
be the function defined by

h(zla sy Zmy LZ') = ¢:c1,...,xt (gl (2)7 R 7gt(2))(x)'

It follows from the definition of ¢ that for any fixed z1,..., 2z, € [n]™, the function h(z1,...,2m, ")
is a codeword of C, and that for any j € [t] we have

h(',...,',l‘j) :gj(',...,-).

Moreover, by the linearity of ¢, it holds that for any fixed z, h(-,...,-, x) is a linear combination
of g1,...,¢ and is thus a codeword of C®™. This establishes that h € C®(™+1) and therefore that

(gl,...,gt)GS. ]

3 The tensor code test

Let C be an interpolable code (called the base code) over alphabet ¥ with blocklength n, dimension k,
and dimension d, and let m > 2 be an integer. Informally, the augmented tensor code test proceeds
as follows. With probability 1/2, the referee performs the line-vs-point test as described in the in-
troduction. With probability 1/2, the referee performs a subcube commutation test. Here, a subcube
of [n]™ denotes a subset of points of the form Hy, .., 2, = {(T1,- s Tm—jt1, Tm—jt2, -, Tm) €
)™ x1,..., Tm—jq1 € [n]} where xp,_jyo,..., %y, are fixed elements of [n]. (If j = 1, then we
define the subcube H to be all of [n]™.) The purpose of the subcube commutation test is to enforce
that for an average subcube H,, .., .., the measurements corresponding to two randomly cho-
sen points w,v € Hy,, .., .z, approximately commute. The motivation for choosing the specific
distribution on pairs of points used in the test comes from its use in the analysis, and in particular
on how the induction is structured; see the induction step in the proof of Lemma 4.4.
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The augmented tensor code test for the tensor code C®™ is described precisely in Figure 1.
From here on we omit the qualifier “augmented” and simply refer to the test described in Figure 1
as the tensor code test.

Perform one of the following tests with probability % each.

1. Axis-parallel lines test: Let u ~ [n]™ be a uniformly random point. Select j ~ {1,...,m}
uniformly at random and let ¢ = {(u1,...,uj—1,8,ujt1,...,Up) € [n|™ : s € [n]} be the
axis-parallel line passing through u in the j-th direction.

o Give £ to prover A and receive g € C.

o Give u to prover B and receive a € X.
Accept if g(u;) = a. Reject otherwise.

2. Subcube commutation test: Select j ~ {1,...,m} uniformly at random, and select
Tm—j42,---,Tm ~ [n] uniformly at random. Select u,v independently and uniformly at

random from the subcube me7j+27___7xm. Select ¢t € {0,1} uniformly at random.

o If t = 0, then give (u,v) to prover A and receive (by,b,) € ¥2; otherwise, give (v,u) to
prover A and receive (by,b,) € %2

o Give u to prover B; receive a € 3.

Accept if b, = a. Reject otherwise.

Figure 1: The tensor code test.

Definition 3.1. A tracial strategy . for the tensor code test is a tuple (1, A, B, P) where T :
&/ — C is a tracial state on a von Neumann algebra 7, and A, B, P are the following projective
measurements:

1. Points measurements: for every u € [n]|™, let A* = {Al},ex denote the measurement corre-
sponding to the points question u.

2. Lines measurements: for every axis-parallel line ¢ C [n]™, let Bf = {Bg}gec denote the
measurement corresponding to the lines question /4.

3. Pair measurements: for every subcube H and for every u,v € H, let P“Y = {Pg},v}a,bez
denote the measurement corresponding to the points pair question (u,v).

Aside from the discussion in Section 4.1 all strategies considered in the paper are tracial strate-
gies as defined in Definition 3.1, and we simply say “strategy”, omitting the qualifier “tracial”.

Definition 3.2. We say that .# is an (g, 6)-good (tracial) strategy if the following hold:
1. (Consistency between points and lines:)
0 ~ u
Blgsgwyla) e Aa »

where the expectation is over a uniformly random axis-parallel line ¢ C [n]™ and a uniformly
random point u € ¢, and the answer summation is over values a € ¥. We wrote g(u) to
denote g(u;) where ¢ varies in the j-th coordinate.
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2. (Consistency between points and pairs:)

P [1(l¢’11,)b)»—>a|a} ~5 Ay and P [1(ch,)b)»—>b\b} ~5 Ay

where the expectation is over a uniformly random subcube H = Heivorzm (sampled by
choosing a random j ~ [m] and random z,,—j42, ..., Zm ~ [n]) and uniformly random points
u,v ~ H, and the answer summation is over values a € ¥ and b € ¥ respectively.

Thus a strategy . that is (g,0)-good according to Definition 3.2 passes the tensor code test
with probability 1 — %(E +6) > 1 —¢e—0. Conversely, a strategy . that passes the tensor code
test with probability 1 — ¢ is (2¢,4¢)-good.

4 Analysis of quantum-soundness of tensor code test

Our main result is the following. Let C denote an interpolable [n, k, d]s, code.

Theorem 4.1 (Quantum soundness of the tensor code test). There exists a function
W(m, t7 re, n_l) = poly(m, t, 7") . poly(g, n_l, e_Q(T/mQ))

such that the following holds. Let ¥ = (1,A,B,P) be a synchronous strategy that passes the
(augmented) tensor code test for CE™ with probability 1 — ¢, and let r > 12mt be an integer. Let of

denote the algebra associated with the tracial state T. Then there exists a projective measurement
{G¢}eccom C o such that

u~n ceCcdm
where n = n(m,t,r,e,n~ ) witht =n —d + 1.

The proof of Theorem 4.1 proceeds by induction on the dimension m. As described in the proof
overview (Section 1.2) there are two main steps in the induction, called “self-improvement” and
“pasting”. The self-improvement step is based on the following lemma, whose proof we give in
Section 5.

Lemma 4.2 (Self-improvement). There exists a function ((m,t,e,n~') = poly(m,t) - poly(e,n~1!)
such that the following holds. Let ¥ = (1, A, B, P) be an (g,0)-good strategy for the tensor code
test with C®™. Suppose that {G4} is a measurement with outcomes in C¥™ satisfying:

(Consistency with A): On average over x € [n]™, Gy g()la] ~v AG-

Then there exists a projective submeasurement H = {Hyp} C </ with outcomes in C®™ with the
following properties:

1. (Completeness): T(H) > 1 —v — ¢ where H =", Hp,.
2. (Consistency with A): On average over x ~ [n]™, Hpyp(a)ja) ¢ Ag-

3. (Agreement is explained by the complete part of H ): There exists a positive linear map 1 such
that

Y(1-H)<(
and for each h € C®™ and all positive X € o/, we have

vX) 2 E (XA
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where ¢ = ((m,t,e,n™Y) witht =n —d + 1.

While the first two conclusions of the lemma are intuitive, the third one deserves some explana-
tion. Intuitively the condition guarantees the existence of a certain “measure”, v, such that firstly
the measure of the “incomplete part” of H, i.e. 1 — H, is small (in the lemma, one should think of
¢ as an error parameter that is < v), and secondly 1 satisfies a “non-triviality” condition in that it
is required to be large on any X such that also E, 7(X - AfL( x)) is large, i.e. such that X correlates
well with the averaged operator E, Ai(x) for a given h. This condition is used in the next lemma,
Lemma 4.3, to guarantee that the H measurements from Lemma 4.2 for different subcubes need to
be compatible in the sense that their incomplete parts mostly overlap. If this condition were not
present in the assumptions of Lemma 4.3 then instead of v = k + error we could only guarantee
v =1t-kKk + error, which is insufficient to complete the m steps of induction.

The pasting step is based on the following lemma, whose proof is given in Section 6.

Lemma 4.3 (Pasting). There exists a function
V(m7 t? r? 67 57 C? n_l) = pOly(m7 t? /r‘) ' pO]‘Y(67 57 C? n_l) (4)

such that the following holds. Let. = (1, A, B, P) be an (g, 8)-good strategy for the code CE™+1 with
points measurements A = {A""}, empmxm)- Let {G¥} e denote projective submeasurements
with outcomes in C¥™ with the following properties:

1. (Completeness): 7(G) > 1 — k where G =E, > Gy.

2. (Consistency with A): On average over (u,z) € [n]™ x [n] ~e Ag”.

X
> Mg—g(u)la]
3. (Agreement is explained by the complete part of G): For each x € [n] there exists a positive
linear map * such that

E¢7(1-G") < ¢
and for all x € [n], g € C®™, and positive X € B(H), we have

PI(X)> E 7(X-AY).

u~[n]m g(u

Then for all integers r > 12mt there exists a “pasted” measurement H = {H}} C o/ with outcomes
h e C®mtY) - satisfying the following property:

1. (Consistency with A):  On average over (u,x) € [n]™ X [n], Hipsp(uz)a] ~u Aa™

where

1 L
H= M(K’mat>r>€>5><;n_1) == K(l + 3—) +I/(m,t,r,€,5,§,n_1) + e 72m?2 (5)
m

witht=n—d+ 1.

We now put these two steps together and prove Theorem 4.1. The proof is by induction on
m. The inductive argument directly establishes the following lemma which, together with the
self-improvement lemma, implies Theorem 4.1.
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Lemma 4.4. There exists a function
J(m7 t7 e, 57 n_l) = pOIY(m7 t7 T) : (pOIY(€7 57 n_l) + exp(—Q(r/mz)))

such that the following holds. Let . = (1, A,B,P) be an (g,6)-good strateqy for the code C&™
and let r > 12mt. Let of denote the algebra associated with .. Then there exists a measurement
{G.} C & with outcomes in C®™ such that

uw[n]mcecg’m
where 0 = o(m,t,r,e,6,n') witht =n —d + 1.

Proof of Theorem 4.1 from Lemma 4.4. The measurement {G.} produced by Lemma 4.4 satisfies
the conclusions of Theorem 4.1 except it is not projective. To remedy this we apply the self-
improvement lemma to produce a projective submeasurement, and then complete the result into a
projective measurement.

More formally, let {H.} be the projective submeasurement guaranteed by applying Lemma 4.2
to G.. This submeasurement has the following properties.

1. (Projectivity): H. is projective.
2. (Completeness): If H =", Hp, then 7(H) >1—0 — (.
3. (Consistency with A): On average over u ~ [n]™, Hpp(u)a) ¢ Ad-

Let H be the measurement obtained by completing H arbitrarily, that is by setting Hy = He +
1-— Z,LH p for an arbitrarily chosen outcome ¢*, and setting H. = H, for all other outcomes ¢ # c¢*.
Then H has the following properties:

1. (Projectivity): H is projective. This holds by the projectivity of H, which implies that
1— >, Hy is a projector and is orthogonal to each H, for every outcome c.

2. (Completeness): 3, Hj, = 1. This holds by definition.

3. (Consistency with A): We evaluate the (in)consistency between H and the points measure-
ments. We have

EZ ( (h—h(w))| a]Ab) =

B 30 ()
atb h,b#h(u)
=E r(may) +r(=Ym) > 4
h,b#h(u) h b c* (u)
<C+r(1-3m)
h
<2(+o

where in the second-to-last inequality we used that H is (-consistency with the points mea-
surements {A"} and that >, .., A4y < 1, and in the last inequality we used that the
completeness of H is at least 1 — ( — 0. Thus on average of u ~ [n]™, we have

Hipn(u)la] ~2c+o Al
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Setting § = ¢, and n(m, t,r,e,n~ 1) = 2((m,t,e,n"Y)+o(m,t,r,e,6,n"1) = poly(m,t,r)- (poly(s, n~1)+

e/ mz)), we see that H satisfies the conclusion of Theorem 4.1. O

Proof of Lemma 4.4. Define s,, = 2m. We argue that there is a choice of universal constants
o, C1,C2,c3 > 1 such that Lemma 4.4 holds with the function

o(m,t,re, (5,n_1) = S - <c0 - (mtr)* - (51/02 + 51/ 4 n_l/cz) + 6_63’"/7”2) .

The constants cg, ¢1, ¢2, c3 are set in terms of the universal constants that are implicit in the poly(-)
notation for the functions ¢, v, p from Lemma 4.2 and Lemma 4.3. We now explicitly identify these
constants:

C(m,t,e,n™h) =z - (mt)™ - (/% 4 n71/51) (6)
vim,t,re,8,C,n~Y) = by - (mtr)P - (/%2 4 §1/02 4 (1/b2 4 = 1/b2y (7)
1 r
-y = — -1 ~72m?
ulrm,tre 6,67 = k(14 2=) +v(m,t,re,.¢n7") 4 m (8)

where zg, 21, 22, bg, b1, bo > 1. Now we set the constants ¢y, ¢1, ¢2, c3 as follows.
1. Let ¢y = 4bg2o.
2. Let ¢; = b1 + 21 + 1.
3. Let cg = byzs.
4. Let cg =1/72.
We prove that Lemma 4.4 holds with this choice of function o (m,t,r,¢,5,n~!) via induction on m,

starting with m = 1.

Base case. For the case m = 1 there is only one line £ = {(8) : 8 € [n]} . This means that

the lines measurement B = { B’} contains a single measurement B’. Because . passes the tensor
codes test with probability 1 — e, it is (2¢, 4e)-good. As a result,

¢

B Ay .

g—g(u)la] =2
The theorem follows by setting G = {Gy} equal to B¢, since ¢y > 2 (which implies that ¢ > 2¢).

