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In this paper we describe an alge-
braic/geometrical approach to quantum
scrambling. Generalized quantum subsystems
are described by an hermitian-closed unital
subalgebra A of operators evolving through
a unitary channel. Qualitatively, quantum
scrambling is defined by how the associated
physical degrees of freedom get mixed up with
others by the dynamics. Quantitatively, this
is accomplished by introducing a measure, the
geometric algebra anti-correlator (GAAC), of
the self-orthogonalization of the commutant
of A induced by the dynamics. This approach
extends and unifies averaged bipartite OTOC,
operator entanglement, coherence generating
power and Loschmidt echo. Each of these con-
cepts is indeed recovered by a special choice
of A. We compute typical values of GAAC
for random unitaries, we prove upper bounds
and characterize their saturation. For generic
energy spectrum we find explicit expressions
for the infinite-time average of the GAAC
which encode the relation between A and
the full system of Hamiltonian eigenstates.
Finally, a notion of A-chaoticity is suggested.
Introduction.—  Quantum dynamics can quickly
spread information, which was initially encoded in
some physical degrees of freedom, into a larger set of
degrees of freedom, in this way quantum information
gets delocalized and highly non-local correlations
can be built. This so-called quantum scrambling,
has over the last few years attracted a growing
amount of attention in the context of quantum chaos
and also quantum computing. The Out of Time
Order Correlation functions (OTOCs) are among
the most popular tools to analyze scrambling from a
quantitative point view [1-7].

The goal of this paper is to lay down a novel formalism
for quantum scrambling. Roughly speaking, we will
characterize scrambling by how much a whole set of
distinguished degrees of freedom gets far from itself by
unitary evolution. The underlying philosophy of this
paper is an extension of the observable-algebra ap-
proach to quantum subsystems originally advocated
in [8, 9] (see also recent developments in [10, 11]). As
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such the strategy can be applied to situations in which
there is no an a priori locality structure which gives
a natural way of defining subsystems e.g., see [12].

We will show that specific instances of our construc-
tion allow one to recover apparently different concepts
including operator entanglement [13, 14], averaged bi-
partite OTOCs [15, 16|, coherence generating power
[17-19] and Loschmidt echo [20, 21]. This conceptual
unification provides one of the main motivations for
this work. Another one is to design candidate tools
for unveiling novel facets of quantum chaos.

For the sake of clarity, the main technical results
of this paper are organized in “Propositions” whose
proofs are in .

Preliminaries.—  In this section we introduce the
main formal ingredients utilized in this paper and
set the notation. Let H = span{|lm)}¢,_, be a d-
dimensional Hilbert space and L(H) its the full op-
erator algebra (see © for further notation). In the
following by the notation C{X} we will denotes the

vector space spanned by the X's.

The key formal ingredients of this investigation are
hermitian-closed unital subalgebras A C L(H) and
their commutants A" := {X € L(H)/[X,Y] =
0, VY € A}. The intersection AN A" =: Z(A) is the
center of the algebra A. The fundamental structure
theorem of these objects states that the Hilbert space
breaks into a direct sum of dz := dim Z(A) orthog-
onal blocks and each of them has a tensor product
bi-partite structure: H = ®;Hy, Hy, =2 C"7 @ C.
Moreover,

A= @1, ® L(CY), A =@ ;L(CY) @ 1g4,.
(1)
Whence, d = > ;nydy, dim A =" ;d% =: d(A) and
dim A’ = Y, n% = d(A). Also, Z(A) = C{IL; :=

1 See supplemental material

?L(H) has a Hilbert space structure via the Hilbert-
(X,Y) = Tr(XTY) and norm
||X||§ := (X, X). This equips the space of superoperators i.e.,
L(L(H)) with the scalar product (7T, F) := Trys (’TT]-') =
D M TTF(m) (D), and the norm |[Tl35 = (T, T) =
> IT (M) ADIZ. I T(X) = 3, AiX Al then T3¢ =

>, ImeAlA)?

Schmidt scalar product:
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1,, ® 14, }, namely the center of A is spanned by the
projections over the H s blocks.

