Clock Auctions and Radio Spectrum
Reallocation

Paul Milgrom

Stanford University

llya Segal

Stanford University

We study the class of multiround, multiproduct clock procurement
auctions that reduce offered prices at each round. When prices stop de-
clining, the remaining bidders become the winning sellers. For single-
minded bidders, each such auction has five properties not shared by
Vickrey auctions: each is obviously strategy-proof and group-strategy-
proof, sets prices that are Nash equilibrium winning bids in the related
first-price auction, preserves winner privacy about values, and can be
extended to satisfy a budget constraint. In simulations of the US in-
centive auction, a heuristic clock auction from this class achieves quick
computations, high efficiency, and low prices.

I. Introduction

In April 2017, the US Federal Communications Commission (FCC) con-
cluded its so-called incentive auction, which reallocated the radio fre-
quencies previously used for ultrahigh frequency (UHF) television
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channels 38-51 to wireless broadband services. The auction, authorized
by a 2012 act of Congress, involved purchasing broadcast rights from
some television stations in a competitive reverse auction at a cost of
about $10.1 billion, retuning (repacking) the remaining over-the-air
broadcasters to operate in the remaining channels, and selling wireless
broadband licenses in the cleared spectrum in a forward auction for
about $19.8 billion.! This paper reports theoretical and simulation anal-
yses related to the design of the reverse auction.”

One characteristic that made the FCC’s reverse auction design partic-
ularly challenging was the computational complexity of the underlying
economic problem. The television stations remaining on air after the auc-
tion (which turned out to be all but 175 of the 2,990 preauction US and
Canadian stations) needed to be repacked in a way that satisfies more
than a million constraints. Each constraint precludes some pair of (geo-
graphically close) stations from broadcasting on the same or adjacent
channels to avoid excessive interference between them or limits the set
of channels that a station may use. Just checking whether it is feasible to
repack any given set of stations into any set of television channels is an
NP-hard problem, which means roughly that for any algorithm, the worst-
case computation time grows exponentially with the problem size.> FCC
computational experiments showed that the problem of identifying the
maximum value feasible subset of stations could not be solved exactly in
reasonable time.*

The intractability of exact computations poses a challenge for tradi-
tional auction designs. For example, it is tempting in this context to use
a Vickrey auction because of its well-known efficiency and incentive prop-
erties. However, the Vickrey auction proved deficient in several ways,
not the least of which is that the difficulty of optimization in this problem
made computing even approximate Vickrey prices impossible. With

! Middle Class Tax Relief and Job Creation Act of 2012, Pub. L. No. 112-96, §§6402,
6403, 125 Stat. 156 (2012).

* For information about the forward auction and how the forward and reverse auctions
interact, see Milgrom and Segal (2017). A related descending-clock auction design, which
also uses a declining base clock price to set different prices for individual items in a series
of rounds, has now been used by the FCC for its Connect America Fund Phase II auction,
which ran in July-August 2018. That auction was not to buy spectrum but to procure com-
mitments to supply broadband services to underserved areas of the United States.

* This problem is referred to as the frequency assignment problem and is a generaliza-
tion of the graph coloring problem. See Aardal et al. (2007) for a survey of computational
approaches to this problem. The exponential time claim depends on a widely believed but
still unproven hypothesis in complexity theory; namely, that P # NP.

* The problem of designing computationally feasible economic mechanisms is studied
in the field of algorithmic mechanism design (Nisan and Ronen 1999). While economists
have long been concerned about computational constraints of economic allocation mech-
anisms, the formal economic literature (motivated by Hayek 1945) has focused on model-
ing communication costs (e.g., Mount and Reiter 1974; Hurwicz 1977; Segal 2007), which
are trivial in the setting of single-minded bidders considered in this paper.
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2,000 stations, a 1% error in computing one of the two maximum values
in the pricing equation would lead to a pricing error equal to 20 times
the average station value, which is far too high for a practical auction
mechanism.

To overcome the computational and other disadvantages of the Vick-
rey auction design, the FCC (2015) instead adopted a descending-clock
auction design (proposed by Milgrom et al. 2012). This multiround auc-
tion proposes a series of tentative prices, reducing some prices at each
round and leaving others unchanged. Whenever a bidder’s price is re-
duced, that bidder may exit the auction and be repacked into the televi-
sion band. When the auction stops, the bidders who have not exited be-
come winners and receive their last clock price. To ensure that the final
set of losing bidders can be feasibly packed into the available channels,
the FCC auction reduced the price offer to a bidder only if it could iden-
tify a feasible assignment that adds the bidder to the set of stations to
be repacked in the television band. As described above, each feasibility-
checkingstep requires solving alarge-scale NP-hard problem, and the auc-
tion required about 75,000 such steps, so it was expected that the checker
would sometimes fail to determine in the allotted time whether a set of
stations can be feasibly repacked.” When the checker fails to prove that
a set of stations can be feasibly repacked, the auction treats it as if the re-
packing were infeasible.

Within this general description, one can vary the price-setting rule and
the information revealed to bidders to design an auction that balances
multiple objectives, including efficiency, cost minimization, computational
feasibility, budget balance, and so on. This paper formulates the general
class of these auctions and examines their theoretical properties and how
a particular auction can be tailored for an application like the incentive
auction. For concreteness, we focus on a procurement auction like the
FCC’s reverse auction, which offers descending prices to sellers, but the
same analysis also applies with obvious sign adjustments to selling auctions
that offer ascending prices to buyers as well as to double auctions that offer
prices to both buyers and sellers.

We call these mechanisms deferred-acceptance (DA) clock auctions to high-
light their connection to the famous DA algorithm of Gale and Shapley
(1962), in which rejections are irreversible but final acceptance is de-
ferred to the end of the process.’ In a DA clock auction, a price reduction

®> Using recent advances in machine learning and certain problem-specific innovations,
Frechette, Newman, and Leyton-Brown (2018) developed a feasibility checker that solves
more than 99% of the problems in auction simulations within 2 seconds, ensuring that
time-outs would be rare.

° As noted by Hatfield and Milgrom (2005), the Gale-Shapley algorithm modified to a
setting with monetary transfers (as in Kelso and Crawford 1982 and Demange, Gale, and
Sotomayor 1986) and applied to the case of a single buyer and multiple sellers can be
viewed as a clock auction.
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to a seller amounts to irreversible rejection of the offer to sell at the pre-
vious price but permits the seller to remain active by agreeing to a new
lower price.” For brevity, we will sometimes use the term DA auction to re-
fer to a DA clock auction, although we will later introduce corresponding
direct mechanisms to be called direct DA auctions.

Most previous studies of clock auctions have focused on settings in
which the auctioneer’s optimization is computationally tractable, bidders
are substitutes, and all provisionally losing bidders are offered nearly the
same price. The substitutes condition implies that the auctioneer would
never regret rejecting an offer after other offers are improved, and there-
fore a DA clock auction that decrements prices slightly at each round to
some or all provisionally losing bidders eventually results in an alloca-
tion that is efficient and stable. This paper considers a wider set of clock
auctions, generating a wider set of mappings from values to allocations
(allocation rules), including ones in which bidders are sometimes com-
plements, but our incentive analysis is narrower in limiting attention to
single-minded bidders. As an example of complements, a DA auction can
be designed so that the auctioneer will buy from either both bidders A
and B or from neither.®* We show that any DA auction rule like that one—
which does not satisfy the substitutes condition—cannot exactly maxi-
mize welfare or minimize expected costs. Nevertheless, even when DA
clock auctions are not optimizing, they may still have a number of appeal-
ing properties.

One such property is a strengthening of traditional strategy-proofness:
not only is it a dominant strategy for a bidder in the auction to bid truth-
fully (i.e., to keep bidding while its price offer is at least its value and exit
immediately afterward), but truthful bidding is optimal even if the bidder
does not understand the auctioneer’s price reduction rule or does not
trust the auctioneer to adhere to the rule. To conclude that truthful bid-
ding is optimal, all a bidder needs to know is that its clock price can never
be increased and that the bidder can exit any time the price is reduced.
One way to formalize this strong property is using Li’s (2017) notion of an
obviously dominant strategy, which requires that for any alternative strat-
egy, at any information set in the game for which the alternative strategy
prescribes a different action, the best-case payoff from the alternative

7 We do not consider clock-based auctions that are not DA auctions. One such example
is the Dutch clock auction, a descending-price selling auction, which is strategically equiv-
alent to a pay-as-bid auction and is not strategy-proof. Another is Ausubel and Milgrom’s
(2002) cumulative offer clock auction, which sometimes recalls exited bids and is not
strategy-proof. A third example is the heuristic clock auction proposed by Lehmann, O’Cal-
laghan, and Shoham (2002), in which truthful bidding is a Nash equilibrium but not an
obviously dominant strategy.