Induction step. Assuming, as the inductive hypothesis, that Lemma 4.4 holds for some m > 1,
we prove it for m+ 1. Let . = (7, A, B, P) be a (e, d)-good strategy for the tensor code test with

Cc®m+1) “and let r > 12(m + 1)t. For each x € [n], we define .#* = (1, A®, B, P*) to be the
strategy restricted on the last coordinate being z. In other words, we write

AT = {Au’x}ue[n}ma B := {Bg’x}fc[n]ma P = {Pu’v’w}u,ve[n}ma
where A% .— Auoac7 Bﬁ,x — ‘BZoac7 PUvT . F)umc,vo:c7
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where “o” denotes string concatenation, and fox = {cox : @ € £}. Then .7 is a strategy for the
C®™ tensor code test. Write 1 — &, and 1 — &, for the probability that .#* passes the axis-parallel
lines test and subcube commutation test, respectively. Then .#% is an (e, d,)-good strategy.

We claim that on average over = chosen uniformly from [n],

E €x§<m_+1>.57 E 5x§<m_+1>.5,
z~[n) m z~[n] m

m+1

Indeed, observe that in the axis-parallel lines test over [n] , the probability that an axis-parallel

line along axis m + 1 is chosen is 1/(m + 1). Thus,

1

— - Pr <success for £ parallel to axis m + 1) + o Ee, >
m+1 m+1

m
= PE 2y R
which yields the claimed bound on the expectation of £,. A similar calculation holds for the subcube
test (the probability that the subcube does not fix the m + 1st coordinate is 1/(m + 1)).

Now we apply the inductive hypothesis, noting that r» > 12mt. To do so, fix an z € [n]. The
inductive hypothesis states the existence of a measurement G* = {G{ } ccom such that on average
over u € [n]™,

Glomg@ula) ow Aa™

where 0, = o(m,t,r,e,,6,,n"1). Setting ¢, = ((m,t,ex,n"1), self-improvement (Lemma 4.2)
then implies the existence of a projective submeasurement H* = {HJ },ccem with the following
properties:

1. (Completeness): If H* =), HY, then 7(H*) > 1 — 0, — (.

2. (Consistency with A%): On average over u ~ [n]™, Hihw)la] e A",
3. (Agreement is explained by the complete part of H*): There exists a positive linear map 9"
such that
Y1 - H") < (4,

and for each h € C®™ and all positive X € &7, we have

YX) > E (X AN

— u~[n]m (u)

These guarantees are almost of the form demanded by the hypotheses of the pasting lemma
(Lemma 4.3). However, the error bounds depend on x, whereas we would like the errors to be
averaged over x. To obtain such bounds, we will bound the average of o, (, over z ~ [n]. Observe
that o, and ¢, depend on z only through ., 9, € [0, 1], and are polynomial functions of &,,,. For
any distribution over a random variable a drawn from the interval [0,1], for ¢ > 1, it holds that
Eaf < Ea, and by concavity, for any ¢ < 1, Ea® < (E«). Hence, the averaged quantities E, o,
and E, (,, which we denote ¢ and f , are polynomial functions of E, g, < mTﬂs and E,. 6, < mTH&

o6=Eo; = sm, - CO(mtT)Cl : E(E;/cz + 5910/02 + n_l/CQ) + Sm - e_c37’/m2 (9)
1 1/e2 1 1/co
< 8m - co(mtr) - ((m;: E) + <%5> +n e ) 4s, - emet/mt(10)
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1
< Sm - co(mitr)™ - <m_+1> = <51/C2 +ol/e n_1/02> + 5y - €T/ (11)
m

E=BG = lmi) B 40 ) )
1/z2

< zo(mt)** - ((m;— 1€> + n_l/z2> (13)

< zo((m+ 1)t)7 - (V72 4 n~1/%2) (14)

Thus we have the following guarantees on the submeasurements { H* }:
1. (Completeness): If H = E . jym > ), Hy, then 7(H) > 1 -6 — ¢.

2. (Consistency with A"): On average over (u,x) ~ [n]™ x [n], Hj, 0 ¢ A",

|a]

3. (Agreement is explained by the complete part of H*): For each x there exists a positive linear
map 1" such that
E*(1—H") <,
x

3 and for each h € C®™ and all positive X € &7, we have

Y(X)> B (XA,

u~[n]m (u)

Define k = 6 + é . We see that the measurements H” satisfy the hypotheses of the pasting lemma
(Lemma 4.3) with error parameters # and (. Applying the lemma, we conclude that the resulting
measurement H satisfies the following consistency relation with A: on average over (u,z) € [n]™ X

Hipoh(ue)a] =p Ad™"

where
I s =1 I 1 s —1 —c3r/m?
w=u(k,m,t,re d,C,n )z/i(l—k%)—l—u(m,t,r,s,é,g,n )+e @ (15)
. 1 .
= <6 + C) (1 + 3—m) + bo(mitr)r - (102 4§10z 4 (/0 gt /b2) g gmear/m? (16)

If we show that pu < o(m + 1,t,7,£,5,n~ 1), then we will havq established the inductive step and
we would be done. To proceed, we first substitute (14) in for ¢. Let ' = byzs.

61/62 < (z0((m + 1)t)21)1/62 . (61/22 + n—1/22)1/b2
< zo((m+ 1)t)* - (VY 4 n= VY

where we used that zo((m + 1)t)* > 1 and by > 1. Plugging these bounds into (16), we get

ps (14 %m) (64 ) + 2bo (mir)" - z0((m 4 1)) - (M 4 5V 4 7YY g e/
1 ~ / / /
<(1+ %) (6 4 &) + 2b0z0((m + V)tr)r 21 (VY 4 g1V =V o gmear/m® (17)
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Similarly, we can upper bound

(1+ 3%) (<2 z((m+ 1)) - (Y 7Y

because, for example, e2/?2 < /¥ Thus we get that (17) is at most
1 / / /
(17 < (1+ %)5 + dbozo((m 4 D)tr) 21 (/Y 4 gVY g =1V g mear/m? (18)

Substituting (11) in for 6 and using that ¢y > b’ we get

1
(18) < (1+ 3im)Sm - co(mtr) - <—m7: 1) - (61/02 + otz 4 n_l/cz)

+ 4b020((m + 1)tT)b1+zl . (61/62 + 51/02 + n—l/CQ)

1 ’
- . ,—c3r/m
(4 5o)sm+ 1) e/ (19)

Next, using that (1 + ?%m)sm < Sm+1, We have

1
(19) < <sm+1 - co(mtr)° - (T”T“) 2 4 dbozo((m + 1)tr)b1+zl> NCE T )

1 2
. —car/m
<(1 3m)8m 1) e ' (20)

If we argue both

1

N\
smﬂ-c(](mtr)q-(%)2+4bozo<<m+1>tr>b1+ﬂ < smpcol(m+ D) (21)

1
(1+ %)sm +1 < Smal (22)

then we would be done as (20) would be at most o(m + 1,¢,7,£,0,n~!) as desired. To argue (21)
we first note that it is equivalent to showing that

Sma1Co(tr) ((m + 1) — mcl_é(m + 1)%) > dbozo((m + 1)tr)n =
Since spy1 > 1, ¢ > 4bozo by definition, and ¢; > by + 21 + 1 by definition, it suffices to argue that
(m+1)° — mcl_%(m + 1)% > (m 4 1)t
This is equivalent to showing

(m + 1)tz mcl_%(m + 1)%_(171“1) > 1.

L (bi+21) L (by+21)

Since by, z1,co > 1 it holds that (m + 1)< < me2 and thus

(m + 1)01—(b1+21) _ mcl_%(m + 1)%—(1714‘21) > (m + 1)01—(b1+21) _ mcl—%mé—(bﬁ-n)

_ (m + 1)01—(b1+21) o mC1—(b1+21)
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> 1

as desired, where we used that ¢; > by + 21 + 1 again.
To argue (22) one can see by definition of s,, and s,,11 that

1 1
Smt1 — (1+3—m)sm =2(m+1)-2m(1+ 3—m) >1

as desired.

4.1 Extension to general states

As mentioned in the introduction, Theorem 4.1 is formulated in the framework of synchronous
strategies, which is particularly convenient to state and prove the result as it involves a single
Hilbert space and set of measurement operators. For some applications one may wish to extend
the guarantees of Theorem 4.1 to the more general setting of strategies that are not assumed to
be perfectly synchronous a priori. This extension is essentially provided in the work [Vid21]. For
completeness in this section we include all details of the reduction.

We first recall the following definition of a (not necessarily synchronous) two-prover strategy
for a game G, which we immediately specialize to the case of the tensor code test.

Definition 4.5. A two-prover strategy . for the tensor code test is a tuple (|1), A, B, P, A, B, P)
where |¢)) € Hqa @ Hp is a state in the tensor product of two finite-dimensional Hilbert spaces H 4
and Hp, and A, B, P (resp. A, B, P) are the following families of projective measurements:

1. Points measurements: for every u € [n]™, let A% = {A%},ex (resp. A® = {A%}ex) denote
the first (resp. second) prover’s measurement corresponding to the points question u.

2. Lz;nes measurements: for every axis-parallel line £ C [n]™, let B! = {Bg}gec (resp. B! =
{Bg}gec) denote the first (resp. second) prover’s measurement corresponding to the lines
question /.

3. Pair measurements: for every subcube H and for every u,v € H, let PV = {P}"}, pex (resp.

puv = { ]35’;}@71,62) denote the first (resp. second) prover’s measurement corresponding to
the points pair question (u,v).

This definition is the same as Definition 3.1 given at the start of Section 3, except that we
have decoupled the measurement operators associated with each prover and the tracial state 7 has
been replaced by the state [¢), with the additional tensor product structure. (There is a more
general class of strategies where all prover operators act on the same possibly infinite-dimensional
Hilbert space H but all operators associated with one prover are required to commute with the
other prover’s operators; we do not consider such commuting-operator strategies here.)

Because we do not assume a priori that the provers must employ the same measurement op-
erators we modify the tensor code test by adding a “synchronicity test’ described in Figure 2. To
distinguish this test from the original tensor code test we refer to it as “the two-prover tensor code
test.”
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With probably % each, perform either of the two tests described in Figure 1, where the roles of
“prover A” and “prover B” are attributed at random (under the constraint that each prover gets
assigned a different role). With the remaining probability % perform the following test.

3. Synchronicity test: Let £ C [n|™ be a line sampled according to the same distribution as in
the axis-parallel line test, i.e. £ is a uniformly random axis-parallel line. Let (u,v) be a pair
of points sampled according to the same distribution as in the commutation test, i.e. v and v
are both uniformly distributed in the same random subcube. With probability % each, send
either ¢, or u, or the pair (u,v), to both provers. Accept if and only if the provers’ answers

are identical.

Figure 2: The two-prover tensor code test.

The following is analogous to Definition 3.2.

Definition 4.6. We say that . is an (g, 6, )-good strategy for the two-prover tensor code test if
the following hold:

1. (Consistency between points and lines:) The strategy passes the axis-parallel line test with
probability at least 1 — . Formally,

1 N
E, > 5 (1B ® A1)+ (145 ® Bl yqlth) 2 1-¢,

m oyl
LC[n]™ ue e

where the expectation is over a uniformly random axis-parallel line ¢ C [n]™ and a uniformly
random point u € £.

2. (Consistency between points and pairs:)

E 3 (IR e ® AU + WIAY @ Bl ) > 15,
u,v~H a,bex

S 5 (WP gy © A1) + (0147 © Bty i) > 16

u,u~H a,beX

where the expectation is over a uniformly random subcube H = Hepivorzm (sampled by
choosing a random j ~ [m] and random z,,—j42,...,Zm ~ [n]) and uniformly random points
u,v ~ H.

3. (Synchronicity:)
1 u,v
g(ug[g}memumﬂw E Z WIBfeBiY)+ E Y WPy el = 1-¢,
> uUNHabEZ

where the expectations are uniform over a point u and an axis-parallel line £, and as in the
previous item for (H,u,v).

Finally, we say that a two-prover strategy passes the (two-prover) tensor code test with probability
1 — ¢ if the strategy is (¢/,6,¢')-good for some &', &', ¢’ such that %(e/ + 28 + &) <e
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We can now state our two-prover extension of Theorem 4.1.

Theorem 4.7. There exists a function

0 (m,t,k,e,n™") = poly(m. t,k) - poly(e,n ™" e7H/™)
such that the following holds. Let . = (|4}, A, B, P, A, B, P) be a two-prover strategy that passes
the two-prover tensor code test for C¥™ with probability 1 —e, where |¢) € Ha®@Hp, and k > 12mt.
Then there exists projective measurements {Ge¢}eccom and {éc}cec@)m on Ha and Hp respectively
such that the following hold, on expectation over a uniformly random w ~ [n]™ and a uniformly
random azis-parallel line £ C [n]™:

AZ ®1 =y 1® G[c»—)c(u)\a] > (23)

534
Glemselgls) @ 1 =y 1@ By, (24)
G.®1l~y 1®G,, (25)

where ' =n'(m,t,e,n=t) witht =n —d+ 1.

Proof. Let . = (|1), A, B, P, A, B, P) be as in the statement of the theorem. The proof proceeds
in three steps. The first and main step consists in applying [Vid21, Corollary 4.1] to Theorem 4.1
to obtain the following.

Claim 4.8. There exists measurements {G.} on Ha and {G.} on Hp such that

AL @1~ 1@ Glasse(u)a) » (26)
1® A; 2 Gloseu)lg @1, (27)

for some m = mni(m,t,e,n"") = poly(m,t) - poly(e,n").

