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By leveraging shared entanglement between a pair of qubits, one can teleport a quantum state from
one particle to another. Recent advances have uncovered an intrinsically many-body generalization
of quantum teleportation, with an elegant and surprising connection to gravity. In particular, the
teleportation of quantum information relies on many-body dynamics, which originate from strongly-
interacting systems that are holographically dual to gravity; from the gravitational perspective, such
quantum teleportation can be understood as the transmission of information through a traversable
wormhole. Here, we propose and analyze a new mechanism for many-body quantum teleportation—
dubbed peaked-size teleportation. Intriguingly, peaked-size teleportation utilizes precisely the same
type of quantum circuit as traversable wormhole teleportation, yet has a completely distinct micro-
scopic origin: it relies upon the spreading of local operators under generic thermalizing dynamics
and not gravitational physics. We demonstrate the ubiquity of peaked-size teleportation, both ana-
lytically and numerically, across a diverse landscape of physical systems, including random unitary
circuits, the Sachdev-Ye-Kitaev model (at high temperatures), one-dimensional spin chains and a
bulk theory of gravity with stringy corrections. Our results pave the way towards using many-body
quantum teleportation as a powerful experimental tool for: (i) characterizing the size distributions
of operators in strongly-correlated systems and (ii) distinguishing between generic and intrinsically
gravitational scrambling dynamics. To this end, we provide a detailed experimental blueprint for
realizing many-body quantum teleportation in both trapped ions and Rydberg atom arrays; effects
of decoherence and experimental imperfections are analyzed.

Quantum teleportation leverages entanglement to
transmit quantum information between distant loca-
tions [2–6]. Typically, one thinks about teleportation in
the context of a few, well-controlled degrees of freedom.
For example, two distant observers might share a pair of
maximally entangled qubits (i.e. an EPR pair), enabling
a measurement by one observer to teleport an unknown
quantum state to the other.

Recently, a confluence of seminal results has un-
veiled several novel instances of teleportation in strongly-
interacting, many-body systems [1, 7–16]. Similar to con-
ventional quantum teleportation, these protocols utilize
shared entanglement as well as measurement and clas-
sical communication. However, they differ from con-
ventional quantum teleportation in a few key aspects.
Most notably, prior to teleportation, the initial quan-
tum state is scrambled by the application of a many-body
unitary. At first glance, this coexistence of scrambling—
broadly speaking, the increasing complexity of initially
simple quantum information under many-body time dy-
namics [17–21]—and teleportation might seem counter-
intuitive. Indeed, one often thinks of teleportation as a

∗ These authors contributed equally to this work.

directed quantum channel moving information between
two specific locations; in contrast, scrambling disperses
quantum information across all of the degrees of free-
dom in a system. The most natural way to reconcile
these two perspectives is through the language of quan-
tum error correction [22]: by encoding, via scrambling,
one observer’s local information into non-local correla-
tions across a many-body system, one can in fact tele-
port this information with access only to any few of the
system’s qubits.

The most notable example of many-body teleportation
is the so-called traversable wormhole (TW) protocol, dis-
covered in the context of quantum gravity [1, 7, 8, 14–16].
From the bulk gravitational perspective, this protocol
consists of a particle traveling from one side of a worm-
hole geometry to the other; the wormhole is rendered
traversable by the application of a two-sided boundary
coupling. In the boundary theory, the wormhole geom-
etry corresponds to a highly entangled thermofield dou-
ble (TFD) state shared between two copies of a many-
body system, and the coupling is implemented via mea-
surement and feed-forward operations [Fig. 1(a)]. Cru-
cially, for this bulk-boundary correspondence to hold, the
Hamiltonian describing the boundary system must ex-
hibit “coherent”, gravitational scrambling dynamics—this
is realized, for example, in the Sachdev-Ye-Kitaev (SYK)
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Figure 1. (a) Teleportation protocol, proceeding from bottom to top. To teleport, a subset of the left qubits are measured
in the Ôi basis, and operations V̂i = eigoiÔi/K conditioned on the measurement results oi are performed on the right (purple).
(b) The protocol hosts two mechanisms of teleportation: peaked-size (red) and gravitational (blue). The channel capacity
of peaked-size teleportation decreases with increasing time, while its fidelity decreases with decreasing temperature. At high
temperature and late times, it is equivalent to teleportation in the HPR protocol (red diamond). Gravitational teleportation
occurs at low temperatures in systems dual to semiclassical gravity (e.g. the SYK model), and exhibits the same channel
capacity but higher fidelity compared to peaked-size teleportation. Increasing the strength of stringy corrections to the gravity
theory interpolates between gravitational and peaked-size teleportation. (c) The two mechanisms display distinct time profiles
for the teleportation fidelity. In systems dual to gravity (top), the fidelity features a single O(1) peak near the scrambling time
(gravitational, blue), and a late time revival (peaked-size, red) to a fidelity suppressed by the two-point function Gβ [1]. In
generic thermalizing systems (bottom), the fidelity oscillates between 0 and Gβ with phase proportional to the operator size,
may subsequently decay if sizes become not peaked, and revives at late times.

model at low temperatures.
Interestingly, recent work has uncovered a number of

instances of many-body teleportation without gravita-
tional dynamics. For example, teleportation in the TW
protocol was recently demonstrated analytically in the
SYK model at high temperatures [16], and numerically
in chaotic spin chains at late times [14, 15]; in both cases,
the microscopic mechanism for teleportation remains an
outstanding puzzle. In addition to the TW protocol,
an alternate many-body teleportation protocol was in-
troduced in the context of the Hayden-Preskill variant
of the black hole information paradox [10, 22]. This so-
called Hayden-Preskill recovery (HPR) protocol allows
for many-body teleportation via generic scrambling dy-
namics. Although the two protocols bear some structural
similarity, the HPR protocol is exponentially less efficient
for teleporting multiple qubits. To this end, understand-
ing the precise relationship between these protocols re-
mains an essential open question.

I. SUMMARY OF RESULTS

Here, we provide a framework that unifies all known
examples of many-body teleportation outside the gravi-
tational regime. The microscopic mechanism underlying
this framework relies upon the growth of operators un-
der scrambling time evolution. For the purposes of tele-
portation, this growth is naturally characterized by the

size distribution of the operators [23–25], which provides
a finer-grained measure of quantum information scram-
bling compared to more conventional quantities such
as out-of-time-ordered correlators (OTOCs) [18, 20, 26].
Our teleportation mechanism—dubbed peaked-size tele-
portation—occurs in the TW protocol when the size dis-
tributions of operators are tightly peaked, a situation
that arises for a wide variety of many-body dynamics.

Our results demonstrate that generic many-body dy-
namics can function as a powerful encoding proce-
dure for the communication of quantum information.
In particular, peaked-size teleportation represents an
entanglement-assisted decoding scheme that is both ex-
ponentially more efficient than the HPR protocol, and
applicable to a vastly broader class of encoding dynam-
ics compared to gravitational teleportation [27, 28]. Fur-
thermore, our work paves the way toward utilizing the
TW protocol as a robust experimental tool for charac-
terizing the growth of operators in strongly interacting
systems, and as a litmus test for identifying intrinsically
gravitational scrambling dynamics.
Analyzing the teleportation circuit (Section II)—To set

the scene for peaked-size teleportation, we first determine
the conditions for information recovery in the TW proto-
col [Fig. 1(a)]. In this protocol, locally encoded quantum
information is inserted into one side of an entangled ther-
mofield double (TFD) state and teleported to the other
side through a combination of (i) unitary evolution of
each side individually, and (ii) a simple two-sided cou-
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pling that acts on a large subsystem of each side. The
coupling is quite flexible in form, and corresponds to evo-
lution, eigV , under the two-sided interaction

V =
1

K

K∑
i=1

Oi,lO
∗
i,r (1)

where Oi are any generic local operators applied to the
left (l) and right (r) side of the system. This coupling
can be performed either as a quantum gate, or through
local measurements of Oi on the left side, followed by
classical communication and feed-forward operations on
the right side [Fig. 1(a)].

We begin by rigorously connecting the quantum tele-
portation fidelity to two-sided correlation functions of the
form [1]:

CQ(t) ≡ 〈TFD|Qr(−t)eigVQl(t) |TFD〉 (2)

where Q(±t) is a time-evolved operator initially acting on
the qubit(s) to be teleported. We isolate two conditions
on these correlators that, when combined together, are
necessary and sufficient for teleportation to succeed:

1. The magnitudes of the correlators must be maximal
for every Q.

2. The phases of the correlators must be the same for
every Q.

The first of these conditions is naturally satisfied if the
TFD state is at infinite temperature, in which case it re-
duces to an extensive set of maximally entangled EPR
pairs. On the other hand, meeting the second condition
requires that the coupling acts non-trivially on the oper-
ators Q.
Relation to operator spreading (Section III)—A central

theme of our work is relating the correlation functions,
by virtue of the coupling V , to the size distribution of the
time-evolved operator Q(t). Specifically, writing Q(t) as
a sum over Pauli strings, Q(t) =

∑
R cRR, we may define

the the size distribution of Q(t) as

P (S) =
∑
S[R]=S

|cR|2 (3)

where the sum is over Pauli strings, R, of size S. Cru-
cially, the coupling V , by probing correlations between
the two sides of the doubled Hilbert space, directly mea-
sures the operator size [24].
Peaked-size quantum teleportation (Section IV, V,

VI)—The peaked-size teleportation mechanism succeeds
whenever the size distributions of time-evolved operators,
Q(t), are tightly peaked about their average size. In this
case, the exponentiated coupling, eigV , applies approxi-
mately the same phase, proportional to the size, to each
coefficient cR, and therefore to the entire operator, Q(t).
We show that these applied phases can be used to align
the phases of all correlators CQ, achieving our second
requirement for successful teleportation.

Interestingly, we find that peaked-size teleportation is
naturally implemented across a broad landscape of in-
teracting, many-body dynamics. To this end, we find
it helpful to distinguish two broad regimes of dynamics:
those at late times (after the scrambling time) and in-
termediate times (before the scrambling time). At late
times, peaked-size teleportation occurs because operators
become fully delocalized across the system, thus their size
distribution is peaked about a typical, extensive value. In
this regime, as in the HPR protocol, peaked-size telepor-
tation is limited to transmitting only a single qubit. Mo-
tivated by this observation, we demonstrate a surprising
relation between the HPR and TW protocols—despite
their disparate origins, a simple modification of the cou-
pling in the TW protocol renders it identical to the HPR
protocol in the high temperature limit.

At intermediate times, peaked-size teleportation ex-
hibits substantially richer behavior. We show that
generic systems in ≥1D naturally satisfy the peaked-size
condition due to thermalization within the bulk of a time-
evolved operator’s light cone. In contrast, the size distri-
butions of operators in 0D, or all-to-all coupled, systems
are not intrinsically peaked; however, they can be suffi-
ciently narrowed by encoding the quantum information
before insertion into the teleportation circuit. Interest-
ingly, this resolves a previous puzzle, namely, the obser-
vation of teleportation in the Sachdev-Ye-Kitaev (SYK)
model [29–32] outside the gravitational regime [16]. We
substantiate these claims through extensive numerical
and analytic studies in a variety of physical models: ran-
dom unitary circuits (RUCs) in dimensions d = 0, 1, and
2 [33], the SYK model, and experimentally relevant spin
chain Hamiltonians [34]. These studies explicitly demon-
strate how the profile of operator size distributions in
strongly-interacting systems controls the success and fail-
ure of many-body teleportation.

Through these examples, we investigate the capabili-
ties of peaked-size teleportation as a quantum channel.
In particular, we focus on two features—the channel ca-
pacity and the teleportation fidelity—as a function of
evolution time and temperature [Fig. 1(b)]. Before the
scrambling time, peaked-size teleportation is capable of
sending multiple qubits with no increase in complexity;
strikingly, it does so with the same asymptotic channel
capacity as gravitational teleportation. This represents
an exponential improvement in efficiency over previous
instances of non-gravitational teleportation, i.e. in the
HPR protocol [10]. Nevertheless, the fidelity of peaked-
size teleportation is limited at low temperatures com-
pared to gravity. This limit arises from the reduced en-
tanglement of the TFD state (at low temperatures), and
is naturally overcome by the unique structure of gravita-
tional scrambling [1, 7, 14, 15].
Experimental implementations and implications (Sec-

tion VIII)—Following this logic, we demonstrate that
many-body quantum teleportation functions as a pow-
erful diagnostic tool for scrambling dynamics in near-
term quantum simulators, enabling one to distinguish
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Peaked-size, Peaked-size, Gravitational,
late times intermediate times intermediate times

Physical setting all thermalizing
systems

generic thermalizing
systems, e.g. spin chains,
0D RUCs, high-T SYK

systems with a
semiclassical gravity

dual (e.g. low-T SYK)

Teleportation time t & ts t . ts t . ts

Channel capacity 1 qubit ∼ K qubits ∼ K qubits

Fidelity per qubit ∼ Gβ ∼ Gβ ∼ 1

Coupling strength g ∼ π mod 2π g ∼ πN/S mod 2π g ∼ e−t/GN

Table I. Comparison of peaked-size teleportation at intermediate and late times with gravitational teleportation. The three
regimes differ in their teleportation fidelity, channel capacity, and the coupling strength g, which optimizes teleportation.
Both peaked-size and gravitational teleportation exhibit a regime before the scrambling time ts, where multiple qubits can be
teleported.

between generic thermalizing systems and gravitational
dynamics. To this end, we provide detailed blueprints for
realizing the protocol in two complementary experimen-
tal platforms—Rydberg atom arrays [34–39] and trapped
ions [40–44]. Specifically, the observation of a high tele-
portation fidelity at low temperatures in an experimental
setting would be a tantalizing indicator of gravitational
scrambling dynamics. In addition, gravitational dynam-
ics exhibit unique qualitative features as a function of
both evolution time and protocol parameters [Fig. 1(c),
Table I]. More broadly, our analysis suggests that the
TW protocol can also provide insights into many-body
dynamics outside the gravitational regime. In particular,
we demonstrate that the fidelity of peaked-size telepor-
tation serves as an efficient probe of higher moments of
operator size distributions [25].

Quantum gravity interpretation of peaked-size telepor-
tation (Section VII)—Finally, while we have thus far in-
dicated a sharp distinction between models with gravita-
tional duals and generic thermalizing systems, this is not
always the case. In particular, our results show that vary-
ing the temperature of the SYK model provides a con-
tinuous interpolation between gravitational teleportation
at low temperature and peaked-size teleportation at high
temperature. In the dual picture, perturbing away from
the low temperature limit corresponds to adding stringy
corrections to the gravity theory [31, 45, 46]. Following
this intuition, we show that teleportation in a gravity the-
ory with strong stringy corrections [1] bears a remarkable
qualitative similarity to peaked-size teleportation, thus
providing a first step towards a bulk understanding of
this phenomenon.

II. ANALYZING THE TELEPORTATION
PROTOCOL

To begin, let us describe the teleportation circuit de-
picted in Fig. 1(a) and redrawn below in greater detail:

(4)

The protocol begins by preparing two copies of the sys-
tem in an entangled TFD state. At infinite temperature,
the TFD state is simply an extensive set of EPR pairs
between the left and right systems:

(5)

where we have decomposed each system into two subsys-
tems, A and Ā, for future reference, and each dot repre-
sents a normalization factor given by the inverse square
root of the subsystem’s dimension. The finite tempera-
ture TFD state is obtained by applying the square root
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of the density matrix to either side of |EPR〉:

(6)

where ρ1/2 ≡ e−βH/2/ tr
(
e−βH

)1/2, and β = 1/T is the
inverse temperature.

The remainder of the protocol proceeds as described
in Section I and depicted in Eq. (4). As shown in the
latter, we denote the teleported qubit(s) as subsystem A
and the coupled qubits as subsystem C (chosen indepen-
dently from A). In addition, we include a simple decoding
operator, D, applied at the end of the circuit before state
recovery.

A. Requirements for successful teleportation

We now introduce heuristic arguments for when tele-
portation succeeds in this protocol. This will culminate
in the two requirements for teleportation listed in Sec-
tion I. In Section IV, we derive these conditions more
formally by providing exact relations between the two-
sided correlators in Eq. (2) and the teleportation fidelity.

To begin, let us first recall that a fundamental property
of the EPR state is that an operator acting on the left
side is equivalent to its transpose acting on the right:

(7)

While this property does not generally apply to the TFD
state at finite temperature, it does hold for the unitary
U = e−iHt since this commutes with the density matrix.

Using this, we can re-express the teleportation circuit as:

(8)

Next, since teleportation should occur regardless of the
state of the swapped out subsystem, we can imagine mea-
suring this leg to be in some state |φ〉1:

(9)

This reformulation makes it clear that teleportation de-
pends on the action of the coupling on states of the form
QA,l(t) |TFD〉, where QA = |ψ〉〈φ| and we denote2 time-
evolved operators as QA(t) ≡ UQAU†.

The following identity, if true for all operators QA on

1At infinite temperature, using Eq. (7), |φ〉 can be understood
as the counterpart of |ψ〉, to be teleported from right to left instead
of left to right.

2Traditionally, this would be considered reverse time-evolution,
and denoted QA(−t). For brevity, we have flipped the sign of t
throughout the text.
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A, would guarantee successful teleportation for all states:

(10)

Here θQ is an overall phase and we represent conjugation
by the decoding operator as Q̃A ≡ D†QAD. One can
verify this explicitly by plugging the RHS of the above
equality into Eq. (9).

To quantify whether this equality holds, we should
measure the inner product between the two states. This
inner product3,

(11)

is precisely the two-sided correlation function introduced
in Eq. (2), now modified to include the decoding opera-
tor. In particular, if the inner product is maximal for any
operator QA, then Eq. (10) always holds and teleporta-
tion succeeds with perfect fidelity for all initial states.

In practice, it is sufficient to evaluate the correlators
for a complete basis of operators on subsystem A (e.g.
the Pauli operators). In this case, we now have two re-
quirements on the operator correlators, as listed in Sec-
tion I: (i) all correlators must have maximal magnitude,
i.e. equal to 1, and (ii) all correlators must have the same
phase—if two operators both individually obey Eq. (10)
but with different phases, their sum will not.

At infinite temperature, owing to Eq. (7), the first re-
quirement is satisfied even in the absence of the coupling,

3For simplicity of notation and consistency with previous
works [1, 7, 16], from here on we have assumed that the unitary is
symmetric, UT = U, U† = U∗.

for any symmetric or antisymmetric operator. However,
to satisfy the second requirement, the role of the coupling
eigV must be to apply a QA-dependent overall phase. In
the following Section, we analyze the action of the cou-
pling and show precisely when such an overall phase oc-
curs.

III. CONNECTION TO OPERATOR SIZE

In this Section, we outline the connection between the
coupling V and the operator size when V is acted on
states of the form:

QA,l(t) |TFD〉 = QA,l(t)ρ
1/2
l |EPR〉 . (12)

This connection has been noted in a number of previous
works, focusing primarily on a specific bilinear coupling
in fermionic systems [14, 15, 23, 24, 47–49]. In the follow-
ing, we extend this notion to bosonic systems and more
generic couplings. We then show that the action of the
exponentiated coupling, eigV , is particularly simple—it
applies an overall phase—whenever operator size distri-
butions are tightly peaked.

A. Coupling measures size

In bosonic qudit systems, we define the size of a Pauli
string as its number of non-identity elements. For in-
stance, the Pauli string

1⊗X ⊗ 1⊗ 1⊗ Z ⊗X ⊗ 1 (13)

has size 3. A more general operator can be written as a
sum of Pauli strings, R:

QA(t)ρ1/2 =
∑
R

cR(t)R, (14)

and possesses a corresponding size distribution. We de-
fine this distribution, P (S), as

P (S) =
∑
S[R]=S

|cR(t)|2. (15)

The distribution is normalized,∑
S
P (S) =

∑
R

|cR(t)|2 = tr(ρ) = 1. (16)

We note that, at finite temperature, the coefficients cR(t)
will generally be complex. The role of their phases is
discussed in Section VII.

The operator size is naturally measured in the doubled
Hilbert space associated with the state in Eq. (12). In
bosonic qudit systems, the exact measure of the operator
size is a sum of individual EPR projectors on each qudit
i:

Vs =
1

N

N∑
i=1

PEPR,i =
1

Nd2

N∑
i=1

∑
Pi

Pi,lP
∗
i,r, (17)
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where d is the local qudit dimension, N is the number of
qudits, and Pi form a complete basis of single-qudit op-
erators (e.g. for qubits Pi ∈ {1, X, Y, Z}). This coupling
is clearly of the form used in the teleportation protocol
[Eq. (1)]. Its eigenstates are Rl |EPR〉 for Pauli strings
R, with eigenvalues determined by the size, S[R], of the
Pauli string:

VsRl |EPR〉 =

(
1− S[R]

N

)
Rl |EPR〉 . (18)

Acting on a general time-evolved operator, we have

VsQA,l(t) |TFD〉 = dN/2
∑
R

(
1− S[R]

N

)
cR(t)Rl |EPR〉 .

(19)
The expectation value of V in the state QA,l(t) |TFD〉
therefore measures the average of the size distribution,
which we denote as S[QAρ

1/2], or, when the context is
clear, simply S.

We can derive Eq. (18) by first analyzing the action of
a single EPR projector, PEPR,i. Writing each Pauli string
as a tensor product of single-qudit Paulis, R =

⊗N
j=1Rj ,

we find

PEPR,iRl |EPR〉 = δRi,1Rl |EPR〉 , (20)

since 〈EPRi|Ri,l |EPRi〉 = tri(Ri)/di = δRi,1. A sin-
gle EPR projector thus acts as a binary variable, giving
eigenvalue 1 or 0 if a given Pauli string is, or is not, the
identity on the designated qudit. The full coupling is a
sum of these binary variables over all qudits, and there-
fore counts the total number of non-identity elements in
the Pauli string, i.e. the operator size.

