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ABSTRACT. A classical Borel–Cantelli Lemma gives conditions for deciding
whether an infinite number of rare events will happen almost surely. In this
article, we propose an extension of Borel–Cantelli Lemma to characterize the
multiple occurrence of events on the same time scale. Our results imply multi-
ple Logarithm Laws for recurrence and hitting times, as well as Poisson Limit
Laws for systems which are exponentially mixing of all orders. The applica-
tions include geodesic flows on compact negatively curved manifolds, geo-
desic excursions on finite volume hyperbolic manifolds, Diophantine approx-
imations and extreme value theory for dynamical systems.
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1. INTRODUCTION

The study of rare events constitutes an important subject in probability the-
ory. On one hand, in many applications there are significant costs associated
to certain rare events, so one needs to know how often those events occur. On
the other hand, there are many phenomena in science which are driven by rare
events including metastability, anomalous diffusion (Levy flights), and traps for
motion in random media, to mention just a few examples.

In the independent setting there are three classical regimes. For the first two,
consider an array {Ωk

n}n
k=1 of independent events such that pn =P(Ωk

n) does not
depend on k. Let Nn be the number of events from the n-th row of the array
which have occurred. The first two regimes are:

(i) CLT regime: npn →∞. In this case Nn is asymptotically normal.
(ii) Poisson regime: npn → λ. In this case Nn is asymptotically Poisson with

parameter λ.

For the third, Borel–Cantelli regime we consider a sequence (Ωn) of indepen-
dent events with different probabilities. The classical Borel–Cantelli Lemma
says that infinitely many Ωns occur if and only if

X
n
P(Ωn) =∞.

A vast literature is devoted to extending the above classical results to the
case where independence is replaced by weak dependence. In particular, there
are convenient moment conditions which imply similar results for weakly de-
pendent events. One important distinction between the Poisson regime and
the other two regimes, is that the Poisson regime requires additional geometric
conditions on close-by events to extend the statement to the dependent case.
Without such conditions, one can have clusters of rare events where the number
of clusters has Poisson distribution while several events may occur inside each
cluster. We refer the reader to [5] for a comprehensive discussion of Poisson
clustering.

1.1. The multiple Borel–Cantelli Lemma. In the present paper, we consider a
regime which is intermediate between the Poisson and Borel–Cantelli. Namely,
we consider for the moment a family of events Ωn

ρ which are nested: Ωn
ρ1

⊂Ωn
ρ2

for ρ1 < ρ2, and that independently of n, P(Ωn
ρ ) =σ(ρ) for some function σ. (We

will see later how these conditions could be slightly weakened to accommodate
several applications.) For ρ > 0, we define

N n
ρ = ]

n
k : 1 ≤ k ≤ n, Ωk

ρ occurs
o

.

The main subject of this paper is to assess, for a sequence (ρn) such that nσ(ρn)
goes to 0 as n →∞, and r ∈N, whether the event

N n
ρn

≥ r

occurs infinitely many times or not. Even if the events Ωn
ρ are independent for

different n, the variables N n1
ρn1

and N n2
ρn2

are strongly dependent if n1 and n2 are
of the same order. On the other hand, if n2 À n1 then the variables are weakly
dependent since, conditioned on N n2

ρn2
6= 0, it is very likely that all the events
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Ωk
ρn2

actually occur for k > n1. Using this, one can show under appropriate
monotonicity assumptions (see [130]) that N n

ρn
≥ r infinitely often if and only ifX

M
P(N 2M

ρ2M
= r ) =∞.

Under the condition nσ(ρn) → 0, it follows that in the independent case

P(N n
ρn

= r ) ≈ (nσ(ρn))r

r !
.

Therefore, under independence, infinitely many N n
ρn

≥ r occur if and only ifX
M

2Mr ¡σ¡ρ2M

¢¢r =∞.(1.1)

This multiple Borel–Cantelli Lemma was extended to the dependent setting
in [1]. However, the mixing assumptions made in [1] are quite strong requiring
good symbolic dynamics which limits greatly the applicability of that result.
In the present paper we present an abstract extension of the multiple Borel–
Cantelli Lemma to the dependent variable setting. The dynamical versions that
can be extracted from our abstract result use more flexible mixing conditions
which open up many interesting applications. Our conditions are similar to
the assumptions typically used to prove Poisson limit theorems for dynamical
systems.

The precise statements of our abstract results will be given in Sections 2
and 3.

Let us describe in a nutshell the setting for dynamical applications. We will
state mixing and regularity conditions on a dynamical system ( f , X ,µ) and on a
family of target sets {Ωρ},ρ ∈R∗+ so that given a (decreasing) sequence (ρn), and
defining the sets Ωk

ρn
= f −kΩρn , we get the validity of the dichotomy described

in (1.1) for the number of hits N n
ρn

. More precisely, when a point y is randomly

distributed according to µ, we view Ωk
ρn

as an event, and saying that infinitely
many N n

ρn
≥ r occur almost surely just means that for µ-a.e. y ∈ X , there are

infinitely many n so that y ∈Ωk
ρn

for at least r distinct k ∈ [1,n].
Let us now describe some sample applications to dynamics, geometry, and

number theory that will be developed in separate sections after the abstract
results are stated and proved.

1.2. MultiLog Law for recurrence. Let f be a map preserving a measure µ on a
metric space (M ,d). Given two points x, y let d (r )

n (x, y) be the r closest distance
among d(x, f k y) for 1 ≤ k ≤ n. In particular, d (1)

n (x, y) is the closest distance
the orbit of y comes to x up to time n. It is shown in [68] that for systems with
superpolynomial decay for Lipschitz observables, for all x and µ-almost all y

lim
n→∞

| lnd (1)
n (x, y)|
lnn

= 1

d
,

where d is the local dimension of µ at x provided that it exists.
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Under some additional assumptions, one can prove a dynamical Borel–
Cantelli Lemma which implies in particular that, if µ is smooth then for all
x and almost all y we have

limsup
n→∞

| lnd (1)
n (x, y)|− 1

d lnn

lnlnn
= 1

d
.