Proof. To apply [Vid21, Corollary 4.1] we first need to construct a symmetric strategy, which means
that |¢) can be written as

lv) = Z\/)TJUD@ lu;) € HOH, (28)

where the \; are non-negative and {|u;)} orthonormal in some Hilbert space H, and the two provers’
measurement operators are identical up to a transpose: fl}j = (AZ)T for all u, a, where the transpose
is taken with respect to the basis {|u;)}, and similarly for the B and P measurement operators.
The idea to achieve this is standard. First assume without loss of generality that H4 ~ Hp ~ H’
for some Hilbert space H’. This can always be achieved by enlarging H or Hp as needed. Next
define
1

\/§
where S is the “SWAP” operator S = (2P — I) with P the projection on the symmetric subspace
Span{|u) @ |u) : |u) € H"}. Let H = H' @C2. For any u, a define (4")% = A*@[0X0|+ (A¥)T @ |1)1|
and similarly B’ and P’. Then (reordering the subsystems of |[¢/) in the obvious way so that
|y € H®H) for any X', Y’ among the newly defined measurement operators we have that

W) = —=([¥) @ |0) ® [1) + (S|¥)) @ [1) ® |0)) e H 9 H' @ C* @ C?,

(WX @Y |y) + (] STXT @ YT)S|))

N =

WX ® (YY) =
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= WX YY)

As a consequence, the symmetric strategy .’ also passes the tensor code test with probability at
least 1 —e.

Next we introduce some notation associated to the application of the corollary. Let X =
[n]™ U ([n]™~ x [m])U ([n]™)? be the set of all questions that can be asked to the first prover in the
two-prover tensor code test, Y = { L} a singleton, and B = C®™. Let p be the uniform distribution
on [n]™ C X, and for u in the support of p, let g, : ¥ — 2ce™ map a € ¥ to the set of all ¢ € C&™
such that ¢(u) = a. Finally let & : [0,1] — [0, 1] be the function k(w) = 1 —n'(w), where 7’ is defined
as follows. Let n(m,t,e,n~') be the function from Theorem 4.1. Let m,¢ and n be the parameters
of the two-prover tensor code test, which we consider to be fixed. If n is a concave function of &
we can let 7/(w) = n(m,t,w,n~), with m,t and n fixed by the parameters for If 7 is not concave
we proceed as follows. Since n has polynomial dependence on € we can write it as a finite sum
n(e) = Zf\il a;e% where a; = a;(m,t,n') € R and ¢; € R are an increasing sequence of positive
constants depending on the form of 5 only. Moreover, since 1(m,t,e,n~1) = poly(m, t)-poly(e,n~1)
then for all 4, |o;| = poly(m,t) - poly(n~!). Now for ¢ € [0,1] we have that n(c) < n”(e) = ae™
where o = 3, || and so @ = poly(m,t) - poly(n~!). We then define x =1 —n".

With this setting, Theorem 4.1 shows that the assumptions of [Vid21, Corollary 4.1] are satisfied,
for the game & = (X, A, v, D) which is specified by the two-prover tensor code test. This is because
(using terminology from [Vid21]) for any symmetric PME strategy (|¢), A) there is a tracial strategy
(1, A) for & that reproduces exactly the same distribution on answers in the game; for this it suffices
to define the trace as 7(X) = étr(X ) for any operator X on the d-dimensional space H that underlies
the strategy A.

We apply the conclusion of [Vid21, Corollary 4.1] to the symmetric projective strategy ..
Since . and hence ./ must be (3¢, %6,36)-g00d according to Definition 4.6, we deduce that in
the terminology from [Vid21], dsync(-#’;v) < 3e. As a consequence we obtain the existence of a
measurement {G.} on H such that

E Y (@A), @Gle) = 1—n"(m,t,poly(e),n"), (29)

where

1" (m,t,poly(e),n ') = i/(m,t,e + poly(e),n™") + poly(e) = poly(m,t) - poly(e,n~ ") .

It remains to derive (26) and (27). Let G. = (I4® (0))GL(I4®|0)) and G. = (Ip ® (1|)G.(Ip ® 1)),
where T4 (resp. Ip) denotes the projection on Hg C H' (resp. Hp C H'). Then {G.} and {G.}
are measurements on H 4 and Hp respectively, and (26) and (27) follow directly from (29), with

u

n = 21", by expanding |¢') and (A’ )C(u) on the left-hand side using their definition. O

Claim 4.9 almost establishes (23), except that {G.} is not necessarily a projective measurement.
So in the second step we turn {G.} and {G.} into projective measurements.

Claim 4.9. There exists a projective measurement {G.} on Ha (resp. {GL} on Hp) such that
A;L ®1 =12 1® él[c»—)c(uﬂa} ’ (30)
1® A;L =12 /[c'—>c(u)|a} ®1, (31)

for some ny = na2(m, t,e,n"1) = poly(m, t) - poly(e,n™1).
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Proof. We do the proof for {G.}, as the proof for {G.} is entirely analogous. Write the Schmidt
decomposition 1) = . v/Aj|u;)|vi), where the A; are non-negative reals and {|u;)} (resp. {|v;)})

an orthonormal basis of Ha (resp. Hp). Let K =Y. v/Ai|u;) (vi|. Let G =" c(u)=a Ge- Then
L—m <EY ($|Ge® Al l¥)
=D (WIGs ® Allw)
= tr(GiKALKT)
1/2
< (Su(ciewi) " (S uliy i) " (32)

where the first inequality is (26) and the last inequality follows by Cauchy-Schwarz, and py = K KT
and pp = KTK. Tt follows that

Z tr cqu/2 Gep }4/2 =E Z tr Ggp,lél/ngpixp) B Z IE Z 1c(u):c’(u) (ch,lq/zGc p}4/2)

c#£c! a
(1 - 771 - Tm Z tI‘ cp114/2 G p114/2)
c#c!
>1—201 — Y (33)

where the second line follows from (32) for the first term and Proposition 2.18 and tr(chz/ 2G / pi/ 2) >
0 for all ¢, ¢ for the second. Using the Cauchy-Schwarz inequality,

1= 201 —ym < Y tr(Gep{*Gepl{?) < Ztr
C

We apply Lemma 5.1 to the measurement {G.}, with 7 defined by 7(X) = tr(Xpa). From the
lemma it follows that there exists a projective measurement {G.} such that

> tr((Ge = GL)?pa) = 0201 + m) - (34)
Then

EZ (PG @ Al l0)
—EZ (W|Ge ® Ay, \¢>+I§Z<¢!<G;—G> Adul¥)

21— = (EX (@) -Gl - 6ol (B et asei)

> 1 —O(m+vm)""

where the first inequality uses (27) for the first term and Cauchy-Schwarz for the second, and the
last is justified by the following:

EZtr G (G = G9)p?)
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2—2EZtr G’ Z,oz/zG“ 1/2)
<2—2Ztr (GLo?Cepl{?) + Y

—2—2Ztr (G2 = Gl *Gepl{") + S tr(Genl{*Ger{”) +

<dn + 3vm + <Ztr G G.) pA>/2<Ztr )1/2
<Am + 3% + O(V201 + V)

where the second inequality uses that tr (G’sz/ 2Gc P,lq/ 2) > 0 for all ¢, ¢ and Proposition 2.18, the
fourth line uses (33), and the last uses (34). The claimed bound on 72 follows from the same bound
on 711 and the bound on ~,, provided in Proposition 2.18. U

With (30) we have established (30). In the last step we obtain (24) and (25).

Claim 4.10. Let {G.} and {G.} be projective measurements that satisfy (30) and (31) respectively.
Then

¢

Glonself) ©1 = 1® By, (35)

GL®l~, 190G, (36)
for some s = poly (. (mt) /).
Proof. We start with (36). Write

/ 5 / 1

> GG, E > Glosetwial © Glosequa (37)

oy, E D Ave Al (38)

3¢ 1®1, (39)

where 1 = 2,/2n; and recall that { = 3e. Each of the three approximations above is justified as
follows. For (37), form the difference

ZE 1c(u):c’(u)Glc @ G~(C’ < ’le ®1 P

c,c!

using Proposition 2.18. For (38), write

1 Z Glc»—)c(u )|a] ® G[c»—)c(u Ya] E Z A ® Au

- EZ [c»—>c w) ® 1-1® Au) (1 ® G[c»—)c(u) |a] + EZ 1 ® Au) (1 ® Glc»—)c(u)|a} AZ ® 1) :

Each of the two terms above is bounded in the same way. We do it for the first:

EZ w’ [c»—>c ) ® 1-1® AZ) (1 ® Gl[c»—)c(u)\a]) W}>

36



< (EZ o1 201 (0 )

2772 ’

by (31) and the fact that {G’} and {A} are families of projective measurements. Finally, (39)
follows directly from the synchronicity condition.
To conclude we show (35).

/ Rl / 234
EY  Glose) © Bf m EE D Gloseuia) @ B pua (40)
I a
u ~!
~yEE Z Aa ® Gleye(wlal (41)
> 1®1, (42)

where 7 = \/2n5 + V4e. We justify each of these three approximations as follows. For (40), form
the difference

Ezu@z Lp(w)=1/(w) Glonelylp) ® Bf £ 1101 < yml@l,
A
by Proposition 2.18. For (41), write

/ u !
MeéZG ese(wlal © Bl sy %Eg Az ® Glose(ula

=EE > (l(Glemcuiq®1-1¢ G[mc(u)\aﬂ (1@ Bj ) 19)

A Y u
+ IE:uIEZ <¢’ (1 ® Gl[c»—)c(u)\a]) (1 ® Bf»—)f(u)\a - Aa ® 1) ‘¢> :

Each of the two terms above is bounded as previously, using (37) for the first and the consistency
condition between points and lines for the second. This gives 7§ = \/ 2(Ym + 15 +38) + Ve,
Finally, (42) is by (30). The claimed bound on n3 follows from Proposition 2.18 to bound 7, and
& < 3e. O

The theorem follows using the bound on 7 given in Claim 4.9. O

5 Self-improvement

In this section we prove Lemma 4.2. The proof of the lemma relies on three main ingredients.

Orthogonalization. The first is a lemma that allows us to round a submeasurement that is
self-consistent to a projective measurement. The lemma first appears in [KV11] for the finite-
dimensional case, in [JNV*20b] with an improved error dependence and was extended to the
infinite-dimensional case in [d1S21]. The proof uses the polar decomposition.

Lemma 5.1 (Orthogonalization). Let </ be a von Neumann algebra with a normal state 7. Let
A ={Ay}aen C o denote a submeasurement. Suppose that

D T(Aa(1 - A,)) <<

a
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Then there exists a projective submeasurement {P,} C </ such that

Aa%mpa'

Proof. We indicate how the lemma follows from [dIS21, Theorem 1.2]. Let n = |A| + 1 and
identify A with the set {1,...,n —1}. Let A, =1 — 3 Aq 50 {Aq}acqi,...n} 15 @ measurement.
Applying [d1S21, Theorem 1.2], we get orthogonal projections P, satisfying

Aa %\/9_5 Pa ) (43)

where

=1~ f:T(Ag)

a=1
1

T(Ag(1 — Ag)) + 7(A, — A2) (44)
1

3
|

Q
Il

where for the second line we used that {A,}qeq1,...n) i @ measurement. The first term is at most
¢ by assumption. For the second term we write

T(A}) =1 (An <1 - :éAa>>

n

—r(4,) = Y 7(4,4,)

Il |
—_ —

?Q

> T(An) —

(]

(1404

o~ 9

> T(An) -

)

where the inequality on the third line uses that
n—1
Ay =1-> A, < 1-4,
a=1

forall a € {1,...,n — 1}, and A, > 0 for all a. Thus (44) is at most 2¢, which together with (43)
proves the lemma. O

Complementary slackness. The second ingredient is a duality result about positive linear maps
which appears in [dIS21]. The proof is based on an application of the Hahn-Banach theorem.

Lemma 5.2 (Proposition 7.1 in [d1S21]). Let &7 be a von Neumann algebra and let p1,...,px :
o — C be normal positive linear maps. Then there is a unique normal linear map ¢ : &/ — C of

minimal norm such that ¢ > p; for all i. Moreover there exists a measurement {T;};c(y) such that
for all X € o,

$h(X) = Z 0i(T;X) (45)
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In finite dimensions this lemma corresponds to the complementary slackness condition of a
particular semidefinite program satisfying strong duality (see [NV18b, Lemma 10] for the finite-
dimensional version of this statement). In the proof of Lemma 4.2, we use Lemma 5.2 to define
the “maximum” v of a collection of linear forms ;. This step can be thought of as a replace-
ment for “majority decoding” in analyses of low-degree testing in the commutative (i.e. classical)
case [GLR™91, RS92).

Local-to-global variance bound. The third ingredient is the following lemma. Recall that C
is a [n, k,d|y, code. Define y =1 — %.

Lemma 5.3. Let (1, A, B, P) be an (e,8)-good strategy for the tensor code test with C*™. Let {Ty}
be a measurement with outcomes in C¥™. Then on average over uniform x,y € [n]™,

TH? =, AY, T}/

g(w) 9(y)™ 9

where Cpar = /M (2\/% + 2\/7>

Before proving Lemma 5.3 we first prove a “local” version of Lemma 5.3, where the closeness of
Aggﬂ( 1Ty 1/ % and Ay(y) T2 hold when z ,y are random points from a random axis-parallel line (rather
than being random points from the entire domain [n]™).