We now turn to more general couplings of the form in
Eq. (1). First, as a trivial but useful modification, we can
remove the identity operators from Vs. These constitute
a fraction 1/d2 of the complete basis, Pi, summed in
Eq. (17). Removing these terms simply renormalizes the
eigenvalues of the coupling:(

1

N(d2 − 1)

N∑
i=1

∑
Pi 6=1

Pi,lP
∗
i,r

)
Rl |EPR〉

=

[
1−

(
1

1− 1/d2

)S[R]

N

]
Rl |EPR〉 ,

(21)

where the left side sum is now over N(d2−1) non-identity
operators.

Second, we consider omitting some of the operators
non-identity Pi at each site. Intuitively, under thermal-
izing dynamics, if an operator has spread to some qudit
i it should not matter which Pauli operator we use to
probe the operator’s presence. For example, in qubits, a
typical Pauli string of QA(t)ρ1/2 will have equal proba-
bility to commute with Zi as it would with Xi and Yi;
thus, coupling only using Zi operators is sufficient for
measuring a thermalized operator’s size.

Third, we expect even more general couplings, com-
posed of Oi that are local but not necessarily Pauli op-
erators, to behave similarly. Specifically, each individual
coupling, Oi,lOi,r, will asymptote to two different expec-
tation values before and after the time-evolved operator
has spread to the support of Oi. Before, the coupling
will maintain its expectation value in the unperturbed
TFD state, tr(Oiρ1/2O†i ρ

1/2). After, the spread of QA(t)
will disrupt the two-sided correlations in the TFD state
that give rise to this initial expectation value, and the
coupling will instead asymptote to its value in two ther-
mal states, tr(Oiρ) · tr(Oiρ). As before, the sum of many
terms, each behaving as above, leads to an approximate
measure of operator size.

Lastly, we consider the case where the coupling is re-
stricted to act only on some subsystem C, consisting of K
qudits4. The coupling now measures the number of non-
identity elements of a Pauli string within C—we denote
this as the K-size, SK , of the Pauli string. The eigen-
values the coupling are the same as those in Eq. (21),
with the replacement S/N → SK/K. For a typical Pauli
operator, we expect the K-size distribution of an oper-
ator to be similar to its full size distribution when K is
large and the coupled qubits are distributed randomly.
In particular, we expect the average K-size, SK , to be
proportional to the average size, S,

SK
K
≈ S
N
. (22)

For simplicity, we will make this substitution, when ap-
propriate, in the remainder of the work. However, if C is
a spatially local subsystem (instead of a random subsys-
tem), then this replacement will be modified depending
on the spatial extent of the operator.

As a final remark, we note that the operator size distri-
bution is directly related to out-of-time-order correlators
(OTOCs), a more familiar quantity for probing operator
growth [18, 20, 24, 26]. In particular, the average size is
equal to a sum of OTOCs between QA and Oi [23, 24],

(23)

4For simplicity, this assumes that there is a single coupling per
qudit in C.
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To see this, one simply slides O∗i and each √ρ to the left
side, and uses the fact that 〈EPR|Al |EPR〉 = tr(A)/dN .
Higher moments of the size distribution can also be
probed by OTOCs, now between QA and various prod-
ucts of the Oi, e.g. OiOj for the size width. We discuss
these relations further, paying particular to subtleties
that arise at finite temperature, in Section VII.

B. Peaked-size distributions

We now turn to the action of the exponentiated cou-
pling, eigV . This applies a phase to each Pauli string of
QA(t)ρ1/2 determined by the string’s size.

A particularly simple situation occurs when the oper-
ator’s size distribution is tightly peaked about its aver-
age size. In this regime, each Pauli string gains approxi-
mately the same phase, and so the action of the coupling
reduces to applying a QA-dependent overall phase,

eigVQA,l(t) |TFD〉 ≈ eig〈V 〉QQA,l(t) |TFD〉 , (24)

where the applied phase is proportional to the average
K-size [see Eq. (21)],

g 〈V 〉Q = g 〈TFD|Q†A,l(t)V QA,l(t) |TFD〉

≈ g − gd
SK [QA(t)ρ1/2]

K
,

(25)

and we define gd ≡ g/(1− 1/d2) for convenience.
Corrections to this behavior are controlled by higher

moments of the size distribution. In particular, the
leading order correction is equal to the K-size variance,
δS2

K/K
2 =

〈
V 2
〉
Q
− 〈V 〉2Q, multiplied by g2:

〈
eigV

〉
Q

=

〈
1 + igV − 1

2
g2V 2 + . . .

〉
Q

=

(
1 + ig 〈V 〉Q −

1

2
g2 〈V 〉2Q + . . .

)
− 1

2
g2

(〈
V 2
〉
Q
− 〈V 〉2Q

)
+ . . .

= exp

(
ig 〈V 〉Q

)
− 1

2
g2δS2

K/K
2 + . . .

(26)

The K-size variance receives contributions from two
sources: the variance of the full size distribution, δS2,
and a statistical error from sampling only K of N qubits
for the K-size. If the K qubits are distributed ran-
domly, these errors scale as δSK ∼ δS · (K/N) and
δSK ∼

√SK ≈
√
SK/N , respectively (see Appendix E

for a detailed derivation of the latter). These are small
compared to the average K-size whenever δS � S and
1� SK .

In Appendix A, we go beyond these leading order cor-
rections and provide quantitative bounds on when the
peaked-size approximation in Eq. (24) is valid. In gen-
eral, we can strictly prove that this approximation holds

whenever there is a parametric separation between an
asymptotic size width, defined in the Appendix, and the
average size.

IV. PEAKED-SIZE TELEPORTATION

We are now ready to demonstrate how the coupling
leads to teleportation of a quantum state when size dis-
tributions are tightly peaked. We first demonstrate this
in its simplest context: teleportation of a single qubit at
infinite temperature. We then show that the fidelity of
peaked-size teleportation is generally suppressed at finite
temperature. For ease of reading, we relegate rigorous re-
sults supporting each of the above arguments to the end
of the Section.

A. Single-qubit teleportation

To analyze teleportation of a single qubit, we turn
to the two-sided correlators in Eq. (11), with QA ∈
{1, X, Y, Z} running over the single-qubit Pauli opera-
tors. We recall that the requirements for teleportation
are for all CQ to have (i) maximal magnitude and (ii)
the same phase.

The first requirement is naturally satisfied at infinite
temperature even before coupling and decoding but the
second requirement is not. In particular, the four corre-
lators with D = 1, g = 0 are:

QA CQ
1 +1
X +1
Y −1
Z +1

(D = 1)
(g = 0)

where the left entries are qubit operators, QA, and the
right entries are the correlators, CQ. The correlators have
maximal magnitude because each operator can be trans-
ferred perfectly from left to right using Eq. (7). However,
the Y operator picks up an overall minus sign during this
process, since Y T = −Y , and so the correlator phases are
not aligned. One can verify the resulting teleportation fi-
delity is indeed trivial. Our goal will be to show that the
action of the coupling in Eq. (24), as well as a simple de-
coding operation, are sufficient to align the four phases.

To begin, we assume that all time-evolved Pauli oper-
ators have a tightly peaked size distribution and that the
average size S is the same for all non-identity operators.
From Eqs. (24-25), we have that the coupling applies
a total phase difference gdS/N between the thermofield
double state (the identity operator; size zero) and all per-
turbed states (time-evolved Pauli operators; size S). Our
table of correlator phases is thus modified to:
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QA CQ
1 +1
X +1
Y −1
Z +1

(D = 1)
(g = 0)

−→

QA CQ
1 eigdS/N

X +1
Y −1
Z +1
(D = 1)
(g 6= 0)

We again do not achieve perfect phase alignment. How-
ever, we can now correct the misaligned phases using the
decoding operator, D = Y . This applies an additional
minus sign to the X and Z correlators:

QA CQ
1 +1
X +1
Y −1
Z +1

(D = 1)
(g = 0)

−→

QA CQ
1 eigdS/N

X +1
Y −1
Z +1
(D = 1)
(g 6= 0)

−→

QA CQ
1 eigdS/N

X −1
Y −1
Z −1
(D = Y )
(g 6= 0)

The correlator phases are now aligned whenever

gd
S
N

= π mod 2π, (27)

leading to perfect teleportation at these values.

B. Finite temperature teleportation

There are two important modifications to peaked-size
teleportation at finite temperature. First, the relevant
notion of operator size is modified [24]. In particular, in
the peaked-size regime, the difference in phase applied
between the identity and non-identity Pauli operators is
modified to

S[QA(t)]→ S[QA(t)ρ1/2]− S[ρ1/2]. (28)

Second, the maximal fidelity of peaked-size teleporta-
tion is reduced at finite temperature. In particular, when
sizes are tightly peaked, the two-sided correlators factor-
ize into a constant magnitude multipled by an overall
phase:

CQ = 〈TFD| Q̃†A,rQA,l |TFD〉 ei(g−gdSK [QA(t)ρ1/2]/K)

= Gβ(QA) · eiθQ
(29)

where θQ combines the effects of transposition, coupling,
and decoding, and the correlator magnitude corresponds
to an imaginary-time Green’s function,

Gβ(QA) ≡ tr(Q†A ρ
1/2QA ρ

1/2) ≤ 1. (30)

This Green’s function is unity at infinite temperature and
generically decreases at finite temperatures, due to the
reduced entanglement of the TFD state. This violates
the maximal magnitude requirement for teleportation,
and therefore leads to a corresponding decrease in the
teleportation fidelity.

The astute reader will recall that finite temperature
teleportation is known to succeed with higher fidelities
than Gβ in the case of gravitational teleportation [1, 7,
16]; this is a signature of physics outside the peaked-size
regime, which we connect to in Section VII.

C. Rigorous expressions for teleportation fidelity

We now derive formal expressions of the teleportation
fidelity for n teleported qubits as a function of the cor-
relator phases. To do so, we consider a variant of the
protocol where instead of teleporting a quantum state
we attempt to distill an EPR pair:

(31)

The fidelity of EPR distillation is precisely related to
the average fidelity of state teleportation [11], FEPR =
[(dA + 1)〈Fψ〉 − 1]/dA, where dA = 2n is the dimension
of subsystem A when teleporting n qubits.

We calculate the teleportation fidelity by Pauli de-
composing the SWAP operator as SWAP =

∑
QA

QA ⊗
Q†A/dA. This gives:
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, (32)

or

FEPR =
1

d4
A

∑
Q1,Q2

〈TFD|Q2,l(t) e
−igV Q̃†2,r(−t)

× Q̃†1,r(−t) eigV Q1,l(t) |TFD〉 .
(33)

Similar expressions for teleportation of quantum states
are contained in Appendix C.

In general, the teleportation fidelity and two-sided cor-
relators are related only by a lower bound,5

FEPR ≥
∣∣∣∣ 1

d2
A

∑
QA

CQ

∣∣∣∣2. (34)

This is obtained diagrammatically by inserting an
identity, 1 = DrUrU

†
rD
†
r, followed by the projector

5Under special circumstances, namely large-N models, one may
be able to factorize the above expression in terms of correlators of
the form Eq. (11) [16].

|TFD〉〈TFD|, into the center of Eq. (32):

(35)

A similar bound was obtained in Ref. [14, 15], condi-
tional on certain assumptions about operators’ size dis-
tributions.
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At infinite temperature in the peaked-size regime, we
have CQ = eiθQ and the fidelity is equal to the lower
bound:

FEPR =
1

d4
A

∑
Q1,Q2

ei(θQ1
−θQ2

) =

∣∣∣∣ 1

d2
A

∑
QA

eiθQ
∣∣∣∣2. (36)

The sum is over d2
A terms, and is unity only when all the

operators’ phases are the same. At finite temperature in
the peaked-size regime, we instead find

FEPR =
1

d4
A

∑
Q1,Q2

ei(θQ1
−θQ2

) tr
(
Q†2Q

†
1 ρ

1/2Q1Q2 ρ
1/2
)

≤ 1

d2
A

∑
QA

Gβ(QA).

(37)

The maximum fidelity is again achieved when the phases
align; however, its value is equal to the sum of vari-
ous imaginary time Green’s functions, i.e. the correlator
magnitudes [Eq. (30)].

V. LATE TIMES

We now introduce the simplest physical example of
peaked-size teleportation: teleportation in any scram-
bling system after the scrambling time. There are two
distinguishing features of this regime: (i) the circuit can
only teleport a single qubit, i.e. the channel capacity is
one, and (ii) as for all peaked-size teleportation, the tele-
portation fidelity is suppressed at low temperatures. We
also demonstrate that this regime of peaked-size telepor-
tation, as well as the full quantum circuit implementing
the TW protocol, are equivalent to HPR teleportation of
a single qubit. In Section VI, we will demonstrate that
the limited late time channel capacity can be overcome
at intermediate times in many scrambling systems.

A. Teleportation at late times

At late times, the dynamics of a scrambling system can
be approximated by a Haar random unitary [22, 50]. In
this case, each time-evolved operator, QA(t), becomes a
sum of random Pauli strings, each with probability 1/d2

to be the identity at any individual site. As a result,
time-evolved operators have an average size,

S ≈ (1− 1/d2)N, (38)

and a size width,

δS ∼
√
N, (39)

where the scaling is based on the central limit theorem.
The K-size distribution takes the same form, replacing

N with K, and is tightly peaked as long as K is large
(specifically, gδSK/K ≈ g/

√
K � 1).

For simplicity, we will focus on late time teleportation
at infinite temperature; finite temperature modifications
follow according to Section IVB. Using Eqs. (24-25), we
find that the coupling applies a relative phase eig between
the identity operator (size zero) and all non-identity Pauli
operators (size above) [1]:

eigV |EPR〉 = eig |EPR〉
eigVQA,l(t) |EPR〉 = QA,l(t) |EPR〉 .

(40)

The lack of an applied phase for non-identity Pauli oper-
ators corresponds to the vanishing of 〈V 〉Q at late times,
when OTOCs have decayed to zero [see Eq. (25)]. From
Section IVA, we see that whenever

g = π mod 2π, (41)

single-qubit teleportation succeeds.
A brief argument shows that late time teleportion of

higher dimensional quantum states is not possible. Con-
sider teleportation of a d-dimensional qudit, with a basis
of states |i〉, i = 0, . . . , d − 1. The qudit Pauli operators
are generated by the ‘clock’ and ‘shift’ operators: Z |i〉 =
eiω |i〉, with ω = 2π/d, and X |i〉 = |i+ 1〉. The two gen-
erators obey the commutation relation, XZ = e−iωZX.
After transposition, each Pauli operator, XpZq, becomes

(XpZq)T = ZT,qXT,p = ZqX−p = e−ipqωX−pZq. (42)

Meanwhile, late time dynamics ensure that the coupling
applies an overall phase only to the identity operator. For
teleportation to be successful, we would therefore require
a decoding operation, D, that acts as DX−pZqD† ∼
XpZq. Suppose there was such an operator, and con-
sider its action on the generators: DXD† = X−1 and
DZD† = Z. The above action implies that commut-
ing the two generators gives a different phase before and
after decoding: DXZD† = e−iωDZXD† = e−iωZX−1

and DXZD† = X−1Z = e+iωZX−1. This is a contra-
diction whenever e+iω 6= e−iω, i.e. whenever d > 2.

B. Equivalence to HPR protocol

We now turn to the equivalence between peaked-size
teleportation and teleportation in the HPR protocol.
The latter was originally introduced to recover informa-
tion in the Hayden-Preskill thought experiment [10, 22],
and is reviewed in detail in Appendix B.

Here, we restrict our attention to teleportation in the
deterministic variant of the protocol, of a single qubit
at infinite temperature [10, 12]. The protocol takes the
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form:

(43)

where PEPR projects onto an EPR pair between subsys-
tems C on the left and right sides.

The equivalence between this protocol and the TW
protocol [Eq. (4)] is manifest, with the only difference
being the locality of the coupling. Specifically, the HPR
coupling is of the same general form as the TW coupling
[Eq. (1)]:

gV ≡ πPEPR =
π

d2
C

∑
PC

PC,l P
∗
C,r, (44)

where the sum is over of a complete basis of d2
C Pauli

operators on C. However, the operators PC are typically
non-local across C, whereas the coupling considered in
the TW protocol was restricted to local operators. As
a consequence, the HPR coupling functions as a binary
variable measuring whether or not an operator has sup-
port on subsystem C (see Section III). In contrast, the
TW coupling measures the operator size within C, which
takes an approximately continuous range of values when
C is large. Crucially, at late times under scrambling dy-
namics, the effect of both couplings will be the same: to
apply an overall phase to non-identity operators.

A few additional remarks are in order. First, while
the leading order effect of the HPR and TW couplings is
the same, they lead to different finite-size corrections. In
particular, in a fully scrambled system, the variance in
the phases applied by the HPR coupling is equal to the
probability of a random Pauli string not having support
on C, which is suppressed exponentially in the size of
C, i.e. 1/d2

C . On the other hand, the variance in phases
applied by the TW coupling is suppressed only polyno-
mially, by ∼ g2/K [Eq. (39)]. These enhanced phase
fluctuations are relevant for finite-size implementations
of the TW protocol, as discussed further in Section VIII.

Second, it has previously been shown that an extended
version of the HPR protocol allows for teleportation of
multiple qubits at late times [10]. Because of the equiv-
alence between the protocols, this extension would also
allow for multi-qubit teleportation via the peaked-size
mechanism. However, the enhanced channel capacity
comes with a trade-off: the circuit complexity (measured
by the number of applications of the unitary U) grows
exponentially in the number of qubits to be teleported.
As we will see in the following Section, this limitation can

be overcome by peaked-size teleportation at intermediate
times (in the original TW protocol), owing to the locality
of the TW coupling.

VI. INTERMEDIATE TIMES

We now turn to analyze the behavior of peaked-size
teleportation at intermediate times, i.e. before the scram-
bling time. In this regime, multiple qubits can be tele-
ported given a certain condition on the growth of time-
evolved operators, namely when the overlap of their size
distributions is sufficiently small.

We explicitly demonstrate that this condition is satis-
fied, and multi-qubit teleporation is possible, in a wide
variety of physical systems at infinite temperature. These
include random unitary circuits (RUCs) in ≥1D, for
which peaked sizes naturally occur due to local ther-
malization within each operator’s light cone, and time-
evolved operators are non-overlapping due to spatial
locality. More surprisingly, we show that multi-qubit
peaked-size teleportation can also be achieved in ‘fast
scrambling’, all-to-all coupled systems, including 0D ran-
dom unitary circuits and the SYK model (at infinite
temperature) [17, 22]. In this case, operators are not
spatially separated at any nonzero time; nonetheless, the
overlap of their size distributions remains probabilistically
small at sufficiently early times.

Finally, we consider the channel capacity—i.e. the
maximum number of qubits that can be teleported—
of peaked-size teleportation in all-to-all coupled systems.
This is an essential question for comparing the capabil-
ities of peaked-size teleportation with those of gravita-
tional teleportation in traversable wormholes [1]. Re-
markably, we provide analytic and numerical evidence
that the channel capacity of peaked-size teleportation in
0D RUCs, a quite simple microscopic system, is asymp-
totically equivalent to that of the gravitational mecha-
nism!

A. Multi-qubit teleportation: additive operator
sizes

We begin with a few simple examples of multi-qubit
teleportation to build intuition. First, consider a unitary
U that factorizes as U = U1 ⊗ · · · ⊗ Un, where each Ui
acts on a disjoint subsystem. If we insert n qubits indi-
vidually into the n different subsystems, then the entire
protocol decouples into n independent channels and there
is no restriction on sending multiple qubits. This trivial
example relies on the fact that U does not scramble in-
formation across the entire system but only within each
disjoint subsystem.

A similar situation occurs even when the dynamics
are not factorizable, as long as the teleported qubits are
in causally separated regions. For example, consider a
(d ≥ 1)-dimensional system with short-range interac-
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Figure 2. Operator sizes and peaked-size teleportation in 1D, 2D, and 0D RUCs. (a-b) In 1D and 2D RUCs, sizes grow
ballistically in time, while the size width grows with a slower power of t and matches predictions from the KPZ universality
class. For O(1) values of the coupling strength g, this leads to an oscillatory fidelity at all intermediate times, and saturation to
1 at late times (for teleportation of a single qubit and odd values of g). (c) In contrast, in 0D all-to-all coupled RUCs, both the
size and size width grow exponentially in time, although they can be parametrically separated using a p-body encoding. The
teleportation fidelity reflects this growth, displaying a distinct three-regime profile for g � 1. At early times and late times,
peaked-size teleportation succeeds and the fidelity oscillates as in 1D and 2D. Between these, no teleportation occurs because
the size width has grown too large, gδS/N & 1.

tions, where the inserted qubits are spatially separated.
At intermediate times, the time-evolved qubit operators
will have support within a local ‘light cone’ about their
initial location, but will continue to act on disjoint sub-
systems. This scenario is therefore no different from the
previous example and multi-qubit teleportation remains
possible, as long as (i) the size distributions of each op-
erator is tightly peaked, (ii) the coupling V has support
within each qubit’s light cone, and (iii) the light cones of
each qubit are non-overlapping. This final requirement
constrains the number of qubits that can be sent at a
given time t. In particular, the light cone of each op-
erator will have a radius vBt where vB is the butterfly
velocity. The maximum number of non-overlapping light
cones—equal to the total number of qubits n that can be
teleported—is therefore n . N/(vBt)

d, where N is the
total system volume.

More formally, we can analyze the success of n-qubit
teleportation using the two-sided correlators, CQ. We are
concerned with n-qubit operators Q(t) = Q1(t) . . . Qn(t),
where each Qi ∈ {I,X, Y, Z} is a single-qubit Pauli on
the ith teleported qubit. We work at infinite temperature
and assume that sizes are tightly peaked. Teleportation
therefore succeeds whenever all correlators have the same
phase.