In Section 4 we extend this result to r > 1, for systems that have multiple expo-
nential mixing properties. For example, if f is an expanding map of the circle,
we shall show that for Lebesgue almost all (x, y) ∈T×T we have

limsup
n→∞

| lnd (r )
n (x, y)|− lnn

lnlnn
= 1

r
.(1.2)

We sketch briefly the reduction of (1.2) to the multiple Borel–Cantelli lemma
leaving the details to Section 4. Given x ∈ M , let Ωx,ρ = {y : d(x, y) ≤ ρ}. We use
the notation Ωk

x,ρ for the event 1Ωx,ρ ◦ f k . We let σ(ρ) = Leb(Ωx,ρ).

For s ≥ 0, we let ρn = n−1 (lnn)−s , and for y ∈ T, we denote by N n
ρn

(y) the

number of times k ∈ [1,n] such that y ∈Ωk
x,ρn

.
Thus (1.2) is equivalent to the following :

(a) If s > 1
r , then for Lebesgue almost all (x, y) ∈T×T, we have that for large

n, N n
ρn

< r .

(b) If s ≤ 1
r , then for Lebesgue almost all (x, y) ∈T×T, there are infinitely many

n such that N n
ρn

≥ r .

With the notation Sr =
∞X

j=1
2r jσ(ρ2 j )r , we see that Sr = ∞ if and only if s ≤ 1

r .

Hence, (1.2) would follow from an extension of the Multiple Borel–Cantelli
Lemma of §1.1 to the case of expanding maps of the circle.

The smoothness assumption on the invariant measure, the Lebesgue typi-
cality assumption on x and the hyperbolicity assumption on f are all essential.
Namely, if µ is an invariant Gibbs measure which is not conformal, λ is the
Lyapunov exponent of µ, then we show in Section 6 that for µ almost all x and
y and for all r ∈N,

limsup
n→∞

| lnd (r )
n (x, y)|− lnnp

2(lnn)(lnlnlnn)
= σ

d
p

dλ
for some σ > 0 which will be given in (6.5). We shall also show that there is
Gδ–dense set H such that for all x ∈H , Lebesgue almost all y and all r ≥ 1, we
have

limsup
n→∞

| lnd (r )
n (x, y)|− lnn

lnlnn
= 1.

Finally if the expanding map is replaced by a rotation Tα then we have (see
Theorem 4.7 below) that for almost all (x, y,α)

limsup
n→∞

| lnd (r )
n (x, y)|− lnn

lnlnn
=
(

1 if r = 1,
1
2 if r > 1.
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1.3. Records of geodesic excursions. Consider a hyperbolic manifold Q of di-
mension d +1 which is not compact but has finite volume. Such manifold ad-
mits a thick-thin decomposition. Namely Q is a union of a compact part and
several cusps (see §7.1, in particular, formula (7.3) for more details on think-
thin decomposition). A cusp excursion is a maximal time segment such that the
geodesic stays in a cusp for the whole segment. Let

H (1)(T ) ≥ H (2)(T ) ≥ . . . H (r )(T ) ≥ . . .

be the maximal heights achieved during the excursions which occur before time
T placed in the decreasing order. Sullivan’s Logarithm Law is equivalent to
saying that for almost every geodesic

limsup
T→∞

H (1)(T )

lnT
= 1

d
.(1.3)

The proof of (1.3) relies on Sullivan’s Borel–Cantelli Lemma and it actually also
shows that for almost every geodesic

limsup
T→∞

H (1)(T )− 1
d lnT

lnlnT
= 1

d
.

Extending the Multiple Borel–Cantelli Lemma of §1.1 to the cusp excursions,
we obtain a multiple version of Sullivan’s law by showing that for almost every
geodesic

limsup
T→∞

H (r )(T )− 1
d lnT

lnlnT
= 1

r d
.

1.4. Multiple Khintchine–Groshev Theorem. Let ψ : R→ R be a positive func-
tion (in dimension 1 we also assume that ψ is monotone). The classical
Khintchine–Groshev Theorem ([76, 103, 149]) says that for almost all α ∈ Rd

there are infinitely many solutions to

|〈k,α〉+m| ≤ψ(‖k‖∞) with k ∈Zd ,m ∈Z(1.4)

if and only if

∞X
r=1

r d−1ψ(r ) =∞.(1.5)

In particular the inequality

|k|d |〈k,α〉+m| ≤ 1

ln |k|(lnln |k|)s

where |k| =
qP

k2
i , has infinitely many solutions for almost every α if and only

if s ≤ 1. This is one of Khintchine–Groshev 0−1 laws for Diophantine approxi-
mations of linear forms that can all be obtained from suitable dynamical exten-
sions of the classical Borel–Cantelli Lemma to cusp excursions of appropriate
diagonal actions on the space of lattices.
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One goal of this paper is to extend the Khintchine–Groshev 0−1 laws to mul-
tiple Diophantine approximations. For example, we can replace (1.4) by

|k|d |〈k,α〉+m| ≤ 1

ln N (lnln N )s , |k| ≤ N(1.6)

and say that α is (r, s) approximable if there are infinitely many N s for which (1.6)
has r positive solutions (that is, solutions with k1 > 0).

In Section 9, we give several versions of the Multiple Borel–Cantelli Lemma
for cusp excursions of diagonal actions on the space of lattices, and obtain in
one of the applications that almost every α ∈ Rd is (r, s) approximable if and
only if s ≤ 1

r .

1.5. Plan of the paper. The layout of the paper is the following. In Section 2
we describe an abstract result on an array of rare events in a probability space
which ensures that for a given r, r events in the same row happen for infin-
itely many (respectively, finitely many) rows. In Section 3 this abstract criterion
is applied in the case of rare events that consist of visits to a sublevel set of
a Lipschitz function by the orbits of a smooth exponentially mixing dynami-
cal system. The results of Section 3 are then used to obtain MultiLog Laws in
various settings. Namely, Section 4 studies hitting and return times for multi-
fold exponentially mixing smooth systems. Section 8 treats similar problems in
the configuration space for the geodesic flows on compact negatively curved
manifolds. Geodesic excursions are discussed in Section 7, and Diophantine
approximations are treated in Section 9. The MultiLog Law for non-conformal
measures is discussed in Section 6.

