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Deformations of surface defect moduli spaces

Andrew Neitzke1 and Ali Shehper2

Abstract

Given a 4d N = 2 supersymmetric theory with an N = (2, 2) supersymmetric surface defect,
a marginal perturbation of the bulk theory induces a complex structure deformation of the defect
moduli space. We describe a concrete way of computing this deformation using the bulk-defect
OPE.

1 Introduction

It is by now a well known principle that to get a complete picture of a quantum field
theory one should study not only local operators, but more generally defects of all di-
mensions. These defects give rise to rich algebraic, topological and geometric structures.
A deformation of the quantum field theory then must induce deformations of all of these
structures, fitting together in a self-consistent way, which may be rather intricate in its full
generality.

This paper concerns a small part of that story. Given an N = 2 supersymmetric
quantum field theory in four dimensions, and an N = (2, 2) supersymmetric surface
defect, we ask, how does a deformation of the theory induce a deformation of the complex structure
of the surface defect moduli space?

In the rest of this introduction we describe this problem more carefully and formulate
our proposed answer.

Bulk and defect moduli spaces for 4d N = 2 theories

Suppose we are given a d = 4, N = 2 supersymmetric theory. The theory has a
moduli space M4d of marginal supersymmetric couplings, which is naturally complex.
Now we introduce a 1

2 -BPS surface defect preserving d = 2, N = (2, 2) supersymmetry
[1, 2]. Holding the 4d coupling τ ∈ M4d fixed, such a surface defect has a moduli space
M2d of marginal chiral deformations, which is again a complex manifold.

Letting both couplings vary, we have a combined 2d-4d moduli space M2d−4d which
is a holomorphic fiber bundle over M4d. As we vary τ ∈ M4d, the complex structure
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of the fiber M2d may in general vary. The infinitesimal version of this statement is that
there is a linear map

TM4d → Def(M2d) (1.1)

where Def(M2d) means the space of linearized deformations of the complex structure of
M2d.

The case of class S

On abstract grounds we know that the map (1.1) exists, but one might wonder whether
this map could be zero. Indeed in some examples it will be zero (e.g. it must be zero if we
study a “surface defect” which is just a d = 2, N = (2, 2) theory uncoupled from the bulk
theory!) Still, in some examples the map (1.1) is known to be nonzero, as we now explain.

Suppose we consider a theory of class S obtained by compactifying the 6d (2, 0) theory
on a surface C. In this case one can construct a surface defect by starting with a surface
defect of the (2, 0) theory and placing it at a point z ∈ C; these defects were introduced
and studied in [1, 2]. For this surface defect we have (up to discrete covers)

M2d = C. (1.2)

On the other hand, one of the essential insights of [3] was that (up to discrete covers) M4d
is the Teichmüller space of C. It follows that

TM4d = Def(C). (1.3)

Thus in this case we actually have

TM4d = Def(M2d); (1.4)

in other words, the map (1.1) is not only nonzero but an isomorphism.

Computing the deformation intrinsically

The question we address in this paper is: how can the map (1.1) be understood and cal-
culated intrinsically in the language of QFT, without relying on class S descriptions or other
features of specific examples?

Here is the answer we propose. Let R4d denote the space of chiral operators of dimen-
sion 2 in the bulk N = 2 theory. Any operator Φ ∈ R4d has a descendant Q4Φ which can
be used to deform the theory in a way which preserves d = 4, N = 2 supersymmetry and
conformal invariance; this gives an identification

R4d = TM4d. (1.5)

Likewise, let R2d denote the space of chiral local operators of dimension 1 living on the
surface defect. Any operator Σ ∈ R2d can be used to deform the surface defect in a way
which preserves d = 2, N = (2, 2) supersymmetry and conformal invariance; this gives
an identification

R2d = TM2d. (1.6)
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Now suppose given Φ ∈ R4d and Σ ∈ R2d. We let µΦ(Σ) denote the most singular term
in the bulk-defect OPE,

Φ(x)Σ(0) =
4

iπ
µΦ(Σ)
|x|2 + · · · (1.7)

Counting R-charges and dimensions shows that µΦ(Σ) ∈ R2d. Thus we have obtained a
linear map

µΦ : R2d → R2d. (1.8)

Since R2d = TM2d, such a map can be interpreted as

µΦ : TM2d → TM2d, (1.9)

or equivalently µΦ ∈ Ω0,1(M2d, TM2d). Moreover, µΦ obeys the condition ∂̄µΦ = 0. As
we review in Appendix C, the ∂̄-cohomology class of such a µΦ determines an element

[µΦ] ∈ Def(M2d). (1.10)

Our main claim is that [µΦ] represents the deformation of M2d which is induced by per-
turbing the bulk theory using the operator Q4Φ.

Our derivation of this claim is given in section 3 below. It builds on the study of opera-
tor mixing in deformations of CFTs [4, 5, 6, 7]. It was argued in these works that as a CFT is
deformed, the OPE between the perturbing operator and other local operators determines
a connection on the vector bundle of local operators. This connection is responsible for
the phenomenon of mixing between local operators as we move on the conformal man-
ifold of the CFT. In a similar way, we find that the OPE between local operators in the
bulk QFT and local operators inserted on the defect contains information about operator
mixing between marginal chiral descendants Q2Σ and marginal anti-chiral descendants
Q2

Σ as we move on the moduli space M4d. This operator mixing is a manifestation of
the deformation of complex structure of M2d.

In section 4 we discuss one concrete example, where the bulk theory is the pure N = 2
theory with gauge group U(1), and the defect is a supersymmetric “solenoid.” In this case
the moduli space M2d is a 1-dimensional complex torus, whose complex modulus is the
4d gauge coupling τ. We verify in this case that the OPE between the bulk deformation
operator Φ = ϕ2 and the defect anti-chiral operator Σ = ϕ gives the Beltrami differential
associated to the complex deformation of M2d as expected. (We remark that this example
can be thought of as a class S theory associated to the Lie algebra gl(1) where C is a torus.)

Comments and future directions

1. In this paper we examine one very specific deformation problem, that of moduli
spaces of 1

2 -BPS surface defects in 4d N = 2 theories. The basic mechanism we find,
that these deformations are controlled by the bulk-defect OPE, seems likely to recur
in other dimensions and other amounts of supersymmetry. It would be interesting
to explore other examples.
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2. Although our analysis is intended to apply to a general N = 2 theory and surface
defect, the only example we consider in detail is that of a free theory and surface
defect. It would be interesting to verify our analysis directly in an interacting theory.
For example, we could consider the pure SU(2) theory with N f = 4. This theory
has a class S realization where C is a four-punctured sphere, and a corresponding
canonical surface defect with M2d = C; if we consider the bulk-defect OPE in this
theory we thus expect to obtain a Beltrami differential representing the deformation
of the four-punctured sphere which changes the cross-ratio of the punctures.

