Exotic Compact Objects: The Dark White Dwarf
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Several dark matter models allow for the intriguing possibility of exotic compact object formation.
These objects might have unique characteristics that set them apart from their baryonic counter-
parts. Furthermore, gravitational wave observations of their mergers may provide the only direct
window on a potentially entirely hidden sector. Here we discuss dark white dwarfs, starting with an
overview of the microphysical model and analytic scaling relations of macroscopic properties derived
from the non-relativistic limit. We use the full relativistic formalism to confirm these scaling relations
and demonstrate that dark white dwarfs, if they exist, would have masses and tidal deformabilities
that are very different from those of baryonic compact objects. Further, and most importantly, we
demonstrate that dark white dwarf mergers would be detectable by current or planned gravitational
observatories across several orders of magnitude in the particle-mass parameter space. Lastly, we
find universal relations analogous to the compactness-Love and binary Love relations in neutron
star literature. Using these results, we show that gravitational wave observations would constrain

the properties of the dark matter particles constituting these objects.

I. INTRODUCTION

Current dark matter search techniques focus on two
primary channels: large-scale structure constraints (e.g.
[112]) and direct and indirect detection experiments (e.g.
[3H7]). While these have constrained several of the bulk
properties of dark matter, i.e. that dark matter is cold,
particulate, and effectively collisionless on large scales,
the current lack of dark matter detection or production
has not helped to narrow the space of models. Likewise,
the field of astro-particle indirect detection (e.g. [8HIO]),
while showing possible signals of interest [I1], has also
not yet produced results. On the other hand, the advent
of gravitational wave observations has opened a new win-
dow on the universe that could illuminate the dark sector
in a completely novel manner.

Several promising alternative dark matter models have
a “complex” (two or more massive particles) particle
zoo, and dissipative interactions create the potential for
gravitationally-bound macroscopic structures. Many of
these models even form exotic compact objects, with
both “dark” black holes (a normal black hole formed
from dark matter instead of baryonic matter) [12HI9]
and dark (neutron) stars [20H23] having been proposed.
The merger of these exotic compact objects with each
other, or with astrophysical compact objects could be re-
vealed by gravitational wave detectors, such as LIGO.
Alternatively, dark matter capture by ordinary com-
pact objects could result in the formation of compact,
dark matter cores in their interior[24H29], creating hybrid
dark/baryonic objects ranging from planetary to stellar
masses.
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While dark black holes and neutron stars are the ob-
vious counterparts to ordinary black holes and neutron
stars, little attention has been paid to the dark equiv-
alent of the third member of the ordinary compact ob-
ject trio: the (dark) white dwarf (DWD). In the sim-
plest sense, a white dwarf is a compact object predomi-
nantly composed of degenerate light electrons and mas-
sive nuclei. In white dwarfs, a balance is struck between
gravitational and (electron-dominated) fermion degen-
eracy pressure forces. This balance sets many of their
macroscopic properties, like the radius and compactness.
Above a certain mass (the well-known Chandrasekhar
limit), this balance is broken and no static configura-
tions exist. Likewise, above a certain density (the onset
of neutronization) these objects again become dynami-
cally unstable to collapse. Here, we consider the dark
matter analogs to white dwarfs. These would be com-
pact objects, predominantly composed of two or more
fermion species of dark matter, where the pressure sup-
port is primarily provided by fermion degeneracy pres-
sure. Importantly, in hidden, multi-particle dark matter
models that lack “nuclear” reactions, DWDs may be the
only sub-Chandrasekhar-mass compact objects that can
form. Also note that, with this definition, in the limit
where the particle species contribute equally to the pres-
sure and mass (the single particle limit), these objects
may be macroscopically indistinguishable from dark neu-
tron stars in models with weak or no nuclear interactions
(e.g. [22,130]).

The literature on objects fitting the definition above
is sparse, with few articles discussing objects that fit all
three criteria. For example, Narain et al.[30] describe a
general, particle-mass-independent framework for dark,
fermionic compact objects, assuming single species com-
position, even studying the effects of a generic interac-
tion term. Gross et al.[31] studied DWD-like objects
as a possible final state of collapsed dark quark pock-
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ets (assuming multiple species, but identical masses) in
an analogue of primordial black holes, computing their
mass, radii, and long-term stability with that method.
Using a less general approach, we extend these analyses
to a two-particle, fermionic gas with potentially varying
masses, and include a brief examination of additional bi-
nary properties, like the tidal deformability and potential
universal relations. Hippert et al.[21] mentions the high
plausibility of dark white dwarf formation in the Twin
Higgs mirror model, but focuses on neutron stars instead.
Brandt et al. [32] consider the stability of a multi-species
model for what they refer to as a pion star, focusing on
using lattice QCD methods to obtain a precise equation
of state. Meanwhile, the discussion on dark planets and
similar low-mass, multi-component objects([24, 25| [27])
requires the mixing of ordinary matter with dark matter.
Consequently, the DWD space has remained unexplored.