As it was mentioned, the regime we consider is intermediate between the
Poisson and Borel–Cantelli. Section 5 contains an application of our results to
the Poisson regime. Namely we derive Poisson distribution for hits and mixed
Poisson distribution for returns for exponentially mixing systems on smooth
manifolds. Section 10 describes the application of our results to the extreme
value theory for dynamical systems. Each section ends with some notes where
the related literature is discussed.

Some useful auxiliary results are collected in the appendices.

2. MULTIPLE BOREL–CANTELLI LEMMA

2.1. The result. The classical Borel–Cantelli Lemma is a standard tool for decid-
ing when an infinite number of rare events occur with probability one. However
in case an infinite number of events do occur, the Borel–Cantelli Lemma does
not give an information about how well separated in time those occurrences
are. In this section we present a criterion which allows to decide when several
rare events occur on the same time scale. The criterion is based on various
independence conditions between the rare events.
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DEFINITION 2.1. Consider a probability space (Ω,F ,P). Given r ∈ N∗, a se-
quence (ρn) and a family of events (Ωk

ρn
)(n,k)∈N2;1≤k≤2n , we let N n

ρn
be the num-

ber of times k ≤ n such that Ωk
ρn

occurs, i.e.,

N n
ρn

= ]
n

k : 1 ≤ k ≤ n, Ωk
ρn

occurs
o

.

DEFINITION 2.2 (Shrinking targets). When the sequence (ρn) is decreasing and

Ωn
ρ1

⊂Ωn
ρ2

if ρ1 ≤ ρ2,(2.1)

we say that the sequence of targets (Ωk
ρn

)(n,k)∈N2;1≤k≤2n is shrinking.

REMARK 2.3. In all our applications, the targets will be shrinking. However, part
of our results will not require this condition.

Our goal is to give a criterion that allows to tell exactly when almost surely
N n
ρn

≥ r will hold for infinitely many n. For this, we introduce several conditions

quantifying asymptotic independence between the events Ωk
ρn

. The statement
of the conditions requires the existence of:

• an increasing function σ :R+ →R+,
• a sequence εn → 0,
• a function s :N→N such that s(n) ≤ (lnn)2,
• a function ŝ :N→N such that εn ≤ ŝ(n) < n(1−q)/(2r ) for some 0 < q < 1,

and some 0 < ε< (1−q)/(2r ),

for which the following holds. For an arbitrary r -tuple 0 ≤ k1 < k2 · · · < kr ≤ n we
consider the separation indices

Sepn(k1, . . . ,kr ) = Card
©

j ∈ {0, . . .r −1} : k j+1 −k j ≥ s(n)
ª

, k0 := 0,dSepn(k1, . . . ,kr ) = Card
©

j ∈ {0, . . .r −1} : k j+1 −k j ≥ ŝ(n)
ª

, k0 := 0.

(M1)r If 0 ≤ k1 < k2 < . . .kr ≤ n are such that Sepn(k1, . . . ,kr ) = r then

σ(ρn)r (1−εn) ≤P
Ã

r\
j=1
Ω

k j
ρn

!
≤σ(ρn)r (1+εn).

(M2)r There exists K > 0 such that if 0 ≤ k1 < k2 < . . .kr ≤ n are such that
Sepn(k1, . . . ,kr ) = m < r , then

P

Ã
r\

j=1
Ω

k j
ρn

!
≤ Kσ(ρn)m

(lnn)100r .

(M3)r If 0 ≤ k1 < k2 < ·· · < kr < l1 < l2 < ·· · < lr , are such that 2i < kα ≤
2i+1,2 j < lβ ≤ 2 j+1, for 1 ≤ α,β ≤ r , j − i ≥ b for some constant b ≥ 1,
and such thatdSep2i+1 (k1, . . . ,kr ) = r, dSep2 j+1 (l1, . . . , lr ) = r, l1 −kr ≥ ŝ(2 j+1),

then

P

Ã· r\
α=1

Ω
kα
ρ2i

¸\" r\
β=1

Ω
lβ
ρ2 j

#!
≤σ(ρ2i )rσ(ρ2 j )r (1+εi ).
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DEFINITION 2.4. For r ∈N∗ and a sequence (ρn), we say that the events of the
family (Ωk

ρn
)(n,k)∈N2;1≤k≤2n are 2r –almost independent at a fixed scale if (M1)r

and (M2)r are satisfied for every r ∈ [1,2r ]. We say that (Ωk
ρn

)(n,k)∈N2;1≤k≤2n
are 2r –almost independent at all scales if (M1)r , (M2)r are satisfied for every
r ∈ [1,2r ], and (M3)r is satisfied for every r ∈ [1,r ].

REMARK 2.5. Conditions (M1)r and (M3)r are mixing conditions. In the exam-
ples considered in this paper they will follow from multiple exponential mixing.
Condition (M2)r is a non-clustering condition and it has to be verified on case-
by-case basis using the geometry of the targets. We note that (M2)r holds if, for
fixed ρ, the events Ωk

ρ are quasi-independent in the sense that

P

Ã
r\

j=1
Ω

k j
ρ

!
≤C (r )

rY
j=1
P
³
Ω

k j
ρ

´
.

The quasi-independence also plays a crucial role in the classical work of Sullivan
on dynamical Borel–Cantelli Lemma [152].

THEOREM 2.6. Given a sequence (ρn) and a family of events (Ωk
ρn

)(n,k)∈N2;1≤k≤2n ,
define

Sr =
∞X

j=1

³
2 jσ(ρ2 j )

´r
.

(a) If Sr <∞, and (Ωk
ρn

)(n,k)∈N2;1≤k≤2n are shrinking as in Definition 2.2 and
are 2r –almost independent at a fixed scale, then with probability 1, we have
that for large n, N n

ρn
< r .

(b) If Sr =∞, and (Ωk
ρn

)(n,k)∈N2;1≤k≤2n are 2r –almost independent at all scales
then with probability 1, there are infinitely many n such that N n

ρn
≥ r .

REMARK 2.7. An analogous statement has been obtained in [1] under different
mixing conditions.

