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Abstract

A recent publication (Jagtap et al. Scr Mat 182:43, 2020) reported real-time observations of stress-driven whisker nucleation
and growth in a thin film of Sn subjected to pressure on part of its surface. This paper describes a model of the experiment.
Predicted whisker volume in the film adjacent to the loaded area is in good agreement with experimental measurements. The
model also predicts correctly the variation of whisker density with distance from the punch at the end of the experiment but
underestimates the rate of whisker nucleation during the first 50 h after the film is loaded. Comparison of model predictions
with experiments provides clear evidence for a threshold stress for whisker growth, with an initial value of 17 MPa, which
increases with whisker length to a saturated value of 22 MPa after whiskers reach a length of 19 um. Implications for whisker

growth in Sn films on Cu substrates are discussed.

Keywords Tin whisker - pressure induced whisker - stress relaxation - grain boundary diffusion

Introduction

Copper conductors used in printed circuit boards are usu-
ally coated with a thin film of tin or tin alloy, to improve
solderability and reduce corrosion.! For reasons that are not
fully understood, filamentary ‘whiskers’ are often observed
to grow spontaneously from the surface of the film. The
whiskers have a diameter comparable to the grain size of
the film, and their length can exceed several millimeters.
Long whiskers can cause short circuits between electronic
components, so it is desirable to find ways to delay or pre-
vent their formation. One approach is to alloy the tin with a
small quantity of lead,” but environmental concerns make
this undesirable.’ Consequently, there is great interest in
finding the causes of whiskers in Sn films.

There is strong experimental evidence suggesting that
stresses in the film play an important role in whisker nuclea-
tion and growth.*” Compressive stresses are induced in a
Sn film on a Cu substrate when Cu diffuses into the Sn and
reacts with it to form intermetallic particles.* %5710 Stresses
caused by a thermal expansion mismatch between the film
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and substrate, oxidation reactions'® or mechanical load-
ing,*!"~2? can also drive whisker nucleation and growth.
The precise mechanism for stress driven whisker growth
has been the subject of some debate, but there is consen-
sus that either short- or long-range gradients in stress drive
atoms to diffuse into the base of whiskers, which are then
extruded from the film.!®#2123-25 Grain boundaries are one
possible diffusion path. Sn films have a near-columnar grain
structure, as illustrated schematically in Fig. 1a. Whiskers
are often found above non-columnar grains.'42%%” Because
the film is (on average) in a state of biaxial compression, the
inclined (or horizontal) grain boundaries beneath the base
of a whisker are subjected to a lower normal stress than
the columnar grain boundaries. The chemical potential for
grain boundary diffusion is proportional to the normal stress
acting on the grain boundary,?® so this difference in normal
stress drives atoms to diffuse to the base of the whisker. Not
all whiskers are found at non-columnar grains, however, and
many other mechanisms for whisker nucleation and growth
have been proposed. '3

Experiments in which films are subjected to stresses under
controlled conditions have helped to clarify and quantify the
role of stress in driving whisker formation. Three approaches
have been used to do this. Many previous studies have relied
on the Sn-Cu reaction to drive whisker formation to generate
the stress, which was measured by detecting the curvature of
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Fig.1 Idealized model of stress-driven whisker growth: (a) Sche-
matic showing a film with near-columnar grain structure loaded by
a punch on its surface. A whisker forms by grain boundary diffusion
into a non-columnar grain; (b) Theoretical model. At the scale of the
punch, the film is idealized as a continuum subjected to average stress
o, which drives material to diffuse from under the punch into the sur-
rounding film. At the microscale, the film is idealized as a periodic
array of whiskers, subjected to an axisymmetric distribution of biax-
ial stress 7, which drives diffusion to the whisker, as well as disloca-
tion creep. The area average of the micro-scale stress 7 is equal to o.

the substrate (see Ref. 23 for a review). A second approach,
which allows the stress to be controlled more directly, is to
heat the film.!'~!> This can subject a film to stress for a short
period, typically on the order of 100 min, but dislocation creep
and whisker growth relax the stresses, so it is not possible to
subject a film to a constant stress for extended times using
thermal loading. A third approach is to subject the film to a
mechanical force.*!7! A recent example can be found in Ref.
29 which used a clamping fixture to apply a constant pressure
on an area of the film (Fig. 1). The fixture was small enough
to fit inside a scanning electron microscope (SEM) chamber,
so that the stress-driven whisker nucleation and growth next
to the punch could be observed in real-time while the applied
pressure was maintained on the Sn film. The experiment
shows clearly that stress alone can cause whiskers to nucle-
ate and grow, and provides quantitative data for the whisker
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density and whisker growth rate as functions of time. Some
unexpected observations were also reported: firstly, whiskers
were only observed in a region within 30 um of the punch; and
secondly, the whisker growth rate (quantified by the volume
of material within whiskers per unit area of film surface) was
found to decrease with time. One goal of the work reported in
this paper is to explain these observations.

A drawback of using an indenter to introduce stress in the
film is that, while the average pressure under the indenter
can easily be determined and controlled, the state of stress in
the area next to the indenter (where whiskers are observed)
is unknown. Stresses build up in this area during the experi-
ment, as material diffuses out from under the punch into the
surrounding film, through grain boundaries. At the same
time, the stresses relax by dislocation creep and whisker
growth. A second goal of this paper is to calculate the stress
distribution resulting from these processes. A third goal is
to predict the rate of whisker nucleation and growth, and to
compare the predictions with experimental measurement.

To this end, the next section describes a simple two-scale
model of stress induced whisker nucleation and growth in
a thin film that is loaded on its surface by a flat punch. The
“Results and Discussion” section then presents the predic-
tions of the model and conclusions are reported in the “Con-
clusions” section. A detailed description of the numerical
procedures used to solve the governing equations listed in
“Model Description” section can be found in the Appendix.