Inspired by the example of n decoupled protocols, we
will take the decoding operator to be the tensor product,
D = Y ⊗ . . . ⊗ Y . The combination of transposition

and conjugation by D thus applies a minus sign to every
single-qubit non-identity Pauli operator. An additional
phase is applied by coupling proportional to the size of
each operator. For example, for n = 2 qubits, we have:

1⊗ 1 1
Q1 ⊗ 1 −1× eigdS1/N

1⊗Q2 −1× eigdS2/N

Q1 ⊗Q2 (−1)2 × eigdS12/N

where Si and Sij are shorthand for S[Qi(t)] and
S[Qi(t)Qj(t)]. In order for all correlators to have the
same phase, we require that gdS1/N = gdS2/N =
π mod 2π, and that the operator sizes add, such that
eigdS12/N ≈ eigd(S1+S2)/N = ei(π+π) = 1.

This requirements generalize straightforwardly to n
qubits. Specifically, teleportation succeeds whenever the
single-qubit operator sizes obey gdSi/N = π mod 2π and
the multi-qubit operator sizes add under operator multi-
plication:

S[Q1(t)Q2(t) . . . Qn(t)]

≈ S[Q1(t)] + S[Q2(t)] + . . .+ S[Qn(t)].
(45)

This latter requirement implies that the phases applied
by the coupling, eigV , factorize, and allows the n qubits
to be teleported ‘in parallel’ as in the previous simple
examples.

The size addition requirement naturally bounds the
channel capacity in terms of the number of couplings,
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K. Specifically, the K-size takes integer values between
1 and K. However, the requirement that all three single-
qubit Pauli operators have the same K-size increases the
minimum K-size to 2. From Eq. (45), this implies that
an n-qubit operator has a K-size of at least 2n, which is
only possible if

2n ≤ K. (46)

Indeed, this strict upper bound can also be understood
from an information theoretic perspective: teleporting n
qubits requires an increase of 2n in the mutual informa-
tion between the left and right sides of the system. Each
of the K classical bits sent increases the mutual informa-
tion by at most 1, so at least 2n bits are required.

B. ≥1D random unitary circuits

As a first concrete example of intermediate time
peaked-size teleportation, we consider a random unitary
circuit (RUC) applied to a lattice of N qubits in one or
higher dimensions. At each time step, pairs of neigh-
boring qubits are evolved via independent Haar random
unitaries arranged in a ‘brick-layer’ fashion [Fig. 2(a,b)].
Operator growth in such systems has been studied at
great length, and is believed to be a good model for many
aspects of information scrambling under Hamiltonian dy-
namics [33, 51–55].

A key property of Haar random unitary circuits is that
the expectation values of many circuit quantities can be
computed by replacing the Haar random unitaries with
randomly chosen Clifford unitaries, thereby enabling ef-
ficient classical simulation [33, 56]. Generally, this equiv-
alence holds for any quantity that contains no more than
two copies each of U and U † (e.g. the Renyi-2 entropy,
or the OTOC); for systems of qubits, it in fact holds for
up to three copies [57–59]. From Eq. (33), we see that
the teleportation fidelity contains three copies of U and
U†, so the average fidelity is efficiently simulable6. More-
over, by definition, the size distributions of operators un-
der Clifford dynamics are perfectly tightly-peaked, since
a Pauli operator QA evolved under a Clifford unitary re-
mains a Pauli string. Hence, the teleportation fidelity
can be computed using the simplified expression given in
Eq. (36).

In practice, we compute the average EPR fidelity for
teleporting n qubits via the following steps. First, we
choose a particular U by sampling each 2-qubit unitary
from a uniform distribution of 2-qubit Clifford unitaries.
Second, we determine the K-size of UQAU† for each n-
qubit Pauli operator, QA, or, if n is large, for a random

6For higher-dimensional qudits, while we cannot efficiently sim-
ulate the teleportation fidelity, we can still calculate the correlators
Eq. (11), which lower bound the fidelity via Eq. (34).

Figure 3. Probing operator size width in a 1D RUC. (top)
The size width initially grows as t1/2 and reaches a peak at
the scrambling time t∗ ∼ N = 10000. (bottom) We probe
this behavior by measuring the teleportation fidelity with a
large coupling g = 71π ∼

√
N . The fidelity exhibits a distinct

decay-revival profile, controlled by whether the size width has
exceeded the threshold gδS/N ≈ 1: nearly perfect fidelity
initially, power law decay to a trivial fidelity at intermediate
times, and partial revival at late times.

subset of these operators; such simulations can be per-
formed efficiently with a time cost that scales linearly
with the circuit depth. Third, we compute the fidelity
for a given coupling g using Eq. (36), with the phases
θQ = gSK/K + πS[QA(0)], where the latter term cap-
tures the fact that decoding and transposition apply a
minus sign for each non-identity element of the initial
QA. Lastly, we average the EPR fidelity over multiple
realizations of U .

The results of these simulations for n = 1 qubit in
1D and 2D are shown in Fig. 2(a,b). As expected, the
average operator size grows ballistically, S ∝ td, until
the operator’s light cone reaches the edge of the sys-
tem, at which point the size saturates to 3/4N . While
the behavior of the size width is more complex, in both
dimensionalities it grows more slowly than the average
size. This implies that size distribution is tightly-peaked
and the teleportation fidelity can be approximated by
F = 1

2 [1 − cos(gS)]. We verify that the time profile of
the fidelity follows this prediction, and nearly perfect fi-
delity is achieved when gS = π mod 2π. In Appendix D,
we verify that teleportation of n > 1 qubits is also possi-
ble at intermediate times, as long as their light cones do
not overlap.
Probing the size width—Let us now turn to the time

profile of the size width, which exhibits a peak near the
scrambling time in both 1D and 2D. Qualitatively, this
behavior arises from fact that the size width receives
contributions from two sources: the interior of the light
cone, and the boundary of the light cone. Within the
light cone, we expect a ≥1D system with a small lo-
cal Hilbert space to ‘locally thermalize’ as the operator
spreads. This implies that the bulk’s contribution to the
size width scales as δSbulk ∝

√
S ∝ td/2 and saturates at

the scrambling time. Second, the size width also receives
contributions from the light cone’s boundary, which has
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not yet thermalized. At late times, the boundary of the
light cone reaches the edge of the system and these ad-
ditional contributions subside, leading to the peak in the
size width at the scrambling time.

To quantify these effects, we note that the growth of
operators in ≥1D RUCs is predicted to fall in the Kar-
dar–Parisi–Zhang (KPZ) universality class [33, 60]. In
1D, fluctuations in operator size near the boundary have
been verified numerically to have a growing width ∼ tα
with the KPZ growth exponent α = 1/2. This implies
that the contribution of the boundary to the size width
is δSboundary ∝ t1/2, and the full width is

δS =

{
(αbulk + αboundary)t1/2, t . tscr

αbulkt
1/2
scr , t & tscr

(47)

We note that the maximum size width relative to
the late-time size width is a constant set by (αbulk +
αboundary)/αbulk. Comparing the size width of multiple
system sizes, we observe excellent agreement with pre-
dicted scalings over a wide range of system sizes (Ap-
pendix D).

The time profile of the size width is directly observ-
able in the peaked-size teleportation fidelity if we scale
g ∼ t

1/2
scr ∼ N1/2. In particular, by setting N/g to lie

between the maximum size width and the late time size
width, we observe a distinct decay-revival profile for the
teleportation fidelity (Fig. 3). At early times, we ob-
serve successful teleportation with an oscillating fidelity.
The fidelity decays slowly, as a power law in time, as
it receives corrections proportional to the growing size
variance ∼ g2δS2/N2. After the scrambling time, we see
a revival in the teleportation fidelity as the size width
narrows. The lack of a parametric separation between
the maximum and late time size widths means that late
time teleportation will also have some finite error for this
value of g.

In 2D, the scaling of the size width also matches pre-
dictions from the KPZ universality class. In this case, the
width of the boundary scales as ∼ tα, with α = 1/3 [33].
However, to calculate the boundary’s contribution to the
size width, one must take into account two additional
considerations. First, the boundary is 1-dimensional, so
its length trivially grows in time as ∼ t. Second, fluctu-
ations of the boundary are expected to have a finite cor-
relation length, ξ ∼ t1/z, where z = 3/2 is the KPZ dy-
namic exponent [61]. Thus, the boundary can be modeled
as nξ ∼ t/ξ = t1/3 uncorrelated regions, each of length ξ.
Each region contributes ∼ ξtα to the size width; adding
the uncorrelated contributions from all regions yields a
total size width δS ∼ √nξ ξ tα = t1/6+2/3+1/3 = t7/6.

The time profile of the size width in 2D is thus given
by

δS =

{
βbulkt+ βboundaryt

7/6, t . tscr
βbulktscr, t & tscr

(48)

We confirm these scalings in our numerics (Fig. 2(b) and
Appendix D). Notably, the size width is now dominated

by the boundary contribution at intermediate times, such
that the ratio of the maximum size width to the late time
size width scales as t1/6scr ∼ N1/12. As in 1D, one can
probe this behavior using the peaked-size teleportation
fidelity, now with g ∼ N/t

7/6
scr ∼ N5/12. We emphasize

that in 2D, the scaling of the size width is determined by
correlations between different points on the light-cone
boundary. This goes beyond the behavior studied in pre-
vious works on RUCs, which focus on quantities probed
by local OTOCs.

C. 0D random unitary circuits

We now turn to random unitary circuits in zero dimen-
sions, a prototypical model for ‘fast scramblers’ [17, 22].
We construct these circuits as follows: at each time-step,
we partition the N qubits into randomly chosen pairs,
and apply independent Haar random 2-qubit unitaries to
each pair. As before, such circuits are efficiently simula-
ble via Clifford numerics.
Peaked sizes—In all-to-all coupled systems, operators

are generally expected to grow exponentially in time,
S ∼ eλt, where λ is the Lyapunov exponent. The reason
is simple: at each time step, every term in an operator—
rather than just those on a ‘light-cone’ boundary—has a
fixed probability of spreading under random pairwise uni-
taries. A somewhat less intuitive expectation is that the
size width also generally grows exponentially. One way of
understanding this is by imagining two realizations of the
dynamics: in one realization the initial operator doubles
at the first time and in the other it does not. In effect,
the latter system now lags behind the former by one time
step, ∆t, and the difference in their sizes at later times
will be exponentially magnified, to eλt(1− e−λ∆t).

The lack of separation between the size and size width
seems to preclude the possibility of peaked-size telepor-
tation at intermediate times. Nevertheless, we can en-
gineer such a separation by encoding the information of
each input qubit into p-body operators, with p � 1. As
an example, consider encoding a single qubit into p = 5
qubit operators via

E(X ⊗ 1⊗ 1⊗ 1⊗ 1)E† = Z ⊗X ⊗X ⊗ Y ⊗ Z
E(Y ⊗ 1⊗ 1⊗ 1⊗ 1)E† = Y ⊗ Z ⊗ Z ⊗X ⊗ Y
E(Z ⊗ 1⊗ 1⊗ 1⊗ 1)E† = X ⊗ Y ⊗ Y ⊗ Z ⊗X,

(49)

Here, E is a Clifford unitary encoding operation that
conjugates state insertion and decoding [explicitly, re-
placing U → UE,U∗ → U∗E∗, and UT → ETUT in
Fig. 1(a)]. The success of teleportation is now dependent
on the size distributions of time-evolved p-body opera-
tors, QA(t) = UEPE†U†, where P runs over the initial
unencoded single-qubit Pauli operators. As we will soon
verify explicitly, before the scrambling time the support
of each of the p operators composing QA will be approx-
imately non-overlapping, so that their size distributions
will convolve. Thus, the total operator size is multiplied



16

by a factor of p but, through the central limit theorem,
the size width is multiplied only by √p.

In more detail, consider the size growth of an oper-
ator, QA, with initial size S0 = p. During a single
time step, each qubit i in the support of QA(t) is paired
with another random qubit; for simplicity, we assume
the second qubit is outside the support of QA(t), which
should be valid at times well before the scrambling time.
Under random two-qubit Clifford time-evolution, QA(t)
grows to have support on both qubits with probability
η = 1−2(d2−1)/(d4−1) (9/15 for qubits). The operator
size, St, therefore grows stochastically in time, according
to

St+1 = St +

St∑
i=0

si

= St + Bit(St, η)

≈ (1 + η)St +
√
Stη(1− η)Nt(0, 1)

(50)

where each si is a binary random variable that increases
the size by 1 with probability η and 0 with probability 1−
η, and Bit(St, η) denotes the binomial distribution with
St trials and probability η, which we can approximate as
a normal distribution, Nt(ηSt,

√
Stη(1− η)). The size

at arbitrary times can be written as a sum of random
variables drawn at each time step:

St ≈(1 + η)tp

+
√
η(1− η)

t−1∑
t′=0

(1 + η)t−t
′−1
√
St′ Nt′(0, 1)

(51)

from which we see that the average size grows exponen-
tially in time with Lyapunov exponent eλ = 1 + η. Devi-
ations arise at each time step t′, with typical magnitude
(1 + η)t−t

′−1
√St′ ≈ (1 + η)t−1−t′/2√p. Since this decays

exponentially in t′, we can approximate the total varia-
tion, δSt, as the largest term in the sum (t′ = 0), which
has magnitude

δSt ∼ (1 + η)t−1√p ≈ St√
p
. (52)

As anticipated, the size width is dominated by early time
errors that have exponentially grown in time, so that the
ratio of the size width to the size remains constant at
∼ 1/

√
p.

To support these claims, we numerically simulate the
time-evolved size distribution of operators with an initial
size p ≈ 1000 [Fig. 2(c)]. As expected, we observe that
the average size grows exponentially as ∼ peλt and sat-
urates at a timescale t∗ ∼ log(N/p). Moreover, the size
width grows at the same exponential rate but its mag-
nitude is suppressed by a factor of √p compared to the
average size.

To verify that this allows for teleportation, we next
compute the fidelity for teleporting a single qubit, in the
regime g � 1. As shown in Fig. 2(c), teleportation occurs

with near perfect fidelity beginning at t ≈ t∗ − log(gp),
corresponding gS/N ≈ 1. Thereafter, the teleportation
fidelity decreases exponentially in time, consistent with
the increase of the size width. At time t ≈ t∗− log

(
g
√
p
)
,

teleportation stops succeeding entirely, since the size
width has reached the limit gδS/N ≈ 1. Finally, at late
times t ≈ t∗ − log(p), the fidelity revives as the system
becomes fully scrambled and the operator size width nar-
rows to δS ∼

√
S.

Size addition—We now turn to the possibility of tele-
porting multiple qubits in 0D RUCs. Within the peaked-
size regime, this reduces to the question of whether op-
erator sizes add according to Eq. (45). Satisfying this
requirement in all-to-all coupled systems is not as trivial
as in ≥ 1D, since time-evolved operators typically act on
overlapping subsystems at any finite time. Nevertheless,
we now provide a simple argument for why size addition
holds despite this.

To do so, we model each time-evolved Pauli opera-
tor Qi(t) as an independent random Pauli string of size
S[Qi]. Consider two such strings, P1 and P2, with sup-
port on regions A1 and A2 and sizes S[P1] = |A1| and
S[P2] = |A2|. The size of the product, P1P2, is the size of
the union A1 ∪ A2, minus the number of sites where the
two strings overlap and have the same single-qubit Pauli
operator. This occurs with probability 1/(d2 − 1) = 1/3
at each site in the region A1 ∩A2, giving

S[P1P2] ≈ |A1 ∪A2| −
1

3
|A1 ∩A2|

= S[P1] + S[P2]− 4

3
|A1 ∩A2|.

(53)

The deviation from the simple additive rule S[P1P2] =
S[P1] + S[P2] is thus controlled by |A1 ∩A2|.

For n-qubit teleportation, one must consider the com-
bined size, S[P1 . . . Pm], of m independent Pauli strings,
where m takes a typical value m ≈ 3n/4 (a typical n-
qubit operator has non-identity support on 3n/4 qubits).
In general, this quantity will receive corrections from(
m
k

)
different k-way intersections of the strings, for all

2 ≤ k ≤ m. For random Pauli strings, the expected
size of these intersections scales as |A1 ∩ . . . ∩Ak| =∏k
i=1

|Ai|
N ∼ Sk/Nk−1, where S is the typical size of a

single Pauli string. For a given k, the correction to size
addition will be the sum of

(
m
k

)
∼ mk different inter-

sections and therefore scales as mS(mS/N)k−1. These
corrections can be neglected if they are small compared
to the total size; this occurs when mS � N , which cor-
responds to a timescale much less than the scrambling
time.

To demonstrate this claim, we numerically simulate the
teleportation protocol with n > 1 qubits in the regime
1 � p, np � K [Fig. 4]. Analogous to single-qubit
teleportation, the teleportation fidelity exhibits oscilla-
tions beginning at t ≈ t∗ − log(gp), and vanishes at
t ≈ t∗ − log

(
g
√
pn
)
due to the growth of the combined

size width. However, in contrast to the single-qubit case,
teleportation of multiple qubits is not possible at late
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times, t & t∗− log(gpn), as predicted in Section V. Inter-
estingly, between these two regimes, we observe a partial
revival of the fidelity: this indicates that the operator
size widths begin to narrow before the additive condition
is completely invalidated.
Error analysis—While we have confirmed that multi-

qubit teleportation can be achieved in certain ideal limits,
a key question remains: how does the maximum number
of qubits that can be teleported scale as a function of K,
i.e. what is the protocol’s channel capacity? To answer
this question, we now estimate how deviations from these
ideal limits lead to errors in peaked-size teleportation and
ultimately constrain the channel capacity. Throughout
this discussion, we assume that the size, S, is extensive,
but K is not; this is the natural regime for probing the
channel capacity of the protocol at intermediate times,
and is the physical scenario in the context of traversable
wormholes [1].

In summary, we identify four distinct sources of error
in the multi-qubit teleportation fidelity, F = 1− ε:

1. Errors due to finite p: ε ∼ ng2S2
K/K

2p

2. Errors due to finite K: ε ∼ ng2SK/K2

3. Errors due to imperfect size addition: ε ∼[
n2g2S4

K/K
4 + . . .

]
, where ellipses indicate higher

orders in (nSK/K)2

4. Errors due to fluctuations in size addition: ε ∼[
n2g2S2

K/K
3 + . . .

]
, where ellipses indicate higher

orders in nSK/K
We discuss each of these errors in detail below.

The first and second sources of error are due to imper-
fectly peaked K-size distributions. The K-size width re-
ceives contributions from finite-p corrections, ∼ SK/√p,
and finite-K corrections, ∼ √SK [see the discussion be-
low Eq. (26)]. To translate these into errors in the tele-
portation fidelity, we multiply the size width by g/K and
take the square. This gives fidelity errors ∼ g2S2

K/pK
2

and ∼ g2SK/K2 per teleported qubit.
The third and fourth sources of error arise from im-

perfect size addition. This leads both to ‘systematic’
errors, due to the average overlap of operators, as well
as ‘sampling’ errors, due to random fluctuations in this
overlap. We begin with the systematic errors: as we
recall, the size addition of m time-evolved operators re-
ceives corrections from k-way overlaps of the operators,
each scaling as ∼ mSK(mSK/K)k−1, for 2 ≤ k ≤ m
(rescaling our previous results to the K-size instead of
the size). The nonlinear dependence on m indicates that
sizes do not add perfectly. Nevertheless, when teleport-
ing an n-qubit initial state for large n, we can correct
for the above effect at leading order by using a linear
approximation for mk about its typical value, (3n/4)k.
This leads to an effectively smaller operator size, which
can be observed in the reduced frequency of the fidelity
oscillations for 10-qubit teleportation compared to 1-,3-
qubit teleportation in Fig. 4(a). The leading errors after

this shift are quadratic in δm ≡ m − 3n/4, which has a
typical magnitude δm ∼ √n. Multiplying by g/K and
taking the square, we therefore find multi-qubit fidelity
errors∼ (gSK/K)2(nSK/K)2k−2; at leading order k = 2,
this gives ∼ n2g2S4

K/K
4.

Finally, each intersection above is subject to additional
random fluctuations about its average value. When op-
erator sizes are much smaller than the system size, we
can treat each intersection as arising from a binomial
process, in which case fluctuations are proportional to
the square root of the intersection’s average size (see
Appendix E for a detailed accounting). These add in
quadrature for ∼ nk overlaps, producing a total fidelity
error ∼ (g2/K)(nSK/K)k.
Channel capacity— To define the channel capacity of

the teleportation protocol, we fix a per qubit error thresh-
old εth, and determine the maximum number of qubits
that can be sent while maintaining a multi-qubit fidelity
above this threshold7, F ≥ 1 − n εth. We are interested
in how the channel capacity scales with the number of
couplings, K, while allowing both g and SK (determined
by the evolution time) to vary.

In 0D RUCs, all errors increase with g, so it is optimal
to set g to its minimal value, gS/N = π. This gives a
per qubit error

ε

n
∼1

p
+

1

SK
+

[
nS2

K

K2
+ . . .

]
+

[
n2

K
+ . . .

]
. (54)

The first term is negligible in the large p limit and so we
will neglect it from here on.

We minimize the remaining terms with respect to SK .
There are two relevant regimes. For n .

√
K, the min-

imum is determined entirely by the leading order con-
tributions in nSK/K to the error (i.e. neglecting the el-
lipses). Taking the derivative and setting to zero, we
have the minimum at S(1)

K ∼ K2/3/n1/3. As we increase
n, the optimal size approaches the value S(2)

K ∼ K/n. At
this point, size addition errors of all orders (i.e. the el-
lipses) become large, and so the true minimum becomes
fixed just below S(2)

K . This crossover between these two
minima occurs at n ∼

√
K, at which S(1)

K ∼ S(2)
K .