REMARK 2.8. Observe that if the targets are shrinking, we have that

2 j+1−1X
n=2 j

σr (ρn)nr−1 ≤
³
2 j+1σ(ρ2 j )

´r ≤ 22r
2 j−1X

n=2 j−1

σr (ρn)nr−1,

in which case the convergence of Sr is equivalent to the convergence of
∞X

n=1
σr (ρn)nr−1.

2.2. Estimates on a fixed scale. For m ∈N let

Um = {(k1, . . . ,kr ) s.t. 2m < k1 < k2 < ·· · < kr ≤ 2m+1 and dSep2m+1 (k1, . . .kr ) = r },

Am := {∃0 < k1 < ·· · < kr ≤ 2m+1 s.t. Ωkα
ρ2m happens for any α ∈ [1,r ]},

Dm := {∃ (k1, . . . ,kr ) ∈Um s.t. Ωkα
ρ2m+1 happens for any α ∈ [1,r ]}.

The goal of this section is to prove the following estimates from which it will be
easy to derive Theorem 2.6.
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PROPOSITION 2.9. Suppose

nσ(ρn) → 0 as n →∞.(2.2)

If (Ωk
ρn

)(n,k)∈N2;1≤k≤2n are 2r –almost independent at a fixed scale, then there exist

constants Cr , C r , cr > 0 such that for all sufficiently large m,

P(Am) ≤Cr
¡
2r mσ(ρ2m )r +m−10¢ ,(2.3)

P(Dm) ≥ cr 2r mσ(ρ2m+1 )r −C r m−10.(2.4)

If (Ωk
ρn

)(n,k)∈N2;1≤k≤2n are 2r –almost independent at all scales, then there exists a
sequence θm → 0 such that if m′−m ≥ b (recall that b is a constant from (M3)r )
then for all sufficiently large m

P(Dm ∩Dm′) ≤ (P(Dm)+C r m−10)(P(Dm′)+C r m′−10)(1+θm).(2.5)

We start with some notations and a lemma. For n ∈ N∗, for k1, . . . ,kr ≤ n,
define

Ak1,...,kr
ρn

:=
r\

j=1
Ω

k j
ρn

.

With these notations

Am = [
0<k1<k2<···<kr ≤2m+1

Ak1,...,kr
ρ2m ,(2.6)

Dm = [
(k1,...,kr )∈Um

Ak1,...,kr
ρ2m+1 .(2.7)

LEMMA 2.10. Fix 0 ≤ a1 < a2 ≤ 2. If (M1)r and (M2)r hold then there exist two
sequences δn → 0, ηn → 0 such thatX

a1n<k1<k2<···<kr ≤a2n
P(Ak1,...,kr

ρn
) = ((a2 −a1)nσ(ρn))r

r !
(1+δn)+ηn (lnn)−10 .(2.8)

For a2 −a1 ≥ 1
2 , there exists constant cr such thatX

a1n<k1<k2<···<kr ≤a2ndSepn (k1,...kr )=r

P(Ak1,...,kr
ρn

) ≥ cr (nσ(ρn))r .(2.9)

Proof. For m ≤ r , denote

Sm := X
a1n<k1<k2<···<kr ≤a2n

Sepn (k1,...kr )=m

P(Ak1,...,kr
ρn

).

Note that Sr consists of (a2−a1)r nr

r ! (1+δ′n) terms for some sequence δ′n → 0 as
n →∞. Hence (M1)r yields

Sr = ((a2 −a1)nσ(ρn))r

r !
(1+δ′′n).(2.10)

where δ′′n → 0 as n →∞.
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For m < r, Sm consists of O (nm (s(n))r−m) terms. Hence (M2)r gives

Sm ≤C nm (s(n))r−m Kσ(ρn)m

(lnn)100r = ηn(nσ(ρn))m (lnn)−10(2.11)

for some sequence ηn → 0. Combining (2.10) with (2.11) we obtain (2.8). The
proof of (2.9) is similar to that of (2.10), except that the number of terms is not
anymore equivalent to 1

r ! n
r (1+δ′n) but just larger than 1

r ! (
n
2 − r ŝ(n))r which is

larger than qr

2r r ! n
r , due to the hypothesis ŝ(n) < n(1−q)/(2r ).

Proof of Proposition 2.9. First, (2.3) follows directly from (2.6) and (2.8). Next,
define

Im = X
(k1,...kr )∈Um

P(Ak1,...,kr
ρ2m+1 ) , Jm = X

(k1,...,kr )∈Um
(k ′

1,...,k ′
r )∈Um

{k1,...,kr } 6={k ′
1,...,k ′

r }

P
³

Ak1,...,kr
ρ2m+1

\
A

k ′
1,...,k ′

r
ρ2m+1

´
.

From (2.7) and Bonferroni inequalities we get that

Im − Jm ≤P(Dm) ≤ Im .(2.12)

Now, (2.9) implies that

Im ≥ cr 2r (m+1)σ(ρ2m+1 )r .(2.13)

On the other hand, since

Ak1,...,kr
ρ2m+1

\
A

k ′
1,...,k ′

r
ρ2m+1 = A

{k1,...,kr }∪{k ′
1,...,k ′

r }
ρ2m+1 ,

we get that

Jm ≤ C̃r

2rX
l=r+1

X
k1<···<kl

P(Ak1,...,kl
ρ2m+1 ),

and (2.8) then implies that

Jm ≤C r (2(r+1)mσ(ρ2m+1 )r+1 +m−10).(2.14)

Combining (2.12), (2.13) and (2.14), and using the assumption (2.2) we ob-
tain (2.4).

Finally, observe that

P(Dm ∩Dm′) ≤ X
(k1,...,kr )∈Um
(l1,...,lr )∈Um′

P(Ak1,...,kr
ρ2m+1 ∩ Al1,...,lr

ρ
2m′+1

).

