Symmetry, Integrability and Geometry: Methods and Applications SIGMA 17 (2021), 080, 34 pages

An Expansion Formula
for Decorated Super-Teichmiiller Spaces

Gregg MUSIKER, Nicholas OVENHOUSE and Sylvester W. ZHANG

School of Mathematics, University of Minnesota, Minneapolis, MN 55455, USA
E-mail: musiker@ummn.edu, ovenh001@umn.edu, swzhang@ummn.edu

Received March 31, 2021, in final form August 27, 2021; Published online September 01, 2021
https://doi.org/10.3842 /SIGMA.2021.080

Abstract. Motivated by the definition of super-Teichmiiller spaces, and Penner—Zeitlin’s
recent extension of this definition to decorated super-Teichmiiller space, as examples of super
Riemann surfaces, we use the super Ptolemy relations to obtain formulas for super A-lengths
associated to arcs in a bordered surface. In the special case of a disk, we are able to give
combinatorial expansion formulas for the super A-lengths associated to diagonals of a polygon
in the spirit of Ralf Schiffler’s T-path formulas for type A cluster algebras. We further
connect our formulas to the super-friezes of Morier-Genoud, Ovsienko, and Tabachnikov, and
obtain partial progress towards defining super cluster algebras of type A,. In particular,
following Penner—Zeitlin, we are able to get formulas (up to signs) for the p-invariants
associated to triangles in a triangulated polygon, and explain how these provide a step
towards understanding odd variables of a super cluster algebra.
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1 Introduction

Cluster algebras were introduced in [8] as certain commutative algebras whose generators are
defined by a combinatorial recursive procedure called “mutation”. They were originally con-
ceived to study certain problems in Lie theory and quantum groups, but have since found many
surprising and deep connections to other areas of mathematics and physics.

In [7], a class of cluster algebras was defined starting from the data of a surface with boundary,
together with a collection of punctures and marked points on the boundary. It was shown in [9]
and [6] that these cluster algebras could be interpreted geometrically as functions on decorated
Teichmiiller spaces. Specifically, the cluster variables are coordinate functions known as A-lengths
or Penner coordinates [18].

One of the earliest results in the subject is the Laurent phenomenon, which says that all
cluster variables can be expressed as Laurent polynomials in terms of a fixed set of initial
cluster variables. Over the years, several explicit formulas have been given for these Laurent
expressions in the case of cluster algebras coming from surfaces, with the Laurent monomials
being indexed by various combinatorial objects. Some of these include Schiffler’s “T-paths” [20],
perfect matchings of the snake graphs of Musiker, Schiffler, and Williams [14], and Yurikusa’s
“angle matchings” [22].

Going beyond the commutative case, Berenstein and Zelevinsky defined quantum cluster alge-
bras [2] where cluster variables (of the same cluster) quasi-commute with one another, meaning
that exchanging the order of multiplication in a cluster monomial could alter the expression by
yielding a power of ¢ out in front of such a term. More recently, Berenstein and Retakh [1]
defined in the case of surfaces a (completely) non-commutative model of cluster variables and
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obtained non-commutative Laurent expansions analogous to T-paths. Such non-commutative
expressions could also be defined as quasi-Pliicker coordinates.

Recently, Penner and Zeitlin defined the notion of the decorated super-Teichmiiller space
associated to a bordered marked surface [19]. This work builds off of earlier work on super-
Teichmiiller spaces for super Riemann surfaces [5]. The coordinates on a super-space are broken
into two classes: namely even coordinates and odd coordinates. Even coordinates are ordinary
commutative variables but odd coordinates anti-commute with one another. Odd coordinates
are also commonly known as Grassmann variables. As in the classical commutative case, the
coordinates correspond to arcs in a fixed triangulation of the surface. They described a super
version of the Ptolemy relation, which is an expression for how the coordinates change when
changing the choice of triangulation.

Our main result in this paper is an explicit formula for the super A-lengths in the case of
marked disks, generalizing the T-path formulation of Schiffler. Like Schiffler’s formula, the terms
in our formula are also indexed by objects which closely resemble the T-paths from the classical
case.

2 Decorated Teichmiiller theory

First we review some background on decorated Teichmiiller spaces. For a detailed reference,
see [18]. Let S be a surface with boundary, and let py,...,p, be a collection of marked points
on the boundary, such that each boundary component contains at least one marked point. More
generally, we can also have a collection of interior marked points (or punctures), but we will not
be concerned with this case in this paper. We also equip the surface with a triangulation, where
the arcs terminate at the marked boundary points. The Teichmiiller space of S, denoted T (S),
is the space of (equivalence classes of ) hyperbolic metrics on S with constant negative curvature,
with cusps at the marked points. Because of the cusps, any geodesic between marked points has
infinite hyperbolic length.

The decorated Teichmailler space of S, written %(S), is a trivial vector bundle over T(S),
with fiber RZ,. The fibers represent a choice of a positive real number associated to each marked
point. At each marked point, we draw a horocycle whose size (or height) is determined by the
corresponding positive number. Truncating the geodesics using these horocycles, it now makes
sense to talk about their lengths. If ¢ is the truncated length of one of these geodesic segments,
then the A-length (or Penner coordinate) associated to that geodesic arc is defined to be

A= exp(¢/2).

Fixing a triangulation of the marked surface, the collection of A-lengths corresponding to the
arcs in the triangulation (including segments of the boundary) form a system of coordinates
for 7(5). Choosing a different triangulation results in a different system of coordinates, but
they are related by simple transformations which are a hyperbolic analogue of Ptolemy’s theorem
from classical Euclidean geometry. If two triangulations differ by the flip of a single arc as in
Figure 1, then the A-lengths are related by ef = ac + bd.

3 Laurent expression for A-lengths
In this paper, we will only be concerned with the case that the surface S is a disk with marked

points on its boundary (which we will picture as a convex polygon). So we restrict to that case
now.
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Figure 1. Ptolemy transformation.

Fix a triangulation of an n-gon, and label the vertices 1 through n. Schiffler [20] defined
a T-path from i to j to be a sequence

a = (ao, ces ,ag(a) ’tl, cee ,tg(a))
such that

T1
T2

ao, - - ., ay(q) are vertices of the polygon,

t is an arc in the triangulation connecting a;_1 to ag,

T4) ¢(«) is odd,
T5H) if k is even, then t; crosses the arc connecting vertices ¢ and 7,

(T1)
(T2)
(T3) no arc is used more than once,
(T4)
(T5)
(T6)

if k <l and both t; and ¢; cross the arc from ¢ to j, then the point of intersection with ¢
is closer to 7, and the point of intersection with ¢; is closer to j.

An example of a T-path in a hexagon is shown in Figure 2. The even-numbered edges are
colored blue, and the odd edges red, for emphasis.

Figure 2. A T-path from i to j.

We denote the set of all T-paths from ¢ to j by T;;. Given a T-path o, we define a Laurent
monomial z,, (in terms of the A-lengths of a fixed triangulation) as the product of the A-lengths
used in the T-path, with the even-numbered ones inverted. That is, if the ordered sequence of
edges in « is e1,€9,...,€2m+1, then

— H?:O Leggy1
H;cnzl Leyy,

Schiffler proved the following theorem relating A-lengths and T-paths.

Lo

Theorem 3.1 ([20, Theorem 1.2]). Let x;; be the A-length corresponding to the geodesic arc
connecting vertices i and j in a triangulated polygon. Then

Tij = E Lo

CEGT”‘
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Remark 3.2. As a consequence of the definition of T-paths, to compute x;; it is sufficient
to consider only the sub-polygon consisting of the triangles which the geodesic arc connecting
vertices ¢ and j crosses.

4 Decorated super-Teichmiiller theory

Super-Teichmiiller spaces have been studied for several years now (see for example [5]). Re-
cently, Penner and Zeitlin introduced a decorated version of super-Teichmiiller spaces [19]. Tt
is generated by even variables corresponding to the A-lengths of a triangulation, as well as odd
variables (called p-invariants) corresponding to the triangles. They give a super version of the
Ptolemy relation, which reads as follows (see Figure 3 for the meanings of the variables)

af\/X , o—/x0 , 0+ xo
= bd) (1 , == 9 = ’
or=teeren (14+700) o= T VX

where x = 77.

a b a b
9 b
€. > (0 4 o
ag
d c d c

Figure 3. Super Ptolemy transformation.