3. One of the technical tools in our analysis is a computation of part of the covariant
derivative of the conserved supercurrent of the 4d N = 2 theory with respect to
the coupling: we find that (at least with the regularization scheme we use) the su-
percurrent J mixes with a descendant of the chiral perturbation Φ, schematically
∇ϵ J = Q3Φ + · · · (see subsection 3.3 for the precise statement). This kind of mixing
might occur more generally for deformations of supersymmetric theories, and if so
it could be interesting to study more systematically.

4. In this paper we focus on marginal deformations of the bulk theory, descending from
chiral operators Φ of dimension 2. One could similarly consider Φ of dimension 2+ k
with k > 0, which would give rise to irrelevant deformations of the bulk theory. The
bulk-defect OPE then gives a map from defect anti-chiral operators of dimension 1 to
defect chiral operators of dimension 1+ k. When C is 1-dimensional, such a map can
be interpreted as a higher Beltrami differential on C, and thus irrelevant perturbations
of the bulk theory correspond to perturbations of a higher complex structure on C in
the sense of [8]. It would be very interesting to understand the meaning of this higher
complex structure on C in terms of the physics of the surface defect; one intriguing
possibility is to interpret it as a deformation of a larger moduli space including both
marginal and irrelevant deformations of the defect.
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2 Properties of 2d-4d systems

This section is divided as follows. In subsection 2.1, we review the superconformal
algebra of 2d-4d systems. Explicit commutation relations are not given here but can be
found in Appendix A and Appendix B. In subsection 2.2 we discuss supersymmetry-
preserving marginal operators of 4d and 2d systems.
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2.1 Superconformal symmetry of 2d-4d systems

We start by reviewing the N = 2 superconformal algebra in four dimensions. Its
bosonic subalgebra is so(5, 1)⊕ su(2)r ⊕ u(1)r and the fermionic generators transform in
a doublet of su(2)r as well as a spinor representation of so(5, 1). The u(1)r charges of these
generators are given in the paragraph below. Under the decomposition so(4)⊕ so(1, 1) ⊂
so(5, 1), a Weyl representation of so(5, 1) decomposes into Weyl representations of so(4)
distinguished by the action of so(1, 1). The generators with eigenvalues +1

2 and −1
2 are

called Poincaré and conformal supercharges respectively.
Using the isomorphism so(4) ∼= su(2)L ⊕ su(2)R, we denote the Poincaré supercharges

as Qi
α, Qjα̇ and the conformal supercharges as Si

α and Siα̇
. Here α, α̇ and i index compo-

nents in the fundamental representations of su(2)L, su(2)R and su(2)r respectively. Under
the action of u(1)R, Q’s and S’s carry charge +1 while S’s and Q’s carry charge −1.

In the presence of a surface defect S on a plane P, the algebra of conformal symmetries
so(5, 1) is reduced to so(3, 1)⊕ so(2)⊥. Here so(2)⊥ is the algebra of rotation symmetry
in the plane orthogonal to P. If P spans R2

x1=x2=0, then, with the conventions listed in
Appendix A, the list of fermionic symmetries is given in Table 1.

The unbroken symmetries generate the two-dimensional (2, 2) superconformal alge-
bra as is evident by studying the action of unbroken bosonic symmetries on the super-
charges. The u(1)r symmetry of N = 2 algebra is preserved; its charge is identified with
half the charge of u(1)V R-symmetry. The su(2)R symmetry is explicitly broken to its Car-
tan, generated in our notation by R3. The sub-algebra of su(2)R ⊕ so(2)⊥ generated by
4R3 + 2J12 is naturally identified with the axial R-symmetry in two dimensions. Finally,
the u(1) algebra generated by J12 + R3 is the commutant of the embedding.

4d notation Q1
1 Q2

2 Q11̇ Q22̇ S1
1 S2

2 S11̇ S22̇

2d notation G+
−1/2 G−

−1/2 G−
−1/2 G+

−1/2 G−
1/2 G+

1/2 G+
1/2 G−

+1/2

u(1)V +1 +1 −1 −1 −1 −1 +1 +1
u(1)A +1 −1 −1 +1 −1 +1 +1 −1
so(2)34 +1

2 −1
2 +1

2 −1
2 −1

2 +1
2 −1

2 +1
2

Table 1: The supercharges preserved in the presence of a surface defect and their charges
under u(1)V , u(1)A and so(2)34. The normalization of 2d operators in terms of the 4d
notation contains factors of 1

2 (see equations (B.9), (B.10).)

2.2 Descendants of superconformal primaries

In this subsection, we discuss certain supersymmetry-preserving marginal operators
of 4d N = 2 and 2d N = (2, 2) systems. The operators that we discuss are distinguished
by the properties that they are supersymmetric descendants of primary operators, and
that they are marginal.
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Descendants of primaries in 4d N = 2 systems

A superconformal primary is a local operator annihilated by the conformal supercharges
Si

α and Siα̇
. If this operator is further annihilated by the right-handed (left-handed)

Poincaré supercharges it is called a chiral (anti-chiral) primary. If we assume that such
an operator is a Lorentz scalar, its scaling dimension and u(1)r charge satisfy the equality

∆ = ∓r (2.1)

where the upper (lower) sign holds for chiral (anti-chiral) primaries.
We obtain supersymmetry-preserving marginal operators through the action of left-

handed (right-handed) Poincaré supercharges on chiral (anti-chiral) primaries of scaling
dimension ∆ = 2. We denote these primaries as Φk (Φk); and the marginal operators as
Q4Φk (Q4

Φk).

Q4Φk :=
i

64π
Q1

1Q1
2Q2

1Q2
2Φk (2.2)

Q4
Φk := − i

64π
Q11̇Q12̇Q21̇Q22̇Φk (2.3)

Here k goes from 1 to N — the number of such operators in a theory. Q4Φk and Q4
Φk

are complex conjugates in a spacetime with Minkowski signature; however, they are not
complex conjugate in the Euclidean signature. This is because the Weyl spinors of so(3, 1)
are complex conjugate while those of so(4) are pseudo-real. In this paper, we will work
in R4.

Descendants of primaries in 2d N = (2, 2) systems

In the notation of 2d N = (2, 2) algebra the supercharges are denoted by Ga
r and Ga

r
where a ∈ {±} and r ∈ {±1

2} (see Appendix B). The generators with r = −1
2 are the

Poincaré supercharges while those with r = +1
2 are the conformal supercharges. Sim-

ilar to the case of 4d N = 2, a superconformal primary is defined as an operator that is
annihilated by all of the conformal supercharges. As is well known (and is reviewed in
Appendix B), the algebra of 2d N = (2, 2) supersymmetry splits into a holomorphic and
an anti-holomorphic sector. Hence the discussion of chiral and anti-chiral primaries also
splits.

In the holomorphic sector, the operators annihilated by G+
−1/2 are called chiral pri-

maries, while the operators annihilated by G−
−1/2 are called anti-chiral primaries. The L0

and J0 eigenvalues of these operators satisfy

l0 = ± j0
2

(2.4)

where the upper (lower) sign holds for chiral (anti-chiral) primaries. After taking into
account the anti-holomorphic sector, the full N = (2, 2) algebra admits four kinds of

6



primary operators labelled as (a, a), (a, c), (c, a) and (c, c). We will also refer to these op-
erators as twisted chiral, chiral, anti-chiral and anti-twisted chiral operators respectively.