But since m′ > m +1 implies that l1 −kr ≥ ŝ(2m′+1), (M3)r then yields

P(Ak1,...,kr
ρ2m+1 ∩ Al1,...,lr

ρ
2m′+1

) ≤P(Ak1,...,kr
ρ2m+1 )P(Al1,...,lr

ρ
2m′+1

)(1+εm),

so that using (M1)r and summing over all (k1, . . . ,kr ) ∈Um , (l1, . . . , lr ) ∈Um′ we
get that

P(Dm ∩Dm′) ≤ Im Im′(1+εm).

Now (2.5) follows from (2.12), (2.13) and (2.14).
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2.3. Convergence case. Proof of Theorem 2.6(a). Suppose that Sr <∞. Then
by monotonicity of σ(ρn), we have that nσ(ρn) → 0. By (2.3) of Proposition 2.9
we have that

P
mP(Am) <∞. By Borel–Cantelli Lemma, with probability one,

Am happen only finitely many times. Observe that for n ∈ (2m ,2m+1] we have
{N n

ρn
≥ r } ⊂Am because Ωk

ρn
⊂Ωk

ρ2m for n ≥ 2m due to (2.1). Hence with proba-
bility one {N n

ρn
≥ r } happen only finitely many times. �

2.4. Divergence case. Proof of Theorem 2.6(b). Suppose that Sr =∞. We give
a proof under the assumption (2.2). The case where (2.2) does not hold requires
minimal modifications that will be explained at the end of this section.

CLAIM 2.11. Let Zn=
nX

m=1
1Dm . There is a subsequence {Znk } such that a.s.

Znk

E(Znk )
→ 1.

Since E(Zn) →∞, due to (2.4), the claim implies that, almost surely, Zn →∞.
That is, with probability one infinitely many of Dm happen. Noting that Dm ⊂
{N 2m+1

ρ2m+1
≥ r } completes the proof of Theorem 2.6(b) in the case when (2.2) holds.

Proof of Claim 2.11. We first prove that (2.4) and (2.5) imply that

Zn

E(Zn)
→ 1 in L2,

or equivalently that

Var(Zn)

E2(Zn)
→ 0.(2.15)

Note that

Var(Zn) =
nX

m=1
P(Dm)−

nX
m=1

P(Dm)2 +2
X
i< j

£
P(Di ∩D j )−P(Di )P(D j )

¤
.(2.16)

By (2.5) for each δ there exists m(δ) > b such that if i ≥ m(δ), j − i ≥ m(δ) then

P(Di ∩D j )−P(Di )P(D j ) ≤ δP(Di )P(D j )+2C r i−10P(D j )

+2C r j−10P(Di )+2C
2
r (i j )−10.

(2.17)

Split (2.16) into two parts:
(a) Due to (2.17), the terms where i ≥ m(δ), j − i ≥ m(δ) contribute at mostX
i≥m(δ), j−i≥m(δ)

h
δP(Di )P(D j )+2C r i−10P(D j )+2C r j−10P(Di )+2C

2
r (i j )−10

i
≤ δ(E(Zn))2 +8C rE(Zn)+8C

2
r .

(b) The terms where i ≤ m(δ) or j − i ≤ m(δ) contribute at most

[2m(δ)+1]
nX

j=1
P(D j ) = [2m(δ)+1]E(Zn).
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Since E(Zn) →∞, the case (a) dominates for large n giving

limsup
n→∞

Var(Zn)

(E(Zn))2 ≤ δ.

Since δ is arbitrary, (2.15) follows.
Let nk = inf{n : (E(Zn))2 ≥ k2 Var(Zn)}. Then by Chebyshev inequality

P
¡|Znk −E(Znk )| > δE(Znk )

¢≤ 1

δ2k2 .

Thus ∞X
k=1

P(|Znk −E(Znk )| > δE(Znk )) ≤
∞X

k=1

1

δ2k2 <∞.

Therefore, by Borel–Cantelli Lemma, with probability 1, for large k,

|Znk −E(Znk )| < δE(Znk ).

Hence
Znk
E(Znk

) → 1 a.s., as claimed.

It remains to consider the case where (2.2) fails. After passing to a subse-
quence, we choose a decreasing sequence νn such that σ̃(ρn) := νnσ(ρn) satis-

fies lim
n→∞nσ̃(ρn) = 0 and

∞X
j=1

(2 j σ̃(ρ2 j ))r =∞.

Next, we define for each n ∈ N and for each k ≤ n, a sequence of events
{Ω̃k

ρn
}k≤n as follows: If Ωk

ρn
does not occur then Ω̃k

ρn
does not occur and, condi-

tionally on Ωk
ρn

occurring, Ω̃k
ρn

occurs with probability νn independently of all

other events (all other Ωk
ρn

with different k or different n).

The events (Ω̃k
ρn

)(n,k)∈N2;1≤k≤2n thus satisfy (M1)r , (M2)r , and (M3)r the same

way as the events (Ωk
ρn

)(n,k)∈N2;1≤k≤2n , with this difference that σ(ρn) is now

replaced with σ̃(ρn).1 Since condition (2.2) is satisfied by σ̃(ρn), and since
∞X

j=1
(2 j σ̃(ρ2 j ))r =∞,

we get that, with probability one, more than r events among the events {Ω̃k
ρn

}k≤n

occurs for infinitely many n. By definition, this implies that with probability
one, more than r events among the events {Ωk

ρn
}k≤n occurs for infinitely many

n. The proof of Theorem 2.6(b) is thus completed.