We will usually find it convenient to re-write these equations without y, as follows

ef = ac+ bd + Vabedob, (4.1)
ot — Vb~ Oyac (4.2)
Vac+bd
o 0v/bd + ov/ac (4.3)
 Vac+bd '
An important corollary of these equations is the following
ol =o', (4.4)

which will be used frequently in our proofs.

To understand the oriented arrows in Figure 3 and the minus sign in equation (4.2), we need
the combinatorial data of a spin structure. In [3] and [4], an isomorphism was shown between
the set of equivalence classes of spin structures on a surface and the set of isomorphism classes
of Kasteleyn orientations of a fatgraph spine of the surface. Dual to any fatgraph spine is
a triangulation of the surface, and so an orientation of the fatgraph corresponds to an orienta-
tion of a triangulation (requiring the dual edge to cross from left to right). For our purposes
a spin structure will be a choice of orientation of the edges of a triangulation, modulo a certain
equivalence relation, which we now describe.

Fix a triangulation A and an orientation 7 of the edges in that triangulation. For any trian-
gle t, consider the transformation which reverses the orientation of the three sides of t. Define
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an equivalence relation on orientations by declaring that 7 ~ 7/ if they differ by a sequence of
these transformations. In [19], a spin structure is represented combinatorially by an equivalence
class of orientations.

In [19], the authors did not consider surfaces with boundary, as we do here. Because the orien-
tation of boundary segments will play no role in our formulas for A-lengths (but not p-invariants),
we can often ignore the boundary orientations. Note that the hypothesis of Proposition 4.1 on
the triangulation is sufficient because of Remark 3.2.

Proposition 4.1. Fix a triangulation of a polygon in which every triangle has at least one
boundary edge. Then there is a unique spin structure after ignoring the boundary edges. In
particular, this means that, from any representative orientation of a fixed spin structure, one
can obtain all other orientations on the interior diagonals, without leaving this spin structure.

Proof. Because every triangle has at least one boundary edge, one can naturally sequence the
triangles (and internal diagonals) from left-to-right. We may picture the polygon as follows, to
emphasize this:

We will demonstrate that we may change the orientation of a single edge while remaining in

the same equivalence class. Label the triangles from left to right as ¢1,¢2,... and the internal
diagonals as dj, da,.... We will argue that we can change the orientation of just dj, by induction
on k.

If £k =1, then d; is an edge of t1, and the other two edges of t; are on the boundary. Because
we ignore boundary orientations, the equivalence relation allows us to reverse the orientation of
just d.

Now, for arbitrary dj, reverse the orientations around triangle t;. This affects both dj
and di_1. But by induction, we may change just di_; while staying in the equivalence class.
This proves the claim. |

In Figure 3, the arrows on the edges labelled e and f represent the choice of orientation.
In the figure, the orientations of the edges around the boundary of the quadrilateral are not
indicated. Three of the four edges are unchanged in the super Ptolemy transformation, and
only the orientation of the edge labelled b is changed, see Figure 4. The sign in equation (4.2) is
determined by the relative positions of the triangular faces with respect to the chosen orientation.

€q €p €a b
0
) e 0 A o e
g g
€4 €c €d €c €d €c

Figure 4. Flip effect on spin structures. Here €, denotes the orientation of an edge .

As illustrated in Figure 4, the super Ptolemy relation is not an involution. Performing a flip
twice results in reversing the orientations around the top triangle. This leads us to the following
observation that u-invariants are well-defined only up to sign. Consequently, in the main results
of our paper regarding p-invariants (Theorems 6.4 and 6.5), we must specify a mutation sequence
to obtain a formula for the u-invariants.
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Remark 4.2. The above equivalence relation, i.e., as used in Proposition 4.1, guarantees that
the result after flipping twice represents the same spin structure, but algebraically it has the
effect of negating the p-invariant of that triangle (0 — —6 in the figure). This means that the
specific p-invariants are not a feature of the triangulation and spin structure alone, but also the
choice of representative orientation. Choosing a different orientation corresponds to changing
the sign of some of the p-invariants.

Remark 4.3. Unlike the p-invariants, the expressions of A-lengths in terms of an initial trian-
gulation (as will be described more fully in Corollary 5.11) are independent of the orientation
of the arc as part of a spin structure, and of the flip sequence used to obtain a triangulation
containing that arc. This is proven in [19] in the case of surfaces without boundaries. The
fact that A-lengths are well-defined can also be seen as a consequence of the well-definedness of
super-freizes, as we will describe in Sections 7 and 8.2, based on [13, 19]. We provide a more
direct proof in Appendix A.

5 Super T-paths

Let P be an (n + 3)-gon (a disk with n + 3 marked points on the boundary), and T' =
{t1,...,ton+3} the set of arcs in some triangulation. We will denote by Vj the set of ver-
tices (marked points). Let a and b be two non-adjacent vertices on the boundary and let (a,b)
be the arc that connects a and b.

5.1 Fans of a triangulation and their centers

We call a triangulation a fan if all the internal diagonals meet at a common vertex. We will define
a canonical way to break any triangulation 7" of P into smaller polygons with fan triangulations.
For this purpose, certain vertices in P will be distinguished as centers of fans.

a = C

C2 &1

b:C3

Figure 5. Centers of fan segments.

Let P be a polygon and T a triangulation. Following Remark 3.2, without loss of generality,
we may assume that (a,b) crosses all internal diagonals of T'. Consider the intersection of (a, b)
with triangles in 7" which do not contain a or b. These intersections create small triangles
(colored yellow in Figure 5) whose vertices in P we call fan centers. We set a = ¢p and b = cy 41
and as a convention we will name these centers cq, ..., cy such that

1) for 1 <i¢ < N —1, the edge (¢, ¢;+1) is in T which crosses (a, b),

2) the intersection (c;, ¢i+1) N (a,b) is closer to a than (cj, cj+1) N (a,b) if i < 5.
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Now the edges (c;, ci+1) naturally break the triangulation 7" into N smaller polygons, each
of which comes with an induced fan triangulation. Let F; denote the subgraph of T" bounded
by ¢i—1, ¢; and ¢;11, which are called the fan segments of T. We say that ¢; is the center of Fj.
See Figure 7 for an illustration, where the fan segments are indicated by different colors.

5.2 The auxiliary graph

We shall now define an auxiliary graph associated to (T, a,b), which will be used to define the
super T-paths from a to b.

For a triangulation T and a pair of vertices a and b, we define the graph Ff}’b to be the graph
of the triangulation 1" with some additional vertices and edges.

1. For each face of the triangulation 7', we place an internal vertex, which lies on the arc
(a,b). We denote the internal vertices Vi = {61,...,0,4+1}, such that 6; is closer to a
than 6; if and only if ¢ < j.

2. For each face of T', we add an edge o; := (6;,¢;) connecting the internal vertex 6; to the
center of the fan segment which contains 6;. We denote by o the set of all such edges.

3. For each 0; and 60; with ¢ < j, we add an edge connecting 6; and ¢;. We denote the
collection of these edges as 7 = {7;;: i < j}. For simplicity the T-edges are drawn to be
overlapping.

See Figure 6 for example.

0> \
02
c
03
03

b Y

(&) 1

Figure 6. The auxiliary graph F%’b.

Remark 5.1. Note that the arc (a,b) divides the first and last triangle into two triangles,
as opposed to into a triangle and a quadrilateral like the case of every other triangle of T.
Consequently, the convention of the yellow coloring as in Figure 5 can be extended to the first
and last triangles of T' in multiple ways. Thus we may define the first and last o-edge in
a different way: o1 = (61,2) and 04 = (04,y) in Figure 6, in which case the (not yet defined)
super T-paths produces the same weight. We make this choice for sake of consistency of doing
induction. This means that when P is a quadrilateral, we can view its triangulation 7" as either
a single fan or having 2 fans, and define the auxiliary graph in 4 different ways.

In Figure 7, we give another example of constructing the auxiliary graph.
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€0 €0

2 C2

C3

Cq Cs Cq Cs

Figure 7. Left: yellow shading indicates the fan centers. Right: the auxiliary graph where different fans
are indicated by different colors.

5.3 Super T-paths

0. a,b
Now we define the super T-paths from a to b to be paths on edges of the auxiliary graph I';
satisfying certain axioms.