We hasten to mention that, like most dark, non-
primordial black hole and neutron star models, these ob-
jects do not necessarily constitute the entirety of dark
matter. While the formation of these objects is outside
the scope of this work, we note that regardless of the
pathway, the population must obey the constraints im-
posed by microlensing and similar primordial black hole
and massive, compact halo object searches(e.g. [33],[34]).
These searches impose constraints on the fraction of dark
matter contained in compact objects versus all dark mat-
ter. For the masses considered here, this corresponds to
less than ©(0.01) for subsolar mass DWDs, decreasing to
0(10~%) for objects above 10 Mg. Given that ordinary
white dwarfs in the Milky Way correspond to a similar
6(0.01) fraction of the ordinary matter [35] [36], this con-
straint seems reasonable for models that predict a dark
astrophysical formation like [21].

In the following sections we examine the properties
of the most basic DWD model following our definition
above: two particle species forming a compact object,
with fermion degeneracy pressure providing the domi-
nant support against gravitational collapse. We start
with a discussion of the basic properties of DWD that can
be inferred analytically in Section [[1 including the cal-
culation of an equation of state and scaling relations for
the mass, radius, and compactness in the non-relativistic
limit. We then discuss the results of the fully relativistic
hydrostatic-equilibrium calculations across the particle-
mass parameter space, highlighting four example param-
eter cases in Section [[T]] and examining several of the
macroscopic attributes, potential universal relations, and
implications for DWD merger observations. Importantly,
we demonstrate that DWD mergers should be detectable
by current and planned gravitational wave observatories
across much of the dark parameter space and observa-
tions can be used to constrain the dark microphysics.
Lastly, we conclude in Section [[V}

II. ANALYTIC SCALING RELATIONS
A. Equation of State

We consider a simplified, cold compact object com-
prised of a cloud of degenerate, fundamental fermionic
particles, L, and H. The particles have masses my and
my, defined such that myg > mp, analogous to the Stan-
dard Model proton and electron. We will use the notation
mr

#g=——, and 7 = , (1)
my Me

throughout this and following sections, where m, and
me are the proton and electron masses. We will assume
approximately neutral “charge” in bulk, i.e. an equal
numbers of I and H particles.

The basic thermodynamic properties of such a cloud
are well known ([37, 38]), with the number density, pres-
sure, and energy density of a single fermionic particle f
given by:
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Here, Ay = h/(mfc) is the Compton wavelength, x is the
dimensionless Fermi momentum, defined using Equation
), and y = (pc)/(msc?). The total pressure in a two-
component gas is then just P,ot = Py + Pr, while the
total energy density is €t = €57 + €.

We will assume that interparticle interactions con-
tribute at most a small correction to the energy density
and will not include their effects here. This follows the
standard white dwarf model, where the electrostatic in-
teraction contributes the dominant term, at least at high
densities, with a correction to the pressure on the order of
the fine structure constant, (P+ Peorrection)/ P = 0.4 % for



a hydrogen white dwarf [38]. We have chosen this path
to preserve the generalizability of these results, since the
type of interaction changes between dark matter models.

B. Polytropic approximation

Since the full EoS is complicated, especially when con-
sidered across the my — my parameter space, it is con-
venient to expand the EoS as a power series in x, keep-
ing only the dominant term. Then the EoS can be ap-
proximated as a polytropic function, P(z) = Kz'/3,
where K and I' are the polytropic constants. Com-
monly, this is rewritten in terms of the rest mass density
(po = >_myny ~ muyny ~ mgnr) and the polytropic
index n, as P(py) = Kpp /™.