% A clock auction can guarantee this by specifying that if either A or B exits, the other’s
clock price falls to zero, ensuring that it will exit too.
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strategy against possible strategies of the other players must be no greater
than the worst-case payoff from the obviously dominant strategy. In a DA
auction, truthful bidding guarantees a nonnegative payoff starting from
any information set, while any deviation from it involves either exiting at a
price weakly above value or continuing at a price below value, so the pay-
off starting from that information set is nonpositive.’

The obvious dominance of truthful bidding implies a second valuable
property: that no coalition of bidders could deviate from truthful bidding
in a way that makes all of its members strictly better off. For proof, note
that obvious dominance implies that the first coalition member to devi-
ate from truthful bidding cannot benefit strictly from the coalitional de-
viation. Thus, truthful bidding is a strong Nash equilibrium of a DA auc-
tion, and the social choice function implemented by the auction is weakly
group-strategy-proof.'’ This observation extends the results of Demange
and Gale (1985), Demange, Gale, and Sotomayor (1986), Moulin (1999),
Hatfield and Milgrom (2005), Juarez (2009), and Mehta, Roughgarden,
and Sundararajan (2009) to a broader class of mechanisms.

A third property is that any DA auction can be modified to respect the
auctioneer’s budget constraint by adding rounds in which prices continue
to fall. In the incentive auction, the budget constraint was that the cost of
buying broadcast rights could not exceed the forward auction revenue
net of certain expenses and targets. To ensure that the budget was satis-
fied, the rules specified that if the constraint was not satisfied, then the
number of channels to be cleared would be reduced and bidding would
resume. If reducing the clearing target repeatedly still did not result in
satisfying the budget constraint, then the auction would be cancelled."
In contrast to the Vickrey auction, which cannot accommodate budget con-
straints, any DA auction can be extended in this way to create a budget-
respecting extension. This extension—which is itself a DA clock auction
with all the properties that implies—results in the same outcome as the
unextended auction whenever that satisfies the budget constraint and oth-
erwise continues to ensure that the constraint is eventually satisfied. This

¢ In contrast, in a sealed-bid Vickrey auction, truthful bidding is not obviously dominant.
The auction has just one information set, and the best payoff from any bid above value is
strictly positive, while the worst payoff from a truthful bid is zero. The failure of obvious-
ness may explain why in laboratory experiments involving even the simplest single-object
Vickrey auctions, bidders often fail to bid truthfully, while they do bid truthfully in the En-
glish auction (see Kagel, Harstad, and Levin 1987).

' It is not strongly group-strategy-proof, since winners’ prices are determined by losing
bids; thus, a weakly Pareto-improving deviation could be achieved by a loser deviating to
raise a winner’s price.

' In the actual incentive auction, the clearing target was reduced three times before the
budget constraint was satisfied. Introducing a budget constraint causes the auctioneer’s
substitutes condition to fail because if an auction is cancelled when seller A raises its
bid, then A’s price increase can reduce the demand for other sellers.
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property of respecting the auctioneer’s budget constraint with a strategy-
proof mechanism generalizes the findings of several other papers.'”

A fourth property of DA auctions with both practical and theoretical
significance is that, in contrast to any direct mechanism, winning bidders
in a DA clock auction reveal only the minimal information about their
values needed to prove that they should be winning. We call this property
unconditional winner privacy (UWP)." The practical significance of UWP is
that it may alleviate winners’ concerns about misuse of the revealed infor-
mation, encourage participation by bidders who find it costly to figure out
their exact values, and allow the auctioneer to conceal winners’ politically
sensitive windfalls.'"* The theoretical significance of UWP is conveyed by
the following characterization theorem: a monotonic allocation rule can
be computed by a communication protocol that preserves UWP if and
only if it can be computed by a DA clock auction.

The DA auction allocation rules can also be characterized by the algo-
rithms to compute them. An allocation rule can be implemented by some
DA clock auction with truthful bidding if and only if it can also be imple-
mented by a greedy rejection algorithm, which iteratively rejects the least
attractive remaining bids according to some bid-ranking criterion that
may depend on the bid amount and information about the previously
rejected bids and bidders."

When can DA clock auctions produce nearly efficient outcomes, that
is, ones that nearly minimize the total value of the acquired bidders?
For our answer, we call on well-known results about the performance
of greedy algorithms and on simulations related to the incentive auction.

2" Other known mechanisms that satisfy a budget constraint include cost-sharing mech-
anisms of Moulin (1999), Juarez (2009), and Mehta, Roughgarden, and Sundararajan
(2009); double auctions of McAfee (1992); and procurement auctions by Ensthaler and
Giebe (2009, 2014). All of these mechanisms can be shown to be DA auctions. Building
on an earlier version of this paper, Duetting, Roughgarden, and Talgam-Cohen (2014b)
have constructed approximately optimal budget-constrained DA double auctions, and
Jarman and Meisner (2017) have shown that optimal budget-constrained procurement auc-
tions can be implemented as DA auctions.

'* It is a variation of the notion of unconditional privacy used in computer science
(Brandt and Sandholm 2005).

"* For discussions of the importance of privacy in auctions, see McMillan (1994) and
Ausubel (2004).

"> These greedy rejection heuristics are similar to the heuristic previously proposed to
create computationally feasible incentive-compatible mechanisms in the field of algorith-
mic mechanism design (as pioneered by Lehmann, O’Callaghan, and Shoham 2002 and
also used by Babaioff and Blumrosen 2008, Mu’alem and Nisan 2008, and others) but with
a crucial difference: the previously proposed heuristics greedily accept the most attractive
bids, as determined by some ranking criterion. Both greedy acceptance and greedy rejection
algorithms, when paired with threshold pricing, lead to computationally simple strategy-
proof auction mechanisms, but these two kinds of auctions have different strategic proper-
ties: auctions based on greedy acceptance do not have an obviously strategy-proof imple-
mentation and are not group-strategy-proof. See app. A (apps. A-E are available online)
for a simple example illustrating these points.
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1. When the sets of bids that can be feasibly rejected are the indepen-
dent sets of a matroid, a greedy rejection algorithm achieves the
optimum. This outcome is replicated by a descending DA clock auc-
tion that offers the same price to all the bidders who can still be fea-
sibly rejected.'®

2. When the only constraints are ones to limit the sum of the sizes of the
rejected bidders, then the problem of optimally rejecting the highest-
cost bidders is a knapsack problem, for which optimization is NP-hard.
However, the maximum can often be well approximated using the
Dantzig (1957) greedy heuristic, and the same outcome can be im-
plemented by a DA auction, as illustrated in the next section.

3. Following an earlier draft of this paper, Duetting, Gkatzelis, and
Roughgarden (2014a) and Kim (2015) have explored other cases
in which the DA auctions lead to high efficiency.

4. In five simulations of a scaled-down version of the FCC’s problem
by Newman et al. (2017), described in section IX, we find that a
DA auction with the pricing rule and feasibility checker used by the
FCC achieved within 10% of the minimal value loss from repacking
(average approximation was 5%) while incurring 14%-30% lower
costs than the Vickrey auction (average cost savings was 24%) and
using only a small fraction of the Vickrey auction’s computation
time."”

By seeking to minimize the total virtual costs of acquired stations in-
stead of their total values, DA auctions can also sometimes achieve exact
or approximate expected cost minimization. We show that if bidders’ val-
ues are independently drawn from known regular distributions and the
feasible sets of rejected bids are the independent sets of a matroid, then
there exists a DA auction that minimizes the expected total payment by
the auctioneer.

If bidders’ values are instead independently drawn from an unknown
distribution, then a DA clock auction can incorporate yardstick compe-
tition among bidders to reduce expected costs, as in the work by Segal
(2003). In follow-on work, Loertscher and Marx (2015) construct a se-
quence of DA clock auctions that achieves asymptotically optimal profits
for a broker in a two-sided market with unknown distributions of values
and costs as the number of participants grows.

Another way to assess the cost performance of a DA auction is to com-
pare its prices with those of a related competitive equilibrium and with

' This finding is related to but distinct from the forward clock auction proposed by
Bikhchandani et al. (2011) for selling the bases of a matroid, which uses a greedy accep-
tance algorithm.

' Even on the scaled-down problem, the average Vickrey computation took on average
more than 90 CPU days, while an FCC auction simulation took less than 1.5 CPU hours.