Definition 5.2 (super T-paths). A super T-path ¢ from a to b is a sequence

t = (ao, a1, .., ayq) | t1,t2, ..ty
such that
(T1) a=ag,a1,...,ays) =b € VoUVy are vertices on FaTZb,
(T2) for each 1 <1i <U{(t), t; is an edge in FaT’b connecting a;—1 and a;,
(T3) ti #t; if i # j,
(T4) £(t) is odd,
(T5)
(T6)
(T7)

t; crosses (a,b) if i is even. The o-edges are considered to cross (a,b),
t; € o only if i is even, t; € T only if i is odd,

if i < j and both t; and tj cross the arc (a,b), then the intersection t; N (a,b) is closer to
the vertex a than the intersection t; N (a,b).

We let T, denote the set of super T-paths from a to b. Furthermore, let 7;% be the set of
super T-paths from a to b which do not use o or T edges. We naturally identify 7;0,) with Tg p,

the set of ordinary T-paths from a to b. We also define 7;11) = Tap — 7;0b as the set of super
T'-paths which do not correspond to ordinary T -paths.

An immediate observation is that every super T-path must have an even number of o-edges.
More specifically, they always appear as a sequence of o-edge, 7-edge, and o-edge. Here 7- stands
for teleportation: instead of following along an edge of the triangulation 7', a 7-step teleports
from one internal vertex to another. We call a subsequence of a super T-path of the form
(-..y05,05,...|...,04,Tij,04,...) a super step. In other words, a super T-path is a concatenation
of certain ordinary T-paths and super steps.

Example 5.3. Figure 8 illustrates several examples of super T-paths from 1 to 4. Odd-numbered
edges are colored red and even-numbered edges are colored blue.
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t= (]-a 67 01; 92, 6, 37 574 | T1,01,T12, O'2,LE8,ZE9,£L'5) t= (17 67 917 93, 3a4 | 1,01, T13, 0'3,.1'4)

Figure 8. Examples of super T-paths.

5.4 Default orientation and positive order

Fix an arc (a,b), and as mentioned in the previous section, we assume that this arc crosses all di-
agonals in the chosen triangulation. We also choose a direction a — b for this arc. Based on these
choices, we will define a default orientation, which guarantees an ordering of the p-invariants in
which the coefficients in the A-length expansion have positive coefficients. Accordingly, we will
call this ordering the positive ordering. Notice that only the orientation of interior edges affects
our calculation of A-lengths, therefore the orientation of boundary edges will be omitted.

Recall the convention for labelling the vertices of a polygon: given two vertices a and b and
a chosen direction a — b, we label ¢y = a, cy+1 = b, and the fan centers are labelled c1, ..., cn
in such a way that ¢; is closer to a than c¢;;; is. See Figure 9 for an illustration.

Definition 5.4 (default orientation). When the triangulation is a single fan with ¢; being the
center, every interior edge is oriented away from c¢;. When T is a triangulation with NV > 1 fans,
where ci,...,cy are the centers, the interior edges within each fan segment are oriented away
from its center. The edges where two fans meet each other are oriented as ¢; — ¢co — -+ —
cN—1 — cn. See Figures 9 and 10.

Remark 5.5. As mentioned above, the definition of default orientation depends on the choice of
direction a — b. In particular, choosing the opposite direction b — a would change the labelling
so that ¢; becomes c¢y_;. The effect is that the orientation of the diagonals within a fan are
unchanged, but the diagonals connecting two fan centers would have the reverse orientation.
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Co

Cy Cy

Figure 9. The default orientation of a generic triangulation where each fan segment is colored differently.
The faces are labelled by their p-invariants.

€o €o

Ce Cs C4

Figure 10. More examples of default orientation.

Definition 5.6 (positive ordering). For F' a single fan triangulation with center ¢y, let 1, ..., 0%
be its faces. The positive ordering is defined to be

91>02>"'>9k,

where 01,...,0; are ordered counterclockwise around c;.
For a triangulation T" with fans Fy, ..., Fy, we order the fans as follows in two different cases

1. If ey—1,¢n, cny1 are oriented counterclockwise, then we order the fans as follows

F1>F3>--->Fy_1>Fn>Fy_9>--->F4>F2 if N is even,
F2>F4>..->Fy_1>Fny>Fn_o>--->F3>F1 if N isodd.

2. If ey—1, cN, cn+1 are oriented clockwise, then we order the fans as follows

F1>F3> --->Fny_9>Fy>Fy_1>-->F4>F2 if N isodd,
F2>F4>--->Fny_o9>Fy>Fny_1>--->F3>F1 if N iseven.
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Then the positive ordering on faces of T' is induced by the ordering on fans and the positive
ordering within each fan.

Remark 5.7. The positive ordering may also be described inductively, triangle-by-triangle, as
follows: Recall from the definition of auxiliary graph that the triangles are labelled 61,05, ..., 0,
in order from a to b. For each triangle 6, look at the edge separating 6, and 0. If the edge
is oriented so that 60 is to the right, then we declare that 6, > 6; for all ¢ > k. On the other
hand, if 0, is to the left, we declare that 6, < 6; for all i > k.

For example, in Figure 9, the positive ordering on the faces is

ap > ag > a3 >y > 92 >3 > 062 > 01 > B2 > B

5.5 Expansion formula

Definition 5.8 (weight). Let ¢t € 7, be a super T-path which uses edges ¢i,to,... in the
auxiliary graph ng. We will assign to each edge t; a weight, which will be an element in the

+1 +1
super algebra R[:Cl SR NP L T 9n+1] (where 0;’s are the odd generators) as follows. For

the parity of edges t; € o or 7, we recall axiom (T6) of Definition 5.2:

xj it t; € T', with A-length x;, and 7 is odd,
l’;l it t; € T', with A-length x;, and 7 is even,
wt(t;) == mi; l 0s if t; € o and the face containing ¢;

is as pictured below (i must be even),
1 if t; € 7 (¢ must be odd).

In keeping with the intuition mentioned after Definition 5.2, teleportation is unweighted:

Lk, Ly

Lj

Here, 6, is the p-invariant associated to the face containing t;. Finally, we define the weight of
a super T-path to be the product of the weights of its edges

wt(t) = [ wt(ta),

tict
where the product of p-invariants is taken under the positive ordering.

In what follows, we will use Ay, to denote the A-length of the arc (a, b), and we will write
to denote the p-invariant associated to the triple of ideal points (i, j, k), subject to Remark 4.2.
The following theorem is the main result of the current paper, giving an explicit expression
for arbitrary super A-lengths in terms of the A-lengths and p-invariants of a fixed triangulation.

Theorem 5.9. Under the default orientation, the A-length of (a,b) is given by

Aap = Y wi(t).

teTap
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When starting with a generic orientation, one can first apply a sequence of equivalence rela-
tions (reversing the arrows around a triangle and negating the p-invariant) to get to the default
orientation, with some of the p-invariants having signs changed. This is always possible due to
Proposition 4.1. See Example 5.12.

Equivalently, we can state the main theorem with respect to an arbitrary choice of orientations
(not necessarily the default one) as follows.

Corollary 5.10. With a generic choice of orientation, the A-length of (a,b) is given by

Nav = 3 ()™ wi(t),

t€7;71,

where inv(t) is the number of edges in the triangulation which cross a T-edge of t and are oriented
opposite the default orientation.

Proof. Label the internal diagonals dy,do, ..., d,—1 in order of their proximity from ¢y to cy,
and similarly label the p-invariants of the triangles 61,6, ..., 6,. Suppose d is the last diagonal
whose orientation disagrees with the default orientation. Proposition 4.1 describes how we can
find another orientation, representing the same spin structure, where di is the only internal
diagonal whose orientation is changed. From Remark 4.2, we see that in doing so, 6; must be
replaced by —6; for all i < k.

This process may then be repeated for all diagonals whose orientation differs from the default
one. The end result is as follows: if d;, , d;,, . .., d;, are all the internal diagonals whose orientation
disagrees with the default orientation (and iy < i < --- < i), then the p-invariants of triangles
between d;, , and d;, are negated, those between d;, , and d;, , are not, those between d
and d;, , are negated, those between d;, , and d;, . are not, etc.

Any super T-path t contains some number of super-steps. Suppose ¢ contains a super-step
(..0:,05,...| ...,00,Tij,0j,...). Let m;; be the number of diagonals between 6; and 6; whose
orientation disagrees with the default. If m;; is even, then when we change from the given
orientation to the default one, either both 6; and 6, are negated, or both stay the same. In
this case, the product ¢;0; is unchanged when passing to the default orientation. On the other
hand, if m;; is odd, then one of them is negated, and the other stays the same, in which case
the product 0;0; is negated.

