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ABSTRACT

Conformal mapping techniques have been used in
many applications in the two-dimensional environments of
engineering and physics, especially in the two-dimensional
incompressible flow field that was introduced by Prandtl and
Tietjens. These methods show reasonable results in the case of
comprehensive analysis of the local coefficients of complex
airfoils. The mathematical form of conformal mapping always
locally preserves angles of the complex functions but it may
change the length of the complex model. This research is based
on the design of turbine blades as hydrofoils divided into
different individual hydrofoils with decreasing thickness from
root to tip. The geometric shapes of these hydrofoils come from
the original FX77W121 airfoil shape and from interpolating
between the FX77W121, FX77W153, and FX77W258 airfoil
shapes. The last three digits of this airfoil family approximate
the thickness ratio times 1000 (FX77153 => 15.3 % thickness
ratio). Of the different airfoil shapes specified for the optimal
rotor, there are 23 unique shapes.
[15,16,17,18,19,20,21,22,24,25,28] This study describes the
advantage of using at least one complex variable technique of
transformation conformal mapping in two dimensions.
Conformal mapping techniques are used to form a database for
sectional lift and drag coefficients based on turbine blade
design to be used in Blade Element Momentum (BEM) theory to
predict the performance of a three bladed single rotor
horizontal axis ocean current turbine (1.6-meter diameter) by
considering the characteristics of the sea-water. In addition, by
considering the fact that in the real ocean, the underwater
ocean current turbines encounter different velocities, the
maximum brake power will be investigated for different
incoming current velocities. The conformal mapping technique
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is used to calculate the local lift coefficients of different
hydrofoils with respect to different angles of attack: -
180<A0A<+180. These results will be compared to those from
other methods obtained recently by our research group. This
method considers the potential flow analysis module that
follows a higher-order panel method based on the geometric
properties of each hydrofoil cross section. The velocity and
pressure fields are obtained directly by the applications of
Bernoulli’s principle, then the lift coefficients are calculated
from the results of the integration of the pressure field along
the hydrofoil surface for any angle of attack. Ultimately, the
results of this research will be used for further investigation of
the design and construction of a small-scale experimental
ocean current turbine to be tested in the towing tank at the
University of New Orleans.

Keywords: Conformal Mapping, Joukowsky, Prandtl,
Incompressible Flow, Local Coefficient, Drag Coefficient, Lift
Coefficient, Blade Element Momentum Theory, Complex
Function, Hydrofoil Design, Three-Bladed Rotor, Ocean Current
Turbine, Efficiency, Angle of Attack, Axial Induction Factor,
Tangential Induction Factor, Bernoulli’s Principle, Pressure
Field, Incoming Flow Velocity.

NOMENCLATURE
Place nomenclature section, if needed, here. Nomenclature
should be given in a column, like this:

A Cross Sectional Area

p Density of the Sea-water

U Flow Velocity

a Axial Flow Induction Factor

a Tangential Flow Induction Factor
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Q Angular Velocity
r Radius of the Actuator disc/ The Local Radius
on the Rotor

R Rotor Radius

Vier Resultant Velocity

c Chord Length

N Number of Blades

B Set Pitch Angle

a Angle of Attack (AOA)

1) Local Inflow Angle

G Lift Coefficient

Cq Drag Coefficient

6L Cross Sectional Lift Force

6D Cross Sectional Drag Force

Q Torque

P Power

T Thrust

F, Loading on Each Blade in Axial Direction
F, Loading on Each Blade in Tangential Direction
Cp Pressure Coefficient

