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Quantum chemistry is a promising appli-
cation for noisy intermediate-scale quan-
tum (NISQ) devices. However, quan-
tum computers have thus far not suc-
ceeded in providing solutions to problems
of real scientific significance, with algo-
rithmic advances being necessary to fully
utilise even the modest NISQ machines
available today. We discuss a method of
ground state energy estimation predicated
on a partitioning the molecular Hamilto-
nian into two parts: one that is noncon-
texrtual and can be solved classically, sup-
plemented by a contextual component that
yields quantum corrections obtained via a
Variational Quantum Eigensolver (VQE)
routine. This approach has been termed
Contextual Subspace VQE (CS-VQE), but
there are obstacles to overcome before it
can be deployed on NISQ devices. The
problem we address here is that of the
ansatz — a parametrized quantum state
over which we optimize during VQE. It is
not initially clear how a splitting of the
Hamiltonian should be reflected in our CS-
VQE ansidtze. We propose a ‘noncontex-
tual projection’ approach that is illumi-
nated by a reformulation of CS-VQE in
the stabilizer formalism. This defines an
ansatz restriction from the full electronic
structure problem to the contextual sub-
space and facilitates an implementation of
CS-VQE that may be deployed on NISQ
devices. We validate the noncontextual
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projection ansatz using a quantum simula-
tor, with results obtained herein for a suite
of trial molecules.

1 Introduction

Quantum computers promise to yield solutions
to complex problems that have previously been
unattainable by classical means, yet experi-
mental demonstration remains challenging. To
date, the largest molecules simulated on noisy
intermediate-scale quantum (NISQ) hardware are
Hi2, conducted by Google using just 12 of the 53
qubits available on their superconducting quan-
tum processor Sycamore |[1], and H2O, per-
formed independently by IonQ using 3 qubits
of an unspecified proprietary trapped ion device
[2] and IBM, using 5 of the 27 qubits on the
now-decommissioned ibmq _ dublin superconduct-
ing device [3].

Due to the limitations of shallow circuit depth
and short coherence times that characterise the
NISQ era, we are not able to harness the full
state-space afforded to these machines. To cir-
cumvent the above issues, we turn to the class
of variational quantum algorithms, of which the
Variational Quantum Eigensolver (VQE) [4] is
most widely studied. In contrast with eigenvalue-
finding algorithms requiring fault-tolerant ma-
chines such as Quantum Phase Estimation (QPE)
[5] — which necessitates state evolution over
an extended period of coherence — VQE exe-
cutes a large ensemble of comparatively shallow
parametrized circuits to estimate energy expecta-
tion values, informing a classical optimizer that
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updates the parameter settings before reinitial-
ization of the quantum circuit. Its success is pred-
icated on the variational principle, meaning the
ground state energy of the system bounds expec-
tation values from below [6].

However, VQE is not without its challenges.
First of all, the parametrized quantum state men-
tioned above — known as an ansatz — needs to
be constructed carefully; it must be sufficiently
expressible so the subspace of quantum states it
spans contains the true ground state. On the
other hand, if the ansatz is too expressible, we
run into the problem of barren plateaus [7] where
we observe vanishing gradients. This is more of-
ten a symptom of ‘hardware efficient’ ansétze |1,
8-12|, which aim to access the largest possible
region of Hilbert space for the fewest number of
native quantum gates.

To avoid barren plateaus, one must take into
account some of the underlying problem struc-
ture to define ansatz circuits whose image is con-
fined to a smaller, but more targetted, region of
Hilbert space. Within this category are ‘chemi-
cally inspired’ ansétze that represent sequences of
electronic excitation operators in circuit; unitary
coupled cluster (UCC) [13, 14] is widely acknowl-
edged as the gold standard for electronic struc-
ture simulations, however it is computationally
expensive in practice.

More recently, we have seen the development
of hybrid ansétze that bridge the gap between
hardware efficiency and chemical motivation. For
example, in [15] a compact circuit designed to
conserve molecule symmetries such as particle
number and spin was presented, while Adaptive
Derivative-Assembled Pseudo-Trotter (ADAPT)
VQE [16-19] describes a more complete approach
to scalable quantum chemistry simulations by
defining selection criteria of ansatz terms from
a pool of excitation operators.

Secondly, the energy estimation procedure in
VQE invokes the measurement problem — in order
to mitigate statistical error, many prepare-and-
measure cycles are necessary to achieve sufficient
precision in the estimate.
in recent years towards measurement reduction
techniques are expansive [20-29| and range from
classical pre/post-processing of the measurement
information such as in classical shadow tomog-
raphy [30, 31] to Hamiltonian term-grouping
schemes and reductions in the number of Hamil-

The advances made

tonian terms at a cost of coherent resource, such
as in unitary partitioning [32-35]. Combined
with techniques of error mitigation [36-43|, one
can optimize VQE with the objective of maximal
NISQ resource utilization.

In this work we are concerned with Contex-
tual Subspace VQE (CS-VQE) [44], which de-
scribes a method of partitioning the molecular
Hamiltonian into disjoint parts so that an elec-
tronic structure problem may be simulated to
some degree on the available quantum device,
even if the dimension of the problem is too great
to be encoded on the number of qubits avail-
able. This is supplemented by some classical
overhead, but in many instances chemical accu-
racy (1.6mHa =~ 4kJ/mol) may be achieved using
fewer qubits than in a full VQE routine.

There has since been further research into the
use of classical estimates of the electronic struc-
ture problem to reduce the resource requirement
on quantum hardware. In particular, Classically-
Boosted VQE (CB-VQE) [45] identifies classi-
cally tractable states and excludes them from the
quantum simulation, alleviating some measure-
ment and fidelity requirements of the VQE rou-
tine.

CS-VQE bears a resemblance to the qubit
reduction technique of qubit tapering [46, 47],
which exploits Zo symmetries of the Hamiltonian;
the differences and similarities are highlighted
herein and in [44|. There are still a number of
problems to address before CS-VQE may be suc-
cessfully deployed on real quantum hardware —
most notably with regard to the ansatz, which is
the principal consideration of this work.

2 Preliminaries

The notation used throughout shall be to write
operators in standard capital font (A, B,C,...) —
with the exception of single-qubit Pauli operators

being written
617,1 - idp,?) (1)

O = 0p,0 + 0p3
b 517,1 + i5p,2 510,0 - 510,3

for p € {0,1,2,3} — sets in calligraphic letters
(A, B,C,...) and vector spaces in script typeface
(o, B,%,...). The state space of N qubits may
be identified with the 2V dimensional Hilbert
space S = (C?)®N with the space of (bounded)
linear operators acting upon . denoted A(.77).




We introduce the Pauli group Pn C B(H) of
operators o = ®i]i_01 op, for p; € {0,1,2,3}, up
to multiplication by 41, +4. Note the distinction
between the bold font o denoting tensor prod-
ucts and o), a single-qubit Pauli operator; we will
sometimes write Jz(f) to index explicitly the qubit
position ¢ € Zy on which it acts. We shall also
make use of the commutator [A, B] .= AB — BA
and anticommutator {A, B} := AB+BA, defined
for operators A, B € #(.#), which are zero when
A and B commute/anticommute, respectively.

An N-qubit Hamiltonian can be written in the
form

Hy =Y hoo, hs €R, (2)
ocT
for a set of Pauli operators T C Py — specifying
real coeflicients ensures Hy is Hermitian. The
objective of quantum chemistry simulations is to
estimate the ground state energy

= min (H
0= $é9f< T) (3)

where (Hr), = (¢|Hr[¢) is the expectation
value of H7 with respect to some quantum state
|v) € . Many physical properties of the tar-
get system are determined by the ground state,
motivating this goal.

The Variational Quantum Eigensolver (VQE)
quantum-classical hybrid algorithm [4] is the
most widely studied means of achieving this on
NISQ hardware. VQE requires a parametrized
ansatz state |1an,(0)) € S whose parameters 6
are manipulated within a classical optimization
scheme that aims to minimize the energy expec-
tation value

E(0) = (HTMM(G) ) (4)

evaluated via many prepare-and-measure cycles.
The choice of ansatz restricts us to a subspace
of quantum states and therefore must be care-
fully designed to be sufficiently expressible so as
to capture the true ground state of the system.

A common form of ansatz state — particularly
in relation to the electronic structure problem —
is

‘wanz(a» = ez’A(B) ’wref> ’ (5)

where |¢ef) € F is some fixed reference state
in which the quantum circuit is initialized and
A(0) = Y. secabo0 for parameters 0, € R and
Pauli operators o € A C Py; the unitary e*4(®)

effects excitations above the reference state. Such
ansitze as unitary coupled cluster (UCC) |13, 14]
may by expressed by our choice of A (taking as
reference the Hartree-Fock state), in addition to
any others based on the theory of excitation oper-
ators such as ADAPT-VQE [16-19]. The quan-
tum advantage in VQE stems from the ability
to prepare classically intractable states from our
parametrized ansatz circuits.

3 Projections onto stabilizer subspaces

Given an operator o € Py, the space of quan-
tum states |1)) € S that it stabilizes are those
satisfying o [¢)) = |¢), the +1-eigenspace of o.
Extending this notion to an abelian subgroup of
Pauli operators Q C Py, there is an induced vec-
tor space Yo of states stabilized by the elements
of Q.

A particularly useful definition is that of a
Hamiltonian symmetry, taken here to mean a set
S C Py of Pauli operators such that

0,0’ =0 VoeS,0' €T. (6)

In other words, a symmetry of Hy is any set of
Pauli operators that commute universally among
T, which we may extend to an abelian group
S = (8S) generated by S under operator multi-
plication, which we shall call a symmetry group.

Note the setting in which we present symme-
tries here is stricter than the conventional defini-
tion, which considers any operator S that com-
mutes with the Hamiltonian, i.e. [S, Hy] = 0, to
be a symmetry. Such an operator need not com-
mute with the individual terms as we require here.
For example, in the fermionic picture, the number
operator ), azai (where a is the fermionic anni-
hilation operator and its Hermitian conjugate af
represents the creation operator) commutes with
the full second-quantized molecular Hamiltonian,
but not with an arbitrary excitation term.

The operators of & will in general be alge-
braically dependent, but the theory of stabiliz-
ers 48] ensures the existence of a set of indepen-
dent generators G such that S = (G). Now, recall
the Clifford group consists of unitary operators
U € B() (meaning UUT = UTU = 1) with the
property UoU' € Py Yo € Py, ie., U normal-
izes the Pauli group. We may construct a Clif-
ford operation U mapping each symmetry gener-
ator to distinct single-qubit Pauli operators o,




where we are free to choose p € {1,2,3}. More
precisely, there exists a subset of qubit positions
Tstab C Zp satistying |Zgap| = |G| and a bijective
map f : G — Zgap such that

UGUT =6/ vGeg. (7)

This is a powerful concept that provides a
mechanism for reducing the number of qubits
in the Hamiltonian whilst preserving its energy
spectrum. This is at the core of qubit tapering
[46, 47|, in which it is observed

G, Hr]=0 = [¢{/{9) H}]=0VGeg,
(8)
implying the rotated Hamiltonian H7- == UH-U'
consists solely of identity or Pauli o, operators in
the qubit positions indexed by Zg.1,. Taking ex-
pectation values, one may replace the qubits Zgtap
by their eigenvalues v; = +1; each assignment

V= (h)ieT, € {£1} T 9)

defines a symmetry sector and at least one such
sector will contain the true solution to the eigen-
value problem. Note the other sectors still have
physical significance and may for example relate
to solutions of different particle numbers or to
excited states. In Tables 3 - 10 below we report
the symmetry generators and corresponding sec-
tor for the Hamiltonians representing the molec-
ular systems listed in Table 1.

A quantum state consistent with any such sec-
tor must be stabilized by the operators Viaz(f)
and we may define a projection onto the corre-
sponding stabilizer subspace. In general, a pro-
jection is defined to be an idempotent operator
P € B(s),ie. P2 = P;the projection onto the
+1-eigenspace of a single-qubit Pauli operator o,
for p € {1,2,3} may be written

P -:1(110) (10)

r =5 )
States with no component inside the chosen
eigenspace are mapped to zero and observe that

Pfo Py = 46, ,P5 (11)

for ¢ € {1,2,3}.