The number inv(t) is simply the sum of these m;;’s over all super steps in the path t. |

1k—3

It is apparent from the super T-path formulation in Theorem 5.9 that these A-lengths satisfy
something analogous to the Laurent phenomenon exhibited by ordinary cluster algebras. This
is summarized in the following corollary.

Corollary 5.11. Let 6; := wt(o;) = :riffcl 0; (see Definition 5.8). For any pair of vertices a, b
of the polygon,
(a) Aap € R[:c{d, e xécnlJrg | 0,..., én—i—l]- In other words, e~ach term of g 1s the product of
a Laurent monomial in the x;’s and a monomzial in the 0;’s.
1 1
(b) Aap € R[xI_LQ Yo ,x;tn2+3 |01,..., 0n+1]. In other words, each term of Ay is the product of

a Laurent monomial in the square roots of the x;’s and a monomial in the 0;’s.

Example 5.12. An example of the expansion formula given in Theorem 5.9 and Corollary 5.10
is shown in Figure 11. Continuing from Example 5.3, this figure shows all super T-paths in 77 4.
For example, to obtain the default orientation, we would need to flip the arrow on edge (3,5).
We can do this by flipping all arrows of the last triangle while negating the p-invariant to —04.
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2 1 2 1 2 1 2 1
| | | | | @ | | |
4 5 4 5 4 5 4 5
+ T174 L1L3T5 L1T3T476 L2T5T8
g T7T9 T7TYTQ T7I9
2 1 2 1 2 1 2 1
| | | | | @ | | |
4 5 4 5 4 5 4 5
+ TYXTAXG + TH4/T1T2T3TY 6 9 + TATGA/T1T2T3 6 6 + T4\/T172T¢ 0 9
w719 ) 192 vrzgy /iy V2 JTragzg 13
2 1 2 1 2 1 2 1
3 6 3 6 3 6 3 6
4 5 4 5 4 5 4 5
_ VI122T4T5 9 9 T1T44/ X326 9 9 _ T14/X324T5 9 9 _ T1T34/T4T5T6 9 9
e it t s 7203 T 2l “arens 0403
\/T7T9 T8\/T7TY \/T7TTY T7L9,\/T8
2 1 2 1 2 T2 1 2 1
x 91 T
3 92 x7 1
3 6 3 6 3 Ts 6 3 6
x 0 T
1 o 3 6
0,
4 5 4 5 4 T 5 4 5
xT TAT5TET T1TQTZTLATHT, .
— 2568 V;ﬂ;“ 0,03 - 7”;;9“6 0,050,405 edge labels spin structure

Figure 11. Example of Theorem 5.9.

Keeping the same positive ordering 61 > 02 > 0, > 03, this would make all terms in Figure 11
positive.

In this example, the Laurent expansion can also be written in terms of the 0’s (defined in
Corollary 5.11) as

T1T4 T1I3T5 T1T3T4T6 T2T5T8 T2X4T6 T1TT8 5 ~ T1T4T6 5 &
Ay = + + + + + 0102 + 60102
€y T7T9 T7TITY T7T9 79 x9 Z9
5 5 5 s x T1X3T4 5 50 TaX4XR 5 5
+ 3311‘4(91(93 — 3311'4(91(94 + x1m49293 — x1m49294 — T@403 — T0493
7 7

- 3311'4.%'851&25453.

5.6 Super T-paths in a single fan triangulation

Let P be an n-gon and T a fan triangulation. Let vertex 1 be the fan center.



14 G. Musiker, N. Ovenhouse and S.W. Zhang

Lemma 5.13 (Schiffler). For 2 <i <n —1, define
ai—1:=(2,1,i,i+1,1,n|...), 2<i<n—1.

Then B?n ={a;: 1 <i<n-—2}. See Example 5.14.

Note that in case of i = 2 ori =n—1, a;—1 collapses to a shorter T-path after removing
backtracking. In the special case of n = 3, there is a unique T-path in T2?n7 i.€., Q2 = Qp_1,
which consists of the single edge (2,3).

Example 5.14 (ordinary T-paths of a fan). The following are the ordinary T-paths of a fan
triangulation of an octagon. Notice that each of these T-paths surrounds (and is in bijection
with) one of the triangles of T', as illustrated in yellow below:

2 1 2 1 2 1 2 1
3 8 3 8 3 8 3 8
4 7 4 7T 4 7 4 7
5 6 5 6 5 6 5 6

Lemma 5.15. FEvery super T-path in 7'21n is of the following form
(2,1,60;,0;,1,n| 21,04, Tij, 05, Tn)
for1<i<j<n-—1. See Example 5.16.
We illustrate this lemma with an example before proving it.

Example 5.16. The following are the (;l) = 6 different non-ordinary super T-paths (elements
of 7'2176) of a single-fan hexagon:

2 1 2 1 2 1

3 6 3 6 3 6
4 ) 4 S 4 5
2 1 2 1 2 1

3 6 3 6 3 6
4 ) 4 S 4 5

In this example, Aog can be expressed as

/\23)\16+)\21)\34/\16 A21 4516 | 2156
A31 A13 41 A 1451 A5

 dony | 22 (133 |22 (3] g + Aary | 2 (3] 2 [T Age
A12A13 A13A14 A13A14 A1415

A26 =
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 dory o [145] 2 [156] g + dan | o2 [128] | [145] Aug

A14A15 A15A16 A12A13 A14)15

gy 2 256 (756 Ay + Aary /-2 [128] /% [156] Aue.
A13A14 A15A16 A12A13 A1516

The first four terms are the weights of all ordinary T-paths (as described in Example 5.14), and
the remaining six terms correspond to the T-paths pictured above (in the same order). It can
also be written as

A23A A21 Az4 A A21 a5\ A21 A — —
Ao = 2;3116 " 2;1:'33;\14116 " 2;144)\55116 " 2;1556 oA oA
+ A21A16 + A16A21 + At6A21 + Mg or [123][156],

where the are the weights of the corresponding o-edges (following the notation of Corol-
lary 5.11).

Proof of Lemma 5.15. A 7'217n—path must use one of the o-edges, therefore the first step in
the super T-path needs to be (2,1). Then after traveling through o;, what follows must be 7;;
which leads the T-path to another internal vertex 6;. The next step is an even step hence has
to be a o-edge which will take us to vertex 1:

(2,1,9i,9j,1,... |:E1,0'i,7'l'j,0'j,...).

Now we are at vertex 1 and have completed even number of steps, therefore the rest of the this
super T-path must be a super T-path from 1 to n — clearly there is only one possibility which
is the single edge (1,n). Hence a super T-path in 7'21n must have the form

(27179i79j717--- ‘1‘1,0},7‘@,0’]‘,...)—i—(...,l,n‘ ,:L'n)

:(27179ia9j717n‘x170ia7—ij70—j7xn)- |

6 Proof of Theorem 5.9

In this section we prove our main theorem. It turns out that the default orientation guarantees
a positive sign on all terms of the expansion of A-lengths (Theorem 5.9), and is also preserved
by induction.

Our proof has three parts: we first prove the case of single fan triangulations, and then prove
the case of zig-zag triangulations. Finally we prove Theorem 5.9 in full generality by combining
the two cases mentioned above.

Before proving our theorem, we state the following results that will be used in our proofs.

Proposition 6.1. Let A, 3, and X be elements in the super algebra A, which for convenience,
. . +1 +1 . .
we assume is written as A = R[azl SR NS LS T 9n+1] as in Definition 5.8. Further, we

assume that A is an even element with a non-zero body," and that both B and ¥ are odd elements
of A. Then we have

_ B
\/A+BZ—\/Z+2\/ZZ,

where the square root of A is taken to be the positive square root.

!The body of an element A of super algebra A is the constant term when expanded out in terms of the 6;’s.
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Remark 6.2. Since A is an even element, its positive square root is well-defined as the choice
such that the body of v/A is the positive square root of the body of A.

Proof. Squaring the right-hand side:

(x/ZJrz\%z)Q:AJrz\/Z-Q\%-ZJF(2\%2)2:A+52.

This clearly equals the square of the left-hand side. |
Using Lemma 6.1, we can rewrite the super Ptolemy relations in a more symmetrical form.