Associated to any algebra A we have an orthogonal
(super) projection CP-map: IE"IL4 = Pa,P% = Py
and ImP4 = A. Such maps can be written in the
Kraus form P4(X) = Zd(Al) eaXel, where the e,
are a suitable orthogonal basis of A’. Notice that

=y (A) |Tres|? = d(A). In terms of the de-
(X),

TrpsPa
composition (1) one has P4(X) = ZJ
and P (X) =" trg, (X) ® LlJ.

These structural results provide the mathematical un-
derpinnings of the theory of decoherence-free sub-
spaces [22, 23], noiseless subsystems [24, 25] and in
general to all quantum-information stabilizing tech-
niques [25]. From the physical point of view two spe-
cial cases are worth emphasizing:

Factors: Z(A) = C1, in this case H = C™ ® Ch
namely the algebra A endows H with a bipartition
into virtual subsystems [8, 9]. The case in which H =
HAiQHp with A = L(HA)®1B and A’ = ]lA®L(HB)
clearly falls in this category.

ng

Super-Selection: A" C A this is when the commutant
is an Abelian algebra. This implies ny = 1, (VJ) and
therefore the Hilbert space breaks 1nto d j-dimensional
super-selection sectors i.e., H = @] 1)HJ, Hy = Cd

and A = @?(:Al/)L(CdL’). If Ais a maximal abelian sub-
algebra one has A = A" and ny; = dy =1, (VJ). This
is the case that is relevant to the study of quantum
coherence [26] and its dynamical generation [17, 27].

When the dz-dimensional (integer-valued) vectors
d := (dj)s, and n := (ny); are proportional to each

other i.e., d = An one has that d? = d(A)d(A’). If

this is the case we shall say that the pair (A, A’) is
collinear. Note that both factors and maximal abelian
subalgebras are of this type.

General results.—  We are now in the position to
define the central mathematical object of this paper:
the geometric algebra anti-correlator (GAAC) by

(Par, Pyqary)

GaA(U):=1-
©) [P s

(2)

The geometrical meaning of GAAC should be evident
from Eq. (2): the larger G4(U) the smaller is the in-
tersection between A’ and its unitarily evolved image

UA) ={UX)/ X e A} 7

Remark.— In the RHS of Eq. (2) we use the A’ (and
not A) as the dynamics U is in the Heisenberg picture.
Symmetries mapped out of A’ by U is equivalent to

3This can be seen from the fact that given two projectors
P, and Q of rank d one has: dim(Vp NVy) < tr(PQ) < d
Where Vp, ¢ are the images of P/Q. The lower (upper) bound
is achieved when P and @ commute (coincide).

states mapped out of A by Y. This choice is some-
what arbitrary (See Prop. 1).

Algebraically, (2) measures how much the symmetries
of the generalized quantum subsystem associated to A
are dynamically broken by the channel /. Let us now
start by further unveiling the geometrical nature of
GAACs. First notice that, using the algebra super-
projections, one can define a distance between two
algebras A and B: D(A, B) := |Pa — Pg|lms. This
metric structure allows one to draw a quite simple
geometrical picture of algebra scrambling.

Proposition 1. i) The GAAC is the (squared and
normalized) distance between the algebra A’ and its
image U(A").

1 D2 (A, U(A)
2 A 3)

i) GaU) =0 UA) = A < UA = A In
words: the GAAC Eq. (2) vanishes if and only if both
algebras A and A’ are invariant under U i.e., there is
no algebra scrambling.

The definition of GAAC given by Eq. (2) has the
drawback of relying of superoperator projections and
therefore may seem somewhat abstract and removed
from practical calculations. Hence, before moving on
to physical examples and applications of our formal-
ism, we would like to re-express the GAAC at the
more familiar operator level.

GaU) =

Proposition 2
sis of A {ea} 1 and an orthonormal basis of A’
{fv}d(A) such that

z) One can find an orthogonal ba-

(Qa, UP2(Q4)) _
124113

(Qa, Lf®2(QA)>
192413

1-Ga(U) =
(4)

where 52 Zd(A ea®el, and Qy = Zi(:‘ll) Fy®fI.
Also, Qa = SQa, where S is the swap on H®2, and
124113 = 2413 = d(A").

i) If (A, A') s
G (U), (VU).