Model Description

Figure 1 shows a simple idealization of the experiment
described in Ref. 29. Figure 1a shows a detailed schematic
diagram of the microstructural features that play a role in
whisker growth. Figure 1b shows the simplified idealiza-
tion used in our calculations, which do not consider the
grain structure in detail. The system consists of a film with
thickness &, of polycrystalline Sn on a rigid substrate. The
film is in contact with a flat punch with width W and large
(in the model, infinite) length out of the plane of the figure.
In the experiment, a thin layer of glue (which has a low
elastic modulus) was present between the surface of the
punch and the film. We assume that this compliant layer
ensures that a uniform pressure X acts on the surface of
the film, and that creep deformation and diffusion in the
film under the punch relaxes the stress to a state of uniform
hydrostatic compressive stress, o,, = 0,, = 6,, = —X. The
material adjacent to the punch is initially stress free, so
that the pressure gradient causes material to flow through
grain boundaries from underneath the punch into the adja-
cent film. As a result, a state of biaxial compressive stress

Oy = 0y, = —0o(x, 1) builds up in the film. Note that we take
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compressive stress to be positive, to simplify plots and
calculations. One goal of our calculation is to determine o
as function of position and time.

At the micro-scale, the film consists of an assembly
of grains, with grain size L. Most grains are columnar,
with near vertical grain boundaries. In between these,
there are a few non-columnar grains with inclined or hor-
izontal grain boundaries (Fig. l1a). These inclined grain
boundaries are subjected to a lower normal stress than
the vertical boundaries. This difference in normal stress
drives material to diffuse into the inclined boundary. As
material accumulates in this boundary, the grain above it
is extruded from the film into a whisker. Note that grain
boundary sliding must occur on vertical or inclined grain
boundaries adjacent to or beneath the whisker. The sliding
is resisted by a shear stress, which may prevent whisker
growth altogether. We assume that whiskers will grow
only if the stress in the film at the location of the whisker
exceeds a critical magnitude z_;,, which may increase as
the grain boundaries slide, analogously to strain harden-
ing. This critical stress is determined by the geometry and
sliding resistance of the grain boundaries at the base of
the whisker. Indirect evidence for a threshold stress has
been observed in previous studies.!>!* Calculations to be
described in the next section show that the whisker growth
rate in the film next to the punch is extremely sensitive to
the value of the threshold stress, so that by fitting model
predictions to the experiment, it is possible to determine
precise values for the critical stress.

To quantify the whisker density, we define the area frac-
tion of whiskers (the ratio of the surface area of whisker
forming grains divided by the area of the film)

N~ L*n ey

where n is the number of whiskers per unit area (a geometri-
cal factor of order unity, which depends on the grain struc-
ture, has been omitted for simplicity). The spacing between
whiskers b =~ L/\/ﬁ is assumed to be small enough that if
we calculate the average stress in two regions surrounding
neighboring whiskers, the difference in the average stress in
the two regions will be small. New whiskers are assumed to
nucleate when new non-columnar grain boundaries form in
the film. This may occur, for example, when two adjacent
columnar grain boundaries coalesce during grain growth.

The compressive stress within the grains causes them to
deform, with a small elastic strain, together with a larger
permanent plastic strain resulting from dislocation creep.
This causes the grains to contract laterally, and increases
their height, thereby relaxing the stress.

With this picture in mind, we view long-range diffusion
of material through the grain boundary network (which
takes place over distances of order 100 pm), and stress

relaxation by creep and whisker growth (which is driven
by stress gradients around individual whiskers, over dis-
tances between 5 and 15 pm), as occurring at two separate
length-scales. It is convenient to model these two scales
separately.

At a length-scale that is large compared to the whisker
spacing, we consider only the average stress in the film,
where the average is taken over an area that is larger than
the spacing between whiskers. The average stress in the film
obeys the plane version of Eq. 13 from Ref. 13

1(QD\ s _
3\ kT | ox?
where M is the biaxial elastic modulus (M = E/I — v)) (in
terms of Young’s modulus l;? and Poisson’s ratio v), Q is the
atomic volume of Sn, and D is an effective diffusion coef-
ficient, defined as

06pDgp exp(—0gp/kT)

D= 7 3

106 |
Ma_j +¢ (o) )

where 6 is the thickness of the grain boundary diffusion
layer; Dgp is the pre-exponential for the grain boundary dif-
fusivity; Qg is the activation energy for grain boundary dif-
fusion and L is the grain size. A detailed derivation and dis-
cussion of Eq. 2 can be found in Ref. 13: briefly, the term on
the left-hand-side represents an in-plane strain (analogous to
a thermal expansion) generated by the divergence of mass
flux flowing from beneath the punch; the first term on the
right-hand-side is an in-plane elastic strain rate, while £/(c)
in Eq. 2 represents the average in-plane uniaxial strain rate
caused by the inelastic processes of dislocation creep and
whisker growth. By the convention adopted here, a positive
value of /() relaxes the compressive stress (do /0t < 0);
therefore, it quantifies a contraction in the plane of the
film, which is balanced by a corresponding increase in film
thickness or whisker height. The necessary increase in film
thickness or whisker height is calculated by analyzing the
behavior of the film at the micro-scale, as described below.

The boundary conditions for the macro-scale average
stress are

do
oc(x=0)=2; EFR_O 4)
where X is the magnitude of the compressive stress state at
the edge of the punch, and R is the distance between the edge
of the punch and the edge of the specimen.