The polytropic approximation then falls into one of
four limiting cases, depending on whether the parti-
cles are highly relativistic (z; > 1) or non-relativistic
(xy < 1), and whether the particle masses are substan-
tially different (my < mpg) or similar (my ~ my). Gen-
erally, the heavy particles are non-relativistic except in
the similar-mass, relativistic electron limit and the simi-
lar mass limit can also be thought of as the single parti-
cle limit, approximately obtainable with the replacement
L — H. From Equation , the relativity condition can
be written as a condition on pg, with the non-relativistic

(light particle) limit as pp < 10%gcem =372 7, and the

highly relativistic limit pg > 106 gem =372 7.
Using the notation from above and defining Kwp(n)
as the n-dependent polytropic constant for the ordinary

white dwarf, the four cases can be written as
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with (a) being pp < 10°gem™#% 7, mp < mpy,
(b) being po > 106gem =323 7., my < my, (c) be-

ing po < 108gem™3#»%, my ~ my, and (d) being

po > 10%gcem™37%,, my, ~ mpy. Of note, the (a) and
(b) cases correspond to the ordinary white dwarf when

#H:#Lzl.

C. Newtonian Hydrostatic Approximation

Next, we examine the parametric dependencies of the
DWD mass, radius, and compactness. This can be ac-
complished by solving the Newtonian hydrostatic equi-
librium equations. Defining m(r) as the total mass con-
tained within radius 7, p(r) as the net outward pressure,

and gravitational constant G, we have

dp Gm

W G, (60)
dm

o = 472 p(r). (6b)

With the inclusion of a polytropic EoS and the def-
initions, p. = p(r = 0), p = pAb™, r = af, and
a=[(n+1)Kp" ™ /(4rG))'/2, Equations and

can be combined into the Lane-Emden equation,
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Note that the only remaining polytropic parameter is
the index; this equation is otherwise independent of the
EoS and thus mass dependencies. Numeric integration
of Equation with the boundary conditions 6(0) = 1,
6'(0) = 0, gives the point 6(£;) = 0, which corresponds
to the surface of the object. Undoing the previous trans-
formations provides solutions for the final radius (R) and
mass (M) of the DWD,
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These equations can be rewritten in terms of the ordinary
white dwarf mass and radius using the density scaling
PDWD = #% 7y Pwp and polytropic constant scaling

P Kpwp(n)
KWD(TL) ’

with Kpwp from Equation , giving
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Unsurprisingly, we recover the classic Chandrasekhar
mass limit scaling, Eq. ((11])), commonly seen in the lit-
erature on exotic compact objects (e.g. [I7, [I8] 20]) as
either a lower mass bound, when discussing black holes,
or an upper mass bound when discussing other types of
objects. Lastly, the compactness is given by

M(pc) _ 7L
)

As expected, when mj — mpy we recover the single-
particle limit,

C(DVVD (Pc) -
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with the m;? = my” scaling seen in the literature [39].
Note that while Equations 7 display the scal-
ing for dark neutron stars, whose Fermi pressure and en-
ergy density are dominated by the neutron terms, they
would only be useful for order of magnitude estimation,
because the properties of dark neutron stars, like or-
dinary neutron stars, are heavily influenced by inter-
particle interactions that are lacking in this model(see
e.g. [15) (16, 211, 22]).

III. NUMERICAL RESULTS

Now that we have established approximate scaling re-
lations for DWDs, we proceed to compute their proper-
ties using a fully relativistic treatment. In particular, the
Tolman-Oppenheimer-Volkoff (TOV) equations|38], 39],
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update the Newtonian hydrostatic equilibrium equations
(Equations f) to add corrections due to general
relativity (square brackets), necessary to describe the
gravitational field of compact objects. We have sup-
pressed the r-dependence of € and p for clarity. Like
the Newtonian approximation, the TOV equation can be
non-dimensionalized and solved numerically to obtain the
approximate scaling relations from Section[[TC] given the
corresponding polytrope[40]. As the matter density in an
actual DWD could fall anywhere between the non- and
highly-relativistic limiting cases, we need to use the full
EoS and so a numerical TOV solver. To this aim we use
a modified version of the TOVL solver developed by [41]
and [42].
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a mass-radius relation. In Fig. we plot some of
these mass-radius relations in the slice of the m; — my
parameter space specified by my = 4.1MeVc™? and
mpg = 4.1—-94000 x 1072 GeV ¢~ 2 on logarithmic R — M
axes. Clearly visible are the wide ranges in M and R,
even over a small range in the mpy parameter space.
Conversely, the overall shape of the M — R curve re-
mains similar over that same range. There is a notice-
able plateau that appears in the my > m regime and
disappears as my — my. The plateau is due to the
fact that the light particle becomes ultrarelativistic in
the core of these DWDs and the equation of state be-
comes a polytrope with I' = 4/3 (see Section [[IB]. As
mpyg — my, the maximum mass is achieved before the
particles enter the highly relativistic regime. For exam-
ple, the maximum mass for {mp,my} = {4.8,5.6}MeV
(solid blue line) occurs at « ~ 1.1, well within the tran-
sition regime. The transition to the single particle limit
can be seen in the behavior of the radius scaling in Fig-
ure As my — my, the radii begins changing by a
factor approaching 22/3.