2.5. Prescribing some details. In the remaining part of Section 2 we describe
some extensions of Theorem 2.6(b).

Namely, we assume that Ωn
ρ =

p[
i=1
Ωn,i
ρ and that there exists a constant ε̂> 0

such that for each i , P(Ωn,i
ρ ) ≥ ε̂P(Ωn

ρ ). We also assume the following exten-
sion of (M1)r : for each (k1, . . . ,kr ) with Sepn(k1, . . . ,kr ) = r and each (i1, . . . , ir ) ∈

1Note that the events {Ω̃k
ρn

} will not satisfy (2.1) even if the events {Ωk
ρn

} satisfy it, but in this

part of the proof of Theorem 2.6 (b) condition (2.1) is not needed.
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{1, . . . , p}r ,

�(M1)r

"
rY

j=1
P(Ω

k j ,i j
ρn

)

#
(1−εn) ≤P

Ã
r\

j=1
Ω

k j ,i j
ρn

!
≤
"

rY
j=1
P(Ω

k j ,i j
ρn

)

#
(1+εn);

and the following extension of (M3)r : for each δ there is b = b(δ) such that
letting ŝ(n) = δn we have that for each (k1, . . . ,kr ), (l1, . . . , lr ) withdSep2i+1 (k1, . . . ,kr ) = r, dSep2 j+1 (l1, . . . , lr ) = r, l1 −kr ≥ ŝ(2 j+1), j − i ≥ b

and for each (i1, i2, . . . , ir ), ( j1, j2 . . . jr ) ∈ {1, . . . , p}r ,

�(M3)r P

Ã· r\
α=1

Ω
kα,iα
ρ2i

¸\" r\
β=1

Ω
lβ, jβ
ρ2 j

#!
≤
· rY
α=1

P(Ωkα,iα
ρ2i

)

¸" rY
β=1

P(Ω
lβ, jβ
ρ2 j

)

#
(1+εi ).

THEOREM 2.12. 2 If Sr =∞, and �(M1)k , (M2)k as well as �(M3)k for k = 1, . . . ,2r
are satisfied, then for any i1, i2 . . . ir and for any intervals I1, I2 . . . Ir ⊂ [0,1], with
probability 1 there are infinitely many n such that for some k1(n),k2(n) . . .kr (n)

with
k j (n)

n ∈ I j , Ω
k j ,i j
ρn

occur.

The proof of Theorem 2.12 is similar to the proof of Theorem 2.6(b). Without
the loss of generality we may assume that I j does not contain 0. Then we fix a
large constant l and consider the following modification of Dm

D̃m :=
n
∃2lm < k1 < ·· · < kr ≤ 2l (m+1) such that

kα
2l (m+1)

∈ Iα,

Ω
kα,iα
ρ2l (m+1)

happens and kα+1 −kα ≥ ŝ(2l (m+1)), 0 ≤α≤ r −1
o

.

Arguing as in Proposition 2.9 we conclude that D̃m1 and D̃m2 are asymptotically
independent (in the sense of (2.5)) if m2 > m1+p and p is so large that 2−p 6∈ Iα
for α= 1,2. . .r . The rest of the proof is identical to the proof of Theorem 2.6(b).

2.6. Poisson regime.

THEOREM 2.13. Suppose (M1)r and (M2)r hold for all r and lim
n→∞nσ(ρn) = λ.

Then N n
ρn

converges in law as n →∞ to the Poisson distribution with parame-
ter λ.

Proof. We compute all (factorial) moments of the limiting distribution. Let X

denote the Poisson random variable with parameter λ. Below

µ
m
r

¶
denotes

the binomial coefficient
m!

r !(m − r )!
. Since (see, e.g., [139, formula (3.4) in Sec-

tion 7.3])

E

µµ
N n
ρn

r

¶¶
= X

k1<k2<···<kr ≤n
P(Ak1,...,kr

ρn
),

2This result is not used in the present paper, so it can be skipped during the first reading. In
a followup work, we shall use Theorem 2.12 to obtain some analogues of the Functional Law of
Iterated Logarithm for heavy tailed random variables.
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Lemma 2.10 implies for each r

lim
n→∞E

µµ
N n
ρn

r

¶¶
= λr

r !
= E
µµ

X

r

¶¶
.(2.18)

Since this holds for all r we also have that for all r, lim
n→∞E((N n

ρn
)r ) = E(X r ). Since

the Poisson distribution is uniquely determined by its moments the result fol-
lows.

Similarly to Borel–Cantelli Lemma, we also have the following extension of
Theorem 2.13 in the setting of §2.5. Denote N n,i

I the number of times event Ωk,i
ρn

occurs with k/n ∈ I . Write N n,i := N n,i
[0,1].

THEOREM 2.14. Suppose that �(M1)r and (M2)r hold for all r and that

lim
n→∞nP(Ωn,i

ρn
) =λi .

Then {N n,i
ρn

}p
i=1 converge in law as n → ∞ to the independent Poisson random

variables with parameter λi .
Moreover, if I1, I2, . . . Is are disjoint intervals, then {N n,i

I j
}, i = 1. . . p, j = 1. . . s

converge in law as n → ∞ to the independent Poisson random variables with
parameter λi |I j |.
Proof. It suffices to prove the second statement. The proof is similar to the
proof of Theorem 2.13. Namely, similarly to (2.18), we show that for each set
ri j ∈N we have

lim
n→∞E

ÃY
i , j

Ã
N n,i

I j

ri j

!!
=Y

i , j

(λi |I j |)ri j

(ri j )!
=Y

i , j
E

µµ
Xi j

ri j

¶¶
,

where Xi j are independent Poisson random variables with parameters λi |I j |.
2.7. Notes. The usual Borel–Cantelli Lemma is a classical subject in probabil-
ity. There are many extensions to weakly dependent random variables, see,
e.g., [157, §12.15], [152, §1]. The connection between Borel–Cantelli Lemma
and Poisson Limit Theorem is discussed in [55, 62]. The multiple Borel–Cantelli
Lemma for independent events is proven in [130]. [1] obtains multiple Borel–
Cantelli Lemma for systems admitting good symbolic dynamics. Extending mul-
tiple Borel–Cantelli Lemma to more general systems allows to obtain many new
applications, see Sections 4–10 of this paper. Separation conditions similar to
our have been used in [44, 146] to obtain the Poisson Law.

3. MULTIPLE BOREL–CANTELLI LEMMA FOR EXPONENTIALLY MIXING

DYNAMICAL SYSTEMS

3.1. Good maps, good targets. Let f be a transformation of a metric space X
preserving a measure µ. Given a family of sets Ωρ ⊂ X , ρ ∈ R∗+, we will, in a
slight abuse of notations, sometimes call Ωρ the event 1Ωρ

and Ωk
ρ the event

1Ωρ
◦ f k . We will take σ(ρ) =µ(Ωρ).
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To deal with multiple recurrence and not just multiple hitting of targets, we
need to consider slightly more complicated events.

