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Out-of-time-ordered correlators (OTOCs)
have been extensively studied in recent years
as a diagnostic of quantum information scram-
bling. In this paper, we study quantum
information-theoretic aspects of the regular-
ized finite-temperature OTOC. We introduce
analytical results for the bipartite regularized
OTOC (BROTOC): the regularized OTOC av-
eraged over random unitaries supported over
a bipartition. We show that the BROTOC has
several interesting properties, for example,
it quantifies the purity of the associated
thermofield double state and the “operator
purity” of the analytically continued time-
evolution operator. At infinite-temperature,
it reduces to one minus the operator entan-
glement of the time-evolution operator. In
the zero-temperature limit and for nonde-
generate Hamiltonians, the BROTOC probes
the groundstate entanglement. By computing
long-time averages, we show that the equili-
bration value of the BROTOC is intimately
related to eigenstate entanglement. Finally,
we numerically study the equilibration value
of the BROTOC for various physically rele-
vant Hamiltonian models and comment on its
ability to distinguish integrable and chaotic
dynamics.

1 Introduction

The thermalization of closed quantum systems has
been a long standing puzzle in theoretical physics [1-
4]. Recently, the notion of “information scrambling”
as the underlying mechanism for thermalization has
gained prominence. The idea is that complex quan-
tum systems quickly disseminate localized informa-
tion through the (nonlocal) degrees of freedom, mak-
ing it inaccessible to any local probes to the system.
The information is not lost, since the global evolu-
tion is still unitary, rather, it is encoded in nonlocal
correlations across the system. A quantification of
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this dynamical phenomena has initated a rich discus-
sion surrounding operator growth [5-11], eigenstate
thermalization hypothesis (ETH) [12], quantum chaos
[13, 14], among others; see also Refs. [15, 16] for
a recent review. One of the central objects in this
quantification are the so-called out-of-time-ordered
correlators (OTOCs). The OTOC is usually defined
as a four point function with unusual time-ordering
17, 18],

Fs(t) := Tr |WVIW,Vpg |, (1)

where W, := UJ WUy is the Heisenberg-evolved oper-
ator and pg = exp [-BH] /Z(B) is the Gibbs state at
inverse temperature 8 with Z(8) := Tr[exp [-8H]].
An intimately related quantity to the above OTOC is
the following norm of the commutator,

Os(t) == %Tr [[Wt,V]T [Wt,V]pB}

— 2w v vl 2. @
2

Here we have used the Hilbert-Schmidt norm |-||,,
which originates from the (Hilbert-Schmidt) inner
product (A4, B) := Tr [ATB]. The two quantities are
related via the simple formula,

Cs(t) = 1 — ReFjy(t). (3)

Therefore, the growth of the norm of the commutator
is associated to the decay of the OTOCs.

The idea behind using the norm of the commutator
to quantify scrambling is the following: let V and W
be two local operators that initially commute (for ex-
ample, consider local operators on two different sites
of a quantum spin-chain). Under Heisenberg time-
evolution, the support of W; grows and after a tran-
sient period, it will start noncommuting with the op-
erator V and one can utilize the commutator Cg(t)
to quantify this growth. Intuitively, if the Hamilto-
nian of this system is local, then Leib-Robinson type
bounds can provide an estimate for the time it takes
for the growth of this commutator [19-21].

Understanding quantitatively, the scrambling of
quantum information has lead to a plethora of the-
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oretical insights [5-13, 22, 23|. This was swiftly fol-
lowed by several state-of-the-art experimental investi-
gations [24-33]. Furthermore, several works have now
elucidated quantum information theoretic aspects un-
derlying the OTOC, for example, by connecting it
to Loschmidt Echo [34], operator entanglement and
entropy production [35, 36], quantum coherence [37],
entropic uncertainty relations [38], among others.

In Refs. [34, 35], the authors defined a “bipar-
tite OTOC,” obtained by averaging the infinite-
temperature OTOC uniformly over local random uni-
taries supported on a bipartition. In Ref. [35], this
bipartite OTOC was shown to have the following op-
erational interpretations: (i) it is exactly the operator
entanglement [39, 40] of the dynamical unitary Uy, (ii)
it connects in a simple way to the entangling power
[41] of the dynamical unitary Uy, (iii) it is exactly
equal to the average linear entropy production power
of the reduced dynamics, among others. Furthermore,
several of these connections were generalized to the
case of open-system dynamics in Ref. [36], where, in
particular, a competition between information scram-
bling and environmental decoherence was uncovered
[42].

Unfortunately, as we move away from the infinite-
temperature assumption, the connections unveiled in
Ref. [35] do not carry over their operational aspects
anymore. For example, a straightforward genera-
tion to the finite temperature case, say, by using the
OTOC as defined in Eq. (1) fails to retain the operator
entanglement or entropy production connection. Not
all is lost, however, as it is the regularized OTOC [13]
that naturally lends itself to these operational connec-
tions. Elucidating this connection is the key technical
contribution of this work. For ease of readability, the
proofs of key Propositions appear in the Appendix.

2 Preliminaries

The OTOC introduced in Eq. (1) will hereafter be
referred to as the unregularized OTOC. In contrast,
the regularized (or symmetric) OTOC is defined as
[13],

Fér) (t) :=Tr {WtTyVTthyVy} with y* = pg.  (4)
Equivalently,

FO(t) = % Tr [W,Jxvf thxVx} . (5)

with & = exp [-8H/4]. We also define the associated
disconnected correlator [13],

FSO () i= T [ oaW /W] Te [ VoVt yaav] -
(6)

In Ref. [13], a bound on the growth of the correlator

Féd) (t) — Flgr) (t) was obtained under certain assump-
tions as

Slos(F00-FP0) <5 @

We also refer the reader to Ref. [12] the same
bound was derived for systems satisfying ETH, along
with some extra assumptions. In this work we fo-
cus on the quantity Fﬁ(d)(t) — Fér)(t) arising from
this bound and connect it to operational, quantum
information-theoretic quantities. Notice that, for
a time-independent Hamiltonian, the disconnected
correlator Fﬁ(d) (t) is time independent (by using
the commutation of [y? U;] and the cyclicity of
trace). Therefore, we can define, Fg = Fg(t) =
Tr [y2WTy2W] Tr [yQVTyQV].

Following Ref. [35], we will consider the following
setup: let Hap = Ha @ Hp = C% @ C?5 be a bipar-
tition of the Hilbert space. Define as U(H o(p)), the
unitary group over H 4(p). We want to understand the
qualitative and quantitative features of the OTOC for
a generic choice of local operators V' and W. There-
fore, we average over unitary operators supported on
the bipartition A|B. We define the bipartite averaged,
unregularized OTOC (hereafter, bipartite unregular-
ized OTOC) as [35]

Gp(t) == Ev, wy [Cs(D)], (8)

where, Vy = V Ig,Wp = I, ® W, with V €
UHa), W eU(Hp),and Ey,py [o] := fHaar dV dW [e]
denotes Haar-averaging over the standard uniform
measure over U(H 4(py) [43]. In Ref. [35] it was shown
that one can analytically perform the Haar averages
to obtain the following expression,

1
Ga(t) = 1— S ReTx ((pﬁ ®Lag) UJ®ZSAA,U§28AA/) ,
(9)

where Sq4/ is the operator that swaps the A < A’
spaces in Ha ® Hp @ Ha ® Hpr. This equation rep-
resents the finite temperature version of the unregu-
larized bipartite OTOC. For 8 = 0, this is the oper-
ator entanglement of the time evolution operator U,
as will be discussed shortly. However, for 5 # 0, it
does not have a clear quantum information-theoretic
correspondence.

Ref. [35] studied Gs(t) in extensive detail at § =
0. Here, we will contrast the dynamical behavior of
the bipartite unregularized OTOC with that of the
regularized case, which we are now ready to introduce.
Performing bipartite averages in a similar way for the
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regularized case, we have,

Na(t) =G4 = GP), (10)
with G(ﬁd) = EVA7WB [Fﬂ(d):| ) (11)
and G(BT) (t) == Ev,,wy {Fér) (t)} . (12)

In the next section, we will discuss information-
theoretic aspects of these quantities. We also refer
the reader to Refs. [11, 44-48] for a discussion of var-
ious information scrambling/operator growth aspects
of the regularized versus unregularized OTOCs.