The dimensionless, gravito-electric quadrupolar tidal
deformability (Ag;[43]) is also of interest for comparison
with gravitational wave observations. The calculation of
A5 requires the numeric solution of the reduced, rela-
tivistic, quadrupole gravitational potential (y) differen-
tial equation from [41], [44] [45]

dy  y* r+4mri(p—e) 4(m + 4rr3p)?

r  r r(r — 2m) r(r —2m)?
6 4772 (e+p)
r—2m r—2m be b+ (dp/de)?
(15)

This is solved in parallel with the TOV equation to find
the value of y at the surface of the object, Y = y(R).

The quantity As is then defined by

Solving either the Newtonian approximation or the Ao — g ﬁ (16)
TOV equation across a range of central densities (i.e. 27 305
pe = p(r = 0), as before) for a given my and my
generates a relationship in the M — R space known as where ko, is the tidal apsidal constant,
J
8C5 9
[60(2 Y 4+ C(BY —8)) +4C3[13 — 11Y + C(3Y — 2) + 2C%(1 + V)]
-1
+3(1—20)22—Y +2C(Y — 1)] log(1 — 20)] . (17)

The A, parameter specifies how much the object deforms
in the tidal field of a companion star and is directly re-
lated to the compactness. Black holes, for example, have

(

Ao = 0, LIGO-detectable neutron stars in binaries are
in the range 1-0000, and white dwarfs are >1010[43] 46].
The usage of Ay in regards to observations is explained
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FIG. 1. Example mass-radius relations for varying parameter values. Each line in Figure corresponds to the mass-radius
relation for a single value of mz and the fixed value mz, = 4.8 MeV ¢~ 2 resulting from solving the Tolman-Oppenheimer-Volkoff
equation over a range of central densities. The blue, solid, markerless line is myg = 5.6 x 1073 GeV ¢ 2, with increasing
mpy shifting the relation’s maximum mass down and to the left. Note that the maximum mass clearly scales as described
in Eq. ((11)), and the M — R curves exhibit the classic white dwarf shape, even when approaching the single-particle limit,
mmg = 5.6 x 1073 GeV ¢~? (solid blue, no marker). Above the densities corresponding to the maximum mass (to the left on

the plot), the DWD is gravitationally unstable. The cutoffs on the right simply correspond to the minimum density plotted.
Figure is identical to Figure but with radius rescaled as R — #, »; R and mass rescaled as M — »3 M.

in section [[ILCl

Note that we have included two modifications to the
TOVL solver from [41} [42]. First, the TOVL solver, as writ-
ten, computes the solution to the second-order Regge-
Wheeler equation, instead of Equation . As the nu-
merical solver had difficulty converging on a solution in
parts of the parameter space, and for improved numerical
efficiency, we use the equivalent, first-order Equation
instead |44 [45]. Second, Equation runs into numer-
ical precision difficulties when the compactness is small,
with, for instance, terms in the denominator (not) cancel-
ing as they should, leading to negative values of ko. We
replaced the analytic form of Equation with a series
expansion around both C = 0 and Y = 1 out to fifth
order. This introduces an error of < 1% into the calcu-
lations across the entire parameter space defined below.

A. Parameter Space

In Figure 2| we plot the dark white dwarf mass, com-
pactness, and tidal deformability computed by solving
the TOV and As equations across the values mj; =
0.511keVe=2 to 5.11GeVe 2 and my = 93.8keV ¢ 2
to 93.8 GeV ¢~ 2 (corresponding to 77, = -000000010~3,
71 = -00000010~%), with the restriction my < mpy (the
behavior is symmetric across the m; = mpg line). At
each sampled my — my point in the parameter space,
the TOV and As equations are solved for p. ranging from

-000 000 000 000 000 000 000 000 000 000105 gcm 3. Fig-
ure 2a] shows the mass-radius relations for three parame-
ter cases, somewhat representative of the three parame-
ter space corners: light-light (yellow), heavy-light (blue),
and heavy-heavy (purple), and the Standard Model (SM)
relation (red), where light (heavy) corresponds to signif-
icantly below (above) the Standard Model value. In Fig.
we plot the maximum mass obtained for each mass-
radius relation, while in Fig.s we plot C' and Ay at

the value of p. corresponding to said maximum mass.