Lemma 5.4. Let (1, A, B, P) be an (g,6)-good strategy for the tensor code test with C*™. Then on
overage over axis-parallel lines £, and x,y € ¢,

1/2 ~ Y 1/2
g(x)T ~Cocal Ag(y)Tg

where (oeal = 2v/2¢ + 2\/7-

Proof. By deﬁnition of (e,0)-good strategy we have A% ~, B[éfef(x)la}’ and thus by Proposition 2.5
we have A? SN [f»—>f(x)|a}' This implies that

x 1/2 YA 1/2
Ay Ty = e By pay—gon - Ty’ (46)

on average over a uniformly random axis-parallel line ¢ and a uniformly random point =z € £. This
holds because

Zﬁzg% H(AEU B f(a)= (m)})Tgl/z T_MEZZ > H( o(@) ~ [fo(:v)Ia})Tgl/Z

ecom a€¥ g:g(z)=a

=E> > << [fo(x)Ia})2Tg> = Z,;Egae;«f“ﬁ _B[Zfo(:v)\a]>2> <2

a€¥ g:g(z)=

2

T

where the first inequality follows from the fact that {7} is a measurement. Next, we have that

Y/ 1/2
Bt p@)=g(z) - T, ~ 5 Bg\e T2 (47)

This holds because

T

E, 2 | (Btr.se)=ate — Bg‘Z)T1/2
gecem
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2
_ Y4 Y
= oot ol ((B (ester=nien ~ BA) T[g:gu:h})

_ 4
N Z,:IcEee = T <B[fif(x):h(x),f¢h] ' T[g:g\ezh})

=E Z (M = h(z),f # h]) T (Bf? ' T[gigth])
<E Z VT (Bf‘if[g:gu:h})

h,feC
=7

where the third line follows from the fact that the {Bﬁ} measurements are projective, in the fourth
line we used I[f(z) = h(x), f # h] to denote the characteristic function of the indicated set, the fifth
line follows from the fact that two distinct codewords f ## h can only agree on at most v fraction
of coordinates, and the last line follows from the fact that {Bfﬁ} and {7} are measurements. Thus
putting together (46) and (47) we get

x 1/2 Y4 1 1/2
v La’? ~ym Blrsw—g) T =7 By, Ty

~ l . 1/ 1/2
v Blrrw=aw)  To'~ Rz Ay - Ty

on average over a random axis-parallel line ¢ and independent random points z,y € /. O

The proof of Lemma 5.3 now follows by using the expansion of the hypercube to transfer the
“local variance” bound of Lemma 5.4 to a “global variance” bound.

™ are

Proof of Lemma 5.3. Define the graph G to have vertex set [n]™, and vertices z,y € [n]
connected if and only if they differ in at most one coordinate. Define N = n". The Laplacian L

associated with this graph G has a zero eigenvector
o) = \/— Z ).
z€[n]™

Furthermore the second largest eigenvalue \g is equal to W'
For all g € C®™, define the positive linear functional 14 (X) = 7'(Tgl/2 -X-Tgl/z). By Lemma A.2,

we have that
2 2
DDl (FRES VNG L ST DR Y (CRETON )y
geCce®m

x,y~[n]™ gecam T xy~[n]™
2
Y

= Zm7y€£ Z Vg << g(z) Ag(y)) >

C®m
— x Y 1/2
=m E 2 | (A5 = 437

gecem
< mgfml, Lemma 5.4

which completes the proof by definition. O

We now proceed to prove Lemma 4.2.
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5.1 Proof of Lemma 4.2, Step 1: Construction of (non-projective) H

Let A = {A%},c[nm and {G} be as in the statement of Lemma 4.2. Let </ and 7 be the underlying
von Neumann algebra and normal trace. For all g € C®™ define

where the expectation is uniform over all = € [n]™. For all g € C®™ define ¢, : &/ — C by

VX e,  @i(X)=1(X-A).

Notice that ¢, is a normal positive linear map. It is positive because 7(XA4,) = T(A;/zXA;/2) >0
for positive X € &7. It is normal because 7 is normal, which by definition (see Section 2) implies that
there is a positive trace class operator M such that 7(XA,) = T(A;/2XA;/2) = tr(A;/zXA;pM).
Since XA;/ZM is a trace class operator and A;/z is bounded, we have that tr(A1/2XA1/2M) =
tr(XA;/zMA;p); this implies that ¢, (X) = tr(XA;/2MA;/ ) is normal because Ag 42 MAI/2 is a
positive trace class operator.

By Lemma 5.2 there exists a unique normal linear map + of minimal norm satisfying v > ¢,
for all g € C®™. Moreover there exists a measurement {7} such that

VX e, P(X) =) 0u(T,X). (48)

We refer to Equation (48) as the complementary slackness condition.
For all z € [n]™ and g € C®™ let

Hy = Ay Ty - Ageay -

We verify that for all x € [n]™, {Hg} forms a submeasurement:
T T x T T z\2 T
STHD =S AL T, AT ZA (> m)ar<d =Y ar=1. (1)
g g g:9(z)=a a a
Finally, for g € C®™ define
Hy= B H.

We proceed to argue that, except for the projectivity condition, the submeasurement {H,} satisfies
the conclusions of Lemma 4.2. We first show a technical lemma.

Lemma 5.5. Let (por = /m(2v/2e +2,/7) as in Lemma 5.5. Then

EZ ([Hg — A5 To Aoy |) < 2Goar -

Proof. We have

EZ (|Hy = Ay T Ag|) =EY 7 <‘ (Ag) = Ag) ToAgy) T EAGn Ty (4gq,) — ;f(x))D

g
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< E > r([(4),) — A5w) TeA ) ) +7([ 450 Ty (4Y,) — 450)])

g
< E > (A, - 45121, - 17,45,
g
AT, 173 (4, — Aze)l,)

<2( 5 X005 - 450)7)” (el )
g9

where the second line uses the triangle inequality for the l-norm (Item 4 of Proposition 2.1),
the third the Holder inequality (Item 2 of Proposition 2.1), and the fourth the Cauchy-Schwarz
inequality. The lemma then follows from Lemma 5.3 together with the fact that || AZ|| < 1 for every
x,a and Znggl. O
5.1.1 Bounding the completeness of H

Lemma 5.6. > 7(Hg) >1—v.

Proof. We compute

> T(Hy) = @ZT (AZf(m) Ty Aﬁ(w)) (50)
g
= EZ (T Aw > Cyclicity of trace, projectivity of A%
= Z T Tg . Ag
g
= Z ©q(Ty) Definition of ¢,
= (1) Complementary slackness
(51)
= qu(Gg) {G,4} is a measurement
> Z‘Pg(Gg) Y = g for all g
g
- ZT(GQ - Ay) Definition of ¢,

=E Z 7(Glywr=a) —ED_ 7(Clya)=a) - A})
a b#a
2 1—v ’

by the assumption that {G,} is v-inconsistent with A. O
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5.1.2 Bounding the consistency of H with A
Let (yqr be as in Lemma 5.5.
Lemma 5.7. On average over x ~ [n]™, Higes g(x)|a] =2 Coar A%,

Proof. By expanding the definition of H we get

EY 7 (A Higorgya) =E > 7 (52)

azb g.b:g(a)#b
o BEOY T (A?f Ay Ty A;”(x)> Lemma 5.5  (53)
g,b:g(x)#b
=0 Projectivity of Ay  (54)

Here the application of Lemma 5.5 is justified by forming the difference between (53) and (52) and
bounding it as

(53) - (52)| < E

ST T(AF - (Hy = ATy Ty AL))|
g,b:g9(x)#b

S IEZ (1 = AGe) - (Hy = A5y Ty - Agir)) )|

<EZ <|H - AT, Tg-A;f(m)D
§2Cvar7

where the third line follows from Hélder’s inequality (Item 3 of Proposition 2.1) and ||1 — Al | <
1. O

5.1.3 Bounding the projectivity of H
Lemma 5.8. Let v, =1 — (d/n)™. Then ) 7(Hy — HZ2) <5 Coar + Ym-
Proof. Write

> r(HD) = Ing H
g g
R Coar IEZT (Aﬁ(m) CHg - A 'Tg) ; (55)
g

where the approximation on the second line follows from Lemma 5.5. Now we write

RHS of Eq. (55) ~,, IEZT < o) " Hy - A -Tg> To be proved below  (56)
9.9
=E) 7 ( ¢ Ag) 'Tg) Agey - Hg - Agy = Hy - Ay (57)
9.9’
R Coar :EE Z T (H;C, . Ag(y) . Tg> To be proved below  (58)
9.9’



= (T, Hy) Definition of ¢,  (60)
— Z Y(Hy) Complementary slackness — (61)
> Zcpg/ (Hy) Y > gy foralyg (62)
= Z (Hy - Ay Definition of ¢, (63)
=E Z Higosg(2)(a] - A2) (64)
= EZ (Higesgteta - (1= ; 47)) (65)
b#a
= ED  7(Higmg(w)lal - A7) (66)
ath
> 7(H) — 2 Car Lemma 5.7  (67)

This completes the proof of the lemma, modulo Eq. (56) and Eq. (58), which we now turn to.

Proof of approximation in Eq. (56). We aim to show that

E Z r (A% - e Az - T) ( < A -

9'#g

To see this, we show

g '#g

=BT (A§<x> Ay Ty - Ay - Apgay - )
979’

—EY 7 (A5 Ty A3y Ty) - lgle) = o @)
979’

= IE T (Tg’ “Agy Ty Ag(;p)) Qg(x) = ¢'(z)] Cyclicity of trace
97#9’

- IE 7 (Ty - Hy) -I[g(z) = ¢'(2)] - Definition of H, (68)
979’

To conclude, note that since 7(Ty Hy) > 0 for all g,¢" and >° , , 7(Ty Hy) < 1 it follows that (68)
is at most

/ _
I;%;Igﬂ[g( 2)=g@)] < 1= =m,

because two distinct codewords g # ¢’ of C®™ can only agree on at most n™ — d™ coordinates.
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Proof of approximation in Eq. (58). We aim to show that
EZ (Mg A2y Ty) X, EZ (115 A%, - Ty) (69)
To do this, we bound the magnitude of the difference:
7 (5 (A5 — A43,) 1) |
B3 (S ) ) 1)
;
B () ) B )
< V1 Guar

where we used Cauchy-Schwarz, the fact that {Hj, } and {7} are (sub)measurements, and Lemma 5.3.
This concludes the proof of (67) and hence the lemma. g

T,

5.2 Proof of Lemma 4.2, Step 2: Making H projective

To conclude the proof of Lemma 4.2, we show how to modify the submeasurement {H,} defined
and analyzed in the previous section so that it is projective. Recall that according to Lemma 5.8
{H,} satisfies

> T(Hy—Hy) <,

g

for n = 5 Cyar + Ym- This condition allows us to apply the Orthogonalization Lemma (Lemma 5.1).
From the lemma it follows that there exists a projective submeasurement H' = {H;} satisfying

5.2.1 Proof of Item 1 (Completeness)

The completeness of the projective submeasurement {H,} is related to the completeness of {H,}
in the following manner:

ZT(H;) = ZT(H; -H,) {H,} is projective
g g
2 /Tsn Z T(Hy - H;) Proposition 2.7
g
/187 Z T(Hy - Hy) Proposition 2.7
g
> 7(Hy) —n Lemma 5.8 (70)
g
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5.2.2 Proof of Item 2 (Consistency with A)

Next we show consistency of {Hy} with the measurements {A7}. Towards this we first prove that
for all x,

Higesg(@)la) @ Higsg(@)la) »

where

This is because
Z ((Higmsg(e)ia) = Higosg(ayja))”)
—Z T(Higsg(o)la +Z (Higsg(a) )—2ZT(H[gHg(x>\a1'Hfgegwa})
<Z 7(Hgsg(x)la) +Z (Higsg(a) 22 T(Hgg(@)la] - Higsg(w)a))
Z +Z (Hy) —22 Higg@la) - Higosg(a)lal)
Z +Z (H}) —22 (Hy- H)
<2\/§+n

The third line follows from the fact that {H{g)—q} and {H (o)

fifth line follows from dropping terms 7(H, - H! o ;) for g # ¢’, which are nonnegative. The sixth line
follows from (each step of) the derivation (70).
Using the fact that {A*} forms a complete measurement,

E% ( @] Agf): EZ <H[gHg a]-Ag)
~ T(H '—EZ (Higgtoria - A7)
EZ (Higgtona - 45)

=EY r <H[9Hg ol - 45

a#b
< 2 CGyar (71)

where the second line follows from Proposition 2.7, the third line follows from (70), and the last
line follows from Lemma 5.7.

a]} are submeasurements. The

5.2.3 Proof of Item 3 (Agreement is well-explained)

The map 1) constructed at the start of Section 5.1 satisfies 1(X) > ¢4(X) = 7(X - Ay) for all
g € C®™ and positive X € B(H). We compute

(1= H') = (1) —¢(H')
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_ / x
=9(1) ~EY  7(Hg o) - A7)

~EY m(Hp gy - A4)
~y T(H') — IEJZ T(H{ys g(a)(a) - Aa)

=K Z g»—>g(w la] Ag)
a;éb

< 277, +2 Cvar

where the equality ¢ (1) = 7(H) follows from the equality between (50) and (51), the sixth line
follows from (70), and the last line follows from (71). This implies

7/)(1 - H/) < 377/ + 2{1}(1%

5.2.4 Putting everything together

To conclude the proof of Lemma 4.2, we set

C:377/+2Cvar .

. . - _ d -t
First we note that, since t =n —d + 1, we can express vy =1 — = < - and
dm t—1\m t t
%:1——:1—(1——) §1—<1—@>:@.
nm n n n

By the definitions of 1 and (e, we have
1
Coar = VM(2V/2e + 2\/7) = poly(m,t) - poly <€, ;) ,
1
N = 5Cuar + Ym = pOIY(m7 t) - poly <€’ E) 5

1
n' = 1/2+/18n +n = poly(n) = poly(m,t) - poly <E, E) ,

3

1
¢= 377/ + 2Cpar = poly(m, t) - poly <57 _> .

6 Pasting

We now prove Lemma 4.3. For convenience we restate the lemma here:
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Lemma 4.3 (Pasting). There exists a function
v(m,t,r,e,8,¢,n~") = poly(m,t,r) - poly(e,d,¢,n™") (4)

such that the following holds. Let.? = (1, A, B, P) be an (g, 8)-good strategy for the code CE™+1 with
points measurements A = {A""}, pyempmxn)- Let {G¥}pem) denote projective submeasurements
with outcomes in C¥™ with the following properties:

1. (Completeness): T(G) > 1 — k where G =E; > Gy.

2. (Consistency with A): On average over (u,z) € [n]™ x [n] ~c Ag”.