In the above proposition, all the (Hilbert-Schmidt)
scalar products and norms are ordinary operators
ones. Moreover, the §2’s operator can be expressed in
the same way if the bases e,’s and f,’s are replaced

by unitarily equivalent ones. The connection between
Egs (2) and (4) is given by

P4 (X)

collinear then G(U) =

=Tr; (SQA(X ® 1)) = Tr; (Qa(X ®1)).

()

Interestingly, the no-scrambling condition G 4(U) = 0
using Prop. 2 can be expressed by the operator fixed-
point equations U®?2(Q4) = Q4. The (unsurprising)
price to pay is that now the Hilbert space is doubled.




Another advantage of the formulation (4) is that it
makes clear that the GAAC can be computed in terms
of 2-point correlation functions. In fact, from Eq. (4)
one finds (see appendix)

1 d(A)
1_GA(U):M Y Heas Ulep))l?,  (6)
a,f=1

(a similar expression hold for the f,’s). This expres-
sion suggests how one could measure the GAAC by
resorting to process tomography for U. Notice also
that operational protocols to measure the GAAC were
already discussed, for the cases 1) and 2) here below,
in [16] and [17] respectively.

Physical Cases.— To concretely illustrate the formal-
ism let us now consider several physically motivated
examples in which the GAAC can be fully computed
analytically.

The first two examples show how the GAAC formal-
ism allows one to understand two ostensibly unrelated
physical problems, operator entanglement [13] and co-
herence generating power (CGP) [17, 28], from a sin-
gle vantage point. The first (second) concept is ob-
tained when A is a factor (maximal abelian). This
means that one can also think of the GAAC either
as an extension of operator entanglement to algebras
that are not factors, or as an extension of coherence
generating power to algebras that are not maximal
abelian subalgebras.

The third and fourth examples are "dual" to each
other and show that, in general, G4(U) # Ga(U).
Finally, the fifth illustrates in which sense even the
concept of Loschmidt echo, a valuable tool in the
study of quantum chaos [29-32], is comprised by the
GAAC. This last connection is perhaps unsurprising
as the Loschmidt echo is indeed a measure of auto-
correlation of a dynamicaly evolving state which is
precisely what 1 — G4(U) does at the more general
algebra level.

The special results 1-5 reported here below can be
obtained by Egs. (4) and (6) by rather straightfor-
ward manipulations.

1) Now we consider a bipartite quantum system with
H=Hs@Hp and A = L(Ha) ® 1 and, there-
fore, A = 14 ® L(Hp). In this case one finds that
]P’_A/(X) = % ®TI"A(X), = S(?j/, where Sa4/ is
the swap between the A factors in H®? and dx =
dimHx (X = A, B). One gets

GalU)=1- %<SAAM UP(Saar), (7)

where d = dpda = dimH. The same relation is true
with Syar — S = SSaa = daQ4.

Eq. (7) coincides exactly with the averaged OTOC
discussed in [16] i.e., d ' Excayea [[I[X, UY)]|3]

(here E denotes the Haar average over the unitary
groups of A and A’.). Remarkably, this quantity was
shown to be equal to the operator entanglement [13,
33] of the unitary U.

The latter concept has found important applica-
tions to a variety of quantum information-theoretic
problems [14, 34-37]. More recently, it has been
shown that operator entanglement requires exponen-
tially scaled computational resources to simulate [38].

Remark.— The bi-partite OTOC Eq. (7), because of
the averages over the two full sub-algebras, does not
satisfy Lieb-Robinson type of bounds with associated
effective ‘light-cone" structures. Indeed the regions A
and B are complementary and therefore contiguous
(zero distance). The same is, in general true, for the
GAAC which does not even require a locality (tensor
product) structure to begin with.