The supersymmetry preserving marginal operators are descendants of the primary
operators of (l0, l0) weights equal to (1

2 , 1
2), obtained by the action of those supercharges

that do not annihilate them. For example, the descendant of a chiral primary Σ(x) is

Q2Σ =
1

2
√

2
Q1

1Q2
2Σ =

√
2G+

−1/2G−
−1/2Σ (2.5)

Similarly, the descendant of an anti-chiral primary Σ is

Q2
Σ = − 1

2
√

2
Q11̇Q22̇Σ = −

√
2G−

−1/2G+
−1/2Σ (2.6)

3 Deformations of 4d and 2d-4d systems

3.1 Deformation of pure 4d systems

Consider deforming a 4d N = 2 theory by a marginal chiral descendant,

δS = ϵ
∫︂

R4
Φ(4), (3.1)

where we defined
Φ(4)(x) := Q4Φ(x) d4x; (3.2)

the superscript in Φ(4) denotes that this object is a 4-form. In this section we briefly review
the effect of this deformation on the correlation functions. We use the notation that ⟨· · ·⟩ϵ

is the deformed correlation function while ⟨· · ·⟩0 is the undeformed correlation function.
Formal path-integral manipulations would say that the first derivative of ⟨· · ·⟩ϵ with

respect to ϵ is

d
dϵ

⟨
n

∏
i=1

Oi(xi)⟩ϵ

⃓⃓⃓⃓
ϵ=0

= −
∫︂

R4

⟨Φ(4)(x)
n

∏
i=1

Oi(xi)⟩0 (3.3)

As it is written, the right side of (3.3) is potentially ill-defined, as there may be a short-
distance singularity as x → xi. In order to cure this problem, one can follow a 4d version
of a regularization procedure discussed e.g. in [7] in the 2d context.3 That procedure
entails cutting out small balls around the points of insertion of local operators, computing
the integrated correlation function as a function of the radii of these balls, and dropping
divergent terms as the radii are taken to zero.4

With this sort of regularization understood, (3.3) computes the correlation functions
of a family of 4d N = 2 theories, to first order around a point of M4d. By construction

3In particular, the regularization procedure discussed here corresponds to the c-connection in [7].
4An alternative approach to regularization is through the addition of contact terms in the OPE of the

operators whose points of insertion coincide. This method is discussed in [4, 5], and as explained in footnote
10 of [9], is equivalent to the procedure of [7].
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the theories at ϵ = 0 and ϵ ̸= 0 have the same vector space of local operators, since in
(3.3) the insertions in the correlation functions ⟨· · · ⟩ϵ are drawn from the original space
of local operators, even when ϵ ̸= 0.

So far, so good, to first order in ϵ. When one tries to go to higher order, however, the
situation becomes more complicated. Following [9], one can take some inspiration from
the case of 2-dimensional field theories, discussed at some length in [7] following previous
works including [4, 5, 6] (see also [10]). The results of [9] have been further developed and
applied to various aspects of 4d N = 2 theories, e.g. [11, 12, 13, 14]. The expected picture
can be summarized as follows: the space M4d carries a vector bundle whose fiber over
a point τ ∈ M4d is the space of local operators of the theory with coupling τ, but this
vector bundle is not naturally trivial. The fact noted above, that we can identify operators
at ϵ = 0 and ϵ ̸= 0 to first order in ϵ, means that the bundle of local operators carries a
connection ∇. The connection ∇ depends on the regularization scheme, and may have
curvature in general, which is one manifestation of the phenomenon of operator mixing
under marginal perturbations.

Revisiting (3.3) from this perspective, we see that the appropriate interpretation is that
this equation is true when the Oi are sections of the bundle of local operators obeying
∇ϵOi = 0; this is the invariant way of saying the operator insertions are “independent of
ϵ.” More generally, if the ϵ dependence of the operators Oi is chosen arbitrarily, (3.3) is
replaced by

d
dϵ

⟨
n

∏
i=1

Oi(xi)⟩ϵ

⃓⃓⃓⃓
ϵ=0

= −
∫︂

R4

⟨Φ(4)(x)
n

∏
i=1

Oi(xi)⟩0 +
n

∑
j=1

⟨∇ϵOj(xj)
n

∏
i ̸=j,i=1

Oi(xi)⟩0 . (3.4)

3.2 Deformations of 2d-4d systems

Now we consider adding a 1
2 -BPS surface defect to the system and deforming again

by a bulk 4d chiral descendant. We assume that the surface defect continues to be 1
2 -BPS

in the deformed theory.
Working formally, as above, deformed correlation functions to first order can be com-

puted by the analogue of (3.3),

d
dϵ

⟨S(P)
n

∏
i=1

Ob
i (xi)

k

∏
i=1

Od
i (yi)⟩ϵ

⃓⃓⃓⃓
ϵ=0

= −
∫︂

R4

⟨Φ(4)(x)S(P)
n

∏
i=1

Ob
i (xi)

k

∏
i=1

Od
i (yi)⟩0 , (3.5)

where S(P) denotes the surface defect inserted on the plane P, bulk local operators are
inserted at points xi ∈ R4, defect local operators at points yi ∈ P. The equation (3.5) needs
to be understood as including a regularization, e.g. cutting out a tubular neighborhood of
the defect and taking its radius to zero with divergent terms dropped, in parallel to what
we discussed for the bulk local operators.5

5One might have imagined a more general situation, namely that the deformed correlation functions
given by (3.5) are not those of an N = (2, 2) supersymmetric theory, but they become supersymmetric after
shifting the action on the surface defect by a marginal operator. However, all of the marginal operators
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To go beyond first-order deformations, as before, one needs to be more careful. While
we have not developed the theory in a fully systematic way, we propose the following
picture, parallel to the picture for 4d local operators which we reviewed above.

First, given a regularization scheme as we sketched above, we should obtain an Ehres-
mann connection in the fiber bundle M2d−4d → M4d; this Ehresmann connection defines
what it means for the surface defect to be “independent of ϵ.” As with the connection on
local operators, this Ehresmann connection in M2d−4d may have curvature, in the sense
that homotopic paths on M4d may lift to different paths on M2d−4d. We will not need to
consider that curvature here.

Second, there is a vector bundle over M2d−4d consisting of defect local operators.
This vector bundle should carry a connection, which defines what it means for defect
local operators to be “independent of ϵ.” To describe this connection concretely we may
use the Ehresmann connection to make a splitting between the horizontal and vertical
directions in the fiber bundle M2d−4d. Along the horizontal lifts of tangent vectors from
the base M4d to M2d−4d, the connection is determined by the regularized integrals (3.5),
which give us the first-order identification between spaces of local operators on the defect.
In this paper we will not need to discuss the connection in the vertical directions, but
we remark that it is determined by the same procedure we used in subsection 3.1, now
applied to a marginal perturbation of a 2d theory instead of a 4d theory.