Of note, the maximum mass scales predominantly with
my, as seen by comparing the light-light and SM cases
and SM and heavy-heavy cases, and ranges from 3-
5000 000 000 000 x 10~% M. The compactness also scales
approximately with the ratio my, /mpy, as shown by com-
paring the light-light and heavy-heavy cases and pre-
dicted in the Newtonian approximation, ranging from -
9000010~ 5. The scaling with the ratio generally holds for
A5 as well, due to the strong dependence on C, leading to
a minimum of ~ 500 near the m, = mg line and a maxi-
mum of 4 x 1026 in the upper right corner. The maximum
mass configuration is attained at a density that depends
on the values of my and my,, corresponding to a central
Fermi momentum of x ~ myg/my, rather than a fixed
value. This additional factor corresponds to a change
in the central density scaling used in Equations (10)—
from p. o< r3ry to pe oc rir%,. Substitution gives
Cbwp (fL/#H)Z/g, which is what we see in Figure
for mp <« my. For my, — myg, C approaches the single



particle limit, C' = 0.114[30].

B. Implications for Gravitational Wave
Observations

In many of the dark matter models the dark sector is
mostly or entirely hidden, only observable through grav-
itational interactions. Thus, DWD observations may be
limited to purely gravitational techniques, like, for exam-
ple, the detection of gravitational waves from the merger
of a DWD and some other compact object. As a first
step, and since the DWDs span a large range in both
mass and compactness, it is worthwhile to determine the
detectability across the microphysical parameter space.
A gravitational wave observation is detected if the signal-
to-noise ratio (SNR), defined as[47]

s =4 | 5)

for a signal with strain h(t) and Fourier transform
fz( f) observed by detector with sensitivity curve Sy, (f),
achieves a specified detection threshold. As the choice of
threshold is somewhat arbitrary, SNR > 8 is used here
to match recent LIGO usage[48], [49].

With the assumption that the strain can be approxi-
mated as originated from a quadrupole source and trun-
cated to Newtonian order, its Fourier transform can be
written as

df, (18)

) = S e, (19)

where M¢ = (M My)3/® /(My + M,)'/? is the chirp mass
and Dy is the luminosity distance of the merger. We will
restrict the analysis to the in-spiral phase of the merger;
postmerger components, especially for high mass objects,
will require numerical relativity simulations. This re-
duces the integral bounds to 0 < f < feontact, Where
feontact is the contact frequency, i.e. the binary orbital
frequency at the termination of the in-spiral period. Us-
ing feontact Will possibly overestimate the final SNR, since
it does not, for example, account for tidal effects (see,
e.g., [50] for other choices), but it does provide a rea-
sonable, simple estimate[51]. In Fig. |3| we consider two
identical, maximum-mass DWDs, and plot the contact
frequency given by[41], [42]

G 2Mmax

—_— 2
42 (2R, )° (20)

fcontact =

Using identical, maximum-mass DWDs to calculate
feontact Provides an optimistic estimate of the maximum
frequency emitted during the merger. As real DWDs are
not likely to be at the maximum mass, actual contact
frequencies will be lower. From Figure [3, we can see that
the contact frequency in the optimistic case ranges from

8 x 1078 Hz, for the most massive DWDs in the top right
corner, to 600kHz, for the least massive DWDs in the
bottom left.