2) Let Ap the algebra of operators which are diago-
nal with respect to an orthonormal basis B := {]i)}%_;
ie., Ag = C{IL; := |i)(i|}&,. This is a d-dimensional
maximal abelian subalgebra of L(#H) such that A4 =
A'. Tn this case Pa(X) = Y0, ILXTL, Q4 =
Z?:l %2 and

Can@)=1-5 S 1GUGE  ®

This expression coincides with the coherence generat-
ing power (CGP) of U introduced in [17, 39]. CGP
is there defined as the average coherence (measured
by the the sum of the square of off-diagonal ele-
ments, with respect B) generated by U starting from
any of the pure incoherent states II ie., G4, (U) =
52?:1 1QpUL)||3, where Q = 1 — P4, projects
onto the orthogonal complement of Ag. [17, 28]. The
fact that the CGP is related to the distance between
maximal abelian subalgebras was already established
in [27]. CGP has been applied to the detection of the
localization transitions in many-body systems [39],
detection of quantum chaos in closed and open sys-
tems [40].

3) H=C?®C% A= L(H),, A/ =C{1, S} = CZ,.
Here, L(H)s denotes the algebra of symmetric opera-
tors i.e., commuting with the swap S. One can readily

®
check that Q4 = %ZJ::H (%) , and

1 1— (S, U(S)|*
= — 1 —_
G0, (U) 2( e )
Here J = +£1 is labeling the symmetric/anti-

symmetric representation of the permutation group
generated by S.

4) H=C?®C% A= CZy and A = L(H),. Here,
Qq = % (]l®2 + S®2) LA(A) = TrQy = d?(d*+1)/2,
whence




_ 1dt = (S, U(9))?

Geoz,(U) = 5 d2(d? + 1) (10)

Consistently with Prop. (1) both functions vanish iff
(S, U(S)) = d*> & U(S) = S. That is to say that non-
scrambling U are such that [U, S] = 0i.e.,U € L(H)s.

5) Let |¢) € H and 1T = |4)(3p|. We define App =
C{1, II} i.e., the unital *-closed algebra generated by
the projection II. The commutant A} is the alge-
bra of operators leaving the subspace C|¢) and its

orthogonal complement invariant. One has, Q4,, =
82+ (1-1)®2 d(ALp) = (d—1)* + 1.

21— L£2)[d—2(1 — £2)]
G.ALE(U)_ (d71)2+1 )

(1)

where £ := |(¢|U]y)| is the Loschmidt echo. No-
tice, Ga,,(U) = 2(1 — £2) 4+ O(1/d?) and that
2(1—-L?) = |[I-U(11)||3, i-e., the distance between the
algebras A’  and its image U (A} ), as captured by
the GAAC [see Eq. (3)], in high dimension is directly
related to the Hilbert-Schmidt distance between the
states IT and U(II). From Eq. (11) one can see that
the GAAC is a monotonic decreasing function of £
for d >4 and that L=1= G4, ,(U) =0. For d =2
one is back to 2). The case £ = 0 corresponds to
Unut =1 - 1L

Upper bounds and FExpectations.— What are the
bounds to algebra scrambling as measured by the
GAAC? Now we would like to answer this question
and to see whether and how those bounds might be
saturated.

Proposition 3. i)

1 1
aay ' aan et
(12)

it) if d(A") < d(A) then the bound above is achieved
iff PaUP 4 = T where T: X — Tr(X)%. ir) If A’

is Abelian the bound 1 — ﬁ is always achieved. )

GA(U) < min{l —

In the collinear case ii) and i) above hold true with

A A

The saturation condition P 4UP 4 = T is quite trans-
parent and intuitive: maximal scrambling is achieved
when, from the point of view of the commutant, the
dynamics generated by U is just full depolarization.
Physical degrees of freedom supported in A’ are, quite
properly, fully scrambled.

Let us now briefly discuss Prop. (3) for the phys-
ical cases 1-5). In the bipartite example 1), if
da = dp, then (12) is achieved for U = S (swap)
[16]. In the maximal abelian case 2) the bound
1—d~! is saturated by those U’s such that |(i|U|j)| =
d=1/2, (Vi,j) [17]. In case 3) the bound 3 is achieved

for (S, U(S)) = 1, which amounts to the condition
ii). On the other hand, in case 4) from Eq. (10)
we see that (S, U(S)) = 0 = maxy Gcz,(U) =
$(1+1/d*)™' < 3 ie, bound (12) is not always
achieved. 5) The bound 1/2 is achieved for d = 2
only (A’ is abelian). For d > 4 the maximun is for
L =0 and it is O(1/d).

