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ABSTRACT

We propose a flexible framework for defining the 1-Laplacian of a
hypergraph that incorporates edge-dependent vertex weights. These
weights are able to reflect varying importance of vertices within a
hyperedge, thus conferring the hypergraph model higher expressiv-
ity than homogeneous hypergraphs. We then utilize the eigenvector
associated with the second smallest eigenvalue of the hypergraph 1-
Laplacian to cluster the vertices. From a theoretical standpoint based
on an adequately defined normalized Cheeger cut, this procedure is
expected to achieve higher clustering accuracy than that based on
the traditional Laplacian. Indeed, we confirm that this is the case us-
ing real-world datasets to demonstrate the effectiveness of the pro-
posed spectral clustering approach. Moreover, we show that for a
special case within our framework, the corresponding hypergraph 1-
Laplacian is equivalent to the 1-Laplacian of a related graph, whose
eigenvectors can be computed more efficiently, facilitating the adop-
tion on larger datasets.

Index Terms— Hypergraphs, Laplacian, spectral clustering,
edge-dependent vertex weights, submodular hypergraphs

1. INTRODUCTION

Clustering is the task of dividing a set of entities into several groups
such that entities in the same group are more similar to each other
than to those in other groups. In graph clustering or partitioning, the
vertices of a graph correspond to the entities and the edge weights
encode pairwise similarities that can also be understood as the cost of
assigning the endpoints of an edge to different clusters. In this way,
graph clustering can be cast as an optimization problem that aims to
minimize the total cost of cutting the edges across clusters [1,2].

Although graphs are widely used in a myriad of machine learn-
ing tasks, they are limited to representing pairwise interactions.
By contrast, in many real-world applications the entities engage in
higher-order relations [3-5]. Examples of these multi-way relations
include authors collaborating together to generate a manuscript [6],
multiple customers who bought the same product [7], or even mul-
tiple news articles containing the same key words [8, 9]. Such
relations can be modeled by hypergraphs, where the notion of an
edge is generalized to a hyperedge that can connect more than two
vertices [3,4]. Classical hypergraph partitioning approaches mimic
graph partitioning and consider homogeneous hyperedge cuts — an
identical cost is charged if a hyperedge is cut no matter sow it is
cut [10].

To leverage the fact that different subsets of vertices in a hy-
peredge may have different structural importance, the concept of an
inhomogeneous hyperedge cut has been proposed [11]. In this case,
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each hyperedge e is associated with a function we : 2 — R that
assigns costs to every possible cut of the hyperedge where 2° denotes
the power set of e. The weight w. (S) indicates the cost of partition-
ing e into the two subsets S and e \ S. In particular, when w. is a
submodular function, the corresponding model is called a submod-
ular hypergraph which has desirable mathematical properties, mak-
ing it convenient for theoretical analysis. A series of results in graph
spectral theory [12] including p-Laplacians and Cheeger inequalities
have been generalized to submodular hypergraphs [13, 14].

Naturally, the choice of the weight function w. has a large
practical effect on the clustering of a hypergraph and its subsequent
downstream tasks. Most existing works consider cardinality-based
functions [15-17] in which the value of w.(S) depends only on
the cardinalities of S and e \ S such as we(S) = |S| - |e \ S|.
However, cardinality-based functions are limited in the sense that
they cannot incorporate information regarding the different contri-
bution of vertices to a hyperedge. To capture such information, we
leverage edge-dependent vertex weights (EDVWs): Every vertex v
is associated with a weight . (v) for each incident hyperedge e that
reflects the contribution of v to e [6]. The hypergraph model with
EDVWs is highly relevant in practice. Going back to our earlier
examples, EDVWs can be used to model the author positions in a
co-authored manuscript [6], the quantity of a product bought by a
user in an e-commerce system [7], or the relevance of a word to a
document in text mining [8, 9]. In this context, we provide a prin-
cipled way of defining weight functions w. based on the EDVWs
that guarantee submodularity. Lastly, even when given we, find-
ing the optimal (balanced) graph cut is NP-hard [18]. A common
workaround is to rely on spectral relaxations based on the combina-
torial (2-)Laplacian [1]. Here we outperform this standard approach
by leveraging the fact that the second eigenvalue of the 1-Laplacian
is equal to the Cheeger constant [13, 19-21].

Contribution. The contributions of this paper can be summarized
as follows:

1) We provide a framework to define hyperedge weight functions w.
based on EDVWs that guarantee submodularity.

2) We consider a particular choice of we in the proposed framework
and show that its corresponding hypergraph 1-Laplacian reduces to
the 1-Laplacian of a graph obtained via clique expansion.