Figure demonstrates the application of Equa-
tions 1) using the current sensitivity curves for
Advanced LIGO, and the design sensitivity curves for
LISA and DECIGO [52H54]. We compute the SNR at
a luminosity distance of {100, 250, 450} Mpc, multiplied
by a factor 4/25 to include an averaging over sky posi-
tion, inclination, and polarization and assuming a source
dominated by quadrupolar radiation [55], and shade the
region satisfying the condition SNR > 8. The contact
frequency was computed in the same manner as in Fig.
[l i.e. assuming two, identical, maximum-mass DWDs.
As hinted at in Fig. since the different gravitational
wave observatories are sensitive over different frequency
ranges, the different parameter cases will be visible by
different observatories. While LIGO can observe only
the mp € 0.01 — 1GeV, myg € 0.1 — 3GeV region, cor-
responding to ordinary-neutron-star-like DWDs and the
heavy-heavy case, LISA and especially DECIGO should
be able to explore a much wider range of parameter
space. LISA can probe the my ~ —10000107% GeV,
mg ~ —1000010~* GeV regime, encompassing the light-
light and SM cases, and nicely complimenting the LIGO
region. Finally DECIGO would be able to explore be-
low 1075GeV(107* GeV) and up to 1GeV(30GeV) in
mr(mpg) space, verifying LIGO/LISA results and even
including the light-heavy cases.

C. Universal Relations

Potential universal relations, especially those of the
electric quadrupolar tidal deformability, are of further
interest for potential gravitational wave observations.
A universal relation is a relation between two or more
macrophysical properties that is generally independent
of the equation of state, and, more importantly in our
case, allows the breaking of observational degeneracies.
Consider an example DWD merger, with DWD 1 hav-
ing macroscopic parameters {M;,C1,Az1} and DWD 2
having {Mz,Co, As 2} (assume My < M;). The corre-
sponding gravitational wave detection would observe the
chirp mass, M = (M M3)*/® /(My + My)'/®, mass ratio,
q = My /M, and reduced tidal deformability [56],

A= |0+ 12) - 1+ 120) A,
+(*(12+q) + (1 + 12q))AS] : (21)

where Ag and A 4 are the symmetric and anti-symmetric
tidal deformabilities,

1
Aga = §(A272 + A1) (22)

While the mass ratio can be measured directly from
the gravitational wave signal, the tidal deformability en-
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FIG. 2. Tollman-Oppenheimer-Volkoff and electric quadrupolar tidal deformability (A2) solution results for the parameter
range mr = 0.511keV ¢ 2t05.11GeVe? and my = 93.8keV ¢ 2 to 93.8 GeV 072, with values for my, > mpy ignored. In Fig.
we display the mass-radius relations near the three “corners” of the my — my parameter space (with corresponding points
in the parameter space subfigure) as well as (approximately) the Standard Model white dwarf (thick, solid/largest). Notably,
the masses and radii of these objects span many orders of magnitude. Panels (a)-(d) show the maximum mass, compactness
and tidal deformability found. The C' and Ay values were plotted at the central density corresponding to the maximum mass
achieved at that value of (mm,mz), and are the maximum (minimum) possible compactness (tidal deformability) for that

parameter set.

ters at leading order in the phasing only through A. Fur-
ther, the radii and compactness of the two objects do not
directly enter into the phasing or magnitude of the sig-
nal. This is where universal relations are useful: breaking
the A4, Ag degeneracy in Equation and calculating
C and R from the A of the individual DWDs. First,
the binary love relation, discovered by Yagi and Yunes

in 2015 while examining binary neutron star properties
[57], with the form

3 2 i i)5
I DD P bijquZS/
3 2 T /5
L4+30 20 CijquZS/

where b;; and ¢;; are numerical fitting coefficients and

Aa(q,As) = Fulq) As  (23)

Fo(q) = (1 —¢"G=m) /(1 + ¢'%B=") is a polytropic-
index-dependent controlling factor, lets Equation be
rewritten as a function of ¢ and Ag only. From this,
one can solve for Ag and then A4. Then the individ-
ual Ag1,A22 can be computed using the definitions of
Ag,Aa.

Second, in 2013, Yagi and Yunes [58] and Maselli et
al.[59] demonstrated that the relation between C and As
was also universal. This relation, which follows mostly
from Equation provides an estimate of C; and Cy
from Agq and Aso. The radii then follow directly from
the definition of C.

In Fig. we demonstrate that the A4 (g, Ag) function
from Equation also applies to DWDs. Here, we con-
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FIG. 3. Frequency at merger contact in Hz for two identical,
maximum-mass dark white dwarfs as a function of my and
mry,.

m, (GeV)

FIG. 4. Gravitational wave detectability (SNR) of identical,
maximum-mass DWD mergers. Shaded regions correspond
to SNR > 8. SNR contours are derived from Egs. ((I8)) and
((19)) with a frequency cutoff of feontact (Eq. ) and plot-
ted at three luminosity distances, Dy = {100, 250,450} Mpc
(lighter to darker) using design sensitivity curves for LIGO,
LISA and DECIGO [52H54]. Clearly, the different detectors
will probe different regions of the parameter space in a com-
plementary fashion and combined, LIGO and LISA will probe
much of the mz ~ —100010~°* GeV, mu ~ —3000010* GeV
parameter space.