» Glgsg(u)la)

3. (Agreement is explained by the complete part of G): For each x € [n] there exists a positive
linear map * such that

E¢*(1—-G") <¢
and for all x € [n], g € C®™, and positive X € B(H), we have

PI(X)> E 7(X-AYE).

u~[n]m g(u)
Then for all integers r > 12mt there exists a “pasted” measurement H = {Hp} C < with outcomes
h e C2mt) satisfying the following property:
1. (Consistency with A):  On average over (u,x) € [n]™ x [n], Hipsp(uz))a] “u Ao’
where

1 L
H= M(K’mat>r>€>5><;n_1) == K(l + 3—) +I/(m,t,r,€,5,§,n_1) + e 72m?2 (5)
m

witht =n—d+ 1.
6.1 Commutativity of the A’s
We first derive a consequence of passing the subcube commutation test with high probability.

Lemma 6.1. Let . = (1, A, B, P) be strategy for the tensor code test with code C®m+Y) that passes
the subcube commutation test with probability 1 — 6. Let A = {A""} cipm zen) denote the points
measurements. On average over uniform and independently random (u,x), (v,y) ~ [n]™ x [n],

U, r AVY ~ VY pu,x
AT Ay = 32(m+1)d Ay~ A

Proof. Suppose the strategy . passes the subcube commutation test with probability 1 —§. Since
the index j = 1 in the test (see Figure 1) with probability (m + 1)~!, the strategy passes the test
conditioned on j = 1 with probability at least 1 —d(m +1). When j = 1, the “subcube” is actually
the entire space [n]™*!. This means that

Aa® s Paiy o

on average over (u,z), (v,y) € [n]™*! which implies
UL~ u,xr,v,y
A= s Ditabysay (72)
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by Proposition 2.5.
By multiple applications of Proposition 2.8, we have

U, T AVY o U, PUT,V,Y
A Ay V/2(m+1)5 Aa P[(a,b)»—)b]
u,xr,v,y u,xr,v,y
2(m+1)6 P[(a,b)»—m} P[(a,b)»—>b]
. u,x,v,Y u,r,v,y
B [(a,b)—b]" [(a,b)—a]

~
~

Pu,m,v,y

~ vy
R e A Plag)sal
~ et A Aa”

The theorem now follows from the triangle inequality. O

6.2 Commutativity of the G’s

Having deduced that the points measurements approximately commute on average, we now aim
to deduce that the “subspace measurements” {G*} corresponding to the parallel m-dimensional
subspaces S; = {(u,z) : u € [n]™} approximately commute. We first prove a slightly weaker state-
ment, which is that the subspace measurements {G*} give rise to points measurements {Gg" }aes
that approximately commute.

Lemma 6.2. Let vy = 8(\/C++/(m +1)9). Let {GF} be projective submeasurements satisfying the
conditions in Lemma 4.3. Define Gg'* = Gl g(u)ja Jor all (u,x) € [n|™ x [n]. Then on average
over uniform and independently uniform (u,z), (v,y) ~ [n]"™ x [n],

u,xr v7yN v,y u,r
GGy =y, GPGRT .
Proof. We compute

ESr((Gureyt - gpraue) (Gueat - GGt
—2 B3 r(GETGHY — GRUGETGRYGRT)

where in the second line we used the cyclicity of the trace 7 and the fact that {Gg™} is projective.
By the consistency assumption (Assumption 2 of Lemma 4.3), we have Gg™* ~¢ Ay" and therefore
by Proposition 2.10 we have, on average over (u,z) ~ [n]™!

GU7 o p G AL (73)
G® ey e G AL (74)

where G* = )" GT

lg—rg(u)lal’
The rest of the proof is outlined in the following sequence of approximations.

E P (cderieiiersy

(u7‘r)7(v7y (],,b

Na e ( %E( )ZT (GPYGE Gy GT AL™) To be proved below (75)
u,xr),(v,y a,b
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N w“ m%Ekv ) ;T (GLYGE™GyY AL®) To be proved below (76)

= (u,mﬁv,y) gbz T (AP GG GYY) Cyclicity of the trace

RN (uvrﬁv,y)gT (AL*G VG GYAYY) To be proved below (77)

N (u7m§[ﬁv7y)§7' (AL*G VG AYY) To be proved below (78)

= (u,mﬁv,y) gbz T (GG APV AYT) Cyclicity of the trace
Ny w“ m%[*’:@y ;T (GYGYm AL ALY Lemma 6.1, Prop. 2.7

S Ne (wm%[*’:kv’y) ;T (GYGurA)Y) To be proved below (79)

N (u,rﬁv,y) a T (GYYGET) . To be proved below (80)

This shows that

X >ZT(GZ@GZ@) N8 C/FHDB (4 iy ZT (GyYGa" Gy Ga) -

(u7‘r)7(v7y a,7b (],,b

Proof of approximation in Egs. (75) and (77). Define Ga'""Y =3, GGy "G and it is
easy to verify that {Gg™"Y} forms a submeasurement. Hence, we have

E Gv,yG;L,va,sz,x — E Gz,x,v,y . Gz,x
(12),(v:9) Zb: (G b Ga) (w,2), (:9) Z ! )
R ZT Guxv,y GmAum)
(u,z 7(v,y

a

— D T (GYUGETGUGT ALY
u7x 7(U7y a b

where the approximation follows from Proposition 2.7 and Eq. (74). This gives Eq. (75).
Similarly, to prove the approximation in Eq. (77), we define H,"""Y =3~ Az"G,YGy™". Then

ZHuxv,y uwv,y ZZAuvayGuxGumG ,yAum

b a,a
_ U, T YUY AU VY AU,T
=D > ALTGYGETGYY AL
a
U, Y AU,T
<) ALTGPYAL

a,b
<1,
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where the second line uses the projectivity of {Ga”} and the third line uses Gg™ < 1. By
Proposition 2.7 and Eq. (74), we have

E Au,va,yGu,xG%y — E Huvmvvvvavy
(u,x>7<v,y>%b:7( 761G G) (ux)«uy)zb:T( ’ )
S B S ()

b
= S T (APTGUGETGY ALY
a,b

(u, 7(v,y
b

Proof of approximations in Egs. (76) and (78). Let Rf = E,, >, G,GIGY. Tt can be
verified that {Rg} forms a submeasurement:

> RE<EY (GY)* <1
v7y
g b
To show the approximation in Eq. (76), we bound the magnitude of the difference:

E )Z T (GYYGETGYY - (1 — GT) - ALY)

(). (v) £

= |EXT (Rt - (1= G- A1)

EY (B (-6 Ay
g

= E

< \/x Z T \/E Z (Au (1 =G7)- Ry -(1-G*)- AZ(2)> Cauchy-Schwarz
g

< \/E ZT (AZ&Z) -(1-G*)-Rz-(1-G®)- A;&i)) {R;} is a submeasurement

71‘ g

= ZT ((1 - G*)-Rf-(1-G*)- EA;{Z)) {A%} is projective
g

< \/ wa (1-G=)- Rz -(1— G*)) Assumption 3
g

< E® (1 - G®) {R3} is submeasurement, {G*} is projective

< \/QT Assumption 3.

The proof of approximation in Eq. (78) follows in an identical manner.

Proof of approximations in Egs. (79) and (80). To show the approximation in Eq. (79), we
define
SUY — ZAE,?JGZ#/’
b
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and verify that
Sv,y(sv,y ZAv,va va,yAllzly ZAv,va yAby <1,
b,b!

and

D STIGET(STYGYT)T < §UY(SUY)F < 1

Applying Proposition 2.7 to Eq. (73), we have

=y )ZT (A VGG AR®) = ( ZT (S9Ge" - Gy Ay™)
u,x),(v,y ab u,x)

~ (ME > T (SrGET - GuT)

)s(v,y) a

a

_ VY VY u,x
= ZT (A)VGY G
(u,x) ,(vvy ) b Ta )’

a

)

which proves Eq. (79) by cyclicity of the trace.
The proof of approximation in Eq. (80) follows in an identical manner.

We now show that the subspace measurements {G”} themselves approximately commute.

Lemma 6.3. Let v be as defined in Proposition 2.18 and va = 4(ym +11). Let {Gy} be projective
submeasurements satisfying the conditions in Lemma 4.3.
Then on average over independently uniform x,y ~ [n],

Gy G} ~,, G} Gy
Proof. By definition, we need to bound

EY 7 ((G; GY—GY G;)*(Gg GY — G%G;)) =2E Y 7 (G G} - G} G; G}, Gy)

where we used the cyclicity of the trace 7 and the projectivity of {Gy}.

For notational convenience we use the abbreviation Gy™* = Glosg(u)|a for all (u,z) € [n]™ x [n].
We have
E G GEGYGE
s Z 7 (G} Gy G, Gy)
~Ym (UIE) y T (Gz Gy" G% G;”) To be proved below (81)
7 ash
Ry “ mﬁv » Z T (G)Y G GV Ga™) To be proved below (82)
AT alb
Ry “ mﬁv » Z T (G)Y G G Gy Proposition 2.7 and Lemma 6.2
AT alb
= E Z T (G)Y Ge) Projectivity of G’s
(wz),(v,y) “=
- E NeAN
eyl (G Gh)
g,h
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Proof of approximation in Eq. (81). To show the approximation in Eq. (81), we bound the
magnitude of the difference:

<E. Z Ilg (w)]7 (GLGEGY G
gg h:
g#g
= E Z (G}, Gy G}, Gy) Ellg(u) = g'(u)] TGV GEGYGE) > 0
g,9",h:
g#g
= E (Gra;aray) (1 dm) Proposition 2.18
=y Z hYg YRy T om roposition 2.
9,9,k
974’
< Tm

where in the last inequality we used that summing 7 <GZ Gy G% Gg,) over g,q’,h is at most 1.

Proof of approximation in Eq. (82). To show the approximation in Eq. (82), we bound the
magnitude of the difference:

Z I[h ()] 7 (G} G&* GY, G=*)
(um ahh:
h;éh’
= HIE y > 7 (Gh GGy, G El[h(v) = ' (v)]
7 a,h,h
h;ﬁh’
< Y-

6.3 Pasting the G’s together: Method 1

Now that we have established the subspace submeasurements {G*} approximately commute, we
“paste” them together into a single submeasurement H = {Hp} with outcomes in Cc®(m+1) that
are consistent with the G’s. We give two methods for achieving this. The first, detailed in this
section, is the simpler method, but it achieves a weaker bound: instead of the value of p claimed
in Lemma 4.3 this method obtains

(s, mit,2,8,C,n™Y) = K + poly(m, 1) - (poly (2,8,¢,n )", (83)

with a dependence on 1/t in the exponent. Intuitively, for this method we define H as a measure-
ment that tries to “simultaneously” measure t = n —d+ 1 subspace submeasurements G*1, ..., G*
for a randomly chosen tuple of distinct coordinates (x1,...,z;) € [n]’, obtain m-dimensional words
gi,---,9¢ € C®™ and then interpolate a “global” codeword h € C¥™*1 such that h(u,z;) = g;(u).
Since the base code C is interpolable, by Proposition 2.20, there is always a global codeword h
consistent with g1,...,¢g:.
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While the exponential dependence on 1/t in (83) remains acceptable for applications where ¢
is thought of as constant, if the parameter grows even e.g. logarithmically with n the bound can
become trivial. To address this case in Section 6.4 we give a different method (explained in that
section), which obtains the bound claimed in Lemma 4.3.

We now formalize the first “interpolation” approach. We start by precisely defining the pasted
submeasurement H.

Let x1,...,2; € [n]. Define an initial pasted submeasurement as follows:

HiL = G Gl G
This forms a submeasurement because of each of the individual G*’s are submeasurements. Then,
for all h € C®(™+1)  define the following operators
LYy Tt pTLe T
Hh’ B thxlv'“?hlxt
where A, denotes the codeword in C®™ that comes from setting the (m + 1)-st coordinate of h to
x;. This set H*%t = {H; """} forms a submeasurement. This is because the set

S={(g1,---.qt) € (C®m)t : there exists h € C2 Y such that hle; = g}

is a subset of (C®m)t, and furthermore S is in one-to-one correspondence with C®(™+1) as shown
in Proposition 2.19. Thus

L1yt ZT1,y...,T¢ Llyeens Tt
ZHh - Z H917~~~,gt < Z H917~~~7gt <1
h (917---7!]75)65 (glv"'vgt)e(c®m)t

And finally, define the operators

Hh — E H}iflwwmt

(z1,...,x¢)~distinct([n],t)

where we define distinct([n],t) to denote the set of tuples (z1,...,2;) € [n]" such that all of the
coordinates are distinct. It is easy to verify that H = {Hj} forms a submeasurement. In what
follows, H will interchangeably refer to both the set {H},} as well as the sum ), Hj; it should be
clear from context which we are referring to. We will repeatedly use the following simple claim.

Proposition 6.4. Let n,k > 1 be integer. Let x = (x1,...,x) ~ [n]¥ be sampled uniformly at
random and let y = (y1,...,yx) ~ distinct([n], k). Then

]{72
dTV(‘Tay) < —.
n
Proof. For any z = (z1,...,2) € [n]*,
1
Pr(z = 2) = —,
(z=2) 7
1 . .
= if z € distinct([n], k),
Priy=2z)=<{ (¥ (). k)
0  otherwise.
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Because (% > L Pr(z =2) > Pr(y = 2) if and only if z ¢ distinct([n], k). Hence,

AT
drv(z,y) = Jnas {Pr(z € 5) = Pr(y € )}
= Pr(z € distinct([n], k)) — Pr(y € distinct([n], k)) = Pr(x € distinct([n], k)] .
We can upper-bound this probability as follows.

Pr(z € distinct([n], k)) = Pr(3i : x; € {x1,...,xi-1})

k k
SZPr(l‘iG{JEl, ey Lj— 1} §Z<2_1> k:(k;; 1) .