Let 5%, be the reduced Hilbert space sup-
ported by the stabilized qubits Zgtap, and 5% eq its
complement such that 7 = .1 Q Hoeq. Given

an assignment of eigenvalues v € {£1}*Zstab we
may project onto the corresponding sector via

P,= ) P (12)

1€Lstab

and subsequently perform a partial trace over the
stabilized qubits Zgap. This is effected by the
unique linear map Trgiap @ 2 — Heq satisfying
the property Trgab (A ® B) = Tr(A)B for all
A € B(Hiar) and B € B(Heq).

Finally, we may define the full stabilizer sub-
space projection map

my  B(A) = B(Hea); (13)
A Trga, (PRLUAUTR,)
which, using the linearity of Trgap, yields a re-
duced Hamiltonian

Hit =, (Hr)
= 3 W0l (14)

ocT

where o/ = UoU! = QN 0, and we have
written o/ = ol ® ol4. The new coefficients
hly = heo [liez,,, vi differ from he by a sign de-
pendent on t(ﬁj 0chosen symmetry sector.

In qubit tapering U is taken as (7), with the
corresponding basis G a generating set for a full
Hamiltonian symmetry [46, 47]. Assuming iden-
tification of the correct sector, the ground state
energy of the (N — |G|)-qubit reduced Hamilto-
nian H§9d will coincide with the true value of the
full system Hy.

This stabilizer projection procedure is straight-
forward with respect to the Hamiltonian, since
the stabilized qubits contain only operators with
non-zero image under conjugation with P,,. How-
ever, suppose we were to take another observ-
able A € () and wish to determine a re-
duced form on HAB(Heq) that is consistent with
the reduced Hamiltonian H%‘?d. This may be
achieved by following precisely the same process
that was applied to Hy, but the symmetry S will
not in general be a symmetry of A and there-
fore the ‘symmetry-breaking’ terms (those which
anticommute with the generators G) will vanish
under projection onto the stabilizer subspace, as
per (11). Letting A C Py be the set of terms in




the Pauli-basis expansion of A, observe:
Ared = 72U 4)
= Z ho Tr(on'étabPV)U{red

ocA
= Z ho Tr( ® P ®
ocA 1€Lstab

q;=0

V; V; !/
® PpZU‘IiPpZ )Ured
. —_———
1€ Zstab vy
¢i#0  =Vibp,q; Pp

= > heoleg Te(P) ] vibpa,

ocA -1 1€Lstab
q;7#0
_ 1o
- Z hO’ Ored>
ocA
¢;€{0,p}
v Z‘EIstab

(15)
recalling that ¢; indicates the type of single-qubit
Pauli acting on qubit position ¢ € Zy in some
tensor product o, defined in Section 2.

The resulting form is identical to (14), except
we are explicit that the terms surviving projec-
tion are only those whose qubit positions indexed
by Zsap consist exclusively of identity and Pauli
op operators; this is trivially true for the Hamil-
tonian by construction. Most importantly, this
extends the stabilizer subspace projection to an-
sitze defined on the full system for use in vari-
ational algorithms. It should be noted that the
above operations are classically tractable and can
be implemented efficiently in the symplectic rep-
resentation of Pauli operators.

We would be remiss not to draw attention
to the likeness of (13) with Positive Operator-
Valued Measures (POVM) [49]; indeed, the pro-
jectors (12) define a complete set of Kraus opera-
tors [50]. The stabilizer subspace projection pro-
cedure is reduced to a matter of enforcing a par-
tial measurement over some subsystem of the full
problem, for which the relevant outcomes have
been determined via an auxiliary method. For
example, this could involve identifying a quan-
tum state with a known non-zero overlap with
the true ground state; measuring the symmetry
generators G in this state will yield the correct
sector.

Hartree-Fock often provides such a state for
electronic structure problems, although it is not
immune to failure — particularly in the strongly-
correlated regime. In these cases, we should defer
to more effective reference states such as those ob-

tained from the Mgller—Plesset perturbation the-
ory (MP2), coupled-cluster (CC) and so on. One
can imagine a hierarchy of increasingly precise
ground state approximations, for which we should
hope to obtain at some point a non-zero overlap
with the true ground state.

4 CS-VQE in the stabilizer formalism

We now describe the Conteztual Subspace VQFE
(CS-VQE) method in the stabilizer setting in-
troduced in Section 3. CS-VQE partitions the
Hamiltonian (2) into two disjoint components —
one that is noncontextual and another that is con-
textual which provides quantum corrections to
the former via VQE [44]. Explicitly, this allows
us to write

Hy =Hyp, + Hy, (16)

where Ty is a noncontextual set of Pauli opera-
tors and T := T \ Tnc is what remains, which will
in general be contextual.

CS-VQE differs from qubit tapering (described
in section 3) in the following way: the latter
exploits existing (i.e. physical) symmetries of
the Hamiltonian, whereas in CS-VQE we impose
additional ‘pseudo-symmetries’ derived from the
noncontextual Hamiltonian. This results in a loss
of information, since any terms of 7 not com-
muting with the symmetry generators will vanish
under projection.

4.1 The noncontextual problem

The notion of contextuality goes back to the Bell-
Kochen-Specker theorem [51-53]. Here we use
an explicit condition for the noncontextuality of
a set of Pauli operators, developed in [54] and
independently in [55]. Strictly speaking, this
condition tests for strong measurement contex-
tuality. In this setting, a set Ty is understood
to be noncontextual if and only if commutation
forms an equivalence relation on Tye \ S, where
we have defined the sub-Hamiltonian symmetry
S ={0 € Tuc|lo,0'] =0Vo’ € Tpc}. There is
an implied structure

Tae =SUCLU---UCuy, (17)

where the C; are equivalence classes with respect
to commutation — in other words, elements of the
same class commute and across classes anticom-
mute. Conversely, such a set of Pauli operators




is contextual if and only if commutation fails to
be transitive on Tpe \ S.

The symmetry S can be expanded by taking
pairwise products within equivalence classes —
since {C;,C;} = 0 for C; € C;,C; € C;j with
i # j, it is the case that [C;C},C;C] = 0 and
we may define 8’ = SUUM,{C;C!| C;, C! € C;}.
As before, in Section 3, S’ induces a symmetry
group for which one may define independent gen-
erators G and a Clifford operation Ug mapping
the generators to single-qubit Pauli operators; the
expectation value over these qubits will again be
determined by an assignment v € {£1}*19] of
eigenvalues, analogous to the selection of a sym-
metry sector in qubit tapering.

From each class C; we select a representative C;
and construct an observable C(r) = M r,C;
where » € RM and |r| = 1. In [56] it was found
that quantum states |¢)(, ,)) € J stabilized by
the operators {vyG | G € GyU{C(r)} are con-
sistent with a classical objective function n(v,r)
(derived in Appendix B), in the sense that n(v, r)
coincides with the noncontextual energy expec-
tation value <H7;‘C>w(u,r) for all parametrizations
(v, 7). This is a consequence of the joint probabil-
ity distribution (41) chosen over the phase-space
points of their (epistricted) model [56, 57].

The noncontextual energy spectrum is there-
fore parametrized by two vectors: the £1 eigen-
value assignments v, determining the contribu-
tion of the universally commuting terms, and 7,
encapsulating the remaining pairwise anticom-
muting classes. In this sense, we may refer to
(v, r) as a state of the noncontextual Hamiltonian
itself, abstracted from quantum states of the cor-
responding stabilizer subspace. Optimizing over
these parameters, we obtain the noncontextual
ground state energy

€= min

ve{+1}*191
reRM;|r|=1

nw,r) (18)

and call an element (v,r) of the preimage
n71(€B°) a noncontextual ground state of Hr,_.
Denote by Aye = |ef¢ — €p| the absolute error
with respect to the true ground state energy.

As a classical estimate to the ground state en-
ergy of the full Hamiltonian Hy, in Section 5 we
found the difference between the noncontextual
ground state and Hartree-Fock energy to be neg-

ligible for each of the molecules simulated, since

the heuristic used to choose Hr,_ prioritizes diag-
onal Hamiltonian terms. In principle, it may be
an improvement upon Hartree-Fock as the non-
contextual set can also take into account an off-
diagonal contribution within the anticommuting
classes. This is highly dependent on the chosen
form of noncontextual set and the effect on CS-
VQE errors is not clear — some consideration of
the resulting quantum corrections must inform
this choice. We will discuss how one derives quan-
tum corrections in the following section.

4.2 Quantum corrections

Our simulation approach has thus far been
strictly classical — now we arrive at the quantum
element of CS-VQE. We have derived a classical
estimate of the ground state energy from the non-
contextual part of the Hamiltonian Hr, , however
the contextual component H7, has so far been ne-
glected.

While C(r) is not a stabilizer in the strict sense
(it is not an element of the Pauli group), it is
unitarily equivalent to one as a linear combina-
tion of anticommuting Pauli elements. Similar to
the symmetry generators G, it is possible to de-
fine a unitary operation Uc mapping C(7) onto
a single-qubit Pauli operator, following the ap-
proach of unitary partitioning [32, 33, 35]. How-
ever, unlike the Ug rotation, U is not Clifford as
it collapses M terms onto a single Pauli opera-
tor and can therefore introduce additional terms
to the Hamiltonian. Appending C(r) to our
set of generators G :=GU {C(r)} and defining
U = UcUg, there exists a subset of qubit indices
Tstab satisfying |Zsian| = G | and a bijective map
£ G = Tyap such that UGUT = 6§/ “) for each
G € G. We reiterate that p € {1,2,3} may be
chosen at will — the approach taken in [44] is to
select p = 3 to enforce diagonal generators.

Suppose we have a quantum state [, )
that is consistent with €;¢; since the rotated
state |¢2U’7,)) = U [¢(r)) must be stabilized by
az(,i) Vi € Tgtapb, the qubit positions Zg,p, must be
fixed. This implies a decomposition

|/¢)EV7"I)> = ‘b(ll,’l‘)>stab ® |90>red (19)

where |b, ,y) represents a single basis state of
Hieap and |@) € Hfeq is independent of the pa-
rameters (v, r). Therefore, the expectation value




of the full Hamiltonian may be expressed as
(Hr)y, . =+ (x(HR),.  (20)

where 7 (H7.) contains only the terms of the
contextual Hamiltonian that commute with all
the noncontextual generators, just as in (15) —
it was observed in [44] that any term which an-
ticommutes with at least one noncontextual gen-
erator must have zero expectation value and our
stabilizer subspace projection captures this fact.

Inspecting (20), we may optimize freely over
quantum states ¢, i.e., we are not constrained by
the noncontextual ground state within J%.q. In
fact, we may absorb the noncontextual ground
state energy into the reduced contextual Hamil-
tonian, defining the contextual subspace Hamilto-
nian

Hy, =) 1+ ) (Hr); (21)

this form is obtained naturally when applying the
stabilizer subspace projection to the full Hamil-
tonian, which automatically includes the noncon-
textual energy by fixing the corresponding eigen-
value assignments.

Now, we may perform unconstrained VQE to
obtain a quantum-corrected estimate

(HT.), (22)

€ = min

lp)€Hrea
of the true ground state energy with absolute er-
ror A¢ = |e§ — €o| < Apc. We have equality when
the stabilizers span every qubit position, which is
the case when |G| = N since the generators must
be algebraically independent — this means the ini-
tial quantum correction is trivial as the noncon-
textual part determines the entire system.

For instances of the electronic structure prob-
lem there is no guarantee that ej will achieve
chemical accuracy (A. < 1.6mHa ~ 4kJ/mol)
and, indeed, it might not improve upon the non-
contextual estimate (although it will never be
worse, due to the variational principle applying
in this case). However, one can easily define a
subset of 7y that is again noncontextual — this is
achieved by discarding one of the noncontextual
generators G € G, along with the operators that
it generates. We now append the discarded oper-
ators to the contextual Hamiltonian, relaxing the
stabilizer constraint on the qubit position f(G)
and permitting a search over its Hilbert space.
This process may be iterated until the noncon-
textual set is exhausted and we recover full VQE.

This means that, unless the ground state energy
of Hy, and H coincides, CS-VQE will improve
upon the noncontextual energy using less quan-
tum resource than full VQE — this is more rigor-
ously defined in the next section.

What we have described here is a technique
of scaling the relative sizes of the noncontextual
(read classical) and contextual (read quantum)
simulations in a reciprocal manner. We can there-
fore trade-off quantum and classical workloads in

CS-VQE.