sidered 2025 mp—my pairs in the ranges my € {5.11 x
1077,5.11}GeV and my € {9.38 x 1073,93.8}GeV. For
each my—my pair, we picked 20 random pairs of central
densities and computed {Mi, M, As1,A22,9,Ag,Aa},
as well as A 4 g¢. The fit is computed using the functional
form from Equation with new b;; and ¢;; coefficients
given in Table[] Note that for our basic model the F,,(q)
controlling factor is ~ 1 and has been dropped.

In Fig. [5b] we plot As versus C for the 2025 mp—mg

011 O Oz1 Oz 2 Os,1 Os,2

by; 1.73 —1.57 5.48 x 1072 —5.10 x 1072 1.27 x 107° —7.15 x 1077
cij 1.68 —1.42 547 x 1072 —5.01 x 1072 1.27 x 107 —6.80 x 1077

TABLE I. Fitting coefficients for the binary love relation given
in Equation .

pairs mentioned previously, at logrithmically spaced cen-
tral densities from 107°gem™3 to the density corre-
sponding to the maximum mass (approximately 56 000
DWDs). Comparing with the simple linear log fit,

logo C = —0.1958log,o(As) — 0.3931,  (24)

which provides an excellent fit over the entire range, we
see that Ay oc C 7! to good approximation. This should
not be surprising; even though Equation appears to
show ko has a strong (C%) dependence on C, in reality,
the dependence is actually relatively weakEl functionally
leaving A ~ C~5. It is important to point out this rela-
tionship is effectively independent of the dark parameters
for this simple model and thus also “universal”.

With these relations, we can substitute some num-
bers and see what sort of constraints we might be able
to place on the dark parameters from an observation.
For example, let us consider an hypothetical scenario in
which a binary DWD is detected with ¢ = 0.705 & 0.040,
M= (19 £ 4) Mg, and A = (9.09 £ 0.90) x 10%. Us-
ing Equations and , and simply propagating the
bounds, we would obtain Ag = (1.6 £ 0.3) x 10° and
Ay = 1.5703 x 10°. By definition, we would then have
Aoy = 9.5210) x 10 and Ag» = 3.1708 x 10°, which, us-
ing our C' — A5 relation would give C7 = 0.0887 &£ 0.0200
and Cy = 0.04437050,. Using my = ¢ 3/5(1 + ¢)'/5u
and my = ¢*/°(1 4+ ¢)'/° A, the chirp mass and mass
ratio would give m; = (26 £ 6) Mg and mq = (18.3 +
4.0)Mg. From this, the maximum mass would be at
least 20 M), and we could constrain the heavy particle
mass, my < 0.45GeV ¢~ 2. Further, while the conser-
vative compactness of Cpqr < 0.1087 would provide a
minimal constraint on the heavy to light particle mass
ratio (mg/my > 2), the other end would suggest a not
dissimilar constraint of mg/my > 5, so my, would likely
be 90-200 MeV ¢=2 (assuming my = 0.45 GeV ¢~2).

IV. CONCLUSION

We present a first look at the DWD, using a basic
model of two, different-mass fundamental fermions to
explore some of the possibilities of this exotic compact
object. We determine analytic scaling relations for the

I The lower order terms in the denominator cancel, leaving C® as
the lowest surviving term. This then cancels with the C® in the
numerator and kg approaches a nonzero constant as C' — 0.
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The first panel shows that the binary Love relation, Ax = Aa(q,As), is reasonably

approximated by a functional form from the neutron star literature [46, [57, [60], using the new coefficients from Table [} whereas
the second panel demonstrates that for DWDs A2 can be well approximated by the fit given in Equation , effectively

A2 X 05'1.

mass, radius, and compactness of the DWD as func-
tion of the Standard Model white dwarf and the fermion
masses (Equations — and —) in the non-
relativistic limit. We accomplish this by solving the New-
tonian hydrostatic-equilibrium approximation using the
well-known equation of state of fermionic ideal gasses.
As expected, we recover the scaling relations found in
the literature upon approaching the single-particle limit.