The above minima give two distinct scalings for the per
qubit error and thus the channel capacity. The first min-
imum has a per qubit error ε(1)/n ∼ (n/K2)1/3, which
gives rise to a superlinear channel capacity, n . ε3thK

2.
However, as we increase K, this capacity eventually sur-
passes the value

√
K. Above this, the optimal size

is given by the second minimum, which has an error
ε(2)/n ∼ n/K, and thus the channel features an asymp-
totically linear capacity,

n . εthK. (55)

7We note that this definition of channel capacity differs from
more conventional definitions [62]; we do not expect this difference
to qualitatively affect the scaling of the channel capacity with K,
as the fidelity drops off steeply above the capacity [Fig. 4(b)].
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This is a stronger instance of the strict general bound
Eq. (46). Intuitively, this channel capacity arises because
the individual K-sizes must be large, SK � 1, for the
K-size to be tightly peaked, while at same time the com-
bined K-size must be much smaller than K, nSK � K,
for the K-sizes to add; hence n� K.

We test this scaling numerically by simulating the tele-
portation protocol and measuring the per qubit fidelity,
F , as a function of n and K. Specifically, for each value
of K, we sweep the number of qubits n and determine
the maximum qubits that can be sent before the infidelity
exceeds a threshold, 1−F = εth. These results are shown
in Fig. 4(b) and exhibit a clear linear trend across two
orders of magnitude, confirming our prediction of a linear
channel capacity.

A few final remarks are in order. First, while in princi-
ple the per qubit fidelity can be calculated by taking the
nth root of the full n-body fidelity, this approach is nu-
merically unstable for large n. Thus, we instead compute
the fidelity of a single qubit, while trying to send multiple
qubits, using an approach derived in Appendix D. This
amounts to performing a sum analogous to Eq. (36), but
only including pairs of Q1 and Q2 that are equal on all
sites except for one.

Second, the range of system parameters that lie within
the linear scaling regime is ultimately constrained by the
finite total system size, N = 108. In particular, to max-
imize the linear scaling regime, we choose p = 101 and
εth = 0.07. The former ensures that finite-p errors are
negligible, while the latter allows the number of qubits
at the threshold to be large enough to access the n &

√
K

regime but small enough that the operators are initially
dilute, i.e. n� N/p.

D. Large-q SYK model: infinite temperature

We now demonstrate peaked-size teleportation in a 0D
Hamiltonian system, the large-q SYK model, at infinite
temperature. While teleportation at low temperatures
in the SYK model is known to succeed via the gravita-
tional mechanism, teleportation at infinite temperature
was discovered only recently [16]. In addition to showing
that this mechanism is in fact peaked-size teleportation,
we also find that, remarkably, all qualitative aspects of
this teleportation match those of 0D RUCs.

The large-q SYK model is defined by the Hamiltonian
[24, 31]:

H = iq/2
∑

1≤j1≤...≤jq

Jj1,...,jqψj1 . . . ψjq , (56)

where ψi are Majorana fermions, {ψi, ψj} = 2δij , and
the couplings are drawn independently from a Gaussian
distribution with zero mean and a variance 〈J2

j1,...,jq
〉 =

J2/2q
(
N−1
q−1

)
.

To construct the teleportation protocol for the SYK

∼ K

Figure 4. Teleportation of multiple qubits in 0D RUCs. (a)
Teleportation fidelity as a function of time for teleportation
of n = 1, 3, 10 qubits. The multi-qubit fidelity decays and
revives earlier than the single-qubit fidelity, since multi-qubit
operators both have a larger size width and saturate the sys-
tem size earlier. At late times, teleportation of multiple qubits
is not possible and the fidelity is trivial. (b) The teleporta-
tion fidelity per qubit F decreases as the number of qubits is
increased (inset), due to errors in size addition. By setting
a threshold for the minimal accepted fidelity (dashed line),
we observe a linear scaling of the channel capacity nmax as a
function of the number of coupled qubits K.

model, we first define the N -fermion EPR state,

ψj,l |FEPR〉 ≡ −iψj,r |FEPR〉 , ∀ j = 1, . . . , N (57)

From this, the TFD state is obtained as before,

|TFD〉 ≡ e−βHl/2 |FEPR〉 . (58)

For the two-sided coupling, we consider the simple bilin-
ear interaction,

V =
1

2qN

N∑
j=0

iψj,lψj,r, (59)

which measures the size of operators in the Majorana
string basis, divided by qN [23, 24].

As in 0D RUCs, the size and size width of time-
evolved operators in the SYK model increase exponen-
tially in time, and exhibit a large separation only when
initially encoded in p-body operators. To see this, we can
generalize previous computations of size distributions in
the large-q SYK model [24] to initial p-body operators,
ψ = ψ1ψ2 . . . ψp; this relies on the factorization of SYK
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correlation functions in the large-N limit [16]. After the
relaxation time (t & 1/J), but before the scrambling time
(t . log(N/p)/J), the size and size width are:

S ≈ p

2
e2Jt, δS ≈

√
2qp

4
e2Jt. (60)

The scaling δS ∼ S/√p matches that found for 0D
RUCs; in particular, ensuring a large separation between
the size and size width requires p� 1.

This large separation suggests that peaked-size tele-
portation is possible at early times in the large-p limit.
To verify this, we analyze the two-sided correlator, which
is given by [7]

Cψ(t) = 〈e−igV ψr(−t)eigV ψl(t)〉

=

(
1

1 + i gN
1
4e

2Jt

)2p/q (61)

at infinite temperature before the scrambling time8. For
large p and early times, we can approximate the correla-
tor as

Cψ(t) ≈ exp

(
−i g
qN

p

2
e2Jt

)
, (62)

using (1 + ix)m ≈ eimx, valid when mx2 ≡
2p
q

(
g
N

1
4e

2Jt
)2 � 1.

Crucially, as expected for peaked-size teleportation,
the correlator in this regime corresponds to an overall
phase equal the average operator size, Eq. (60), multi-
plied by g/qN . This indicates that teleportation succeeds
with nearly maximal fidelity beginning when gS/qN ≈ 1.
Teleportation continues to succeed until the above ap-
proximation breaks down, which occurs when the size
width, δS, becomes of order (g/qN)−1. As for all scram-
bling systems, the two-sided correlator is expected to re-
vive at late times, t & log(N/p)/J , at which point the
sizes saturate the entire system [1, 7] (see Section V); this
is not reflected in Eq. (61), which is valid only before the
scrambling time.

VII. BEYOND PEAKED-SIZE
TELEPORTATION

In this Section, we seek to understand the interplay
between peaked-size and gravitational teleportation. A
central theme in this understanding is a comparison be-
tween the size distribution introduced in Section III, and
the winding size distribution introduced in Ref. [14, 15].

8The inclusion of e−igV in the correlator applies a phase e−ig
to the bra on the left side, which conveniently subtracts off the
constant term when V to operator size.

To illustrate the distinction between these distribu-
tions, consider a time-evolved Majorana fermion oper-
ator, decomposed in a basis of Majorana strings, χ:

ψ(t)ρ1/2 =
∑
χ

cχχ. (63)

From this decomposition, we define the size distribution,

P (S) =
∑

χ :S[χ]=S

|cχ|2, (64)

and the winding size distribution [14, 15],

f(S) =
∑

χ :S[χ]=S

c2χ, (65)

where S[χ] is the size of the string χ. Note that the size
distribution is real-valued, while the winding size distri-
bution may be complex.

The teleportation correlators are, in fact, directly re-
lated to the winding size distribution:

Cψ(t) = −i
∞∑
S=0

e−igS/qNf(S), (66)

which can be derived by explicitly plugging Eq. (63) into
the teleportation correlator. The size distribution, by
contrast, is related to “one-sided” correlation functions,
e.g. Eq. (23), where both instances of the time-evolved
operator appear on the same side of the TFD state.

Despite this distinction, we have so far been able to
analyze teleportation using the size distribution, as op-
posed to the winding size distribution, because the two
are equal in two circumstances. The first is at infinite
temperature, where the coefficients cχ are real because
ψ(t) is Hermitian. The second has been precisely our fo-
cus: when size distributions are perfectly tightly peaked,
in which case both distributions approach a delta func-
tion.

In what follows, we describe several scenarios in which
the distinction between the two distributions becomes
relevant. First, we analyze the general behavior of the
teleportation correlator at early times in large-N sys-
tems; this analysis relies on the connection between the
teleportation correlator and OTOCs and demonstrates
that the correlator deviates from the peaked-size predic-
tion whenever the OTOC contains an imaginary part.
Second, we review recent results showing that this devia-
tion eventually leads to low temperature correlators with
O(1) magnitude in models where the winding size dis-
tribution takes a particular form, which is conjectured
to be the microscopic origin of gravitational teleporta-
tion [14, 15]. Third, we return to teleportation in the
large-q SYK model and show that this model interpolates
between gravitational teleportation at low temperatures
and peaked-size teleportation at high temperatures. Sur-
prisingly, this interpolation occurs despite the fact that
the large-p encoding ensures a large separation between
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the size and size width, i.e. the size distribution naively
appears tightly peaked, even at low temperatures. Fi-
nally, motivated by this smooth interpolation, we con-
clude this Section by searching for a ‘dual’ description of
peaked-size teleportation in a bulk gravitational theory.
In particular, we argue that strong stringy effects lead
to the same qualitative features as peaked-size teleporta-
tion.

A. Early time teleportation

Let us begin by considering the first moments of the
size and winding size distribution. As we previously saw,
the first moment of the former, i.e. the average size, is
measured by a one-sided OTOC [Eq. (23)]. Similarly, the
first moment of the winding size distribution is given by
a two-sided OTOC,

(67)

which differs from Eq. (23) in terms of the placement
of the thermal density matrix. Just as for the distribu-
tions themselves, the two-sided OTOC is equal to the
one-sided OTOC at infinite temperature and when sizes
are perfectly tightly peaked.

The early time behavior of the teleportation correlator
is directly dependent on the first moment of winding size
distribution. We have already encountered this in the
specific case of peaked-size teleportation, for which the
two distributions are equal and the phase of the corre-
lator is given by the operator size (see Section III). To
generalize this relation beyond peaked-size regime, we
consider two simplifying assumptions. First, we focus on
0D large-N systems, e.g. the SYK model, with a p-body
initial encoding. In such systems, the teleportation corre-
lator factorizes into a product of single-body correlators
(up to 1/N corrections):

Cψ(t) =
〈
e−igV ψr(−t)eigV ψl(t)

〉
≈
[
〈e−igV ψ1,r(−t)eigV ψ1,l(t)〉

]p
,

(68)

where ψ1 is a single-body operator.

Second, generalizing Eq. (26), we consider sufficiently
early times to work at leading order in g:

Cψ(t) ≈ e−igp〈V 〉
[
〈ψ1,rψ1,l〉+ ig〈ψ1,r V ψ1,l〉+ . . .

]p
≈ e−igp〈V 〉〈ψ1,rψ1,l〉p

[
exp

(
igp
〈ψ1,r V ψ1,l〉
〈ψ1,rψ1,l〉

)
+ . . .

]
= (−iGβ)p exp

(
−igp

2q

[
OTOC2

Gβ
−Gβ

])
+ . . .

= (−iGβ)p exp

(
−i gp

2qN
GβF2(t)

)
+ . . .

(69)

where Gβ = i〈ψ1,rψ1,l〉 = tr
(
ρ1/2ψ1ρ

1/2ψ1

)
is the imagi-

nary time Green’s function, and F2(t) is the first-order,
connected component of the two-sided OTOC [Eq. (67)],

OTOC2 ≈ G2
β

(
1 +

1

N
F2(t) + · · ·

)
. (70)

Similar to Eq. (26), the leading correction to Eq. (69) is
∼ pg2[

〈
V 2
〉
ψ
− 〈V 〉2ψ /Gβ ], and the approximation holds

when this is small.
In chaotic systems, the connected OTOC grows expo-

nentially in time F2(t) ∼ eλt with a prefactor that is, in
general, complex. From Eq. (69), the real part of F2(t)
causes rapid phase oscillations in the correlator, while the
imaginary part increases/decreases the correlator magni-
tude, depending on the sign of the coupling g. As we
have seen, the former is the sole effect at infinite temper-
ature and when sizes are tightly peaked; in such cases,
the OTOC is real and equal to the operator size. Outside
of these regimes, the real part of F2(t)—i.e. the phase
of the teleportation correlator—is fundamentally distinct
from the first moment of the size distribution. Rather,
recent work has shown that Re{F2(t)} is computable via
a ladder diagram identity and is physically interpreted as
a ‘branching time’ [46].

On the other hand, the imaginary part of F2(t) is dom-
inant in systems with a gravity dual [32, 46] (as well as
other maximally chaotic systems, e.g. maximally chaotic
2D CFTs with a large central charge [63]). It leads to
a growth (or decay) in the magnitude of the correlator,
which is not possible in peaked-size teleportation. This
opens the door to O(1) teleportation fidelities even at
low temperatures [14, 15] (see the following Section). In-
terpolating between these two limits, it has been con-
jectured that the prefactor of F2(t) is proportional to
eiλβ/4π [32, 46]. This would imply that the imaginary
part is dominant if and only if λ ≈ 2πβ, i.e. the system
approaches the bound on chaos.

B. Gravitational teleportation and the size-winding
mechanism

We now move beyond early times and provide a brief
review of how the correlator can achieve its maximal mag-
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nitude, 1, even at finite temperatures. This occurs via
the ‘size winding’ phenomenon introduced in Ref. [14, 15]
as the microscopic mechanism for gravitational telepor-
tation. As we emphasize in Section II, maximizing the
magnitude of the correlators is necessary for high fidelity
teleportation, but it is not sufficient: we must also align
the correlator phases, for every operator on the subspace
to be teleported.

To begin, note that the winding size distribution is
normalized to the two-point function, Gβ ≤ 1, in con-
trast to the size distribution, which is normalized to 1.
From Eq. (65), we see that this norm being less than one
implies that the phases of the coefficients cχ are not per-
fectly aligned for different strings χ. It is convenient to
separate this misalignment into two classes: first, when
coefficients of strings of the same size S are misaligned,
which manifests in the magnitude of f(S) being less than
maximal for a given S, and second, when the phases of
f(S) for different sizes S do not align with each other.

We focus on the latter case and, more specifically, con-
sider an ansatz in which the coefficients’ phases wind with
the size [14, 15]:

cχ = eiαS[χ]|cχ|, (71)

In this case, the coupling of the teleportation protocol,
by applying a phase that is also proportional to the size,
can serve to unwind the phases of f(S) at the value
g/qN = 2α [see Eq. (65)]. This increases the telepor-
tation correlator magnitude from its initial value, Gβ , to
unity. Although seemingly artificial, we next show that
this ansatz holds exactly for the SYK model at low tem-
peratures.

C. Large-q SYK model: finite temperature

We now turn to explore the interplay between peaked-
size and gravitational teleportation in an explicit exam-
ple: the large-q SYK model at finite temperature and
large-p encoding. Despite the fact that this model fea-
tures a large separation between the size and size width,
we show that teleportation is not governed by the peaked-
size mechanism at low temperatures, due to the presence
of strong size winding.

To begin, let us consider the finite-temperature tele-
portation correlator, given by [16]:

Cψ(t) = (−iGβ)p
(

1

1− g
N

J
2λe

λt sin(λβ/4) + i gN
1
4e
λt

)2p/q

,

(72)

where Gpβ = ip 〈ψrψl〉 = (λ/2J)2p/q is the p-body two-
point function, and the Lyapunov exponent λ corre-
sponds to the solution of βλ = 2βJ cos(λβ/4), and in-
terpolates between 2π/β at low temperatures and 2J at
high temperatures. At infinite temperature, the correla-
tor reduces to Eq. (61), and follows our expectations for

peaked-size teleportation (see Section VID). At low tem-
peratures, where the model is known to possess a gravita-
tional dual [30–32], the correlator behaves substantially
differently; most notably, its magnitude increases from
Gpβ at time zero to unity when gJeλt/2λN = 1 [illus-
trated in Fig. 1(c)].

From this correlator, we can verify the two predictions
made in Sections VIIA and VIIB: (i) the early time be-
havior is governed by the two-sided OTOC, and (ii) the
size winding mechanism is responsible for the O(1) peak
in the correlator magnitude at low temperatures. To see
the former, we expand the correlator at leading order:

Cψ(t) ≈ (−iGβ)p exp

(
− igp

2qN

[
i
2J

λ
eλt sin(λβ/4) + eλt

])
.

(73)

Indeed, the term in the exponent is directly proportional
to the connected piece of the two-sided OTOC [46],

F2(t) = i
2J

λ
eλt sin(λβ/4) +

1

N
eλt, (74)

matching Eq. (69)9. At high temperatures this OTOC is
equal to the operator size [Eq. (60)], resulting in phase
oscillations, whereas at low temperatures the OTOC ro-
tates to become predominantly imaginary, leading to an
exponential growth in the correlator magnitude.

Next, to understand the role of size winding, we must
analyze the full winding size distribution. We can derive
this distribution by expanding the teleportation correla-
tor in powers of e−ig/qN to match Eq. (66). To do so,
it is convenient to consider the exact correlator (before a
g/N � 1 approximation) [16, 24]:

Cψ(t) =

(−iGβ)p
(

e−ig/2N

1 + i(1− e−ig/N )[ J2λ sin(λβ/4) + i
4 ]eλt

)2p/q

(75)

Rewriting this correlator using the Taylor expansion,(
1

1 + (1− e−µ)x

)2p/q

=
1

(1 + x)2p/q

∞∑
n=0

e−nµ
(
n+ 2p

q − 1

n

)
1

(1 + 1/x)n
,

(76)

and identifying the nth coefficient with the winding size

9More precisely, the correlator in Eq. (73) is missing a factor of
Gpβ compared to Eq. (69). This same mismatch is noted in Ref. [24],
and is attributed to the large-q limit utilized for the calculation,
since in this limit Gβ approaches 1.
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distribution, we have:

f(qn+ p) =− (−iGβ)p

(1 + J
2λe

λte−iλβ/4)2p/q

×
(
n+ 2p

q − 1

n

)
1

(1 + 2λ
J e
−λteiλβ/4)n

.

(77)

At intermediate times and large p, the distribution takes
a particularly simple form,

f(qn+ p) ≈ (−iGβ)p
(γ + i2α)2p/q

Γ( 2p
q )

n
2p
q −1e−γnei2αn

(78)

where we define the size decay rate, γ, as

γ =
2λ

J
e−λt cos(λβ/4) =

(
λ

J

)2

e−λt, (79)

and the size winding coefficient, α, as

2α =
2λ

J
e−λt sin(λβ/4). (80)

The above expression holds when (2p/q)2 � n �
1/γ2, 1/α2. Crucially, the distribution follows the size
winding ansatz, f(n) = |f(n)|ei2αn. Thus, we recognize
that the maximum in the correlator magnitude occurs
when the coupling has unwound the phases of f(n), at
g/N = 2α, as expected from Section VIIB.

The fact that the correlator magnitude increases in
time, and moreover reaches an O(1) value at low temper-
atures, is a hallmark of gravitational teleportation and
signals physics outside the peaked-size regime. Naively,
this result is surprising, as we expect the p-body encoding
to ensure a peaked size distribution. Indeed, the average
size and size width remain separated by √p at all tem-
peratures [24]:

S[ψ(t)ρ1/2]− S[ρ1/2] ≈ p

2

(
2J

λ

)2

eλt =
2p

γ
, (81)

δS[ψ(t)ρ1/2] ≈
√

2qp

4

(
2J

λ

)2

eλt =

√
2qp

γ
. (82)

This demonstrates that our simple intuition, of judging a
size distribution to be tightly peaked if the ratio between
the size width and average size is small, is not always cor-
rect. Rather, in Appendix A, we provide a more precise
condition for when peaked-size teleportation holds, and
explicitly show that this condition breaks down for the
SYK model at finite temperature (but remains satisfied
at infinite temperature).

Let us now provide intuition for how peaked-size tele-
portation is modified by size winding at low tempera-
tures. To this end, we express the SYK correlator in

terms of the winding size distribution parameters:

Cψ(t) ≈ (−iGβ)p
(γ + i2α)2p/q

Γ( 2p
q )

×
ˆ ∞

0

dnn
2p
q −1 exp(−γn) exp(−i[g/N + 2α]n).

=(−iGβ)p
[

γ + i2α

γ + i2α+ ig/N

]2p/q

(83)

At early times, this integral can be solved using a
saddle-point approximation. At infinite temperature, the
saddle point, ns, occurs precisely at the average size,
ns = (2p/q)/γ = S/q, giving the peaked-size correla-
tor, Cψ = (−iGβ)p · exp(−igS/qN). In contrast, at
finite temperature, the size winding α shifts the sad-
dle point in the imaginary direction of the complex
plane, giving ns = (2p/q)/(γ + 2iα) and a correlator
Cψ = (−iGβ)p · exp(−igns/qN). From this, we recog-
nize the saddle point as precisely the two-sided OTOC,
ns = p

2qF2(t).
The inclusion of the size winding in the low temper-

ature saddle point thus has two effects. First, it con-
tributes an imaginary part to the OTOC and thereby
increases the magnitude of the teleportation correlator.
More subtly, it also alters the real part of the OTOC. At
low temperatures, α/γ ≈ βJ � 1, and we can approxi-
mate the saddle as ns ≈ (2p/q)/(2iα) + (2p/qγ)(γ/2α)2.
Recognizing S = 2p/γ, we see that the real part of the
OTOC now corresponds to the average size suppressed
by two factors of the ratio (α/γ)2.

D. Gravity with stringy effects

While the bulk of this paper approaches teleportation
firmly through the lens of quantum mechanics, we would
be remiss not to explore the analog of peaked-size tele-
portation in gravitational physics. Specifically, we would
like to ask: is there a teleportation mechanism in gravi-
tational systems that shares the same features as peaked-
size teleportation? Such a connection might seem surpris-
ing, given the prevalence of peaked-size teleportation in
quantummechanical models with no apparent connection
to gravity. Nonetheless, the smooth blending between
gravitational teleportation and peaked-size teleportation
in the SYK model suggests a positive answer.

Here, we demonstrate—in a particular gravitational
geometry, AdS2—that an analog of peaked-size telepor-
tation indeed occurs when strong stringy corrections are
included in the gravitational theory. Intuitively, our re-
sults are consistent with our previous analysis of the SYK
model, where, in the dual gravitational theory, increasing
the temperature is known to add stringy effects [32].

