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Abstract

The corner element is considered in torsion of a square cross section bar. Understanding the
corner element has a pedagogic role in mechanics of materials and elasticity and is also helpful
in providing physical insight for generalized continuum theories such as Cosserat elasticity.
Analysis of the corner element reveals the slope of the warp curve at the corner in a classical
solid and approximates the slope of the warp curve in a Cosserat solid.
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1 Introduction

Corner elements are of interest for pedagogic reasons in classical elasticity and in relation to con-
centration of stress and strain in Cosserat elasticity.

The corner of a classical elastic rectangular block subject to a uniformly distributed shear stress
on one surface and zero stress on the orthogonal surface exhibits a singular gradient of stress [1].
The singularity arises because the assumed boundary conditions are incompatible with the classical
symmetry of the stress. Gradients of stress on a corner element balance out the moment due to the
asymmetric surface stress. No matter how small the corner element, the gradient provides balance,
because it diverges near the corner. At the corner, there is a discontinuity in the stress and a
logarithmic singularity in the rotation [2]. If couple stress is allowed, as it is in Cosserat elasticity,
the stress can be asymmetric due to surface moments on the corner element. The singularity is
thereby eliminated [2].

The interior corner in an angle bar comprised of two orthogonal thin plates exhibits a singular
shear stress when the bar is subject to torsion [3]. As the radius of curvature of the reentrant corner
decreases, the stress concentration factor increases without bound. An elastic circular cylinder
bonded to a half space exhibits a singular stress [4, 5, 6] in the vicinity of the reentrant corner.
Stress concentration has been analyzed for torsion of a linear elastic solid with a dilute concentration
of voids parallel to the torsion axis [7]. Some of the voids have interior corners.

Exterior corners give rise to zero stress. In particular, the corners of a square or rectangular
cross section bar in torsion undergo zero stress and strain in connection with warp. Warp of cross
sections of bars of non-circular cross section occurs in torsion as is well known in elasticity theory.
The displacement field for torsion of a bar is as follows, with uz as the warp and θ as the twist
angle per length.

ux = −θzy, uy = θzx, uz = θf(x, y) (1)

For a bar of square cross section, the exact solution [3] [8] is, with kn = (2n+1)π
A

and A as the full
width of the bar,
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The warp at a lateral surface is given by setting y = A
2 . The corresponding strain is zero at the

corners and attains a maximum on the center lines of the lateral surfaces. The stress is also zero
at the corners. The full solution is, however, not needed to demonstrate zero stress and strain at
the corners.

It is known that in Cosserat solids, via approximate solutions [9] [10] for a square cross section
bar, the warp in torsion is reduced compared with the classical prediction. The result is that the
peak strain at the center line of the lateral surfaces is reduced, and strain (as well as stress) spills
over into the corners of the cross section where it is classically forbidden. Concentrations of stress
and strain in torsion of the Cosserat elastic bar are reduced in comparison with a classical elastic
solid. Stress concentration around holes in a plate under tension or shear is also reduced [11] in
Cosserat solids compared with classical elastic solids. It is known that materials such as bone
and foam exhibit reduced concentrations of stress and strain. This could result in an increase in
toughness. In foams, toughness increases with the size of cells [12] and the Cosserat characteristic
length increases with the size of cells [13]. However a direct demonstration of a reduced rate of
energy release in a Cosserat solid compared with a corresponding classical solid is not known.

The corner is therefore of interest in several distributions of stress and strain in generalized
continuum mechanics as well as in a pedagogic context in classical elasticity. In the present research,
warp of cross sections of a square bar at the corner are analyzed for torsion in classical elasticity
and in Cosserat elasticity.

2 Classical elastic torsion

2.1 Corner element: qualitative

There must be warp of cross sections of a square section bar in torsion because if there were not,
stress would appear at the corner. The corner differential element is shown in Figure 1. There can
be no shear stress at the corner because the lateral surfaces x = ±a, y = ±a are free surfaces with
no applied shear forces. The half width of the bar is a = A

2 . Because the bar is subject to torsion,
there must be shear stress and strain away from the corner. Therefore warp of the cross section
must occur. This qualitative argument is traditionally used for didactic purposes in mechanics of
materials courses in which the rigor of the exact solution would be onerous.
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Figure 1: Stress vanishes at the corner of a cross section of a classically elastic square cross section
bar in torsion.