Proposition 6.3. The super Ptolemy relations described in Figure 3 can be written as follows

0'\/ef = 0Vbd + o+/ac, (6.1)
o'\/ef = oVbd — 0 /ac. (6.2)

Proof. We have

0\ef = 9’\/ab+cd+ Vabedol = 0’\/ab—|—cd+ Vabedo'd = 0’/ ab + cd

and

o %df 0/vac + bd = 0v/bd + ov/ac.
ac

Putting these two equations together gives equation (6.1):

0'\/ef = 0Vbd + o+/ac.

Equation (6.2) can be derived in a similar way. [

6.1 Proof of Theorem 5.9 for a single fan

For sake of readability, in the below, we use to denote the p-invariant associated to the
triple of ideal points (i, j, k), subject to Remark 4.2, while the A-length of a pair (i, j) will be
denoted A;;. We will also sometimes use to denote the internal vertex of the auxiliary
graph associated to (i, 7, k), when talking about super T-paths.

First, we will prove the main theorem in the case of a single fan triangulation.

Theorem 6.4. Consider a single fan triangulation of an n-gon as depicted in Figure 12. We
continue our convention of using the default orientation, which for a fan triangulation means
that arrows on all internal diagonals point away from the fan center. After performing the super
Ptolemy relations for the flips of arcs (1,3), (1,4), ..., (1,k —1), we have

Aok - k—2 |
(@) /5 [12k]= ;WW,
(b) Aok = > wt(t),

t€7—2,k

where wt(o;) and wt(t) are defined in Definition 5.8, and as defined in Definition 5.2, To
denotes the set of super T'-paths from vertex 2 to vertex k.
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Figure 12. Proof of Theorem 6.4.

Proof. We will induct on k. We begin with the case of k¥ = 3 where statements (a) and (b)

follow immediately since wt(o1) = 4/ 1’\22/{*13 , and the unique super T-path from vertex 2
to vertex 3 is simply the ordinary T-path ¢ = (2, 3).

In general, for k > 4, after flipping arcs (1,3),..., (1, k—2), the next flip of arc (1,5 — 1) will
be inside the following quadrilateral:

Note that the p-invariant |1,k — 1,k | is in the initial triangulation, but |1,2,k — 1| is not?.
However, we assume by induction that | 1,2,k — 1 |is given by part (a).

First we prove part (b). The super Ptolemy relation (equation (4.1)) says that Aoy is given
by

AMk—1A2k = AM2Ap—1k + A2 p—1 + \/)\12)\2,1@—1)\1@—1,/@)\%‘ 1,2,k -1 H Lk—1Fk|.

After dividing by Aj r—1, we get a formula for As ;. On the right-hand side, the first term gives
)\21)\1_11_1/\#1,1{, which is clearly an ordinary T-path. The second term, by induction, is

Z wt(HA | 1 A

t€T2, k-1

Taking the ordinary T-paths in 7'2?k_1, and appending the arcs (k—1,1) and (1, k) give the rest
of the ordinary T-paths in 7. (See Lemma 5.13 and note that appending arc (k —1,1) as an
even step may in fact yield a backtrack that cancels out the final step of an ordinary T-path
in TQ%) The terms coming from 7’21716_17 multiplied by /\f‘i’“_ - similarly give the super T-paths

in 7,5 which do not involve the triangle (1,k — 1,k) (see Lemma 5.15).

2Except for the special case of k = 4.
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The last term, using part (a) and induction on | 1,2,k — 1|, is

\/AIQ)\Q,k*l)\k’fl,k)\lk B k—3 |
Al k-1 ‘ L2,k 1 H Lk-1k ‘ =An ;Wt(gz)Wt(0k2))\1k-

These are the weights of the super T-paths which use the last triangle, namely (1,5 — 1,k)
(again, see Lemma 5.15).

Note that the product wt(o;)wt(ok_2) is in the positive ordering, since the two p-invariants
appear in the counter-clockwise order around the fan center.

Now, we examine part (a). Looking at the same quadrilateral as above, the super Ptolemy
relation for p-invariants (equation (6.1)) says that

VAL 1A% = VAR A1k + VAEA2 k-1

Dividing by \/A12A1 x—1A1%, commuting the A-lengths past the p-invariants, we get

[ Aok A k—1 A2 k—1
12/€ 1 k 1,2,k —
A2 1k Al k— 1)\1k- >\12)\1k 1

The first term on the right-hand side is simply wt(o;_2). By induction, the second term is
Zk “3wt(0;). Therefore we have

Nor = |
W = wt(ok—2) (Z wt(o; ) = ;Wt(al)

as desired. m

6.2 Proof of Theorem 5.9 for a zig-zag triangulation
Next, we prove our main theorem for the case of a zig-zag triangulation.

Theorem 6.5. Consider a zigzag triangulation T' of an n-gon as depicted in Figure 13. We
consider all the vertices except for 1 and n to be fan centers, so that c; is labelled i + 1 for
1<1<n—2.

After flipping the arcs (n —1,n —2),(n—2,n—3),...,(k+2,k+ 1), we have

@ | [(FT)= 5 Y e,

C Negal
k)k+1 i=k t€Tn i+1

(B) Ao = > wh(t).

tETkn

Proof. We assume that vertices n, n — 1, and n — 2 are oriented as in Figure 13. The case that
they are oriented oppositely is similar.

We will induct (backwards) on k. The base case of the induction is the case of a single
triangle, when & = n — 2. Since the edge (n — 2,n) is already in the triangulation, A,_2, is
already one of the generators. Clearly the only T-path in this case is the single edge (n — 2,n)
(when zero flips have been performed). This establishes part (b) for the base case. For part (a),
the left-hand side is

m‘n_Q n—1n].

)\n—l,n—Z
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n n—1 n n—l

Figure 13. Proof of Theorem 6.5. Left: zig-zag triangulation with the default orientation. Right: the
corresponding auxiliary graph.

For the right-hand side, there is only a single term in this sum. This is because ¢ only takes
the value n — 2, and the only T-path from n — 1 to n is the single edge (n — 1,n). Thus the
right-hand side is

An—2
Mot Wi{on2) = A\/ Sy 2= L]
n—2,n—1\n—1n

_ )\n—2,n)\n—1,n ’ n—2mn—1 n‘
)\n—2,n—1 7 ’

This establishes part (a) for the base case. We now assume that 1 <k <n — 3.
After flipping the arcs (n — 1,n —2), (n —2,n —3),...,(k + 3,k + 2),> we will have one of
the two following quadrilaterals, depending on the parity of n — k:

k k
k+1@k+2 or k+2@kz+l
n n

Now we flip the edge (k + 2,k + 1) while applying the Ptolemy relation equation (6.1). In
both cases pictured above, the triangle (k, k4 1,n) will play the role of " (it will be on the left,
looking in the direction of the arrow after the flip). And because of the opposite orientations,
application of equation (6.1) in both pictures gives

V Aen Akt 1 k42| Ry k4 1,n
=4/ )\k’—i-l,n)‘k,k—&-Q‘ k.k+1,k+2 ‘ + \/)\k,k+1)‘k+2,n‘ k+1,k+2,n/|.

3For the case of k = n — 3, no arcs have yet been flipped.
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Multiplying both sides by ‘/%’ we get
Akn>\k—|—1 n
Men Akt L 0
V e
A
:)\k+17n\/ kb2 kok+1,k+2]+ Akt 1.1A SRR [+ 1,k +2,n].

N kb1 41, k42 Akt1,k+2

First we examine the first term on the right-hand side. By induction, Ax1, is the weighted

sum of super T-paths from k + 1 to n. Notice that ,/%’ kk+1,k+2 ‘ is the weight
of the o-step g, going from vertex k 4 1 into the triangle labelled ;. Therefore this first term

is equal to

> wt(t) wt(ow). (6.3)

t€77c+1,n

Next, we focus on the second term of the right-hand side: / %‘ k+1,k+2 n‘ By
induction, this is equal to

) I\ n—2
W‘k+ 1,k;+2,n\: Z Z wt(t) wi(oi).
k+1,k+2 i=k+1t€Tp, i1

Adding the terms from equation (6.3) gives the result for part (a).

We should verify that the py-invariants in each product wt(¢) wt(oy) are in the correct positive
ordering. We use the same viewpoint as in Remark 5.7. By induction, the p-invariants in each
term of wt(¢) occur in the positive ordering of the smaller polygon which contains triangles
Ok+1,-..,0h—2. By construction, the positive ordering of the slightly larger polygon (which
additionally contains 6y) is obtained from the smaller by placing 6y either at the beginning or
end of the previous order. But since wt(¢) is an even element, it is central, and so wt(t) wt(og) =
wt(og) wt(t), and we may choose whichever one gives the correct positive ordering.