3) We leverage the eigenvector associated with the second smallest
eigenvalue of the hypergraph 1-Laplacian to cluster the vertices and
validate the effectiveness of this method using real-world datasets.

2. PRELIMINARIES

We briefly review some basic mathematical concepts in Section 2.1
and then introduce the submodular hypergraph model and its cor-
responding 1-Laplacian in Section 2.2. Throughout the paper we
assume that the hypergraph is connected.
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2.1. Mathematical preliminaries

For a finite set S, a set function F' : 25 — R is called submodular
if F(S1U{u}) — F(81) > F(S2 U{u}) — F(Sz) forevery S1 C
Sz C S and every u € S\ Sa. Considering a set function F' :

2° — R where S = [N] = {1,2,---, N}, its Lovisz extension
f : RY — Ris defined as follows. For any x € R, sort its entries
in non-increasing order x;; > x;, > --- > x;, and set

f(X) = Z;V:zl F(Sj)(xij - xij+1) + F(S)‘TiN (D

where S; = {i1,--- ,i;} for1 < j < N. The Lovdsz extension f
is convex if and only if F'is submodular [22,23].

2.2. Submodular hypergraphs

Let H = (V,&, u,{we}) denote a submodular hypergraph [13]
where V = [N] is the vertex set and £ represents the set of hy-
peredges. The function p : V — R, assigns positive weights to
every vertex. Each hyperedge e € £ is associated with a submodu-
lar function w. : 2° — R that assigns non-negative costs to each
possible partition of the hyperedge e. Moreover, w, is required to
satisfy w. (@) = 0 and be symmetric so that w.(S) = we(e \ S)
for any S C e. The domain of the function w. can be extended
from 2° to 2Y by setting w.(S) = we(S N e) for any S C V, guar-
anteeing that the submodularity is maintained. Note that if w. is a
constant function, submodular hypergraphs reduce to homogeneous
hypergraphs, where the cost of cutting a hyperedge is independent
of the specific partition.

A cut is a partition of the vertex set V into two disjoint, non-
empty subsets denoted by S and its complement S = V \ S. The
weight of the cut is defined as the sum of cut costs associated with
each hyperedge [13], i.e., cut(S,S) = 3 ¢ we(S). The Cheeger
constant [12,13,21] is defined as

cut(S,S)

ho = mi _
27 pCsty min{vol(S), vol(S)}

@

where vol(S) = >~ . s u(v) denotes the volume of S. The solution
to (2) provides an optimal partitioning in the sense that we obtain
two balanced clusters (in terms of their volume) that are only loosely
connected, as captured by a small cut weight. Although many alter-
native clustering formulations exist [1, 2, 24, 25], in this paper we
adopt the minimization of (2) as our objective.

Optimally solving (2) has been shown to be NP-hard for
graphs [2, 18, 26], let alone weighted hypergraphs. Hence, dif-
ferent relaxations have been proposed, a popular one being spectral
clustering, a relaxation based on the second eigenvector of the graph
(or hypergraph) Laplacian [1, 2, 8]. This approach is also theoreti-
cally justified through the Cheeger inequality [6, 12, 13,21], where
ha is upper bounded by a function of the second smallest eigenvalue
of the Laplacian. However, it has been proved that the Cheeger
constant hs is equal to the second smallest eigenvalue A of the
hypergraph 1-Laplacian, an alternative (non-linear) operator that
generalizes the classical Laplacian (cf. Theorem 4.1 in [13]). More-
over, the corresponding partitioning can be obtained by thresholding
the eigenvector associated with A2 (cf. Theorem 4.3 in [13]). The 1-
Laplacian A\ of a submodular hypergraph is defined as an operator
that, for all x € R, induces

<X, A1(X)> = Zeeg fe(x)v 3)

where f. is the Lovdsz extension of w.. Notice that A can be al-
ternatively defined in terms of the subdifferential of f. [13], but the

inner product definition in (3) is more instrumental to our develop-
ment. The eigenvector of A\; associated with Ay can be obtained by
minimizing

(x, A (x))

Ri(x) = 4
1(x) mineer ||x — cl|1,,’ @

where [|x[[1,, = Y, ¢y, #(v) || Since finding a vector x that min-
imizes R1(x) is equivalent to solving (2), this minimization is also
NP-hard, stemming from the non-linear nature of AA;. However, de-
veloping approximate solutions through this route has shown advan-
tages for submodular hypergraphs [13]. In this paper, we show that
this is also the case for the more expressive model of hypergraphs
with EDVWs.