We assume that the regularization scheme can be set up in such a way that 2d and 4d
perturbations commute with one another. As a practical matter this means the following.
As we have already discussed, there is a connection in the bundle of local operators over
M2d−4d. Because the vertical tangent bundle to M2d−4d is identified with the space of
marginal operators on the defect, this gives a connection in the vertical tangent bundle.
On the other hand, the Ehresmann connection allows us to identify nearby fibers and thus
also induces a connection in the vertical tangent bundle. Our assumption is that these two
connections are equal.

In parallel to the pure 4d case above, we interpret (3.5) as giving the variation of the
correlation functions when all of the operators S(P), Ob

i (xi), Od
i (yi) are deformed in a

covariantly constant fashion. In other words, the bulk local operators Ob
i are covariantly

constant for the connection on bulk local operators over M4d, S(P) is deformed along
the horizontal lift of a path from M4d to M2d−4d, and the defect local operators Od

i are
covariantly constant for the connection on defect local operators over M2d−4d, evaluated
on the lifted path.

3.3 Deformations of the supercurrent

In a 4d N = 2 theory the supersymmetry transformations QI
α and QIα̇ are generated

by corresponding conserved supercurrents J I
α and J Iα̇ (we suppress the vector index on

the currents). We argue in Appendix D below that the variation of the supercurrent is

in an N = (2, 2) superconformal theory actually correspond to supersymmetry-preserving deformations.
Thus, if the theory is supersymmetric with such an addition, it is also supersymmetric without one; this
means we can restrict our attention to the case where we do not make such an addition.
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given by6

∇ϵ J Iα̇ = (Φ(3))
µ
Iα̇ + cJ Iα̇ (3.6)

where Φ ∈ R4d denotes the chiral operator corresponding to the coupling ϵ, (Φ(3))
µ
Iα̇ is

the unique operator built by acting with three Q’s on Φ which obeys

∂µ(Φ(3))
µ
Iα̇ = QIα̇Q4Φ, (3.7)

and c is an undetermined constant.7

In [9] it is pointed out that the supercurrents form a bundle over M4d with a natural
non-flat connection, which plays an important role in a four-dimensional version of tt∗

geometry. That connection should be identified with the projection of ∇ onto the bundle
of supercurrents, which has the effect of throwing away the Φ(3) term above. In contrast,
for our purposes in the rest of this paper, the Φ(3) term will be the crucial part.

Below we will need to apply (3.6) in the situation where a 1
2 -BPS surface defect is

inserted and J Iα̇ is one of the supercurrents which is conserved in the presence of the
defect. In this case one can worry that (3.6) might need to be corrected to include a delta-
function variation supported along the defect. In subsection D.3 below we argue that this
is not the case: (3.6) continues to hold even in the presence of the surface defect.

3.4 Mixing between chiral and anti-chiral descendants

We are now ready for our main computation. We consider the connection ∇ acting on
defect local operators. This connection restricts to a connection on the bundle of marginal
operators, and thus induces a connection on vertical tangent vectors to M2d−4d. In turn,
the bundle of vertical tangent vectors is decomposed into holomorphic and antiholomor-
phic subbundles, corresponding to chiral descendants Q2Σ and anti-chiral descendants
Q2

Σ respectively. What we will compute now is the mixing between the holomorphic
and antiholomorphic subbundles as we move along M4d.

To be precise, let Σ denote an anti-twisted-chiral primary operator on the surface de-
fect. We consider a first-order deformation of the bulk theory by a chiral primary Φ, lift
it to a first-order path in M2d−4d as we have been discussing above, and extend Σ to a
section of the bundle of anti-twisted-chiral primaries over this path. We also consider sec-
tions J, J of the bundle of conserved supercurrents over the path, and use them to define
the action of the supercharges. Then the main statement of this section is that, modulo
operators which are Q-exact or Q′

-exact, we have

∇ϵ(Q
2
Σ) = Q2(µΦ(Σ)), (3.8)

with µΦ denoting the bulk-defect OPE we defined in (1.7).

6Here and below, the covariant derivative ∇ϵ is understood to be computed at the point of the unde-
formed theory, i.e. ϵ = 0.

7This constant cannot be determined even in principle; the reason is that by J we mean a section of the
bundle of conserved supercurrents, and such a section is not quite unique; rather, it is determined up to
J → e f (ϵ) J, which would change c → c + ∂ϵ f .
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The rest of this section is taken up with the derivation of (3.8), as follows. We simplify
notation a little by setting Q := Q22̇, Q′

:= 1
2
√

2
Q11̇, so that Q2

= QQ′
. Now observe that

modulo Q-exact terms we have

∇ϵ(Q
2
Σ) = ∇ϵ(QQ′

Σ) = ∇ϵ(Q)Q′
Σ (3.9)

and ∇ϵ(Q) is determined by the variation of the supercurrent, given in (3.6). Continuing
to work modulo Q-exact terms, this allows us to rewrite the RHS of (3.9) as∮︂

Γ
Φ(3)

22̇ (x)Q′
Σ(0), (3.10)

where Γ denotes any 3-cycle surrounding the point x = 0 where the operator Σ was
inserted, and we have used the volume element of R4 to convert Φ(3)

22̇ from a vector field

to a 3-form (we will switch back and forth without further comment). Modulo Q′
-exact

terms this is equal to ∮︂
Γ

Q′
Φ(3)

22̇ (x)Σ(0). (3.11)

All that remains is to evaluate this integral, for which we can choose any convenient
3-cycle Γ. Let (ρ, ψ) denote polar coordinates in the plane P where the surface defect
lies, and (r, θ) denote polar coordinates in the orthogonal plane. We choose Γ to be the
boundary of the locus |r| ≤ R, |ρ| ≤ D for some R, D > 0. Thus Γ = R∪R′ where

R = {|r| = R, |ρ| ≤ D}, R′ = {|r| ≤ R, |ρ| = D}. (3.12)

In the limit R → 0, the contribution from R′ vanishes.8 Thus we can get the correct
answer by computing the integral only over R for any fixed D and then taking R → 0.

Since the only bracket {Q22̇, ·} containing Pr is {Q22̇, Q2
1} = 2e−iθ (︁Pr − i

r Pθ

)︁
, using

(2.2) and (3.7) gives

Φ(3)
r = − 1

32π
e−iθQ1

1Q1
2Q2

2Φ. (3.13)

Furthermore, the operator Q′
Φ(3)

r is a total derivative ∂µX µ, because the anticommutator

of Q′
=

Q11̇
2
√

2
with Q1

1 and Q1
2 gives translations. Thus we have∮︂

R
d3x Q′

Φ(3)
r (x)Σ(0) =

∮︂
R

d3x ∂µX µ(x)Σ(0). (3.14)

We use the decomposition ∂µX µ = ∂θX θ + ∂ψX ψ + ∂rX r + ∂ρX ρ, and consider the four
terms in turn:

• The terms involving ∂ψX ψ and ∂θX θ vanish since they are integrals of total deriva-
tives over the circle.