Operator Schmidt decomposition.— We take a small
detour to remind the reader a few key facts about
operator entanglement before delving into out main
results. Given a pure quantum state in a bipartite
Hilbert space, [¢) € H = Ha ® Hp, there exists a
Schmidt decomposition of this state [49],

) = V/Ajlia) @ lis). (13)
Jj=1

Here, {);}; are nonnegative coefficients with
r = min(da,dp) the Schmidt rank and
{|jA>}?i1,{|jB> ?21 bases for the subsystems
A, B, respectively. The Schmidt coefficients can be
used to compute various entanglement measures for
the bipartite state [¢) [50]. The key idea behind
Schmidt decomposition is to use the singular value
decomposition for the matrix of coefficients obtained
from expressing the state |¢)) with respect to local
orthonormal bases. In fact, one can generalize
this idea to the operator space. Namely, consider
bipartite operators, i.e., elements of L(Hs ® Hp),
then we can define an operator Schmidt decom-
position [39, 51, 52|. Formally, given a bipartite
operator X € L(Ha ® Hp), there exist orthogonal
bases {Uj}?zl and {Wj}?zil for L(Ha),L(HB),
respectively, such that (U;,Ux) = dad;x and
(W;, W) = dgdj. Moreover,

X =Y VNU; @W;. (14)
j=1

The coefficients {\;}, are nonnegative and are
called the operator Schmidt coefficients and 7 =
min{d?,d%} is the operator Schmidt rank. In fact,
the operator entanglement of a unitary introduced in
Ref. [39] is exactly the linear entropy of the prob-
ability vector p = (A1, Ao, -+, \z) arising from the
operator Schmidt coefficients. A key result obtained
in Ref. [39] was that the operator entanglement of a
unitary operator can be equivalently expressed as,

1
Eyp (U)21—ETI“[SAA/U®2SAA/UT®2] . (15)

In a similar spirit, we define the operator purity of a
linear operator as the purity of the probability vector

p obtained following the operator Schmidt decompo-
sition. Namely,

1
Pop(X) := W Tr [SAA'X®QSAA’XT®2} . (16)
2

where we have explicitly introduced the normaliza-
tion || X Hg for arbitrary operators (it is equal to d? for
unitaries which recovers the previous formula above).

Lastly, we remind the reader that, for unitary dynam-
ics, information scrambling is usually quantified via
the OTOCs, the operator entanglement of the time-
evolution operator Uy, and the quantum mutual infor-
mation [23]. Our work, in particular, focuses exten-
sively on the interplay between OTOCs and operator
entanglement.

3  Main results

3.1 Operator entanglement

Our first result is to bring Ng(t) into an exact
analytical form. We introduce some notation first.
Let Py (p) = ||Px||§ be the squared 2-norm of the
operator p, with p, = Try[p], x = {4,B}, and ¥
the complement of x. If p is a quantum state then
Py (p) is the purity across the A|B partition.

Proposition 1. The reqularized bipartite OTOC at
finite temperature is

Ny(t) = ZPa(v/73)Ps(y75) (1)

1 ®2
" iz, Tr [SAAIUM (Saar)|

where, Ugy = Vg o Uy with V(X)) :=
exp[—fH/4] X exp [-SH/4] the imaginary time-
evolution, Uy(X) := U] XU, the real time-evolution,
and Uy = exp[—iHt] the wusual time-evolution
operator.

Let us note a few simple things about this result:
(i) at infinite temperature (8 = 0), this reduces to
the operator entanglement of the time evolution op-
erator [35] Gg=o(t). The equilibration value of this
quantity was used to distinguish various integrable
and chaotic models, see Refs. [35, 53] for more de-
tails. (i) In quantum information theory [49], the
most general description of the dynamics of a quan-
tum system is given by a completely positive (CP)
and trace-nonincreasing map, also called a quantum
operation. Furthermore, if the evolution is not only
trace non-increasing, rather, trace-preserving (TP),
then such dynamical maps are called quantum chan-
nels. In the Appendix, we show that U3, is a quan-

tum operation. Moreover, the second term, GE;) (t)
is real and proportional to the operator purity of
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Up(t) := exp [—(B8 — it)H/4], the analytically contin-
ued time-evolution operator, with Z(3/2)%/ (dZ(3))
as the proportionality factor. (iii) The following sim-
ple upper bound holds for the BROTOC: Ng(t) =
G5 - G (1) < GFY < 2(8/2)"/ (dZ(8)?). (iv) For
a non-entangling Hamiltonian, we have, Ng =0 Vp.
Namely, if H = H4 + Hp, then a simple calculation

reveals that, ng) = Zd(g(;;z = Gg) and therefore,

Nj(t) is identically vanishing at all 8. Of course, the
fact that at § = 0, Ng = 0 also follows from the
connection to operator entanglement [35].

We emphasize that, although several previous works
have focussed on understanding the growth of local
OTOCs in terms of Lieb-Robinson bounds [54-59],
this analysis does not apply to our bipartite OTOCs
(regularized or unregularized). The key distinction
here is that, our averaging is over observables sup-
ported on a bipartition A|B of the entire system (and
not some subset of the total Hilbert space). As a re-
sult, even if one of the subsystems is local its comple-
ment is (highly) nonlocal. As a result, Lieb-Robinson
type bounds are not necessarily useful in understand-
ing the growth of this quantity.

3.2 BROTOC, thermofield double, and the

spectral form factor

In this section, we focus on the quantum operation
Ug ¢, the operator purity of which is quantified by the
connected BROTOC. We will show that the map U3 ¢
contains information about both spectral and eigen-
state signatures of quantum chaos [3, 60-62]. In par-
ticular, we will establish its relation to the spectral
form factor (SFF) [63] and the thermofield double
state (TDS) [64]. Recently, several works have elu-
cidated the ability of the TDS to probe scrambling
and quantum chaos [22, 65-67]. In its simplest form,
the TDS corresponds to a “canonical” purification of
the Gibbs state pg = exp[-SH]|/Z(B). Given the
connections to scrambling and chaos, the ability to ex-
perimentally prepare TDS allows us to directly probe
these properties; see for e.g., Refs. [68-72] for a dis-
cussion about how to prepare such states on a quan-
tum computer.

d
More formally, let |T') := Z |7)17) be the unnormal-

1zed maximally entangled Vector in H®2, then, the
TDS is defined as,

[¥(B)) == (Vps ®I) IT). (18)

By construction, [¢(3)) € H®? and tracing out ei-
ther subsystem gives us back the original Gibbs state.
For simplicity, consider a nondegenerate Hamiltonian

d
with a spectral decomposition H = ) E;|j)(j|, then,
j=1

by considering the |I') matrix expressed with respect

to the Hamiltonian eigenbasis, we have,

U

[ (8)

[(=BE;/2] )5 (19)

Written in this form, it is easy to see that partial trac-
ing either subsystem of [)(83)) generates the Gibbs
state pg. In Ref. [66], the survival probability (or
Loschmidt Echo) of the time-evolving TDS was re-
lated to the analytically continued partition function

[13, 22, 65]. Namely, let the time-evolved TDS be
defined as [64, 66],
[¥(8,1)) = (U &) |¢( )
ﬁZe p[—(B8/2+it)E;][5)]7),
(20)
then its survival probability is
Z(B+it)?
e ol = ZEIl

This is clearly related to the two-point, analytically
continued SFF, which is defined as [22, 73],

Ra(B,0) == (123 + i) 22

(8.0= 2@+, (@2

where (- -+ )\ denotes an ensemble average, usually

over a random matrix ensemble of Hamiltonians [61].

We will now show that an analogous, though, not
identical, result holds for the quantum operation U ;.
Namely, we will consider the fidelity between the
Choi-Jamiolkowski (CJ) matrix [74] corresponding to
Us,: and Ug o and show that it is related to the two-
point SFF. Recall that the Choi-Jamiolkowski iso-
morphism is an isomorphism between linear maps
E: L(H) — L(K) to matrices pe € L(H) ® L(K)
[74]. Let |¢pT) = %U)\j) be the normalized maxi-
mally entangled state in H®2, then,

pe =ERL (|67 ) (o). (23)

A linear map £ is CP <= pg > 0. Now, a simple
calculation shows that the CJ matrix corresponding
to the quantum operation Ug ; is,

Z(B/2)
d

[¥(B/2,0))($(B/2, ). (24)

PUs s =

To quantify how close two pure quantum states are,
we can compute the fidelity [49] between them. Re-
call that the fidelity between two pure quantum states

[Y), |¢) is given as,

F(l), o)) = [(]o)°, (25)

with F(|y),|¢)) =1 <= [|¢p) = |¢). Since the Choi
matrix py, , is proportional to a pure-state projector,
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the fidelity between the matrices py, , and py, , can
be defined as,

Fpug.,s puso)
( (6/2) ) F ([4(8/2,1)), [4(5/2,0)))

()

RQ ﬁ/27t)
2

V(B/2,6)|(8/2,0)) [
(26)

where R4 is the two-point SFF before ensemble av-
eraging [73], analogous to the result obtained in Ref.
[66].

The above result connecting the quantum operation
Upg + to the two-point SFF makes one wonder if a direct
relation between the SFF and the regularized OTOC
can be obtained, since the U3 ; originates in the choice
of the regularization for the thermal OTOC [13]. We
will now show that the regularized OTOC, averaged
over global random unitaries is related to the four-
point SFF. Notice that, unlike the bipartite averaging
that we will focus on throughout this paper, this relies
on global averages over the unitary group. The ne-
cessity of performing global averages to connect with
SFF subtly hints at the nonlocality (in both space
and time) of the SFF, see Refs. [22, 73] for a detailed
discussion. Let

FM PO () 1= Tr [y Ay ByCy D) (27)

with y = p;/ 4, then we have the following result.