Our derivation assumes familiarity with the gravita-
tional description of teleportation in AdS2, a thorough
summary of which can be found in the seminal works of
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Refs. [1, 7]. In this setting, the teleportation correlator
can be calculated explicitly by considering gravitational
scattering in a wormhole geometry. We will maintain
our SYK notation, so that V consists of K single-body
fermion operators, ψi, and our input operator is a p-body
fermion, ψ. The correlator can be solved for by decom-
posing the fermion operators in a momentum basis and
applying the scattering matrix:

Csc
ψ (t) = e−ig〈V 〉

ˆ
dkΨr(k, t)Ψ

∗
l (k, t)

× exp

(
ig

ˆ
dseiδ(k,s)iΨ1,r(s, 0)Ψ∗1,l(s, 0)

) (84)

where Ψl/r(k, t) is the wavefunction for the p-body op-
erator inserted on the left/right boundary with in-falling
momentum k (and similarly Ψ1,l/r(s, 0) for any single-
body operator in V ), and eiδ(k,s) is the scattering matrix
element between ψ(t) and ψ1(0). In pure gravity, i.e. in
the absence of stringy effects, these quantities take the
form [1]:

Ψr(k, t)Ψ
∗
l (k, t) =

(2ike−t)2∆e−4ike−t

iΓ(2∆)(−k)
Θ(−k) (85)

δ(k, s) = GNks (86)

where we have set β = 2π for convenience, Θ(x) is the
Heavyside function, and ∆ = p/q is the conformal weight
of ψ. The single-body wavefunction, Ψ1(s, 0), is obtained
by setting t = 0 and replacing ∆ → ∆1 = 1/q (i.e. the
conformal weight of a single fermion).

In the semiclassical limit, we can evaluate the corre-
lator by expanding eiδ to linear order in GN [1]. We
find:

Csc
ψ (t) = 〈ψlψr〉

(−i)42∆

Γ(2∆)

×
ˆ ∞

0

dk (−ik)2∆−1 exp
(
−i(g̃GNet − 4)k

)
,

(87)

where g̃ ≡ g4−∆0∆0/2. This expression is almost identi-
cal to the large-q SYK correlator of Eq. (83), setting the
size decay rate to zero, γ = 0, and identifying the momen-
tum k in the gravitational calculation with the size n in
the SYK model [64]. Notably, the correlator diverges at
the teleportation time, 4 = g̃GNe

t. In bulk gravity, this
divergence is exactly the light-cone pole between the left
and right sides of the traversable wormhole, and is reg-
ulated by including higher order terms in GN or stringy
corrections [1].

While the full effects of stringy scattering in an AdS
background are not known, we will take a phenomenolog-
ical treatment as in Ref. [1, 45]. Here, the total effect of
stringy corrections is to change the scattering amplitude
to

δ(k, s) = iGN (−iks)ε, 0 ≤ ε ≤ 1, (88)

where ε controls the strength of stringy effects, and varies
from 1 in pure gravity to 0 in the highly stringy limit.

Again expanding eiδ to leading order in GN , and Wick
rotating k → −ik, we can write the correlator as

Cstringy
ψ (t) = 〈ψlψr〉

42∆

Γ(2∆)

×
ˆ
dk k2∆−1e−4k exp

(
−i1+εgGNAεk

εeεt
)
(89)

where Aε is a constant of order 1. Note that the k-
dependence in front of exponential is a Poisson distribu-
tion with a saddle point at ks ≈ ∆/2 in the heavy particle
limit, ∆ = p/q � 1. At early times, eεtGN � 1, and for
strong stringy effects, ε → 0, the change in this saddle
point from the scattering, g, is negligible. In these limits,
the saddle point approximation thus gives the correlator:

Cstringy
ψ (t) ≈ 〈ψlψr〉 exp

(
−igGNAε(∆/2)εeεt

)
, (90)

which has exactly the same form as in peaked-size tele-
portation [Eq. (29)]! Specifically, the correlator is equal
to the two-point function, Gβ = i〈ψlψr〉, multiplied by
a pure phase. Tentatively, this suggests interpreting the
phase as the operator size in a dual boundary theory.
This size,

S/N ∼ GNAε(∆/2)εeεt, (91)

grows exponentially in time with a non-maximal Lya-
punov exponent, 2πε/β.

A few remarks are in order. First, while in the above
treatment the strength of stringy effects depends on a
‘free’ parameter ε, we expect that in a UV complete the-
ory ε would in turn depend on the temperature (and
other physical parameters). In particular, we expect
ε→ 1 at low temperature in theories that are dual to pure
gravity, and ε → 0 at high temperature, where stringy,
UV effects should play an important role. This statement
also follows from the point of view of the boundary field
theory, since the scattering matrix is proportional to an
OTOC of the boundary theory, which is real at infinite
temperature.

Second, if we would like to recover the infinite tem-
perature SYK correlator, Eq. (61), from the scattering
computation, choosing a proper ε as a function of β is
not enough. One also needs to modify the wavefunction
of ψ, to:

Ψr(k, t)Ψ
∗
l (k, t) =

ε(2ikεe−εt)2∆e−4ikεe−εt

iΓ(2∆)(−k)
Θ(−k) (92)

Such a wavefunction modification due to UV data should
be model dependent, and it would be interesting to un-
derstand how to derive this ‘stringy-corrected’ wavefunc-
tion from the bulk point of view. Nevertheless, one par-
ticular feature of the modified wavefunction has a clear
motivation from the boundary perspective. Specifically,
Wick rotating Eq. (92), k → −ik, leads to a distribution
whose width, δk ∼ ∆1/ε, broadens as ε→ 0. This broad-
ening increases the phase variations in the exponential of
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Eq. (89) and results in the decay of the correlator at the
timescale eεtGN/

√
∆ ≈ 1 for small ε. From the bound-

ary point of view, this decay corresponds to the require-
ment that the size width must be small, gδS/N . 1, for
peaked-size teleportation, as we saw for 0D RUCs and
infinite temperature SYK (Section VI). We expect this
decay to be common to many 0D quantum systems at
high temperatures, which suggests that the broadening
of the bulk stringy wavefunction as ε→ 0 might also be
a general feature.

Finally, the most obvious effect of a non-unity ε is
to change the scattering phase, δ(k, s), from being real-
valued to complex. Indeed, in the strong stringy limit,
δ(k, s) becomes purely imaginary. In general scattering
theory, a complex δ means that the scattering matrix,
eiδ, is no longer normalized, and implies the existence of
inelastic scattering [45]. Since peaked-size teleportation
is replicated in the limit ε → 0, this suggests a more
general relationship between peaked sizes and inelastic
scattering. In Appendix G, we demonstrate that these
two phenomena also coincide at infinite temperature, for
arbitrary wavefunctions and scattering amplitudes.

VIII. EXPERIMENTAL PROPOSALS

Having illustrated the wide breadth of physics that en-
ters into the teleportation protocol, in this Section we
outline explicitly how one can probe this physics in the
laboratory. We begin with a qualitative guideline on us-
ing the teleportation circuit to probe scrambling physics.
Next, we introduce a ‘one-sided’ implementation of the
teleportation circuit, which eliminates the need to ex-
perimentally prepare the thermofield double state. This
one-sided circuit can be efficiently implemented in sev-
eral state-of-the-art experimental platforms. The funda-
mental requirement is the ability to time-evolve forwards
and backwards under many-body scrambling dynamics,
which is well within reach for existing and near-term
quantum simulators with N ∼ 102 qubits [34, 65, 66].
As concrete examples, we present two near-term exper-
imental realizations of our protocol using pristine and
replicable atomic qubits: first with neutral atoms and
second with trapped ions.

A. Experimental signatures

We begin by outlining the utility of peaked-size tele-
portation for probing operator size distributions in exper-
iment. As we have seen, in addition to measuring more
familiar aspects of the size distribution, i.e. the average
size (equivalent to an average OTOC), the teleportation
circuit also opens the door to measuring the size width
and size addition of operators.

The simplest experimental signal to be detected is any
non-trivial teleportation fidelity of a single qubit. This
signifies that the implemented unitary is scrambling and

has been demonstrated using the HPR coupling [12, 13].
As in the HPR protocol, the success of teleportation is a
robust signature of scrambling physics, in the sense that
it cannot arise from decoherence or experimental error,
unlike the decay of OTOCs [11]. Notably, the telepor-
tation protocol represents a ‘single-shot’ measurement of
scrambling in the presence of error, and does not rely
upon any outside estimate of the error.

Once teleportation is established, measuring the fi-
delity as a function of the time parameterizing U probes
the size distribution of time-evolved local operators in
two ways. First, within the peaked-size regime, oscilla-
tions in the teleportation fidelity as a function of time
provide a direct measurement of the growth in operator
size. In particular, setting g = 2πn + π, one expects
to see n oscillations in the teleportation fidelity before
it reaches its late time plateau. The peaks in these os-
cillations give the operator size as a function of time:
S = (m/n)(1− 1/d2)N at the mth peak.

Second, since peaked-size teleportation relies on the
size width δS being small, gδS/N . 1, its success or fail-
ure indicates whether the width has surpassed the tun-
able value N/g. Dependent on the model and the value
of g, this leads to an illuminating three-regime profile for
the teleportation fidelity as a function of time: initial
teleportation when size width is small, no teleportation
when δS & N/g, and late time teleportation once the
size width relaxes to its small late time value [as depicted
schematically in Fig. 1(c) and observed numerically in 0D
RUCs in Fig. 2(c)]. As outlined in detail for 0D, 1D, and
2D RUCs in Section VI, the timescales at which these
regimes occur directly probe the scaling of the size width
of the distribution.

Moving forward, teleportation of multiple qubits ver-
ifies that the sizes of these qubits add under operator
composition, and could explicitly demonstrate the equiv-
alent channel capacities of peaked-size and gravitational
teleportation. While operator size addition is trivial
when the teleported qubits are causally separated under
U , determining the requirements for size addition un-
der more general dynamics—e.g. all-to-all or power-law
interactions—remains an open question.

Finally, the teleportation protocol can be used as a
sharp diagnostic for gravitational physics. Given the
presence of peaked-size teleportation in the same circuit,
the mere observation of teleportation, even of multiple
qubits, is in fact not enough to conclude that gravita-
tional scrambling is present. Instead, we propose to use
two experimental signatures that differ starkly between
the two teleportation mechanisms: (i) the teleportation
fidelity at low temperature, and (ii) the behavior of the
teleportation fidelity as a function of time, t, and the
coupling strength, g. For the former, the observation
of a high teleportation fidelity, ∼ O(1), at low temper-
atures strongly suggests the occurrence of gravitational
teleportation, since the fidelity of peaked-size teleporta-
tion is limited at such temperatures by the (small) two-
point function, Gβ . For the latter, one observes that
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Figure 5. One-sided implementation (right) of the original
two-sided teleportation protocol (left) (replacing U → UT

for convenience, compared to Fig. 1). Blue arrows denote
the sequence of operations in the one-sided protocol, while
green and red bands mark corresponding sections of the two
implementations.

the qualitative profile of the teleportation fidelity as a
function of time differs greatly between the two mecha-
nisms (see Fig. 1(c) for a comparison between the two,
and Figs. 2, 3 for additional examples of peaked-size
teleportation). Furthermore, gravitational teleportation
works only for a specific sign of the coupling, g > 0,
while peaked-size teleportation is even as a function of
g [1, 7, 14, 15].

B. One-sided implementation of teleportation
circuit

Turning towards our experimental proposals, we now
introduce a one-sided implementation of the teleporta-
tion protocol, at infinite temperature (Fig. 5). This cir-
cuit eliminates the need to prepare the highly entangled
thermofield double state, at the cost of a higher depth
quantum circuit. We derive the one-sided implementa-
tion from the ‘two-sided’ implementation [copied in Fig. 5
from Fig. 1(a)] by sliding all operations from the left side
of the thermofield double state to the right side, using
Eq. (7). The one-sided implementation then proceeds as
follows.

The initial state of the circuit corresponds to the top
left of the two-sided implementation. Namely, we initial-
ize the K ‘measured’ qubits of subsystem C in a defi-
nite outcome state, |o1 · · · oK〉. These states should be
drawn from the distribution of measurement outcomes,
but when teleporting an EPR pair at infinite tempera-
ture they will be uniformly distributed. For the N −K
unmeasured qubits, we use the resolution of the iden-
tity 1 ∝ ∑

s |s〉 〈s| to replace the unterminated legs
with an initial product state in the computational basis,

|oK+1 · · · oN 〉. At the end of the computation, one should
average over all 2N−K states. Finally, we include one ad-
ditional ancillary qubit for each qubit to be teleported,
whose initial state is sampled over a complete basis |φ〉
for subsystem A. Similar to the unmeasured qubits, this
corresponds to the unterminated leg of the thermofield
double state when we insert the teleported qubit |ψ〉 in
the two-sided implementation.

Having defined an initial pure state, we now implement
the circuit starting from the top left of the two-sided im-
plementation and proceeding counter-clockwise (Fig. 5).
The circuit consists of three successive applications of
U or U †, interspersed with a swap gate exchanging the
‘teleported’ subsystem A of U with the ancillary qubit(s),
and operations V̂i = eigoiÔi/K determined by the initial
state of the ‘measured’ qubits. The outcome of the cir-
cuit is an EPR measurement between the ancilla qubit
and subsystem A.

Compared to the two-sided implementation, the only
practical drawback of the one-sided implementation is
the additional overhead associated with summing over
the initial states of the N − K unmeasured qubits 10.
Crucially, this does not yield an exponential overhead
as the sum can be approximated through sampling, re-
quiring a number of realizations that is quadratic in the
desired fidelity. Perhaps even simpler, the same result
can computed ‘physically’ by initializing the qubits in a
maximally mixed state instead. In either case, for mea-
suring operator size it is most accurate to take K ≈ N ,
in which case the overhead is negligible.

A more philosophical difference is that the one-sided
implementation no longer performs teleportation, but
rather prepares an EPR pair from an otherwise scram-
bled, many-body system. Specifically, we know that upon
swapping out, subsystem A is maximally entangled with
the remaining qubits whenever the unitary, U , is scram-
bling; the one-sided circuit then acts to distill this en-
tanglement into an output EPR pair. This connection
has been noted in gravity, where the one-sided protocol
can be interpreted as distilling the partner operators of
emitted Hawking radiation [67, 68] or observing behind
the horizon in the SYK model [69].

C. Implementation with neutral Rydberg atoms

One particularly promising platform for implementing
the traversable wormhole protocol is a quantum sim-
ulator based on neutral alkali or alkaline-earth atoms
held in a reconfigurable and controllable array of optical
dipole traps. Recent experiments have already achieved
near-deterministic trapping and loading of atoms into

10Note that averaging over the K measured qubits should not
be considered overhead because it would also be required in the
two-sided variant.
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Figure 6. (a) In the proposed analog Rydberg teleportation protocol, qubits are encoded in a ground state |g〉 and a Rydberg
state |r〉. Nearest-neighbor interactions (dark blue) can be time-reversed, but next-nearest neighbor interactions (light blue)
cannot. (b) Numerical results comparing the teleportation fidelity with perfectly reversed time-evolution (solid) with the
proposed, imperfect time-reversal (dashed), for N = 20 spins and Ωi = .9, ∆i = −1.5, V0 = 1. (c) In the digital protocol,
qubits are encoded in two hyperfine ground states. Time evolution is performed by alternating layers of controlled-phase gates
between nearest neighbor atoms and single-qubit rotations (red boxes). Insets show possible pulse sequences to implement the
controlled-phase gate and the single-qubit rotations [70].

arbitrary geometries in one, two, and three dimen-
sions [35, 71, 72]. By leveraging the strong dipole cou-
pling between atomic Rydberg states, high-fidelity analog
quantum simulations and digital gates have also recently
been demonstrated [34–39]. These demonstrations have
primarily used two natural schemes of encoding qubits
into neutral atoms:

1. A qubit can be encoded by choosing an atomic
ground state |g〉 to be the |0〉 state, and a highly
excited Rydberg state |r〉 with principal quantum
number n� 1 as the |1〉 state [see Fig. 6(a)].

2. Alternatively, the qubit states can be chosen as two
long-lived hyperfine ground states (for alkali atoms
or fermionic alkaline earth atoms) or a ground state
and a metastable clock state (for bosonic alkaline
earth atoms), such that the |1〉 state can be coupled
to a Rydberg state to perform entangling gates [see
Fig. 6(c)].

We will show how both encodings can be used to re-
alize the teleportation protocol in feasible near-term ex-
periments. We find that the first encoding is naturally
suited ‘analog’ time-evolution under the native (Ising-
type) Hamiltonian for a Rydberg setup, but is fundamen-
tally limited to smaller system sizes of . 30 − 35 qubits
(in one spatial dimension) due to the inability to per-
fectly time-reverse long-range interactions. On the other
hand, the second encoding is more flexible and allows for
digital time-evolution including RUCs and Floquet dy-
namics. This time-evolution can be reversed exactly and

is limited only by qubit and gate fidelities. While we will
primarily consider realizations of our protocol in exper-
imental setups where the neutral atoms are individually
trapped in optical tweezers and undergo (near-)resonant
excitation to Rydberg states, we also conclude by dis-
cussing how similar physics can be seen in an optical
lattice setup where the atoms are primarily in ground
states |0〉 and |1〉, but one of these states is ‘dressed’ by
an off-resonant laser field which couples it to a Rydberg
state [73–75].
Analog implementation—We first consider the encod-

ing where the qubit states |0〉 and |1〉 correspond to a
ground state |g〉 and a highly excited Rydberg state |r〉.
While neutral atoms are effectively non-interacting in
their ground states, nearby atoms interact strongly via
van der Waals interactions ∝ n11/r6 if they are both in
the Rydberg state, where r is the distance between the
atoms. Thus, if we drive the transition |gi〉 ↔ |ri〉 at
each site i with tunable Rabi frequency Ωi and detuning
∆i [see Fig. 6(b)], the system will undergo analog time
evolution under the Hamiltonian

H =
∑
i

Ωi
2
Xi+

∑
i

∆i(1−Zi) +
∑
i6=j

Vij
4

(1−Zi)(1−Zj)

(93)
where Xi = |gi〉〈ri|+ |ri〉〈gi|, Zi = |gi〉〈gi| − |ri〉〈ri|, and
Vij = V0/|i−j|6 is the van der Waals interaction strength
between two atoms at positions i and j.

The Hamiltonian in Eq. (93) is scrambling and exhibits
a scrambling time limited by the smaller of V0 and Ωi,
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t∗ ∼ N/min(V0,Ωi). To minimize the total evolution
time, we set |Ωi| ∼ V0, so that evolution under H for a
time ∼N/V0 implements a fully scrambling unitary U in
the teleportation protocol. To implement U†, we reverse
the sign of the tunable single-site parameters Ωi and ∆i,
and reverse the strong nearest-neighbor interactions by
conjugating time-evolution via Pauli operators Xi (i.e.
applying π-pulses) on every other site.

In a one-dimensional array, the errors in our imple-
mentation will arise from two main sources: (i) the fi-
nite lifetime of the Rydberg state, which gives rise to a
nonzero decoherence rate at each of the N sites, and (ii)
the weak next-nearest neighbor interactions ∼ V0/2

6 =
V0/64, which cannot be time-reversed simultaneously
with nearest neighbor interactions. To estimate the ef-
fect of the former, let us consider the specific case of
87Rb atoms excited to the 70S Rydberg state [34, 36],
which has a lifetime τ ≈ 150 µs. Realistically achievable
Rabi frequencies and interaction strengths are of order
∼ 2π × 10− 100 MHz. The total time to implement the
three scrambling unitaries of the teleportation protocol is
thus ∼ 3N/|Ωi|; when summed over N qubits and com-
pared to the Rydberg lifetime, this gives an estimated
many-body error ∼ 3N2/|Ωi|τ .

Errors due to imperfect backwards time-evolution are
more fundamentally restrictive to the analog approach.
In order to precisely characterize the effects of these
errors on the teleportation fidelity, we perform large-
scale numerical simulations of the teleportation proto-
col with the Rydberg Hamiltonian, Eq. (93) [76]. We
find that for a one-dimensional chain of up to N = 20
atoms, the fidelity under our proposed protocol exhibits
a ∼ 10% error at the scrambling time compared to the
ideal case [Fig. 6(b)]. This is consistent with a sim-
ple estimate, where the error adds coherently over time-
intervals δt ∼ 1/V0 (the local thermalization time), and
incoherently at larger time-scales. Within each δt, each
atom accumulates an error ∼ (δt V0/64)2; summed over
N atoms and total time 3t∗ ≈ 3Nδt, this gives a total
many-body error ∼ 3N2/642.

Combined with the Rydberg lifetime error, this sug-
gests that near-term experiments should be able to im-
plement many-body teleportation in systems of N ∼ 35
qubits. We note that in higher dimensions, the smaller
relative distance of next-nearest neighbor atoms gives rise
to a substantially larger error contribution from imper-
fect time-reversal, and the analog protocol is not suitable
beyond very small system sizes.
Digital implementation—To implement the protocol

in larger systems and higher dimensions, we turn to
digital time-evolution, using the second type of qubit
encoding (i.e. hyperfine ground states) [Fig. 6(c)]. In
this approach, we envision applying alternating layers of
nearest-neighbor controlled-phase gates and single-qubit
rotations. Here, the controlled-phase gates can be im-
plemented by applying a simple pulse sequence to ex-
cite and de-excite qubits from the |1〉 state to the |r〉
state, so that the wavefunction acquires a −1 phase if

either of the two qubits are in the |1〉 state, but not
if both qubits are in the |0〉 state (see Fig. 6(c) in-
sets) [70]. As demonstrated in recent experiments [77],
these Rydberg-mediated controlled-phase gates can be
performed in parallel for sufficiently well-separated pairs
of qubits, and non-nearest neighbor interactions can be
avoided by slightly reducing the parallelism within each
layer of controlled-phase gates. Single-qubit rotations
can be performed with sufficiently high fidelity such that
the overall circuit fidelity is primarily limited by the en-
tangling gates [71, 78].