Now we will prove part (b). Again after flipping the arcs (n — 1,n —2),(n —2,n —3),...,
(k + 3,k + 2), we are in one of the two pictures from before. For the picture on the left, an
application of equation (4.1), followed by division on both sides by Agi1 542, gives

Ak k42 k+1n Ak E+1Ak+2,n

Moy, = —2 — +
n )\k+1,k+2 )\k+l,k+2
part 1 part 2
| SR ) g ] [CRRELARAR2 00 ),
Ak 1,k42 A1 k+2
part 3 pa}fﬁ 4

Note that ‘ k+1,k+2,n ‘ lies on the right of the oriented diagonal, and hence plays the role of o.

Analogously, ‘k:, kE+1,k+ 2‘ lies on the left and plays the role of . Applying equation (4.1)

to the picture on the right gives the same thing, except that parts (3) and (4) appear in the
opposite order.

First we will explain that the sum of parts (1) and (2) is the weighted sum of all super
T-paths from k to n that do not contain a 7-edge which crosses (k + 1,k + 2).

Suppose a path t € Ty, does not contain a 7 edge crossing (k + 1,k + 2) (i.e., does not have
a super step starting with 6;). Then the first step of ¢ is either edge (k,k+ 1) or (k, k+2), and
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the remainder of ¢ lies in the smaller polygon below the diagonal (k + 1,k + 2). There are two
cases.

The second edge might be (k + 1,k + 2), in which case the remainder of ¢ (after removing
the first two edges) is a super T-path in either 7j41, or Tyi2,. This is depicted in the left of
Figure 14. Clearly all of these paths occur as terms in parts (1) and (2).

However, there are more terms in parts (1) and (2); namely those in which the denominator
Ak+1,k4+2 cancels a contribution in the numerator. This is the second case, in which the second
step in ¢ is not the edge (k + 1,k + 2). This is depicted in the right of Figure 14. In this case,
replacing the first edge of ¢ with (k + 1,k + 2) gives a super T-path in either Tjy1, or T2,
and these are the remaining terms in parts (1) and (2) in which the denominator cancels.

Nee—_

Figure 14. Left: Removing the first two edges gives a path in T;42,. Right: Replacing the first edge
(k,k +2) with (k+ 1,k + 2) gives a path in Ti41 5.

Now we examine parts (3) and (4). By induction, part (3) is given by the formula in part (a):

3 \ n—2
W‘k—k LEk+2,n]= Y > wit)wt(o,).
k+1,k+2 i=k+1t€Tit1.n

Part (4) is equal to Ag x4+1 wt(oy), which is the weight of the first two steps of any super T-path
t € T which does contain a 7-step crossing (k+ 1,k +2). The terms of part (3) are all possible
ways to complete such a super T-path (after joining them by the appropriate 7-step, which has
weight 1).

Again, as in part (a), we must check that these expressions are written in the correct positive
ordering. As we noted above in the discussion of part (a), the positive ordering of the smaller
polygon (below the diagonal (k + 1,k + 2)) agrees with the positive ordering in the larger
polygon. Therefore any factors appearing the formulas obtained above can be assumed to be in
the correct positive ordering. In parts (1) and (2), two of the three factors are single edges in
the triangulation, and the terms of the third factor (either Agy1, or Apy2,) appear in positive
order by induction. As was discussed in part (a), the terms of part (3) can be written as either
wt(t) wt(o;) or wt(o;) wt(t), whichever is correct. Part (4) only contains a single p-invariant.
So all that needs to be checked is that parts (3) and (4) occur in the correct order, depending
on whether 8 comes first or last in the positive ordering. But this is precisely the difference
between the left and right pictures above (depending on whether vertex k or n is on the left of the
oriented edge k+1 — k+2), and parts (3) and (4) are positioned differently in the two cases. W

6.3 Proof of Theorem 5.9 for generic triangulations

By a generic triangulation, we mean a polygon in which every triangle has at least one boundary
edge. This is the same hypothesis that appears in Proposition 4.1 because of Remark 3.2. Given
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a generic triangulation T with n fans, we first apply the flip sequence in Theorem 6.4 on each of
the fans, which result in a zig-zag (sub)triangulation 7" whose vertices are the fan centers of T
(including ¢p and cy41). See Figure 15.

a =

C2 L > »
Cq

€o
1
c3
—>
C5
b= Ce

T T’

Figure 15. Flipping edges in each fan, to turn a generic triangulation 7' into a zig-zag triangulation T".

We will then derive our ultimate formula for A, in T" via a combination of Theorem 6.4 and
Theorem 6.5. Using Theorem 6.5, we can express Ay in terms of super T-paths on T’. This
expression uses certain A-lengths and p-invariants that are not in 7', so we will substitute their
expansion in terms of 7" using Theorem 6.4.

a,b a,b
FT FT’

Figure 16. The auxiliary graphs for T and T”, with T-edges omitted.

We consider the fans of T' as subtriangulations, and denote them as Fi,..., Fy. We denote
the p-invariants of 7" by 67,...,6 and their corresponding c-edges to be of,...,0%. We
denote the p-invariants of the i-th fan of T by 6},67,... (ordered counterclockwise around the

fan center), and the corresponding o-edges ail, 012 , ... See Figure 16.
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When we substitute super T-path expressions for the fans in 7" into 77, we only need to
consider two cases: (1) substitute a boundary edge (¢;—1,¢;41) for 1 < i < n, and (2) substitute
a super-step (..., al’-,nj, ag», ... | ...), because every super T-path is a concatenation of super
steps and complete ordinary T-paths.

(1) Suppose we were to replace A.,_, ., with its super T-path expansion in the i-th fan. In
the super T-path of T, the edge (¢;—1,¢;+1) must be an odd step because it does not cross
the arc (a,b). Therefore when we replace it with a super T-path in F;, the indexing agrees
up to parity. Moreover, if an edge crosses the arc (¢;—1,¢j+1) in Fj, then it must also cross
the arc (a,b) in the bigger triangulation 7. Therefore the axiom (T5) is satisfied, and it
is straightforward to verify that all other axioms will follow.

(2) We observe that the left-hand side of Theorem 6.4(a) equals wt(o}) with respect to T”.
Using the rest of Theorem 6.4(a), we get the equality

wh(of) = > wt (o),

i.e., we have that the weight of ¢} in 7" is equal to the weighted sum of all o-edges in the

fan F;. This means that a super step (..., 0}, 74, O';-, ...) will be expanded into the sum of
all super steps from a face of F; to a face of F;. This clearly preserves all axioms of super
T-paths.

For the converse, we need to prove that every super T-path in T can be obtained by such
a substitution. First, this is clearly true for ordinary T-paths, or an ordinary sub-path of a super
T-path. Therefore we only need to consider the super steps. Suppose we have a super-step using
two o-steps ¢ and o¢°, if * and ¢® are in the same fan, say F;, then the super step is part of
the expansion of A-length of (c;—1,¢iq1). If the 0* € F; and ¢® € Fj are in different fans, then
the super step came from the super-step (..., 0}, 73, a}, ...)in T

7 Super-friezes from super A-lengths and p-invariants

In this section, we use our formulas for super A-lengths and p-invariants to construct arrays that
are variants of the super-friezes appearing in work of Morier-Genoud, Ovsienko, and Tabach-
nikov [13]. Morier-Genoud et al. defined a super-frieze to be an array, whose rows alternate so
that one row is all even elements, the next is all odd elements, etc. Consider a part of the array,
called an “elementary diamond”, of the form

B
= v
A D
) by
C

Here, Roman letters are even elements and Greek letters are odd elements. The super-frieze
rules are

AD — BC =1+ %, (7.1)
AD - BC =1+ Ud, (7.2)
AY. — C= =, (7.3)
BY, — DE =1, (7.4)
Bd — AV = E, (7.5)
Dd—CU =¥, (7.6)
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To define a super-frieze, we only need equation (7.1) or equation (7.2) and any two of the four
equations (7.3)—(7.6). In other words, any two of equations (7.3)—(7.6) implies the other two,
and utilizing these two equations, either of equation (7.1) or equation (7.2) implies the other.
We will now observe how the A-lengths and p-invariants satisfy a modified version of these
relations. Put the A-lengths in an array so that moving left-to-right along a row rotates a diagonal
of the polygon by shifting indices of both endpoints up by 1, and diagonals of the array going
south-east have a common first endpoint. In between these ordinary entries, we put a y-invariant
multiplied by the square-root its two adjacent A-lengths, so that fi;j = \/Aij Ak goes in
between \;; and \j;. With these conventions, an elementary diamond looks as follows:

b Ai+1,j
Hii+1,5 it 1,5,5+1
e f=Xj Ait1,5+1
o 4 fi . j+1 iit1,5+1
d Aija1

™
!
~

Proposition 7.1. Every elementary diamond corresponds to a Ptolemy relation of a quadrila-
teral, with two boundary edges having A-length 1.