Proposition 2. The regularized four-point OTOC
averaged globally over Haar-random  unitaries

is related to the four-point spectral form fac-
tor as, Ea, B, a,eu) {FL-(;AI’BI’AZ’BZ)(Q]
(H)(ﬂ/4 t)/(d3Z(ﬂ)), where By = AjBiAl
and  R{V(B,1) = (Z5()Z5(1)*)°  with
Z3(t) = Trlexp[(—B+it)H]|, the analytically
continued partition function.

Moreover, notice that this formula can be easily gen-
eralized to the case of different regularizations of the
OTOC, for example, if we have 2-point functions with
/Pp inserted between them, then we can get the
R2(8/2,t). In the most general case, if we have, 2k-
point thermally regulated OTOCs (which will have
,01/ 2k inserted between them), then, this will connect
with Rax(8/2k, ).

Purity of the thermofield double.— We are now ready
to focus again on the local properties that are quan-
tified by the BROTOC. Let us consider a bipartition
of the original Hilbert space, H = Ha ® Hp. Then
the Choi matrix corresponding to the CP map Ug
is a four-partite state, since py,, € L(Ha ® Hp) ®

L(Ha @ Hp'), where the primed Hilbert spaces rep-
resent a replica of the original Hilbert space. We can
then compute the 2-norm squared of the reduced Choi
matrix pz‘f‘,;; = Trpp [Pug,t] (or the purity if the ma-
trix was normalized; it is already positive semidefi-
nite). Then, a key lemma from Ref. [39] shows that

12
Hpﬁﬁt , = d%’l'ir {SAA,ugf (SAAr)] Therefore, the

(connected component of the) regularized OTOC,

650 = 535 it

(28)

That is, it is proportional to the 2-norm squared of
the reduced Choi matrix for the quantum operation

Up .

Now, let 'PAA'(W)ABA'B’) =
ITrpp [|¢><T/J|ABA’B/]||2 be the purity of the
thermofield double across the AA’|BB’ partition.
Then, using the fact that the Choi matrix of Us; is
proportional to the time-evolved thermofield double

state [1:(8/2, 1)) ((B/2,1)], we have,

Z(p/2)?
dZ(p)

Finally, notice that Page scrambling of a quantum
state [23, 75, 76] is defined as all subsystems con-
taining less than half the degrees of freedom being
nearly maximally mixed. Since the purity is minimal
for maximally mixed states, the closer the value of

Gg) (t) to the lower bound ii%%Q();)’
mation scrambling we have in the system’s dynamics.
That is, the connected component of the BROTOC
quantifies the degree of Page scrambling in the time-
evolving TDS. Furthermore, the connection to the pu-
rity of the thermofield double immediately allows us
to infer the following bounds (which also follow from

the connection to operator purity above),

Z(8/2)° _ ) Z(B/2)
arz) = V= azE

where we have used the fact that the purity of a quan-
tum state in H a4/ is bounded between - and 1.
A

¢ () = Paar (0(B/2.0)) apars). (29)

the more infor-

(30)

Non-Hermitian evolution.— The connected BRO-

TOC has the form

G0 =z (San UST San)), (D)

1
dZ(p)
which quantifies the autocorrelation function be-
tween the observable S4a- and its evolved version
L{g? (Saas). Now, recall that a non-Hermitian Hamil-
tonian is usually defined to be of the form, H =
Hy — i', where Hy,I' are Hermitian operators and
we have separated the Hermitian and non-Hermitian
parts explicitly. Assume that we are in the simple sce-
nario where the Hermitian and anti-Hermitian parts
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commute, namely, [Ho,I'] = 0. Therefore, the time-
evolution of an observable X under such dynamics
is given as X; = e TtetHot Xe~iHote=Tt  For the con-
nected BROTOC, if we identify I' = SH/(4t) at t > 0,
then we can think of U as a simple non-Hermitian
evolution (and the commutation assumption above is
trivially satisfied). In this case, the BROTOC quan-
tifies the scrambling power of non-Hermitian dynam-
ics. This identification opens up the possibility of
utilizing tools from the theory of dissipative quan-
tum chaos [77-83] such as complex spacing ratios[83],
to analyze directly the spectral correlations encoded
in the non-Hermitian dynamics U3 as a means of
distinguishing integrable and chaotic dynamics. Fur-
thermore, the ability to distinguish quantum chaos
from decoherence is a fascinating question with a long
history [60, 84]. Rewriting the quantum operation
U, = Vg olU,; as a composition of a quantum opera-
tion Vg (which signifies decoherence) and the unitary
dynamics U; may allow for disentangling the decoher-
ence effects from the unitary scrambling.

3.3 Zero-temperature limit

As we discussed above, the infinite-temperature limit
of Ng(t) is the operator entanglement of the uni-
tary U; and enjoys several information-theoretic con-
nections [35]. What about the other limit, namely,
B — oo? Here, we show that in the zero-temperature
limit, the regularized OTOC probes the operator
purity of the ground state projector, depending on
the degeneracy of the ground state manifold. Let
II, be the groundstate projector, then, recall that,
Blim ps — Io/go, where go is the groundstate degen-
o0

eracy. That is, at zero temperature, the Gibbs state
is proportional to the projector onto the groundstate
manifold. Moreover, since Il is a projector, we have,
I12 = TI,. Therefore, the disconnected correlator sim-
plifies to,

1
AW):?ﬂMWmﬂﬂ%WmW]@%
0
Similarly, for the regularized part we have,

F(T)

B—o00

1
@:%ﬂﬁmeWmmmﬂ-(w

Now, let H = > E,II; be the spectral decomposition

J
of the Hamiltonian, then, the projectors {II;}; are
orthonormal (but not necessarily rank-1). Plugging

in Uy = ) exp [—iE;t] 11, we get,
J

. 1
ﬂ’@:;ﬁmememﬂ.wg
0

Now, if the groundstate is nondegenerate, then, we
have, Iy = |t)gs) (1gs|, Where [thgs) is the ground state

wavefunction and gy = 1. Then, a simple calculation
shows that, for this case,

FSY = (g5 V [10gs) [P (05| W) > = FS” - (35)

and therefore, their difference vanishes. In fact, no-
tice that, the four-point correlator has now reduced
to a product of 1-point correlators. In summary, at
zero temperature, for nondegenerate Hamiltonians,
the correlator F ﬁ(d) - F ér) (t) vanishes, and so does
the regularized bipartite OTOC Ng_,o0(2).

We now perform the bipartite averaging for the
zero-temperature case, without the assumption of
nondegeneracy.  The following result establishes
that if the ground state is degenerate, then, both
the disconnected and connected components of the
regularized bipartite OTOC probe the entanglement
in the ground state projector. Moreover, for the
nondegenerate case, both terms are proportional to
the square of the purity of the ground state and can
be utilized to detect quantum phase transitions [85].
The ability of groundstate OTOCs to detect quantum
phase transitions was explored in Ref. [86]. Estab-
lishing a possible connection to finite-temperature
phase transitions is an interesting question for future
investigations.

Proposition 3. The disconnected and connected
components of the bipartite averaged OTOC at zero
temperature are,

d 1
G(B—)mo = T%PA(HO)PB(HO)> and
- 1
G(ﬂloo = @ Tr [SAA/HS@2SAA/H(?2] . (36)
0

Note that both quantities becomes time-independent
and the convergence to the groundstate is exponen-
tial in [, given the Gibbs weights. Finally, we
note that for a pure quantum state IT = [¢)(¢)|, we
have, Tr [SAA/H®2SAA/H®2} S ||pAH3, where pyq =
Trp [|¥)(¥]] [39]. That is, the operator purity term
reduces to the state purity squared. Therefore, the
connected (and disconnected) BROTOC at zero tem-
perature, for a nondegenerate Hamiltonian probes its
groundstate purity.

3.4 Long-time limit and eigenstate entangle-
ment

The equilibration value of correlation functions has
long been studied as a probe to thermalization and
chaos [3, 4]. Although, for finite-dimensional quan-
tum systems, correlation functions typically do not
converge to a limit for ¢ — co. Instead, after a tran-
sient initial period, they oscillate around some equilib-
rium value [87-90], which can be extracted via long-
time averaging (also known as infinite-time averag-
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ing), defined as, A(t) := hrn ffA )dr. In Refs.

[35, 37, 91-93], the equihbratlon Value of the OTOC
(or the averaged OTOC) was used to distinguish inte-
grable versus chaotic quantum systems. Here, we dis-
cuss how the long-time average of the BROTOC can
also reveal the degree of integrability for Hamiltonian
quantum systems, and discuss the S-dependence.