8 JOURNAL OF POLITICAL ECONOMY

those of a related paid-as-bid auction. To evaluate problems with compu-
tational constraints that may make optimization intractable, we compute
the auctioneer’s demand at any given vector of prices by applying the auc-
tion’s allocation rule. Then, a competitive equilibrium is an allocation
and prices such that (1) each seller whose price strictly exceeds its cost
sells its good, (2) each seller whose price is strictly less than its cost does
notsell, and (3) the sellers from whom the auctioneer chooses to buy are
the same as those who choose to sell. We show that the DA clock auction
allocation, coupled with the winners’ auction prices and prices for losing
bidders equal to their values, is a competitive equilibrium and, in fact, a
maximal price equilibrium sustaining the auction’s allocation. These com-
petitive equilibrium prices are also a full-information Nash equilibrium
bid profile of the sealed, paid-as-bid auction that selects winners in the
same way.'® In contrast, Vickrey prices are not generally the prices of any
competitive equilibrium and may be higher than the winning bids in any
Nash equilibrium of the associated paid-as-bid auction."

The paper is organized as follows. Section II contrasts the performance
of DA clock auctions and the Vickrey auction in a simple three-bidder ex-
ample in which bidders may not be substitutes. Section III gives a formal
definition of DA clock auctions and shows that for any mechanism in this
class, truthful bidding strategies are obviously dominant, and truthful
bidding is a strong Nash equilibrium of the game. Section IV character-
izes the DA clock auctions as the set of auctions that preserve UWP. Sec-
tion V introduces direct revelation DA auctions and shows that they are
strategically equivalent to DA clock auctions. Section VI provides exam-
ples of DA auctions that may be useful in practice. Section VII shows that
if some DA auction optimizes an objective resembling efficiency or cost,
then it treats bidders as substitutes. Consequently, the treatment of com-
plementary bidders is always a heuristic, nonoptimizing one. Section VIII

¥ A stronger version of this equivalence obtains when the auction rule prescribes that
the set of winners is unchanged when losers’ bids are increased. (This property, which
holds when winners are selected by optimization, also holds for various other allocation
rules.) We show in the appendix that the full-information paid-as-bid auction using a DA
allocation rule with this property is dominance solvable: iterated deletion of weakly domi-
nated strategies in any order yields a unique outcome. Furthermore, this dominance solv-
ability characterizes DA allocation rules. When bidders are substitutes, the Vickrey outcome
can be implemented by a DA auction. Hence, our equivalence result can be viewed as ex-
tending the finding by Bernheim and Whinston (1986) that the coalition-proof equilib-
rium outcome of an optimizing paid-as-bid auction coincides with the Vickrey (and DA auc-
tion) outcome when bidders are substitutes.

' For example, all the full-information Nash equilibria selected by the criteria of
Bernheim and Whinston (1986) in the selling version of their problem have weakly lower
prices than the Vickrey prices and may have strictly lower prices when bidders are not sub-
stitutes. This low-revenue/high-cost problem of the Vickrey auction, observed by Ausubel
and Milgrom (2006), motivated the use of core-selecting auctions (Day and Milgrom 2008),
which sacrifice strategy-proofness. The present paper proposes a different solution to the
problem, which preserves strategy-proofness but sacrifices outcome efficiency.
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compares the cost performance of DA auctions to two theoretical stan-
dards: competitive equilibrium and full-information equilibrium of paid-
as-bid auctions. Section IX describes simulations of the performance of
the FCC’s reverse auction rules. Section X discusses multiminded bidders
and their roles in the incentive auction. Section XI concludes.

II. A Simple Example

Here we illustrate properties of DA auctions with a simple example with
three television stations (labeled 1-3) and a single channel available in
which to assign losing bidders. The three stations’ values for their broad-
cast rights are denoted vy, v, and v;. We consider two possible cases cor-
responding to different sets of constraints on the stations that can be as-
signed to continue broadcasting. An efficient assignment maximizes the
total value of the stations that continue to broadcast or, equivalently, min-
imizes the total value of the stations whose rights are purchased.

In the first case, no two stations can be assigned to the same channel, so
the efficient outcome is for the most valuable station to be assigned and
for the broadcast rights of the other two to be purchased. The Vickrey auc-
tion accomplishes that while paying the two less valuable stations a price
equal to the value of the most valuable station. A descending DA clock
auction that offers the same price to all stations and reduces it until some
station exits replicates the Vickrey outcome: the most valuable station ex-
itsata price equal to its value, and the other two stations are then acquired
at that price. More generally, this single-price DA auction replicates the
Vickrey outcome when stations are substitutes or, equivalently, when the
feasible sets of rejected bidders are the independent sets of a matroid
(Milgrom 2017).

In the second case, the three stations are arrayed in order along a line
segment. The peripheral stations 1 and 3 can both broadcast on a chan-
nel without interfering with each other, but neither can share a channel
with station 2. Thus, it is feasible to acquire either station 2 or stations 1
and 3 together. Notice that this example can be viewed as a special case of
the knapsack problem, if a station’s size is defined as the number of inter-
ference links it has (so that stations 1 and 3 each has size 1 and station 2
has size 2), and a collection of stations can be feasibly assigned to continue
broadcasting if and only if the sum of their sizes does not exceed 2 (the
“size of the knapsack”).*

In this example, a simple DA auction similar to the FCC’s auction might
operate as follows. The auction is guided by a single base clock price of ¢

* The knapsack problem is the problem of maximizing the sum of values of selected

items subject to the single constraint that the sum of the sizes of the items may not exceed
some constant (the size of the knapsack).
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that starts high and declines continuously. Each station i is offered a price
equal to w,q, where the weight w; is set by the auctioneer as some function
ofthe station’s observable characteristics. Assuming thatstations bid truth-
fully, then if vo/ws > max(vi/wy, vs/w;), station 2 exits first and the auc-
tioneer buys stations 1 and 3; if the inequality is reversed, either station 1
or station 3 exits first, at which point station 2 can no longer be feasibly
assigned, so its price is frozen. The third station is then induced to exit by
running its price down to zero. In particular, if we let w;, = ws = 1 and
w, = 2, then the auction implements Dantzig’s (1957) greedy algorithm
for the knapsack problem.

Clearly, there is no vector of weights (w,, ws, ws) for which the DA auc-
tion would be guaranteed to yield an efficient outcome, which in this sim-
ple example is easy to compute: buy stations 1 and 3 if v; + v5 < vy, and
buy station 2 if the inequality is reversed. While the Vickrey auction is ef-
ficient and the DA auction is not, the latter also has some advantages. First,
any DA auction is obviously strategy-proof and weakly group-strategy-
proof. In contrast, the Vickrey auction is not group-strategy-proof: for
example, when it acquires stations 1 and 3, it pays them prices vy — v;
and v — vy, respectively, and bidders 1 and 3 could cooperate to increase
those by bidding less than their station values. Also, unlike the DA auc-
tion, the Vickrey price for each winner depends on the other winner’s
value, so implementing the Vickrey payment requires full revelation of
the winners’ values.

Depending on the values, DA auctions can also have a cost advantage
over the Vickrey auction. For example, when the Vickrey auction ac-
quires stations 1 and 3, it pays a total cost of 2v, — v; — w3 > w. This out-
come is notin the core (it would be blocked by the coalition consisting of
the buyer and bidder 2), and it is more costly than any full-information
pure Nash equilibrium of the associated first-price auction.*' It follows
that the prices are inconsistent with any competitive equilibrium. In con-
trast, when the DA auction buys stations 1 and 3, its cost is [(w, + ws)/
wovy < vy, provided that w; + ws < wy, so this outcome is in the core.
When bidder 2 wins the DA auction, its cost could sometimes be higher
than that of Vickrey, but we will show that the price is nevertheless com-
petitive in the sense that if the auctioneer used its (inefficient) allocation
rule to select items at the last auction prices that bidders had accepted, it
would make the same choices.