2.2 Corner element: analysis

In the vicinity of the corner (x, y) = (a, a), a linear warp function, equation 3, suffices to eliminate
strain, hence stress at the corner.

uz = −θa (−x+ y) (3)

This implies, with equation 1, zero shear strain ǫyz =
1
2(

∂uy

∂uz
+ ∂uz

∂uy
). Because stress is proportional

to strain, the linear warp satisfies the surface boundary condition for stress σyz|y=a = 0. The slope
of the line corresponds to the slope of the warp curve at the corner from the exact solution as
shown in Figure 2. So, with little more effort than the qualitative argument for the existence of
warp, once can obtain the slope of the warp curve at the corner. Thus far the displacement field
represents a rotation, not torsion; it can only be representative of torsion at the corner.

With only a little more complexity, the warp function in equation 4 also achieves zero stress at
the corner, and has an appropriate shape to represent warp.

uz = θ
C1

2a2
(

x3y − xy3
)

(4)

This also obeys the equilibrium equations for elasticity

σij,i = 0. (5)

The shear stress on the surface y = a is, with C1 as a constant,

σyz|y=a = G
1

2

(

θx+ θ
C1

2a2
x3 − θ

C1

2a2
3xa2

)

. (6)

The boundary condition σyz|y=a = 0 for x = ±a is satisfied if C1 = 1. Equation 4 has the
correct slope at the corner as shown in Figure 2. The function has the appropriate sigmoid shape
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for the warp but, because it was adjusted to satisfy the boundary conditions only at the corner, its
peak value is too large compared with the classical curve and the slope at the center of the cross
section does not match the classical value.

For points along the surface center line, (x, y) = (0, a) the stress σyz, but not σxz, is identically
zero. Consider a differential element nearby, (x, y) = (δx, a). Enforcing the boundary condition
σyz|y=a = 0 gives C1 =

2
3 ; the slope of the warp curve then is correct in comparison with the exact

solution near the center line but not at the corners. To obtain the correct slope at corners and
surface center line one could incorporate a higher order term.

Figure 2: Normalized warp uz(x,y)
θa2

of a cross section of a classically elastic square bar vs. position
on the surface. Comparison of exact solution, equation 2; linear corner solution, equation 3; and
cubic corner solution equation 4.

If one admits fifth order terms, the warp becomes

uz = θ
1

16a2

(

C1(x
3y − xy3) +

C2

a2
(x5y − xy5)

)

(7)

with C1 = 5 and C2 = 33/38 after [10]. Here the coordinates are not normalized. This result,
obtained via an energy minimization procedure, predicts a torsional rigidity only 0.05% higher
than the classical exact value [3]. The predicted warp near the corner is, however, about 15% lower
than that of the exact solution. The energy method is comparatively insensitive to the corner
because stress tends to zero there.
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3 Cosserat elasticity

3.1 Corner element: qualitative

Figure 3: Stress can be asymmetric and nonzero at the corner of a cross section of a Cosserat elastic
square cross section bar in torsion.

The corner element is instructive for Cosserat elasticity as well as classical elasticity. The corner
element allows nonzero shear stress and strain because, as shown in Figure 3, asymmetry in the
stress can be balanced by a distributed moment which occurs in Cosserat solids. The moment
is driven by gradients in local rotation which in turn are coupled to the rotation associated with
displacement gradients. Detailed analysis of the Cosserat case is, however, not so simple as in the
classical case.

3.2 Governing equations

Cosserat elasticity has six isotropic elastic constants, G, λ, α, β, γ and κ. G is the shear modulus
observed in the absence of strain gradients; λ is the Lamé elastic constant of classical elasticity.
Constants α, β, γ govern sensitivity to rotation gradients; κ quantifies the coupling between the
local or micro rotation field with φ with the rotation associated with displacement gradients. The
constitutive equations for a linear isotropic Cosserat elastic solid [14] [15] are as follows.

σij = 2Gǫij + λǫkkδij + κeijk(rk − φk) (8)

mij = αφk,kδij + βφi,j + γφj,i (9)

In Cosserat elasticity the stress, σij , can be asymmetric. The moment that results from asym-
metry is balanced by a couple stress, mij . The antisymmetric part of the stress is related to local

rotations: σantisym
jk = κejkm(rm − φm) in which φm is the rotation of points, called micro-rotation,

ejkm is the permutation symbol, and rk = 1
2eklmum,l is the macro-rotation based on the antisym-

metric part of gradient of displacement ui.
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Technical constants obtained from the tensorial elastic constants are beneficial for physical
insight. They are as follows.