To solve Eq. 2, it is necessary to calculate the strain rate
£!(0), which quantifies the average strain rate caused by dis-
location creep and whisker growth. For this purpose, we
consider the behavior of the film at the micro-scale. We ide-
alize the microstructure at a given distance from the edge
of the punch as a periodic array of whiskers with spacing

@ Springer



N. Jain et al.

b= L/\/ﬁ, where L is the grain size, and N(x) is the area
fraction of whiskers. The whiskers relax the stresses in a
small region surrounding them. We approximate the local
biaxial stress surrounding a whisker by an axisymmetric dis-
tribution o, = o,, = —7(r), which is related to the average
stress o through

b/2

8

o= m/r(r)rdr 6]

L/2

For a given value of the macro-scale stress o, our goal
is to calculate the local stress state 7 near a whisker, the
flux to the whisker, and the creep strain rate surrounding
the whisker. This then allows the inelastic strain rate /(o)
to be determined. The stress state = around a whisker can be
estimated by adapting the model of thermal stress-induced
whisker growth described in Ref. 13. If the average stress o
is less than the critical stress 7., necessary to cause whisk-
ers to grow, the stress surrounding the whisker is uniform.
In this case, there is no diffusion of material to the whisker,
and divergence in long-range flux of material from under the
punch is accommodated by elastic deformation and disloca-
tion creep within the grains. We use a standard power-law
creep relation to model dislocation creep, in which the aver-
age inelastic strain rate is related to the micro-scale stress by

m

(o) = %é{; eXP(—Qc/kT)<%> I_zl (©)

The constants éf(;,ao,m, Q. are a characteristic strain
rate, flow stress, stress exponent and the activation energy
in the thermally activated dislocation creep law (properties
of the material), k is the Boltzmann constant, and 7T is the
absolute temperature. If the stress exceeds the critical stress
for whisker growth, a stress gradient develops around the
whisker, which drives material to diffuse into the inclined
grain boundaries at the whisker root. The average inelastic
strain rate is then related to the stress by

Hoy= _L(QRY (P 10T Lo I7\" =
€)= 3<kT><dr2+r0r>+2£€exP( QC/kT)<ao> Izl

(N

The first term on the right-hand-side in Eq. 7 quantifies

the strain rate caused by grain boundary diffusion towards

the whisker, while the second term represents dislocation

creep. Note that in both Egs. 6 and 7, we have taken com-
pressive stress to be positive.

The boundary conditions for the stress state in Eq. 7 are

ot
< _0
%:

|T| < Terit _ 1_4 d_T
T—>0 2
or

. = r=>b/2 (8)

ITl = Terit
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The first of these conditions ensures that the stress at
the whisker is less than or equal to the critical stress for
whisker growth, and that whiskers grow under a compres-
sive stress and shrink under a tensile stress. The second
condition enforces zero flux at the boundary between
neighboring whiskers, which is required by symme-
try. Given the average stress o, Eqs. 5 and either 6 or 7
may be solved for 7 and £/(¢), providing the connection
between the macroscopic and microscopic length-scales.
The numerical procedure used to do this is described in
more detail in the Appendix.

The whisker growth rate is related to the stress by

dh, 4h,QD\ g,
dt ~\ LkT ) or

where #; is the film thickness, while the rate of change of
whisker volume per unit area of the film is

dv, dh 4h,QD
W—N—W=N< L )01

&)

r=L/2

10)

At dr LKT | or

r=L/2

Experiments show that whiskers next to the punch ini-
tially grow rapidly, but their growth rate decreases with
time and may eventually drop to zero. We attribute this to
an increase in the slip resistance of the grain boundaries
at the base of the whisker, which may occur as a result of
an increase in the shear strength of the boundaries, or a
change in the orientation or topology of the grain bounda-
ries as a result of grain growth. We model these processes
by assuming that the critical stress for whisker growth
increases with the height of the whisker, using a simple
linear hardening relation

_Jnoth (=19 hy h, < h
Terit = { 7 hw Z hO (11)

where 7, 7, are the initial and saturated critical stresses for
whisker growth, and A is a characteristic whisker height.

The mechanism responsible for nucleating whiskers is
not fully understood. Chason et al.’® have suggested that
non-columnar grains may be formed by the coalescence of
neighboring grain boundaries during grain growth. They
show that experimental measurements of whisker nuclea-
tion rates during thermal cycling of Sn films can be fit by
a thermally activated nucleation model of the form

dN N AG, + U(o)
i <1—N—>ﬁceXp <—fk—Ta> (12)

sat

Here, f, is an attempt frequency; N, is the saturated

area fraction of whiskers after all nucleation sites have
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been exhausted; AG,.; is the activation energy for nuclea-
tion at the reference stress value o,, and

(6 —0y)

U(o) =
(02‘01)

-U, (13)

with U, o}, 0, three constants, is a linear fit to the measured
stress dependence of the activation energy.

Values for relevant parameters and material properties in
the model are listed in Table I. Many material properties can
be determined from literature data, as indicated in the table.
The material properties é’g), 0y, m, O that govern creep, and the
parameters AG ., ., Uy, 0,, 0, that govern whisker nuclea-
tion, were determined by fitting predictions of the model to
the experimental data reported in Ref. 11. In this experiment,
a thin Sn film on a Si substrate was first heated at 2°C/min to
a prescribed temperature (45°C, 55°C or 78°C). The film was
then held at constant temperature for a further 2 h. The stress
in the film was determined by measuring the curvature of the
substrate. The whisker density was measured at the same time.
The properties governing creep were determined by fitting the
predicted peak stress to the experimental data. The param-
eters governing whisker nucleation were determined by fitting
the predicted peak whisker nucleation (which occurs at the
maximum temperature) to experimental data. A comparison of
the model predictions with the data from the thermal cycling
experiments is shown in Fig. 2. Figure 2a plots the stress as
a function of time, while Fig. 2b plots the whisker nucleation
rate. Note that the time scale on the measured whisker nuclea-
tion rate was adjusted to correct for the fact that nucleation
sites can only be detected after whiskers reach a length of 0.4
um. In the figure, the measured times were adjusted so that
the peak nucleation rate occurs at the same time in predictions
and measurements. It was found that the value of the attempt
frequency f. determined from the thermal cycling experiments
substantially underestimated the measured whisker density in
the punch experiment. Consequently, §. was determined by fit-
ting to the measured whisker density in the punch experiment,
as discussed in more detail in the next section.