4.3 Expanding the contextual subspace

Now we describe the process of growing the con-
textual subspace more rigorously. We select a
subset of noncontextual generators F C G whose
stabilizer constraints we mean to enforce and con-
struct a new noncontextual set 7;’(: = Tpc N f;
the contextual set is expanded accordingly by
appending the terms not generated by F, i.e.,
T! = To U (Tac \ F). As before, there exists a
unitary operation Ur, a subset of qubit indices
Tsx C Zgap and a bijective map f : F — Tgy
satisfying U]:GU; = az(gf(G)) VG € F (the ro-
tation Ur may or may not be Clifford depending
on whether C'(r) is among the stabilizers we wish
to fix).

Denote by €;°(F) the ground state energy of
the new noncontextual Hamiltonian 7. with ab-
solute error Ap.(F) > Aye. While this is weaker
as an estimate of the true ground state energy of
the full system, at the very least we are guaran-
teed to recover the initial noncontextual ground
state energy from performing a simulation of the
expanded contextual subspace [44], which we de-
scribe below.

The stabilizer constraints of F are enforced
over the Hilbert space %, = (C?)®%ix of qubits
indexed by Zgy, whereas we are free to perform
a VQE simulation over %, = (C?)®%im  the
Hilbert space of the remaining N — | F| qubits in-
dexed by Zgm = Zn \ Zgx. Invoking the stabilizer
subspace projection map ﬂ'gf with the eigenvalue
assignments v’ = (v;);ez,, yields an expanded
contextual subspace Hamiltonian

Hyro=&S(F) -1+ 707 (Hp).  (23)

Performing an |Zgy|-qubit VQE simulation over
the contextual subspace we obtain a new




quantum-corrected estimate

€5(F) == min

Hr 24
|so>e;zzim< Tc)S@ (24)

with an error satisfying A.(F) < Ac. Recall that
A = Ac(G) corresponds with the contextual er-
ror when we enforce the full set of noncontextual
stabilizers.

Observe that, when |Zg,| = N, we are simply
performing full VQE over the entire system — this
occurs when we do not enforce the stabilizer con-
straint for any of the noncontextual generators,
i.e. F = (. Therefore, it must be the case that

Ac(F) =0 as |F| — 0. (25)

Furthermore, given a nested sequence of gen-
erator subsets (F;); with F;41 C F;, then
Ac(Fit1) < A(F;) and the convergence is mono-
tonic; this was illustrated empirically in [44] for a
suite of tapered test molecules of up to 18 qubits.

Suppose we wish to construct the optimal con-
textual subspace Hamiltonian of size N’ < N.
The problem reduces to minimizing the error

A(F) over the ( ng}v,) generator subsets F C G
satisfying |F| = N — N’. CS-VQE is highly sen-
sitive to this choice and remains a vital open
question for the continued success of the tech-
nique. For chemistry applications, we grow the
contextual subspace until the CS-VQE error at-
tains chemical accuracy, which means finding the
minimal F such that A.(F) < 1.6mHa. In gen-
eral, we will not have access to a target energy
and so will not necessarily know when the de-
sired precision is achieved; instead, we might it-
erate until the VQE convergence is within some
fixed bound.

The best stabilizer relaxation ordering heuris-
tic found in [44] functions by greedily selecting
combinations of d < N generators that produce
the greatest reduction in error, which necessitates
Z,EZ{)C” (N;ldk) = O(N9*t!) CS-VQE simulations;
d = 2 was chosen in that work. However, there
is room for more targeted approaches that ex-
ploit some structure of the underlying problem.
For example, in quantum chemistry problems it
could be that one should relax the stabilizers that
have non-trivial action near the Fermi level —
between the highest occupied molecular orbital
(HOMO) and lowest unoccupied molecular or-
bital (LUMO). Excitations clustered around this
gap are more likely to appear in the true ground

state and should therefore not be assigned def-
inite values under the noncontextual projection.
This idea comes from the theory of pseudopoten-
tial approximations [58], in which it is observed
that chemically relevant electrons are predomi-
nantly those of the valence space, whereas the
core may be ‘frozen’, thus reducing the electronic
complexity.

4.4  The noncontextual projection ansatz

CS-VQE has thus far not been applied to sys-
tems exceeding 18 qubits and the resulting re-
duced Hamiltonians (23) have been solved by di-
rect diagonalization [44| — clearly, this will not
scale to larger systems, with the required clas-
sical memory increasing exponentially. Instead,
they must be simulated by performing VQE rou-
tines, but defining an ansatz for the contextual
subspace provided an obstacle to achieving this
in practice.

However, having now placed the problem
within the stabilizer formalism described in Sec-
tion 3, we have already introduced (in Sections
4.1 - 4.3) the tools necessary to restrict an ansatz
of the form (5) — defined over the full system —
to the contextual subspace (23). The approach
adopted here is equivalent to that which we de-
fined for qubit tapering in (15). To restrict a
parametrized ansatz operator

A(0) = Z Oy — A(O) € B(Hiw) (26)
ocA
in line with the stabilizer constraints F C G we
may simply call upon the stabilizer subspace pro-
jection map 7,7 once more, which yields a re-
stricted ansatz state

|¢anz(0)> = ez’A(G) |1Zref> € %im (27)

where

A(0) =77 (A(8)). (28)

Any rotated ansatz term UroU ;- that is not iden-
tity or a Pauli o, on some subset of the qubit
positions indexed by Zg, will vanish.

The restricted reference state ”(ZJref> is obtained
from a partial projective measurement of U [t)yef)
(see the discussion on POVMs in Section 3) with
outcomes defined by v/, which yields a product
state

PV’U W}ref>
V Wret | UTPU [ther)

= |b(u,7‘)>ﬁx ® |"[)ref>sim :

(29)




The post-measurement state |b(, ) € Hhx on
the noncontextual subspace represents a single
basis vector and can therefore be disregarded,
leaving just the state of the contextual subspace —
this we take as reference for our restricted ansatz.
We stress this ‘measurement’ is not performed in
circuit but is instead to be evaluated classically
when constructing the restricted ansatz circuit.

We may now define the contextual subspace
energy expectation function

E(0) == (HT, (30)

2 fun0)
with ]ZITC/ as in (23), at which point we have re-
duced the problem to standard VQE, performed
over a subspace of the full problem.

In order to prepare the projected ansatz state
(27), we first initialize the |Zgp|-qubit quan-
tum circuit in the noncontextual ground state,
achieved by applying a Pauli o1 operator in each
of the qubit positions ¢ € Zgy, such that v; = —1.
This is visible in Figure 2, in which the VQE rou-
tine is initiated with the optimization parameters
zeroed, i.e. @ = 0, and since ¢*4(®) = 1 optimiza-
tion begins at the noncontextual ground state en-
ergy.

It is not in general possible to implement the
unitary operation etA0) exactly as a quantum cir-
cuit (except for in the case of completely com-
muting terms A of A(r)), however one may do so
approximately via the commonly used technique
of Trotterization (see Appendix A.l for further
details). With the Trotter number np = 2, this

yields
AO) o ( 11 eld> (31)

ocA

0o
where the exponentiated Pauli operator e'2 7

may be performed in-circuit as described in Ap-
pendix A.2 using O(|Zsim|) native quantum gates.

5 Simulation results

The molecular systems that were simulated to
benchmark the noncontextual projection ansatz
for CS-VQE are given in Table 1. The molecule
geometries were obtained from the Computa-
tional Chemistry Comparison and Benchmark
Database (CCCBDB) [59] and their Hamiltoni-
ans constructed using IBM’s Qiskit Nature [60]
with PySCF the underlying quantum chemistry
package [61].

Molecular systems Number of qubits

Name Charge Mult.  Full Taper CS-VQE
Be 0 1 10 5 3
B 0 2 10 5 3
LiH 0 1 12 8 4
BeH +1 1 12 8 6
HF 0 1 12 8 4
BeH, 0 1 14 9 7
H>O 0 1 14 10 7
Fs 0 1 20 16 10
HCI 0 1 20 17 4

Table 1: The systems investigated to benchmark the
noncontextual projection ansatz (all in the STO-3G ba-
sis). The CS-VQE column indicates the fewest number
of qubits required to achieve chemical accuracy.

Before we evaluate the efficacy of our noncon-
textual projection ansatz, there are a few features
of (27) that should be highlighted. First of all, in
(29) we are applying the operation U in-circuit,
introducing further gates that will contribute ad-
ditional noise. However, when the reference state
is taken to be that of Hartree-Fock, we observed
U1rer to coincide with the noncontextual ground
state. This is an artifact of the noncontextual
set construction heuristic — used within both this
work and [44] — prioritizing diagonal entries. This
need not always be the case, but for the molec-
ular systems investigated this allows us to avoid
performing U in-circuit and instead take the non-
contextual ground state as our reference.

Secondly, application of the unitary partition-
ing rotations U¢ to the ansatz operator A(6) may
introduce additional terms. The scaling was first
proposed to be O(2M) in [44], where M is the
number of equivalence classes in (17). We ob-
tained M = 2 for all of the molecules tested, al-
though for a general Hamiltonian this need not
be the case and is also dependent on the form of
the noncontextual set 7y, — here we prioritize uni-
versally commuting terms, but it is equally valid
to maximize the anticommuting contribution.

Despite this, upon the subsequent projection
of A(@), it is possible that a significant number
of terms will vanish. This is highly dependent on
the quality of the initial ansatz and how heav-
ily it is supported on the stabilized qubit posi-
tions Zgy. Figure 1 presents circuit depths of the
noncontextual projection ansatz as a proportion
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Figure 1: Ideal CS-VQE errors (left-hand axis) and corresponding noncontextual projection ansatz circuit depths as
a proportion of the full UCCSD operator from which it is derived (right-hand axis) against the number of qubits

simulated.

of the base ansatz from which it is derived — in
this case the unitary coupled-cluster singles and
doubles (UCCSD) operator. A net reduction in
circuit depth is observed, which is quite dramatic
up to the point of reaching chemical accuracy in

the CS-VQE routine.

On the other hand, if we are able to define an
ansatz that closely captures the underlying chem-
istry, in the sense that each of the excitations
it encodes carry significant weight, then we can
in principle observe an increase in circuit depth.
The latter is more likely to be encountered in im-
plementations of ADAPT-VQE [16-19] and sim-
ilar approaches to ansatz construction, where ex-

citation terms are selected iteratively in line with
some criteria to minimize ansatz redundancy.

For each of the molecules in Table 1, working in
the fermionic picture we determined the most sig-
nificant terms from the pool of single, double and
triple (SDT) excitations via brute force, similar to
the approach taken in [2]. This was achieved by
diagonalizing the untapered Hamiltonian to ob-
tain a true ground state, before assessing which
of the resulting basis states exceeding a proba-
bility threshold of 10~ for ¢t € N exhibit SDT
excitations above the Hartree-Fock state. This
allowed us to describe a reduced set of excita-
tion operators that includes only the most impor-
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tant determinants, yielding an artificial ‘ansatz’
operator that we shall refer to as excite; — we
stress that this approach is not scalable since it
requires knowledge of the ground state a priori.
The excites operator was found to be sufficient
for achieving chemical accuracy in the molecular
systems of Table 1 when taken as an ansatz cir-
cuit, which is seen to be significantly smaller than
UCCSD(T) in Table 2.

Ansatz operator

Molecule UCCSDT UCCSD excitey, minimal
Be 48 48 12 5
B 48 32 8 2
LiH 704 192 44 5
BeH™ 646 166 86 10
HF 92 92 44 4
BeHs 1312 224 72 10
H>O 1892 324 168 20
Fy 176 176 60 7
HCl 348 348 52 4

Table 2: The number of Pauli terms |A| for a selec-
tion of (tapered) ansitze, each of which is sufficiently
expressible to achieve chemical accuracy.

The Jordan-Wigner transformation [62] maps
a single fermionic annihilation operator onto two
Pauli operators

(4)

1 . (@ j
a; — 5(01 +m§)) ®®0§j),

Jj<i

(32)

with the creation operator given by its Hermitian
conjugate a;r. Therefore, an excitation on s € N
spin orbitals of the form

a= ajl . .a;-rsajl ...y, (33)
is represented by 22° Pauli operators under this
encoding. In the unitary coupled cluster theory,
we are interested rather in the operator a —a' to
ensure unitarity upon exponentiation — this may
be expressed by 225! Pauli terms.