The next general question that we would like to ad-
dress is: what is the typical value of the GAAC for
generic unitaries? To answer this question we perform

an average of (4) over random, Haar distributed, uni-
taries.

Proposition 4.

gt @ dANEA) - )
Ve =T e

(13)

i1) Proby [|GA(U) = Ga(U)' | > €] < exp[— ],

<

iii) In the collinear case Gyp(A) — GA(U)

IA

O(l/d) and Proby [GUB(A) — GA(U) > d_l/s]
exp[—L5].

In i) and i) one can choose K > 40.

As a sanity check, note that Eq. (13) implies that
the GAAC of any U vanishes when d(A') = d? i.e.,
A=CIL, or d(A') = 1 ie, A = L(H). In fact in
these cases A is obviously invariant under the action
of any U. Point ii) is a direct application of the Levy
Lemma on measure concentration: in high dimen-
sion (13) is the typical value of the GAAC. Finally,
point iii) shows that, in the collinear case, the average
value of the GAAC converges to the bound (12) when
d grows and that the GAAC is, with overwhelming
probability, close to Gyp(A).

Time dynamics: infinite averages and fluctuations.—
In this final section we will consider a one-
parameter group of unitary channels {U; := e},
generated by an Hamiltonian H.  The idea is
that the behavior of the infinite-time average
GA(Ut)t = limyp_yoo T 1 fOT dt G4(U;) contains in-
formation about the “chaoticity" of the dynamics as
seen from the physical degrees of freedom in the al-
gebra. These calculations greatly extends the corre-
sponding results, for the bipartite averaged OTOC,
reported in [16].

Proposition 5. GA(Ut)t < GA(Ut)NRC < GA(U)U
where

—————NRC 1 1

—1— (@2 _ Zpl@))2

N e IR LERELALE

(14)

RY = Pa(u()IE RY =

and (R(g))lk = 5lle(/(:)v

(Pa (L), Pa(ILy)),
1

(l,k=1,...,d). Moreover, the first inequality above




becomes an equality if H fulfills the so-called Non
Resonance Condition (NRC).

Remark.— The NRC condition amounts to to say E;+
E,=FE,+E,iffl=nk=morl=m,k=n
In words: the Hamiltonian spectrum and its gaps are
non-degenerate. This fact holds true for generic (non-
interacting) Hamiltonians.

The result above, which holds for any observable alge-
bra A, has the very same structure of the correspond-
ing one proved for the averaged bipartite OTOC (see
Prop. 4 in [16]). The matrices R(®), (a = 0,1) en-
code the connection between the algebra and the full
system of eigenstates of H.

A further usual, for
the collinear situation d = An: /\Rl(g) =
(PA(IL), P4(T;)) =: R (A). In this case Eq. (14)
can be written in way in which A and A’ appear sym-
metrically and the following upper bound holds:

simplification occurs, as

—————NRC 1 1 1

This bound is saturated iff P4 (II)) = Pa(I;) =
%, (V1). Namely, Hamiltonians whose eigenstates are
fully scrambled by the two algebra projections corre-
spond to maximal infinite-time averaged GAAC. For
these Hamiltonians infinite-time averages of arbitrary
observables are, from the point of view of A and A’,
completely randomized 4. Conceptually, this seems
a natural way of characterizing chaoticity relative to
the distinguished algebra of observables.

For example: In the bipartite case 1) with da = dp
the bound (15) is achieved if the (non-degenerate)
Hamiltonian has a fully-entangled eigenstates [16]. In
the maximal abelian algebra case 2) the bound sat-
uration corresponds to Hamiltonians with eigenstates
that have maximum coherence with respect to the ba-
sis associated with A [17]. In both these two impor-

tant physical situations, the RHS of Eq. (15) is equal
to (1 - 1?2 and Ga(U) — Gallh) = O(%);

whereby, assuming that NRC holds, using iii) in
Prop. (4) and the Markov inequality, one can bound
temporal fluctuations:

1
Prob; [Gup(A) —Ga(Ui) > €] < O(a% (16)
one sees e.g., by choosing € = d~/3, that Hamil-

tonians achieving bound (15) have, in high dimen-
sion, highly suppressed temporal fluctuations below
the value (12).