Y oung′s modulus E =
2G(3λ+ 2G)

2λ+ 2G
(10)

Shear modulus G (11)

Poisson′s ratio ν =
λ

2(λ+G)
(12)

Characteristic length, torsion ℓ =

√

β + γ

2G
(13)

Characteristic length, bending ℓb =

√

γ

4G
(14)

Coupling number N =

√

κ

2G+ κ
(15)

Polar ratio Ψ =
β + γ

α+ β + γ
. (16)

Physically, the couple stress arises from twisting or bending of micro-structural elements within
the material. For foams and rib lattices, the origin of such moments is readily visualized. The
characteristic lengths ℓt and ℓb represent length scales at which couple stress is strongly manifested.
If a specimen or a heterogeneity in a specimen is on the order of the characteristic lengths, less
than a factor of 10 or 20 larger, deviations from classical elasticity are observed. The coupling
number N quantifies the degree of coupling between macro and micro rotation fields. The polar
ratio Ψ provides a ratio of rotation sensitivity in different directions analogous to Poisson’s ratio
in classical elasticity.

Equilibrium equations [15] for force and moment in the Cosserat solid are, respectively,

σij,i = 0 (17a)

mij,i + ejklσkl = 0. (17b)

For many purposes it is expedient to use field equations obtained from the constitutive equations
8, 9 and the equilibrium equations 17.

The following three of the six field equations are satisfied [10] for the assumed torsional defor-
mation equations 1.

(2G+ λ)ux,xx + (G+
κ

2
) (ux,yy + ux,zz) + (G+ λ−

κ

2
) (uy,xy + uz,xz) + κ (φz,y − φy,z) = 0 (18a)

(G−
κ

2
+ λ) (ux,xy + uz,yz) + (G+

κ

2
) (uy,xx + uy,zz) + (2G+ λ)uy,yy + κ (φx,z − φz,x) = 0 (18b)

(G−
κ

2
+ λ) (ux,xz + uy,yz) + (G+

κ

2
) (uz,xx + uz,yy) + (2G+ λ)uz,zz + κ (φy,x − φx,y) = 0 (18c)

For the torsional displacements, the remaining three field equations become

(G+
κ

2
) (uz,xx + uz,yy) + κ (φy,x − φx,y) = 0 (19)

(α+ β + γ)φx,xx + (α+ β)φy,xy + γφx,yy + κ (uz,y − θx− 2φx) = 0 (20)

(α+ β + γ)φy,yy + (α+ β)φx,xy + γφy,xx − κ (uz,x + θy + 2φy) = 0. (21)
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3.3 Corner element analysis

Analysis of warp of a Cosserat solid at the corner is as follows.
If the warp is a linear function of x and y following the classical example, equation 3, the macro-

rotation rx = (−C1a − x) is a linear function. If we have φx = rx, which is possible because the
allowable limit κ → ∞ requires the rotations to be equal, then the boundary condition on stress is
satisfied. But via equation 9, the couple stress for the x direction is

mxx = (α+ β + γ)φx,x + α(φy,y + φz,z). (22)

A linear function for φx gives a constant mxx but at the boundary, one must have mxx = 0
because it is a free surface. To satisfy the boundary condition, the constant must be zero so there
is no couple stress mxx that could balance an asymmetric stress σyz. There is not enough freedom
in an assumed micro-rotation φx linear in x. More freedom is provided via more terms in φ.

As was done in the classical case, assume the warp to have a sigmoid cubic form

uz = θ
C1

2a2
(

x3y − xy3
)

, (23)

in which C1 is to be determined; it has a value of 1 in the classical case. The macro-rotations are

rx =
θ

2
(
C1

2a2
(x3 − 3xy2)− x), ry =

θ

2
(−

C1

2a2
(3x2y − y3)− y), rz = θz (24)

The micro-rotation is assumed, following [10], to have the form

φx(x, y)

θ
= f1x+ f2x

3 + f3xy
2 + f4x

5 + f5x
3y2 + f6xy

4 (25)

φy(x, y)

θ
= f1y + f2y

3 + f3x
2y + f4y

5 + f5x
2y3 + f6x

4y (26)

φz(x, y)

θ
= z (27)

The field equations 19, 20, 21 cannot be satisfied by individual polynomial terms. They may be
satisfied exactly by an infinite series or approximately by a finite series of such terms. For Cosserat
elasticity only approximate solutions [9] [10] are available for the square cross section bar. Because
the focus here is upon the corner element, it is assumed that x = a and y = a. At the corner,
equations 20, 21 become equivalent.