As such, after a mapping onto qubits via
the Jordan-Wigner transformation, single, dou-
ble and triple excitations account for 2, 8 and
32 Pauli operator terms of A(8) respectively, but
not all of these are required to reach chemical ac-
curacy. To determine only the necessary terms
for the purposes of benchmarking our noncon-
textual projection ansatz, we start with a blank

ansatz and loop over A, running a CS-VQE sim-
ulation for each term therein. After every cycle
we append the Pauli operator that minimizes the
energy to our ansatz until chemical accuracy is
achieved and the process terminates — the result-
ing operator is referred to as minimal in Table 2.
This procedure was conducted on an Atos Quan-
tum Learning Machine (QLM) provided by the
Leibniz Supercomputing Centre (LRZ).

The calculated minimal artificial ansatz oper-
ators are reported in Tables 3 - 10, along with
a description of the smallest CS-VQE problem
permitting chemical accuracy. This includes the
optimal noncontextual generator subset JF, the
resulting noncontextual projection ansatz (27),
restricted reference state |iref) (29), the target
error A¢(F) (25) and that which was actually
achieved in our minimal ansatz simulations (Fig-
ure 2). We also include the corresponding contex-
tual subspace Hamiltonians for reproducibility.

In Figure 2, we present the CS-VQE con-
vergence data obtained from an exact wave-
function simulation of our noncontextual pro-
jection ansatz (27), which successfully reaches
chemical accuracy in each instance. We used
the Broyden—Fletcher-Goldfarb-Shanno (BFGS)
[63] classical optimizer and computed the partial
derivatives with respect to each ansatz parameter
as per [64].

Extracting the optimal parameter configura-
tion Omin — that which minimizes (30)
— from the wavefunction simulations in Figure
2, we subsequently assess the effect of sam-
pling noise on the simulation error with our
ansatz circuit preparing the optimal quantum
state [Yanz(Omin))-

To achieve an absolute error of A > 0, one
should expect to perform O(ﬁ) shots (for each
term of the Hamiltonian) [4]. Conversely, sup-
pose we are allocated a quantity S € N of shots —
the obtained error should be of the order (’)(ﬁ)
In order to increase estimate accuracy, one should
collect the Pauli terms into qubit-wise commuting
(QWC) groups [25] that can be measured simul-
taneously.

l.e.

In Figure 3, the number of shots S = 2™ for
n=20,...,20 carried out per QWC group is var-
ied and we observe the root mean-square error
(RMSE) over ten realizations of the ground state
energy estimate, plotted on a log-log scale. For
clarity, note the only source of noise here is that

11
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Figure 2: Empirical validation of the noncontextual projection ansatz for CS-VQE (27). We plot (on a log;, scale)
the absolute error of a wavefunction simulation run on an Atos QLM for the suite of trial molecules outlined in Table
1, each shown to achieve chemical accuracy; the horizontal axis indicates the number of function evaluations (nfev).
Broyden—Fletcher—Goldfarb—Shanno (BFGS) [63] is the classical optimizer taken in the VQE routine performed over
the contextual subspace; we plot on the second (right-hand) axis the parameter gradients OF(8)/96;, computed

using the parameter shift rule [64].

which arises from statistical variation of the quan-
tum circuit sampling — we have not introduced
hardware noise in the form of imperfect quantum
gates or decoherence over time.

Two error regimes are observed, one of which is
quite trivial: at high shot-counts we see a plateau
resulting from the optimal error | E(O i) —€o| be-
ing recovered. To assess the convergence proper-
ties outside of this limiting region, we plot a line
of best fit m - log;((S) + ¢ among the data not
exhibiting such behaviour; since the data is rep-
resented on a log-log scale, this corresponds with
a decay in error of O(S™). In each plot of Fig-
ure 3 we obtain m ~ —0.5, meaning the RMSE

follows the predicted decay of O(%)

In every simulation, chemical accuracy was
achieved within S = 229 ~ 10° shots per QWC
group. However, our shot budget could be re-
duced by implementing more advanced allocation
strategies, for example according to the magni-
tude of Hamiltonian term coefficients [65] or a
classical shadow tomography approach [30, 31].
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Figure 3: Each of the plots 3a - 3i correspond with 2a - 2i above and illustrate the statistical effect of sampling noise
at the optimal parametrization 6,,;,, determined from the statevector simulations in Figure 2; for each molecule, O,y
is given explicitly in Tables 3 - 10 of Appendix C. We plot the root mean-square error (RMSE) for ten ‘realizations’
of the ground state energy estimate with S < 108 shots executed via IBM’s QASM simulator; determining the line
of best fit m - log,¢(S) + ¢ with respect to the log-log data indicates a decay in error of O(S™).
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6 Discussion and further research

Given a general qubit Hamiltonian of the form
(2), Contextual Subspace VQE allows one to
scale the problem to the available quantum re-
source — regardless of the underlying physical
system it might represent. In this way, it de-
scribes an interpolation between a purely classi-
cal estimate of the ground state energy and a full
VQE simulation of the Hamiltonian performed
over some ansatz space. In the context of elec-
tronic structure calculations, this often permits
one to achieve chemical accuracy at a saving of
qubits, as indicated in [44] and Figure 1.

We have placed CS-VQE on the theoretical
footing of stabilizer subspace projections, which
allows one to compare it against other qubit re-
duction techniques such as qubit tapering [46,
47]. Tapering defines a projection dependent
on a symmetry of the full Hamiltonian and pre-
serves the ground state energy exactly, whereas
CS-VQE is approximate and projects onto a con-
textual subspace consistent with a symmetry of
the noncontextual sub-Hamiltonian, augmented
by an additional anticommuting part. Used in
combination, the two techniques can effect a sig-
nificant reduction in quantum resource require-
ments, as illustrated in Figures 1 and 2.

Previously, the only obstacle to building a CS-
VQE framework that would be faithful to deploy-
ment on quantum devices was that of the ansatz,
which we have addressed within this work. We
tested our noncontextual projection ansatz for a
suite of trial molecules (Table 1) using an Atos
Quantum Learning Machine based at the Leibniz
Supercomputing Centre; the results are found in
Figure 2. The natural next step is to execute this
method on a NISQ computer, challenging the cur-
rent best-in-class electronic structure simulations
from Google, IonQ and IBM [1-3]. To achieve
this goal, CS-VQE could be combined with tech-
niques of measurement reduction [20-35] and er-
ror mitigation [36-43|.

The remaining research questions surrounding
CS-VQE are concerned with scaling the method
to larger molecular systems. To this end, there
are a few obstacles that must be overcome.

Firstly, the success of CS-VQE is sensitive to
the generator subset JF one chooses to constrain
in the stabilizer subspace projection. To date,
the most effective method for choosing this subset
has been a greedy-search heuristic that scales as

O(N®1) where d < N is the search depth. Previ-
ously, this involved diagonalizing the contextual
subspace Hamiltonians and choosing those which
minimized the energy for each qubit number, but
with the noncontextual projection ansatz in place
the linear algebra (requiring exponential classi-
cal memory overhead) can be replaced with true
CS-VQE routines. While this approach might be
scalable, it is expensive — there is room for more
targeted heuristics.

For example, we may draw on chemical intu-
ition to inform the selection of a contextual sub-
space that captures optimal information about
the underlying electronic structure problem for
a fixed number of qubits. In Section 4.3 we dis-
cussed a potential heuristic that aims to relax sta-
bilizers acting non-trivially around the HOMO-
LUMO gap, in line with active space reduction
techniques — alternatively, one might define a
Hamiltonian term-importance metric that con-
siders coefficient magnitudes [66] or second-order
response with respect to a perturbation of the
Hartree-Fock state [67]. In relation to this, it is
also not clear which features of a molecular sys-
tem mean that it might be more or less amenable
to CS-VQE; additional insight here would allow
one to predict how many qubits will be required
to simulate a given problem to chemical accuracy.

The second obstacle to the scaling of CS-VQE
concerns the selection of a noncontextual subset
from terms of the full Hamiltonian. A reformula-
tion in terms of graphs — e.g. representing Pauli
operators as nodes with (non)adjacency indicat-
ing (anti)commutation — will allow one to identify
what the equivalent problem(s) are in computer
science and therefore draw upon the vast body of
existing research and select the best algorithms
designed to solve such computational problems
of graph theory. It should be noted the ‘optimal’
noncontextual subset will not necessarily be that
which minimizes the noncontextual ground state
energy — some consideration of the resulting con-
textual subspaces must come into the construc-
tion of the noncontextual problem.

We leave the remainder of these and other
problems to further work.
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A Circuit implementation

Here we introduce the key concepts that are required to implement our CS-VQE ansatz as a quantum
circuit, withholding a thorough introduction to the topic (the reader is referred to Nielsen and Chuang
for this [49].

A.1 Trotterization

For operators A, B € %(), we have eA18 = eeP if and only if A commutes with B (i.e. [4, B] = 0),
contrary to the familiar rules of exponentiation for numbers; in the more general case, the Lie product
formula states "
AP = lim (eA/"eB/") . (34)
n—oo
The technique of Suzuki-Trotter truncates the above limit at some nt € N (the Trotter number) to
yield an approximation of the exponentiated operator sum. Given a sum of operators ), 6;A;, we may

write the first-order Trotter expansion:
9 A \™T
eZi 0;A; ~ (HE"TAZ> ) (35)
i

Used in combination with VQE, nt = 2 is usually sufficient to reach chemical accuracy since we
expect the optimizer to produce different coefficients that counteract the Trotter error. This is what
we used when constructing our ansétze to keep the circuit depths at workable levels. It has also been
observed that the ordering of Trotter terms has an impact on errors [68] — this will not be explored
here, however it is a possible consideration for future research. There is contention over Trotterized
UCC and whether it is well-defined as an ansatz, since the ordering of terms can induce variations in
error beyond chemical accuracy, particularly for strongly correlated systems [69].

A.2 Exponentiating Pauli strings
Given a Pauli operator P € Py and some angle # € R, we would like to implement the exponential ¢?”
as a quantum circuit; this can be achieved with O(N) gates. We shall first assume that P consists of
just Pauli I, Z operators, with the qubit positions acted upon by Z indexed with the set Z;. Observe
that

02972 |b) = (cos@ +i(=1)P2z® sin 9) |b)
(36)

(0172 |y

where we have omitted the qubit positions that are identity. Therefore, we may realise this operation
by storing pz, (b), the parity of |b) over Zz, in one of the qubits and applying to it an Ry gate, defined

by
Ry(¢) = ( . ew/z) . (37)

In (36), even parity results in a phase ¢ whereas odd parity yields e — these are obtained by
application of Rz(26) to each of |0),]|1), respectively. The parity computation is accomplished via a
‘cascade’ of CNOT gates between adjacent qubits. We are now in a position to explicitly write down
a quantum circuit that effects the exponentiation of a Pauli string consisting of I, Z operators (Figure
A.la).

This is the basic building block for exponentiating an arbitrary Pauli string, as we are able to make
a change of basis from Pauli X,Y operators to a Pauli Z. Note that X = HZH and Y = SHZHS'
where S = Ryz(mw/2). Once this transformation has been applied, the problem is reduced to that
of before and we perform the same parity computation and Z rotation. We end with the reverse
transformation taking us back into the original basis — the complete circuit is presented in Figure
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(a) Circuit to realise the exponential €" where P consists of (b) Circuit to realise the exponential ¢’ where P is an arbi-

just Pauli I, Z operators. The qubits set to identity are omitted trary Pauli string. The qubits set to identity are omitted from
from the diagram. the diagram.

Figure A.1: Quantum circuit implementations for exponentiated Pauli operators.

A.1b. The total number of gates is at most 6 N — 1, achieved only when P consists solely of Pauli Y
operators acting upon all of the N qubit positions.

It is noted that in the Trotterized circuit there will be many blocks of exponentiated Pauli strings of
the form displayed in Figure A.1b, and it is possible that gate cancellation will occur between adjacent
blocks where we have SST = H? = 1. Furthermore, the implementation presented here is not unique
— different circuits yielding the same quantum states are possible.