8Note that this integral is convergent despite the presence of the surface defect at r = 0; indeed the
worst possible singularity in the OPE between Φ(3)

22̇ and the surface defect is of order 1/r, as discussed in
subsection D.3, and this singularity is integrable.
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• The term with ∂ρX ρ reduces to the boundary integral
∮︁

S1
R×S1

D
X ρ. In the limit R → 0,

this boundary integral can be nonzero only if there is a singularity of order 1
r in the

OPE between χρ and the surface defect; in the next paragraph we show there is no
such singularity.
Since the only bracket {Q11̇, ·} containing Pρ is {Q11̇, Q1

1} = −2e−iψ(Pρ +
i
r Pψ) we

have
χρ =

1
32
√

2π
e−iψ−iθQ1

2Q2
2Φ. (3.15)

Now we consider the OPE of Q1
2Q2

2Φ with the surface defect. As is discussed in
subsection D.3, the most singular term in this expansion has the form eiθ

r Q2
2ξ, where

ξ is a superconformal primary operator on the defect obeying Q1
1Q2

2ξ = 0; it fol-
lows that Q2

2ξ = 0, so the 1
r term vanishes, as desired.

• Thus the only term that remains from (3.14) is∮︂
R

d3x ∂rX r(x)Σ(0). (3.16)

Since the only bracket {Q11̇, ·} containing Pr is {Q11̇, Q1
2} = 2eiθ (︁Pr +

i
r Pθ

)︁
, we have

X r = − i
32
√

2π
Q1

1Q2
2Φ, (3.17)

so this integral becomes∮︂
R

d3x ∂rX r(x)Σ(0) = − i
32
√

2π
Q1

1Q2
2

(︃∮︂
R

d3x ∂rΦ(x)Σ(0)
)︃

. (3.18)

To go further we replace Φ(x)Σ(0) by an OPE expansion involving operators inserted
at 0. The (∆, r) quantum numbers of Φ and Σ are (2,−2) and (1, 1) respectively. Therefore,
the most singular term in the OPE has (∆, r) = (1,−1) and is hence a chiral operator on
the defect, which we denote as µΦ(Σ):

Φ(x)Σ(0) =
4

iπ
µΦ(Σ)
|x|2 + · · · (3.19)

Note that the only singularity in this OPE occurs at x = 0, the point of the surface defect
where Σ is inserted. One might have worried that there would also be a singularity when
y lies at a general point of the surface defect. However, such a singularity does not occur,
for the following reason. Since Φ is a bulk chiral operator, its scaling dimension and
u(1)r charge satisfy ∆ = −r. In a unitary theory, the bulk-to-defect OPE of Φ contains no
singular terms, as the operators in such terms would have lower scaling dimension but
the same u(1)r charge, violating the unitarity bound ∆ ≥ |r|.

Now we are in position to calculate the integral: (3.18) becomes

− i
16π

4
iπ

(︃∮︂
R

∂r
1

|x|2

)︃
Q2µΦ(Σ) (3.20)
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and we have∮︂
R

d3x ∂r
1

r2 + ρ2 = −4π2R
∫︂ D

0
ρdρ

2R
(R2 + ρ2)2 = −4π2 D2

R2 + D2 (3.21)

which in the limit R → 0 becomes simply −4π2, independent of D as expected; substitut-
ing this in (3.20) gives the final result

Q2µΦ(Σ) (3.22)

matching (3.8) as desired.

3.5 The complex structure deformation

Our main result (3.8) expresses the phenomenon of mixing between holomorphic and
antiholomorphic tangent vectors to M2d as we move along the lift of a path in M4d.
What remains is to explain how this mixing is related to the infinitesimal deformation of
complex structure of M2d.

We first consider the properties of the tensor µΦ ∈ Ω0,1(M2d, TM2d) defined by
(3.19). We have (up to irrelevant constant factors)

⟨Ψ|µΦ(Σ)⟩ = |x|2⟨Ψ|Φ(x)Σ(0)⟩. (3.23)

In components on M2d, we could write this as

(µΦ)
b
āgbb̄ = |x|2⟨Σb̄|Φ(x)Σā(0)⟩. (3.24)

By placing x on the defect (using the fact that there is no singularity in the bulk-defect
OPE as noted above), we can regard Φ as a chiral operator of the defect theory; then
making a conformal transformation we have

(µΦ)
b
āgbb̄ = ⟨Φ(∞)Σā(1)Σb̄(0)⟩. (3.25)

This is an anti-extremal correlator on the defect, since it involves one chiral operator and
several anti-chiral operators. It is a familiar fact from tt∗ geometry [15] that these corre-
lators are covariantly antiholomorphic, and that the three-point correlator obeys an inte-
grability condition, which in this case reads9

(∇c̄µΦ)
b
ā = (∇āµΦ)

b
c̄ . (3.26)

Thus µΦ ∈ Ω0,1(M2d, TM2d) is antiholomorphic and ∂̄-closed.

9In terms of the chiral ring coefficients CK
I J in an N = (2, 2) theory, the integrability condition is usually

written ∇ICL
JK = ∇JCL

IK. Using the metric to raise the K and lower the L indices it becomes ∇ICK
JL

= ∇JCK
IL

;

complex conjugating gives ∇IC
K
JL = ∇JC

K
IL, which is the form we are using, with Φ standing in for the L

index.
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The fact that µΦ is ∂̄-closed means it defines a class

[µΦ] ∈ H1(M2d, TM2d) = Def(M2d) (3.27)

(see Appendix C for a quick review). We claim that the class [µΦ] represents the infinites-
imal deformation of M2d induced by perturbing the bulk theory with Q4Φ. Indeed, this
deformation can be computed by using the Ehresmann connection in M2d−4d to identify
the fibers with a fixed space M2d to first order in ϵ, and then looking at the ϵ dependence
of vectors in T0,1

ϵ M2d; this is what we have computed in (3.8).
The fact that µΦ is covariantly antiholomorphic constrains the representative in the

class [µΦ]: indeed it implies that µΦ can be written in the form

µΦ = g−1PΦ (3.28)

where g is the the Zamolodchikov metric on M2d and PΦ is a holomorphic quadratic
differential on M2d (or perhaps meromorphic if M2d has singularities, e.g. the punctures
in class S theories).

4 Example: U(1) gauge theory with solenoid defect

In this section we check our results in a very simple example: the free N = 2 U(1)
gauge theory with a solenoid defect. In subsection 4.1 we give definitions and fix normal-
izations. This is followed by a computation of the deformation of the defect moduli space
in subsection 4.2.

4.1 Setup

We consider the pure N = 2 theory with gauge group U(1), described by a free vector
multiplet (ϕ, Aµ, λi

α, Dij). Here, ϕ is a complex scalar, Aµ is a U(1) gauge field, λi
α are

fermions in the doublets of su(2)L and su(2)r, and Dij is an su(2)r triplet of auxiliary
fields,

Dij =

(︃√
2F iD

iD
√

2F

)︃
. (4.1)

The action is:

S4d =
1
g2

∫︂
d4x

(︃
1
4

FµνFµν − ϕ□ϕ − |F|2 − 1
2

D2 + iλi
ασ

ρ

αβ̇
∂ρλ

iβ̇
)︃
+

iϑ
32π2

∫︂
d4x˜︁FµνFµν.