Proof. Consider the super flip in the following diagram, where a = ¢ = 1:

a b a b
9 b
€. > (0 4 o
ag
d c d c

In the super-diamond, we set 8 = 0vVbe, 6 = oved, §' = 0'\/df, and & = o’\/bf. Now, the

super Ptolemy relation equation (4.1) is
ef =1+ bd + Vbdob.
Using equation (6.2), we substitute § with ov/bd — o’\/ef:
ef =140bd+ \/@o(a\/@— a’\/g).
Then o squares to zero, so we have
ef =14 bd++/bdefo’o.
This is exactly equation (7.2) in terms of these super-frieze entries, i.e.,
ef =1+bd+d'c.

The other two Ptolemy relations give rise to the desired super-frieze relations as well. The
second Ptolemy relation equation (6.1) is

0'\/ef =6Vbd + o.

Substitute §’s with the 0’s:

o 1 1 _ _
0 ——fef = 0—bdt 56—, 0] =0,]% p 56—
v = e a= Ve Ve
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Then multiply by v/de to get #’e = d + 6. The third Ptolemy relation equation (6.1) is
o'\ef = oVbd — 6.

A similar calculation shows that this is equivalent to
&e=5b—0.

These relations on the ‘modified’ u-invariants are exactly the super-frieze relations. |

Theorem 7.2. Every super-frieze pattern comes from a decorated super-Teichmdiiller space of
a marked disk.

Proof. Take a diagonal of even and odd variables from a super-frieze, and we declare it to be
the A-lengths of a fan triangulation with the default orientation (see Figure 17).
1
&1
x1

3

T2

Tn

Figure 17. Left: Diagonal of a super-frieze. Right: Initial fan triangulation, the + signs records the
initial orientation of the spin structure.

Using Proposition 7.1, the next diagonal to the right corresponds to the triangulation obtained
by flipping the edges x1, 2, ..., T,. Suppose the next diagonal of the frieze is as follows:*

&1

I

4Using [13, Proposition 2.3.1], the top-most non-trivial row of odd variables repeats every-other entry while
the bottom-most non-trivial row of odd variables alternates in sign every-other entry.
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Meanwhile, applying super-flips on the edges x1,...,x, gives us the following triangula-

tion:®

3
Y1 n
0.
V4
_l’_

This corresponds to the blue-circled entries of the above frieze pattern. To obtain the next
diagonal, we reverse all arrows on the ‘last’ triangle (the triangle corresponding to 6,1), and
negate the p-invariant. This gives us the following triangulation, which corresponds to the
red-circled entries of the above frieze:

3
y1+
0
Y
_|_

Now the interior arrows are exactly the ‘same’ as before: all arrows are directed away from
the (new) fan center. Therefore, inductively, flipping the edges v, ..., y, and negating the last
triangle will give us the next diagonal.

Applying the above operations n times will take us back to the original triangulation, but
with different boundary orientations. In particular, all boundary arrows are reversed, which is
equivalent to reversing the orientation of all triangles and negating all the p-invariants.

5Notice that here we apply the clockwise flip sequence, as opposed to the counterclockwise one in Theorem 6.4.
The reason of switching the convention here is to have the ‘wrong’ arrow on the edge y, to match up the frieze
relations of the last quiddity row.
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=&

I

—&2

Z2

Tn

_E’n—i—l

Therefore the n-th diagonal will have the same even entries and negative odd entries as the
first diagonal. This explains the glide symmetry of super-frieze patterns. |

8 Conclusions and future directions

8.1 Expansion formulas for p-invariants

In Theorems 6.4 and 6.5, we gave formulas for certain types of p-invariants. However, these
only applied to a subset of such triangles which have at least one side being an arc of the
triangulation. The proofs depended on this assumption, and a specific flip sequence, in order to
apply the super Ptolemy relations. This begs the following question, subject to the ambiguity
of Remark 4.2, and with a specific flip sequence in mind.

Question 8.1. What is the correct formula for a p-invariant of a triangle which has no sides
belonging to the triangulation?

Looking more broadly, we can consider a study of A-lenghths and p-invariants, subject to
super Ptolemy relations, for other surfaces.

Question 8.2. What is the correct formula for a A-length (or a p-invariant) for an arc (resp.
a triangle) on an annlus, torus, or other surfaces with boundary?

Note that for the special case of a once-punctured torus with no boundaries, such super
structures were studied in [10]. The cases of a three-punctured sphere and of a once-punctured
torus were also investigated in [11, Appendix B], but differed from our setup. Therein, they
had two odd variables (rather than one) for each triangle, along with an extra family of even
variables associated to the edges.

8.2 Connections to super cluster algebras and super-friezes

As we have demonstrated, we have been able to use Penner and Zeitlin’s development of super
A-lengths for decorated super-Teichmiiller space to obtain explicit formulas for super A-lengths
on marked disks which involves a construction of super T-paths. In analogy with the classical
case, as in [20] where weighted generating functions of T-paths correspond to cluster variables in
cluster algebras of type A,,, we wish to investigate how our formulas for super A-lengths could aid
in the development of super cluster algebras (of type A,). Steps towards defining super cluster
algebras appeared in work of Ovsienko [15] and separately in the work of Li, Mixco, Ransingh,
and Srivastava [12]. These initial steps were followed up by related work such as [16, 17, 21].
In particular, in [16], Ovsienko and Shapiro define a type of super cluster algebra, motivated
by super-frieze patterns. In their setup, some of the frozen vertices of the quiver correspond to
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odd variables 61, ...,8,,. There can be paths of length 2 connecting the 8; passing through the
“ordinary” vertices: ¢; — x3, — 0. The mutation rules are the same for all ordinary arrows,
and additionally, when mutating at xy,

1) for ; — xy, — 0;, and for xj, — x¢, add a 2-path 0; — z;, — 0;,

2) reverse all 2-paths through zy,

3) cancel oppositely oriented 2-paths through xy.

The mutation formula for even variables is given by

Nk(xk):xlk( I =+ I +e60) [] :Ee)-

Tp—Ty 0;—xp—0; Tyg—T)

Ovsienko and Shapiro noticed that starting with certain initial data, one could construct
a quiver with odd vertices such that all entries of the super-frieze can be obtained by mutations.
Their choice of initial data consists of all even entries along a NW-SE diagonal, along with the
odd entries in the neighboring diagonal. This is pictured below:

1
* 01
1
* 09
T2
Om
T
* Omt1
1
To this set of initial data, they assign the following quiver:
01 0y 03 e Om, Om+1

Remark 8.3. In Section 7, we described how a super-frieze corresponds to the A-lengths and
p-invariants of a triangulated polygon.

Following our construction for the case of an initial fan triangulation, we see that the super-
frieze that we construct compares with the construction of Ovsienko and Shapiro via a quiver
of even and odd variables as follows: The initial data of Ovsienko and Shapiro consists of the
following:

e for even variables, the A-lengths of all the diagonals of a fan triangulation,

e for odd variables, the (modified) p-invariants

VA3 [123] VA adaa [ 124] V Aishes [125], .. v Aan[120].
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Note that unlike our usage of collections of p-invariants, these u-invariants correspond to trian-
gles that do not belong to the same triangulation.

The results of [16] therefore show that all A-lengths can be expressed in terms of this initial
data using sequences of mutations.

On the other hand, our main theorem (Theorem 5.9) shows that all A-lengths can be expressed
in terms of initial data, where all p-invariants come from the same initial triangulation. From
the point of view of cluster algebras, it is more natural to have all initial cluster variables coming
from the same triangulation. This leads to the following open question:

Question 8.4. Does there exist some modification of the extended quiver mutation from [16]
which realizes the super Ptolemy transformations? This would entail (at least) the following:

1. Specifying which 2-paths to include for a given triangulation.
2. Restricting the 2-path mutation to be compatible with this choice.