Cp Power Coefficient

TSR Tip Speed Ratio

1. INTRODUCTION

Generating clean energy from renewable resources is an
important theme for scientists. It is not easy to harness the energy
from uncontrollable resources such as oceans. It is crucial to find
the most appropriate and safe methods to restrain and use its
clean and sustainable energy. One of the best methods to harness
the energy from the ocean is to implement moored Ocean
Current Turbines (OCT) to generate electricity. Performance
analysis of the turbine based on simulation will help guide
further research such as constructing small-scale OCTs in
laboratories and then later building full size OCTs for the oceans.
In this research, we implemented conformal mapping to design
hydrofoils for rotor blades. The hydrodynamic forces and the
related coefficients of the mapped hydrofoils is calculated by
integrating the pressure forces around the hydrofoils. The next
step is to transfer these initial data to the in-house Blade Element
Momentum Theory (BEM) to analyze the performance of the
turbine. Based on the results of the BEM theory, the torque,
thrust and power of the turbine will be determined by considering
the direct effects of the axial and tangential induction factors .
We will use these data as a model to build an experimental scale
ocean current turbine that will be tested at the University of New
Orleans Towing Tank. The results of the simulation and the
towing tank experiment will be compared.
In 2016 the World Total Primary Energy Supply (TPES) by fuel
was Oil, 31.9%; Coal, 27.1%; Natural Gas, 22.1%; Biofuels and
Waste, 9.8%; Nuclear, 4.9%; Hydro, 2.5%; and others renewable
resources 1.7%. It is clear that the TPES by clean renewable
energy is very small and needs to be developed. [7] Bobby
Zarubin noted that the best sites to harness the ocean current
energy are between islands where the tidal currents are the

strongest or locations in the oceans where the temperature
difference is about 20°C between the warm surface water and the
cold deep water.

The length of the real turbine blades should be at least 20 meters.
[8] Ilan Robin el al. describe the minimum current velocity
needed to rotate the blades of the turbine. They found a novel
method to model the fluid-structure interaction on tidal vertical
and horizontal turbines. [9] Matt Edmunds el al. showed a new
generalized actuator disc model based on the CFD method that
obtained the best accuracy for the horizontal axis turbines. [10]
Lundin in his research found out it is possible to build small
energy conversion units for very low current speed by
implementing an accurate system efficiency. Also, he mentioned
the role of the proper material in describing the results of real-
world experiments. [11] Uihlein and Magagna noted that the
installation, operation and maintenance of renewable ocean
energy devices are extremely expensive. A promising
improvement option is the use of modelling tools. [12] The
results of the simulation by Maimun and Aljen show that a
turbine is able to produce about 24 KW at a flow speed of 2m/s.
They found that by creating a farm of these turbines in an area
0f 370 m X 10 m, they were able to produce about 280- 290 KW.
Implementing these farms will help to save fuel and also have a
direct effect in the reduction of CO, emissions. [13] In this
research conformal mapping technique is used to form a database
for sectional drag and lift coefficients based on turbine blade
design characteristics. These are going to be used in Blade
Element Momentum (BEM) theory to predict the performance
of a three bladed single rotor horizontal axis ocean current
turbine by considering the characteristics of the ocean-water.

2. MATERIALS AND METHODS

2.1 Conformal Mapping Technique [1]

The conformal mapping technique is one of the most

powerful and effective methods to find solutions of the
complicated Laplace equation that is often used in aerodynamics
and fluid mechanics.
The explicit Poisson integral formula is able to solve and provide
solutions to the Laplace equation with Dirichlet boundary
conditions. Consider a unit circular disc (r = 1) based on the
following equations:[2, Theorem 4.6]:

u(r,8) = h(0) (1)
where

h(x,y) = h(cos8,sin8) = h(H),
(2)

—n<0<

TT.

(r,0)
1 tr 1—r?

:E‘f_n h(¢) 14712 — ZT‘COS(Q _¢)d¢

For more sophisticated boundary condition problems, we need to
transform these equations by changing variables.
Consider a complex analytical function
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x=f(2) 4

where
; =¢+in ®)
f(@)=pky)+iqlx,y) (6)
f+in=p@y) +iq(y). (7)

As a mapping function, we are going to map a point z = x + iy
which belongs to the domain Q, Q c C. (z € Q) to a point like
x = & + i nwhich is belonging to the other subset of the C which
is the image domain D = f(Q1) < C. In most of the well-known
problems in fluid mechanics, the image domain is defined to be
the unit circle. One of the most important requirements for
mapping is that the analytic mapping (7) must be invertible.
Conformal mapping always preserves angles but nor necessarily
curvatures. In the most simple definition, if y = f(z) 1is a
complex analytic function and its first derivative exists and is
non-zero (f'(z) =0), then f defines a conformal map. [I,
Theorem 5.[12]