The grain boundary diffusivity and threshold stress for
whisker growth cannot be determined precisely from thermal
relaxation experiments. Consequently, the activation energy
for grain boundary diffusion was taken from data taken during
an electromigration experiment reported in Ref. 31 while the
pre-exponential was fit to data from the punch experiment. The
fit yields a value within a factor of 4 of the value reported in
Ref. 31. Similarly, the initial and saturated threshold stresses
for whisker growth, and the characteristic length in the hard-
ening rate for threshold stress, were fit to data from the punch
experiment.
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Fig.2 Comparison of model predictions with experimental measure-
ments from Ref. 11 of (a) stress relaxation and (b) whisker nuclea-
tion rate in a thin Sn film that was heated from room temperature at
2°C/min to a prescribed temperature, and then held at constant tem-
perature. The data are used to calibrate the model.

Results and Discussion

The model described in the preceding section predicts the
variation of mean stress o, the whisker area fraction N (or
equivalently, the number of whiskers per unit area N/L?),
the whisker height 4, and volume V, as functions of position
and time. Predictions of whisker density and volume may be
compared with experimental measurements.

It is helpful to begin by examining the stress distribution
in the film, which is plotted in Fig. 3. Figure 3a shows the
stress near the edge of the punch (whiskers are observed
experimentally in the region 0 < x < 30 um), while Fig. 3b
shows the stress over the full width of the specimen. Recall
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Fig.3 Predicted variation of area-averaged (compressive) stress o
with distance x from the edge of the punch and time. (a) Stress state
near the punch edge, where whiskers are observed; (b) Stress state
over the full width of the specimen. Note that the stress field in the
region where whiskers form reaches steady state in approximately 50
h.

that a positive value of ¢ denotes a compressive stress. At
time ¢ = 0, the film outside the punch is stress free, while the
film below the punch is subjected to the imposed 25 MPa
pressure. The stress gradient drives material to diffuse from
under the punch into the surrounding film, and as a result,
compressive stresses develop adjacent to the punch. Predic-
tions suggest that the stresses in the region 0 < x < 80 um
reach steady-state in approximately 50 h. Further from the
punch, the stresses continue to build up until the end of the
experiment, at 300 h.

The stresses reach steady-state when the rate of stress
generation by grain boundary diffusion is equal to the
rate of stress relaxation by dislocation creep and whisker
growth. To determine which of the two stress relaxation
mechanisms dominates, Fig. 4 plots (a) the variation of
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Fig.4 Predicted contributions to the total strain rate in the film from
(a) elastic deformation, (b) dislocation creep and (c) whisker growth.
Dislocation creep is the dominant mechanism for relaxing stress once
the stress reaches steady-state.
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elastic strain rate £¢ = (do/dr)/M, (b) the dislocation
creep strain rate £”, and (c) the contribution to the total
strain rate £/ from the growth of whiskers, as functions of
distance from the punch edge and time. Whisker growth
clearly provides a negligible contribution to stress relaxa-
tion throughout the experiment. At early times (¢ < 6 h),
as the stress in the film builds up, elastic deformation is
the dominant deformation mechanism throughout the film.
In the region near the punch (x < 100 um), dislocation
creep is the dominant mechanism for relaxing stress once
the stress reaches steady state (¢ > 50 h). Further away
from the punch (x > 100 um), both elastic deformation
and dislocation creep continue to contribute approximately
equal contributions to the total strain rate throughout the
duration of the experiment (¢ < 300 h).

Our model assumes that whisker nucleation is a ther-
mally activated process, driven by stress. The variation of
whisker density resulting from this process with distance
from the punch and time is displayed in Fig. 5. Experimen-
tal data from Ref. 29 are also shown for comparison. Note
that the material properties in the nucleation model were
fit to the experimentally measured whisker density at 300
h. The model can clearly predict the spatial distribution of
whisker density at this time correctly, but does not give a
good fit to the evolution of whisker density with time. In
the experiments, whiskers are observed to nucleate rapidly
during the first 5-10 h, and thereafter the nucleation rate is
slow. The model predicts that the nucleation rate increases
with time, as the stress builds up around the punch to the
steady state distribution. No model in which whisker
nucleation rate is a monotonically increasing function of
stress can fit the experimental data. A phenomenological

1000 . ;
Model

900 —t=6h |]
—t=24h

68\ 800 t=96h |

—t=267h

& 7001 S
Experiment

* 600 o t=6n |
i o t=24h

‘g 500 t=96h |1

3 o t=267h
A 400 1
5
% 300 1
=)
Z 200 :
100 4
O L 1 1 1
0 20 40 60 80 100

Distance  (um)

Fig.5 Comparison of measured” and predicted whisker density as a
function of distance from the edge of the punch and time. The model
predicts the spatial variation of whisker density at 267 h correctly, but
underestimates the rate of whisker nucleation for ¢ < 100 h.

relation of the form dN/dt = f, + p,(do/dt), where f,, p,
are two constants (which could depend on stress) would fit
the observations, but it is not clear what physical process
would lead to nucleation kinetics of this form.

Once whiskers have nucleated, they continue to grow if
the stress exceeds the threshold stress for whisker growth.
Figure 6a shows the predicted variation of whisker length
with distance from the punch and time. Whiskers only grow
in the region within 30 um of the punch, where the stress
exceeds the initial threshold stress for whisker growth. The
whisker growth rate is fastest near the punch, and progres-
sively decreases with distance. In addition, because the
threshold stress for whisker growth increases with whisker
height, the whisker growth rate decreases with time. This can
be seen more clearly in Figure 6b, which shows the whisker
growth rate as a function of position. Whisker growth drops
below 0.05 um/h beyond 5 pm from the edge of the punch,

(a)100

80

60 |

40

Whisker height (pum)

20

0 10 20 30 40
Distance z (um)

—_
O
~
o
w
3

—t=12h

0.3

Whisker growth rate (um/h)

0 1 1
0 10 20 30 40

Distance z (um)

Fig.6 Predicted variation of (a) whisker height and (b) whisker
growth rate with distance from the edge of the punch, as a function of
time. Whiskers grow only in the region 0 < x < 35 um, where stresses
exceed the threshold stress for whisker growth. The rate of whisker
growth gradually decreases with time, because the threshold stress
increases with whisker length.
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where the stress is below the saturated value of threshold
stress. In this region, the whisker growth eventually ceases.
Nearer the punch, the stress exceeds the saturated value of
threshold stress, and whiskers grow at a constant rate.