B Classical objective function

The CS-VQE method relies on solving a classical objective function that defines the energy spectrum
of the noncontextual Hamiltonian

H7,,= Y heo. (38)

o€Tnc

The objective function is constructed from the decomposition 17, in which one observes that the
sum over T, may be separated into individual summations over the symmetry terms S and the
anticommuting classes C; for i € {1,..., M}, ie. Yper. = Soecs + 20ty > eec;- Furthermore, since
G generates the symmetry group &’ and for any C/ € C; we have C;C! € §’ by construction, it holds
that S € G and C; C C;G = {Cio|o € ?} This means we may instead sum over the completion of G,
noting that any summand not appearing in 7y will have zero coefficient:

M
Hr.= ) (h’a + Zha,i&)a, (39)

= i=1
where
he, €S he.oy Cio €C;
R AR PR S A (40)
0, otherwise 0, otherwise

We now wish to use this reformulation of the noncontextual Hamiltonian to evaluate expectation
values in terms of the parameters v € {:I:l}x‘g‘, denoting eigenvalue assignments to the generators G
(sectors), and r € RM  a unit vector weighting the class representatives — these were introduced in
Section 4. We define expectation values with respect to a joint probability distribution

51/,1/’ il /
oM H|7ai+7ai‘7 (41)
=1

P r'\v,r) =
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which is a special-case of the phase-space distribution given in [57]. In [56] it was proved the generators
take expectation values

(G =Vi(c) VG EG, (42)

recalling from Section 3 that f : G — Zg,p is a mapping onto distinct qubit indices, and class repre-
sentatives

Observe that
M
(Cr)my =17 =Irl =+1, (44)
i=1

implying any quantum state consistent with the noncontextual state (v, r) must be stabilized by C(r).
Putting everything together, we can express the expectation value of our noncontextual Hamiltonian
as

M
<H77nc>(u,'r-) = Z (h/o + Z hG’,i <Ci>(u,r) ) <U>(u,r)
oeg =1 (45)
M
= <hfr +Zha,m> 11 v
oeg i=1 GeGo
where G, C G satisfies o = [[geg, G- Note also that we have used the fact (AB) = (A) (B) when
[A, B] = 0.

Taken as a classical optimization problem, minimizing the objective function

N, r) = (H1. ) () (46)

is NP-complete in general. Despite this, we expect typical instances to be heuristically solvable by
classical methods [56]. If one fixes the 1 eigenvalue assignments v — a case of identifying the correct
symmetry sector, discussed in section 3 — this becomes a convex optimization problem over points of
the unit (M — 1)-sphere. In Tables 3 — 10 of Appendix C we list the symmetry generators G, class
representatives C; and optimal parameters v, r for the molecules in Table 1.

C Hamiltonian data

In the interest of reproducibility, we report in the following Tables 3 — 10 the tapering parameters,
CS-VQE model data and noncontextual projection anséitze which permit chemical accuracy for the
fewest number of qubits with respect to the molecular systems listed in Table 1. This should provide
sufficient information for the reader to reproduce the simulation data in Figures 2, 3.
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Table 3: Be qubit tapering and 3-qubit CS-VQE parameters

Tapering parameters

Symmetry generators g 0'(9)0'(8)0'(7) (1) (O) §7)0':(32), 0'5’8)0':5)3), 0':;9)0':(34), U§9)0§8)0§7)0§6)O’§5)

Sector v {1,1,1,1, 1}

Noncontextual model

Symmetry generators G a§4)0§3)0§2)0§0), U§3)O'§O), a§2)0§0), U:(;O)
Sector v {-1,-1,-1, -1}
Class observable C(r) 1.722957938005497 x 108 - oV (¥ 4

~0.9999999999999999 - 03 & (3> <2)o§”

3-qubit CS-VQE parameters

Fixed stabilizers F 0;(34)0§3)0§2)0§0), C(r)
Reference state |iyef) |001)
Minimal ansatz A(6) O O I R O B I M O O P ORI M L O P O

0, U( >U<1> <o>

Projected ansatz 707 (A(0))  6p-0"0” 40,00V +05- 0P N6l 4+ 0505680l 40, 08P 0V

Optimal parameters @iy (0.18855924109162348, 0.12262744298420095, 0.06888096831655995,
-0.12257006173804036, 0.06870565320643347)

Absolute error A.(F) (Ha) 0.000327

VQE simulation absolute
error |E(Omin) — €o| (Ha) 0.000354

Contextual subspace Hamiltonian

Diagonal terms
—12.488598 - 1 + 0.858294 - 03 oV o{”) 4 0.858294 - 0P o{") 4 0.023043 - o{") + 0.858294 - 6§V o) + 0.023043 -
o +0.023043 - 0{P ol — 0.642471 a§0>

Off-diagonal terms
~0.012125 - 0?5 +0.012125 - 0P (Vo — 0.012125 - oMo (” +0.012125 - 0P oMo l? 4 0.012125 - 6PV 4

0.012125- 0P (1>+0 043404 - a(%g” ©’ —0.043404 - 0P VoV 1 0.043404 - (2)a§1>a§)+0.043404 oMo 4
0.043404 - a§2) (0 o 40.043404 - 0(2) {0
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Table 4: B qubit tapering and 3-qubit CS-VQE parameters

Tapering parameters

Symmetry generators g 0'(9)0'(8)0'(7) (1) (O) §7)0':(32), 0'5’8)0':5)3), 0':;9)0':(34), U§9)0§8)0§7)0§6)O’§5)

Sector v {1 1 1,1, 1}

Noncontextual model

Symmetry generators G a§4)0§3)0§2)0§0), 053), 0‘§2)0‘§O), 0:(;0)

Sector v {1, 1, 1,-1}

Class observable C(r) 1.0-cMo{P oot 4 1.633162674519949 x 10711 - ¢V 5 l")
3-qubit CS-VQE parameters

Fixed stabilizers F 0§4)U§3)0§2)0§0), C(r)

Reference state |tyer) |011)

Minimal ansatz A(0) o - O’é ) (1) (0) + 64 (3)0(1)0(0)

Projected ansatz 7 ’(A(O)) o - 0(2)0(1)0(0) + 6, 0(2)0(1)0(0)

Optimal parameters 0, (-0.16682258491581778, 0.16681318977165974)

Absolute error A.(F) (Ha) 0.000281

VQE simulation absolute
error |E(Omin) — €o| (Ha) 0.001209

Contextual subspace Hamiltonian

Diagonal terms

—22.759707- 1+0.630938 - o{? 5" —0.630938 - o{*) — 0.507699- o\ +0.477327- 0" 0\ —0.477327- 0P (M 5V —
0.319551 - 03"

Off-diagonal terms

—0.015815 - 0¥ — 0.015815 - 0P (") — 0.056284 - oMo + 0.056284 - 605Vl 1 0.056284 - 6PV —
0.056284 - 0{ 5V {?)
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Table 5: LiH qubit tapering and 4-qubit CS-VQE parameters

Tapering parameters

Symmetry generators g O'i())lo)U§9)0§5)0§2)O’§1)O’§0), Uég)gég), U§10)0§4), 0:(311)J§10)0§9)0§8)0§7)0:(36)

Sector v {1, 1,1, 1}

Noncontextual model

Symmetry generators G a§7), a§6)0(5)0(2)0( )0(0), 0(5)0(2)0( )0(0) crég), aéQ)aél)ago), aél)aéo), aéo)

Sector v {1,-1,-1, -1, -1, -1, -1}

Class observable C(7) —6.022245751909695 x 1079 0(7)U§4) éz)aél)aéo) +-1.0- U§7)U§6)0§5)0’§4)0’§3)
4-qubit CS-VQE parameters

Fixed stabilizers F a( )0(5)0(2)0(1)0( ), (5)O'§2)O'§1)0'§0),U§2)0§1)0§0),C(T)

Reference state |1Eref> |0101)

Minimal ansatz A(0) 0o - aé )0(4)0(3) (2) (1) (0 +6; 0(7)0(6)0( )0(4)0(3) (1) (0)+

6, - J(ﬁ)aw)0<4>U<3>U(2)0<1)0<o>+9 U(4>J£3) o) <o>+(9 U(nJEO)

Projected ansatz WEF(A(B)) 0o U(g)aé )0(1)0(0)+0 0(3)0(2)0(0)—1—9 0(2)0(1)0(0)—1—9 01 (1) éo)+04~aéo)

Optimal parameters O, (0.11286818003486217, 0.05757915581275913, 0.051018669392352556,
0.0321827636108793, 0.03234586900271787)

Absolute error A.(F) (Ha) 0.001301

VQE simulation absolute
error |E(Omin) — €o| (Ha) 0.001500

Contextual subspace Hamiltonian

Diagonal terms

—8.021893- 1 —0.365272- 05" +0.21189 - 0{ {2 —0.092758 - o{*) — 0.365272 - 0{" +0.113844 - (P {") — 0.06044 -
o PoP oM 10113953 (P ol +0.21189- 0(1) {0 _0.06044- a<3>a(”a(0>+0 084602-0(3)0(2)0( )a( ) —0.05629-
PV §°) 0.092758 - a(°)+0113953 0(3) “ — 0.05629 - 0(3) (2> (°)+0122744 0(2) {0

Off-diagonal terms

0.01939 -0\ +0.01939 - 0¥ 5{? 1 0.010953 - 1% 557 o {M) +0.009003 - (¥ (P 6V (P +0.012779 - (P (P 61 +
0.010953 - oV 5{" +0.009003 - 6% 5V 5 4 0.012779 - 6 5{* — 0.002941 - {* — 0.002941 - (P 5{? — 0.010682 -
Do —0.001697 - oMol — 0.011925 - o o(” + 0.000742 - o{P5{? + 0.000742 - af’) g +0.034391 -
PP el) + 0034391 - o )a§2) & 4 0.002737 - 0(3) oMol 4 0.002737 - o{V ol oM §°) + 0.032397 -
o Pe? g (0)+0 0323970 0{? 5 o —0.010682-03" o §2) ) 0001697 PPl (°> ~0.011925- 0V 0P 5 l?) —
0.01939 - oﬁ” () _ 0.010953 - 0‘3) Ml —0.009003 - 0(3) D) 0012779 0(2) Ml —0.01939- a§”
0.010953-05" o ( ) —0.009003- a( >a(2)a§” 0.012779- o—§2>o§ " 0.006588- oVl )a“)a(o) 0.006588-0¥ (Pt —
0.006588-a§3>a§”a§°) 0.006588-0\% 5" +-0.002221 -0\ 5V (") +0.002221- a( )0(1) 0.007859-0" )0(2) Mgl
0.007859-05% 5P oM o {") —0.007859- 0(3) 51 _0.007859- 0(3) ooV 4+0.002221- 0(3)0—(2)a§1) (°)+0 002221 -
cPoPell) 1 0. 000742 s ) 000742 - e Mal® 4 0.034391 - 0(3) Wl 4 0.002737 - 6§ )a<2>o—<”a§ )
0.032397 - 0(2) Wl 1 0.034391 - 00! )0(0)—1—0002737 oPol? (” “+0032397 Pl o), (0)+0007859~
oVeP g §1) ' + 0.007859 - 0(3)0(2)0(1)0( )+ 0.007859 - a(‘”a(”aﬁo) +0.007859 - o® g> @ _ 0008499
PVl — 0.008499 - o{P s ‘1) (0) +0.030846 - 0.V 0PV 4 0.030846 - 0(3)0(2)0(1)0(0) + 0.030846 -
a§ )0(2) (” o 40.030846 - a(?’)o—f) (D — 0.008499 - 0( )0(2) M5 _0.008499 - o§3>a;2>ag> (0 10.002941 -
ol (°>+0 0106820V oM\ +0. 001697 ool )a“)a(o)+0 011925-0{? (M 5(? +0.002941 - 0(0)4—0.010682-
( ) (°)+0 001697- aff’) ©) ‘°)+0 011925- 0(2) <°)+0 002221-0Y5{? 5{V 5? 1.0.002221 -0V s (2>a§°)+0.002221-
( )a(1>a§0)+o 002221 a(3> <0> —0.003139- 0(2) <1> o\ —0.003139- a<2>a(°)+o 008499- o—<3>o—<2>a(1)a<°>+o 008499-
Pl iV o +0.008499- 0(3) #5040, 008499- 0(3) 259 _0.003139-0P (P {1 <0) —0.003139-05% 5P 5 (¥
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Table 6: BeH™ qubit tapering and 6-qubit CS-VQE parameters

Tapering parameters

Symmetry generators G

Sector v

10 9 2 1 0 9 3 10 4 11 10 9 8 6
105505 2) (1 (050 ,@) [(10)((0) ~(11) (10 (0) 1(8) (1) ()