The noble Russian scientist Nikolai Joukowsky developed a
conformal mapping technique to study the flows around wings
of an airplane, which is known as the Joukowsky map. In his
study,

) o

a@ _1 1 ! 0 9
dz 2 ( ZZ) ©)

if and only if z = %1, which are the critical points.
By considering that the point z = 0 is not defined in the domain,
then the Joukowsky map is always conformal except at the
following points: (z = +1, 0).
Applying the Joukowsky conformal mapping technique to an
off-center circular disc will produce an airfoil. It is obvious that
flow distribution around new airfoil can be obtained form the
fluid motion around the initial circular disc. Let’s assume the
initial map to be

w=az+f (10)
This changes the radius of the unit circle (]z| < 1) to a new disc
with radius a and center 3.

lw = Bl < |a (11)
The component « is responsible for the circulation, and the
streamlines around new disc will be an angle ® = ph a with the
horizontal. [1]
Now, by applying the Joukowsky transformation:

g:%<w+l):%<az+ﬁ+ 1[;) (12)

o(F) = \/62 LE-p- JEE—1)
- B2 +1-25¢

Since,

(13)
and the complex potential flow function around a disc equation
as:

e be(ots) el
B =2t =T y2) T Tz gy
(14)

By substituting equation 13 into equation 14, we get:

—p—.Jez 1
o) =L

At Ve Sy
Bz +1-—2p¢

(15)

By substituting & with e'¢, streamlines will be produced around
the airfoil based on the angle of attack ¢ to the horizontal flow.

@(eiq)f )
_ewip _w/eiwfz -1
a(eupf —,8 Veivé? — 1)
16
p%+1—2pei®¢ (16)
Lift and Drag Coefficients of the Joukowsky Airfoil [3] will be
calculated by integrating the horizontal and vertical components

of the pressure field around the mapped airfoil, the
hydrodynamic forces can be computed.

__airfoil
Fy = f PPy (F)dr

= - foznp(z(g)) im (Z—g) de  (17)
__airfoil

Fi = [ pny (ydr
f (z(e))re< )de (18)

2.2 Blade Element Momentum Theory (BEM) [4]

Nowadays, the most appropriate method to analyze and
predict the performance of wind or current turbines is Blade
Element Momentum theory (BEM) by Glauert (1953). This
method is straightforward to program and implement on the
computer. Also, it considers most of the physical conditions of
the flow and rotor blades.

To briefly look into the BEM theory, assume the simple
condition of a fluid flow that is acting at a right angle to the rotor
blade. The sum of the flow speed vector, the blade velocity Qr
and the induced velocity from the pressure field give the relative
flow field. The angle between the airfoil chord line and the
relative velocity indicates the angle of attack (a). The
dimensionless hydrodynamics coefficients (Lift C; and Drag
C, coefficients) will be calculated locally from tabulated airfoil
information by considering the angle of attack, airfoil type that
was obtained by the conformal mapping technique, and the
related Reynolds number.
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The axial load and torque equations are shown in the following
equations, respectively:

dT

— =NpyF, =——7—-.C 19

dr = P T 2peNy VR (19)
dQ _ NyF, = ! C 20
dr T PTET 2pcrNy V2, * (20)

where c is the blade chord length, N, is the number of blades,
V,; indicates the relative velocity, F,, shows the loading on each
blade in axial direction, F; indicates the loading on each blade in
the tangential direction. C,, and C; are the corresponding 2D
force coefficients that are defined as:

F,
Cn = 1—71 (21)
zpCVrzel
F
Co=—3— (22)
zpCVrzel
(2
L Uo .
Vel
L
6

FIGURE 1: BEM Vector Presentation

Note that the lift and drag coefficients made up the following
force coefficients.

C,=Ccosp+Cysing (23)

C; = C;sing — C4 cos @ (24)
where @ is the flow angle which depends directly on the local
airfoil shape. Suppose the sum of the local twist angle and pitch
angle of the rotor blade is y, then the corresponding angle of

attack is
a=¢-y (25)
From figure 1 we can conclude that:
. Up(1—a)
singp = ———— (26)

Vrel

Qr(l —a") @7
Vrel

Where a and a’ denote the axial and tangential induction factors.