For a generic choice of gates, the circuit will be
fully scrambling when U is composed of ∼ N layers of
controlled-phase gates. The fidelity of the overall imple-
mentation is again limited by the finite lifetime of the
Rydberg state, which is populated for time ∼ 1/V0 dur-
ing each controlled-phase gate. Assuming the same ex-
perimental parameters as in the analog case, one expects
to be able to perform approximately Ωτ ∼ 2π×103−104

controlled-phase gates within the decoherence time-scale.
Thus, in the digital approach, one expects that the
teleportation protocol can naturally be implemented for
N ∼ 200 qubits up to the scrambling time.

Interestingly, the digital approach can also be adapted
to experiments using Rydberg-dressed neutral atoms in
an optical lattice [73–75]. In such a setup, qubits are
again encoded in hyperfine ground states. Strong Ising-
like interactions are generated by coupling the qubit state
|1〉 to a Rydberg state with a far-detuned laser field.
In this way, the Rydberg interaction gives rise to an
energy shift for two neighboring atoms both in the |1〉
state. Analogous to our previous discussion, a simple
scrambling unitary could consist of alternating layers
of Rydberg-dressed interactions and single-qubit rota-
tions. While the total accumulated error in the Rydberg-
dressing approach is comparable to the gate-based pro-
tocol, one potential advantage is an increased tunability
of the interactions [79, 80].

In all of the above settings, there are three additional
ingredients to the teleportation circuit: (i) the ability
to ‘swap’ in the qubit |φ〉 after the first application of
U , (ii) the single-qubit rotations V̂i, and (iii) the final
measurement in the EPR basis. In both digital setups,
these are easily accomplished by combining controlled-
phase gates, arbitrary single-qubit rotations, and local
measurements. In the analog setup, we propose to tem-
porarily ‘turn off’ the Hamiltonian by transferring each
Rydberg state |r〉 to a hyperfine ground state (e.g. the
state used as |1〉 in the digital protocol) using a resonant
laser pulse. Once this is done, all of the above operations
can be performed identically as in the digital setup. Af-
terwards, an additional resonant laser pulse returns the
system to the analog encoding.
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Figure 7. (a-b) Chain of atomic ions, with qubit states |0〉, |1〉 represented by hyperfine ground states. The states are coupled
by a pair of laser beams, one with individual addressing (with strength g1, purple) and one applied globally (with strength
g2). Each beam is strongly detuned from an excited state |e〉 by an amount ∆. The coherent beatnote between the beams, at
frequency ω0, drives stimulated Raman transitions between the qubit levels with an effective Rabi frequency g1g2/2∆, and also
modulates the Coulomb interaction between qubits to give rise to an effective Ising interaction. (a) A two-qubit entangling
gate, XXij(θ), (red) is performed by addressing only ions i and j with the first beam. (b) Half of the qubits are addressed,
which leads to analog time-evolution under the Hamiltonian Eq. (94) (blue) for all addressed spins. (c) Quantum circuit
implementation of the teleportation protocol at finite temperature. EPR pairs are formed using two-qubit gates. The TFD
state is then prepared via a QAOA approach by iterating multiple times between two-qubit gates coupling the sides and analog
time-evolution on both sides individually [81, 82]. The state |ψ〉 is inserted either by projectively measuring the designated
qubit and preparing the state, or by digitally swapping in an additional qubit (not shown). Finally, teleportation is implemented
using similar ingredients as well as feed-forward measurements (purple dotted lines).

D. Implementation with trapped ions

A second experimental platform, which naturally en-
ables the implementation of our proposed many-body
teleportation protocol, is arrays of individual trapped
atomic ions [83–85]. Trapped ion qubits feature near-
perfect replicability, negligible idle errors, and the abil-
ity to implement both a universal set of reconfigurable
quantum gates [44] as well as analog long-range spin
Hamiltonians [40, 41]. Entangling quantum gates have
been demonstrated between isolated pairs of trapped ions
with fidelities exceeding 99.9% [42, 43]. Teleportation
protocols—including the HPR protocol [12]—involving
gate operations, partial measurement and feedforward
operations, have been experimentally realized in a num-
ber of contexts [4, 5, 12, 86].

Compared to Rydberg atom arrays, trapped ions offer
two new regimes for exploring many-body teleportation.
First, trapped ions naturally interact via a long-range
analog Hamiltonian, whose time-evolution can be fully
reversed. Implementing the TW protocol in this setting
would provide a window into operator spreading and size
distributions under such long-range dynamics [87, 88].
Second, when operated digitally, the same long-range in-
teraction enables the preparation of thermofield double
states [81, 82, 89, 90], paving the way towards a realiza-
tion of the two-sided TW protocol at finite temperature.

We begin by outlining the analog and digital forms of
time-evolution that are possible in trapped ion systems.
Interactions between qubits typically stem from state-
dependent optical dipole forces that off-resonantly drive
motional sidebands of the qubit [91, 92]. These phonon
sideband operations mediate entanglement and give rise

to an effective Ising coupling. When the optical forces
are symmetrically detuned far from the upper and lower
sidebands, the motion is only virtually excited, resulting
in a long-range Ising Hamiltonian [Fig. 7(b)]:

H =
∑
i<j

JijXiXj +Bz
∑
i

Zi, (94)

where Jij ≈ J0/|i−j|α, 0 < α < 3, and the effective mag-
netic field Bz can be realized by slightly asymmetrically
detuning the driving field [93].

On the other hand, when the optical dipole forces are
closer to resonances of the motional modes, one can medi-
ate interactions significantly faster, allowing for the exe-
cution of rapid, entangling quantum gates between pairs
of illuminated ion qubits [Fig. 7(a)] [94, 95]. The na-
tive entangling gates are based upon Ising interactions
between any selected pair of ions with a tunable interac-
tion angle; in particular, both XXij(θ) = e−iXiXj/2 and
Y Yij(θ) = e−iθYiYj/2 gates are available and θ = π/2 nat-
urally creates an EPR pair [96, 97]. Typical entangling
and single qubit operations have durations of ∼ 100 µs
and ∼ 5 µs, respectively, while decoherence time-scales
are on the order of ∼ 1000 s [42, 43].

Let us now describe an implementation of the one-sided
TW protocol [Fig. 5]. We first focus on the ability to
implement both U and its inverse U †. For analog time-
evolution (Eq. 94), U† can be implemented by chang-
ing the sign of the detuning [98], while for digital time-
evolution, one can directly invert and reverse the ordering
of the quantum gates.

The one-sided protocol also requires the ability to lo-
cally address a sub-extensive number of individual qubits.
In particular, a subset K of the qubits, which are initially
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prepared in a product state, |o1, . . . , oK〉, must each be
rotated by V̂i = eigoiÔi/K at a later time. These rota-
tions can be achieved by taking Ôi = Ẑi and individually
addressing the target ions using an auxiliary “poke” laser
beam [85, 99].

Following the first application of U , one must swap
out the qubit(s) corresponding to the teleported subsys-
tem. This swap can be implemented either digitally by
applying a SWAP-gate, or physically, by exchanging the
two ions via a modulation of the ion trap’s axial fields
[41, 100, 101].

Extending this implementation to the two-sided proto-
col [Fig. 1(a)] at infinite temperature is straightforward.
Initialization into EPR pairs can be accomplished via
simple Ising gates at the input of the circuit [Fig. 7(a,c)],
while time-evolution can again take the form of either
digital quantum gates [Fig. 7(a)] or analog Hamiltonian
dynamics. To separately implement analog dynamics on
the two sides of the system, one would illuminate only
half of the ion chain at any given time [Fig. 7(b)]; this
has the added benefit of avoiding unwanted coupling be-
tween the left and right sides, but implies that the time-
evolution must be performed serially [Fig. 7(c)].

Finally, in the two-sided protocol, one must perform
projective measurements on K qubits that feed-forward
to the conditional rotations, V̂i. These partial measure-
ments can be accomplished by using multiple ion species
(i.e. different elements or isotopes) [86], or alternatively,
this entire procedure can be replaced with a specific in-
teraction, eigV , between the two sides; this interaction is
naturally realized via an XXij(θ) gate with θ = 2g/K.

Implementing the two-sided protocol at finite temper-
ature requires all of the above ingredients, in addition to
the ability to prepare an entangled thermofield double
state. Interestingly, the TFD state can be prepared vari-
ationally using the quantum approximate optimization
algorithm (QAOA) [81, 82], and requires no additional
experimental capabilities beyond those already necessary
for the TW protocol. The optimization step within a
QAOA-based TFD preparation relies on a cost function
that requires one to measure the entanglement entropy
between the two sides [81, 82]. While challenging, this
can in principle be experimentally realized by either using
several copies of the system [102–104] or via randomized
measurements [105], both of which have been demon-
strated in trapped ion experiments [106, 107].

IX. OUTLOOK

In this work, we developed a unified framework for un-
derstanding many-body teleportation from the perspec-
tive of operator growth under scrambling dynamics. The
unifying concept within this framework is the size distri-
bution of time-evolved operators [14, 15, 23–25]: these
form the backbone of peaked-size teleportation, and pro-
vide a more fine-grained measure of operator growth com-
pared to the average operator size (as given by the ex-

pectation value of OTOCs).
Our work suggests several future directions for ap-

plying and building upon this framework. First, while
we have studied the size distributions in 0D and ≥ 1D
RUCs, it would be interesting to extend this analysis
to a multitude of other physical systems, where one ex-
pects to find qualitatively distinct behavior. These in-
clude long-range interacting systems [108, 109], interact-
ing and non-interacting integrable systems [25], ≥ 1D
systems with a large on-site Hilbert space [110], 0D sys-
tems with sparse couplings [111], and systems with con-
served quantities [52].

Another set of open questions concerns the notion of
operator size at finite temperature. In systems with
peaked size distributions, we found that the phase of the
two-sided teleportation correlator was directly propor-
tional to the conventional definition of operator size [24].
Surprisingly, we observed that this relationship did not
hold in the finite temperature SYK model; rather, the
phase was given by the real part of the two-sided OTOC.
Unlike the conventional size, this OTOC is not UV diver-
gent, and is thus expected to be inherently independent
of the microscopic Hilbert space. Recent work has shown
that its real part isolates an incoherent component of op-
erator spreading in large-N models [46]; further work is
needed to establish and expand this framework. Related
to these considerations, one may hope to better under-
stand the bulk analogue of operator size in theories dual
to gravity with strong stringy effects. While we have seen
that stringy effects can mimic peaked-size teleportation,
developing a physical interpretation of this correspon-
dence would be extremely exciting.

Third, we have shown that a promising application of
the teleportation protocol is to distinguish between dif-
ferent classes of scrambling dynamics. In particular, we
have focused on two classes of scramblers—generic ther-
malizing systems and those with gravitational duals—
and demonstrated that the key distinction between them
is their teleportation fidelity at low temperatures. It is
intriguing to ask whether the fidelity increase associated
with gravitational teleportation may also occur in other
systems, without a gravitational dual. For instance, re-
cently the teleportation correlator magnitude was ob-
served to increase slightly above Gβ in non-local random
Hamiltonian systems [14, 15]; generalizing this to other
physical models would be of tremendous interest.

One may also wonder what role an extensive low tem-
perature entropy—a key feature of the SYK model [31]—
plays in the teleportation process. In particular, how
well can systems with extensive low temperature entropy
but no known gravitational dual teleport [112, 113]? We
conjecture that an extensive entropy would allow one to
locally encode each qubit into low-energy degrees of free-
dom (i.e. operators with an O(1) two-point function),
since one would only require O(1) qubits on the left side
of the TFD in order to have one qubit of mutual informa-
tion with the right side. Such an encoding would allow
low temperature teleportation with perfect fidelity if op-
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erator sizes were peaked, naturally motivating the study
of operator size distributions in such models.

From an experimental perspective, using teleportation
as a near-term diagnostic of scrambling necessitates a
greater understanding of the effects of experimental im-
perfections on the protocol. Most significantly, we have
already noted that the teleportation fidelity acts as a
robust indicator of scrambling in the presence of exper-
imental error, in the sense that it can rise to unity only
when scrambling is present [11]. However, it is unclear
how other signatures of the protocol, e.g. the oscillations
and decay/revival profile of the teleportation fidelity, are
affected by errors, and to what extent these effects can
be mitigated through post-processing [114].

As an additional experimental direction, we note that
one can precisely measure the size distribution of opera-
tors via small modifications to the teleportation protocol,
in two distinct ways. In the first, one directly measures
the operator size as a quantum mechanical observable, in
which case the probability distribution of measurement
outcomes equals the size distribution. In the two-sided
protocol, this is achieved by measuring the coupling, V ,
after state insertion and time-evolution. This can also
be generalized to the one-sided protocol, for infinite tem-
perature and classical couplings. A second approach is to
measure the characteristic function of the size distribu-
tion (i.e. its Fourier transform). At infinite temperature,
this is precisely equal to the correlator, Eq. (2), whose
real part can be isolated from the teleportation fidelity
of different initial states (see Appendix C) [23, 24]. Mea-
suring the correlator’s imaginary part requires one to re-
place state insertion, e.g. the projection (1 + Z)/2, with
a unitary operation, (1 + iZ)/

√
2, in the teleportation

protocol. At finite temperature, this procedure naturally
probes the winding size distribution (see Section VIIA).
To obtain the size distribution, one should instead mea-
sure a ‘one-sided’ correlator, which corresponds to per-
forming the same protocol but measuring the final quan-
tum state on the left, not right, side of the TFD state.

Finally, our work has broad implications in the con-
text of quantum coding theory, where many-body tele-
portation can be understood as an especially generic
method of entanglement-assisted quantum error correc-
tion (EAQEC). Indeed, the setup for EAQEC is iden-
tical to that of the teleportation protocol: two parties,
Alice and Bob, share entanglement (the TFD state), Al-
ice applies an encoding circuit to her share of qubits (the
left unitary, U), and decoding is achieved by teleport-
ing Alice’s quantum state to Bob’s share of qubits (via
the coupling, V , and unitaries on right). Crucially, be-
cause the coupling acts on a subsystem of Alice’s qubits,

this scheme protects against any errors on her remaining
qubits; moreover, which subsystem the coupling acts on
is arbitrary, so the encoding protects against errors on
any subsystem of N − K qubits. Previous schemes for
EAQEC have focused primarily on encodings via Clif-
ford unitaries. In contrast, many-body teleportation, and
more specifically peaked-size teleportation, succeeds for
a vastly broader class of encoding procedures—i.e. many-
body time dynamics—indicating that naturally occur-
ring, strongly interacting dynamics offer novel methods
of EAQEC. These observations suggest a number of po-
tential future directions, including theoretically charac-
terizing the quantum communication capacity of the tele-
portation protocol for different classes of dynamics, and
experimentally realizing EAQEC in quantum simulators.
Note added : After this work had been completed,

we learned of an independent investigation of gravita-
tional many-body teleportation by Nezami, Lin, Brown,
Gharibyan, Leichenauer, Salton, Susskind, Swingle, and
Walker, which will appear in the same arXiv posting.
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Appendix A: Precise bound for the peaked size regime

As in the main text, we decompose a time-evolved finite temperature operator into a sum of Pauli strings:

QA(t)ρ1/2 =
∑
R

cR(t)S (A1)

In this basis, for qubit systems the correlator takes the form

CQ = 〈TFD| Q̃†A,r(−t)eigVQA,l(t) |TFD〉 = eig+iπS[QA(t=0)]
∑
R

e−igS[R]/Nc2R(t) = eig+iπS[QA(t=0)]
∑
n

eign/Nf(n)

(A2)
where again Q̃†A,r = DQ†A,rD

† for the decoding operation D = Y ⊗ . . . ⊗ Y , and we use 〈TFD| Q̃†A,r(−t) =

eiπS[QA] 〈EPR|QA,l(t)ρ1/2 for qubit Pauli operators QA. Here we define the winding size distribution [14, 15]

f(n) ≡
∑

S:S[R]=n

c2R(t). (A3)

At finite temperature, this size wavefunction is distinct from the size distribution:

P (n) ≡
∑

S:S[R]=n

|cR(t)|2, (A4)

which is a real, normalized probability distribution probed by the one-sided correlator [24]

〈TFD|Q†A,l(t)eigVQA,l(t) |TFD〉 = eig
∑
R

e−igS[R]/N |cR|2(t) =
∑
n

eign/NP (n). (A5)

Nevertheless, the size distribution bounds the size wavefunction magnitude via the triangle inequality:

|f(n)| ≤ P (n), (A6)

with equality achieved when all Pauli operators of size n contribute the same phase to f(n).
The average size and size variance are easily found from the size distribution as

S =

ˆ ∞
0

dnnP (n), δS2 + S2 =

ˆ ∞
0

dnn2 P (n) (A7)

where we work in the continuum limit replacing sums over the size by integrals for simplicity. We now define the
asymptotic size width with error ε as the minimal width Wε about the average size such that

1−
ˆ S+Wε

S−Wε

dnP (n) ≤ ε, (A8)

i.e. a fraction 1−ε of the size distribution’s support is contained in the interval I = [S−Wε,S+Wε] (the lower limit of
the integral should be bounded by zero; for simpler notation we’ll deal with this by instead defining P (n) = f(n) = 0
for n < 0). We can now separate the correlator into two pieces, one arising from sizes in the interval I and the other
from the interval’s complement Ī = [−∞,S −Wε] ∪ [S +Wε,∞]:

CQ =

ˆ
I

dn f(n)eign/N +R (A9)

where the remainder R =
´
Ī
dn f(n)eign/N is strictly smaller than ε:

|R| =
∣∣∣∣ˆ
Ī

dn f(n)eign/N
∣∣∣∣

≤
ˆ
Ī

dn
∣∣∣f(n)eign/N

∣∣∣
≤
ˆ
Ī

dn |P (n)|

≤ ε

(A10)
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Peaked size teleportation occurs in the regime where gWε/N � 1. In this limit, we can expand

eign/N = eigS/N [1 + E(n)] (A11)

where the deviation for n ∈ I is bounded by

|E(n)| ≤ maxn∈I

∣∣∣∣1− eig(n−S)/N

∣∣∣∣ =

∣∣∣∣ sin(gWε/N)

∣∣∣∣, (A12)

which holds as long as gWε/N ≤ π/2. We then have

CQ =

ˆ
I

dn f(n)eigS/N [1 + E(n)] +R

= eigS/NGβ(QA) +R+R′ +R′′
(A13)

where Gβ(QA) =
´∞

0
dn f(n) = tr

(
Q†Aρ

1/2QAρ
1/2
)

is the imaginary time two-point function, and the error R′ =

eigS/N
´
I
dn f(n)E(n) is bounded by

|R′| =
∣∣∣∣ˆ
I

dn f(n)E(n)

∣∣∣∣
≤
ˆ
I

dn |f(n)||E(n)|

≤
∣∣∣∣ sin(gWε/N)

∣∣∣∣ ˆ
I

dn |f(n)|

≤
∣∣∣∣ sin(gWε/N)

∣∣∣∣
(A14)

and the second error R′′ = Gβ(QA)−
´
I
dn f(n) is bounded by

|R′′| =
∣∣∣∣Gβ(QA)−

ˆ
I

dn f(n)

∣∣∣∣ =

∣∣∣∣ˆ
Ī

dn f(n)

∣∣∣∣ ≤ ε. (A15)

We therefore conclude that whenever gWε/N ≤ π/2, the deviation of CQ from the peaked size value is controlled by
the upper bound ∣∣∣CQ − eigS/NGβ(QA)

∣∣∣ ≤ 2ε+

∣∣∣∣ sin(gWε/N)

∣∣∣∣ ≡ B. (A16)

Practically speaking, the lowest value of g for successful peaked-size teleportation is gS/N = π. Therefore, for a given
size distribution, we can guarantee that peaked-size teleportation is possible if we find ε such that B � Gβ(QA), i.e.
the error in the correlator is small compared to the correlator magnitude.

We illustrate this with some examples, in the few cases where we can exactly solve for operators’ full size distribution.
First, consider a thermalized system at late times, which we will approximate by setting the size distribution of QA(t)
to be that of a random Pauli string. For large n,N is a Gaussian distribution with mean S = 3N/4 and variance
δS2 = 3N/16:

P (n) = (3/4)n(1/4)N−n ≈ 1√
2πδS

exp
(
−(n− S)2/2δS2

)
. (A17)

We therefore have

1−
ˆ S+Wε

S−Wε

dnP (n) = 2 erfc
(

Wε√
2δS

)
= ε. (A18)

The error function decays exponentially in its argument, so even for exponentially small ε we require only Wε =
AδS for some constant A ∼ O(1). Setting g equal to its minimal value, gS/N = π, we have both ε � 1 and∣∣ sin(gWε/N)

∣∣ ≈ AδS/S ∼ 1/
√
N � 1, and so peaked size teleportation is guaranteed.
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We can also use this method to guarantee peaked-size teleportation in the large-q SYK model at infinite temperature.
Here, the generating function for the size distribution is [24]

∑
n

P (n)e−µn =
e−µp

(1 + (1− e−µq) sinh2 Jt)2p/q
=
∑
n

∆n

n!
xn(1− x)∆e−µ(qn+p) (A19)

where we define

∆n ≡
Γ(∆ + n)

Γ(∆)
, x ≡ sinh2 Jt

1 + sinh2 Jt
, ∆ ≡ 2p/q. (A20)

From this, we can identify the size distribution:

P (qn+ p) =
∆n

n!
xn(1− x)∆. (A21)

The size and size width are

S = n =
∑
n

n
∆n

n!
xn(1− x)∆ =

∆x

1− x, δS =

√
n2 − n2 =

√
∆x

1− x. (A22)

Therefore, the ratio of size width to average size is

δS/S =

√
x

∆

1

1 + x
, (A23)

which approaches zero when p→∞ (∆→∞).
To apply the upper bound Eq. (A16), we need to integrate (i.e. sum) the tail of the size distribution in order to

compute its asymptotic width. In this example, the discrete tail can be summed explicitly and we define

I(k) ≡
∞∑
n=k

P (qk + p) =
∞∑
n=k

∆n

n!
xn(1− x)∆ =

Bx(k,∆)

B(k,∆)
(A24)

where Bx(a, b) and B(a, b) are incomplete and ordinary beta function respectively. Let us take k = n̄(1± η) for some
small η representing the asymptotic width

Wε = n̄ηq. (A25)

This width corresponds to an error

ε = 1− I(n̄(1− η)) + I(n̄(1 + η)). (A26)

Taking gS/N = π, the upper bound is

B = 2[1− I(n̄(1− η)) + I(n̄(1 + η))] + sin
2πηx

1 + x

= 2

(
1−

Bx(∆x(1−η)
1−x ,∆)

B(∆x(1−η)
1−x ,∆)

+
Bx(∆x(1+η)

1−x ,∆)

B(∆x(1+η)
1−x ,∆)

)
+ sin

2πηx

1 + x
. (A27)

At infinite temperature Gβ(QA) = 1, we need to show that the minimum of B tends to zero when ∆→∞.
For early time sinh Jt ∼ O(1), 1− x is an order 1 number, and we take ∆→∞ limit to get

Bx(∆x(1−η)
1−x ,∆)

B(∆x(1−η)
1−x ,∆)

→ 1,
Bx(∆x(1+η)

1−x ,∆)

B(∆x(1+η)
1−x ,∆)

→ 0 (A28)

The bound becomes

B → sin
2πηx

1 + x
(A29)
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This basically means that the integrated probability between n̄(1 − η) and n̄(1 + η) for any finite η is 1. One can
thus take η → 0 with speed slower than 1/∆ → 0 in order to have the bound vanish. This computation applies for
x ∈ (0, 1), which means that the peaked size always holds for early time. This is physically reasonable as the operator
has not yet been scrambled extensively. However, since the size is small at such early times, in order for teleportation
to work we must choose g ∼ N .