The predicted whisker growth rate may be compared
directly with experiment. Experiments cannot directly
measure the whisker density at a point on the surface, since
a finite number of whiskers must be counted to determine
the volume. Ref. 29 measured the average whisker volume
over finite 10 um wide strips of the surface as functions
of time. The average whisker volume in these regions can
be predicted by averaging the data displayed in Fig. 6. The
predictions are compared to experiment in Fig. 7. The rate
of change of threshold stress with whisker height in the
model was fit to the measured whisker height with time in
the region x < 10 pum, so in this region the agreement is
expected. The model also predicts correctly the whisker
volume in the region 10 um < x < 20 pm. It underestimates
the whisker growth rate for 20 pm < x < 30 um, but the pre-
dictions for this region remain within the scatter in experi-
mental data.

It is also interesting to predict the influence of test condi-
tions and material properties on the stress distribution and
whisker growth rate. For this purpose, it is helpful to note
that the relationships between stress, whisker volume per
unit area of film, and whisker height can be expressed in
dimensionless form as

o kTL3
07 MQD 665 exp(—Qgg /kT)

s5)

is the characteristic time for stress relaxation by grain bound-
ary diffusion, while

KTL? ¢} exp(=Q /kT) < T )’” a6)

r QEDpbap exp(—0gr/kT) \ 0,
is a dimensionless constant that can be interpreted physically
as the ratio of the characteristic rate of stress relaxation by
dislocation creep, to the rate of stress relaxation by grain
boundary diffusion. The 5th—7th parameters in Eq. 14 are
dimensionless measures of the initial and saturated values of
threshold stress for whisker growth and the rate of hardening
of the threshold stress. The remaining parameters quantify
the rate of whisker nucleation.

For parameter values listed in Table I, the time con-
stant #, = 19s at room temperature (25°C), and ranges from
0.5s < t; < 102s for temperatures between 100°C and 0°C.
The results in Fig. 3 suggest that the stresses within 100 um
of the punch reach steady state after approximately 10 h at
room temperature, which rises to 100 h at 0°C and drops to
5 min at 100°C. The times scale with the cube of the grain
size and will be 30 times faster in a film with 1 um grain
size. These times are short compared to the time required for
whiskers to form, suggesting that under most test conditions

{E%%}=F{f£rmﬁf_1@1v b oo, AGref} (14)
X Zhe " Zh A A VR VR TR T D D R S T A
where of practical interest, whisker growth is driven by the steady-
state stress field. We, therefore, focus on the influence of test
conditions and material properties on the steady-state stress
250 : : field and the resulting whisker growth rates.

——0 - 10 pm (model)
——10 - 20 pm (model)

20 - 30 pm (model)
200 ¢ 0-10 pm (experiment)
o 10 - 20 pm (experiment)
20 - 30 pm (experiment)

— —
(=3 W
(=] [=}

Average Whisker Volume (um?)
wn
S

0 50 100 150 200 250 300
Time ¢ (h)

Fig.7 Comparison of measured? and predicted whisker volume as a
function of distance from the edge of the punch. Model predictions
are within the scatter in the experimental data.
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The parameter I' defined in Eq. 16 has the most signifi-
cant influence on the stress state. For representative values of
loads, temperatures and material properties, I ranges between
0 < T < 0.01. It increases with grain size and punch stress,
and decreases with temperature. The steady-state stress dis-
tribution for several values of I" in the range of interest is
plotted in Fig. 8. The values of the remaining parameters
in Eq. 14 may be calculated using the data listed in Table I.
The results are shown at a normalized time /7, = 5.8 X 10%,
which corresponds to 300 h at room temperature for a film
with properties listed in Table I (there is no significant change
in the stress distribution for ¢/, > 5.8 x 10*). The most
important conclusion to be drawn from Fig. 8 is that stresses
tend to decay more rapidly with distance from the punch for
large values of I'. This is because dislocation creep becomes
a more effective stress relaxation mechanism for large I'.
Equation 16 shows that I increases with the grain size of the
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Table| Values for parameters

and material properties used in Film thickness A 4 pm!
simulations of whisker growth Punch pressure X 25 MPa
driven by mechanical pressure Punch width W 1.5 mm
Film width R 2 mm
Grain size L 3 pm!
Temperature T 298K
Boltzmann constant k 1.381 x 102 J K™
Atomic volume of Sn 2.7x10% m?
Young’s modulus of Sn E 50 GPa
Poisson’s ratio of Sn v 0.36
Characteristic strain rate for dislocation creep £, 0.096 5!
Characteristic stress for dislocation creep o, 16.5 MPa
Stress exponent for dislocation creep m 8
Activation energy for dislocation creep Q. 0.425eV
Pre-exponential for grain boundary diffusion Dgp 1.6 x10° m?s™!
Activation energy for grain boundary diffusion Qg 0.5eV
Grain boundary diffusion layer thickness & 0.5 nm
Initial threshold stress for whisker growth 7, 17 MPa
Saturated threshold stress for whisker growth 7, 22 MPa
Characteristic length for hardening of threshold stress A 19 pm
Initial whisker density n, = Np/L? 20 mm~2
Saturated whisker density ng,, = Ny, /L? 1100 mm™
Activation energy for whisker nucleation at reference stress AG,¢ 0.85eV
Characteristic energy for stress driven whisker nucleation U 0.08 eV
Reference stress for whisker nucleation o, 18 MPa
Characteristic stress for whisker nucleation o, 35 MPa
Attempt frequency for whisker nucleation f, 1.89 x 108 57!