A key assumption on the energy spectrum that we
will use in this section is the so-called no-resonance
condition (NRC) or nondegenerate energy gaps con-
dition [87, 94]. Simply put, both the energy levels and
the energy gaps between these levels is nondegenerate.
More formally, consider the spectral decomposition of
the Hamiltonian, H = ijl Ej|l¢;){(¢;]. Then, H
obeys NRCif B+ Fr, =FE,+ FE,, < l=n,k=
morl=m,k=mn Vjk,I,m. The NRC condition is
satisfied by generic quantum systems and in particu-
lar; chaotic quantum systems satisfy such a condition
either exactly or to a close approximation. Let us de-
note by pi 1= Trx[|o;)(#5]], x = {A, B} the reduced
density matrix corresponding to the j-th Hamiltonian
eigenstate. Moreover, we introduce a Gram matrix
corresponding to the inner product between the re-

duced states, R%) = (pj, px) with x = {A, B} and

(-,+) the Hilbert-Schmidt inner product. Then, we
have the following result.
Proposition 4.
1 d
G(gr)(t) = 4209 Z exp [—B(E; + Ex)/2]
k=1
2
(1R + | RE] = a5 [RA[)] - 37)

This result generalizes to finite-temperature the
Proposition 4 obtained in [35] and therefore at § = 0,
reduces to the form described there. We can rescale

X . X -
the reduced states as o} := exp [~8E;/4] p}, which

generates a rescaled Gram matrix R(X) <O‘ 0% >

exp (=B (E; + Ex) /4 (p}, py)-
rewrite the time-average as,

21 2
w4 )
(H 2 217D 2]

(38)

Therefore, we can

N
0=z 2

x€{A,B}

with [RY ] = [RY]j10)1-

Similarly, for the disconnected correlator, we have,

vaal 2 Imes [vas) )

1 ex E;/2] p
_ ZM'

—d Z(5)

1
Gy = < || Tea |

d 2
exp [—BEL/2] 4
; zZ5)

d
> pe(B/2)pit
k=1

j=1

d

2
2

2 (39)

2

where p;(3) := exp [-SE;] /Z(B) is the Gibbs proba-
bility associated to the energy level j at inverse tem-
perature .

Mazimally-entangled models.— Proposition 4 allows
us to connect the equilibration value of the regular-
ized OTOC with the entanglement in the Hamilto-
nian eigenstates. As a concrete example, we eval-
uate this equilibration value for a symmetric bipar-
tition, that is, d4 = dg = V/d and a Hamiltonian
whose eigenstates are maximally entangled, that is,
{|¢x)}{_, are maximally entangled across the A|B
partition. We term this Hamiltonian a “maximally
entangled Hamiltonian” for brevity. For such a Hamil-
tonian, we have, pii = ]I/ Vd = pP Vk: and therefore,

Ry = Trpiipl] = ;T [Iq] = 5 = Ry kL
Then, we have,
670 s = 35 (g ~1) - (0

Notice that this equilibration value is close to
the lower bound (for a symmetric bipartition):

2(8/2)?/d22(8) < GY(t)

Similarly, for the disconnected correlator, one can
show that,

iME = dzg(ggig (41)

Putting everything together, we have, the equilibra-
tion value of the BROTOC for a maximally-entangled
Hamiltonian is,

]WME:(;Q(ZS(/BQ))_:[) . (42)

Notice that at 8 = 0, Z(8) = Tr[I] = d = Z(5/2).

Therefore, the above evaluates to Ns—o(t) [yg =

(1- *) = Gl\N/[IéC for 5 = 0 as in Ref. [35], which

shows that the equilibration value is nearly maximal,
which for a symmetric bipartition is equal to 1 —1/d.
For quantum chaotic systems, random matrix theory
predicts that the spectral and eigenstate properties of
the Hamiltonian resemble those of the Gaussian ran-
dom matrix ensembles (depending on the universality
class) [61, 62], which typically have nearly maximally
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entangled eigenstates. Therefore, one can expect the
equilibration value to be close to Eq. (42).

We outline here a qualitative argument to understand

the decrease of G(ﬁr)(t) with 8 as will become evi-
dent in the section on Numerical Simulations. In fact,
this monotonicity is an entropic effect due to the fact
that, by increasing [, less and less states contribute
to the sum in Proposition 4, the general formula for
all Hamiltonians that satify NRC. We now make a
quantitative argument: let p(8/2) be a probability
vector whose components are p; = % Then,
Ip(B/2)|1*> = Z(B)Z(B/2)~? and we can reexpress the
BROTOC as,
— s 2),C 2
d|[p(5/2)]|

where Cij = |R£|2 + |R5|2 - 613|R£|2

The denominator of Eq. (43) is proportional to the
purity of p(3/2) and it is therefore monotonically in-
creasing with 3 (d~! at f = 0, and 1 at 8 = 00.)
On the other hand, the numerator of Eq. (43) can
change from O(d?) at = 0 to O(1) for local mod-
els (O(d3?) for non-local ones). This change is always
dominated by the purity increase in the denomina-
tor. For example in the maximally entangled case
(da = dp = V/d)) one has C;; = d~'(2 — &;;) and
therefore one can rewrite Eq. (40) as

o) _2—|p(8/2)|?
G (Ohe = sy
1 1+ Sin(B/2)

=Bl Smp) W

where Siin(3) := 1 — ||p(B)||? is the linear entropy of
p(B). This function is clearly monotonically decreas-
ing with 8 and shows, once again, that the increase of
of the time-averaged connected OTOC with temper-
ature is an entropic effect.

Nearly maximally-entangled models.—  We will
now show that, if the Hamiltonian eigenstates are
highly entangled then it implies a bound on the
equilibration value that is close to the maximally
entangled case. Recall that a quantum state is
called “Page scrambled” [23, 75, 76] if any arbitrary
subsystem that consists of up to half of the state’s
degrees of freedom are nearly maximally mixed. In
the following proposition, we assume Page scrambling
of all Hamiltonian eigenstates across a symmetric
bipartition dy = dp = Vv/d and show that the
equilibration value is close to that of highly entangled
models. Let P(|tpap)) denote the purity of the
reduced state of |¢h4p) across the bipartition A|B
and Puin = min{é, ﬁ} be the minimum purity of
a quantum state across the A|B bipartition. Recall
that a pure state | 4p) is maximally entangled across
A|B <= P(|aB)) = Pmin. Then, the deviations

from the maximally entangled value are bounded as
follows.

Proposition 5. For a symmetric bipartition of the
Hilbert space, dga = dg = Vd if P(|Yas)) —
Pumin < € holds for all eigenstates, then for systems
satisfying NRC, the equilibration value is bounded
away from the maximally entangled case as follows,

T r z 2 €
G(0) Iwe — GF (1) Innc| < 224 (L5 +3¢2).

Unregularized vs reqularized OTOC.— We highlight a
key difference between the bipartite regularized ver-
sus unregularized OTOCs. As we will note, for nearly
maximally entangled models, the Gg(t) is nearly

B-independent, while the Gg)(t) shows a clear (-
dependence as we have seen above. The proof relies
on using an operator Schmidt decomposition for the
unitary Uy, see the Appendix for more details. We
obtain that,

1

Gﬁ(U):l_FB(U):l_Ea (45)

and is independent of 5. Contrast this, with the
equilibration value for nearly maximally entangled
Hamiltonians Eq. (42), as computed above. Let
us consider Hamiltonians from the Gaussian Uni-
tary Ensemble (GUE) as an example. The eigen-
states of these are known to have near maximal en-

tanglement and therefore, we can approximate the
N o~ L (2620 1)

s) ~ &= (T —1) -
the partition function after ensemble averaging can

be expressed as [46, 62|, (Z(8))qug = %, where

I,(B) is the modified Bessel function of the first kind.
Therefore, the ensemble averaged equilibration value

of Ng(t) for the GUE is ’

Moreover, for large-d,

AL, (B)? 1]2.

<W>GUE = {511(2@ S d (46)

Notice that, I;(28)/8 = Zoﬁ%. Therefore,

we can extract from this, both the low- and high-
temperature estimates. In Fig. 1 we plot the Bessel
function form along with the numerical estimate of the
long-time average of the connected BROTOC for the
GUE, obtained by averaging (numerically generated)
GUE Hamiltonians for d = 100.

NRC-product states (NRC-PS).— We introduce a
Hamiltonian model that has a generic spectrum,
namely, one that satisfies NRC but with all eigen-
states as product states (for example, the compu-
tational basis states), that we call “NRC-PS”. The

TWe have implicitly assumed here that the ensemble averag-
ing and the large-d limits commute, see [22, 95] for a discussion.
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Figure 1: A log-log plot of the equilibration value (long-

time average) of the 5(5”(15) for the GUE Hamiltonian at
d = 100 for 107*° < § < 1073 comparing the numerical

estimate to the Bessel function form above.