=2 =2

6.3.1 Bounding the consistency of H with the A measurements

First we bound the consistency of H with line measurements B¢ where ¢ are parallel to the (m+1)-
st axis. In other words, we consider lines ¢ consisting of points that only vary in the (m + 1)-st
coordinate. Since we focus on such lines, we use the following abbreviation:

u _ pf
B} = BY

where ¢ = ¢(m + 1,u) (see Definition 2.16 for the notation for axis-parallel lines).
Since (1, A, B, P) is an (e, §)-good strategy for C2("+1) e have by definition that

Y _
E, T(BfAf( )) >1-¢
fec

where the expectation is over all axis-parallel lines £ = £(j,«—;) (not necessarily the ones parallel
to direction m + 1) and points y € £. Since a line ¢ that is parallel to the (m + 1)-st direction is
selected with probability 1/(m + 1), this implies that

}ZT (Bf Algatf(c )}) < (m+1e. (84)

(u,z)€[n]™ x[n =

u,xr
Define measurement {B,™} as

Ba™ = Bijs )ial
Then Eq. (84) can be also written as
E > T (BYTAYT) < (m A+ 1)e (85)
()€™ ] 37,

m

By Proposition 2.5 this implies that on average over (u,z) € [n|™ x [n],

Bg’x %\/m AZ’I . (86)

We first show that the {Hj} submeasurement and the {B}} measurements are consistent.
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Lemma 6.5. Let vy =t- <t “U9 + \/C + /2(m + 1)6). On average over u sampled uniformly from
[n]™, we have
Hipsnlu| g s Bf

where the answer summation is over f € C.

Proof. Let D be the uniform distribution on distinct([n],t) and D; be the marginal distribution of
D on ¢ coordinates.

EY 7 (Hpsnpp Bf) =E Y 7(HyBf)

f'#f h€C®(m+1),feC
hlu#f
= E E H:Bl,...,mt Bu
U (@1, 2t)~D Z 7 (H, 7)
h€C®(7”+1),f€C:
hlu#f
=E E Tt gu
U (210,78 )~D hzf: T ( h f)
Jich (u,zs) A (2:)
t
< E 7 (FETe gu
>~ ; U (zq,...,0)~D hZf: ( h f)
For any fixed i € [t], we have
E E HELTt gu
u (xlv"'yxt)ND T ( h f)
h,f:
h(u,i)# f ()
- T1 (Tt (T RU
h(u7wl)77£f(mz)
_ - " . u
N Ig(xh___%t)w Z T (Gg11 o Gg: e Gg11 ’ Bf)
917---79t7f3
gi(w)#f(z:)
i i Ti—1
s BLE o S 7 (Blgeian G- Go- (G- Git 61 ))
915--99i

iy B £ )~D; Z T (Bf}if(fvi)#gi(uﬂ i Ggll o ng . (ng:ll o Ggll . ng)) (87)

U (21,24 P—
yr

where the inequality comes from the fact that G*i+!, ... G are submeasurements, and the last
approximation follows from Propositions 2.7 and 2.11 and the approximate commutativity of the
G” measurements (Lemma 6.3). Continuing on, we can use Cauchy-Schwarz to bound (87) by

<87>s\/ E S r(Gh G GE)

T1,...,24)~D;
( ! 11) lgli“‘igl‘

x Li— €T Ly u 2 €Z;
.\/E E T(Ggll...agif;...ag;.c:gi.(B[f:f(x#gi(u)]) 'Ggi)

( L1yeeny z)N 1g1’m’gi
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<V1 \/MZ Gﬁf ffxz)#gz(u)}>

where in the last inequality we used the fact that the G* is projective and ( (5 (o) g (u )])2 <
B[“f F () g5 ()] for all u. Notice that

E 7 (G Bl sepraw) = E D TG B

Gi a,b:a#b
~ saome E > T (GETALT)
' a,b:a#b
<¢

where the approximation in the second line follows from Proposition 2.7 and Eq. (86). Putting
everything together, this implies that

E > r(HBy) <
hec®(m+1) rec
hlu#f

for v3 given in the statement of the lemma. U

Next we argue that H is consistent with the points measurements A.

Lemma 6.6. Let vy = v3++/2(m + 1)e. On average over (u,x) sampled uniformly from [n]™ x [n],
we have

,r

Hipsh(u,z)|a] s A

where the answer summation is over a € 2.

Proof. Define Hy"" = Hipyp(y.2))a]- We have

which is at most 3 by Lemma 6.5. That is
H}»* ~,, B*.
Applying Proposition 2.9 to the above and Eq. (86) proves that
Hy" o=y, AGY,

for vy = v3 + /2(m + 1)e.
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6.3.2 Bounding the completeness of H

We now bound the completeness of H. Let G = E; G* where G* =} Gy.

Lemma 6.7. Let vs = \/us +/C. Then

Proof. We bound the difference

T(H(1-G)) = EZ (Hn(1 - G"))

xT

~ o &EZ r (AL, (1= G").

(83)

To see the approximation in the second line, it suffices to bound the difference as

EY T (Hi(1- A5, -67))
h
E> - <H A x))2) C JE ST (HA(1 - Go)?)
“h “h

< \/sz hhux;ﬁa]A ) \/I
< v

IN

Cauchy-Schwarz

Lemma 6.6

where the third line follows from the projectivity of the points measurements, G* < 1, and {Hp}
is a submeasurement. Continuing the proof, we bound the absolute value of Eq. (88) as

sz (HhA” 1—G~f))'

\/H%Z“Hh%\/ﬁZ r (- 64y, @ - 6oy
h

IN

Cauchy-Schwarz

< Vi Z (= Gnma-cnEA )

< \/EZWE((I —G*)Hp (1 —-G*%)) Assumption 3 of Lemma 4.3
h

< JE¢*(1 - G*) Y® is positive

< V¢ Assumption 3 of Lemma 4.3.

We now argue that HG can be approximated by G**+1.
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Lemma 6.8. Let vg = 2t>(vy +n~1t). Then
7(H) =y 7(GY)  and  7(HG) =, 7(G) .

Proof. We prove the first approximation.

=, B 2 (G, ) )

(z1,...,x¢)~distinct([n

heC®(m+1)
. E le..-Gxt"'le 90
(z1,...,x¢)~distinct ([n],t) g1;gt T ( g1 gt gl) ( )
o Y r(an GG, o
(1,0 )~[n] lyeenrGt

where in going from the first to the second line we used Proposition 2.20 (which uses the interpola-
bility of C) to rewrite the sum over h to sums over ¢-tuples of polynomials g1, ..., ¢g; and in going
from the second to the third line, we used Proposition 6.4 and that the absolute value of

Yoor(GnGrGa)

917"'7gt
for all x1,...,2¢ is at most 1. Continuing, we have
(91) = el E S or(GEGEe ) Cyclicity of the trace
g1,--,9t
Nty > (gl Gyl GR)
(@1, 0me)~[n]t G1,eenGt

In other words, the right-most G2 has been commuted leftwards to where the left occurence of
G2 is; this requires 2t — 5 (approximate) commutations. This follows from Proposition 2.11, the
approximate commutativity of the G’s, and the projectivity of the G’s. We can then commute the
right-hand G2 to the left 2¢ — 7 places, and so on. Adding up all the errors together, we get that

Yo (GG =7 (G

g1,--9t

T(H) %t2(l/2+n71) (-Tl It)N[n]t

where we used that 22;12(2(15 —j)—1) <t

The second approximation in the Lemma statement follows from a nearly identical argument.
O

Lemma 6.9. Let v; = vg+ 2(v5 + 2V6)1/t. Then
T(H) > 71(G) —vr .
Proof. Since for all real numbers 0 < A < 1 and integer t > 2, we have
A1 =AY < 2(%(1 - A))l/t
we have the operator inequality

GGt < 2<Gt(1—G))w.
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and thus applying 7 (-) on both sides, we have

(G — G < 2r ((Gt(l - G))l/t> < 2(7 = Gt“))

1/t

where we used that 7 (X 1/ t) < 7(X )1/ " for all positive operators X (this is a consequence of
Hélder’s inequality, see [PX03]). This implies that

IT(H) = 7(G)| < 7(G — G + |7(H — G| < 7(G — GY) + 15
and
(G —GY < 2(\7 (G' = H) |+ |r (H— HG)| + |7 (HG — G'*)] )1“ < 2(vg + vs + vg) V!
where we used Lemmas 6.7 and 6.8. Put altogether we have

I7(H) — 7(G)| < vg+ 2(vs + 2v6) "¢

6.3.3 Putting everything together

We now finish the proof of Lemma 4.3, with the error function p specified in (83) instead of (5).
(The claimed bound (5) is shown in the next section.) Let H' = {H;} denote the completion
of H = {Hy} as follows: letting h* be the lexicographically first element of Cc®m+1)  we set
H}. = Hp~+ (1 — H). Then for all h # h*, define H; = Hj,. By construction H' is a perfectly
complete measurement. We now evaluate its consistency with A:

E > r(HAM)<SE Y r(H AR+ Y (- H)ADY)

u,r )

h,a:h(u,x)#a h,a:h(u,x)#a
=E Y r(HyAY)+7((1-H))

u,x

h,a:h(u,x)#a
<w+1-7(G))+vr.
Letting u = k+vy4+v7 where k = 7(G), we get that H' satisfies the conclusions stated in Lemma 4.3,
once we verify that p has the correct asymptotic dependence on m,t,e,9,(, n,t.

Without loss of generality, we assume ¢ < 1/(m + 1), 6 <1, ( <1 as otherwise the lemma is
trivial. Recall also that by Proposition 2.18, 7,, < (mt)/n. Under these conditions, we have

v1 =8(v/C + /(m + 1)3) = poly(m) - poly(6,¢)

vy = 4(m + 1) = poly(m,t) - poly (6,¢,n~")
v3=t <t1/2 + \/C +v2(m + 1)6) = poly(m, t) - poly (e, d, (,n_l)
vy = v3 + /2(m + 1)e = poly(m,t) - poly (E, 0, C,n_l)

vs = v/va+ /¢ = poly(m,t) - poly (¢,6,¢,n")
vg = 2t° (1)2 + n_l) = poly(m,t) - poly (5,5, C,n_l)
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vr = v+ 2(vs + 2v5) "/
= poly(m,t) - poly (¢,6,(,n™ ") + (poly(m, t)poly (,4,¢,n "))

= poly(m,t) - (poly (e, 4, Cjn_l))% :
1/t

=

Therefore, pn = k + poly(m,t) - (poly (E, 6, ¢, n_l)) as required.

6.4 Pasting the G’s together: Method 2

The second construction of H = {Hy} is designed to circumvent the problem of the first con-
struction, which is that its soundness has a rather poor dependence on the parameter t. Before
describing the construction, we need the following definitions.

Definition 6.10 (G’s incomplete part). For each x € [n] we write G* =} G7 and G| =1 - G*
for the “complete” and “incomplete” parts of G* respectively. Let G = {é;}gec(gmu{ 1y be the
projective measurement defined as

v — Gy itge com
g G ifg=1.
For succinctness we denote CT = C®™ U { L}, leaving the parameter m implicit.

Definition 6.11 (Types). A type 7 is an element of {0,1}* for some integer k. We write |7| =
71+ - -+ 73, for the Hamming weight of 7. We often associate 7 with the set {i : 7, = 1} and write
ierif ;= 1.

Suppose that the measurement G is performed some k > 1 times in succession, generating the

outcomes ¢i,...,gk. Let us write 7 € {0, 1}k for the “type” of these outcomes, where
1 if g; € C®™ |

Whenever 7 > ¢, assuming that the g; are not inconsistent using Proposition 2.19 we can interpolate
them to produce an h € C®(m+1) Hence, we would like to understand the probability that |T| >t
and ensure that it is as large as possible. The probability that G returns a g € C®™ is equal to
the completeness of GG, which is 1 — k. This tells us that the probability that 7 = 1is 1 — k. We
might naively expect that the same holds for the other 7; as well. We might also naively expect
that the 7; are independent. These two assumptions should not be expected to hold in general, as
they ignore correlations between the measurements. However, if we make these assumptions, then
we at least have a simple toy model for the measurement outcomes: 7 ~ Binomial(k, 1 — k).

In this toy model, we expect |7| &~ k- (1 — k) on average. This was the limitation of the first
construction: if k =t and k is reasonably large (say, on the order of 1/t), then we don’t expect |7
to be larger than ¢ with high probability, and so we can’t interpolate to produce a global codeword.
This suggests an alternative strategy: choose k large enough so that k- (1 — k) > t. In fact, as we
are aiming for H to have completeness close to 1 — x, we should choose k so large that || > t with
probability roughly 1 — k. On the other hand, if we set k too large, then we increase the risk that
the k outcomes ¢, ..., g, are inconsistent with each other, which is an additional source of error.

This “naive analysis” motivates our second construction of H, which is stated below. We will
show that the naive analysis, in which we treat 7 as a binomial random variable and bound |7
using a Chernoff bound, can be formalized.
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Definition 6.12 (The pasted measurement). Let & > ¢ be an integer.

1. (Pasting): Let z1,...,z, € [n]. Define initial “sandwiched” measurement operators as follows:

Dt — G A2 LGt Q%2 (e
H G GQQ ng GQQ Gg1‘

9159k

2. (Interpolation): Let (x1,...,z3) € distinct([n], k). For any w € {0,1}* and h € C®(m+1)
define hy, = (g1,...,91) € (CY)* as g; = L if w; = 0 and g; = h|,, otherwise. Define the
interpolated measurement

xl? T Z Hxlv T

w:fw|>t
3. (Averaging): Define
Hh — E H}Sflv---vxk

(z1,...,x ) ~distinct([n],k)

To analyze this construction, we first need to show that G commutes with itself. This is shown
in Section 6.4.1, using that a similar property holds for G. Using this in Section 6.4.2 we prove that
H is consistent with B , which we use to prove that H is consistent with A. Finally, we analyze the
completeness of H in Section 6.4.3.