For intermediate times, such that sinh2 Jt ∼ N and ∆� N ∼ 1/(1− x), we must take the x→ 1 limit first. Using
the fact that

Bx(∆x(1−η)
1−x ,∆)

B(∆x(1−η)
1−x ,∆)

= 1−
(1− x)∆x

∆x(1−η)
1−x Γ(∆(1−xη)

1−x )

Γ(∆x(1−η)
1−x )Γ(1 + ∆)

F (1,
∆(1− xη)

1− x ; ∆ + 1; 1− x) (A30)

where F is Gauss hypergeometric function, in x→ 1 limit the right portion of Eq. (A30) tends to

F (1,
∆(1− xη)

1− x ; ∆ + 1; 1− x)→ 1F1(1; ∆ + 1; ∆(1− η)) = ∆1−∆e∆(1−η)(1− η)−∆(Γ(∆)− Γ(∆,∆(1− η))) (A31)

where Γ(x, a) is incomplete gamma function. Meanwhile, the left portion of the second term of Eq. (A30) gives

(1− x)∆x
∆x(1−η)

1−x Γ(∆(1−xη)
1−x )

Γ(∆x(1−η)
1−x )Γ(1 + ∆)

→ ∆∆(1− η)∆e−∆(1−η)

Γ(1 + ∆)
(A32)

under x→ 1. Combining the two, we have

lim
x→1

Bx(∆x(1−η)
1−x ,∆)

B(∆x(1−η)
1−x ,∆)

=
Γ(∆,∆(1− η))

Γ(∆)
. (A33)

It follows that the upper bound is

B = 2

(
1− Γ(∆,∆(1− η))

Γ(∆)
+

Γ(∆,∆(1 + η))

Γ(∆)

)
+ sinπη (A34)

This function has a unique minimum for η ∈ [0, 1/2] and this minimum decreases as ∆ increases. Taking derivative
with respect to η, we get

∂ηB = π cosπη − 2∆∆

Γ(∆)

[
(1 + η)∆−1e−∆(1+η) + (1− η)∆−1e−∆(1−η)

]
→ π cosπη −

√
2∆

π

[
(1 + η)∆−1e−∆η + (1− η)∆−1e∆η

]
(A35)

where in the second step we have taken large ∆ limit. Solving ∂ηB = 0 in this limit, we find the minimum at

η ≈
√

1

∆
log

8∆

π3
→ 0 (A36)

which in turn gives the limit value of B to be zero. This proves that at infinite temperature, teleportation exactly
matches the peaked-size prediction for both early and intermediate times. For late times t � 1

2J logN the size
distribution above breaks down, as can be seen since P (n) is dominated by some n > N , which is unphysical since N
is the total number of fermions.

In contrast, we can also show that the above bound does not apply at low temperatures for large-q SYK, as expected
from the main text. At low temperature, the upper bound B needs to be much smaller than the two-sided correlation
function Gβ(QA) ∼ (βJ)−2∆ in order to guarantee peaked-size teleportation. The low temperature size distribution
is essentially the same as at infinite temperature, requiring only the replacement

x→ sinh2 πt/β

(π/βJ)2 + sinh2 πt/β
∈ [0, 1] (A37)

and adding e−µNδβ to the distribution, which shifts the initial size by a constant amount Nδβ (accounting for the
size of the thermal density matrix). Following a similar computation to above, one can show that B still asymptotes
to zero, but now with a slower speed than Gβ(QA). For example, in the early time and large ∆ limits, B ∼
exp(−∆C(x, η))/

√
∆ where C(x, η) is order 1, while Gβ(QA) ∼ exp(−2∆ log(βJ)) is exponentially smaller for large

βJ . Therefore, the upper bound B fails to guarantee peaked-size teleportation. This is consistent with the fact that
the correlation function CQ(t) in Eq. (75) in low temperature is far from being a pure phase.
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Appendix B: The Hayden-Preskill recovery protocol

In this Section we review the HPR protocol following Refs. [10, 11] and derive its equivalence to the TW protocol
in the case of infinite temperature teleportation of a single qubit. This single-qubit variant of the HPR protocol was
experimentally implemented in Ref. [12], although an explicit derivation of its quantum circuit was not provided.

There are two variants of the HPR protocol: a probabilistic variant, which teleports successfully only with some
finite probability, and a deterministic variant, which uses an analog of Grover’s search algorithm and succeeds with
unit probability, but involves a more complex decoding operation. Both protocols take the general form,

(B1)

shown for teleportation of a quantum state |ψ〉 (the generalization to EPR teleportation is straightforward). We
now outline the interpretation of each aspect of the above protocol in the context of the Hayden-Preskill thought
experiment. For consistency with past literature, we have used different subsystem labels than introduced in the
main text—most notably, subsystem D now denotes the coupled qubits, and subsystem C denotes its complement.
Subsystem B represents an eternal black hole that is maximally entangled with its past Hawking radiation subsystem
B’, as represented by a dimension dB = d′B EPR pair between the two subsystems. Subsystem A contains the initial
state |ψ〉 of an observer Alice’s diary. Upon falling into the black hole, the diary’s information is scrambled by the
unitary time-evolution U acting on the left subsystem l ≡ AB = CD. Far from destroying the information of Alice’s
diary, scrambling by U in fact allows an outside observer Bob to decode the diary if he has access any few qubits of
new Hawking radiation D, along with the past Hawking radiation B’ and an ancillary EPR pair between A’ and R’,
where d′A = dA. This decoding relies on OTOCs between subsystem A and D being minimal, a general feature of
thermalizing time-evolution after the scrambling time. The decoding begins by applying the conjugate time-evolution
U∗ to the right system r ≡ A’B’ = C’D’, followed by coupling the black hole and its past radiation withW = eiπPEPR,D ,
and finally by time-evolving the right side under UT and a single-qubit Y gate.

a. Probabilistic decoding: intuition

Although our main focus will be on the deterministic teleportation protocol, we review the probabilistic protocol
here for completeness, and as a convenient platform to introduce the intuition connecting operator spreading to the
success of teleportation. The decoding operation of the probabilistic HPR protocol consists of projection onto EPR
pairs on a subsystems D, D’:

(B2)
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Perfect teleportation requires dD ≥ dA, and succeeds with probability 1/d2
A when U is maximal scrambling. The non-

unity success probability signifies that the decoding protocol becomes exponentially more complex with the number
of qubits to be teleported.

To provide intuition for the protocol’s success, we analyze the action of EPR projection on the initial states
QA,l(t) |TFD〉. We write QA(t) as a sum of Pauli strings S on the entire system:

QA(t) =
∑
R

cR(t)S. (B3)

Denoting the EPR projector on subsystems D, D’ as PEPR,D and writing each Pauli string as a tensor product
R = RC ⊗RD of Paulis on subsystems D and C, we have

PEPR,DRl |EPR〉 = δRD,1Rl |EPR〉 , (B4)

since 〈EPRD,D′ |SD,l |EPRD,D′〉 = trD(RD)/dD = δRD,1. Perfect teleportation is achieved when all input Pauli
operators on subsystem A have spread to subsystem D, such that every Pauli string S composing QA(t) has non-
identity support on subsystem D, for all non-identity QA. In this situation, the EPR projector has eigenvalue 1 on
the thermofield double state and eigenvalue 0 in all perturbed states:

PEPR,D |EPR〉 = |EPR〉 , PEPR,D QA,l(t) |EPR〉 = 0. (B5)

However, this is no different than projecting onto EPR pairs between subsystems A and A’ before time-evolution by
UlU

∗
r ! This projection would, of course, have an action

PEPR |EPR〉 = |EPR〉 , PEPRQA,l |EPR〉 = tr(QA) = 0. (B6)

Expressed diagrammatically, this equivalence is:

(B7)

for all initial states ψ. However, performing EPR projection between subsystems A, A’ before time-evolution is
precisely the standard quantum teleportation protocol, applied to subsystems A, A’, and R’. The scrambling dynamics
of U allow one to perform this teleportation via coupling any subsystem D of the system’s qubits.

b. Deterministic decoding

After scrambling, the probability of successful EPR projection on subsystem D, O(1/d2
A), is exponentially small

in the size of subsystem A, the state to be teleported. In contrast to standard teleportation, non-successful EPR
projection (i.e. projection onto a different maximally entangled state, not |EPRD,D′〉) cannot be corrected via an
additional decoding operation. This exponential decrease in success probability is overcome in the deterministic HPR
protocol, which uses an analog of Grover’s search algorithm to search for an EPR pair between subsystems D, D’.
The protocol requires O(dA) steps for completion, again exponential in the number of qubits to be teleported (albeit
with half the exponent of the probabilistic decoding).

Grover’s search algorithm involves two operations: the first applies a minus sign to the state one is searching for,
and the second applies a minus sign to the system’s initial state. We will search for an EPR pair on subsystem D, so
for the first step we apply WD ≡ 1− 2PEPR,D = eiπPEPR,D :

(B8)



39

In the second step, we flip the sign of the initial state (the time-evolved EPR pair between A’ and the reference qubit
R’) by applying W̃A ≡ U∗WAU

T :

(B9)

where WA = 1− 2PEPR,A acts on A’, R’ to apply a minus sign if the two are in an EPR pair.
The entire Grover protocol is identical to the probabilistic protocol, but with EPR measurement replaced by

repeated applications of the two above steps until the EPR pair is found. Displaying, for instance, only the first two
iterations:

(B10)

After O(dA) iterations, the state |ψ〉 is found on subsystem R’.

c. Single qubit deterministic decoding

Two important simplifications occur to the deterministic HPR protocol in the case of single qubit teleportation,
dA = 2. The first is that the Grover operator WA is equal to a SWAP operator composed with single-qubit Y
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operations. To see this, we expand WA in terms of Pauli operators:

WA = 1− 2PEPR,A

= 1− 2

d2
A

∑
PA

PA,l P
∗
A,r

=
1

2
− 1

2
XlXr +

1

2
YlYr −

1

2
ZlZr

=
1

2
Yl [1 +XlXr + YlYr + ZlZr]Yl

= Yl (SWAP)Yl,

(B11)

where we used the Pauli decomposition for the swap operator between two dA-dimensional boson systems:

SWAP =
1

dA

∑
PA

PA,lP
†
A,r. (B12)

Expressed graphically, we have

(B13)

The second simplification is that Grover’s search for an EPR pair D, D’ succeeds after only one step; this is a
general result for Grover’s search in a d2

D = 4-dimensional database [62]. It implies that the Grover protocol can
teleport one qubit through the circuit:

(B14)

If we only care about the fidelity of the teleported state, we can neglect the final application of U∗. Performing the
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SWAP gate explicitly, and neglecting the action of the final Y operator on R’, we have:

(B15)

This exact circuit has been performed in trapped ion experiment [12]. We now make a small cosmetic adjustment,
and move the reference qubit R’ from the far right to the far left,

(B16)

Sliding U∗ to the left side using Eq. (7), we have:

(B17)

This is the same circuit appearing the teleportation protocol of Ref. [14, 15], modulo the precise form of the coupling.
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In the case of EPR teleportation, we would instead have

(B18)

where subsystems R’ and A’ are in an EPR pair when teleportation is successful. This is the circuit appearing in
Ref. [16], modulo the form of the coupling as well as the Y decoding operation. The lack of a Y decoding operation
for fermionic teleportation is discussed in Appendix F.

Appendix C: State teleportation fidelity

We begin by quickly demonstrating the relation between the correlator of the time-evolved operator |ψ〉〈φ| and the
success of state teleportation. We do so by inserting the resolution of the identity 1

dA

∑
|φ〉 |φ〉〈φ| = 1 into the ancillary

qubit leg of the diagram for the state teleportation fidelity. We find:

(C1)
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Plugging Eq. (10) into this diagram clearly provides unit teleportation fidelity. When teleportation is successful each
of the dA terms of the sum must succeed individually, so the right input state |φ〉 will not affect the success of the
teleportation.

As with EPR distillation, we can relate the state teleportation fidelity to correlators of Pauli operators by decom-
posing the SWAP operator. Diagramatically,

(C2)

and in equation form,

Fψ =
1

d2
A

∑
P1,P2

〈ψ|P †2P †1 |ψ〉 · 〈TFD|P2,l(t)e
−igV |ψ〉〈ψ|r(−t) eigV P1,l(t) |TFD〉 . (C3)

When the correlators are maximal with phases eiθP , we can simplify this expression as

Fψ ≈
1

d2
A

∑
P1,P2

〈ψ|P †2P †1 |ψ〉 · 〈TFD|P2,r(−t) |ψ〉〈ψ|r(−t) P1,r(−t) |TFD〉

=
1

d2
A

∑
P1,P2

ei(θP1
−θP2

) · 〈ψ|P †2P †1 |ψ〉 · tr
(
ρP2 |ψ〉〈ψ|P1

)

=
1

d2
A

∑
P1,P2

ei(θP1
−θP2

) · tr
(
P †1 |ψ〉〈ψ|P †2

)
· tr
(
ρP2 |ψ〉〈ψ|P1

)
.

(C4)

As expected, when the phases eiθP are the same for all operators, this gives unit fidelity:

Fψ =
1

d2
A

∑
P1,P2

tr
(
P †1 |ψ〉〈ψ|P †2

)
· tr(ρP2 |ψ〉〈ψ|P1)

=
1

dA

∑
P1

tr
(
P †1 |ψ〉〈ψ| |ψ〉〈ψ|P1ρ

)
= tr(|ψ〉〈ψ|) tr(ρ)

= 1,

(C5)
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using properties of Pauli operators as a 1-design. Differing phases eiθP cause the terms in the sum to interfere with
each other, giving lower fidelity. At finite temperature, the fidelity of peaked-size teleportation is again limited. For
instance, if |ψ〉 is a single-qubit eigenstate of the Pauli Z operator, we have:

FEPR =
1

22

∑
P1,P2

〈ψ|P2P1 |ψ〉 · 〈TFD|P2,l(t)e
−igV [Y |ψ〉〈ψ|Y ]r(−t) eigV P1,l(t) |TFD〉

=
1

22

∑
P1,P2

〈ψ|P2P1 |ψ〉 · tr
(
|ψ〉〈ψ| ρ1/2P2P1ρ

1/2
)

=
∑
P

〈ψ|P |ψ〉 · tr
(
|ψ〉〈ψ| ρ1/2Pρ1/2

)
= 2 tr

(
|ψ〉〈ψ| ρ1/2 |ψ〉〈ψ| ρ1/2

)
≈ 1

2
tr
(

(1 + Z) ρ1/2(1 + Z)ρ1/2
)

≈ 1

2
+

1

2
G(t′ − t+ iβ/2) + 〈Z〉β ,

(C6)

where 〈Z〉β = tr(Zρ), which averages to zero for different initial states |ψ〉.

1. Rydberg simulations

For numerical or experimental simulations, it is often convenient to measure teleportation state fidelity rather than
EPR fidelity to avoid the inclusion of ancilla qubits. We followed this approach for the Rydberg numerics presented
in Fig. 6. In particular, we utilized the one-sided protocol shown in Fig. 5(b) except with EPR measurement replaced
by measurement of a two-qubit state |ψ〉 ⊗ |ψ∗〉. To compute the average state fidelity, we simulated the protocol
for all single-qubit states in a 2-design, i.e. |ψ〉 ∈ {|0〉 , |1〉 , |0〉 ± |1〉 , |0〉 ± i |1〉}. In addition, we sampled uniformly
over ∼ 100 initial states in the computational basis to account for the K ‘measured’ and N −K ‘unmeasured’ qubits.
Time evolution was performed using Krylov subspace methods, which are amenable to parallelization and generally
more efficient than exact diagonalization [76].

Additional results showing finite-size effects on the fidelity are shown in Fig. 8. We observe that the fidelity generally
increases for larger systems but decreases for larger values of g. This is consistent with our error analysis, where we
showed that the error scales g2δS2/N2. In particular, at late times, we expect the size distribution to approach a
binomial and the error to scale as g2/N . Finally, let us comment on the crossing of the curves observed in Fig. 8(a). At
early times, smaller systems acquire a larger phase because the phase scales as gS/N , where g and S are independent
of size; however, at late times, larger systems saturate to a higher fidelity due to their narrower size distributions,
i.e. δS/S ∼ 1/

√
N . Thus, the curves intersect near the scrambling time as they transition between these two regimes.

L = 14

L = 18

L = 22

g = π
(b)(a)

t = 12

L = 12

L = 14

L = 16

L = 18

g

Figure 8. Finite-size scaling of the Rydberg simulations (a) as a function of time with g = π, and (b) as a function of coupling
strength g with t = 12. The system was evolved under the Rydberg Hamitlonian, Eq. (93), with the same system parameters
as in Fig. 6. We observe the maximum fidelity increase at larger systems, owing to the narrowing of the size distribution.
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Appendix D: Random unitary circuit numerics

Here we provide additional details and numerical data from our random unitary circuit simulations.

1. Algorithm

As discussed in the main text, our approach relies on the fact that the EPR fidelity is simulable using a unitary
3-design. Thus, we can replace each Haar-random gate in the circuit with a random Clifford gate, whose action on a
Pauli operator can be efficiently simulated with a classical computer. More specifically, our algorithm consists of the
following three ingredients. First, following a standard approach, we represent an n-qubit Pauli operators as a binary
string v = x1x2 · · ·xnz1z2 · · · zn of length 2n:

Q =
n∏
i=1

Qi(xi, zi) (D1)

where Qi(0, 0) = Ii, Qi(1, 0) = Xi, Qi(0, 1) = Zi, and Qi(1, 1) = Yi denote individual Pauli operators within the
Pauli string. Note that, for our purposes, the overall phase of Q is irrelevant.

Second, we consider circuits composed of random 2-qubit Clifford unitaries, whose layout depends on the dimension.
Each of the 2-qubit unitaries is sampled uniformly from the set of 2-qubit Clifford unitaries. While efficient procedures
exist to perform this sampling directly, in practice it is sufficient to pre-compute and enumerate the entire 2-qubit set
(consisting of 11520 unitaries). Acting a 2-qubit unitary on a Pauli operator corresponds to applying a map to the
relevant components of v, e.g. a unitary with support on the jth and kth qubits updates the values of (xj , zj , xk, zk).

Third, for a given circuit U , we calculate the EPR fidelity using [Eq. (36)]:

FEPR =

∣∣∣∣ 1

d2
A

∑
QA

eiθQA

∣∣∣∣2 (D2)

where

θQA = gSK [UQAU
†]/K + πS[QA]. (D3)

This amounts to determining the size of Pauli operators after evolving under the Clifford circuit. When A consists
of a few qubits, we iterate over all Pauli operators QA explicitly; otherwise we compute the sum for ∼ 100 randomly
selected operators. To compute the average EPR fidelity, we sample ∼ 100 realizations of U .

The time complexity of computing the EPR fidelity scales linearly with the number of 2-qubit gates in the circuit
and does not otherwise depend on the number of qubits n. This is in contrast to most other observables in the context
of Clifford circuits, which require one to compute the evolution of n distinct operators (the stabilizer generators).
It is therefore feasible to simulate individual realizations of up to 108 qubits within a day on standard single-core
processors. Moreover, upon determining the distribution of sizes for a particular operator in a particular circuit, we
can compute the teleportation fidelity for arbitrary values of g with no additional computational cost.

2. Extended data for 1D and 2D RUCs

Size distribution— The average size and size width for time-evolved operators in 1D and 2D are shown in Fig. 9.
These results match the functional forms predicted by the KPZ universality class [Eq. (47) and (48)] and allows us
to extract {αbulk, αboundary, βbulk, βboundary} = {0.47, 0.18, 1.2, 4.5}.