In [16] this concentration phenomenon has been nu-
merically observed for the bi-partite case in chaotic

—t

4Indeed, for any observable P4(A(t) ) = PA(Z[ AL =

Zl AlPA(IT) = %Zl A = w = T(A) where A; =
Tr(AIlL;). Same holds for A’.

many-body systems and mot in integrable systems.
For the same type of physical systems, suppression of
temporal variance of CGP has been noticed in [40].
These findings were used to suggest that both the
bi-partite averaged OTOC and CGP can be used as
diagnostic tools to detect some aspects of quantum
chaotic behavior. The results above show how this
picture may extend to the general algebraic setting
developed in this paper.

In fact,we would like to define A-chaotic the dynam-
ics generated by U’s such that the (relative) differ-
ence between its infinite-time average and the Haar-
average of the GAAC is approaching zero sufficiently
fast as the system dimension grows. More formally,

U

1 - Ga(0) [Ga(U) = e=0(d) (y21).

(17)

In particular, in the collinear case, this condition
would allow one to prove the “equilibration" result
for the GAAC (16). The intuition behind this defini-
tion is quite simple: if Eq. (17) holds the long time
behavior of the GAAC gets, as the system dimension
grows, quickly indistinguishable from the one of a typ-
ical Haar random unitary i.e., a “fully chaotic" one.

Before concluding, we would like to illustrate .A-chaos
with the simple Loschmidt case 5). Here one has

—t
e =L? +0(1/d) where L; = |(1|Ut|¢)|. The infinite-
time average is given by the purity of the Hamiltonian

dephased state £7 = |[Us(]v) <w\)f\\% [41] Whence
the "chaoticity" condition is achieved if this purity is
O(1/d) which in turn implies that the dephased state
is O(1/d) away from the maximally mixed state. This
condition is known to be a sufficient one to bound
time-fluctuations of the expectation value of observ-
ables with initial state |¢)) [42]. Namely, Ay g-chaos
amounts to temporal-equilibration [41].

Conclusions.— In this paper we have proposed a
novel approach to quantum scrambling based on alge-
bras of observables. A quantitative measure of scram-
bling is introduced in terms of anti-correlation be-
tween the whole commutant algebra and its (unitar-
ily) evolved image. This quantity, which we named
the Geometric Algebra Anti Correlator (GAAC), has
also a clear geometrical meaning as it describes the
distance between the two algebras or, equivalently,
the degree of self-orthogonalization induced by the
dynamics.

We explicitly computed the GAAC for several phys-
ically motivated cases and characterized its behavior
in terms of typical values, upper bounds and tem-
poral fluctuations. We have shown that the GAAC
formalism provides an unified mathematical and con-
ceptual framework for concepts like operator entan-
glement, averaged bipartite OTOC, coherence gener-
ating power and Loschmidt echo.




Finally, we suggested an approach to quantum chaos
in terms of the behavior of infinite-time average of the
GAAC for large system dimension. To assess the ef-
fectiveness of such an approach is one of the challenges
of future investigations.
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A Supplemental Material

A.1 Proof of Prop 1

i) Tt is a direct computation: D2(A', U(A)) = [P — Pueary s = P s + Prucan lirs — 2 (Pars Prgay)-
Now, |Pall%s = UPAUT|%s = [Pucanll}s = d(A’). Whence, by dividing D* by 2d(A") = 2||Pa||%s.
Eq. (3) follows.

i) Since D is a metric from Eq. (3) one has G4(U) = 0 & U(A') = A < U(A) = A. Last equivalence
is obtained by taking the commutant of both sides, using A” = A (double commutant theorem) and that
U(A) =U(A’) (true for unitary auto-morphisms).