(4.2)
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The supersymmetry transformations of the fields are:

Qi
α ϕ =

√
2λi

α ; Qjβ̇ ϕ =
√

2λjβ̇ (4.3)

Qi
α Aµ = +iσµαγ̇λ

iγ̇
; Qjβ̇ Aµ = iλj

γσµγβ̇ (4.4)

Qi
αλ

kγ̇
= −i

√
2ϵα̇γ̇ϵikσµ

αα̇∂µϕ ; Qjβ̇λk
γ = i

√
2ϵjkϵγασµ

αβ̇∂µϕ (4.5)

Qi
α λj

γ = δα
γDj

i − δi
j(ϵσρσϵ)γ

αFρσ ; Qjβ̇ λ
iγ̇
= −δγ̇

β̇Dj
i + (ϵσρσϵ)β̇

γ̇δj
iFρσ (4.6)

Qi
αDkl = 2iϵαβϵi(lσµβ̇β∂µλ

k)
β̇ ; Qjβ̇Dkl = 2iϵβ̇ρ̇δ(k jσ

µρ̇β∂µλl)
β (4.7)

We consider the chiral operator Φ = ϕ2, and its marginal descendant given by:

Q4ϕ2(x) =
1

8πi

(︃
−ϕ□ϕ − iλi

ασ
ρ

αβ̇
∂ρλ

iβ̇
+

1
4

FµνFµν − 1
4
˜︁FµνFµν −

1
4

DijDij
)︃

. (4.8)

Here ˜︁Fµν = 1
2 ϵµνρσFρσ, and in what follows, we write F± = F ± ˜︁F. The parameter associ-

ated to the marginal operator is the complexified gauge coupling τ = 4πi
g2 + ϑ

2π .

We insert a 1
2 -BPS defect on Rx1=x2=0 defined by the action [16]

S2d = −
∫︂

R2

d2x
(︃

4πα

g2 (F12 + D) +

(︃
η +

ϑ

2π
α

)︃
iF34

)︃
. (4.9)

This defect behaves like a solenoid: its only effect is to create an Aharonov-Bohm phase.
The first term gives the boundary condition A = α dθ to the gauge field around R2

x1=x2=0.
The gauge invariant information is captured by the holonomy e2πiα, and hence α ∼ α + 1.
The second term is the 2d theta term, and hence η ∼ η + 1.

The bulk chiral operator ϕ and anti-chiral operator ϕ are also chiral and anti-chiral,
respectively, with respect to the defect supersymmetry algebra. The second descendants
Q2ϕ = 1

2
√

2
Q1

1Q2
2ϕ and Q2

ϕ = 1
2
√

2
Q22̇Q11̇ϕ are marginal operators on the defect, explic-

itly given by

Q2ϕ =
i
2
(D + F12 − F34), (4.10)

Q2
ϕ = − i

2
(D + F12 + F34). (4.11)

The coupling constant associated to Q2ϕ is the FI parameter

z = η + τα. (4.12)

This parameter lies in the complex torus M2d = C/Λτ, where Λτ = Z ⊕ τZ. A defor-
mation of the marginal coupling τ thus induces a deformation of the complex structure
on M2d.
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4.2 Complex deformation

We consider the bulk chiral operator Φ = ϕ2 and defect chiral operator Σ = ϕ. Their
OPE is

Φ(x)Σ(0) = − g2

2π2|x|2 Σ(0) + · · · (4.13)

Comparing this with (1.7) we have

µΦ(Σ) =
g2

8πi
Σ =

1
τ − τ̄

Σ. (4.14)

Identifying Σ → ∂z̄ and Σ → ∂z, this gives µΦ ∈ Ω0,1(M2d, TM2d) as

(µΦ)
z
z̄ =

1
τ − τ̄

. (4.15)

This tensor indeed represents the deformation of M2d corresponding to Q4Φ, i.e. to ∂τ.
Indeed, changing τ to τ + δτ can be realized explicitly by changing the complex coordi-
nate on M2d from z to z′ = z + αδτ, and under this coordinate change we have

∂

∂z′
=

∂

∂z
+

δτ

τ − τ

∂

∂z
. (4.16)

Comparing this with (C.6) we see that the deformation can be represented by the tensor
µz

z̄ = 1
τ−τ̄ , which indeed matches the µΦ we computed above. This verifies that our

prescription for the deformation of M2d induced by a bulk deformation works in this
case.

A Four-dimensional superconformal algebra

The four-dimensional conformal algebra is generated by translation (Pµ), special con-
formal transformation (Kµ), rotations (Jµν) and dilatation (D). When extended to have
N = 2 supersymmetry, the algebra has eight Poincaré supercharges (Qi

α, Qjβ̇) and eight

special conformal supercharges (Si
α, Sjβ̇

). The latin indices denote the components of
su(2)r doublet, and undotted (dotted) Greek indices denote the components of su(2)L
(su(2)R) doublets. We raise and lower indices of each su(2) doublet through the two-
dimensional Levi-Civita tensor ϵij, where we use the convention ϵ21 = ϵ12 = 1. The
generators of su(2)L ⊕ su(2)R are related to Jµν through the following relations.10

Jα
β = − i

4
(σµσν)α

β Jµν; Jα̇
β̇ =

i
4
(σµσν)α̇

β̇ Jµν (A.1)

10Our conventions compare with the conventions of [17] as follows: for x ∈ {Siα̇, Kµ, Jα̇
β̇}, xhere = −xthere.

Also, Dhere = −iDthere.
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The nonzero anti–commutators of odd generators are as follows.

{Qi
α, Qjβ̇} = 2δi

j σ
µ

αβ̇
Pµ (A.2)

{Si
α, Sjβ̇} = 2δi

j σµβ̇α Kµ (A.3)

{Qi
α, Sj

β} = 4
(︃

δi
j Jα

β − δα
βRi

j +
1
2

δi
jδα

βD
)︃

(A.4)

{Qjβ̇, Siα̇} = 4
(︃

δi
j J

α̇
β̇ + δα̇

β̇Ri
j +

1
2

δi
jδ

α̇
β̇D
)︃

(A.5)

Here and throughout the paper, σµ = (σ⃗, i), σµ = (−σ⃗, i). The components of σ⃗ are
Pauli matrices.

[Jα
β, Qi

γ] = δγ
βQi

α −
1
2

δα
βQi

γ (A.6)

[Jα̇
β̇, Qjγ̇] = δα̇

γ̇Qjβ̇ −
1
2

δα̇
β̇Qjγ̇ (A.7)

[Jα
β, Si

γ] = −δα
γSi

β +
1
2

δα
βSi

γ (A.8)

[Jα̇
β̇, Siγ̇

] = −δγ̇
β̇Siα̇

+
1
2

δα̇
β̇Siγ̇

(A.9)

The nonzero commutators of supercharges with translations and special conformal trans-
formations are as follows.