IThe film in thermal cycling experiments (Fig. 2) has a grain size of 2 um and thickness of 2.5 um

1 T

——1I" = 0.0001
095+ —1I =0.001 |
I'=0.01

0.8 F
0.75 1

0.7 F

Normalized stress o/%

0.65
0.6 b

0.55 3

L L

05 L L 1
0 5 10 15 20 25 30 35

Normalized distance z/L

Fig.8 The variation of normalized stress with normalized dis-
tance from the edge of the punch, for several values of the param-
eter ' defined in Eq. 16. Results are shown for normalized time
t/ty = 5.8 x 10*. The remaining parameter values are listed in
Table 1. Note that stresses decay more quickly with distance for large
values of I

film, with the force acting on the punch, and decreases with
temperature. This suggests that whiskers will be observed
further away from the punch for a film with small grain size,
and at high temperatures. Increasing the force on the punch
increases the stress near the edge of the punch, but at the
same time the region of large stress tends to be confined to a
progressively reducing area next to the punch. These obser-
vations are confirmed by Fig. 9, which shows the variations
of (a) dimensionless whisker length and (b) dimensionless
whisker growth rate with distance from the punch, for several
values of I. Results are shown for 7/, = 3 X 10°. For this
large value of dimensionless time, the threshold stress for
whisker growth has hardened to its saturated value in a region
adjacent to the punch. In this region, whiskers continue to
grow at a constant rate. Further from the punch, the threshold
stress has hardened sufficiently to reduce the whisker growth
rate to zero. In this region Fig. 9a shows the final length of
the whiskers.

The threshold stress for whisker growth has a very sig-
nificant influence on the whisker growth rate (but has no
perceptible influence on the stress distribution, since disloca-
tion creep, rather than whisker growth, is the dominant stress

@ Springer
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Fig.9 The variation of normalized (a) whisker length and (b) whisker
growth rate with normalized distance from the edge of the punch, for
several values of the parameter I defined in Eq. 16. Results are shown
for normalized time #/£, = 5.8 x 10*. The remaining parameter values
are listed in Table I. With increasing I', the width of the region where
whiskers grow decreases.

relaxation mechanism). To illustrate this, Fig. 10 shows the
predicted whisker growth rate in a film with a constant
threshold stress (i.e. the threshold stress is independent of
whisker length). With a constant threshold stress, whiskers
continue to grow at a constant rate once the stress near the
punch reaches steady state (Fig. 10 shows the steady-state
whisker growth rate). The simulations predict that without a
threshold stress for whisker growth whiskers will grow even
at large distances from the punch. Since the stress decreases
gradually with distance next to the punch, a small change
in threshold stress produces a large change in the distance
over which whiskers form. Measuring this distance conse-
quently provides a sensitive probe of the threshold stress.
The influence of hardening of the threshold stress is illus-
trated in Fig. 11, which shows the predicted whisker length
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Fig. 10 The variation of normalized whisker growth rate with nor-
malized distance from the edge of the punch, for several values of
the normalized threshold stress for whisker growth T, T defined in
Eq. 16. Since T, = T, the threshold stress is independent of whisker
length and whiskers grow at a constant rate once stresses reach steady
state. Results are shown for normalized time t/f, = 5.8 X 10*. The
width of the region where whisker growth is observed is very sensi-
tive to the threshold stress.
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Fig.11 The variation of normalized whisker length with normal-
ized time, for three different distances from the edge of the punch.
Results are shown for normalized threshold stress for whisker growth
T, =0.71,T; = 0.8 and three different values of hardening rate H,.
Higher rates of hardening reduce the growth rate.

as a function of time. Higher rates of hardening slow down
whisker growth, and for large distances from the punch
(x/L > 5) may stop whiskers from growing.

Evidence for a threshold stress for whisker growth was
previously reported by Pei et al.''based on thermal stress
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relaxation experiments. They estimated a value of 15 MPa
for the threshold stress, which is very close to the value
of 17 MPa obtained from the punch experiment. Here,
we have also assumed that the threshold stress increases
in proportion to the whisker length, before saturating at
a value of 22 MPa. This increase in threshold stress is a
possible explanation for the decrease in whisker growth
rate with time observed in the experiments. There are
other possible explanations for this decrease, however.
For example, if matter flowing into the non-columnar
grain boundaries is deposited equally on the whisker grain
and the grain below it, the grain boundary would migrate
up through the film at a speed equal to half the whisker
growth rate. Eventually, the grain boundary reaches the
surface of the film and whisker growth stops, unless a new
non-columnar grain boundary nucleates at the whisker
base. Grain boundaries are sometimes observed inside
whiskers,?* and may form by this process. Single-crystal
whiskers with length greatly exceeding the film thickness
are also common, however, suggesting that non-columnar
grain boundaries are not always mobile. In addition, the
experiments found large variations in whisker growth rate,
as indicated by the error bars in Fig. 7. In the model, all
whiskers that are the same distance from the punch are
assumed to grow at the same rate. In the experiments, this
is not the case: some whiskers stop growing altogether,
while others continue to grow for as long as the experi-
ment continues.”” The reasons for these variations are not
known. They may be caused by microstructural variations,
which lead to variations in local material properties such
as the threshold stress for whisker growth. They may also
be caused by changes in the microstructure of the film
resulting, e.g., from grain growth. The model used here
does not capture these variations, and predicts only the
average behavior of a population of whiskers. Extend-
ing the model to consider statistical variations in whisker
growth rates and additional experiments to clarify their
microstructural origins, will be fruitful areas for future
study.