Remark (Graph 1-Laplacian). An undirected graph G = (V, &, A)
with adjacency matrix A can be regarded as a special case of sub-
modular hypergraphs where we(S) equals the edge weight if only
one endpoint of the edge is contained in S and equals zero other-
wise. Under this setting, the Lovész extension f. of w. for edge
e = (u,v) turns out to be fe(x) = Ayv|Tw — 2v| according to (1).
Following (3), we thus obtain that the graph 1-Laplacian, which we
denote by A for convenience, is given by

(%, A9 (%)) = 132, ey Aun |t — 30 o)

This definition is consistent with prior definitions of the 1-Laplacian
in the graph domain [19, 20,26, 27].

3. SPECTRAL CLUSTERING OF HYPERGRAPHS WITH
EDVWS BASED ON 1-LAPLACIAN

LetH = (V, &, u, k, {7 }) be a hypergraph with EDVWs [6] where
V = [N], €, and p respectively denote the vertex set, the hyperedge
set, and positive vertex weights. The function x : £ — R, assigns
positive weights to hyperedges, and those weights can reflect the
strength of connection. Each hyperedge e € £ is associated with a
function v. : V — Ry to assign edge-dependent vertex weights.
For v € e, 7.(v) is positive and measures the importance of the
vertex v to the hyperedge e; for v ¢ e, we set v.(v) = 0.

The introduction of EDVWs enables the hypergraph to model
the cases where the vertices in one hyperedge contribute differently
to this hyperedge. For example, in a co-authorship network where
authors and papers are respectively modeled as vertices and hyper-
edges, every author generally has a different degree of contribution
to a paper, usually reflected by the order of the authors. This infor-
mation is lost in homogeneous hypergraphs and is hard to be directly
described by submodular hypergraphs, but it can be conveniently
represented via EDVWs. Thus, deriving a principled framework to
treat EDVWs while still leveraging the benefits of submodular hy-
pergraphs (see Section 2.2) is of paramount practical importance.

3.1. Building submodular hypergraphs from EDVWs

We propose a method to define a class of submodular weight func-
tions w. based on EDVWs. Putting it differently, we propose a way
to convert the hypergraph model with EDVWs into a submodular
hypergraph by providing a recipe that generates {w.} from x and
{7e}. We do this by exploiting the following result.

Proposition 1. Define a weight function w. : 2¥ — R>¢ associated
with hyperedge e as

we(S) = he((e)) - ge(Xopes Ve(v)), (6)
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forall S C V. If he : Ry — Ry is an arbitrary function and

e 1 (0,2 ccVe(v)] = Rxo is concave, symmetric with respect
to Zvee Ye(v)/2 and satisfies go(0) = 0, then we is a symmetric
submodular function satisfying w.(0) = 0.

Proof. Forevery St C So C Vandevery u € V \ Sa, set a1 =
Zuesl Ye(v), a2 = Zvesz Ye(v) and b = ~e(u). Since ge is

concave, it follows from Lemma 1 (see below) that
9e(Xpes, Ve(V) +7e(w) — 9e (X0, cs, Ve(v)) =
9e (D pes, Ve(v) +7e(w) = ge (3o, c 5, Ve(V))-

Multiplying both sides of the above inequality by the positive value
he(r(e)), it immediately follows that

we(S1U{u}) — we(S1) > we(S2 U {u}) — we(S2).

Hence, we(S) defined in (6) is submodular according to the defini-
tion given in Section 2.1. Moreover, g.(0) = 0 and the symmetry of
ge respectively guarantee that we () = 0 and we(S) = we(V \ S)
forany S C V. a

Lemma 1. Ifaz > a1, b > 0 and g is a concave function, the
inequality g(a1 + b) — g(a1) > g(az + b) — g(a2) holds.

Proof. For the cases where a1 = a2 or b = 0, the result is trivial.
For the other cases, recall the definition of concave functions. The
following inequality holds for any x and y in the domain of g,

gtz + (1 = t)y) > tg(x) + (1 - t)g(y), Vte[0,1].
Setx = a1,y =az+b. Fort = %andt = ﬁ,the

above inequality respectively becomes

az—aj

glar +b) > ;2228 g(a1) + =g 9(az +b),
g(a2) > ﬁg(m) + %g(@ + b)

The proof is completed by respectively adding both sides of these
two inequalities together. O

Proposition 1 provides a framework for constructing submodular hy-
pergraphs from EDVWs. Based on (the Lovdsz extension of) the
submodular edge weights, we can further define the hypergraph 1-
Laplacian [cf. (3)] and apply spectral clustering by minimizing (4).
Although not required by Proposition 1, since (e) reflects the con-
nection strength of hyperedge e, it is often reasonable in practice
to select a non-decreasing function for h. such as he(x) = 1 and
he(x) = z. Also notice that for trivial EDVWs — i.e., v.(v) = 1
for all vertices v and incident hyperedges e — the functions defined
in (6) reduce to cardinality-based functions [17].