Hamiltonian can be expressed as,

da,dp
Hyreps == Y Ejrley™) (@0} @ o) (07,
G k=1

(47)

where the spectrum {E; ;. }; 5 satisfies NRC*; for ex-
ample, consider the spectrum of a Hamiltonian from
a Gaussian Unitary Ensemble (GUE). The reason to
introduce such a model is twofold: first, it allows us
to disentangle the spectral and eigenstate contribu-

tions to the equilibration value G(BT) (t) since, it has
the spectrum of a “chaotic” model and the eigenstate
properties of a “free” model. Second, as we show
now, this model is analytically tractable. The key
reason for this is that the NRC-PS model has an ex-
tensive number of conserved quantities, d = 2¥ of
them in fact. A local operator of the form, A; =
|¢f><¢f| ® I commutes with the Hamiltonian above,
[H,Aj] =0 Vje{l,2,---,da}. Similarly, operators
of the form, By, = I ® |¢P)(¢Z| also commute with
the Hamiltonian, [H,Bx] = 0 Vk € {1,2,--- ,dg}.
Therefore, the Hamiltonian has d = d 4dg number of
local conserved quantities. In this sense, this is an
integrable model, notice however, that its spectrum is
intentionally chosen to satisfy NRC.

The presence of conserved quantities enable an exact
calculation for the equilibration value of the BRO-
TOC in this model. A detailed proof of this can be
found in the Appendix.

1 (III)“‘(B/Q)2 +1p%(B/2)I1° 1)
d Ip(5/2)1?

Gg) (t)INrc-Ps =
(48)

“Note that any Hamiltonian that satisfies NRC cannot be
noninteracting, i.e., cannot be of the form H = H4 QlIp+14 ®
Hp since such a Hamiltonian would, by construction, violate
NRC. As an example, consider product eigenstates of the form,
{|¢§.A)> ® |X](€B))}j7k then it is easy to find pairs of eigenstates
for which the energy gaps are equal [94]. However, the converse
is not true, namely, there exist interacting Hamiltonians, i.e., of
the form H # H 4 ®Ip+14® Hp that have product eigenstates.

where the probability vector p(f8) is as in the
above and p?/P(j) are its marginals e.g., pf(ﬁ) =

d ds  _BE.
> ko1 Pik(B) = ﬁ donoie BEijk,
this  Equation finds
Gg:)o(t”NRC—PS = 1/dy + 1/dp — 1/d > 1/d

at infinite temperature and, G(rz)oo(t)|NRc,ps =1/d
at zero temperature. For a symmetric biparti-
tion dya = dp = +/d, the former simplifies to
2/vV/d —1/d = O(1/v/d). And, as we will see in
the next section, the numerical data obtained from
finite-size scaling in Tables 1 and Al is consistent

: i (M) (1) ~ 2
with this as G5’ (t) ~ T

From one immediately

4 Numerical simulations

In this section we study numerically various dynami-
cal features of the BROTOC. In particular, we vary
the degree of integrability of Hamiltonian systems
and quantify it’s effect on the equilibration value
Gg) (t). At § = 0, this is equal to one minus the
operator entanglement of the dynamical unitary,
whose equilibration value was used to distinguish
various integrable and chaotic models in Ref. [35],
see also Refs. [53, 91, 92, 96] for distinguishing
integrable and chaotic models via time-averages of
the OTOC or operator entanglement. We also refer
the reader to Ref. [97], where bounds on decay
of OTOCs in time were obtained using the scaling
of the time-averaged OTOC. Here, we perform
more extensive numerical studies, consider more
generally the [-dependence of this quantity, and
focus on the following Hamiltonian models of interest:

1. Integrable model: The transverse-field

Ising model (TFIM) with the Hamiltonian,
L—1 L L

Hrpmg = — Zl ofoi 1 —g Zlaf—h Zlaj, as a
paradigmatif: quantum Spirjl—chain mcidel. Here,
the of,a € {z,y,z} are the Pauli matrices.
For the TFIM, g, h denotes the strength of the
transverse field and the local field, respectively.
The TFIM Hamiltonian is integrable for either
h = 0 or ¢ = 0 and nonintegrable when both
g, h are nonzero. We consider as the integrable
point, g = 1, h = 0 and the nonintegrable point
g = —1.05,h = 0.5. At the integrable point, this
model can be mapped onto free fermions via the
Jordan-Wigner transformation and is “highly
integrable” in this sense. At the nonintegrable
point, the model is quantum chaotic, in the sense
of random matrix spectral statistics [98, 99] and
volume-law entanglement of eigenstates [100].

2. Localized models: We study Anderson and
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many-body localization (MBL) with the Hamil-

L1 L
tonian, HyprL = — ) 005, — ) gjof —
i=1 j=1

J

L
h )’ 0%, where we draw from the uniform
i=1

distribution, each g; € [—n,7]. In the absence of
the longitudinal field, i.e., h = 0, and for nonzero
disorder, this (disordered) free fermion model
is Anderson localized. In the presence of the
longitudinal field, the fermions are interacting
and at sufficiently strong disoder, the model is
many-body localized (MBL). As is well-known,
MBL escapes thermalization by emergent inte-
grability [3, 101]. We refer the reader to Ref.
[102] for a discussion of the long-time values of
the unregularized OTOC in localized phases. In
our numerical simulations, we focus on n = 10
for the disorder strength and h = 0.1 for the
MBL case. We average each instance of the
disordered model over |[200/L| independent
realizations. In each case, the error bars are too
small to plot alongside the data points.

3. NRC-product states (NRC-PS): As introduced
before this model allows us to separate the spec-
tral and eigenstate contributions to the BRO-
TOC’s equilibration value. We choose a “chaotic”
spectrum (in the sense that it corresponds to a
GUE Hamiltonian and hence is an instance of a
model that obeys Wigner-Dyson statistics), while
having the eigenstates of a noninteracting model,
that is, simple product states. To study the
NRC-PS model numerically, we generate a ran-
dom matrix from the Gaussian Unitary Ensemble
(GUE) and use its spectrum, while keeping prod-
uct eigenstates. We average this numerically over
[200/L| independent realizations. This yields
numerical results consistent with the analytical
expression obtained from Eq. (48).

4. Random matrices: As a benchmark for a “maxi-
mally chaotic” model, we consider Hamiltonians
drawn from the GUE. For Hamiltonian systems,
the seminal works of Berry and Tabor [103]
and that of Bohigas, Giannoni, and Schmit
[104] establishes that Poisson level-statistics
is a characteristic feature of integrable, while
for thermalizing systems, Wigner-Dyson statis-
tics are the norm [2, 101]. Furthermore, the
eigenstates of GUE are nearly maximally entan-
gled and will provide an analytically tractable
example of a highly chaotic model. For our
numerical simulations, we generate random
matrices and average over |200/L] independent
realizations. The error bars are too small to
plot alongside the data points in this case as
well. The “ME” in the plots corresponds to a
maximally entangled model for which we use the

analytical expressions from Eq. (40). For this
we generate the spectrum from the GUE and
average over |200/L| independent realizations.

Throughout this section, to evaluate the time-

averages Gg)(t) numerically, we use two different
methods. First, for the Anderson and TFIM in-
tegrable model, since it does not satisfy NRC (the
Hamiltonian has symmetries), we perform exact time
evolution. We do this for a time interval of t €
[10,10%] with a 10° time steps in between. This is
fixed for all the system sizes L and inverse temper-
atures . All models except these two satisfy NRC

(also verified numerically) and so we compute G’(BT) (t)
using the analytical expression in Proposition 4. To
do this, we perform exact diagonalization of the full
Hamiltonian for this and compute the reduced states.
At large (3, it is easy to show that one only needs the
ground state along with a few excited states to esti-
mate the time-average in Proposition 4. Therefore,
for L = 13,14 and 8 = 1, we only extract the lowest
20 Hamiltonian eigenstates.

The first numerical result focusses on L = 6 qubits

and we study the variation of Gg)(t) as a function of
B. In Fig. 2, we notice the following universal features

of G(ﬁr) (t) as a function of B: the equilibration value
is very slowly decaying as [ varies from zero to O(1).
Around 8 = O(1), the equilibration value quickly de-
cays to the asymptotic value. Using, Proposition 3,
we note that the asymptotic value f — oo is pro-
portional to the operator purity for the ground state
projector. With these universal features at hand, we

systematically study the equilibration value G(BT) (t)
for three representative choices of 8: = 0,8 =1
and  — oco. We numerically study their scaling as
a function of the system size for a symmetric biparti-
tion of the lattice, | L/2] : [L/2]. For the case where
L is not even, the numerical results are very simi-
lar for either choice of bipartition, |L/2| : [L/2] or
[L/2] : |L/2], and therefore, we choose the former
throughout. We also label as “logplot” a plot with
logarithmic scale on the y-axis and “loglogplot” those
with logarithmic scale on both z- and y-axes.