Multiple qubits— In Fig. 10, we show the many-body fidelity for teleporting multiple qubits that are evenly spaced in
1D. At early times (t < 1300), the light cones of the time-evolved operators do not overlap and the system factorizes
into n independent channels, allowing for high fidelity multi-qubit teleportation. At later times, the sizes of the
time-evolved operators begin to overlap and, as anticipated from our arguments on size addition, the teleportation
fidelity becomes highly suppressed. We note, however, one exception: when only adjacent light cones have overlapped
(i.e. 1300 < t < 2600), we observe order-one fidelities for certain values of g. This occurs whenever the multi-qubit size
is a multiple of 2πK/g off from the size addition value, e.g. S[Q1(t)Q2(t)] = S[Q1(t)] + S[Q1(t)]− 2πm(K/g), where
m is an integer value. Therefore, strictly speaking, it is possible to satisfy the conditions for many-body teleportation
without size addition; nevertheless, it is a non-generic effect that requires finely tuned values of g and evenly spaced
input qubits.
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Figure 9. Extended data for average operator size and size width in 1D (a) and 2D (b) RUCs. The average size grows
ballistically ∼ td (dashed line) and saturates at tscr ∼ L ∼ N1/d. The size width matches the predictions from the KPZ
universality class (dashed lines) and allows us to extract the prefactors in Eq. (47) and (48). In particular, we determine αbulk
and βbulk from the saturation values (light gray), and αboundary and βboundary from the initial growth rate (dark gray).

Figure 10. Teleporting multiple qubits (n = 5) in 1D. (a) Teleportation is achieved with high fidelity for t ≤ 1300; this
corresponds to the regime in which the light cones of the operators are non-overlapping, as indicated by the average operator
size (b). Surprisingly, order-one fidelity can also occur for 1300 < t < 2600 (when adjacent light cones have overlapped) but
only for certain values of g.

3. Channel capacity for 0D RUCs

The channel capacity corresponds to maximum number of qubits that can be teleported with a fixed fidelity per
qubit. One way to estimate this would be to take the n-th root of the many-body EPR fidelity; however, in practice,
this approach is numerically unstable for large n. Instead, we consider a modified protocol where one only measures
the fidelity of one of the n teleported qubits, and neglects the state of the unmeasured qubits. At infinite temperature,
this fidelity is computed by:

FmEPR =
1

d4
A

∑
Q1,Q2

〈TFD|Q†2,l(t) e−igV Q̃m2,r(−t)Q̃
m†
1,r (−t) eigV Q1,l(t) |TFD〉 · tr

(
Qu†1 Qu2

)
=

1

d4
md

2
u

∑
Q1,Q2

ei(θQ1
−θQ2

)δQu1 ,Qu2 (D4)
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Figure 11. Procedure for determining the channel capacity in 0D RUCs. (a-b) For each n and K, we compute the optimal
fidelity as a function of (a) the evolution time and (b) coupling strength g. Typical data are shown for n = 38 and K = 9000.
(c) By fitting the optimal fidelity as function of n with a linear fit in log space, we determine the maximum number of qubits
that can be teleported within a threshold fidelity, i.e. 1− F ≤ 0.07 (dashed line). The intercepts approximately collapse with
respect to n/K, indicating that the channel capacity is linear in K.

where Q = Qm ⊗ Qu and dA = dmdu, such that Qm acts on the measured qubit, and Qu acts on the unmeasured
qubits. This can be derived diagrammatically via

(D5)

We see that computing this fidelity is nearly identical to computing the full many-body fidelity, except we sample
only over pairs of Pauli operators (Q1, Q2) which are identical on every qubit except for the first.

Our procedure for determining the channel capacity is shown in Fig. 11. First, we maximize the fidelity with respect
to the evolution time t and the coupling strength g: the maximum fidelity occurs during the first peak of its time
profile, and is non-monotonic with respect to g. Next, we vary the number of input qubits n (for fixed number of
coupled qubits K) and calculate the point at which the fidelity exceeds a threshold value 1 − F ≥ 0.07. Our results
from this procedure demonstrate that the channel capacity follows a linear trend in K across two orders of magnitude,
in agreement with our analytical predictions.

Appendix E: Random circuit calculations

Here we provide more detailed calculations of the size overlap and K-size distribution of random Pauli operators
of a fixed size. The former is relevant to 0D RUCs, as the vanishingly small overlap of random Pauli strings with size
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much less than the system size underlies the circuit’s ability to teleport multiple qubits at intermediate times. The
latter is applicable to all systems when the K coupled qubits are chosen randomly, and quantifies the width introduced
to the K-size by this random sampling. In the appropriate limits, these calculations reproduce the intuitive binomial
scalings we argued for in the main text.

1. Distribution of the overlap of two random Pauli strings

Our primary result is a calculation of the probability distribution of the overlap p of two randomly sampled Pauli
strings of fixed length R1, R2, in a system of N qubits. This probability is computed exactly from various factorials:

P [p] =
CNp C

N−p
R1−pC

N−R1

R2−p

CNR1
CNR2

=
1

p!

R1!

(R1 − p)!
R2!

(R2 − p)!
(N −R1)!(N −R2)!

N !(N −R1 −R2 + p)!
(E1)

The numerator computes the number of distinct configurations with Pauli strings of size R1, R2 and overlap p, while
the denominator computes the number of distinct Pauli strings of size R1, R2 regardless of the overlap. We are
interested in the case where all variables are extensive (scale with N), but N � R1, R2 � p. We will proceed by
applying Stirling’s approximation to each term above, which holds as long as all quantities are large compared to 1.
For instance, for dummy variables n, k, we have:

n!

(n− k)!
≈
√

n

n− k
nn

(n− k)n−k
e−k = nk

(
1− k

n

)−n+k−1/2

e−k (E2)

or, taking the logarithm,

log
n!

(n− k)!
≈ k log(n)−

(
n− k +

1

2

)
log

(
1− k

n

)
− k. (E3)

We will apply this to a few pairs of factorials in our original expression for P [p]. For convenience, we only keep
track of the p-dependence of the probability, and neglect overall constants which serve to normalize the distribution.
Anticipating that the average p will be R1R2/N , we expand p = R1R2/N + δ and work to second order in δ. At the
end we will show that this is justified. We have:

log
R1!

(R1 − p)!
≈ p log(R1)−

(
R1 −

R1R2

N
+

1

2

)
log

(
1− R2

N
− δ

R1

)
− R1R2

N
− δ (E4)

Expanding the logarithm using

log(1− y − x) ≈ log(1− y)− x

1− y −
1

2

x2

(1− y)2
+O(x3) (E5)

we have

log
R1!

(R1 − p)!
≈ p log(R1)−

(
R1 −

R1R2

N
− δ +

1

2

)[
log

(
1− R2

N

)
− δ/R1

1−R2/N
− (δ/R1)2

(1−R2/N)2

]
− δ + . . .

≈ p log(R1) + δ log

(
1− R2

N

)
− 1

2
δ2

[
1

R1

1

1−R2/N

]
+O(δ/R) +O(δ3/R2) + . . . .

(E6)

This gives

log
R1!

(R1 − p)!
R2!

(R2 − p)!
≈ p log(R1R2) + δ log

(
(1− R2

N
)(1− R1

N
)

)
− 1

2
δ2

[
1

R1

1

1−R2/N
+

1

R2

1

1−R1/N

]
+O(δ/R) +O(δ3/R2) + . . . .

(E7)
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The last piece is

log
N !

(N −R1 −R2 + p)!
≈ −p log(N)−

(
N −R1 −R2 +

R1R2

N
+ δ +

1

2

)
log

(
1− R1

N
− R2

N
+
R1R2

N2
+

δ

N

)
+ δ + . . .

≈ −p log(N)−
(
N −R1 −R2 +

R1R2

N
+ δ +

1

2

)
×[

log

(
(1− R1

N
)(1− R2

N
)

)
+

δ/N

(1− R1

N )(1− R2

N )
− δ2/N2

(1− R1

N )2(1− R2

N )2

]
+ δ + . . .

≈ −p log(N)− δ
[
log

(
(1− R1

N
)(1− R2

N
)

)]
− 1

2
δ2

[
1

N

1

(1−R1/N)(1−R2/N)

]
+

O(δ/N) +O(δ3/N2)
(E8)

Combining these together, we have

logP [p] ≈− log(p!) + p log

(
R1R2

N

)
−

1

2
δ2

[
1

R1

1

1−R2/N
+

1

R2

1

1−R1/N
+

1

N

1

(1−R1/N)(1−R2/N)

]
+O(δ/R) +O(δ3/R2).

(E9)

Exponentiating,

P [p] ≈ 1

p!

(
R1R2

N

)p
exp

(
−1

2

(
p− R1R2

N

)2 [
R1R2

R1 +R2
+O(1/N)

]−1

+O(δ/R) +O(δ3/R2)

)
. (E10)

The first two terms are precisely a Poisson distribution, which has mean R1R2/N and width
√
R1R2/N . The

exponential is a Gaussian with the same mean R1R2/N , and a larger width
√
R1R2/(R1 +R2). The smaller width

determines the width of the product of the two functions, so we conclude:

〈p〉 =
R1R2

N
,

〈
p2
〉
− 〈p〉2 ≈ R1R2

N
. (E11)

This is what we would expect for drawing p random sites out of N , where each site has independent probability Ri/N
of being in either Pauli string. The width is subextensive, δ ∼ ε

√
N , justifying the higher order terms we neglected

along the way.

2. Distribution of the K-size

Here we consider the distribution of the K-size for a random Pauli string of fixed total size S. This is in fact an
identical problem to calculating the overlap: the K-size is the overlap of the K coupled qubits with the S qubits acted
on by the operator of interest. We should just replace R1 → K, R2 → S, p → n above, where n is the K-size. This
is confirmed by comparing the factorial expressions:

P [n] =
CSnC

N−S
K−n

CNK
=

1

n!

S!

(S − n)!

K!

(K − n)!

(N − S)!(N −K)!

N !(N − S −K + n)!
(E12)

where the numerator computes the number of distinct configurations with n qubits overlapping the Pauli operator
support of size S and K − n qubits not overlapping, and the denominator computes the number of distinct configu-
rations of the K coupled qubits. There are two regimes of interest: when K and S are both extensive, and when S
is extensive but K is not. The former provides a more accurate measure of the full operator size (K → N), while the
latter is relevant for probing the channel capacity. Both regimes share the same mean K-size SK and K-size width
δSK :

SK ≡ 〈n〉 =
SK
N

, δS2
K ≡

〈
n2
〉
− 〈n〉2 ≈ SK

N
= SK . (E13)

This matches our prediction in the main text, which was based on a simple scenario of picking K sites, each with a
S/N chance of being in the support of the Pauli operator.
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Appendix F: Teleportation of fermions

Here we generalize the teleportation protocol to Majorana fermion systems, as discussed in the main text for the
SYK model. This involves a few small modifications, stemming from (i) a different definition of fermionic EPR
(FEPR) pairs, (ii) a different relation between FEPR projector and the SWAP gate, and (iii) modified expectations
for operator spreading in Majorana systems such as SYK.

Consider two complex fermions χl and χr, decomposed into pairs of Majorana fermions via χl = ψ1
l + iψ2

l , χr =

ψ1
r + iψ2

r . The number operators of the original fermions are Majorana bilinears, e.g. iψ1
l ψ

2
l = 2N̂l − 1 = (−1)N̂l . We

define a single FEPR pair as the positive eigenstate of iψ1
l ψ

1
r and iψ2

l ψ
2
r . In the number operator basis of the original

complex fermions, this is the maximally entangled state (|10〉 − i |01〉)/
√

2. Multiple fermion EPR pairs are formed
as a tensor product of single FEPR pairs.

This definition leads to some simple relations when ‘sliding’ fermion operators around FEPR bras and kets in
diagrammatic calculations. We have:

ψjl |FEPR〉 = iψjr |FEPR〉
〈FEPR|ψjl = −i 〈FEPR|ψjr ,

(F1)

diagrammatically,

(F2)

As in bosonic systems, the thermofield double state is obtained by applying ρ1/2 to one side, |TFD〉 = ρ
1/2
l |FEPR〉.

Since the SYK Hamiltonian is composed of 4-fermion terms, we have

Hl |TFD〉 = (i)4Hr |TFD〉 = Hr |TFD〉 . (F3)

As in bosonic systems, the coupling for Majorana systems [Eq. (59)] measures the size of Majorana strings.
There are two options teleportation in fermionic system. First, we could teleport an ordinary bosonic qubit by

encoding it into Majorana fermion operators, for instance:

X ≡ iψ1ψ2

Y ≡ iψ2ψ3

Z ≡ iψ1ψ3.

(F4)

At infinite temperature before coupling, each of the above operators has a correlator equal to −1, which is exactly the
result for bosonic systems, but without a need for the decoding operation Y . At late times, the coupling eigV applies
a relative phase between the identity and non-identity Paulis, giving correlator phases:

1 eig〈V 〉

iψ1ψ2 −1
iψ2ψ3 −1
iψ1ψ3 −1

When g 〈V 〉 = π all correlators have the same phase, and peaked-size teleportation succeeds with perfect fidelity at
infinite temperature. At intermediate times, peaked-size teleportation of multiple bosonic qubits will succeed just as
in bosonic systems.

The second option is to send a fermionic qubit, for instance by inserting half of an ancillary FEPR pair. Here we
begin with intermediate times, and discuss a modification necessary for late time teleportation afterwards. We repre-
sent a single complex fermion with two Majorana operators ψ1, ψ2, and suppose that the operators’ size distributions
are tightly peaked, and the size of iψ1ψ2 is twice that of the individual Majorana sizes, denoted S (this assumption
of size addition is appropriate in all-to-all coupled systems, e.g. SYK, but would not necessarily hold for e.g. a 1D
Majorana chain). The relevant operator correlators after coupling are:
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1 1
ψ1 −i · eigS
ψ2 −i · eigS

iψ1ψ2 −1 · eig2S

At gS = π/2 we have perfect teleportation. This generalizes straightforwardly to multiple fermionic qubits: a p-
fermion operator will gain a phase ip from sliding across the FEPR pair, and a phase eigpS from coupling.

At late times, the sizes of initial single-body and two-body Majorana operators are equal, since they have saturated
the size of the system, and the above operator correlators do not have the same phase. We now show that an alteration
of the encoding procedure can rectify this and lead to perfect late time teleportation. This alteration is explained by
the HPR protocol, and we derive it by reexamining the equivalence between the HPR and TW protocols in the case
of fermionic qubits. Here, the relevant difference between bosons and fermions is that the fermionic SWAP gate is
not related to the Grover search operation 1 − 2PFEPR by single-qubit rotations. Since fermions gain a minus sign
upon exchange, the fermionic SWAP gate takes the form

SWAPF =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

 =
iψ1,lψ2,l + iψ1,rψ2,r + iψ1,lψ2,r − iψ2,lψ1,r

2
. (F5)

This is a two-qubit controlled-phase (CZ) gate away from 1− 2PFEPR:

1− 2PFEPR =

1 0 0 0
0 0 i 0
0 −i 0 0
0 0 0 1

 =
1− iψ1,lψ1,r − iψ2,lψ2,r − (iψ1,lψ1,r)(iψ2,lψ2,r)

2
= SWAPF · CZ, (F6)

where the CZ gate is defined as

CZ =

1 0 0 0
0 i 0 0
0 0 −i 0
0 0 0 −1

 = (1 + i)
ψ1,lψ2,l + iψ1,rψ2,r

2

= exp
(
i
π

4

)
· exp

(
−iπ

2
[iψ1,lψ2,l]

)
· exp

(
i
π

4
[iψ1,lψ2,l][iψ1,rψ2,r]

)
.

(F7)

The single-fermion exp
(
−iπ2 [iψ1,lψ2,l]

)
gate occurs on the swapped-out fermion and may be neglected. Inserting this
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in place of the second Grover search operation gives the appropriate teleportation protocol:

(F8)

In the second diagram we have slid the action of each side of the CZ gate such that the gate acts at the same time
and on the same qubits as the initial SWAP gate.

We can relate the fidelity of teleportation to operator correlators by decomposing the encoding gate as

CZ · SWAPF =
1

2

4∑
j=1

SLj,lS
R
j,r (F9)

where we define the operators:

j SLj SRj SRj S
L
j

1 1 1 1

2 iψ1ψ2 iψ1ψ2 1

3 iψ1 ψ1 i1
4 iψ2 ψ2 i1

according to Eq. (F6). The final column displays the product SLj SRj , where both act on the same qubit, which will
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be useful shortly. We find a fidelity:

(F10)

In the peaked-size regime with correlator phases θR,j , we have

FEPR =
1

24

∑
j,k

〈TFD|SR,j,l(t) e−igV [SL,j,rS
†
L,k,r](−t′) eigV S

†
R,k,l(t) |TFD〉

=
1

24

∑
j,k

exp(−i[θR,j − θR,k]) tr
(
SR,j(t− t′) ρ1/2 SL,j(0)S†L,k(0) ρ1/2 S†R,k(t− t′)

) (F11)

At infinite temperature, late times, and g 〈V 〉 = π, we have correlator phases θR,j = 0 for the identity and two-bosonic
operator and θR,j = π/2 for single-body fermionic operators, and find perfect teleportation fidelity:

FEPR =
1

24

∑
j,k

exp(−i[θR,j − θR,k]) tr
(
SR,j SL,j S

†
L,k S

†
R,k

)
=

1

24

∑
j,k

exp(−i[θR,j − θR,k]) · iFj · (−i)Fk · tr(iψ1ψ2 iψ1ψ2)

=
1

24

∑
j,k

exp(−i[θR,j − θR,k]) · iFj · (−i)Fk

=
1

24

∑
j,k

(−i)Fj · iFk · iFj · (−i)Fk

= 1,

(F12)

where we define Fj = 1 if SL/R,j is fermionic, and 0 if bosonic.
We note that for state, as opposed to EPR, teleportation, the above CZ gate turns out not to be necessary. Since

coherent superpositions of different fermion parity cannot be created by physical Hamiltonians, which are bilinear in
fermionic operators, we should only consider teleporting states of definite fermion parity. The CZ gate applies only
an overall phase on these states, and so does not affect the success of teleportation.

We can also briefly analyze the low temperature results of Ref. [16] through the lens of operator correlator phases.
Here, state teleportation is found to succeed perfectly at low temperatures only when the initial operators are encoded
in p-body Majoranas, with p = q/2 + 1, despite the operator correlators having maximal magnitude for any value of
p. At the semiclassical gravity teleportation time, the correlators have phases:
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1 1
ψ1 ip(i)2p/q

ψ2 ip(i)2p/q

iψ1ψ2 (−1)p(i)4p/q

For single-body Majoranas, p = 1, the correlators clearly do not have the same phase—in fact, their phases are
nearly identical to their phases at infinite temperature with no coupling—so state teleportation is not possible. When
p = q/2 + 1, in the large-q limit, these phases are 1,±1,±1, 1, respectively, where the sign is determined by whether
p = 1, 3 mod 4. When the sign is odd, it can be corrected via the decoding operation iψ1ψ2 = (−1)N , which applies
a minus sign when conjugating fermionic operators. Either case can therefore achieve perfect teleportation.

Appendix G: Teleportation and inelastic scattering at infinite temperature

In Section VIID, we found that strong stringy corrections to a bulk theory of gravity led to peaked-size teleportation
as well as a deeply inelastic scattering amplitude. We will now demonstrate that these two phenomena—peaked-size
teleportation and inelastic scattering—also coincide at infinite temperature, for arbitrary functional forms of the
wavefunctions and scattering amplitudes. As we argued before, for a UV complete theory of quantum gravity, strong
stringy (and in general deep inelastic) effects are expected to dominate only at high temperatures, β → 0.

At infinite temperature, the form of the correlator is constrained by the equality

Cψ(t; g)∗ = −Cψ(t;−g). (G1)

This implies that Cψ(t) can be written as a real function of ig multiplied by the two-point function:

Cψ(t) = 〈ψlψr〉e−F (ig,t). (G2)

When g = 0, Cψ(t) is equal to 〈ψlψr〉, implying

F (ig) = igf1(t) +O(g2), (G3)

where f1(t) is a real function. Therefore, at this order in g, the infinite temperature correlator is simply the two-point
function multiplied by a pure phase, matching peaked-size teleportation [Eq. (29)].

To justify that higher order terms in g are subleading, we need an additional assumption: that the wavefunction
of ψ(t) has a saddle point at some momentum k. This is analogous to the boundary assumption that operator sizes
are tightly peaked. At early times, this saddle will not be significantly changed by the coupling, since the derivative
of the scattering matrix with respect to k will be suppressed by GN , and at early times the time-dependence of the
wavefunction will not be strong enough to compensate for this suppression (for example, in semiclassical AdS2, we
observed competition between e2πt/β and 1/GN ). In such cases, it is easy to see that Eq. (84) becomes 〈ψlψr〉 times
a pure phase linear in g, with higher powers of g suppressed by GN .

Infinite temperature also implies purely inelastic scattering, i.e. the scattering amplitude, eiδ = 1 − S(k, s), is
automatically real. To see this, we first rewrite the correlator in terms of the in-falling momentum operators, P̂ and
K̂, for ψ1 and ψ(t) respectively. For instance, for the former we have:

Ψ1,r(s, 0)Ψ∗1,l(s, 0) = 〈ψ1,l(0)|s〉〈s|ψ1,r(0)〉

=

ˆ
da

2π
〈ψ1,l(0)e−iaP̂ψ1,r(0)〉eias.

(G4)

As ψ(t) and ψ1 are in principle independent operators, we have [K̂, P̂ ] = 0. Using this, we can rewrite Eq. (84) as

Cψ(t) = 〈ψr(−t) exp
(
−igS(K̂, P̂ )iψ1,lψ1,r

)
ψl(t)〉. (G5)

Taking the complex conjugate gives

Cψ(t)∗ = 〈ψl(t) exp
(
igS(K̂, P̂ )∗(−i)ψ1,rψ1,l

)
ψr(−t)〉

= −〈ψr(−t) exp
(
igS(K̂, P̂ )∗iψ1,lψ1,r

)
ψl(t)〉

(G6)

where we used the fact that K̂, P̂ are Hermitian and that at infinite temperature ψl(t) |TFD〉 = ψr(−t) |TFD〉.
Combining this with Eq. (G1) then enforces S(K̂, P̂ )∗ = S(K̂, P̂ ), i.e. purely inelastic scattering.
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