3. Odd variables must change when mutating at an even vertex.

Section 5 of [21] provides yet another conjectural connection to super cluster algebras. In
particular, they consider the coordinate ring of the super Grassmannians G, (R”'m) of r-planes
in (n 4+ m)-super-space. In the case of r = 2, n = 4 or 5, and m = 1, these yield a collection
of even variables T% and odd variables ¢ where a and b can be identified as vertices of an
n-gon, and the #%’s can be identified as the possible triangles inside a quadrilateral or pentagon,
respectively. This yields super-Pliicker relations relating these even and odd variables to one
another.

Question 8.5. Is there an algebraic transformation that relates Shemyakova—Voronov’s T s
and 0°’s of [21] to our \gp’s and p-invariants so that the super-Pliicker relations are satisfied?

A The pentagon relation

As we highlighted in Remark 4.3, under the use of super Ptolemy relations, the A-lengths
associated to arcs in a polygon are well-defined. To see this, it is sufficient to (1) observe
that two consecutive applications of the super Ptolemy relation yields the original arc, and (2)
show that the pentagon relation of five alternating applications of the super Ptolemy relation
yields the original two arcs.

For (1), we consider the quadrilateral as in Figure 3, and flip the arc e. Note that

ef = ac+ bd + Vabedof.

After this flip, if we apply the super Ptolemy relation to the diagonal f in the resulting quadri-
lateral (and denote the resulting diagonal as g), we would have

fg =bd+ ac+ Vabeda'd'.
However, using relation equation (4.4), we can rewrite the latter as

fg =bd+ ac+ Vabedob,

and solving for g, we obtain g = e as desired.

The calculations to prove (2) are considerably more involved, and more easily shown using
the notation of 6~’i’s that appeared in Corollary 5.11.

We will examine the sequence of flips illustrated in Figure 18, and apply the super Ptolemy
relations one-by-one.
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starting flip z1 flip 2o flip z3 flip x4 flip z5
configuration

Figure 18. Flip sequence to verify the pentagon relation. Red labels indicate reversed orientation.

Define the “modified” p-invariants (as in Corollary 5.11)

- ~ d ~
0= —6,, b= 0s,  O3= )03
axy T1T2 bxa

First flip: After flipping z1, we get x3:

ad + ex vadex ad + ex ~~
xr3 = 2 + 2010, = — 2 + a6, 6,
X1 I I

and the new 8’s are

Vadby — \/exs 92_ 1

0 dfy — ex0:
4= A/ T1T3 \/d€563 (CL ! o 2)
and
v adb \/€exa0
bs — adbly + y/exsth _ azro (91+92)

VX1T3 z3

Second flip: Flip x2 to get x4:

b ; bd +b R A A
x4:ac+ x3+m9593:acx1+a d+ ex2+ab(9192+9193+9293).

Z2 Z2 172

The new 0’s are

gy = Yol s [5G, 4 b
XToX4y Ty

and

\/%95 —V bl’393 _ 1
A/ 2T 4 \/CI3T4

Third flip: Flip x5 to get xs:

d Ved
$5:ce+ 334+ Caery 040+

T3 T3

d dabd + db dab ~
_ ceanz + dacr, + dabd + dbexy | da (0192 + 6103 + 0265)

0; = (ac(gl + 52) — bxggg).

T1X2X3
1 ~ ~ -~
+ =5 (adfy — exy0y) (ac(91 4 0y) — bxgeg)
L3
ad + e bd + cxq dabxs + adac + exazac
— + 010,
I3 X192 233
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N <dab B cwlb) 57, 1 <dab+em2b> 5d,
I3 T3 I3

bd dab vy 2.0,
— (ad+ex2> ( +cm1> + < a4 +acxl> 0105 + bx10965°

3 L1x2 x3

> + bx16203

. ad + exs + ax1x26~?152 bd + CI1
N I3 12

_ bd + cxy
=0

+ b$1§2§36

with new 0’s

Vcely — /dz,bb; 1 (—c(ad + exy) ~ ~ ) 1 ~ -
Oy = b= bls 4 bdbls | = bdfs; — 0
8 T odas 73 2 + 3 edis ( 3 — Cx1 2)
and
1 ~ ~ ~
Oy = veehy + Vdwibs _ (alec + dz4)0y + e(ac — zo14)02 — bexshs)

A/ L3T5 - T34/€T4T5

1
= W((am% — aex269293)91 — bexs (92 + 93) + eabx2919293)

1 - -
= Tt (ax501 — b€(02 + 93)).7

Fourth flip: Finally, flip x4 to get xg:

be +axrs +/abexs

T = T2 + s 9996
b bd b ab ~ ~ o~ ~ o~ o~
_ et abd aen | g 0203 + — 5 (ax501 — be (02 + 03)) (01 + 02 + 03)
ToTy 4 2
bexo 4+ abd + acx abx~~ ab ars +be\ ~~ ~~
_ o2 ! 10,0, + <5> (6162 + 6165)
XTIy T4 T4 Ty
abxy abri~ ~ b b ~ o~~~
=z — 7(9192 + 0,05 + 9293) + 79293 ad <Cm5+€> (6162 + 6165)®
T4 T4 T4
abxy b
=T — 7(9192 + 9193 + 9293) + 70293
T4 T4
b bri ~~ o~~~ = abrye~\ e~~~
+ @ <x1 - %(9192 + 0103 + 0203) + axl0293> (6162 + 9193)8
T4
abzy abzry ~ abxy
=z — o (9192 + 0,03 + 9293) + 79293 + o (9192 + 9193)
=I.

The new 8’s are

0 — 96\/%4- fg./axs
10 = Tite

SHere we used (ad + exs + ax1x25152)/x3 = .

"Here we used zar4 = ac + bxs + abzs (51 + 52)53 and z3x5 = ce + dzs + (ac(ad + e:c2)§1§2 — adbx3§1§1 +
6l‘2b1’3§1§3)/1}3.

8Here we used 71 = (acz1 + abd + bexs)/r2x4 + abxy (5152 + 5153 + 5253)/:54.
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be ab ,~ ~ ~ azrs 1 ~ ~ ~
= A — (91 + 09 + 93) + . (CL335(91 — beby — b€93)
T4Tq T4 T4T6 €T4T5
_ a<b6+ax5>519
€T¢g T4
= \/11‘651
ET¢
_ /a1 f,10
e

and
0 _99\/(7—9&/&1‘5
BT Vaums
\/B ~ ~ ~ a\/bwg, ~ ~ ~
= ———(ax5601 — be(Os + 03)) — 01+ 62+ 6
T4 T5xG( 5V1 (2 3)) x4\/a:>6( 1 2 3)
_ /b (be+ax5> (52_1_53)11
Ir5X¢ T4
bmg ~ ~

Fifth flip: Finally, we flip x5 to x7 and get back to the original triangulation (with different
orientation):

_ bd + cxg n vVbedxg

T5 T5

bd + cxg  bedxg 1 ~ ~ bxg ~ ~
= . bdfs — cx10 —\/— (0240
. + s deg)( 3 — CT1 2) s ( 2 + 3)

_bd+cry +ba:71 (bd+cw1>~~

x7 0011

60203
x5 x5 x5

_ (bd+0$1) <1+b$1§2§3)
x5 3
by Ty~ ~ by~ ~
- <:r2 _ ‘”1:”29293) (1 n :”19293> 12
Ty x5

brix brizo\ ~ ~
=$2+<— 122 4 12>9293
xIs5 xIs

= Z9.

Finally, the new 6’s are

0 _911\/ﬁ+98\/6$1
BT Vasn

(bd+cx1> T6 -~
— (2T 6 g,
s r7d

9Here we used the non-obvious fact that 096561 = 0.
10We use the equality x¢ = x1 here.

" Similar to above, here we made use of 98s(62 4 03) = 0.
2We use zox5 = bd + cx1 + bx1x2x5§2§3 here.
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_ (sz B b$11'2§2§3) [ L1 §212713
T5 $2d

0sv/bd — 011./cx1
A/ L5292

= v (bdgg — C$1§2> z1v/be

T5+/CT7 T5/T7

<bd+cx1> b RE
= — 03
c

x2

<$2 bx1m2§2§3> /b 5312
CI2

.%'Qb

th3 =

((92 + 93)

I
0.7

C

We see in the end that g = x1, 7 = z9. Note also that the edge xg, x7 are oriented opposite
of 21, x2, and so the );;’s are independent of the orientations. We also see that we get the same
u—invariants (up to sign), as 910 = 01, 912 = —92, and 913 = 03‘
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