The results for 8 = 0 are discussed in Fig. 3. We no-
tice that the scaling w.r.t. the system size is effectively
divided into two classes: the quantum chaotic mod-
els, namely, the nonintegrable TFIM and the GUE.
And, the second class is all the others, namely, the
free fermions, the Anderson and MBL, and the NRC-
PS. These two classes are primarily distinguished
by their eigenstate entanglement, namely, the scal-
ing of the entanglement across the entire spectrum.
This, perhaps, comes as no surprise since the infinite-
temperature OTOC by construction probes the en-
tanglement across all eigenstates.
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At 6 =1, from Fig. 4, we notice that the MBL and
quantum chaotic models have merged, while having a
distinct scaling from the other integrable models and
the GUE. Recall that at § = 0, Theorem 6 of Ref.
[35] establishes a hierarchy between the equilibration
values of various estimates for the equlibration value.
However, for the regularized OTOC, this result does
not necessarily hold away from the 5 = 0 case since
now we have extra H-dependent terms in the NRC
estimate; see Proposition 3.

And finally, the scaling for § = oo can be understood
using Proposition 3. For the nondegenerate Hamil-
tonians, this simply probes the ground state entan-
glement. We notice that all curves coalesce into two
groups, one for the integrable/localized models and
the second for the GUE and ME models, respectively.
While these models vary in their degree of integrabil-
ity, their ground states (apart from the GUE/ME) all
follow an area law [100] and hence obey a different
decay rate with L from the GUE. Note that the GUE
ground state is a Haar random state and therefore,

should scale as Ggloo(t) ~ =, which is consistent

with the finite-size scaling results.

H Model ‘ B=0 ‘ B=1 ‘ B =00 H
TFIM integrable | 0.507672 | 0.687979 | 1.01858
NRC-PS 0.495827 0.7218 1.00
Anderson 0.557617 | 0.655576 1.00
MBL 0.491745 | 0.883465 | 1.00075
TFIM chaotic 1.00781 | 0.884371 | 0.999999
GUE 0.999992 | 1.76251 2.00016

Table 1: The decay rate -y for various Hamiltonian mod-
els at 8 = 0,1, 00, with respect to the Ansatz G};) (t) =
ad™ 7. The prefactor a is monuniversal, the details of
which can be found in the Appendix.

Finite-size scaling.— To quantitatively understand
the numerical results, we perform finite-size scaling
analysis for each choice of 3. Let us start with the
infinite-temperature case (8 = 0). We consider an
Ansatz of the form,

() =ad +GY(1)_,

(49)

5 Conclusions

In this work we introduce the bipartite regularized
OTOC that allows us to obtain a wealth of analyti-
cal and numerical results to aid our understanding of
regularized OTOCs for local quantum systems. The
infinite-temperature OTOC has several operational
interpretations in terms of operator entanglement, en-
tropy production, and others. Proposition 1 estab-

where d is the Hilbert space dimension and Gg) (t)
is the asymptotic value, i.e., as d — oo. From sev-
eral analytical and numerical results, we know that

G(ﬁr) (t)_ = 0. That is, the BROTOC decays for all
models, free, integrable, or chaotic. Therefore, we re-
duce the Ansatz to

G (t) = ad ™. (50)

As a result, we have, logZ(Gg) (t)) = logy(a)+(—v) L
where 2 = d. The numerical results naturally man-
ifest this Ansatz as is evident from the nearly lin-
ear figures. Therefore, performing a linear fit to the

log, (G(ﬁr) (t)) versus L plots yields the decay rates cor-
responding to various models. We focus on the last
5 data points to obtain the fit parameters, see the
Appendix for more details.

The finite-size scaling results are summarized in Ta-
ble 1. The decay rates are universal at § = 0 with
v = 0.5 for the integrable models and v ~ 1 for the
chaotic models. Around 8 = O(1), this universality
begins to breakdown and at large 3, the equilibration

value Gg) (t) only differentiates local models from the
nonlocal GUE model.

From the analytical results about NRC-PS and GUE,
we know that at 8 = 0, the ynrc.ps = %’YGUE.
And, from the finite-size scaling results, we obtain,
ANRC-PS/YeUE & 0.495831. At  — oo, using Propo-
sition 3, for both NRC-PS and GUE, the equilibra-
tion value is determined by the ground state purity.
Therefore, for NRC-PS, it scales as é and for GUE
it scales as % since GUE ground states are Haar-
random states, their purity is near minimum, with
O(%) corrections, which is also consistent with the
finite-size scaling results. Therefore, the ratio of the
rates in this case is also % And finally, from the nu-
merical values listed in Table 1, we see that the ratio

is%%atﬂzlaswell.

lished the connected component of the BROTOC as
probing the operator purity of a quantum operation.
We then showed that the quantum operation Ug; is
intimately related to the two-point spectral form fac-
tor and globally averaged regularized OTOCs are con-
nected to the four-point spectral form factor, respec-
tively. Moreover, the connected BROTOC probes the
purity of the associated thermofield double state.
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Figure 2: A log-log plot of the equilibration value (long-time average) of the é(ﬁr) (t) for various Hamiltonian models
at L = 6 as a function of the inverse temperature 8 across a symmetric bipartition L/2 : L/2. We use exact time
evolution for the integrable TFIM and Anderson since they do not satisfy NRC. For Anderson, MBL, and GUE, we
perform exact diagonalization of the full Hamiltonian and use the analytical expression in Proposition 4. For NRC-PS
and ME (maximally entangled model), we use the analytical expressions in Eq. (40) and Eq. (48).
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Figure 3: A logplot of the equilibration value (long-time average) of the ég)(t) for various Hamiltonian models as
a function of the system size L at 8 = 0 across a symmetric bipartition |L/2] : [L/2]. We use exact time evolution
for the integrable TFIM and Anderson since they do not satisfy NRC. For Anderson, MBL, and GUE, we perform
exact diagonalization of the full Hamiltonian and use the analytical expression in Proposition 4. For NRC-PS and ME

(maximally entangled model), we use the analytical expressions in Eq. (40) and Eq. (48).

Moving away from the infinite-temperature assump-
tion, we investigate the zero-temperature case, where,
in Proposition 3, we showed that, in this limit, both
the disconnected and connected components of the
BROTOC probe the groundstate entanglement for
nondegenerate Hamiltonians. This allows us to think
of them as probes to quantum phase transitions in the
system.

In Propositions 4 and 5, we study the equilibration
value of the BROTOC and how it connects to eigen-
state entanglement. In fact, we show that if there
is sufficient entanglement in all eigenstates across
the spectrum, then the equilibration value must be
nearly maximal. We also obtain analytical closed-
form expressions for the equilibration value of nearly
maximally-entangled Hamiltonians and contrast the

[-dependence in the unregularized versus the regu-
larized case.

Finally, we perform numerical simulations on various
integrable and chaotic Hamiltonian models to study
the equilibration value of the connected component
of the BROTOC. Using a mix of finite-size scaling
and analytical estimates, we contrast the decay
rates of the BROTOC for various models. While at
B = 0, the decay rate is universal and distinguishes
integrable, chaotic, and random matrix evolutions; as
we reach 8 = O(1), this universality begins to break
down. And, in fact, at § — oo, the equilibration
value only distinguishes local models from the GUE,
and is therefore no longer a reliable signature of
chaotic-vs-integrable dynamics. An interesting future
work would be to contrast various choices of regular-
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Figure 4: A logplot of the equilibration value (long-time average) of the ég)(t) for various Hamiltonian models as
a function of the system size L at 8 = 1 across a symmetric bipartition |L/2] : [L/2]. We use exact time evolution
for the integrable TFIM and Anderson since they do not satisfy NRC. For Anderson, MBL, and GUE, we perform
exact diagonalization of the full Hamiltonian and use the analytical expression in Proposition 4. For NRC-PS and ME
(maximally entangled model), we use the analytical expressions in Eq. (40) and Eq. (48).
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Figure 5: A logplot of the equilibration value (long-time average) of the ég)(t) for various Hamiltonian models as a
function of the system size L at 8 = oo across a symmetric bipartition |L/2] : [L/2]. The various data points have
coalesced into two curves, first consisting of all the integrable models, whose ground state follow area-law entanglement.
And second, for the GUE and ME (maximally entangled model), whose ground states follow volume-law entanglement.
Using Proposition 3, we simply compute the ground state projector for various models to compute this numerically.
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Appendices

Proof of Proposition 1

Proposition 1. The regularized bipartite OTOC at finite temperature is

1
Ns(t) = 2PalVps)Pr(/ps) (17)
1
— @ Tr SAA/Z/{E?? (SAA/)} s
where, U, = Vg o Uy with Vg(X) := exp|—SH/4] X exp[-BH/4] the imaginary time-evolution, Uy(X) :=
U:XUt the real time-evolution, and Uy = exp [—iHt] the usual time-evolution operator.