Given a family of events Ωρ in X ×X , let Ω
k
ρ ⊂ X be the event

Ω
k
ρ = {x : (x, f k x) ∈Ωρ}.

We will take σ(ρ) = (µ×µ)(Ωρ).
From now on we will always assume that if ρ′ ≤ ρ, then

Ωρ′ ⊂Ωρ , Ωρ′ ⊂Ωρ .

For φ : X k →R, k ∈N+, we denote

µk (φ) =
Z

X k
φ(x1, · · · , xk )dµ(x1) · · ·dµ(xk ).(3.1)

Given a sequence {ρn}, we recall that N n
ρn

denotes the number of times k ≤ n

such thatΩk
ρn

(orΩ
k
ρn

) occurs. We want to give conditions on the system ( f , X ,µ)

and on the family (Ωk
ρn

)(n,k)∈N2;1≤k≤2n or (Ω
k
ρn

)(n,k)∈N2;1≤k≤2n , that imply the va-
lidity of the dichotomy of Theorem 2.6 for the number of hits N n

ρn
. For this, we

take

Sr =
∞X

j=1

³
2 j v j

´r
where v j =σ(ρ2 j ) if we are considering targets of the type Ωk

ρ and v j =σ(ρ2 j ) if

we are considering targets of the type Ω
k
ρ .

The independence conditions (M1)r , (M2)r , (M3)r will be satisfied due to
mixing conditions on the dynamical system ( f , X ,µ), and to some regularity
and shrinking conditions on the targets that we now state.

DEFINITION 3.1 ((r +1)-fold exponentially mixing systems for r ≥ 1). Let B be a
space of real valued functions defined over X r+1, with a norm ‖ · ‖B. For r ≥ 1,
we say that ( f , X ,µ,B) is (r +1)-fold exponentially mixing, if there exist constants
C > 0,L > 0 and θ < 1 such that ∀ A, A1, A2 ∈B,

(Prod) ‖A1 A2‖B ≤C‖A1‖B‖A2‖B,

(Gr) ‖A ◦ ( f k0 , . . . , f kr )‖B ≤C L
Pr

i=0 ki ‖A‖B,

(EM)r If 0 = k0 ≤ k1 ≤ . . . ≤ kr are such that ∀ j ∈ [0,r −1],k j+1 −k j ≥ m, then¯̄̄̄Z
X

A(x, f k1 x, · · · , f kr x)dµ(x)−µr+1(A)

¯̄̄̄
≤Cθm ‖A‖B .

Given a system ( f , X ,µ,B), we now define the notion of simple admissible
targets.

DEFINITION 3.2 (Simple admissible targets). Let {Ωρ}, ρ ∈ R∗+, be a decreasing
collection of sets in X for which there are positive η,τ such that for all suffi-
ciently small ρ > 0:

(Appr) There are functions A−
ρ , A+

ρ : X →R such that A±
ρ ∈B and
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(i) ‖A±
ρ‖∞ ≤ 2 and ‖A±

ρ‖B ≤ ρ−τ;
(ii) A−

ρ ≤ 1Ωρ
≤ A+

ρ ;

(iii) µ(A+
ρ )−µ(A−

ρ ) ≤σ(ρ)1+η, where σ(ρ) =µ(Ωρ).

Let (ρn) be a decreasing sequence of positive numbers. We say that the se-
quence (Ωρn ) is a simple admissible sequence of targets for ( f , X ,µ,B) if there
exists u > 0 such that

∃n0 : ∀n ≥ n0 : ρn ≥ n−u , σ(ρn) ≥ n−u ,(Poly)

and

∀R, L ∃C ,n0 ∀n ≥ n0 : ∀k ∈ (0,R lnn),

µ(Ωρn ∩ f −kΩρn ) ≤Cσ(ρn)(lnn)−L .
(Mov)

REMARK 3.3. Note that properties (Appr)(ii) and (iii) imply that

µ(A+
ρ )−µ(Ωρ) ≤µ(Ωρ)1+η, µ(Ωρ)−µ(A−

ρ ) ≤µ(Ωρ)1+η.

A useful situation where one can verify these properties is the following.

LEMMA 3.4. Suppose that f is Lipschitz and B is the space of Lipschitz func-
tions. We have that (Prod) and (Gr) hold with L being the Lipschitz constant of f .
Moreover, if there exist constants ξ,ξ′ > 0 and Φ : X → R a (uniformly) Lipschitz
function3 such that for any interval J ∈R,

µ({x :Φ(x) ∈ J }) ∈ [|J |ξ, |J |ξ′ ]
and two (uniformly) Lipschitz functions a1 and a2 : R→ R such that for some
α,α′ > 0 we have

a2(ρ)−a1(ρ) ∈ [ρα,ρα
′
]

then (Appr) holds for the targets

Ωρ =
©
Φ(x) ∈ [a1(ρ), a2(ρ)]

ª
.

The same result holds if B is the space of C s functions or the space of compactly
supported C s functions with s > 0 arbitrary.

The proof of Lemma 3.4 relies on simple approximation of characteristic func-
tions by Lipschitz functions.

Proof. We will construct A+
ρ that satisfies (i), (ii) of (Appr) and

(iii) µ(A+
ρ )−µ(Ωρ) ≤σ(ρ)1+η.

The construction of A−
ρ is similar. Note that σ(ρ) =µ(Ωρ) ∈ [ραξ,ρα

′ξ′ ].