A.2  Proof of Prop 2

i) Let us write the Algebra projections in the Kraus form Pu(X) = Y e Xel, and Pya)(X) =
> (Ue UNX(Ue UT)T. Here, because of the structure theorem (1), one can choose the orthogonal basis of A
given by

€ —

1
ﬁan®|l><m\,€A a:=(JI,m)(l,m=1,...,d). (18)
(note that |[{a}| = >°;d* = d(A) and that the set {e,}, is closed under hermitian conjugation). Hence
<PA/, ]P)Z/{(A’)> = TI‘HS (]P).A/PZ/I(_A’)) = Za,ﬂ |TI‘ (eaUeBUT) |2 = Za,ﬂ |<€a, U(BQ)HQ. Here we’ve used that T =
SO TXT! = Trgs T =Y, [tr Th]2. Because of the definition (2) this proves Eq. (6).

On the other hand, if Q4 = Y, eq ® €, one has (U4, UP?(Qa)) = 2, slea ® €, UegUt © Ue};U*} =
> apl€as UegUT){el UeEUU = o l{€a U(ep))|?. Moreover, from (18) one has

QA—Z ;J®Z\lm mz\_zﬂ (19)

I,m=1 J

Therefore, Q43 = Tr (Q%) = Tr (Z M) = ,(nyds)?/d% = ;n% = d(A’). This completes the
J

proof of the first equality in Eq. (4). Now, if S is the swap operator SQ45 =), el ®ea =3, ea®el, = Oy,
i.e.,[S, Q4] = 0. Since [U®2, 5] =0 and 194113 = 1S3 = [|Q.4]|3 the second equahty in Eq. (4) follows
Also, since S(]l®2 ® Sq;) = Sn, ® ]l 2 (S,, is a swap operator defined over the C™’ factors) one finds

Sn ®]1 ..
Oq=:3, = i =3, fy® fl, where v := (J,p,q), p,g =1,...,ns and f, = —=Ip){¢| ® L4, € A". This is

an orthonormal basis of A’.

By direct computation Tr; (SQ4(X ® 1) =3, trg, (X) ® d’ = P4 (X) which proves Eq. (5).

~ Sn,;®1
it) In the collinear case 04 = $ Qa4 =13, "n] i where dj = Any, (VJ). Inserting this in Eq. (4) and using
NQall3 = A2, n% =3, d% = d(A) = || |3 one sees that in this collinear case G4(U) = G (U).

A.3  Proof of Prop 3

i) First, notice that for any two orthogonal projections P and ) one has that Tr (PQ) > dim (ImP N Im@) . Since
both A" and U (A’) contain the identity 1 one has (P4, Py(a,y) > 1, from which the bound G 4(U) < 1-1/d(A’),
immediately follows.

To prove the bound G4(U) < 1 — 1/d(A), we begin by observing that Q4 = Y _ &, ® &, for any ba-

sis € = D 5Upaep, where the eg’s are given by (18) and the matrix Ug, is unitary. Now ;(A) =

Jw/T,‘f\)Ez:Jle(J,l,l) =: é;. Since ), |,/d(—;’l\2 = gty s d5 = 1, we see that on can always unitar-
Whence Q4 = d(A + Y et ba ® €, = ﬁ + 4 and

ily move to a new basis such that é; =
d(A)

(€, UB2(Q4)) = T84 1+ (O, UD2(Q)) > 40 (note (Qu, UPR(Q) = X, Ty [{ea, UE))2 > 0.,
Plugging this inequality in Eq. (4) one finds G4(U) <1 —1/d(A).
(

In summary, G4(U) < min{l — 1/d(A), 1 —1/d(A")}.




it) One has that (P4, Pyany) = [|[PaUP 4[|} ¢. This last norm is always larger than the (square of the) operator
norm of the CP-map F := P4 UP 4 which is one. The lower bound is achieved iff F has rank one, but the
only rank one unital trace-preserving CP-map is the depolarizing channel T .