Consider a bipartite Hilbert space, Hap = Ha @ Hp. Let V. e U(HA), W € U(Hp) and Eyey ) [f(U)] denote
the Haar average of f(U) over U(#H). Then, using the lemma [43],

S
Eveua [UeU'] ==, (A1)
where S is the swap operator on H ® H' with H' representing a replica of the original Hilbert space H. Given an
orthonormal basis of H, B = {|j) d, (and a replica of the basis for H’), the swap operator can be represented

as S = Z |7) (k| ® |k){(j]. Now, if we consider Haar averages over a subsystem instead, then the lemma above
J,k=1
is modified as,

Saar Sea
A4 and EWEU(HB)WT [029] W = ﬂ (AQ)

E VigVv =
VeuHa) V' @ N n

First, we compute the disconnected BROTOC,

G5 = Bveuainweumm 5" (A3)
=Eveuotn.weuts) T (Vo5 @ vos) (W e W) S Tr [(yos © vos) (VI @ V) §] (A4)
:%Tr [S(\/@)‘X’?SBB/} Tr {S(\/[TB)®2SAA,} :éT [(\/7) SAA/} Tr {(\/p—ﬁ)@ﬁSBB,}’ (A5)

where in the second line, we have used the lemma, Tr [(A ® B)S] = Tr [AB] and in the third line we have used
S = SAA’SBB/, 82 = ]I, S,%\A’ = ]IAA/, and SQBB/ = HBB/-

We can formally perform partial traces above, for example,
Tr [(yP3 ® \/P5) Saar] = Traa [Trep [(Vog ® 5)] Saa’] = Traa [oa @ oaSan] =Tr[o%],  (A6)

where 04 = Trp [,/ps]| above for brevity. Let Py (p) := prHg be the squared 2-norm of the operator p, with
px = Trg[p] and x = {4, B} with chi the complement of y. Then,

Gal®) = ZPa(v/73)Po(y/75). (A7)
Similarly, for the connected BROTOC we have,
G5 () = Eveutaweuma Fy () (A8)
=Eveumna) weums) Ir [S (W: ® Wt) ey (VIeV)ye y)} (A9)
_ é T [Saay 2028 40 U2y (A10)
dzl(ﬁ) Tr [SAA’uﬁt (SAA’)] (A11)

where Uy = Vg o Uy with Vg(X) := exp[—8H/4] X exp [-BH/4] the imaginary time-evolution, U (X) :=
UtT XU, the real time-evolution, and U; = exp [—iH{t] the usual time-evolution operator. This completes the
proof.
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Proof of Proposition 4

Proposition 4.

1
dZ(p)

(|R *+ [RAL = 6 | R |)} (37)

d
G(t) = > exp[-B(E; + Er)/2)
7,k=1

Recall that NRC implies nondegeneracy of the spectrum, therefore, using the spectral decomposition of a

d
Hamiltonian, H = ) E;II; with IT; = |¢;)(¢;], we have,
j=1

d
UTF(A) = Y exp|-B/4(E; + Ex + Ei + Ep) — it (B; + By — E; — Ep)] (I, @ ) A(IL, @ TL,y,) . (A12)
7,k,lm

Using the NRC assumption, we have the following, exp [—it (E; + Ey, — E; — Em)]t = 0,10km+0mOki —0;5£0k101m -
Therefore,

[ d
GO0 = d%(m 2; exp[~3/2 (E; + E)] Tr [(I, © 1) San (I, @ 1) San] (A13)
d
+ Zexp [—6/2(E; + E)| Tr [(II; ® 1) Spr (I; @ 1) Spp/] (A14)
7,k
- Z exp [—BEJ*] Tr [H?QSAA/H;@QSAA/] . (A15)

Now, for pure states II;, II;, one can show that Tr[(II; ® II) Saa’ (IL; @ ;) Saa/] = |Tr [(I1; @ IIj) SAA,]|2.

We now define the R-matrix introduced in Ref. [35] while computing the infinite-temperature variant of this

A(B) .

Proposition. Let p; = Tra(p) [I1;] be the reduced state, then, formally performing the partial trace we have,

TrAA/BB’ [Hk (24 HISAA’] = TI’AA/ [TrBB’ [Hk & Hl] SAA/} = TI‘AA/ {p;? X pfllSAA/} ="Tr [p?pfl] = Rﬁl (A16)

Therefore, the time-average can be simplified as,

- 2
Wty = Zexp —B/2(E; + Ey)] (\R * +|RE|” = 6, |R2& ) . (A17)
Now we introduce a more compact notation for the equilibration value. Let R;‘k =
exp [—f (Ej + Ex) /4] (p}, py), then,
—_ 1 _ N2 1~ 2
T 5, (131
s 0 dZ(83) Z ( 2 217 P llz2)” (AL8)
x€{A,B}
with [Eg‘)] [R(X ]jk0;k; where we have used the fact that Ry, = Rpy, that is, the the reduced states pZ* and

pf are isospectral (up to irrelevant zeros).

Proof of Proposition 5
Proposition 5. For a symmetric bipartition of the Hilbert space, dy = dp = vV/'d if P(|baB)) — Pmin < € holds
for all eigenstates, then for systems satisfying NRC, the equilibration value is bounded away from the mazimally

entangled case as follows, G(ﬁr)(t) |ME — G(ﬂ (t) |NRC‘ < dg{;; (% —|—362>.
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We prove this for the general case d4 # dp, and the original Proposition can be recovered by setting d4 = dp at
the end. Let us assume without loss of generality that d4 < dg. The spectral decomposition of the Hamiltonian

d
is H= Y Ej|¢;){¢;] and its reduced states are labelled as pZ* := Trp [|¢;)(#;]].
j=1

Notice that since P(|$)ap)) — Pmin = Tr [pi] — i, the assumption that the purities are nearly minimum can
be equivalently expressed as: P(p?) — Puin < € <— HA?H; < € with Aﬁ = ,ok“,1 —1I/ds VEk.

Define AZ analogously, i.e., AP := pB — [/dp. Then, using the fact that the reduced states of a pure state

are isospectral (therefore, P(pi!) = P(pP) Vk) and ds < dp, we have, ||AEH§ = HpkBHZ dB = ||pi! ||2 % <
ol - < e v

Now, recall that, G(T t)|lmE = d—lz (222(.%)2)2 — 1) and Gg) (t) = le(B)

. 2
have used the fact that HREA H = HRSDB)H . Then,
2 2

dé(”_giéf”—l) =0 (HR<“‘)H+HR‘B>H |701)
~ 1
2z |7 52602 = 2505 [ B+ |2z 101 -

(2) (i1) (iid)

SN2 -2 S 2
(IR + 122 = [ B]]5). where we

‘G t) e — G( (t )\NRC‘ = (A19)

1
< |ZzEZ 8 -

)

dZ(B) d2

(A20)

where we have split the terms in Gg)(t)|ME and then used the triangle inequality. We now want to bound each
of the terms (i), (m) and (44i).

Since HR X)H exp [-B (E; + Ey) /2] (< (X), péX)>) (note that we do not need an absolute value here

7 k 1
since the exponential term is nonnegative and A, B > 0 = (A, B) > 0 so the inner products between the

2
reduced states is nonnegative as well); we need to bound (< (X),p,(:()>) . Note that,

((02.000))" = ({1/dy + 6D, 1/d, + A0)) = (dl +(aw, Agx>>)2 di2 (A a0) + (a. Aoy,

(A21)

\ /\

e Vk (as shown

And, using Cauchy-Schwarz inequality along with the fact that (AY, A¥) = Hp(X)H d

above), we have, (A¥, AX) < \/(AX,AX) (AX,Af) < e Vk,l. Therefore, (<pk ,pl >) <t + (%f( 42 =
Fldy,€) kL.

. - d
Plugging this back in ||R(X)H§, we have, HR(X)H > exp[—B(E; + Ex) /2] f(dy,€) = Z(8/2)*f(dy,€). Now,
e

2 1

Js

- d d
for the diagonal part, HR‘SHi = 21 exp [-BE;] (< A 34>) < '21 exp [-BE;] f(da,€) = Z(8)f(da,e€).
j= j=

Therefore, term (i) above becomes 2212(’(/4)2) 1 — f(da,e)| and term (ii) becomes, Z;Z(,%)Z) |L = f(dp,€)|- And,

term (#ii) becomes, 3 |% — f(da,€)|. Now, notice that
d
Z(8/2)° Z exp [~3E; /2] exp [-BEx/2) = ) _exp[-BE;/2) exp[-BEp/?] (A22)
J,k=1 j*k
+ Zexp —BE; /2] exp [-BEy/2] > Zexp —BE;] = 2(B), (A23)
J#k

where we have dropped the j # k terms in the summation and used their nonnegativity. Therefore,

5 101 Z(8/2)% |1 _
Z(B/2)?/Z(B) > 1 and so, term (iii) can be upper bounded as % |2 — f(d4,€)| < 1= d f(dase)l.
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Putting everything together, we have

G5t — G5 (lnre| < - f(d,e)

QU

2(8/2)? (|1

‘; ) . (A24)

Now, if we set da = dp = V/d, we have, % — f(dx,e)’ = ’é — (é + % + 62>’ = (% + 62>. Therefore,

‘%|ME *%WRO’ < d(g(/;; <\/(§ + 3¢ > . (A25)

Proof of Proposition 2

Proposition 2. The regularized four-point OTOC averaged globally over Haar-random wunitaries is related
to the four-point spectral form factor as, Ea, B, a,cumn) [Fﬁ(Al,Bl,A2,B2)(t):| = RA(lH) (B/4,1)/ (d*Z(B)), where

B, = AIBI Al and RiH)(ﬁ,t) = (Z3(t) Z5(t)*)* with Z5(t) = Tr [exp [(—B + it)H]], the analytically continued
partition function.