[Kµ, Qi
α] = −(σµ)αα̇Siα̇

, [Kµ, Qjβ̇] = −(σµ)αβ̇ (A.10)

[Pµ, Siα̇
] = (σµ)

α̇βQi
β , [Pµ, Si

α] = (σµ)
α̇αQiα̇ (A.11)

The su(2)r algebra has ladder operators R± and Cartan generator R3. The supercharges
Q1

α, Q2α̇, S2
α and S1α̇

have R3-charge +1
2 ; while Q2

α, Q1α̇, S1
α and S2α̇

have R3-charge −1
2 .

Lastly, the scaling dimensions and u(1)r charges of all superchargess are as follows.

[D, Qi
α] = [r, Qi

α] =
1
2

Qi
α (A.12)

−[D, Qjβ̇] = [r, Qjβ̇] = −1
2

Qjβ̇ (A.13)

[D, Si
α] = [r, Si

α] = −1
2

Si
α (A.14)

−[D, Siα̇
] = [r, Siα̇

] =
1
2

Siα̇
(A.15)

B Two-dimensional superconformal algebra

Now we discuss the superconformal algebra in two dimensions with N = (2, 2) su-
persymmetry. We take the surface defect to be present at x1 = x2 = 0. The conformal
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algebra in two dimensions in terms of holomorphic operators (Ln) and anti-holomorphic
operators (Ln) for n = −1, 0, +1.

iP4 = L−1 + L−1, P3 = L−1 − L−1 (B.1)
iK4 = L1 + L1, K3 = L1 − L1 (B.2)

D = L0 + L0, J34 = L0 − L0 (B.3)

In an N = (2, 2) superconformal algebra, there are eight fermionic generators which we
notate as G±

1/2, G±
−1/2, G±

1/2 and G±
−1/2. The nonzero (anti-) commutation relations of the

operators are as follows.

[Ln, G±
r ] =

(︂n
2
− r
)︂

G±
n+r (B.4)

[Ln, G±
r ] =

(︂n
2
− r
)︂

G±
n+r (B.5)

{G+
r , G−

s } = Lr+s +
r − s

2
Jr+s (B.6)

{G+
r , G−

s } = Lr+s +
r − s

2
Jr+s (B.7)

The algebra has u(1)L ⊕ u(1)R R-symmetry with generators J0, J0.

[J0, Ga
±1/2] = aGa

±1/2, [J0, Ga
±1/2] = aGa

±1/2 (B.8)

Comparison with four-dimensional N = 2 superconformal algebra gives the following
identification of operators.

G+
−1/2 =

Q1
1

2
, G−

−1/2 =
Q1̇1

2
, G−

+1/2 =
S1

1

2
, G+

+1/2 =
S11̇

2
(B.9)

G−
−1/2 =

Q2
2

2
, G+

−1/2 =
Q2̇2

2
, G+

+1/2 =
S2

2

2
, G−

+1/2 =
S22̇

2
(B.10)

J0 = 2R3 + J12 + r, J0 = 2R3 + J12 − r (B.11)

We choose the following conventions for the vector and axial R-charges: JV = J0 − J0
and JA = J0 + J0. With this convention, the bulk chiral primary is also a chiral primary
with respect to the defect superconformal algebra.

C Deformations of complex manifolds

Here we review some basic facts about deformations of complex manifolds; see e.g.
[18] for a more complete treatment.

Let M be a manifold of real dimension 2n. A complex structure on M is a section
I ∈ End(TM) such that I2 = −1 and the Nijenhuis tensor NI vanishes. When the latter
condition is not necessarily satisfied, I is an almost complex structure on M.
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The data of an almost complex structure I is uniquely determined by the decomposi-
tion

TCM = T1,0M ⊕ T0,1M (C.1)

such that I|T1,0 M = i and I|T0,1 M = −i. Now suppose we have a family of almost complex
structures Iϵ on M, parameterized by a variable ϵ. Then we have a family of decomposi-
tions with respect to Iϵ,

TCM = T1,0
ϵ M ⊕ T0,1

ϵ M. (C.2)

For sufficiently small ϵ, the deformation Iϵ may be encoded by a map

Jϵ : T0,1
0 M → T1,0

0 M (C.3)

such that if v ∈ T0,1
0 M then v + ϵJϵv ∈ T0,1

ϵ M. In this paper, we will only be interested
in studying deformations of complex structure to first order in ϵ. To this order, the re-
quirement that the Nijenhuis tensor of Iϵ vanishes is equivalent to the requirement that
Jϵ ∈ Ω0,1

0 (M, TM) is ∂-closed.
We say that two complex structures are isomorphic if there exists a self-diffeomorphism

of M that maps one to the other. Given a one-parameter family of diffeomorphisms Fϵ, we
obtain a global vector field on M, dFϵ

dϵ ∈ Ω0(TM). Conversely, given a vector field on M,
we get an infinitesimal diffeomorphism of M. Pushing the complex structure I forward
through Fϵ gives a new complex structure Iϵ = dFϵ ◦ I(dFϵ)−1, isomorphic to the original
one, with the first-order deformation

Jϵ = ∂

(︄(︃
dFϵ

dϵ

)︃1,0
)︄

. (C.4)

Such a Jϵ is thus regarded as a trivial first-order deformation. Thus altogether the space
Def(X) of first-order deformations of a complex manifold X is isomorphic to the Dol-
beault cohomology H0,1(X, TX).

In local coordinates on X, a representative µ may be written as

µ =
n

∑
a,b=1

µb
ādza ∂

∂zb . (C.5)

Through the map (C.3) the antiholomorphic tangent vectors in the deformed complex
structure Iϵ are given as (︃

∂

∂za

)︃
ϵ

=
∂

∂za + ϵµb
ā

∂

∂zb . (C.6)

D The covariant derivative of the supercurrent

D.1 Computation

In this section we give the computation leading to (3.6). To simplify notation here we
suppress some indices, writing Jµ for the supercurrent Jµ

Iα̇.
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The idea of the computation is a bit indirect. We first consider the extension of Jµ to a
section Jµ

cc of the bundle of operators over the family of deformed theories, to first order
in ϵ, obeying ∇ϵ Jµ

cc = 0. The key point is that Jµ
cc is not an allowed supercurrent, because

it is not conserved at ϵ ̸= 0. We calculate the amount by which conservation of Jµ
cc is

violated, by writing out the inner product

∂µ⟨Ψ(∞)Jµ
cc(x)⟩ (D.1)

between ∂µ Jµ
cc and a general operator Ψ that is also extended in a covariantly constant

manner. To first order in ϵ we have

∂µ⟨Ψ(∞)Jµ
cc(x)⟩ = −ϵ∂µ

∫︂
d4y⟨Ψ(∞)Φ(4)(y)Jµ

(x)⟩ (D.2)

Formally this would seem to be zero because we can change variables to y′ = y − x in
the integral, so that the integral is x-independent. But we will argue now that it is not
actually zero once we take care of regularizations.