Then,

cos @ =

Us(1—a)*> Uy(1-a)ar(l+a’)

Vi = —
rel sin (PZ

sing cos ¢ (28)

Now, by substituting equation 26 into equations 17 and 18, we
will obtain:

dT pcNyUZ(1 — a)?
E = Npl'n = Z(Sin (p)z -Cn (29)
dQ
E:TNth
cN,Uy(1 —a)Qr2(1+a’
_peNoUo(l =0’ +a) o)
2sing cosg

Then, according to the result of the axial momentum theory, the
axial load and axial torque are obtained as:

dT
ar p(Up — uwy)2mrug
= 4nprUéa(l — a) (31)
T PTrUug2mrug
= 4npr3QUya’ (1 — a) (32)

where up = Uy(1 — a) is the axial velocity of the rotor, u; =
Uy(1—2a) is the axial velocity in the wake and, ug =
2rQa’indicates the induced tangential velocity downstream of
the rotor.

Combining the following equations and performing some
algebraic manipulations, we have:

1
= 4(sin ¢)? (33)
=P 11
oCy,
"= ! 34
a _4sin<pcos<p_1 (34)
oC;

where o denotes the local solidity. These two expressions are
the most important equations of the BEM theory. Finally, the
axial and tangential induction factors will be calculated
iteratively.

3. RESULTS AND DISCUSSION

3.1 Conformal Mapping

The first part of this research focused on creating airfoils by
using conformal mapping. Figures 2, 3 and 4 show the potential

flow around a circle with its center located at -0.1+0.11, potential
flow around the mapped airfoil with angle of attack is ¢ = 0°,
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tail angle as 0°, and pressure distribution coefficient vs. % of the
mapped airfoil (where the number of points for pressure
distribution is defined to be 100 points. At §= 0.3276, the

pressure coefficient is calculated as C, = —1.047.

— =———

FIGURE 3: Potential Flow around the mapped airfoil

Pressure Distribution : a = 0°

0.5

1t I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

z/e

FIGURE 4: Pressure Distribution of the mapped airfoil

Changing the center of the default circle from -0.1+0.1i to
0.1+0.2i,new results are as follows. Figure 5 shows the potential

flow around the circle. The potential flow around the new
mapped airfoil is indicated in figure 7. Figure 8 illustrates the
pressure coefficients vs. f . It is important that at % = 0.3872,
the pressure coefficient is calculated as

C, = —1.637. As before, the angle of attack and tail angle are
considered to be 0°, and the number of points for pressure
distribution is 100 points.

=

FIGURE 6: Potential Flow around the mapped airfoil with different
center
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Pressure  Distribution : a = 0°

0.5

17 L L L L L L L L L I
0 0.1 0.2 03 0.4 05 0.6 07 08 09 1
z/c

FIGURE 7: Pressure Distribution of the mapped airfoil
3.2 Blade Element Momentum Theory

After designing appropriate airfoils and obtaining their
related hydrodynamics coefficient, we transferred these data to
be implemented in our in-house BEM code to analyze the rotor
performance of a turbine which uses these airfoils.

3.21 The Optimum Power Coefficient:

We considered that the rotor to be operating at its maximum
power performance. Using this maximum power, the optimum
power coefficient will be determined.

Equation 33 shows how to calculate the power based on the load

torque.
R

P=QQ = Qf 2nr?pu,uydr
0 1
= 47thZR4U0f a'(1
0

—apddy  (33)
In the dimensionless form the following equation will convert to
the:
P

1/, pAug
1
= 8/12f a'(1—a)udu (34)
0

Q . .
where 1 = U—R denotes the tip speed ratio, and pu = % shows the
0

Cp

dimensionless spanwise coordinate. Figure 8 shows how the
dimensionless power coefficient changes with increasing tip
speed ratio (TSR). This figure shows that the turbine reaches its
maximum power coefficient of 0.482 at TSR=6.