Furthermore, DA auctions can be geared toward minimizing the ex-
pected procurement cost in the style of Myerson (1981). Assume that bid-
der values are independently distributed with known distributions F;, and

*' In the general setting, Vickrey payments to bidders are sometimes higher (but never
lower) than those in the full-iinformation equilibrium of the corresponding paid-as-bid
(menu) auction (Ausubel and Milgrom 2006).
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for each bidder i, construct the virtual cost function v;(v) = v + F(v)/
F/(v) and assume that each is increasing. In the first example, in which
any one of the three stations can be assigned, the following DA auction
is an optimal auction. There is a continuously declining base clock price
¢, and the corresponding clock price for each station 7 is y; ' (¢). If the auc-
tion begins with a high value of ¢, then the bidder with the highest virtual
cost will be the first to exit, and so the mechanism will exactly minimize
expected procurement cost. This construction has some generality: a sim-
ilar auction minimizes expected costs when the stations that are feasible
to repack are the independent sets of a matroid. In the second (knapsack
problem) example, we could similarly set i’s clock price to be v;'(¢/w;)
so long as ¢ can feasibly exit. This auction is not optimal, but it replicates
the performance of the Dantzig greedy algorithm in approximately min-
imizing the sum of the winning bidders’ virtual costs for each value real-
ization and therefore the sum of their expected payments.*

Like every DA auction, this one can also be modified to satisfy a budget
constraint or to cancel the auction if thatis impossible. For example, sup-
pose that the total procurement budget is B. If the total prices in some
DA auction exceeds B, then the auction can simply be extended so that
prices continue to fall until the total does not exceed B. If the offers at
those prices are unacceptable, then prices can continue to decrease until
the outcome is satisfactory or all prices are zero (and all stations exit). The
budgetrespecting extension is still a DA auction. In contrast, if the Vick-
rey auction must be cancelled when the total cost exceeds B, the result-
ing auction is not strategy-proof: if bidders 1 and 3 would be winners
but for the budget constraint, each of them could profitably increase its
own bid, thereby reducing the other’s Vickrey price and making cancel-
lation less likely.

III.  Clock Auctions and Truthful Bidding

We consider procurement mechanisms with N bidders, in which each
bidder can either win (which means that his bid to supply a given good
or bundle of goods is accepted) or lose (which means that his bid is re-
jected). We restrict attention to mechanisms in which winning bidders
receive payments but losing bidders do not, which we henceforth refer
to as auctions.

The preferences of each bidder i depend on whether he wins or loses
and, if he wins, on the payment p,. We assume that these preferences are

* In the actual FCC incentive auction, when the base clock price was ¢, the price offered
to any feasible UHF television station i was p;(q) = ¢(w; ~P0p,)'/2, where Pop; is the sta-
tion’s broadcast area (used as a proxy for its value distribution) and w is its interference

count, with w,”* used as a proxy for the station’s size.
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strictly increasing in the payment and that there exists some payment
v; € R, that makes him indifferent between winning and losing; we call
v; his value.?®

Informally, a DA clock auction is a dynamic mechanism that, in a se-
quence of rounds, presents a nonincreasing sequence of prices to each
bidder. Each bidder whose price is reduced in a round may choose to
exit or continue. Bidders who have not exited are called active. Bidders
who choose to continue when their prices are reduced are said to accept
the lower price. When the auction ends, the remaining active bidders
become the winners and are paid their last (lowest) accepted prices. Dif-
ferent DA auctions are distinguished by their pricing functions, which
determine the sequence of prices presented.**

To avoid technical complications, we restrict attention to auctions with
discrete time periods, indexed by ¢t = 1, .... The set of active bidders in
period t is denoted by A, & N. A period ¢ history consists of the sets of
active bidders in all periods up to period & A" = (A, ..., A,) such that
A, S ... €A, Let H denote the set of all such histories for all possible
t > 1. A descending DA clock auction is described by a price mapping
p: H— R such that p(A") < p(A"") for all ¢ > 2 and all A"

The DA auction gives rise to an extensive-form game among the reg-
istered participants, as follows. The bidders who register for the auction
comprise the initially active set: Ay = N. These bidders are committed to
accept the opening prices, which are p(N). In each period ¢ > 1, given
history A, the auction offers a profile of prices p(A’) to the bidders. If
t>2and p(A’) = p(A""), the auction stops; bidder i is then a winner if
and only if i € A, and in that case i is paid p;(A’). If ¢ > 2 and p;(A") <
(A1), then 7 may either exit or accept the new price. Letting E, € A, de-
note the set of bidders who exit, the auction continues in period ¢ + 1 with
the new set of active bidders A,.; = A\E, and the new history AT =
(A’, Ai+1). We restrict attention to auctions, in which the set {p(A’)},.y of
possible price offers is finite (ensuring that the auction ends in abounded
number of periods).

To complete the description of the extensive-form game, we need to
describe bidders’ information sets, given by functions /;: H — §;. We al-
low arbitrary information sets, except that we require that each bidder ¢
observe his current price. Formally, for any two histories A, %' € H, if
1(h) = L(H), then p(h) = p(K).

The truthful strategy of agent ¢ with value v;in a DA auction accepts at
history A if and only if p;(%) > v,. Given our assumptions, this strategy is

* For unmixed outcomes, such a preference can be expressed by a quasilinear utility
pi — v when the bidder wins and zero when he loses.

** The described descending-clock auctions for the procurement setting are the mirror
image of the ascending clock auctions for the selling setting, which in turn generalize the
classic English auction for selling a single item.
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measurable with respect to the agent’s information. We can prove that the
truthful strategy is not only a dominant strategy but also an obviously
dominant strategy in the sense of Li (2017):

DerinTION 1 (Li 2017).  Strategy o, of agent i is obviously dominant
if, for any alternative strategy o;, at any information set /; of the agent at
which o} and o; prescribe different actions, the agent’s payoff achieved by
0, and any strategy profile o_; of other players such that (o,, 0_;) visits ; is
at least as high as his payoff achieved by o} and any strategy profile o”; of
other players such that (g}, ¢_;) also visits 7.

ProrosiTION 1. The truthful strategy is an obviously dominant strat-
egy in a DA clock auction.”

Proof. A deviation from the truthful strategy involves either exiting at
a price weakly above value or continuing at a price below value. Either de-
viation yields a nonpositive payoff for any behavior of others that is con-
sistent with the information set, while the truthful strategy yields a non-
negative payoff for any behavior of others. QED

This proposition also implies that coalitional deviations from truthful
bidding cannot be strictly Pareto improving:

CoroLLARY 1. InaDA auction, for every strategy profile o, if all mem-
bers of a coalition S € N switch to truthful strategies, then at least one
member of Swill receive a weakly higher payoff.

Proof.  Consider the first history 2 € H at which a player ¢ € N bids
nontruthfully under strategy profile o. If all members of Sswitch to truth-
ful strategies, then history 4 will also be reached, and agent ¢’s payoff will
be weakly increased according to proposition 1. QED

Thus, truthful strategies form a strong Nash equilibrium of any DA
auction. Since truthful strategies do not condition on other bidders’ val-
ues, it is an ex post strong Nash equilibrium, that is, a strong Bayesian-
Nash equilibrium no matter what information bidders have about others’
values.?

IV. Winners’ Privacy

Here we formalize the notion that DA clock auctions are the only
incentive-compatible communication protocols that preserve the privacy
of winners. For this purpose, let V; € R, denote the set of bidder i’s pos-
sible values and define a communication protocol to be an extensive-form

* This proposition corresponds to an informal statement in an early version of this pa-
per, which has been formalized by Li (2017) using his definition of obviously dominant
strategies.

* Like Vickrey auctions, DA clock auctions may also have Nash equilibria in which some
bidders do not play their dominant strategies (for a description of the full set of equilibria
of the Vickrey auction, see Blume et al. 2009). However, we would not expect bidders to
play weakly dominated strategies if they have sufficient uncertainty about each other.
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game form, with each terminal node mapped to a set of auction winners,
coupled with a mapping from each agent’s value v; € V; to his strategy in
the game form. The protocol implements an allocation rule that can be
described by o : Iy V; — 2V, where a(v) € N is the set of winning bidders
in state ve V.

Computer scientists (e.g., Brandt and Sandholm 2005) say that a pro-
tocol satisfies unconditional privacy if no coalition of agents can infer any
information about the other players’ values in the course of the protocol
besides the information implicit in the final allocation.”” We modify this
definition in two ways. First, we weaken it by focusing only on winners’ pri-
vacy. The DA auctions do not preserve losers’ privacy, since their drop-
out points can reveal a lot of information about their values. Second, we
strengthen the definition to require that no information could be inferred
about a winner’s value beyond that needed to establish that he himself
should win (rather than establish the whole set of winners), even when the
other N — 1 players pool their information:

DEFINITION 2. A communication protocol satisfies UWP if for any
player i, any pair of his possible values v;, v; € V;, and any values v_; €
V_; of the other players such that the protocol results in bidder i winning
in both states (i € a(v;, v—;) N a(v), v-i)), the protocol finishes in the same
terminal node in states (v;, v_;) and (v}, v_,).

DEFINITION 3. A communication protocol is ex post incentive compati-
ble (EPIC)if the prescribed strategies form a Nash equilibrium even if each
bidder can observe the whole state V = I,y V..

ProrosiTiON 2. A DA clock auction with truthful bidding satisfies
UWP. Furthermore, any allocation rule on a finite state space V thatis im-
plementable with an EPIC communication protocol satisfying UWP is also
implementable with a DA clock auction with truthful bidding.