For this we need the OPE between Φ(4) and Jµ:

Jµ
(x)Φ(4)(0) =

1
2π2

xµ

|x|4 QΦ(4)(0) + · · · (D.3)

where · · · denotes operators of dimension different from 9
2 , and again we suppress in-

dices, writing Q for QIα̇. Inserting this OPE in our integral gives

∂µ⟨Ψ(∞)Jµ
cc(x)⟩ = 1

2π2 ϵ∂µ

∫︂
d4y

(y − x)µ

|y − x|4 ⟨Ψ(∞)QΦ(4)(x)⟩+ · · · (D.4)

The domain Rx of integration here is a big ball |y| < M, excluding a small ball around
y = x. Changing variable to y′ = y − x, the domain R′

x becomes a ball |y′ + x| < M with
a small ball around y′ = 0 deleted, and

∂µ⟨Ψ(∞)Jµ
cc(x)⟩ = 1

2π2 ϵ∂µ

[︃
⟨Ψ(∞)QΦ(4)(x)⟩

∫︂
R′

x

d4y′
y′µ

|y′|4

]︃
+ · · · (D.5)

If we specialize to the case where Ψ is an operator of dimension 9
2 , then the extra contri-

butions · · · vanish, and also we can replace x by 0 in the vev, getting

∂µ⟨Ψ(∞)Jµ
cc(x)⟩ = 1

2π2 ϵ⟨Ψ|QΦ(4)⟩ ∂µ

[︃∫︂
R′

x

d4y′
y′µ

|y′|4

]︃
(D.6)

Differentiating the integral gives −2π2 (see next section) and we get finally

∂µ Jµ
cc = −ϵQΦ(4). (D.7)

How do we interpret (D.7)? It means that Jµ
cc is not conserved, but it also shows us

how to fix the problem: if we find an operator Oµ obeying

∂µOµ = QΦ(4), (D.8)
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then we could consider a new section

Jµ
cons = Jµ

cc + ϵOµ (D.9)

and then Jµ
cons is a conserved supercurrent, obeying11

∇ϵ Jµ
cons = Oµ. (D.10)

Moreover, the condition (D.8) has a canonical solution: we can take O = Φ(3). Any other
solution must differ from Φ(3) by a conserved supercurrent, which can only be of the form
cJµ for some scalar c (since we assume the theory has exactly N = 2 supersymmetry, not
more). Thus finally

∇ϵ Jµ
cons = (Φ(3))µ + cJµ (D.11)

which is the desired (3.6).

D.2 An integral

In this section we relabel y′ → y and R′ → R, and we work in d dimensions. Fix
parameters M, ϵ and define the region

Rx = {y : |y + x| < M, |y| > ϵ}. (D.12)

Then let
Iµ(x) =

∫︂
Rx

ddy
yµ

|y|d
. (D.13)

For a fixed µ, the derivative ∂µ Iµ can be computed as follows. We shift x by (an infinites-
imal) t units in the positive µ direction. Consider the side yµ > 0 of Rx. On this side,
the size of Rx is decreased by translating the frontier y by −t in the µ direction. On the
other side we are similarly increasing the size of Rx. On each side we can approximate
the integrand by its value on the sphere.

The change in Iµ can thus be represented as an integral over the coordinates other than
µ, which span a ball Bd−1, with radial coordinate r and the usual area element dAd−1:

δIµ = 2
∫︂

Bd−1
M

√
M − r2

Md (−t)dAd−1 (D.14)

= (−tM−d)
∫︂ M

0
dr
∫︂

Sd−2
r

2
√︁

M − r2 dAd−1 (D.15)

= (−tM−d)Vol(Bd
M) (D.16)

= −t Vol(Bd) (D.17)

Thus we have with µ fixed
∂µ Iµ = −Vol(Bd) (D.18)

and summing over the index µ,

∂µ Iµ = −d Vol(Bd) = −Vol(Sd−1). (D.19)
11The derivative ∇ϵ is computed at ϵ = 0. Therefore, we do not write down ϵ∇ϵOµ in equation (D.10).
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D.3 With a surface defect

In the presence of a 1
2 -BPS surface defect S(P), in addition to the bulk supercurrent

Jµ there is also the defect supercurrent Jµ
d, defined on P, with the property that (loosely

speaking) the combined J + δ(P)Jd is conserved. One sharp way to express this conserva-
tion is to say that ∂µ Jµ

d has to cancel the delta-function divergence of the bulk supercurrent
Jµ in the normal directions, which we can measure as the flux through a small circle link-
ing the defect: the pair (J, Jd) has to obey

∂µ Jµ
d(y) = lim

r→0
r
∮︂

S1
r (y)

Jr
(x)dθ . (D.20)

Now, in parallel to the discussion of ∇ϵ Jµ in subsection D.1, we may consider the
covariant derivative ∇ϵ Jµ

d. A computation parallel to that of subsection D.1 gives no
order ϵ contribution to ∂µ Jµ

d,cc; thus to first order in ϵ we have the same equation as at
ϵ = 0,

∂µ Jµ
d,cc(y) = lim

r→0
r
∮︂

S1
r (y)

Jr
cc(x)dθ. (D.21)

Replacing Jr
cc in favor of the bulk conserved supercurrent Jr

cons this becomes

∂µ Jµ
d,cc(y) = lim

r→0
r
∮︂

S1
r (y)

(︂
Jr

cons(x)− ϵ(Φ(3))r
)︂

dθ. (D.22)

Thus, if we define Jµ
d,cons by

Jµ
d,cons = Jµ

d,cc + ϵCµ, (D.23)

where Cµ is a defect operator obeying

∂µCµ(y) = r lim
r→0

∮︂
S1

r (y)
(Φ(3))rdθ , (D.24)

then the pair (Jµ
cons, Jµ

d,cons) obeys the desired (D.20).
To determine Cµ we now examine the right side of (D.24). It is nonzero just if there

is a divergence of order 1/r in the OPE between (Φ(3))r and the surface defect S(P). For
notational convenience let us consider just the single component (Φ(3))r

22̇. Using (3.13)
and the fact that S(P) preserves Q1

1 and Q2
2, this OPE takes the form

(Φ(3))r
22̇S(P) = e−iθQ1

1Q2
2

(︂
Q1

2Φ(x)S(P)
)︂

. (D.25)

Φ(x) has ∆ = 2, r = −2, and thus Q1
2Φ(x) has ∆ = 5

2 , r = −3
2 . An operator with this

R-charge must have dimension at least 3
2 ; the most singular term in the OPE is thus of the

form
(Φ(3))r

22̇S(P) =
1
r

Q1
1Q2

2 (ξ(y)S(P)) + · · · (D.26)
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where y is the projection of x to P. The defect operator ξ saturates R-charge bounds on
both sides (in the 2-d SCFT notation it has (L0, j0) = (1

2 ,−1) and (L0, j0) = (1, 2)), and
thus it is a superconformal primary. Combining (D.26) with (D.24) we have

∂µCµ = 2πQ1
1Q2

2ξ. (D.27)

However, the fact that ξ is a superconformal primary implies Q1
1Q2

2ξ is orthogonal to all
conformal descendants; thus we conclude that Q1

1Q2
2ξ = 0. It follows that we can take

Cµ = 0, i.e. ∇ϵ Jµ
d,cons = 0.
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