{-1,1,1, 1}

Noncontextual model

Symmetry generators G

Sector v

Class observable C(r)

Ué?)’ 0'§6)0'§5)0'§2)0'§1)0§0), 0'§5)0'§2)0'§1)0'§0), 0§3), 0'§2)U§1)0'§0), Ugl)dgo), UéO)

{1,1,1,-1,1, 1, -1}

0.002132853189680987 - 65 0V 5P 5V (V) 4
—0.9999977254660489 - 0(7) 960 M)

6-qubit CS-VQE parameters

Fixed stabilizers F
Reference state |’l;ref>

Minimal ansatz A(0)

(A(9))

Projected ansatz wgf

Optimal parameters iy

Absolute error A.(F) (Ha)

VQE simulation absolute
error |E(Omin) — €o| (Ha)

B O e

0'3 s
011111)

6o - 000D o@ VO 4 g . 5O50)52) 1,0

é) B O I N O PO 53) W 4 g, .00
o )U<4>U<3>0<1>+9 B e ”+9

2 $0y 03707
0( )0(0)0(4)05) (2) (1 + 0, 0(4)(7%)

0_:())4)0_53) él)o'g()) +

U<6>0<4>0§3> CEON

(1) (0 +03 0’ 0(2)Uél)a§0)+

(5) puC) (2) (1)
01 03

+9 otV +

—|— (2 0' )
(0.08371449607143293, —0.067310412265234587 0.04057176605563251,
-0.06669446825280333, -0.04286798205858595, -0.06491571226470562,

-0.03555738912871124, -0.04236314034136127, -0.03391807633816377,
-0.02729133620630072)

0.000398

)0<3>0<2> o) (0) +0 §4> 3,2,

Ug 0y
+0 0_(5)0§3) @)

0 -
05
0
6o 0(5)0(3)0( )0( )O' +6; O’ 0'(1)0' O)+0 a
04
07

Lot >U<3>U§2> W,

0.001369

Contextual subspace Hamiltonian

—14.14372- 1 — 0.606505 - o) + 0.85606 - o
0.389236 - 0{2) — 0.370128- 0 oY §2)+0.075857 oD
0.231058 - 0§”) +0.101635 - 0(5) “
ooV +0.141107- 0 o3 “’ —0.180517- a§4>a§2>a§”+o 180517 a<4> M 1+0.087626- 05 o)

Diagonal terms

Y —0.180517- 00" —0.85606 - 0{ 0P 4+ 0.180517 - 0V (o) —

~0.186586 - 0(5)0(4)0(3)0(2)4—0 186586 - 0(5)0( )0(3)
) 10.174306 - 0Mor (3)a§2) +0.071726 - 0o <2) — 0.606501 -
(” +0.132008 -

—0.174306 - 0o

o5 (2) o 40.370155- 0(1) <0’ ~0.087634-0" o5V ol +0.1866-05" & “’ (0) —0.1866-0{" o (2) (” “ —0.117288-
a§ )0(3)0(2)0( )0  0.080114- cPoMel? ® 0.075869- cPal? - 0.231061 ¥ 40 132008 a( ) ( ) —0.174306 -
0(4)0§0) +0.174306~o<4) @) (0) 4 0.080104 . oo (2) (0) +0.133449 - 00 (0)+0101635 0(2) oMol —

0.071734 - iV

—0.041367-0\” +0.002593- 0" o{*) —0.012067- 0" &
0.013714-0" o{¥ (! 40.014339. 0(5) e R R (0>+0 0140430

Off-diagonal terms

2)+
:E,) cPol® ~0.012125-0{Y 5 —0.012125.

Pl 1001206707 0 0P o) +0.041401- 017 5§

o\ 4+0.01206-0\" (Y o{* —0.01206 - 5" §4> 0.002586- o\Pol® —0.01371- a§5) )M —0.014329- a§5> D0

0014037-a§5)a§°)+0.005481 0—53)+0.004615 oo

(3)+0 001345 oMol® 0.001345. oo 0005518

P05l 10.016128-01% {55V +0.006916-0 g1> o +0.016627-0P 5" —0.051034- 0(5) §3> (2)—0.013717-
o )o§3>+0018978 oo (4> (3) —0.018978 - 0(5) eMatP el —0.051039 - 0(5) §3)o—§2>—o.o13712 a§5)a§3)+...
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3) (1) o6 o) —0.006677-
)W 5B 0.018078- 00 0V 0P 0l? — 002291507 0¥ (P —0.022915- 01V & @) @ (0
+-+0.018978-03 03 3 @ 5)5®) ()0(0)—0015601 0y 050V oy
(3) _(2) _(1)_(0) 6677 - 0o 3 <>a< oy’ —0.015601 - 0,”0," oy 5,6 (1)
05 'oiVoay % _OOO &) (24) o <2)+0001358 J<5)0(4>U§3> 0.016128 - o — 0.006923 -
0.004614 - 0(3)0() 0.001358 - 05 "5 "oy (0) @ ) () (D 003792, U;> ), (2)—0.006678-
553 5@ 5150 _ (016628 0( )a() “ +0.003722-0\Y 0V 0P 5 5) (4) <2>
7y 0108 05 o =00 (3 (4)1 <2> (1) ~ 0.006678 - a<5) (‘” 0¥ +0.006678 - 0”0 00337(2)2'
0(5)0(4)0(2)0(1) 0.006678 - 92 (5) (4) (2) () 0006678 0_(5) (2) (1) 0006678 0.5) (4) oy —
®) (2) <1> 3722.5Y (3> <2>+o 00667- o) + 2 ©),0,2,0° 03718,
o3 +0.00 03 (5) (4) _(2) (1) 0003718 0—(5)0(4)052)4_0003718 o3 03 0 oy’ —0. ;
0006678 0(5) 5 0003718 )U( )g "2 7 +(4) PP el —0.007502- 050 5P <2> —0.007502-0{Yo{ o {? —
3 2 1
() (2)+0 007502 0(4)0( )05 i (()4?0(735;02(2)0 0 +0007§02 0(4) 53) (2) +0007502 0(3)0(2) _|_0013()52
0.007502 - oo} §1) 0.00750% - @ ‘@) %) 00 003718075 5 2 (1) o{? —0.003718- 0% (4) ooy o
0(4)(7[(3)0%2)0(1)0(0)+0.013052'U1 O3 _;) () (4) () (2) (1) (0) 0013052 0(3) §2) 5)_
03718, o) o)) oM —0.003718- 0(5) D620 ¢ 0,013052. 0303 ) <4> o250
0.003718 05" 0} 03 2) (1) (0) (5) <2> (1)+0 003718 oy +
(5) (2) (1) (0) 03718- 0(5)0(4)0( )g o3’ +0.003718 - 0, () () (2) (1)
0.003718- o +0.0 7R (1) 5 ()O_<o>+0 013045-00 (Vo (P oM 4
4) (2) <> o0 3045- U<5>0- o —0.013045-05" 05 0 3
0.013045- 0( )a< )0 01 > (43 () 5050 "0 e - ol >0<3>0<2>0<> 0.007685 -
1 0
0.007685 - 0(4)053) () ()U§(4) +(3? ?0)76(%5 <0> . 0.007685. 0(3)0(2)0(1)0() 0.007685 - 0_§3) @ o1 0?072?5
ol )0(3)0(2)0(1)+0007685 %3712 % @ (1) <0> 0.041358 - oV o(® 1 0.01371 - 0() (1)
W 3 (2 (1 1206 - ()0'(2)0'() +0.01206 - 050 T (4) 5 2) ;1) 5.
03 03 03 01"~ 00 1) 75‘) S 3) (D 5 0012()6 oMo (1)+001206 ol +00413
0.014333 - 0(5) (3) (2) ( +0014037 o3 (5) (3) o (3) @) (1>+0002586 g§1)—|—0002586
(2) 5 (1) Dl —0.014333 - 03”03”07 +0.014037 - 03”05 )51 510 66 .
o3 oy +001371 03 03 0, 2 () () (5) (3)0() 0.011766 - o\” o' — 0.0117
() (1) ol 4 0.011769 - 0{76{P 60Nl 4+ 0.011769 - {7 6P 5! R NG It R L1514 .
3 91 +0. 1 (0) 3) ;2 (1) 0.011514 - 070,703 0y o3’ — 0.
oPo@ot) & 0007038 - o Poo® + 0007038 - o 3(5)1(3) (1)' 00704 . 5 53 e o0 o _ 000704 -
<> ?3> oo Mal® 0011514 - 0(5)0(3)0“) 0.011514 - 0y 0. 3 71 % (4) HORGNONS
AN 1_(0) i (2)0(1)0( ) +0.007502 - o oy
() o® (1) 0.007692 ool )0(2)0( ot +0.007692 - o1 VoV 0Tz o1 7 (0) s
- 0 (5) 5(4) 5 (2) <1>a<0> 0.007502 - 0\ o305V 0} +
(5) .(4) _(2) (1)0'() 0.007502 - 09 01 0970 2 (5) (4) (2) (1) (0)
0007502 02 02 0270 2) (1) (0 (5)_(2) (1)0(0)+0007502 o +
D) _(3)2) (1) () 7692 - o 0P ool —0.007502 - 010l o > (1) <> .
oMolPelP oV —0.00 ) (@) (1) () 685 - Vo WoP o 0007685
©),,000 L 0007502 . 0(5)a< oy 0y oy + 0.007 o 27205 ) @ (0
0.007502 - 05 0y 0y 'Oy + 1) (0 (5) _(4) _(2) (1)0(0)+001074g 0,005 0y +
4) (2) (1) (0) 685 - (5)0-(2)0-( )O'( +0.007685 - 03 037070 2 (1) () .
o0} 05" 03l Do 5B 2, (1), (0) = 001074 - 01700010y oy + 001074
(65 D)0 — 001074 - o >g< o )01 ~ 001074 o101y oy ! (0) 72, (0)
03 01 0y 03 O3 DA o0 978-0(V 52 <1> <o> —0.018978- J<4> Wt 0.051037-0}
0051037 of2 o lof0 40015717 0 o) 0 9 (0;, ;@500 0 013717, i o0) +0.018075.
) (1) () 006674 U<o>0(s>a<2> o 0015601 o3 0y + g (3) (1) (O)
0.022915- 075 +0. . (2 (1) <‘°6> 0022915 0(5)0(2)0(1)0(0)+0006674 oo — 0.015601 -
(4) (1) (0>f0,o18978 o (§’) (32) (22) (I) o e 0(5) (3) (1) ()+0011514 0(5) 5) (0)+0011514
0;5, )0(2)0(1)050)—0011514"’ Ty T e o) <o>+0030372 a®o® <2> oV §0)+0.030372
o0l 00114496V (1) 01" = 0011449 01" o 72 S (1) 0 0.011451 0(5) Do oVol® +
e )g(3)0(2)0(1) (°)+0030372 0(5)0(3)0(1)0(( >)+0030372 J<5>0<1>0<o>0+ 0—501358 a<4>a(”o§0) —0.001358 -
2 (1) 50 16128 - 03”03 o
0011451 - ooV + 0.005525 - of Ty oo 96060 4 0,004614 - 020 +0.005525 - 010 +
) (2) (1) (0) (5) (3)0(2)0(1)0( +0.016628 - o3 + 3) (0)
I gy 025 73 @ o (4) ,(2) (0) 0006925 oo ol >g§ >+o 01662805 0} +
0.016128- "(5) 100018580301 0001355 o o, ®) (3) (2) o0 000704 - 0P ol —
°(2) oo 4 0.007044 - 075 g (1) 01" +0.007044 - o %) (1) (0)
0.004614 - 0§ +0.0 3,00 |, 0008377 . 0@ ® _ 0011451 . U(s>0<3>0( JoiVo! 0.(1)11?05)1
0.00704 - U§5)0§0) +0.008377 03 (0)3(0)1 (Q;F(O') 0114511';(5)0(3) () @ _ 000838 . 01(35)0_53) §2)U§ )01 _
o )0’53) §2)0§1)0£0)—0-011451"71 oy 03 01 —0. 2 7
2 0
0.00838 - 0§ oV 5§ 5
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Table 7: HF qubit tapering and 4-qubit CS-VQE parameters

Tapering parameters

Symmetry generators g O'i())lo)U§9)0§5)0§2)O’§1)O’§0), O':gg)O':())S), U§10)0§4), 0';11)0'%10)Uég)gés)gé’?)a’éﬁ)