However, if for simplicity only terms f1, f2, f3 are retained then the boundary condition on
couple stress mxy,

mxy = [βφx,y + γφy,x] |a = 0 (28)

cannot be satisfied because terms f1 and f2 do not contribute so f3 is forced to zero because φx

cannot be zero unless κ = 0. Therefore more terms are needed. Including f4 has no effect on
equation 28. Including f5 allows one to satisfy equation 28 provided the f5 and f3 terms cancel in
equation 25.

There must also be sufficient freedom to satisfy the boundary condition on mxx,

mxx = [(α+ β + γ)φx,x + α(φy,y + φz,z)] |a = 0 (29)

so f6 is included.
If κ → ∞ (N → 1) then φ → r. If the warp is of the form in equation 23, then the micro-

rotation φ can have the same functional dependence as the macro-rotation r from the displacement
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gradient only if f1, f2, f3 are nonzero. To obtain the same functional dependence, make the following
assumption, for all N . There is sufficient freedom remaining to do this.

f1 =
2

3
a2f3, f2 = −

1

3
f3 (30)

The boundary condition on mxy, Equation 28, implies

f6 = −
1

2
f5 −

1

2

1

a2
f3 (31)

The boundary condition on mxx, Equation 29, gives, at the corner,

[(2α+ β + γ)(f1 + 3f2a
2 + f3a

2 + 5f4a
4 + 3f5a

4 + f5a
4) + α] |a = 0 (32)

This is considerably simplified if one assumes α = 0, equivalently, Ψ = 1. In prior analyses, Ψ
has little effect, and none at all if N = 1 as is the case for some materials studied in experiments.

The field equation 19 is satisfied at the corner.
Let f4 = 0 because it is not needed. The field equation 20 then gives

θ[(α+ β + γ)(6f2a+ 6f5a
3) + (α+ β)(2f3a+ 6f5a

3 + 4f6a
3)

+γ(2f3a+ 2f5a
3 + 12f6a

3)] = −κ(rx − φx)
(33)

At the corner, field equation 21 is equivalent to equation 20.
Incorporating the definitions of the characteristic lengths, equations 13 and 14, the interrelation

equations 31 30 and with the assumption Ψ = 1,

f3

(

−l2t
16

15
− 8l2b

)

= −κ(rx − φx). (34)

The boundary condition on shear stress σyz|a = 0 gives

Gθa(1− C1) = −κ(rx − φx). (35)

The simplified field equation 21 is combined with the boundary condition, equation 35 on shear
stress. Incorporate rx|a = (C1 − 1)aθ. Setting the boundary condition equation equal to the field
equation gives C1. Summing these equations gives f3. From the result, C1 in warp equation 23 is
found to be, for Ψ = 1,

C1 = 1− f3

(

−l2t
16

15
− 8l2b

)

. (36)

in which

f3 =
−2

1
2

(

1+N2

N2

)

(

16
15 l

2
t + 8l2b

)

+ 23
30a

2
. (37)

The present corner solution, similarly to the approximate solutions of [9], [10], predicts warp to
be reduced is a Cosserat solid compared with a classical solid. The warp is reduced progressively
more as ℓt becomes larger and as N becomes larger. The curves in Figure 4 from the present
solution are shown in the vicinity of the corner for ℓt/a = 0,0.1,0.2 and for ℓb = 0.5ℓt, ℓb = 0.707ℓt.
It is assumed that N = 1 and that Ψ = 1. An increase in ℓb further reduces the warp in the vicinity
of the corner. In plots of warp for various elastic constants, the range chosen is within the limits for
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stability. In classical elasticity the shear modulus and bulk modulus must be positive. In Cosserat
solids, the range for stability corresponds to ℓb > 0; κ > 0 implies N > 0; with the definition of N
and considering the limit of large κ, 0 < N < 1. Because −γ < β < γ, the characteristic length in
bending follows ℓb >

1
2ℓt.

Figure 4: Normalized warp uz(x,y)
θa2

near a corner of a cross section of a square bar, classical (ℓt/a
= 0) and Cosserat.
Warp from present corner analysis, ℓt/a = 0,0.1,0.2; ℓb = 0.5ℓt, ℓb = 0.707ℓt; N = 1; Ψ = 1.