We have,
1
R BB () 5" [xut(Al)zleut(AQ)x (A;BIA})} , (A26)
where we have used By = AlBiAl, Now, using the cyclicity of trace and the lemma [E 4 Ax At = TX]
oDy Ag g Y y cU(H) d
we have,
1
]EAlelxl(H)FB(Al’Bl’Az’BZ)(t) = FB) Tr |:.Z'UJ:| Tr |:Ut£CB15L‘Mt(A2)$ (A;BI)} (A27)
__1 i i
=z [xU ] [B Upz Brally(As)z (A )} , (A28)

where in the second line we have used the cyclicity of trace to move BI to the front. Now, performing Ep,
using the lemma above, we have,

1
Ep, e Tr [BIUthlxut(AQ)m (A;)] = = Tr[Usa] Tr [xUtT AQUt:vAH . (A29)

Similarly, performing the average over As we obtain the final terms that are proportional to Tr [Uzz] Tr [Ug CL‘} .

Thus, we have the desired result.

Unregularized OTOCs for maximally entangled models
Consider an operator Schmidt decomposition of Uy = U = 3 \/A\;U; ® W with U; € L(Ha) and W; € L(Hp)
such that (U;, Uy) = dad;i and (W;, W) = dpd,i. Forr a ujnitary operator, ||UH§ = d, therefore, we have,
115 = Tr | > VAMNUUE@W; W =37 AA (U5, Us) (W5, Wie) = dadp YNy = > Ny =1.
Jik il J J (A30)
Now, consider the bipartite unregularized OTOC, F3(U) = % Tr [(pp @ I) U®2S 44 UT®2S 4 4/]. Plugging in the

operator Schmidt decomposition of U, we have,

®2

®2
1
F(U) = 5Tr | (pp @) Z\/ U; @W; | Saar <Z\/AkU,I®W,j) Saar
k

1
=~ > VAN N Tr [(pg @) (U; @ W; @ Uy, @ W) Saar (UlT QW o U}, ® an) SAA’}

Jjklm
1
= 2 > VANAA, T [(pﬁ@@ﬂ)(Uj@Wj@Uk@Wk) (UL®W3®U§®WL)},
jklm
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where we have used the adjoint action Spa/ (X4 ® Yar)Saar = Y4 ® X 4. Then,
Fo(U) =3 v/ ()Y Tr [pﬁ (U; @ W;) (U,j ® W,j)} , (A31)
ik

where we have used the fact that (U;, Ux) = dad;, and (W;, Wi) = dpdj; and summed over two of the indices
of the summation above. Now, if U is maximally entangled (namely, its eigenstates are maximally entangled)

across da = dg = v/d and one has VA= ,/d%, then
A

1 1 1
F(U) = z Tr [ps | D VAU ©W; (Z VAUE ® Wk) -z Tr [psUUT] = = (A32)
J P

A

Therefore, G3(U) =1 — F3(U) =1 — 2= and is independent of §.
A

The dynamical map Ug; is a quantum operation

Recall that the Choi-Jamiolkowski (CJ) isomorphism is an isomorphism between linear maps € : L(H) — L(K)
to matrices pg € L(H) @ L(K). Let |¢T) = ﬁ|j)|j> be the normalized maximally entangled state in H®?,
then,

pe=ERI(|o")(o7]). (A33)
A linear map £ is CP <= pg > 0. Computing the CJ matrix corresponding to the linear map Vs(X) :=
exp [-BH/4] X exp [-FH/4], we have,

Vs @ L (|5) (k| ©15) (k) (A34)
1

Pvg =

ISR

J

exp (-8 (B, + B) /4] (1) k] @ 1) ) = 202 s (52 (A35)

1

S

M= 1=

J

where in the second equality we have used the expansion of the TDS Eq. (19). Now, since [¢(5/2))(¥(8/2)| is
a pure state (or a rank-1 projector), it is positive semidefinite. Moreover, % > 0, therefore, py, > 0. As a
result, V3 is a CP map.

To show that the map Vs is trace-nonincreasing, we have to show that Tr [Vs(p)] < Tr[p] Vp € B(H). Namely,

= Tr[Vs(p) —p] <0 Vp, (
<= Trlexp[-BH/4] pexp[-BH/4] — p] <0 Vp (A37)
= Tr[(exp [-BH/2] ~ 1) p] <0 Vp, (
< exp[-FH/2] <1, (
where in the last line, we have used the definition of positive semidefiniteness. Now, assuming H > 0, we have,
exp [-4H /2] < I since exp [-fE;/2] < 1if 3,E; > 0 Vj. Notice that, the matrix py, is subnormalized with

Tr [pvﬂ] = % < 1. Therefore, the dynamical map, Vs is a CP and trace-nonincreasing linear map, that is, it
is a physical quantum operation [49] and we can think of py, as a subnormalized density matrix corresponding
to a quantum process [105, 106].

Equilibration value of NRC-PS

To compute the equilibration value, we need to evaluate the R-matrix. Recall that Hngco.ps =
da,dB

> Ej7k|¢§-A)><¢§-A)| ® \¢;(€B)><¢§€B)|, with the additional assumption that the spectrum {Ej;;};, satisfies
Jik=1

NRC. Define the index o = (j, k) with a € {1,2,--- ,d} and j € {1,2,,da},k € {1,2,--- ,dg}. Then,
Pt = Trp [pa] = Trp [pje] = |¢3)(¢2], that is for all paired indices (j, k) and (j, k') the reduced states are the
same. For the R-matrix, consider o = (j, k) and 8 = (I,m), we have, RA’B = <p£,pg> = 0. Similarly, we

have, pf = Tra [pa] = Tra [pjr] = [67)(¢F | and RT 5 = 0p .-
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We are now ready to evaluate Gm( t). Notice that

d da,dp
2
> exp[=B/2(Ea+Ep)l|Rasl = Y exp[=B/2(Ejx + Evm)] |65 (A40)
a,f=1 4.k, l,m=1
da,dp,dp da [ dp 2
= Y exp[-B/2(Ejx+ Ejm) = (Z exp [—BEM/Q]> . (A41)
j,k,m=1 j=1 \k=1
dp 2 d da
Defining, 04 := (Z exp [—BEj,k/2]) , we have, > exp[—3/2(Es+ E3)] ‘R ‘ > ©:'. Similar alge-
k=1 o,B=1 j=1
braic manipulations prove the final result,
a9 () = Z o + Z er - . (A42)

This can then be rewritten in the form in the main text, namely,

PGPS 1 (e (B2 + Ip”(B/2)1°
Gy’ (t)INrRo—ps = y < TEDIE 1) , (A43)

where the probability vector p(5) is defined by the components p; = % and p/B(p) are its marginals.

Moreover, for the disconnected correlator, a similar calculation shows that,

da dp
@ _ 1 A B
G5 = Zoe ;@j (;@k) (A44)

Numerical details

The R? value for all linear fits was 2 0.99 for all data and hence we do not report the numbers here.

H Model ‘ 8=0 ‘ s=1 ‘ B =00 H
TFIM integrable | 0.523785 | 0.0341617 -0.525957
NRC-PS 0.971448 0.83213 1.00
Anderson 1.13615 0.742852 | 6.79567 x 107
MBL 0.700658 | 0.213039 -0.012799
TFIM chaotic 1.60648 0.327334 -0.00502613
GUE 1.12868 2.56073 2.10215

Table Al: The log,(a) for various Hamiltonian models at 8 = 0,1, co, given the Ansatz G(T)( t)=ad".

Accepted in (Yuantum 2022-06-16, click title to verify. Published under CC-BY 4.0. A6



	1 Introduction
	2 Preliminaries
	3 Main results
	3.1 Operator entanglement
	3.2 BROTOC, thermofield double, and the spectral form factor
	3.3 Zero-temperature limit
	3.4 Long-time limit and eigenstate entanglement

	4 Numerical simulations
	5 Conclusions
	6 Acknowledgments
	 References
	 Appendices
	 Proof of Proposition 1
	 Proof of Proposition 4
	 Proof of Proposition 5
	 Proof of Proposition 2
	 Unregularized OTOCs for maximally entangled models
	 The dynamical map U,t is a quantum operation
	 Equilibration value of NRC-PS
	 Numerical details