As mentioned in Section 2.2, we can threshold the second eigen-
vector of the 1-Laplacian to get a 2-partition that achieves the mini-
mum Cheeger cut ho. More precisely, given a vector x € R™ and a
threshold ¢, a partitioning can be defined as S = {v € V |z, > ¢}
and its complement. The optimal threshold ¢ can be determined as
the one that minimizes the Cheeger cut in (2). An approximation to
the computation of the eigenvector [cf. (4)] can be obtained using the
inverse power method (IPM). The IPM involves an inner optimiza-
tion problem that has faster solvers for graphs than general submod-
ular hypergraphs [13,27]. From a scalability standpoint, this raises
the question of whether there exist submodular functions in the pro-
posed framework whose corresponding hypergraph 1-Laplacian is
identical to some graph 1-Laplacian. In the next section, we give
one example that meets this condition.

3.2. A reducible case

Given a hypergraph H = (V, &, p, K, {e }) with EDVWs, we define
its corresponding clique expansion graph G = (V, A A) asan
undirected graph endowed with a vertex weight function p, which is
constructed as follows. The vertex set )V and vertex weights p are
identical to those of H. Each hyperedge in H is replaced by a clique
so that £ = {(u,v) |u,v € e,u # v,e € E}. Lastly, the edge
weights contained in the adjacency matrix are defined as A, =
Y ece Pe(r(e))ve(u)ve (v), where he is defined as in Proposition 1.
With this construction in place, the following result holds.

Proposition 2. For any submodular hypergraph constructed from
EDVWs following (6), if for every hyperedge e € £ we select the
following concave function

ge(®) = o (Xyee ve(v) — ), o

then the resulting hypergraph 1-Laplacian is identical to the 1-
Laplacian of its corresponding clique expansion graph.

Proof. For any x € RY, sort the subset of its entries indexed

by the vertices incident to hyperedge e in non-increasing or-

der Tye) = Tye) = > x.) and define a series of sets
1 2

lel
SJ@ = {9, ... ,z@} for 1 < j < le|]. It follows from (1)
that the Lovasz extension of the defined w, can be written as

folo) & T e (8 (00 -

i1
(b) e
YL he(8(€))ge (2, gt Ve ) (@000 — w000 )
J J j+1
(c)

= he(k(e)) DT Zues;eyv@\s](e) %(u)%(v)(xi;ﬂ)

= M Zu,vEe "ye(u)’ye(’U”xu - xvl’

where in (a) we leveraged the fact that we(e) = 0, and (), (c)
respectively followed (6) and (7). Then according to (3), the hyper-
graph 1-Laplacian A (x) should satisfy

(x, A1(x)) = e 2B S Ye(u)Ye (V) |mu — 30| (8)

It follows from (5) that the 1-Laplacian Agg )(x) of the clique ex-
pansion graph G must satisfy

(3, 817 () = § X vew Teee he(w(0))ve(w)re (v) 2w — 2],

(d) he
= ecé (;(6)) zu,vee 'Ye(u)%(”)‘xu - mU‘v (9)

where in (d) we exchanged the order of the two summations and
used the fact that v.(v) = 0 for v ¢ e. Since x has been chosen
arbitrarily, a direct comparison of (8) and (9) reveals that A1 (x) and

A9 (x) coincide. O

T, ),

— T, ),
J+1

Proposition 2 enables us to transform an eigenproblem in a hyper-
graph to an equivalent eigenproblem in a carefully constructed graph
with the same number of vertices. This allows us to leverage efficient
IPM solvers [13,27] when approximating the sought eigenvector of
the 1-Laplacian. It should be noted that the choice of ge in (7) is not
only computationally convenient but also meaningful in practice. In-
deed, the hyperedge cut cost achieves the maximum value when the
hyperedge is partitioned into two parts that have the same sum of
EDVWs. Putting it differently, cutting a hyperedge by only shaving
off an unimportant node (corresponding to a low EDVW) is lightly
penalized compared to cutting the hyperedge in half, where this half
is defined by the relative weights of the EDVWs.
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Fig. 1. Clustering performance in two real-world datasets as a function of the parameter a, which defines the EDVWs. (a-b) Clustering error
and NCC in the 20 Newsgroups dataset. (c-d) Clustering error and NCC in the Covertype dataset.