In view of the complexities encountered even at the corner, it is natural to consider making
simplifying assumptions at the outset. For example, rj = φj corresponds to the couple stress [16]
theory, and the limit N = 1 in Cosserat elasticity. From equation 24 for rj , the terms in equation 25
for φx must include only f1, f2, f3 but then the boundary condition equation 28 cannot be satisfied
because terms f1 and f2 do not contribute so f3 is forced to zero. Consequently φx = 0 and it
cannot equal rx as assumed. Therefore the warp, hence rx, must have more terms than originally
assumed. So the shape of the assumed warp curve does not suffice to satisfy the boundary condition
even if one can adjust the magnitude and slope via C1. The Cosserat solid is unlike the classical
solid in this respect.

4 Discussion

Warp in the torsion of square cross section is reduced in a Cosserat solid in comparison with
a classical solid. This implies that the concentration of stress is reduced in a Cosserat solid,
potentially giving rise to a greater toughness.

Cosserat effects become substantial when the size scale of the specimen is not too much greater
than the characteristic length. There is a length scale associated with the corner as well; in a real
material, the corner cannot be perfectly sharp. There is the limitation associated with the spacing
between atoms, and possibly associated with larger heterogeneity in the material.
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Warp is also of interest as an experimental modality for the study of Cosserat solids. Cosserat
elastic constants have been obtained experimentally in bone [17], foams [13, 18] and lattices [19]
using the predicted size effects in the torsional [20] and bending [21] rigidity of round rods. The
method is painstaking in that it requires repeated measurements on specimens of progressively
smaller diameter. The Cosserat characteristic length was also found experimentally in a two-
dimensional polymer honeycomb [22]. Study of corner deformation [23] or strain distributions [24]
or warp [25] in the torsion of a square bar allows inferences to be made from measurements on a
single specimen.

Generalized continuum properties of heterogeneous materials may be obtained by homogeniza-
tion analysis as well as experiment. Cosserat elastic constants have been obtained for rib lattices
[26, 27] and for composites [28]; homogenization was also done in the context of second gradient
generalized continuum theory [29].

Exact analytical solutions for interpretation of experiments are available for circular cylinders
of Cosserat solids, but for square cross section bars, only approximate solutions are available. The
approximate solutions are complicated for the full set of Cosserat constants. To compare their
accuracy, observe that the Cosserat solution must reduce to the classical solution for ℓt = 0 or
for N = 0. The warp predicted by energy minimization [10] at the center is 5% greater than the
classical value but near the corner it is about 15% lower than that of the exact classical value. The
present corner solution reduces to the exact classical warp for ℓt = 0 or for N = 0. The approximate
solution [9] also reduces to classical elasticity for ℓt = 0 or for N = 0. These are likely to be more
accurate for small values of ℓt; the energy minimization approach is superior for large ℓt.

The slope of the warp from the corner solution is similar to the slope for the full approximate
solution for small ℓt/a. For larger ℓt/a, the corner solution predicts a greater reduction in warp than
does the full solution. In the corner solution, the warp actually reverses if ℓt/a = 0.5 but remains
positive in the full solution. Therefore the corner solution is limited in its range of applicability.

Higher order terms are needed for the Cosserat solid to satisfy field and boundary conditions even
if it is only at the corner. Recall that the field equations cannot be satisfied over the cross section
by individual polynomial terms. Higher order terms entail nonlocal response, hence sensitivity to
deformation far from the corner. That is why the solution for the corner is reasonable only if ℓt
is not too large. As for uniqueness of solution, the proofs of uniqueness apply to exact solutions,
not approximate solutions. Therefore it is not surprising that there is choice of how to satisfy the
conditions at the corner.

5 Conclusions

The corner of a square bar in torsion has zero stress and strain in a classical solid but nonzero stress
and strain in a Cosserat solid. This is easy to demonstrate in classical elasticity; moreover the slope
of the warp curve near the corner is obtained quantitatively using a simple cubic approximation to
the warp. In Cosserat elasticity an approximate solution is obtained for the slope the warp curve
at the corner. Warp is reduced in a Cosserat solid compared with a classical solid. The solution
reduces properly to classical elasticity for zero characteristic length ℓt but predicts too much warp
reduction for large ℓt. The energy based solution is superior for that case.

The author gratefully acknowledges support of this research by the U.S. National Science Founda-
tion via Grant No. CMMI -1906890
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