Next, we examine the influence of the whisker nuclea-
tion kinetics. We focus on the influence of the stress
dependence of the activation energy U. Simulations show
that the nucleation kinetics has a negligible influence on
the stress distribution. This is to be expected, since dis-
location creep is the main stress relaxation mechanism,
with whisker growth providing a negligible additional
contribution. Figure 12 shows the influence of the acti-
vation energy for whisker nucleation on (a) the whisker
density and (b) the normalized whisker volume per unit
area, at a dimensionless time #/¢, = 5.8 x 10*. Larger val-
ues of U, make the nucleation rate more sensitive to stress,
therefore, increasing the gradient of the whisker density

@) x10° ; : , ‘
—— Up/kT = 0.77863
Uy /KT = 1.5573
oK Up/kT = 3.1145 |7
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Fig. 12 The variation of (a) whisker area fraction and (b) normal-
ized whisker volume per unit area with distance from the edge of the
punch, at a dimensionless time ¢/, = 5.8 X 10*. Results are shown
for several values of the stress-dependent activation energy for nucle-
ation U,/kT. Larger values of U,/kT increase the whisker density
near the punch and decrease it further from the punch.

adjacent to the punch. The larger density of whiskers then
leads to a larger whisker volume per unit area.

Finally, we consider the implications of the model pre-
dictions on whisker nucleation and growth in Sn films on
Cu substrates used in electronic circuits. In this system, Cu
preferentially diffuses into the Sn and reacts with it to form
an intermetallic compound (IMC, primarily Cu,Sns at room
temperature’?). The formed intermetallic compound has a
larger volume than the volume of Sn that it replaces, which
introduces an average volumetric strain rate in the film

de _ . Swg, ld(VIMC/Af) _0.31d(Vipe/Ap)
dr he  dt Tk dr

- Haopye
a7
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where wg,, @yc are the molar volumes of Sn and inter-
metallic compound, respectively, and Vjc/A; is the
volume of the intermetallic compound per unit area of
film. The molar volumes are taken from Ref. 33, where
wg, = 16.3 cm*/mol and wp,c = 10.7 cm3/mol are cal-
culated based on the composition of 5/11 atomic fraction
Sn; therefore, 1 mol of IMC replaces an initial Sn vol-
ume of (5/11) wg, = 7.4 cm’/mol. Experiments suggest
that the rate of change of intermetallic volume lies in the
range 0.5 nm/h < (1/A;)dVpc/dt < 100 nm/h.>* The stress
distribution around a representative whisker in the film,
and the whisker growth rate, can be found by substituting
él(e) = (1/3)(de/dr) — (1/M)(dz/dr) in Egs. 6-10.

Figure 13 shows the predicted (a) stress, (b) whisker den-
sity and (c) average whisker length for a film with properties
listed in Table I, for three different values of IMC growth
rate. In each case, the whisker density rapidly saturates. The
predicted whisker density is unlikely to be accurate, how-
ever, in view of the discrepancies between theory and exper-
iment. Moreover, the saturated whisker density cannot be
determined accurately from the data in the punch experiment
or thermal cycling tests. Fortunately, the predicted stress and
whisker length are not strongly sensitive to the saturated
whisker density. For the lowest IMC growth rate of 1 nm/h,
the stress in the film builds up slowly and saturates at a value
slightly higher than the initial threshold for whisker growth.
The predicted whisker length is below 1 pm after 100 h, and
the whisker will eventually stop growing. For intermediate
IMC growth rate of 5 nm/h, the stress builds up more quickly
and asymptotically to a value between the initial and satu-
rated value of the threshold stress. Whisker growth is slow,
and the whisker does not reach the 19-um length required to
reach the saturated value of threshold stress. Consequently,
whiskers eventually stop growing for this case. Finally, for
the highest IMC growth rate, the stress builds up quickly to
a value that exceeds the saturated value of threshold stress.
For this case, whisker growth will continue indefinitely. The
predicted whisker heights are comparable to those observed
in experiments.?>->*

It is straightforward to calculate the conditions that lead
to unlimited whisker growth. If no whisker growth occurs,
the steady-state stress (for a constant rate of intermetallic
growth) is given by

1 — 2% |1 dVinc/AD
o J by dr

gﬁ exp(=Qc/kT)

T, =0, % (18)

creep

If 7oreep < 7o (Where 7 is the initial threshold stress for

whisker growth) no whiskers will grow. If 7., < 7, Where
T, 18 the saturated threshold stress for whisker growth,

whiskers will grow initially, but will stop growing before
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they reach the critical length A, at which the threshold stress
saturates. Finally, if 7., > 7, whiskers will continue to
grow indefinitely. For a film with properties listed in Table I,
we find 7y, < 7 for (1/Ap)dViyc/dt < 0.56 nm/h, while
Tereep < Tsar fOT (1/Ap)dVyyc/df < 4.4 nm/h. These values are
smaller than those typically observed in experiments, but are
a similar order of magnitude. Alternatively, we estimate that
the threshold stress would need to be increased to 29 MPa to
prevent whiskers growing for a typical IMC growth rate of
40 nm/h. These results suggest that relatively small reduc-
tions in IMC growth rates, or increases in grain boundary
sliding resistance (for example, by solute segregation to the
boundaries) may be sufficient to prevent whisker growth. Of
course, a model that considers only the average stress and
whisker growth rate in the film is likely to underestimate
the changes necessary to suppress whiskers altogether, since
this would require the growth rates of the fastest whiskers in
the statistical distribution to be reduced to zero. Modeling
whisker nucleation and growth statistics in more detail may
be a fruitful problem for future study.

Conclusions

A recent study?’ reported quantitative measurements of the
whisker density and whisker volume in a thin Sn film that
was subjected to mechanical pressure over part of its surface.
Here, we have described a model of the experiment, with a
view to predicting the stress distribution in the film adjacent
to the loading area, and correlating the stress with the meas-
ured whisker density and length.

The model assumes that stress develops in the film by
stress driven grain boundary diffusion from under the punch
into the surrounding film. The stress is relaxed by disloca-
tion creep and whisker growth. Whiskers are assumed to
form from non-columnar grains, which nucleate by a ther-
mally activated process driven by stress, as described in
Ref. 30. They grow by stress-driven diffusion to the base
of the whisker. Parameters governing dislocation creep
and whisker nucleation were fit to measurements of stress
relaxation in a film subjected to thermal loading reported
in Ref. 11 leaving three parameters (the pre-exponential for
grain boundary diffusion, the attempt frequency for whisker
nucleation, and the threshold stress for whisker growth) to
be fit to data from the punch experiment.