We then solve the Tollman-Oppenheimer-Volkoff and
tidal-deformability differential equations numerically to
obtain fully relativistic versions of the Newtonian ap-
proximations. Using the relativistic formalism confirms
the approximate Newtonian scaling as well as highlights
the large span of the macrophysical and even binary at-
tributes (Figures [I}[3).

We further find universal relations between macro-
scopic properties of DWDs that are analogous to those
found for neutron stars. In particular, we investigate the
C vs A5 and binary love universal relations, with the net
result that the Ao-C' relationship can be well approxi-
mated by a simple power law and that binary love rela-
tion can be well approximated by fits from the neutron
star literature (Figure . These relations could be used
to determine the radii of DWD from gravitational wave
observations of their mergers, thus directly constraining
the masses of the dark particles.

Lastly, we discuss the detectability of DWD binary
mergers across the fermion mass parameter space. We
show that not only are DWD mergers detectable but
that, assuming design sensitivity, different gravitational
wave observatories would probe different regions of the
space (Figure [4]). For example, LIGO should be able to
detect mergers of high-compactness, lower-mass DWDs
corresponding to a dark light particle in the mass range
0.01-1 GeV and dark heavy particle in the range 0.1-

3 GeV, while LISA could detect both higher-mass, high-
compactness and lower-mass, lower-compactness DWDs;,
corresponding to light particles that are -1000010~¢ GeV
and heavy particles that are -1000010~% GeV. Later-
generation space-based detectors like DECIGO may be
able to detect mergers across an even larger part of the
parameter space.

We have left four significant topics to future work,
though two of those are interrelated. First, is the ef-
fect of inter-particle interactions, both those that do and
do not change particle type, on the equation of state.
While it is reasonable to ignore particle-conversion in-
teractions, as many dark matter models do not contain
them, interactions such as the dark electromagnetism of
atomic dark matter[6I] or the Yukawa interactions of
the model in [62] should also be studied. The lack of
such an interaction term is not fatal; after all, the model
presented here works quite well for estimating ordinary
white dwarf properties and should also work well in cases
with weak dark interactions. Conversely, dissipative in-
teractions are the entire point of dissipative dark matter
models, necessitating their inclusion in follow-up work.
Doing so in a general fashion is non-trivial, but including
additional polynomial terms into the total pressure and
energy equations as in [30], similar to the electrostatic
correction in ordinary white dwarfs[38] or the Yukawa
term in Kouvaris and Nielsen[22] would likely be a good
first step.

Second, we have restricted our gravitational wave sig-
nal analysis to the detectability of the in-spiral portion
only. As demonstrated in Figure[2d] the tidal deformabil-
ity of these DWDs can be significantly larger than that of
ordinary neutron stars and black holes. As such, general
template bank searches based on ordinary binary black
hole or binary neutron star mergers may not find these



objects. Additionally, the post-merger portion of the sig-
nal may contain various features that could be strongly
dependent on the equation of state and the dark mi-
crophysics. Computing the full merger and post-merger
signal using numerical relativity simulations at several
points in the parameter space would help resolve both
of these issues, providing data for both a more targeted
search and demonstrating any potential microphysical
dependence.

The remaining two issues concern the formation and
populations of these objects and using gravitational wave
observations to constrain their properties. Just as there
are a number of dark matter models that have the par-
ticle types to create DWDs, so are there a number of
possible formation mechanisms, ranging from primordial
direct collapse, as in [31], to astrophysical direct collapse,
analogous to the dark black hole formation or asymmet-
ric stars in e.g. [12] [I7,[63], to the astrophysical remnant
of a dark star, suggested in [2I]. This makes estimating
the DWD population highly model-dependent. The pos-
sibility that such binaries might not be able to form nat-
urally at all also cannot be excluded. On the other hand,
determining the current constraints on the merger rates
from LIGO observations should be tractable, assuming
the current state of nondetection holds. Likewise, identi-
fying a particular merger as a possible DWD merger (as

10

opposed to an ordinary object merger) should not be dif-
ficult, given the significant discrepancies between DWD
and ordinary compact object characteristics across the
majority of the parameter space. Distinguishing between
a DWD and a dark neutron star, or determining the dark
composition pose a much higher level of difficulty, how-
ever, given the potential overlap in macroscopic traits,
and may require population analysis, circling back to the
formation problem.

While there are several major questions left to be re-
solved, the potential for DWDs and their mergers to shine
a light on the dark sector strongly motivates the develop-
ment of targeted search strategies in gravitational wave
detectors data.
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