Cp vs. TSR
0.6
0.5
0.4
0.3

0.2

Power Coefficien

0.1

TSR

FIGURE 8: Power Coefficient vs. TSR

Figure 9 shows the power coefficient vs. TSR for an ocean
current turbine with a 3.0 m diameter 3-bladed rotor by two
different methods: BEM (blue) and computational Fluid
Dynamics (CFD) (red) based on the RANS (Reynolds Averaged
Navier-Stokes) equation and shear stress transport provided in
[5]. The CFD results indicate that the turbine will obtain its
maximum coefficient of power of 0.4642 at TSR=6. Our results
(BEM) show good agreement with the results of [5]. The
difference between the two results is less than 0.019.

0.5

0455

6
TSR

FIGURE 9: Power Coefficient vs. TSR [4]
The inflow angle is the angle between the rotor blade axis and

the flow stream direction. Figure 10 shows that by increasing
U= %, the inflow angle decreases. This result shows reasonable
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agreement with the results for inflow angle provided by [5]. The
maximum inflow angle is around ¢, = 36.68°.

Inflow angle
%0 f _angle

35 - 1

30 - 1

25 - b

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1

FIGURE 10: Inflow angle vs. i = %
Obtaining the most accurate axial and tangential induction
factors are the most important achievements of the BEM theory.
Having accurate axial and tangential induction factors is
necessary to continue the performance analysis of the turbine and
determine the optimum power, thrust and torque. Figure 11
shows the changing axial (blue) and tangential (red) induction
factors by increasing . This result is in good agreement with
the results of [6] which are shown in figure 12.

Induction  factors
T T

FIGURE11: Axial and Tangential Induction Factors vs. u = %
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FIGURE 12: Axial and Tangential Induction Factors vs. u = % [5]

Figures 13, 14 and 15 show the differential thrust, torque and
power vs. 4 = % , given directly from the BEM code. Based on

figure 13, the maximum differential thrust occurs at u =
0.592 = 0.6, the maximum differential thrust is 1166 N. The
minimum thrust is obtained for u >= 0.937 whichis 1 N.
Figure 14 shows the changes in the differential torque produced
by increasing u. From this figure, we can conclude that when
0.278 < u < 0.5, the maximum differential load torque is
observed, about 102.3 N < Q < 105.3 N. The minimum torque
is obtained at 4 = 0.871.

Figure 15 shows that, similar to the differential torque, the
maximum differential power is obtained when 0.278 < u < 0.5.
The maximum differential power is 511.7 W < Q < 526.5W.
The results for the differential toque and differential power agree
with each other. These results also show good agreement with
those for the differential thrust, torque and power of the research
given in [6], and the behaviors follow the same trends. The only
slight differences are that the maximum thrust is located at y =
0.9 and their maximum differential torque and power is located
atu = 0.8.

Dif ferential Thrust
1200 T 11 T T

T
N
e ™~
e ~.
e \
1000 - /'/ \ :
. \
/'/ \
/ .
800 ’/' \ q
,/ \
K4 \
= :
o 600 v \ 8
1] / \
/ \
/ \ |
400 ; v
/ \
| \
200 / \ 4
/ \
/ \
\.
0 . . . | | | | AN
0.1 02 03 0.4 05 06 07 0.8 0.9 1
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FIGURE 13: Differential Thrust vs. u = %

Dif ferential Torque
T T

150 T T

100 | 7 TR
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50, [Nm)

-100 [~

-150 -

-200 -

250 I I I I I
0.1 0.2 0.3 0.4 0.5 0.6

FIGURE 14: Differential Torque vs. u = %

Dif ferential Power
T T

5P, [W]

FIGURE 15: Differential Power vs. u = ;7

4. CONCLUSION

In this research, the Joukowsky conformal mapping
technique was applied to the unit circle to create appropriate
hydrofoils. These hydrofoils were used to generate the blades of
an ocean current turbine model. We have developed a Blade
Element Momentum Theory code to analyze the performance of
the above-mentioned turbine by considering hydrodynamic
forces and coefficients. . The information for the blades was used
by the conformal mapping technique. The axial and tangential
induction factors, the spanwise contributions of differential
torque thrust and power show good agreement with similar data
reported in the literature.
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