Proof.  For the first statement, for player ¢ to win in a DA clock auction
with truthful bidding for two different values v;, v; € V;, given any strategy
profile of the other players, player i must not exit in either case, and so
the protocol must finish in the same terminal node in both cases.”®

For the second statement, starting with an EPIC UWP protocol Pim-
plementing allocation rule o, we construct a DA auction with truthful
bidding that also implements «. First, we note that since Pis EPIC, the

*" This notion is also known as noncryptographic privacy, since it permits neither private
communication channels (as in private key cryptography) nor agents’ computational con-
straints (as in public key cryptography). A definition of privacy that allows such crypto-
graphic tricks would not much restrict what can be implemented (see Izmalkov, Micali,
and Lepinski 2005).

* This argument actually establishes a somewhat stronger property than UWP: that even
if the other players use nontruthful strategies (in computer science lingo, they are Byzan-
tine rather than selfish), they still cannot learn additional information about player #’s value
without causing him to lose.
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direct mechanism for « is dominant strategy incentive compatible and
therefore o must be monotonic (see sec. V). Then, we construct the DA
auction by induction on the histories of P, in such a way that the DA auc-
tion reveals at least as much information about players at each history as
P does at its corresponding history. We initialize the opening price of
each bidder 7 at p,(N) = max V, for each i (so that all types truthfully ac-
ceptit). Then, at any history & of P, let V S V denote the set of states in
which £ is reached in P. By the usual communication complexity argu-
ment (e.g., Kushilevitz and Nisan 1997; Segal 2007), this set must be a
productset: V.= V; x ... x Vy. Let ibe the player who sends a message
at history %~ in P. We replace his message with several rounds of the DA
auction that reduce bidder #’s price p; to p} = max{v,€ V; U {—1}:v, <
p:} foraslongas i & U, oy api, v-;)—thatis, as long as bidder ¢ with value
p; could never win at history A in P.

At the end of the price reductions, all bidder i types who could not win
at history & in P fully reveal themselves in the DA auction by exiting. If
£ <min V, then i & U,ya(v); thatis, bidder i could never win at history
hin Pand is sure to exit in the DA clock auction as his price is reduced
to p. If instead p, > min V;, there exists v_, € V_; such that i € a(p,, v_;); by
monotonicity of a we also have i € a(v;, v_;) for any type v; < p, who has
not exited the clock auction at this point, and therefore by UWP of Pany
such type must send the same message as type p; at history A.

Thus, when bidder i responds truthfully to the price reductions, all
bidder i types with values not exceeding the new price p; do not reveal
themselves in either the original protocol or the constructed DA auction,
while all types with values above p, fully reveal themselves in the DA auc-
tion by exiting. Hence, the clock auction reveals at least as much informa-
tion as Pat the corresponding history. In each round of the clock auction,
only bidders who could never win in Pexit. At any terminal history s of P,
(V) must be a singleton, and so any bidders who could still win (i.e., who
have not exited the clock auction) must be winners. Thus, the constructed
DA auction implements allocation rule a. QED

V. Equivalent Direct Mechanisms

Appealing to the revelation principle and the strategy-proofness of DA
auctions, we can construct an equivalent direct revelation mechanism
as follows. Let V; € R, denote the set of bidder 7’s possible values. In
the direct mechanism, each bidder reveals his value, and the mechanism
implements an allocation rule o : Iy V; — 2¥ and a payment rule :
1., V; —> RY such that losing bidders are not paid; that is, mi(v) = 0 for
all i € N\a(v). Such triples (V, o, ) may be called “direct auctions.”

DeriNtTION 4. Allocation rule o« is monotonic if i € a(v;, v-;) and
v, < v, imply 7 € a(v), v_;).
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DEFINITION 5. A direct auction (V, o, ) is a threshold auction if « is
monotonic and the price paid to any winning bidder i € a(v) is given
by the threshold pricing formula:

mi(v-;) = sup{vi € Vi: i€ a(v;, v;)}. (1)

The following characterization of strategy-proof direct auctions is well
known:

ProposITION 3.  Any threshold auction is strategy-proof. Conversely,
any strategy-proof direct auction has a monotonic allocation rule, and if
V = RY, it must be a threshold auction.

We may describe the direct DA algorithm on value spaces V by a col-
lection of scoring functions (s!),c .1, where for each AS N and each
i€ A, the function s/ : V; x Vyyu — Ry is nondecreasing in its first argu-
ment. The input to the algorithm is a value vector v € V, and the algo-
rithm works as follows. Let A, € N denote the set of active bidders at
the beginning of iteration ¢ We initialize the algorithm with A, = N.
In each iteration ¢ > 1, if 5" (v;, vy4,) = Oforall i € A, then stop and out-
put a(v) = A; otherwise, let Ay, = A/\arg max,, s (v;, vy4) and con-
tinue. In words, the algorithm iteratively rejects the least desirable (highest-
scoring) bids until only zero scores remain. We say that the DA algorithm
computes allocation rule « if for every value profile v € V, when the algo-
rithm stops, the set of active bidders is exactly a(v).

By inspection, every DA algorithm computes a monotonic allocation
rule. Thus, we can define a DA threshold auction as a sealed-bid auction that
computes its allocation using a DA algorithm and makes the correspond-
ing threshold payments to the winners. This auction, like any threshold
auction, is strategy-proof. Furthermore, the threshold prices can be com-
puted in the course of the DA algorithm by initializing the prices as
p? = +ooforall i and then updating them in each round ¢ > 1 as follows:

pi = min{;bf*l, sup{ v € Viist(ul, o) < sf‘ (v], vN\A,) forje A,\AM}}

for every bidder ¢ € A,;;. In the final round of the algorithm, for every
winner ¢ € A", p is the winner’s threshold price.

The next two results show that the direct mechanisms corresponding
to clock auctions with truthful strategies are exactly direct DA threshold
auctions.

ProrosITION 4. The direct mechanism for a finite DA clock auction
with state space V = RY (more generally, such that {;(h): he H} SV, C
R.) and truthful bidding is a DA threshold auction.

Proof.  Given a finite DA clock auction p, we construct the scoring
rule for the direct DA auction in the following manner. Holding fixed
a set of bidders S € N and their values vs € R®, let A(vs) denote the set
of active bidders in round ¢of the clock auction if every bidder from S bids
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truthfully and every bidder from N\S never exits.* Now for any given
ACS N and ¢ € A, define the score of agent ¢ as the inverse of how long
he would remain active in the clock auction if he bids truthfully with
value v, and all bidders from N\A bid truthfully with values vy, while
bidders in A\{i} never quit:

1
sup{t >1l:ie At{i}U(N\A)<via UN\A)} .

3}4(%’ vN\A) =

(Note that the scoreis 1 /o0 = 0 ifagent i remains active for the remainder
of the auction.) This score is by construction nondecreasing in v;. Also by
construction, given a set A of active bidders, the set of bidders to be rejected
by the algorithm in the next round (arg max, s (v;, vya)) is the set of
bidders who would quit the soonest in the clock auction under truthful
bidding. If no more bidders would ever exit the auction, then all active bid-
ders have the score of zero, so the DA algorithm stops. Finally, each win-
ner’s final clock auction prices is its threshold price: it would have lost
by bidding any higher value in V; in the DA auction, since this would cor-
respond to rejecting the final price in the clock auction. QED

ProrosiTION 5. Every direct DA threshold auction with a finite state
space Vis a direct mechanism for some finite DA clock auction with truth-
ful bidding.

Proof.  Given a direct DA threshold auction with a scoring rule s and a
finite state space V, we construct an equivalent clock auction as follows.
We beginwith notation. Letp;, = max(V,; N (—oo, p;) U {min V; — 1})and
p7 = min(V; N (p;, +o0) U {max V; + 1}). These denote the result of dec-
rementing or incrementing a price p; by a minimal amount.

The auction then operates as follows. Set the opening prices to p;(N) =
max V; for each i, so that all truthful bidders participate. In each subse-
quent round, set

p(A7Y) " if i e argmaxje s’ (p (A7), paa(AD7),
p(A") = . .

i (A ) otherwise.
This decrements the price to every highest-scoring active bidder, where
the scoring function is applied to the last accepted price. Because the auc-
tion maintains p;(A') = p,(A"") for all i € N\ A, it remembers the prices
rejected by the bidders who exited, which are one decrement below their
values.