Sector v {-1, 1,1, -1}

Noncontextual model

Symmetry generators G a§7)a§6)a§5)0§4)0§3), 0(6)0(5)0(2)0(1)0(0), 0(5)0(2)0(1)0( ), §3), (2)0(1)o§ ), §1), aéo)
Sector v {1,1,-1,-1, 1, -1, -1}
Class observable C(r) —2.0406484584883426 x 107 - 070V 5 {7 5 4 —0.9999999999999791 - &
4-qubit CS-VQE parameters

Fixed stabilizers F O'( )0(6)0(5) (4) ( ) 0(6)0( )0(2)0(1)0(0) (5)0§2)0§1)a§0),0&2)05(51)0?)
Reference state |iyef) |0111)
Minimal ansatz A(0) 0o - aé )J§4) 2 1) + 6105 )0(4)U§3) (2) é ) + 05 '057)U§4)U£3)0§2)J§1)0§0)+

05 - 0(7)0(4)0(2) (1) (0)

Projected ansatz 77 (A(B)) 6o - aé ) (2) (1) + 6, 0(2)0(1)0(0) + 6o (2) ) 4 0(3)0(2)0(0)

Optimal parameters @iy (0.13371906159805624, —0.030698667705248102, -0.025990818646901812,
-0.030230480241272343)

Absolute error A.(F) (Ha) 0.000809

VQE simulation absolute
error |E(Omin) — €o| (Ha) 0.001175

Contextual subspace Hamiltonian

Diagonal terms

—100.750933-1—0.293887-05") 557 —0.65827-04%) +1.079643-0{* +0.293887-55" 5" —0.176986- 0" 6 5§V 5" —
0.166912 - (VoMo (O)+0168352 cPoMol” 1 0.65827 - ag,}) 0.166912 - o{V (P ol — 0.186642 - 0V o) +
0.185838 - {5 (1)+1079643 o —0.168352 - 0§V 0P o — 0.185838 - 0{ o) + 0.214583 - (P L")

Off-diagonal terms

—0.070333 0% 582 +0.070333- 0¥ —0.004181 -0 0P oV 0{V +0.004181-0\P (M (") —0.029375 - 0P 5P {1 +
0.029375 - 0¥ r <1> —0.04514 - a<3)a§2)a§°>+0045139 0(3)0(0)—1—0 022413 - 0\ — 0.039882 - o )0(2)-1-0022413
oo 1o, 016504 P66l 10.016207- 0 0 5LV ”+o 01620700 (Vo¥ —0.010177- 0P P oV +
0.008341. oPol? §1>+0.008341 o PalM  0.006887- 0(3) <2)a§°)+0 030279 0{ (P 5{” +0.030279 - o §°)
0.039882 - 05 5? — 0.016504 - o{¥ §2> (1) (0)+001o177 o{Vel? (1)4—0006887 0(3) Pl — 0.070333 -
s T 0.047032 PPl +OOO4181~J(3) )51  0.047032 - 0(3) M 4 0.029375 - 0Vor (” — 0.04514 -
0( Jotl) +0.070333 - o\ >a§0> 0.047032- 0¥ (2> (1) o —0.004181 - 0(3)0( Jo Dl 4 0.047032 - 0( JoD ) _
0.029375-0 M 6{?) +-0.04514. 0 )a<”a(0)+o 023462. 0(3) P 0013348~0(3) 5 _0.013348- 0PV —
0.023462- a(3>o—<2>a§ '6$" +0.013348- 0(3)0(2)0(1)0(0)—1—0 013345. o—<2>a§ Jol® 0. 023162 a(3>a§2) “)+0 023162-
oVeP oMo (>+0022413 o\ —0.022413- a§1> (0>+0013348 ool 4 0.016207 - a<3>a(2)a“)a(0)—
0.013348 - a§3) ) (0)+0008341 PVl — 0.030279 - a<2)a(”o§0) 0.013348 - 0% 5 (0> — 0.016207 -
cP ool +0.013348- 0¥ (") —0.008341 -0V 0¥ +0.030279 - {2 5\ —0.013221 - 0(3)0(2)0(1)0(0) 0.023831 -
0(3)0(2)0(1)0(0) 0.023831 - 0(2) Mol® 10013221606 40.023831 - 6V 0P (0)+0023831 oWl 4
0.013221 - 0(3) (250 50 0013221 oo (0)+0 039882 oW —0.023462 - a(3>a§,) ) (°)+0016504
o )a(2>a(1)a(0)+0023462 AR 50) 0.010177 - o P! )a<0>+o 006887 - 0o\ r (0)+OO39882 oMol —
0.023462 - 0(3) oMol +0.016504 - 0(3)0(2)0(1)0(0) +0.023462 - 0\ oMol — 0.010177 - 0{PVo (” o +
0.006887-05,2)05%5) 0.038601 - a<3)a§2>a<”a(°) 0.013221-0{ 55! )o—“))—o 013221 a§2>a<1>a§0) 0038601-
)55 e 0013221 - (V0P oMol — 0.013221 - 0PV (0)+0038601 PP oMol 4 0.038601 -

ag >U<2>U<1>U< )
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Table 8: BeH; qubit tapering and 7-qubit CS-VQE parameters

Tapering parameters

Symmetry generators G (13) (11) (10) (9)0§5)0(1)0(0) aélo)ags), 0§11)0§4), 0&13)01(39)0&6)0&2),

(13) ( 2) (11) o L10) 09) (8) (7)
03 03 03 03 03 0303

Sector v {-1, 1,1, 1, -1}

Noncontextual model

(8 _(6) (5) (4) (1) (0) (7) (6) ;(5) ;(4) (1) (0) (5) (4) (1) ()

Symmetry generators G 03 03 03 03 0y o3, O3 03 03 03 03 , 03 03 03 03
(4) (1) o @ W o
I3 037 0375 037 03

Sector v {1,1,1,1,1,1, 1, -1}

Class observable C(r) —4.6564989580718305 x 1078 - oo 5V 5 (V) 4

0.9999999999999989 - 0{*) (") gﬁ) ;5> §4> §3)

7-qubit CS-VQE parameters

Fixed stabilizers F 0§B)U§6)U§5)0§4)0( )Jéo), C(r)
Reference state |iref) |0111001)
Minimal ansatz A(0) o - a£7)0(4) M4, 057)0(4)0(3)0(2)0(1) + 64 ag )0(7)0(4)0(2)0( )0(0)4—

0.0 5) e PaWa® { g, oD@, g o 0<5>U<3>U<2>0<0>+
PRRCRONONCONG §o> o, 0(8) ), ® (2)0§1) 0 0(8) ©) ) <2>0§o> i

o500 oy 0,0
Og - 0'58)0'§7)U§3)0'52)0'§1)0'(0)

Projected ansatz WZF(A<6)) 90-05 )0(3) (1)—|—9 06)0(3)052) (1)—|—9 03) g5)0§4)0(3)0(2)05 )0'(0)
93_0(6) () () (1) (0)+9 J 0(5) (4) §3) (2) (1 105 (6)05)5)0%3)0(2)0(0)_’_
)

96_0(6) () () +9 a o( )0(4)a§3)a§2) 51) (0 +0g 0 053)05(32 (1) (0)+
0 (6) () ( ) (3) (2) (0)
903 0,

oy
Optimal parameters @iy (0.07287579044669423, -0.046785323621881605, -0.04636678903287742,
0.05672217087752035, -0.039440022198649054, 0.05305862174001008,

-0.04097855862486507, -0.040729032236758826, 0.05230541408425366,
0.027001642003059267)

Absolute error A (F) (Ha) 0.000336

VQE simulation absolute
error |E(Omin) — €o| (Ha) 0.001027

Contextual subspace Hamiltonian

Diagonal terms

—15.761613 - 1 + 0.784453 - 05”) — 0.506908 - o) — 0.074747 - 0{V6$") — 0.854426 - o{PV ol — 0.192618 - 6" +
0.172118 - 0{" {7 5{Y — 0.854426 - (Y (P — 0.192618 - 5 a<4)a§3)+0172118 o568 +0.389236 - 0 §3)+
0.251859- 0( >a§ )a§0>+0 185458 - 0(5)0(3)0(1)0() 0.082112- 0" {) 5NV — 0. 176368 Dol oMl -
0.176368 - 0(4)0“)(7;0) 0.230909 - (6) (” ;0> 0.094215.a<6)a(5>a§” (0)+0161912 0(1) (0’+0173625
oPoPePoMel® 1 0.173625 - g@ §4> cPoMel® — 0.062831 - o §3> 0.784453 - §2> — 0.233727 -
o’ )0(2) +0.110127 - 63708 4 0.192618 - 0{” ), (2>+0192618 cMole? — 0226253 - 0PV o(PolN ol —

0251859 - 0oV oP oMol 1 0.102017 - 0(6)a<5)a(3>a<2)a§ Jol® +0.176368 - (Y 0{P 5l )o(l)a(o)+0.176368
o’ )a(4>a(2)a(1)a§°)+o 108350V 0P oMol +0.104132. 54 )0(5) §3)a§2>—0.506908 agU 0.110127~a§5)a§1>+
0.204496-0{" 5§ +0.172118- 0(5)0(4)0(1)+0 172118-0{Y (3) (” —0.102917-0Yo{" —0.230909- (") +0.200334-
o959 +0.074747 P “)+0 082112 0o )g<2>a§0) 010835 o0l 10173625 VoM (Y +0.173625
g> §3) o —0.104132- 0(3) ) 4+0.004215 - 0P ol +0.062831 - 05 05 0§ o