. . . 1,91 ~ ~
iii) If A’ is Abelian one take the orhonormal basis f; = \/ﬁ" = \I/Td%.lt follows, (Q4, UP2(y)) =
Yk = (L, U )) |2 Now if Ty = S0 | Ji)(J1| and Tl = 320 |K'm)(Kml, one has (IL;, U(Ilx)) =

ldil ZdK |(Km|U|JI)|?. Therefore, if U maps the basis |JI) into mutually unbiased one i.e., |(Km|U|JI)| =
1/V/d, (V.J, K,1,m) one finds (I, U(HK)> 414K whence UK Tide d (I, UTI))? = 5 d%i’fp =1 (here
we used that, in the Abelian case, ) ;d; = d.) By Eq. (4) this Tast relatlon implies that, for these U’s, the
upper bound 1 — 1/d(A’) is saturated. Notice that in this case, ]P’A/Z/l( ) >k \1}%( HdI;, Z/{(%» =

L3 \1}%\/&%{ V53 g =Vd 5 = (@), V.J which implies IP’A/L{IF’A/ =T.

iv) Since in the collinear case G4(U) = G.4/(U) ii) and iii) above holds with A4 replacing A’

A.4  Proof of Prop 4

U U
i) Averaging over the Haar measure gives you a projector: U®2(X) = U®2XUT®2" =: Py...-(X) over the
commutant of the algebra generated by {U®?2 /U € U(H)}. By Schur-Weyl duality this commutant is generated
by 1 and the swap S:

1 1+aS
Prraar(X) = = —® g X)), 2
maar(X) = 5 3 q g as x) (20)

U o

Therefore, {4, UP2(Q4)) = (2, Prraar(24)) = [Prraar ()13 = 3 Toryy LEEE2E Now (1, 04) =
Tr Q= d(A'), and (S, Qa) =TrQa =" ;nyd%/d; =3 ;nsd; = d. Proving Eq. (13) is now straightforward
algebra from these equations and (4).

i¢) This is an application of the Levy’s Lemma for the GAAC: U € U(H) — G4(U) := M.

T2l
Levy’s Lemma:
—U de?
IGA(U) — GA(V)| < K||U — V|2 = Proby [|GA(U) —GAO) | > e} <exp(—1iz ) - (21)

Let us show that this is Lipschitz function. |G4(U) — G4(V)| = [|Qall3 2[{Q4, UE2 —V22)(Q))| < |US? —
V&2|g 9 |here || T |22 := Sup| x|,=1 |7 (X)ll2] U~V = A one has lu®?— 2(]|All2,242) [where
we used | X®Y ||22 = and ||V||2,2 = 1.] Moreover, if U~V = § then A(X) = 6 X5+ XVTI+V X§T.
From this one finds ||All22 < sup|‘XH2:1(||5||2||X5T||2 + [|0X]]2 + | X8T]l2) < 4]|8]l2. Notice also, || Xd|lz =
[ X(U = V)l2 < 2[|X]2, whence [|Afl2,2 < supjx),=1 (2 Xl2 + 2] X2 + 2||X6T|l2) < 8. Bringing everything
together:

|GA(U) = Ga(V)| < [All22([|All22 +2) < 10 [|Afl2,2 < 40[[0]l2 = 40 [|U = V> (22)
This shows that one can choose a Lipschitz constant K > 40 for f.

i4) In this collinear case, since d* = d(.A)d(A’), the Haar average (13) takes the form GA(U)U =(1-1/d*>)~1(1—
1/d(A"))(1—1/d(A)). Suppose d(A") < d, (d(A) > d) then Gyp(A) = 1—1/d(A’) One has GUB(A)—GA(U)U =
%%(1/6[(./4) —1/d?*) < 1/d(A) —1/d* < 1/d. The case d(A’) > d, works exactly in the same way (with

)
A < A')) This proves that Gup(A) — Ga(U) = O(1/d).

Now, Gus(A) —Ga(U) = (Gup(A) ~Ca(0) )+ (Call )J Ga
GA(U)) > e—1/d > ¢/2. It follows that Proby [Gup(A) — G 4(U)

(U)) > e implies, for large d, that GA(U)U -
> ¢ < Proby [GA(0) —Ga(U)) > 6/2} <
exp[—%].

A5 Proof of Prop 5

Suppose the unitary evolution has the spectral resolution Uy = ) II,,e~*nt (here n ranges over the set of
distinct eigenvalues) then one has UP?*(X) = 3, , pom Wi @ Iy X 1L, @ o, exp|—it(Ey + Ep — Ep — En)].
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