Then equivalence is easy to see. First, for every history of the clock auc-

tion, under truthful bidding, the next set of bidders to exit consists of

* Formally, initialize Af(vs) = N and iterate by setting A}, (vs) = Al (vs)\{je S:v >

(A7 (vs))}. The sequence (Aj(vs)),~, must start repeating eventually (when the clock
auction stops).
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the bidders who have the maximum scores among the active bidders, and it-
erating this argument establishes that the final set of winners is the same
in both auctions. Second, for each bidder who has not exited by the auc-
tion’s end and thus becomes a winner, his final clock price is his highest
value that would be still winning, that is, his threshold price. QED

These results imply that direct DA threshold auctions inherit strategy-
proofness and weak group-strategy-proofness from their clock auction
counterparts (see proposition 1 and corollary 1, respectively).”” On the
other hand, direct auctions lose obvious strategy-proofness and winners’
privacy, making them less attractive for some applications.” At the same
time, direct DA threshold auctions are a useful theoretical construct for
understanding the objectives that may be achieved by means of clock
auctions.

VI. Examples of DA Auctions

In this section we describe some examples that shed light on potential
applications. These examples expand on the examples of section IT as well
as some observations made in the earlier literature and in follow-up work
to an earlier version of this paper.

ExampLE 1 (Ensuring feasible outcomes). Suppose that it is feasible
for the auctioneer to accept bids of only a subset of bidders A € F, where
F € 2V is a given family of sets, with N € F (so that feasibility is achiev-
able).” A DA clock auction maintains feasibility if it only reduces prices
to stations ¢ if A\{i} € F and only to one such station at a time.

In the reverse auction of the FCC’s incentive auction, checking whether
a given set N\ A of the rejected bidders could be assigned to the available
channels in a way that satisfies all interference constraints was an NP-hard
problem, which could not always be solved in the allotted time.”® When
the feasibility checker timed out without producing a yes or no answer,
the time-out was treated as a no and the price offer for the station was not

* Note that such auctions are not generally strongly group-strategy-proof because a
weak Pareto-improving coalitional deviation may be obtained by a change in losing bids
that increases a winner’s threshold price. The immediate implication is for DA threshold
auctions on finite value spaces, but the arguments are easily extended to infinite value
spaces.

* A downside of clock auctions is that they are slower, often requiring many rounds to
achieve good precision. It is also possible to specify hybrid designs that achieve a compro-
mise between the speed of sealed-bid auctions and the attractive features of clock auctions.
These hybrid designs include, e.g., clock auctions with sealed intraround bids (restricted to
be between start-of-round and end-of round prices) and the survival auctions of Fujishima,
McAdams, and Shoham (1999).

* For instance, in the example in sec. I, F = {{1, 2}, {3}, {1, 3}, {2, 3}, {1,2,3}}.

* Inauction simulations, the customized feasibility-checking software developed for the
incentive auction obtained the exact answer in 99.9% of the feasibility-checking problems
(Frechette, Newman, and Leyton-Brown 2018).
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reduced. This guaranteed both feasibility and strategic simplicity for the
bidders, regardless of the precision of computations.

ExampLE 2 (Optimization with matroid constraints). Suppose that
the goal is to find an efficient (social cost-minimizing) set of winning bids
subject to a feasibility constraint, as follows:

a(v) € arg min > v;. (2)

ASF Sea
Suppose further that we have a perfect feasibility checker, which can
compute whether A€ F. The simplest relevant scoring function is
sM(vs, vna) = v - Layger. Set aside the issue of ties by assuming that the
sets of possible values are disjoint: V; N V; = & for ¢ # j. Then, by a clas-
sical resultin matroid theory (see Oxley 1992), the resulting greedy rejec-
tion algorithm computes an efficient allocation rule « if and only if the
feasible sets of rejected bids ({R S N : N\R € F}) are the independent
sets of a matroid with ground set N. This algorithm is implemented by
a clock auction that offers the same descending price to all the active bid-
ders who could still be feasibly rejected and freezes a bidder’s price when
it can no longer be feasibly rejected.”

The matroid property in example 2 captures a notion of one-for-one
substitution among bidders (in particular, it implies that all the maximal
feasible sets of rejected bids—the bases of the matroid—have the same
cardinality). This substitution pattern does not hold, even approximately,
in the FCC setting, which involves a trade-off between acquiring a larger
number of stations with smaller coverage areas and a smaller number of
stations with larger coverage areas, as illustrated in section II. One way to
accommodate that in the auction is illustrated in the following stylized
example:

ExampLE 3 (Knapsack problem). Suppose that the family of feasible
sets takes the form

F=CACEN: D w <1

ieN\A

* This is related to the analysis of Bikhchandani et al. (2011), who consider selling auc-
tions in which the family of sets of bids that could be feasibly accepted is a matroid. Their
proposed efficient clock auction increments prices for bidders who could still possibly lose,
i.e., ones whose rejection would preserve the spanning property of the set of active bidders.
(This generalizes the clock auction proposed by Ausubel 2004.) Their auction implements
the greedy worst-out heuristic algorithm, while our proposed reverse auction implements
the greedy best-in heuristic algorithm. While either algorithm would yield efficient alloca-
tions in both the procurement and the selling matroid auctions, only one of them consti-
tutes a DA algorithm: in the procurement auction it is the best-in algorithm, and in the
selling auction it is the worst-out algorithm.
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The problem of maximizing 2.y v; subject to Z.yw; < 1 is known as the
knapsack problem. Interpreting w; > 0 as the size of bidder i, this prob-
lem is equivalent to problem (2) with the specified choice of F.* This
formulation generalizes the example of section II, so we again appeal to
the Dantzig greedy heuristic, which, setting aside ties, corresponds to
the direct DA algorithm with s*(v;, usa) = v/ w;14er. This is equivalent
to the clock auction in which a descending base clock price ¢determines
the current price offer w,g to each active bidder ¢ and in which the price
for bidder i freezes when the bidder can no longer be feasibly rejected. It
can be shown that the inefficiency is no larger than v;/w; multiplied by
the remaining empty space in the knapsack when item ¢is first rejected.

For the FCC reverse auction, one goal was to keep total procurement
cost low: lower procurement costs contributed to more spectrum being
cleared. That makes it interesting to generalize our section II example,
showing how a DA auction can approximately minimize expected costs.

ExampLE 4 (Expected cost minimization with independent values).
Suppose that bidders’ values v; are independently drawn from distribu-
tions F(v) = Pr{v; < v} on V; = [0, 3] for each i. Following the logic of
Myerson (1981), the expected cost of a threshold auction that implements
allocation rule o can be expressed as E[Zic.)y:(v)], where v,(v;) = v +
F(v)/F/(v;) (bidder i’s virtual cost function). Assume that the virtual
cost functions are strictly increasing. Then, if we are given a DA algo-
rithm with scoring rule s that exactly or approximately minimizes the ex-
pected social cost subject to feasibility constraints as in the above exam-
ples, it can be modified to yield a DA threshold auction that exactly or
approximately minimizes the total expected cost of procurement sub-
ject to the constraints. The modified auction uses the scoring rule
$1(bi bva) = 5 (vi(B1), (75(8))jenna)-

ExampLE b (Expected cost minimization with correlated values).  Sup-
pose that the auctioneer again cares about minimizing the expected total
cost, but relax the assumption that bidders’ values are statistically inde-
pendent. In such cases, as noted by Segal (2003), the auctioneer would
optimally condition the price offered to one bidder on the bids of the
others, including those who no longer have a chance of winning. Thus,
in contrast to the preceding examples, in this context it can be helpful
to condition scores on the values of already-rejected bids.

For a simple example, if the auctioneer values acquiring each bidder
at 7 and faces no feasibility constraints, it might use scoring functions
st(vi,ona) = max{v; — j)j(vN\A),O}, where pj(vN\A) = argmax, (7T — p)

* In follow-up work, Duetting, Gkatzelis, and Roughgarden (2014a) consider instead
the selling problem, in which the accepted bids must fit into a knapsack, and examine
the approximation power of DA algorithms for this problem.
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Pr{v; < pluwa} is the optimal monopsony price for the posterior distribu-
tion of values, given the rejected bids. In follow-up work to an earlier
version of this paper, Loertscher and Marx (2015) show that the optimal
expected profits can be approximated asymptotically with a DA clock auc-
tion for a large number of bidders whose values are drawn independent
and identically distributed from an unknown distribution.

Another important objective in the FCC’s incentive auction is satisfac-
tion of a budget constraint: the reverse auction’s cost must be at least cov-
ered by the forward auction’s revenues. In general, rather than being
fixed, as in our example in section II, the available budget may depend
on the set of items purchased.