Off-diagonal terms
—0.017976 - 0.9 6% +0.011524 - (V0P 5{P — 0.012748 - 0\ V0PV (VP (M5l 4
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- = 0.012748 - ¢\95PeMe® 1 0017976 - o{V0PelMel” + 0.004237 - 69660 + 0.012349 -
o956 4 0.010104 - 6° )0(5) 2 ”+0002478 VoMol — 0.002478 - o{Vo{P o) — 0.003459 -
oo §5) & _ 0003459 - g(‘” P () (3>+0003459 Vol )0(2)0(1)0(0)—1—0003459 0(6)0(5)0(4)0(2) Ml 4
0.003459 - 0¥V (¥ §f”) — 0.003459 - a§6)a§5)a§> — 0.003459 - ()a§5)a(4>a(z)a(”a§0> + 0003459 :
PP oMol g (2> oMol +0.012125 - 0{70M6l® — 0.012125 - oM + 0.024985 - 667 66PN
0.024985 - 0(6)0(5)0(4) 3 5Me® — 0.017077 - 0(5)a§4>a§3)a(” O 1 0.054388 - 005V 5H a0 _
0.024985-a§6) §5> ;4) 3 _0.024985 - 000V o{P — 0.017077 - a<5)a<4)a§>+0054388 cr( )0(5) ), (3>
0.009487 - oV oM (¥ — 0.009487 - 0(5) WMol — 0001977 - 0{V6P (V6362 {1 (0’ 0001977 -
aé )0(5)0(4)053)0(2)4—0 00701- 0(6)0(5)0§4)a£3)0( )+O 00701 0(6)0(5)0(4)05 )0(1)—1—0.001861-0(6)05 )0(4)0(3)0(1)—1—
0.001861 - 0”0 oV 5 5V +0.020538 - 01V 0PV 0V 6P (M olV) 10,0178 - {517 5V (P (1) (0)+0.002738~
o606 e® — 0.003766 - o )0(4)0(3)0(1) ()  0.003766 - oPo® 1+ 0.003766 - of* )a<3>a§2)a§1>a§°) -
0.003766 - o 0{Y® 5P — 0.003766 - 0(4) <3) (” o —0.003766 - 0\* +0.003766 - 00 {V 0P 6P (Mal? +
0.003766 - a§5> §3) §f) 0.011524 - 0(6)0(5)0( )0(1)0(0) +0.012748 - o{V5 PP + 0.012745 - VoM
0.004237 - o{® — 0.012349 - 0{95{®) §2) o) (0) — 0.010104 - a§6>a(5)a§2)+0.002738-a§6)a§5>a() <3>+00178
o0 605D 60,0 090538 . 50 <5> (4) e e® _ 0017077 - 0 0Pe® 1 0.017077 U§2> (D)0 _
0.024985 - a<0>ag >a§2> oSV — 0.024985 - a<%g )a( )a“+0054388 a(”)a(?’)a( )0()+0001977 oPo (2) oV +
0.00701 - 0$”6{ {5 55V 40.024985 - (Vo <3) (2) o +0.024985 - 0(5) <4) oPol” —0.001977- 0(5) ‘2) (0)
0.054388 - a§2) o 000701 - o060 (O)+0001861 a§6>a(5>a§ )0(2)0(0) 0.001861 - cP oDl - 0.009487
o )0(3)0(2)0(1)0(0) + 0.009487 - 0\ — 0.018018 - 0¥V 6{) + 0.018018 - 6V (P56l — 0.004107 -
o )0<5>0<4>0<2> <1) — 0.004107 - J<6>U<5>0,<2>U(1> 0.004107 - 006 505 5D  0.004107 - U(6>0<5>U§ oD —
0.004107 - 0(6)0(5)0(4)0(3)0(2)0(1) + 0.004107 - 0(6)0(5)0(4)0(2)0(1) + 0.004107 - s Rl S §1) +
0.004107- a(6>a§5)a§4) ) “’ —0.040795 - ¢{" 5{?) (4> “ <2) (0) —0.040795-0{ &) (4> PP M 10.003459-
oMo e® g0 0003459 oMol & (1)+0003459 0(4) S (°)+0003459 0( )0(4)0(3)0( Vol —
0.003459 - 0(5)0(3)0(2)0(0) 0.003459 - 0(5)0(4’0(3) el — 0.003459 - 0{VolV 6P (2) <°) — 0.003459 -
o’ )0(3)0(2)0(1)+0 018018-0.% ¢V (P 5{” —0.018018- a( >a<5) @5 40.01528- a( )a<5>a(4)a(‘”a(”+0 01528-
o )055)0“)0(3)0(2) Dl 0.024088.a§6>g§ )a§4)a§3>a<1)o(°)+0 024088 - o<6)a(5)a§4> ;3) g” (O)+0024088
7960515352 g”+0.024088-agﬁ)o§5)a§4)a§3)a§2> (M _0.011885-0{" (V0P oM —0.011885 - 0" 5P o {H) +
0.012761- a§ >af;> oMoV _0.012761- 0 5* >a§) o$Mol” +0.012761- 0(6)0(5)0( >a§3>a§”a(0>+o 012761 -
O 60000 L 0011885 - 0P 0@ M 4 0011885 - 0(5> D@ e _ 0012761 - 0@ eM ol 4
0.012761 - 0(6) §‘3>a§1)a§°> 0.012761 - a<6)a§4>a§3) Wl —0.012761 - {66V (0)—1—0023873 0(5)0(”
0.023873 - 0(3)0(2)0(1)0(0)+0020805 {56 — 0.020805 - o{V oV (0)+0020805 ool el) ;2) ;”
0(0?0?485 <$>U(<61)>0§E )>U(2)U(1)U(O) " 0?6%52<§>-(U>(5)g>§4)<%£ )<g>(1)0§0) 001528<6> U<(§>) éf)) (§ 3)) 52’12;0(501)) Ry
VoMol 0.011885 - o{PoPoWe® 50 1 0011885 ol + 0.011885 -
o0 )0(5)0(3)0(1)U(O)+0 023873 a(6>a§5) ) “) —0.023873- 0" 0(2)0(1)0(0)4—0 014341. a(6>a<5)o§4>a<3)a(2) Wy

0.014341.- 0(6) <5>U<4>U<3>0<2>0<1> 40.035379. U(e) () (0 <3>0<2>0<1>0< ) £0.085379-00 0 D059 52 51 <o>

0.035379 - (6) 55) (4) (3) 52) (1) () 0035379 (6) (5) (4) g:}) (2) (1) g) 0.035819 - (3) (2) (1) _

0.035819 - ag o2 )ag” - 0.024088 : a§6)0(5>a§2)a§1> + 0.024088 a( A Al C 0.024088 -
oo al) — 0024088 - 0300V oP oMo — 0.014341 - §5) oo (2)a§1)a§°) + 0.014341 -
oM oMeP oMl _ 0035819 - 0( A (” 0035819 - cPalP el 4 0.011348 - oV oP WP 0 4
0.011348 - 6 )a<5>a(4)a(3>a(2)a§” <0)+0035819 Vel )a§4>a(3)a(1>a§)+0.035819 oo g3 g5
0.035819 - a§6)a(5)a<4>a(3>a<2>a§) + 0.035819 - a(6>a<5)a(4>o—<3>a§) ot + 0.01248 - (‘“ “”) (2’ “’ 5) +
0.01248 - o{? W56V _ 0011885 - o{0V6 P — 0.011885 - 0(6)0(5)0(4)0(3)0(2)0() +
0.011885 - 01”01V o VoV ol — 0.011885 - 01V 0 0V 0V 6 <°> ~0.01248 -0 0{" 53) §2> §;> © 0 o1245.
o’ )0(3)0(2)0(1)0(0)+0011885 a<6>a(3)a(2>a§°)+0011885 0(6)0(4)0(3)0(2)0(0) 0.011885-0(6)0(3)0( )l 4
0.011885- 0(6) (4> oMol el? —0.041301-65 0" +0.041301 - 0(5) <2> ” §0> 0.023873~a§6)a§5> §°)+0.023873~
oy )a(5>a§3) g}> O 0.023573 - ool ()+0023873 o )0(3) (2) ” o —0.011348 - 550 6P {00 +
0.011348 - 0{”5 §4> () (2 {0 +001248 a(6>a<5)a(4)a<3>a§ )a“” +001248 a(6>a<4)a(3)a<2>ag) 0.01248 -
0300Vl ol® —0.01248 - 030 0V 05V 0 0V —0.041301 - 03 01" 40.041301 - 01V 0V 0P 0P iV ol 4
0.014134 - 0{" 0P 5V 5D 5(2) <°>+0014134 ag )af’)aY‘)O( ol 4
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— 0014341 - 09606 We® PN 0014341 - 60666 P M L 0.014341
05 )0(5)0(4)0( )0(2)0(1)0(0) + 0.014341 - 0( )0(5)054)0( )052)0(1)0(0) 0.011348 - ( ) (2) (O) — 0.011348 -
HOR g) © 01528 U(6>0( >0<3>0<2>U<1>U() 0.01528 - 0 0 s P00 1 0.01528 - 0<6>U<5>U§ )J<2)0<1> ©_
0.01528 - 0(6)0( o2 )a(‘” +0.014134 - 0(5)0(4)0(3)0( JoNol® — 0.014134 - 0V 0V 6P 6P V5l _ 0. 011348 -
oPolP o ©) _ 0011348 PPl —0.011524 0(5)0(3’09) ) 4 0.004237 - a(” ‘0) —0.017976 - 0{P oVl —
0.012349 - cPePeWo® 4 0012748 - 666 aVel® + 0.012748 0(5)0( 'oiPoMo® + 0.010104 -
oPoP Nl — 0017976 - oPoMel — 0.002478 : a;) DeWa® _ 0.002478 - 0(6)a§2>a§1)a§0) -
0.011524 - 0(5)0(3)0(1)0(0)+0004237 0(1) O 0.012349 - 0V (2> oV (O)+0012748 oPoP PVl 4
0.012748 a<5>a<4>a;> Wl 4+ 0.010104 - a§5>ag AR 0.038422 - oVl )a§2>o—<1>a(0> + 0.038422 -

(6) 5952 50,0~ 018018 - 610 5P oD 5D P 5D §0>+0018018 o8 50) ;D5 8) @), (100 _ g 015013
ag )a<5>a(4)a§3>a(2)a(”o(°)+0 018018- agﬁ) 5) W55 5050 10.020538- 0(2) Mo (°)+0 0178 0(2) (D04
0.002738-05 0P 0{P 0V 6 +-0.002738-0 oV o (V) +0.0178- o§5)a§3) cPolMo °)+0 020538-05) <3) <2> <1> o\
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Table 9: H,O qubit tapering and 7-qubit CS-VQE parameters

Tapering parameters

Symmetry generators G (13) (11) (9)0(5)0(3)0(1)0(0), 0§11)0§4), 0&13)01(39)0&6)0&2),
(13) ( 2) (11) (10) ()0() (7)
03 03 03 '0O3 3 O3
Sector v {-1,1,1,-1}
Noncontextual model
Symmetry generators G oég)ag)aw)oé )aé )0'(0) 058)0(6)0(4)0(2) ()oéo), O’én, a§6)7 o§5), 054),

Sector v

Class observable C(r)

HORORCORMOS kagp)
{1,1,-1,-1,-1,-1, 1, -1, -1}

9.459071266871024x 10~ 7-0{" ¢\ 5P {1 + —0.9999999999995526-5." (V) (¥

7-qubit CS-VQE parameters

Fixed stabilizers F
Reference state |'ll;rcf>

Minimal ansatz A(0)

(A(6))

Projected ansatz 7TE,F

Optimal parameters 0,

Absolute error A.(F) (Ha)

VQE simulation absolute
error |E(6min) — €o| (Ha)

(00 ;D150 1®),0),(0) @), (1,0 D

3,03 03 03 03 03,03
[1111111)
0o - E )0(8)0(6)0(5)0(3) (2) (1) 40, 0(9)0( ) (6)0(5)0(3) (2) (1)
0, - a( )a§ 0(6)0 )052) (1) + 04 0(9)0 )U( ) g 0(3)0 )0(1) 50)4_
94_0( )U( )0(6)0( )0:()) )U + 0, 0(8)0( )a( )U( )0(3)0( )a( )
06 a( )J§6)0(5)U(2)O’( )+9 0(9)0(8)05{.’6)0& )0(3)0,(2)0(1)0(0)+
Og 0(8)0§6)0§2)J(1)+99 (9)0(8)0(6)(.[(5)0(3)0(2)0(1)U(O)Jr
br0- 0000 oD ol 4 g1, . 0ol o o o1
015 - §S)U§6)U(5)0§3)J§2)U D4 015 (9)0(8)0§6)0§5)0§3)0§2)0§1)050)+
O - U§Q)U§8)J§6)J(5)U(4)U(2) @ 4 015 0(9)J§8)J§6)0§4)0§3)U§2)U§1)0§0)Jr
016 - 0§9)0§5)a£3)a§2)0(0) + 017 a(g)agg)o((j)af) + 05 - 058)01(37)056)4-
010 - 0(9)0(8)0(5)0(4)

PRRRONCOMON ORI 01) (0605250 4 g, . ;Og@0
(0,02)5 §”o—(°’+

0103 05 a o3 o4 0

U;E, )J§4)0(3)U(2)U(1) + 0, 0(6)0(5)03
95.03()6)0:())5)0%4)0(3)0(2) (0) + 04 0(5)0(4)0(3)0(2)0§1)J(0)+
Ug )0§4)a(3)0§2)0( )+9 ol )0(1)0(0) 99_056)0(4) §3) (0)+
0100 () §5) é) (1) ()+9 gﬁ) (5) (4) (3) (2) (1) (0)+
912,0(6) (5)0£2) (1) (0)+0 5) (3) (2) (1) (0)+9
915~0§) §3)a§2)0§1) O)+9 16) (5
019 - 0_§5)0_54)0_:(32)

(6

(5) (4) (3) §2)+
4) (2
+9 0’ Ué ) é ) +

0(6)0§
01 02 + 017

(-0.07853011888280402, -0.04683529332762384, -0.046619063390598,
0.03246200088459131, 0.04188972292860196, 0.031409352807453134,
-0.04191755758497103, 0.03149572165094569, 0.045258021849913996,
0.03102875503041955, 0.03197117303639109, 0.03440982346866502,
-0.032543555879139346, -0.0203806172329641, -0.020521970546116004,
-0.016734487124074264, 0.010826771365931482, -0.01247856503788453,
-0.014772732750533521, 0.009661953139303407)

0.001138

0.001593

Contextual subspace Hamiltonian

Diagonal terms

—80.703433 - 1 +0.068284 - 0" o{? —0.099028 - (Pl Y 5P — 0.11275 - 600V (Y 1 0.472957 - (%) +0.135218 -

005 _

0.120353 - 0(4) (2)—1—0508045 a§)+0.229846 P —

0.125217 - a§6) ooV §2)+...
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Table 10: F, qubit tapering and 10-qubit CS-VQE parameters
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Table 11: HCI qubit tapering and 4-qubit CS-VQE parameters
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