By comparing the predictions of the model to experiment,
we conclude that:

1. For the experimental conditions in Ref. 29, the stress
state within 100 um of the punch reaches a steady-state
distribution approximately 10 h after the pressure is
applied to the film. The stress has a shallow gradient,

decreasing from 25 MPa under the punch to 15 MPa at
100 um distance from the punch.

2. The model of whisker nucleation proposed in Ref. 11
predicts a whisker density distribution that agrees with
experimental measurements for times exceeding 200 h,
but underestimates the nucleation rate at early times.

3. The model predicts whisker growth rates adjacent to the
punch that are within the scatter of experimental data.

4. Comparison of model predictions with experimental
data shows that whiskers grow only if the compressive
stress in the film exceeds a critical value. Experiments
show that the whisker growth rate decreases with time,*
which can be explained by an increase in the threshold
stress with whisker length. The as-deposited film was
estimated to have a threshold stress for whisker growth
of 17MPa, increasing to a saturated value of 22 MPa
after whiskers reached a length of 19 um.

Appendix

For completeness, we summarize briefly the numerical
procedure that was used to solve the equations governing
whisker nucleation and growth listed in the “Model Descrip-
tion” section. The problem must be solved at two separate
length-scales. The variation of average stress o with time and
distance from the punch is determined by solving Eq. 2. The
solution is coupled to the micro-scale stress field 7 (deter-
mined by Eqs. 6 and 7) through the average strain rate £/(c),
which is a function of mean stress o and also depends on
the instantaneous values of whisker area fraction N and the
threshold stress for whisker growth z_;,. To solve the cou-
pled equations, the steady-state approximations to Eqgs. 6
and 7 were first solved for a range of values of (o, N, 7,)
and the results were tabulated. This then enabled £/(¢) to be
calculated quickly (by interpolation) while solving Eq. 2.
To this end, the governing equations for 7 were re-written
in dimensionless form, by defining

t=t/X 6=0/EX F=r/L Ty=1,,/Z (19)

where L is the grain size and X the pressure under the punch.
The governing equations for 7 then reduce to

{ +Hr@" -E =0 6<T, o0

1 (0% 1 0% 1 Ave w0 oA

—3(§+;£>+5F(|1|) —E —OO'>TO

where I is defined in Eq. 16, and

1 E'kTL?

E = — TO = Tcrit/z (21)
QDY

are dimensionless measures of the strain rate resulting from
whisker growth and dislocation creep, and the threshold
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stress for whisker growth, respectively. The boundary con-
ditions reduce to

08/ =0 7=1/QVN) o)

t=T, F=1/2

together with the condition for the area average stress
1/@VN)

o= 8_NN) / £()idi 23)
172

To solve the differential equation in (20) it is convenient
to recast it, together with (23), as a system of three first-order
differential equations, by introducing auxiliary variables

7

n(7) = / 2(6)ede 0(7) = % (24)

1/2
With these substitutions, we have

dn dz do d’t 1 3 y
—:AAA —:9’\ —:—:——0/\ —FAm—BE
d7 FE(P) d# ) di ~ di? 7 (’)+2 ®

(25)

with boundary conditions

n=0 N
t=T, } Fr=1/2

~N)B/BN) @0
"0 b or=uevi

For glven values of {6, N, T;)} Egs. 25 and 26 may be solved

for n,0, %, E We used the three-stage Lobatto IIla formula
implemented in MATLAB for this purpose.’> The rates of
change of whisker height and volume were then determined
from the solution as

~

dh,, ; v dh,
L) I Y v @
dr or F=1/2 ds dr
where hy, = (M /Z)h,, /h; and V,, = (M /Z)V,, /h; are dimen-

sionless whisker length and whisker volume per unit area,
respectively, while

. MQD
I= t< L2 > (28)

1s the dimensionless time scale. In our implementation,

,hw, VW were computed for 20 equally spaced val-
ues of 6 in the range T, < 6 < 1, and fit by cubic splines.
This procedure was repeated for 5 equally spaced values
of 7,/ < Ty < 7, /2 and 10 values of Ny <N < N,

, with spacing determined from N = N,exp();
0 < p < log(N,,/N,) and p equally spaced.
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A simple 1-D finite element method was then used to
solve (2) for the variation of mean stress ¢ adjacent to
the punch. For this purpose, it is helpful to re-write (2)
in weak form, and in terms of dimensionless variables as,

R R
/ a& 1 / 06 060‘
3
0 0
(29)

Equation 29 was reduced to a system of discrete non-
linear differential equations by interpolating 6 between
a set of nodal values 6 using a set of 200 quadratic finite
elements over the region 0 <% < R. The system was
integrated with respect to time using a backward-Euler
approximation for 6 and forward-Euler for N and 7|,. The
discrete system of nonlinear equations for the increment
in stress A6 during a time interval A7 can be expressed in
the form

R

/ E'(6,N,Ty)86d% =0

%|Q>

/ B'q(B[6" + A6|)dt =0 (30)

elements ¢

where 6" is the solution at the end of the preceding time
step, while

2 L E'(6" + A6,N, T))
q= l Al 160(&"+A&)O- 0 31
37 oz
and
_ 1 =0=8€82(1 -5 +&) £ +&)
b= 5[(25 -DA 482 Q&+ DA (32)

with A = d¢/dx is the finite element interpolation matrix
that maps the nodal values of ¢ within an element onto
[6,dé /dx]T. Equation 30 can be solved by Newton—Raphson
iteration. The linear equations for a correction to A6 during
a generic iteration have the form

/ B’DBdx |d / BqBé)dt  (33)
elements elements
where the consistent tangent matrix D is given by
1, oF
—+=0
DzlAtoda l‘| (34)
3

The derivative dE’ /06 can be computed by differentiat-
ing the spline interpolation for g
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