ExamPLE 6 (Auctioneer’s budget constraint). Suppose that the bud-
get constraint is that when the set of winning bidders is A, the auctioneer
is not permitted to pay more than R(A) in total, with R(&) = 0. Any DA
clock auction p can be modified to one that always satisfies the budget
constraint and produces the same outcome as the original auction when
the latter would satisfy the constraint and otherwise may reduce the set of
winning bidders or cancel the auction, if necessary. For this purpose, one
simply changes p so that p(A’) < p(A"") whenever 2., p;(A"") > R(A,).*
The modified auction is still a DA auction with all the properties that
implies.

In the mirror-image formulation of selling goods, budget-constrained
costsharing DA clock auctions have been proposed by Moulin (1999) and
Mehta, Roughgarden, and Sundararajan (2009). Their clock auctions al-
ways offer prices to all active bidders who exactly cover the cost of serving
them (in our notation, 2., pi(A™") = R(A,,) for all histories A""") and
stops as soon as all active bidders accept their prices (i.e., A, = A, ;). A
different kind of budget-constrained (sealed-bid and clock) DA auction
for procurement is proposed by Ensthaler and Giebe (2009, 2014) for
the case where the target revenue R(A) does not depend on the set of
winners A. In a follow-up to our work, Jarman and Meisner (2017) study
optimal budget-constrained auctions for this case and show that they can
be implemented as DA auctions.

Budget constraints may be combined with various feasibility con-
straints on the set of accepted bids. For example, McAfee (1992) proposes
a budget-constrained DA clock double auction for a homogeneous good
market with unit buyers and unit sellers, in which the feasibility constraint
dictates that the number of the accepted buy bids (demand) must be equal
to the number of the accepted sell bids (supply).*” The FCC’s incentive

* The equivalent direct DA threshold auction must use scoring that is contingent on
already-rejected bids, since it is those bids that determine the current threshold prices
of the still-active stations.

¥ McAfee’s clock auction offers the same ascending buy price to all buyers and the same
descending sell price to all sellers, freezing the price to a short side of the market to keep
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auction is similarly a double auction for spectrum sellers (television broad-
casters) and spectrum buyers (mobile broadband companies) that is con-
strained to generate a certain amount of net revenue but subject to the
added complication that buyers demand and sellers supply different kinds
of differentiated goods, and the feasible combinations of accepted bids are
quite complicated. Nevertheless, the FCC’s setting also admits a double
clock auction that, in the manner of McAfee’s double auction, sets a se-
quence of possible targets for the number of channels to clear, starting
with the largest number and then reducing it whenever the revenue con-
straint cannot be satisfied with the current clearing target.*®

VII. Optimization, Substitutes, and Clock Auctions

A substantial literature on many-to-one matching (Gale and Shapley
1962; Kelso and Crawford 1982; Demange, Gale, and Sotomayor 1986;
Hatfield and Milgrom 2005) has demonstrated that a stable allocation
can be found using a DA algorithm in settings with an appropriate sub-
stitutes property, which guarantees that the responding agent will never
regret rejecting a provisionally losing offer when other available offers
have improved. (See Ausubel 2004 and Bikhchandani etal. 2011 for sim-
ilar results for auctions.) In our setting, which is a special case of the ones
considered in the literature (it has a single responding agent, and the
proposing agents are single minded), allocation rule « has substitutes if
i € a(v) and v} > v, for some j # i implies i € (v}, v-).

An allocation rule « that has substitutes on a finite state space can be
implemented by a DA clock auction that decrements prices minimally
only to those active bidders who would not be accepted in «, given cur-
rent best offers (the active bidders’ current prices and the exited bidders’
last accepted prices), and continues until no such bidders can be found.
Furthermore, in appendix C, we show that implementability with any
clock auction satisfying those conditions on any finite product subspace
characterizes the substitutes property.

While the substitutes property is satisfied in some classical examples
(such as example 2), it is known to be quite restrictive (see, e.g., Hatfield
and Milgrom 2005; Milgrom 2009; Ostrovsky and Leme 2015). As dis-
cussed above, DA clock auctions can also achieve good performance for
some practically important settings in which bidders cannot be treated
as substitutes (such as settings with knapsack feasibility constraints, bud-
get constraints, or correlation in expected cost minimization). However,

demand within 1 of supply and stopping as soon as both (1) the sell price falls weakly below
the buy price and (2) demand equals supply.

* Duetting, Roughgarden, and Talgam-Cohen (2014) consider the approximation power
of balanced-budget DA double auctions for settings in which buyers and sellers must be
matched one-to-one, subject to some constraints.
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the proposed DA auctions for those settings were not exactly optimal, and
we now show that this is not accidental: DA auctions are inconsistent with
optimizing any objective function in a natural class. Thus, the handling
of complements by DA clock auctions is always heuristic, not optimizing.

An allocation rule « is optimizing if
a(v) € argmaxF(A) — D yi(v;) (3)

ACSN i€A

for some function F: 2V — R" U {—o} and functions v, : R — R. For ex-
ample, condition (3) is a surplus maximization problem when v,(v;) = v;,
and F(A) is the auctioneer’s gross benefit from accepting bid combina-
tion A (with infeasible combinations assigned F(A) = —o0). Alternatively,
condition (8) can describe maximization of the auctioneer’s expected
profit or minimization of its expected cost (as in example 4) when bidders’
values areindependently drawn from regular distributions whose virtual val-
ues are given by v,(v;).

PROPOSITION 6.  Suppose that allocation rule o : RY — 2" solves con-
dition (3) for each v € RY for some nondecreasing continuous functions
7; for each i Further suppose that « restricted to any finite state space
V = Iy V; € RY is implementable with a DA clock auction. Then, « has
substitutes on any such state space V on which the objective in condition (3)
has no ties.

The proof of the proposition is given in appendix D.

VIII. Competitiveness of DA Auction Payments

In this section, we compare the prices in DA auctions with two notions
of competitive prices corresponding to competitive equilibrium and
the full-information Nash equilibrium of the related paid-as-bid auction.
For each of the concepts, the auctioneer uses the same DA allocation rule
o to map bids to outcomes.

DEFINITION 6. Let AC N and pe V. We say that (A, p) is an a-
competitive equilibrium in state v e V if (1) v; < p, for all i€ A, (2) v; = p;
for all i e N\A, and (3) A = «a(p).

The following proposition establishes, for any DA allocation rule «, a
three-way equivalence between (1) the winners’ threshold prices (7(v)),
(which are also the DA auction prices), (2) the maximal competitive equi-
librium prices supporting the winning allocation, and (3) winning bids in
a full-information Nash equilibrium of the related first-price auction.

ProPOSITION 7. Let o be a DA allocation rule, and letve V, AC N,
and p, € V,. Then the following three statements are equivalent:

a. A = a(v) and for each i € A, p; = m;(v_));
b. (pa, vxa) 1s @ maximal price vector such that (A, p,, vya) is an o-
competitive equilibrium in state v;
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¢. bid profile (p4, vwa) is a full-information Nash equilibrium of the
paid-as-bid auction in state v, yielding allocation A.

Proof.  Part b implies part a. We must have A = a(v) = a(pa, vxa) by
equilibrium condition 3 and UWP. Thus, by equation (1), p; < m;(v-;) for
all 7 € A. This must hold with equality for the equilibrium to be maximal.

Parts a and b imply part c. By part b, all bidders have nonnegative pay-
offs at bid profile (p,, vwa). Itis trivial that bid reductions are not prof-
itable for either a winner or a loser in the paid-as-bid auction. Since each
winner is bidding its threshold price, any bid increase by a winner would
cause him to lose. By monotonicity of «, a loser also cannot gain by in-
creasing his bid.

Part c implies part b. Take any Nash equilibrium bid profile p € V with
Py = vna, and let A = ap). Then (A, p) satisfies competitive equilib-
rium conditions 2 and 3 by construction and satisfies condition 1 be-
cause of winners’ best-response condition. Now, take any p' > p such that
(A, p') is a competitive equilibrium in state v. Competitive equilibrium
condition 2 requires that pf\,\A < Una = Py, and so pjwm = uyu. But
we must also have p, < p,; otherwise, a bidder i € A with p; > p; would
have a profitable deviation to p; from bid profile p, remaining winning
because of UWP. QED

As noted above, there is no corresponding equivalence for the Vickrey
auction: Vickrey prices may be neither competitive equilibrium prices nor
consistent with any equilibrium of the corresponding paid-as-bid auction.

Proposition 7 leaves open the possibility that there may exist multiple
competitive equilibrium outcomes, including ones in which losers’ equi-
librium prices are below their values. There could also be multiple Nash
equilibrium outcomes of the first-price auction. In appendix E, we show
that if the allocation rule « is nonbossy, these problems mostly vanish:
there is a unique a-competitive allocation, which is also the unique alloca-
tion among undominated strategiesin the related first-price auction game.
In addition, the first-price auction game is then dominance solvable.