6.4.1 Commutativity of G

In this section we show that G commutes with itself. As we already know this holds for the sub-
measurement G, our task essentially reduces to showing that this holds for G’s incomplete part,
i.e. G| . As it is more convenient to work with G = 1 — G| rather than GG, we will first show that
these properties hold for G; the fact that they also hold for G| will then follow as an immediate
corollary.

Lemma 6.13 (Commutativity with G implies commutativity with G*). For all y € [n] let MY =
{MJ} be a projective sub-measurement with outcomes in some set O and let x > 0. Suppose that

GyMy ~, MJGy , (92)
on average over independent and uniformly random xz,y € [n]. Then
G MY = g MIG”
Proof. We first show that

%; T(GEMYGTMY) =~y ; T(GEMYGEMY) (93)

(note that on the left hand side, the third factor is G* instead of Gf). To show this, we take the
difference to obtain

E Z (GmMy ) —E Z (GmG””My (G* Gg)Mg> (94)
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where we used the fact that {G{} is projective. Notice that
FyZT(GgMgG;(Gr —GIHMY) =0 (95)
g,0

using again the fact that {G7} is projective. Thus to prove (93) it suffices to show that the quantity
in (94) is x-close to the quantity in (95). Taking the difference, we get

( H(GEMY — MYGE)(G® — G M)

— G MYGE(GEMY — MgGg))(

/ /
( I,Eyz - GMYCEMY(GT — G5)) 2(}%2{;7—((G§M3 —ayep?))

<X, (96)

where the second line follows from the cyclicity of the trace, the third line uses Cauchy-Schwarz
and the fourth bounds the first term by 1 using [|G* — G{|| < 1 for all z, g, cyclicity of the trace
and {G"}, {MY} sub-measurements, and the second term by x using (92).

To prove the lemma we expand

ngzoj r((G"MY - MYGT?) = E 3 (27(G"MYG M) - 27(G"MY) )
= E Y (2r(Ggmperay) - 2r(Gymy))
oy B Y (27 (G MyGEMY) — 27(G5MY) )

= B> r((Gpmy - Myc;)?)
9,0

<x*.
The third line follows from (96), and the last line follows again from (92). O
Corollary 6.14 (Commutativity of G’s). Recall the error parameter vy from Lemma 6.3. Then

T((GEGQY — G*GY)?) < /"

Proof. We prove this via two applications of Lemma 6.13. First, by Lemma 6.3, we have that

G;Gz Ry G%G;”
on average of x,y ~ [n]. By Lemma 6.13, we get that

GGy =~ Nz Gl G"

By applying Lemma 6.13 again with the projective sub-measurement M* = {G*} with a single
outcome, we get that

GYG* %9 1/4 G*GY .
V2
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Corollary 6.15 (Commutativity of é) Recall the error parameter vo from Lemma 6.5. Let vl =
1/4
27vy' . Then

GGy Ry G} Gy . (97)
Proof. We can write

E > r((GiGY - GIGe)?) = E dor((GiGy - GhG3)*) + E m((G1GY - G1GL)?)
Y g hecem “Y g hecom ’

+E > (G561 - GUG) + E Y T((GLGY - GIGT)?) -
gecem hecem

(98)
We can bound the first term by 2 by Lemma 6.3. We can bound the second term by first writing
E (616 - GYG1)?) = Er((A-6a01-6")-(1-6")1- G*))?)
= E r((G"¢" - GYG*)?)
<g.

where the last line follows from Corollary 6.14. Similarly, we can bound the third and fourth terms
of (98) by

EyZT((GﬁGi - GYGE)?) = EyZT((Gg(l —@Y) — (1 - GY)GE)?)
=E> 7((G56" - a'Gy)?)
< 9y
where the last line follows from Lemma 6.3 and Lemma 6.13.

Putting everything together, this implies that we can upper bound (98) by v3 + 921/21/ 2y 18uy <

3.92. V21/ 2 The lemma follows. O

6.4.2 Consistency of H and H with B and A
We use the same notation as in Section 6.3.1. The following lemma is analogous to Lemma 6.5.

Lemma 6.16 (Consistency of H with B). Let v} = k - vy 4+ (¢ + (2(m + 1)e)2)V2. For any

1<i<k,
wl: Lk u /!
EE DY THE gl Bl seom) < VA (99)
a#l b#a
where the expectation over (x1,...,x)) is over independently random x1,...,xx ~ [n].

Proof. The proof follows closely that of Lemma 6.5. We have

TTT1,.., Xk U
EE Y X r(Hpnues)

915--09k:9iF L ff (x5)F#gi (w)
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9o Grigi L fif (i) 7gi(u)
= EE. D T<Bf?:f<wi>¢gi(u>]‘Gﬁi’”G” (G“ CHEE G“))

glr"’gi:gi?éJ—
~ A~ i Lj— =~ i
~ig BB D ™ (Bt o gy - Gt -+ Gt (Gt - G- G ) ) (100)
91,---,9i

where the last approximation follows from Propositions 2.7 and 2.11 and the approximate com-

mutativity of the G* measurements (Corollary 6.15). Continuing, we can use Cauchy-Schwarz to
bound (100) by

(100)§\/ E Z T<@§f"'§§f“'@§}>
Ty T

G1yee5GitgiFL

N ATi— T AT w 2 A
'%"Eml’l?’“ > (G G Gl Gl (Blgaysa) G

G15e-5GitgiFL

<V1- \/u L ng B[f f(;pl);égl(u)}) ,
gi: gﬁéJ-

where in the last inequality we used the fact that G® is projective and (BE“}: Fo) #gi(u)})z < BE}: Fo)gs(w)]
for all u. Notice that

E 2 (G Birsotaw ) E Y 7(Gi"B)

gi:gi#L a,b:a#b
u,T
\/2(m+1eux Z GuxA )
a,b:a#b
<C.
where the approximation in the second line follows from Proposition 2.9 and Eq. (86). ]

Next we move from H to H.
Lemma 6.17 (Consistency of H with B). Let v} = kv + k*/n . Then
Hinj, = ~v, By -
Proof. We have

E > 7(Hpsnl, i1 Bf) (101)
J#I
=E> > 7(HuBj)
h f#hlu
- E xly 7ka
U (21,...,T Ndlstmct ([n],k Eh: fgh:u f)

— L] yeeeyd u
_I“E(ﬂcl,---7 ~d|st|nct ([n],k Z Z Z th 79: f) (102)

b wiw|>t f#h]y
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where g; € C* is defined to be L if w; = 0, and otherwise g; = h|,,. Because |w| > t, there exist
at least ¢ coordinates ¢ such that g; # L and hence ¢g; = h|,,. Since t > n — d + 1, using the
distance property of C it follows that if f # h|, then there must exist an ¢ such that g; # L and

gi(u) # f(x;). Thus

o) - DD S S

Nd ti t
istinct([n],k) <7 wiw|>t f:Jizgi#L,

9i(w)#f (z:)
< E H n kB 103
U (w102 )NdIStInCt [n],k gLE;gk f: Ezzg;;éJ_ ( f) ( )
gi(u)#f (x:)
Using Proposition 6.4 (which allows us to switch from sampling (z1,...,2x) ~ distinct([n], k) to
sampling x1, ...,z independently from [n]) and the fact that T(Hgll,{',',;iﬁ B}L) is nonnegative and,
when summed over gi,..., g, and f, is at most 1, we have that Equation (103) is (k% /n)-close to

u ml, T Z Z (Hglly’ 77;:3?)

91, Ok f:3iigi#L,

gi(w)#f ()

< ZIEJM E Z Z (Hgf; 7k BY) (by the union bound)

7 ot 917 -9k f g'ﬁéJ—

gi(w)#f(x;)

= Z%m}?@k Yo > TH B )

i 1se-9k:9i 7L b#£gi(u)
< Z vy (by Lemma 6.16)
= k-vf

This establishes the lemma. O

Corollary 6.18 (Consistency of H with A). Let vj = v + \/2(m + 1)e. Then on average over
(u7x) ~ [n]m X [n]}
T

Hipshu,e)la) =0 Ag
Proof. Applying Proposition 2.4 to Lemma 6.17 we get that

Hpwsh(wala) =v4 Bires s - (104)
Using (86) together with Proposition 2.9 (with measurement “A?” in the Proposition being set
to B[ Fis f(2)]q] TeasUrement “BX” being set to AY and the submeasurement “C%” being set to
Hipsh(u,z)a)) Proves the lemma. O
6.4.3 Completeness of H
Definition 6.19. Let 7 € {0,1}* be a type. We define the following two subsets of (C*)¥.

e We define Outcomes, to be the set of tuples (g1,...,gx) such that g; € C®™ for each i € T
and g; = L for each i ¢ 7. This is the set of possible outcomes of the measurement H of

type 7.
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e Let z1,..., 21 € [n]. We define Global,(x) to be the subset of Outcomes; containing only those
tuples which are consistent with a global codeword. In other words, (¢1,...,gx) € Global(x)
iff there exists an h € C®(+1) such that g; = hl,, for each i € 7 (vecall that h|,, denotes the
function h(--- ,x;) € C®™). Define

Global-(xz) = Outcomes. \ Global(x).

This contains those tuples of type 7 with no consistent global codeword.
Lemma 6.20. Let vl = 2%2 + kvl 4+ ym . Let x1,...,x ~ [n] be sampled uniformly at random.
Then
STORTIN T SRS SENTr: o)
Y 7:|7|>t (91,-..,9% ) EOutcomes
Proof. By definition,

m(H) = By 2= 2 TUHRIE) (105)

~distinct k
(Y1, Y1 )~distinct ([n], 712t (91,109 € Globals (1)

The sum in (105) is over g1, ..., gr which are consistent with a global codeword. We show that the
value of this sum remains largely unchanged if we drop this condition. In particular, we claim that

(105) a2 ey " E ) > > T (HY Y (106)

1,...y% )~distinct([n],k
Yk) ([n] r:|7|>t (g1,...,95 ) EOutcomes.

To show this, we note that (106) > (105). Hence, it suffices to upper bound their difference.

106) — (105) = E ~(Fjiean
( ) ( ) (y1,---,yr )~distinct([n] k) Z Z ( gl""’gk)
77>t (gq,....g)EGlobal, (y)

=E > X gy, o

U (Y1, Yn) NdIStIr‘ICt ([n],k
T2t (g1,....9x)€Global, (y)

where in the second line we used that B is a measurement. Next, we claim that

(107) ~ 2 2 o B ( E ) >y > r(HY 9 BY) 1V € T, fy) = gi(u))].
~distinet(n] ) TITIZE T (91,090 GToBal- ()

(108)

To show this, we note that (107) > (108). Thus, it suffices to upper bound their difference (107) —

(108). This is given by

Z Z Z ( ;/11: 7yk f) ]I[Elz € va(yi) 7 gl(u)] . (109)
U (yqp,.. ,yk)Ndlstmct( [n],k)
m|TI>t [ (g1,...,95)€Global, (y)

Recall that z1, ...,z ~ [n] are sampled independently and uniformly at random. Using Proposi-
tion 6.4, Equation (109) is (k?/n)-close to

EE > D > T(HzoBY) 130 € 7, f(2i) # gi(w)]

Frr>t f (g1,.-.,g1 ) €Global, ()
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<EE > > 3 r(HZmBY) 130 € 7, f(21) # gi(w)

7:|r|>t f (91,..-,9x)EOutcomes,

<EE DY Y r(HjgeBY) A3i€ T f(n) # giw)
o T f (91,--,9x)EOutcomes,
<EE DY X e (L) # sw)
7T f (91,--,9x)EOutcomes, iEeT

- Z IE T1 E Tk Z Z T(H;:ll;---;gkk B}l)

i T g1 gkigi AL o f () #gi(u)
- Z IE xl,E.,xk Z Z T (Hfzinll,’,if]wkk Bf}(xz):a})

? 91,9k 9iF L aFtgi(u)
< Z vy (by Lemma 6.16)

1/
- kf . 7/3 .
Returning to Equation (108), we introduce the notation

1 if 3f such that f(y;) = gi(u) for alli € 7,

Consistent, (g,y,u) = { 0 otherwise

Clearly, for any f,
H[\V/Z €T, f(yl) = gl(u)] < H[ConSiStentT(g7 Y, U)] .

As a result,

(108) <

!

( E ) Z Z Z T(ﬁgﬁ'.’."’ng;)-H[Consistent,(g,y,u)]
i T2 T (g1, g0) cCIobal, (1)

= Ig o }?ﬂk) Z Z T (Hgllg]f ( Z B}‘)) - I[Consistent (g, y, u)]
~distinct([n],k) 7712t (g1,....91) EGlobal - (y) f

o) > > 7(HY:w) - T[Consistent, (g, y, )]
~distinet((n] &) Tt (g1.....g1) €Global, ()

= ( E : Z Z T(ﬁgfg:) - Pr (ConsistentT(g,y,u)>. (110)
Yk 30y "
N(il/iiéincl:]g[n},k) 77| >t (g1,---,9% ) EGlobal+(y)

Il
==

Let us now fix (yi,...,yx) € distinct([n], k), a type 7 such that |7| > ¢, and (g1,...,9%) €
Global(y). Suppose without loss of generality that 7y = --- = 7 = 1, so that g1,...,g € C®™.
Then by Proposition 2.20 there is a unique h* € C®™*1) which interpolates g¢i,...,¢;. In other
words, for all 1 <¢ <t and for all u € [n]™,

h*(u, yi) = gi(u).