4. NUMERICAL EXPERIMENTS

We evaluate the performance of the proposed spectral clustering
method for hypergraphs with EDVWs by focusing on the 2-partition
case.! We compare the proposed method with the more standard
spectral clustering approach based on the classical Laplacian and a
1-Laplacian approach that ignores the EDVWs.

We summarize the proposed method (termed as EDVWs-based)
as follows: (i) We build a submodular hypergraph from EDVWs
according to Proposition 1 where we select he(z) = = and ge as
in (7). For each vertex v, we set its weight i (v) to its degree defined
as deg(v) = > ceiee Ve Where ¥ = maxsce we(S). For this
choice of vertex weights, the objective function in (2) is called nor-
malized Cheeger cut (NCC) [2]. (ii) We project the constructed sub-
modular hypergraph onto its corresponding clique expansion graph
as explained in Section 3.2. (iii) We compute the second eigenvector
of the corresponding graph 1-Laplacian using the IPM [27]. (iv) We
threshold the obtained eigenvector using the optimal threshold value
(see the last paragraph in Section 3.1), which achieves the minimum
NCC.

Datasets. We evaluate our performance on two widely used real-
world datasets.

20 Newsgroups®: This dataset contains documents in different cate-
gories. For our 2-partition case, we consider the documents in cat-
egories ‘rec.motorcycles’ and ‘rec.sport.hockey’ and the 100 most
frequent words in the corpus after removing stop words and words
appearing in > 10% and < 0.2% of the documents. We then remove
documents containing less than 5 selected words, leaving us with
1406 documents. A document (vertex) belongs to a word (hyper-
edge) if the word appears in the document. The EDVWs are taken
as the corresponding tf-idf (term frequency-inverse document fre-
quency) values [28] to the power of «, where « is an adjustable
parameter.

Covertype®: This dataset contains areas of different forest cover
types. We consider two cover types (types 4 and 5 in the dataset) and
all numerical features. Each numerical feature is first quantized into
20 bins of equal size and then mapped to hyperedges. The resulting
hypergraph has 12240 vertices and 196 hyperedges. For each hy-
peredge (bin), we compute the distance between each feature value
in this bin and their median, and then normalize these distances to
the range [0, 1]. The EDVWs are computed as exp(—« - distance).

IThe code needed to replicate the experiments here presented can be
found at https://github.com/yuzhu2019/hg_11.

2http: //gwone.com/~jason/20Newsgroups/

3https ://archive.ics.uci.edu/ml/datasets/covertype

In this way, larger EDVWs are given to nodes whose feature val-
ues are close to the typical feature value in that corresponding bin
(hyperedge).

Following the setting in [8], for both datasets we set the hyper-
edge weight (e) to the standard deviation of the EDVWs . (v) for
allv € V.

Baselines. We compare our proposed approach with two baseline
methods:

Random walk-based: The paper [8] defines a hypergraph Lapla-
cian based on random walks with EDVWSs. We compute the second
eigenvector of the normalized hypergraph Laplacian proposed in [8]
and then threshold it to get the partitioning.

Cardinality-based: In the description of our datasets, when o = 0
we are effectively ignoring the EDVWs and the corresponding sub-
modular weight functions w. become cardinality-based.

Results. The results are shown in Fig. 1, where the clustering error
is computed as the fraction of incorrectly clustered samples. Fo-
cusing first on the 20 Newsgroups dataset (a-b), we can see that
the proposed method achieves better clustering performance than
the random-walk method based on the classical Laplacian. This
gain can be explained by our method yielding a smaller NCC value.
More conspicuously, when EDVWs are ignored (o« = 0), the clus-
tering performance is severely deteriorated, underscoring the impor-
tance of the added modeling flexibility of hypergraphs with EDVWs.
Shifting attention to the Covertype dataset (c-d), the same trends are
observed. However, in this case there are marked performance dif-
ferences between our method and the one based on random walks,
highlighting the value of considering the non-linear 1-Laplacian in
spectral clustering.

5. CONCLUSIONS

We developed a framework for defining submodular weight func-
tions based on EDVWs and provided an example that can be re-
duced to a clique expansion graph. Numerical results indicated that
the combination of the hypergraph 1-Laplacian and EDVWs helps
improve clustering performance. Future research avenues include:
(i) Studying if there exist other choices in the context of Proposi-
tion 1 such that the corresponding hypergraph 1-Laplacian coincides
with some graph 1-Laplacian, (ii) Developing efficient computation
methods for the hypergraph 1-Laplacian’s eigenvectors that are ap-
plicable to general submodular weight functions, and (iii) Design-
ing multi-way partitioning algorithms based on non-linear Lapla-
cians [2].
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