IX. Simulations of the FCC Reverse Auction

The usefulness of the DA auctions introduced in this paper depends on
their performance in complex applications. One way to examine that is
to use simulations based on the FCC design and compare the outcomes
with those of the Vickrey-Clarke-Groves (VCG) mechanism. Since fully op-
timizing the repacking of the 2,990 US and Canadian stations to compute
VCG allocations and prices has proven to be computationally intractable,
in work with collaborators (Newman et al. 2017) we conducted auction
simulations using a small enough set of stations for exact efficient chan-
nel assignments to be computed. The subset consists of 202 US UHF
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stations, starting with seven UHF stations in New York City and including
all the UHF stations that are within two links from them in the interfer-
ence graph, assuming that UHF stations are not interested in switching
to very high frequency (VHF). This subset covers one of the densest areas
of the United States: the average number of neighbors (stations with which
a given station shares an interference constraint) in the subsetis 46.1, and
overall there are 70,384 channel-specific interference constraints (posted
by the FCC at http://data.fcc.gov/download/incentive-auctions/Con
straint_Files/). We simulated the problem of clearing 21 broadcast chan-
nels (126 MHz of spectrum), which was the FCC’s initial clearing targetin
the incentive auction. Station values for our simulations were drawn randomly
using the methodology proposed by Doraszelski et al. (2016) based on
publicly available data. The total value of the 202 stations in the data set
is $13.3 billion.

We simulated both the VCG outcome and the outcome of the FCC auc-
tion, under the assumption that each station is owned separately and bids
truthfully. For the FCC auction, we scored stations using the volumes used by
the FCCin the auction (posted at http:/ /wireless.fcc.gov/auctions/incentive
-auctions/Reverse_Auction_Opening_Prices_111215.xlsx).

We used the same computational environment (described in Newman
etal. 2017) for both approaches. On the scaled-down setting, the average
VCG run took more than 90 days of aggregate CPU time (the computa-
tion of VCG prices to the winners could be parallelized).

Then, we simulated the FCC’s auction for the same data set, using
the SATFC feasibility-checking software developed by Auctionomics
(described by Frechette, Newman, and Leyton-Brown 2018). We used
SATFC, version 2.3.1 (publicly released at https://github.com/FCC/SATFC
/releases), which was also used by the FCC in the actual auction. In con-
trast, the average FCC auction on the scaled-down setting took 1.5 hours of
aggregate CPU time.”

Since the VCG outcome minimizes the total value of stations taken off
air, the corresponding value for the FCC auction design must necessarily
be higher. We defined the value loss ratio of the DA mechanism as the sum
of values of stations winning (and hence going off air) under the mech-
anism divided by the corresponding sum of values of winning stations in
the efficient (VCG) allocation. In our simulations, the FCC auction de-
sign had efficiency loss ratios of between 0.8% and 10.0% (the average
ratio was 5%). On the other hand, the costs (total payments to broadcast-
ers) of the FCC auction were 14%-30% lower than the costs paid by VCG
(the average cost savings was 24%).

* With feasibility checking parallelized among 18 SATFC workers using eight cores
per worker, an actual simulation computing both the allocation and prices took about
7 minutes.
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In addition, the FCC design proved to be computationally tractable
and could be scaled up to the true size with a roughly proportional in-
crease in computation time: indeed, a nationwide computation could be
run using about 6 CPU hours.* In contrast, sufficiently precise nationwide
VCG computations were found to be impossible even in a matter of CPU
weeks. Thus, the simulations established that, in contrast to the VCG auc-
tion, a heuristic DA auction with good feasibility checking is computation-
ally feasible and can achieve significant cost savings by reducing stations’
information rents, with smaller losses of allocative efficiency.

X. Multiminded Bidders

Our analysis has restricted bidders to be single-minded, that is, to bid for
a single predetermined option. The problem of algorithmic design of
strategy-proof mechanisms for multiminded bidders in computationally
difficult environments is substantially more challenging. For example, in
the DA algorithms of Gale and Shapley (1962) and Hatfield and Milgrom
(2005) as well as their practical adaptations, such as the simultaneous
multiround ascending auctions used by the FCC (Gul and Stacchetti 2000;
Milgrom 2000), multiunit buyers have incentives to engage in demand re-
duction (and, similarly, multiunit sellers have incentives to engage in sup-
ply reduction). While for some settings sophisticated DA clock auctions
have been proposed in which truthful bidding is an ex post Nash equi-
librium (Ausubel 2004; Ausubel, Cramton, and Milgrom 2006; de Vries,
Schummer, and Vohra 2007; Bikhchandani etal. 2011), in those settings,
bidders are substitutes, computations are correspondingly easy, and the
outcomes coincide exactly with the Vickrey outcome. For computation-
ally challenging combinatorial auction settings, proposed DA auctions
include versions of sequential serial dictatorship (Bartal, Gonen, and Ni-
san 2003), randomized mechanisms that are truthful in expectation (Lavi
and Swami 2011), and mechanisms that implement in undominated strat-
egies (Babaioff, Lavi, and Pavlov 2009). However, the approximation guar-
antees of these mechanisms shrink in the number of objects, so these mech-
anisms may not have worked well for the FCC reverse auction problem.
In the FCC reverse auction setting, a number of participants were po-
tentially multiminded: namely, they could have been interested in sell-
ing more than one station or in switching to a VHF channel rather than
giving up their licenses outright. Our recommendation to the FCC was
based on our assessment that the crucial challenge of the auction was to at-
tract participation of the hundreds of broadcasters with the lowest values,

* Even though nationwide simulations necessitated using time-outs on some feasibility-
checking problems, these were found to have no substantial effects on the overall effi-
ciency and cost.
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who would be the sellers in an efficient outcome. From the perspective of
these mostly smaller bidders, this was an extremely complicated resource
allocation, in which the rules for winner determination were barely com-
prehensible and certainly not computable. Few of these bidders would
be likely to hire expensive consultants to advise their bidding. Most would
plan to sell at most one station in any given market and have only a single
option in mind: selling their broadcast rights if the price was high enough.
For such bidders, the obviously strategy-proof DA clock auction would
make it easy to decide to participate and bid.*

XI. Conclusion

The analysis and results reported in this paper were developed in con-
nection with our engagement to advise the FCC on the design of’its incen-
tive auction. The search for pricing algorithms to lead to the best possible
results inspired simulations that eventually led to the pricing rule de-
scribed above. In contrast to sealed-bid auctions, DA clock auctions have
the huge advantage for this application that they are obviously strategy-
proof and, in contrast to Vickrey auctions, are computable, weakly group-
strategy-proof, and compatible with auction budget constraints. Obvious
strategy-proofness is important because it reduces the cost of participa-
tion, especially for small local broadcasters whose participation was be-
lieved to be critical for a successful incentive auction.*

Our competitive pricing results highlight the good news that the ob-
vious strategy-proofness that might attract participation by small broad-
casters need not raise acquisition costs above the levels of competitive
equilibrium prices or above the bids in a Nash equilibrium of the related
paid-as-bid auction. This is important for efficiency as well because the
full incentive auction was a two-sided mechanism, in which the reve-
nues from the forward auction portion must be sufficient to pay the costs
the broadcasters incur in moving to new broadcast channels (as well

* Given the DA clock auction design, market power by broadcasters was a potential
problem that grew in importance after the auction design was substantially completed,
as investors bought multiple television stations in individual markets. The significance of
market power that may have resulted is an empirical question. By law, bids in the auction
cannot be revealed, and that limits our ability to assess the impact of supply withholding
strategies in the actual reverse auction.

** Two additional advantages make a DA clock auction particularly suitable for the FCC’s
problem and account for the broad popularity of clock auctions in practice. First, clock
auctions with information feedback can help bidders aggregate common value informa-
tion and thereby improve efficiency and revenues (as in Milgrom and Weber 1982). Sec-
ond, clock auctions allow bidders to express their preferences for multiple bidding options
(e.g., auction bundles) by switching among those options (expressing such preferences in
a sealed bid may require a larger message space). However, modeling these advantages is
beyond the scope of this paper.
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as meeting certain other gross and net revenue goals). High costs could
lead to less clearing, less trade, and a loss of efficiency.*

Roth (2002, 1341) has observed, “Market design involves a responsibil-
ity for detail, a need to deal with all of a market’s complications, not just
its principal features.” Over the past two decades, variants of the original
DA algorithm have had remarkable success in accommodating the di-
verse details and complications of a wide set of matching market design
problems. In this paper, we extend that success to a new class of auction
designs and reaffirm the DA idea as the basis for some of the most suc-
cessful new market mechanisms.
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