On the other hand, because (g1, ..., gx) € Global,(y), there exists an i* € 7 such that g;« # (h*)
Hence,

Yix *

Pr (Consistent, (g, y,u) ) < Pr (g (1) = h*(u,g+) ) = Pr (gie (w) = (W)l () < (1) = 3
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by Proposition 2.18. As a result,

(110) < E 3 > T(HY ) -

(Y1,-Yk)

~distinct([n],k) TTIZt (g1,....1) EGlobalr (y)
TTYLsUk ) .
< (ylﬁ;yk) Z T(Hglv---,gk) TYm
~distinct([n],k) 91> 9k
=Tm -

This establishes Equation (106). Finally, Equation (106) is (k?/n)-close to
m,@,wk Z Z T(Hgllv7~.~.~;;kk) ’
T:|7|>t (91,-.-,9%) €Outcomes -

as desired.

Lemma 6.21. Recall the error parameter vy from Corollary 6.15. Let vy = 2k*vh. Let x4, . ..

[n] be sampled uniformly at random. Then

k

~ k , p
T e
btk 7| 7>t (g1,-...,91) EOutcomes - i=t

Proof. We begin by introducing some notation that we will use throughout the proof. Let 7 €

{0,1}* be a type. Then we define

Teo=(r1, ..., 7o) € {0,117 mop = (rggn, ., m) € {0,111
and we define 7<; and 7 similarly. In addition, given (g1,...,gx) € (CT)¥, we define
g<£:(917---795—1) 3 g>£:(gf+17"'7gk)

and we define g<¢ and g>, similarly. Using this notation, we can write

TTT>0 _ I7Te,..., T
ngf _Hgfr"’gk :

Next, we introduce the notation
Tzt GEe L Gk
GQZZ - Gge ng :
This satisfies the recurrence relation

AE>C _ Axp | ATsg
GQEZ - Gge Gg>1z :

Furthermore, we can write

~ ~

Hyz! = (G2i) - (Goz))'.

To prove the lemma we show that for each 1 < ¢ <k,

E > Y r(He (G (- g) i)

= 7:|7|>t g>¢€Outcomes
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ok mIEZ Z Z T(ﬁ;;f (Gl (1 — G)E—\ng\)) _ (113)

7:|7|>t g ¢EOutcomes_,

If we then repeatedly apply Equation (113) for £ =1,...,k, we derive

JE D S r(HD)

7:| T[>t (91,--.,91) EOutcomes,

= E > > r(Hg)

~ 7:|7|>t g>1€0utcomes

Nk, IIEQ Z Z T(Hyz2 - (GI=1l. (1 - G)t-Im=aly)
T oTT|>t gZQEOutcomesT22
%2kué 90153 Z Z 7'(];[;;233 . (G|T§2| . (1 _ G)2—|T§2\))

= 7:|7[>d+1 g>3€0utcomes;_ .

ok, Z (G (1 — Gk

i=t
This proves the lemma.
We now prove Equation (113). To begin, for each 1 < ¢ < k+ 1 and 75, € {0,1}*7*1 we
define the operator
S,., = Z Gl (1 — @)D= lr<el | (114)

T[>t
Then the statement in Equation (113) can be rewritten as

xIEe Z Z T(ﬁ;;z; ' STzz)

= T>¢ g>¢€O0utcomesr.,

Mok, B Z Z T(ﬁgif ’ ST>Z) : (115)

T>e
T>0 g>¢ EOutcomesT>e

To prove this, we will use several facts about Sr.,. First, S is self-adjoint and positive semidefinite.
This is because each term in Equation (114) is a product of G and (1 — G). These operators
commute with each other, and both are self-adjoint and positive semidefinite. Next, .S is bounded:

So= Y Gl (1 — @)t

TeolT| >t
< ZG\T<Z| . (1 _ G)(Z—l)—|—r<e\
T<¢
=(G+(1-G)
=1 (116)
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In addition, for any 7, € {0, 1},

~ G ifmp=1

Ty ) — )

(B > &) —{ (1-G) ifr=0,
ge€Outcomes,

=G (1-Q) . (117)

Thus, for any 7,

> Sn, - <E 3 c?;g) —YS,, (@ (1-G) )
T¢ T¢

ngOutcomesTe

= Z Z G‘T<Z‘ . (1 _ G)(Z_l)_‘T<Z‘ . (GTZ . (1 . G)I—TZ)

Te ToplT|>t

— Z Z Gl<dl . (1 — @)t =l

Te Tp:|T|>t

_ Z Glr=dl . (1-— G)5—|ng|

T<p:|T|>t
=5, (118)
Finally, for any 7>/,
St <£E Z Gﬁf) 51
¢ gKEOutcomesTe
= S (G™ - (1= Q) Srae (by Equation (117))

= \/GTZ ’ (1 - G)l_TZ ’ (5722)2 ’ \/GTZ ’ (1 - G)I_Tl

(because Sr., commutes with G and (1 — G))
< VG- (1-G) TG - (1 - G)Ll- (by Equation (116))
- QGQm. (1 o G)I—T[

_ (E 3 éﬂgﬂ;), (119)

ge€Outcomes,

where the last step uses Equation (117) again. This concludes the set of facts we will need about
Srey

Now we prove Equation (115). To start, we write using the definition
£ Z Z T(ngl;----,gkk = TZZ)

T>yp
T T>e (gg,...,gk)EOutcomestz

= E>. > (G (Gt (Gt G S,) (120)
T T>e (927...,gk)60utcomesTZZ

Next, we commute the leftmost éggﬂg to the right. Using Corollary 6.15 and Proposition 2.11 we get
Gyt - Gzt~ Gyt - Gyt

g>e 2 9>t
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and similarly R R N N
Gt (GE>o)T Rk, (GE>0)T . Goe .

9>¢ 9>¢

Combining with Proposition 2.7 and injecting back into (120) we get

L D D R 7% DEND DR (A Cr DR R
T T>e (gl,...,gk)GOutcomes.,—zz T Ty (gg,...,gk)EOutcomesTZl
(121)
We end by noting that

() =E3 3 (e (Sn, G)
T (gz,g>z)60utcomes.rzl

“EY Xl (Teac (B T 6)

T>e
7>t g>¢EOutcomesr_, ge€Outcomesy,

= xIEe Z Z T(ﬁgj Sr,) - (by Equation (118))

T>0 g>¢ GOutcomes7—>e

This concludes the proof of Equation (115) and therefore proves the lemma. O

The following lemma follows from the functional calculus for bounded self-adjoint operators. In
the lemma, &/ may be any von Neumann subalgebra of B(H) and 7 a normal tracial state on <7,
but we state (and use it) for the algebra and tracial state associated with the strategy .7.

Lemma 6.22. Let 0 < 0 < 1 and let k,t > 0 be integers such that k > 2t/6. Define the function

F:R—R by )
Fz)=)_ (f) 2" (1 —z)F "

r=t

Then for any self-adjoint X € o/ such that 0 < X <1 and T(X) > 1—&, it holds that F(X) € o
and moreover . ,
F(X)>1——— —e Tk2
T( ( )) > T e

Proof. The statement that F'(X) € o follows from the functional calculus for bounded self-adjoint
operators. Let u be the projection-valued measure on the Borel o-algebra in [0, 1] associated to X
by the spectral theorem for bounded self-adjoint operators (see e.g. [Hall3, Theorem 7.12]). Then
X = f[o 1 Adp(N), and using that 7 is normal, there exists a trace class operator A € B(H) such
that

T(X):tr< [Ovl}Adu(A)A)
:/ Ar(Adu(N))
0,1
= [ Adv(V),
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where v is the real-valued measure on [0,1] defined by dv(E) = [, tr(Adu())). Thus the assump-
tion 7(X) > 1 — x implies that [, Adv(A\) > 1 — k. By Markov’s inequality, for any 0 < 6 < 1,

—A>1— < ’ < .
/[071} -2 1- 0y < 0 o (122)

We now evaluate 7(F'(X)). Observe that for 0 < p < 1, F(p) is precisely the probability of observing
at least t successes out of k i.i.d. Bernoulli trials, each of which succeeds with probability p. In other
words, it is the probability that Y := Y] + -+ + Yy > ¢, where Y7,..., Y, ~ Bernoulli(p). We can
bound this probability by the additive Chernoff bound (see the second additive bound in [Blull]):

Pr(Y <t)=Pr(Y < pk — (pk — 1))
:Pr<Y<pk‘—<p—£)-k:)

k
(o8 5)
Thus,
F(p) =Pr(Y >t)=1-Pr(Y <t) > 1—exp (— 2<p— %)2 : k;) . (123)
Putting the pieces together, we compute 7(F(X)):
7(F(X)) = T( . FO\) du(A))
— [ PO r(4duv)
[0,1]

> /[0 : F\) I > 0]dv(N) (F is nonnegative)

> F(0) /[01] I[A > 0]dv(N) (F is non-decreasing)

> (1 -1 - 9) L F(6) (by Equation (122))

> (1 -1 - 9) . (1 ~exp ( - 2(0 . %)2 : k)) (Equation (123))

21—%—6)@(—2(9—%)2%:). (124)

Finally, we note that because k > 2t/6, we have /2 > t/k. This implies that 0—t/k > 0—0/2 = 0/2,
and so (0 —t/k)? > (0/2)? = 6%/4. As a result,
A
exp (2(9 k;) k:) > exp <9 k:/2) .
Equivalently,
_ A S A _ .
exp( 2<9 k;) k:) _exp( 0 k‘/2>
Thus, we conclude

r(F(X)) >1— ﬁ —exp ( - 9%/2) . O
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Corollary 6.23 (Completeness of H). Recall the error parameters vk, vj from Lemma 6.20 and
Lemma 6.21, respectively. Let v = vi +vj and let k > 12mt be an integer. Then v is equal to some
polynomial function poly(m,t,k) - poly(e,8,¢(,n~ 1) and furthermore

T(H)21—5-<1+$>—1/—e_72’:n2.

Proof. We begin by approximating the completeness as follows.

r(H) B Yoo r(Hg ) (by Lemma 6.20)
T:|7|>t (91,-.-,9%) €Outcomes
"k
Ry Z (Z,)T(Gl(l - G)k_’) (by Lemma 6.21)
i=d+1
=7(F(G))
where F'is the function from Lemma 6.22. We unroll the error parameters in terms of €, 6, (, m,n, t, k:
am t

Ym =1-— o < % (Proposition 2.18)

v =8(\/C+ /(m +1)d) (Lemma 6.2)

vy = 4(ym + 1) (Lemma 6.3)

vh = 271/21/4 (Corollary 6.15)

vy = kvl + k*/n (Lemma 6.17)

vy =v5+/2(m+ 1)e (Corollary 6.18)

k72

vk = 2? + kv + Y (Lemma 6.20)

vh = 2k (Lemma 6.21)
One can see that each of the error parameters v, v1, . . . , V4 can be expressed in the form poly(m, ¢, k)-

poly(e,d,¢,n~!) where each error parameter is a different polynomial function. Thus letting
v = vl +v§ = poly(m,t, k) - poly(e, 6, (,n '), we have that

T(H)>7(F(GQ)) —v.

Define 0 = 6im. Note that k > 2t/0 by assumption, and that ﬁ <1+ ?%m As a result, k and 0
satisfy the hypotheses of Lemma 6.22, which implies

T(F(G)) 21— 1ﬁ—0 _ o 0%k/2
>1— R 6_#

1-6
1 Kk
21—/@~<1+—>—e 72m? |
3m

In total, we have
k

T(H)Zl—/{-(l—l—gim)—l/—e_m—mf.

This completes the proof. O
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We conclude by observing that the conclusion of Lemma 4.3 follows immediately by letting k
denote the parameter r in the statement of Lemma 4.3 2, combining the bounds from Corollary 6.18,
and Corollary 6.23 using the same “completion” procedure as described in Section 6.3.3.

A Operators on expander graphs

Let G be an n-vertex graph with some distribution on the edges, such that the marginal distribution
on the vertices is uniform. Let
K= E |u)fv
ol

and let

denote the normalized Laplacian of G.
Proposition A.1. L =3 Euo~a(lu) = o) ((u| = (v]).

Thus L is positive semidefinite and has 0-eigenvector
b= 3 fu)
=— u
=

where V(G) denotes the vertex set of G.
Let 0 = X1 < XAy < --- < )\, denote the eigenvalues of L in non-decreasing order. Then we have
that

L= X2 (1 — |poXeol)- (125)

The following lemma states that “global” averages of an operator-valued function on an expander
graph can be approximated by averages of the function on random edges of the graph.

Lemma A.2. Let H be a Hilbert space and let p be a positive linear functional on B(H). Let
{A"}uem) be bounded operators on H. Suppose G is an n-vertex graph associated with an edge
distribution that has the uniform marginal distribution on the vertices. Then

E AU_AU*AU_AU <_ E AU_A’U*AU_A’U
LB A A AY A < o B (A% A (A AY)

where the expectation on the left hand side is over uniformly random vertices u,v ~ [n].

Proof. Define the following map V : H — C" ® H:
V= Z lu) @ A“.

Observe that

VIRV == E (A% — AY)* (A" — AY). (126)

9We use r in the statement of Lemma 4.3 in order to avoid confusion with the dimension of the code C, which is
also denoted by k.
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On the other hand, we have

VL@V >N V* (1 . |<,00>(<,00|)V Equation (125)  (127)
> ho - (Yo(amyrar = (Yo nT Ry (YontRar)) (128)
— o - (;[n](AU)*Au - UZ*Z) v (129)
— o - (uw[n](A“)*(A“ . Z)) (130)
_ %2 . (uE[n](A“ — ATY(AY - A7) (131)

where in the second line we computed V*V = 3 (A%)*A" and V*|pg) = >, n~/2(A")*, and in
the third line we defined A = E,~n A”. Applying the positive linear functional p on Equation (126)
and Equation (131) yields the statement of the Lemma. O
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