Define a family of smooth function ψ+ : R4 → [0,2] such that for v > u and
ε > 0 and x ∈ R (we are not interested in the form of ψ+ outside this domain)
we have

ψ+(u, v,ε, x) =
½

1, for x ∈ [u, v]
0, for x ∉ [u −ε(v −u), v +ε(v −u)]

3A typical situation for using Lemma 3.4 will be with Φ(x) defined by some distance d(x0, x).
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and for which there exist constants η> 0 and C > 0 such that that for any ν0 and
for R4 ⊃Rν0 := {v −u ≥ ν0,ε≥ ν0}, we have that

‖ψ+‖C 1(Rν0 ) ≤Cν−η0 ,

where C 1(Rν0 ) refers to the C 1 norm in the region Rν0 .
Define now A+

ρ : X → R : x 7→ ψ+(a1(ρ), a2(ρ),ρb ,Φ(x)), where b > 1 will be
chosen later. It is clear that A+

ρ is Lipschitz and that 1Ωρ
≤ A+

ρ . On the other

hand, ‖A+
ρ‖∞ ≤ 2 and ‖A+

ρ‖B ≤ C (Φ)ρ−bαη, and (i) holds for τ = bαη+ 1. We

turn now to (iii). We observe that with J1 = [a1(ρ)−ρb(a2(ρ)−a1(ρ)), a1(ρ)] and
J2 = [a2(ρ), a2(ρ)+ρb(a2(ρ)−a1(ρ))],

µ(A+
ρ )−µ(Ωρ) ≤ 2µ ({Φ(x) ∈ J1 ∪ J2}) ≤ 4ρξ

′(b+α′).

Hence, if b is chosen sufficiently large we have ρ > 0 sufficiently small that
µ(A+

ρ )−µ(Ωρ) ≤σ(ρ)2.
The fact that the same results hold if B is the space of C s functions or the

space of compactly supported C s functions with s > 0 arbitrary, is a simple con-
sequence of the approximation of Lipschitz functions by smooth functions.

To deal with recurrence, the following definition is useful.

DEFINITION 3.5 (Composite admissible targets). Let {Ωρ},ρ ∈ R∗+ be a decreas-
ing collection of sets in X ×X satisfying the following conditions for some posi-
tive constants C ,η,τ and for all sufficiently small ρ > 0,

(Appr) There are functions A
−
ρ , A

+
ρ : X ×X →R such that A

±
ρ ∈B and

(i) ‖A
±
ρ‖∞ ≤ 2 and ‖A

±
ρ‖B ≤ ρ−τ;

(ii) A
−
ρ ≤ 1Ωρ

≤ A
+
ρ ;

(iii) For any fixed x,

σ(ρ)−σ(ρ)1+η ≤
Z

A
−
ρ (x, y)dµ(y) ≤

Z
A
+
ρ (x, y)dµ(y) ≤σ(ρ)+σ(ρ)1+η,

(iv) For any fixed y,
Z

A
+
ρ (x, y)dµ(x) ≤Cσ(ρ).

For a decreasing sequence of positive numbers (ρn), the sequence (Ωρn ) is said
to be composite admissible if there exists u > 0 such that

∃n0∀n ≥ n0 : ρn ≥ n−u , σ(ρn) ≥ n−u ,(Poly)

and there is a constant a > 0 such that for any k1 < k2

Ω
k1

ρ ∩Ωk2

ρ ⊂ f −k1Ω
k2−k1

aρ ,(Sub)

and

∀L∃n0 : ∀n ≥ n0 ∀k 6= 0, µ(Ω
k
aρn

) ≤C (lnn)−L .(Mov)
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Observe that integrating condition (Appr)(iii) with respect to x we obtain for
each n 6= 0,

C
−1
µ
³
Ω

n
ρ

´
≤µ

³
A
−
ρ (x, f n x)

´
≤µ

³
A
+
ρ (x, f n x)

´
≤Cµ

³
Ω

n
ρ

´
.(3.2)

Typical composite targets we deal with are of the type d(x, y) < ρ or d(x, y) <
γ(x)ρ, where γ(x) is related to the density of µ at the point x. We state here a
general Lemma that guarantees the admissibility of such targets. The statement
is a bit technical but if we keep in mind that the function Φ(x, y) is usually
defined by a distance, then the hypothesis of the Lemma become natural. The
proof of the Lemma is very simple and follows a similar scheme of the proof of
Lemma 3.4 for simple targets.

LEMMA 3.6. Suppose that f is Lipschitz and B is the space of Lipschitz functions.
Suppose there exist constants C ,ξ,ξ′,ξ′′ > 0 and Φ : X ×X →R a (uniformly) Lip-
schitz function such that

(h1) ∀(x, y) ∈ X ×X , Φ(x, y) ≤CΦ(y, x).
(h2) For any interval J ∈R,

σ(J ) := (µ×µ)
¡
{(x, y) ∈ X ×X :Φ(x, y) ∈ J }

¢ ∈ [|J |ξ, |J |ξ′ ].
(h3) For any x ∈ X , µ

¡©
y ∈ X :Φ(x, y) ∈ J

ª¢=σ(J )(1+O (|J |ξ′′)).

If two (uniformly) Lipschitz functions a1 and a2 : R→ R are such that for some
α,α′ > 0

a2(ρ)−a1(ρ) ∈ [ρα,ρα
′
]

then (Appr) holds for the targets

Ωρ = {Φ(x, y) ∈ [a1(ρ), a2(ρ)]}

The same result holds if B is the space of C s functions or the space of compactly
supported C s functions with s > 0 arbitrary.

Proof. The proof is very similar to that of Lemma 3.4. We just explain the differ-
ences. Note that σ(ρ) = (µ×µ)(Ωρ) ∈ [ραξ,ρα

′ξ′ ].

We introduce A
+
ρ : X ×X →R : (x, y) 7→ψ+(a1(ρ), a2(ρ),ρb ,Φ(x, y)), where ψ+

is as in the proof of Lemma 3.4. Properties (i) and (ii) hold as in the proof of
Lemma 3.4.

We turn now to (iii). We fix x ∈ X , and observe that with I = [a1(ρ), a2(ρ)]
and J1 = [a1(ρ)−ρb(a2(ρ)−a1(ρ)), a1(ρ)], J2 = [a2(ρ), a2(ρ)+ρb(a2(ρ)−a1(ρ))]
we have thatZ

A
+
ρ (x, y)dµ(y)−µ¡©y ∈ X :Φ(x, y) ∈ I

ª¢≤ 2µ
¡©

y ∈ X :Φ(x, y) ∈ J1 ∪ J2
ª¢

≤σ(ρ)2

if b is sufficiently large due to (h2) and (h3). Applying (h2) and (h3), we also
see that

|µ¡©y ∈ X :Φ(x, y) ∈ I
ª¢−σ(ρ)| =O (σ(ρ)1+η)

for some η> 0. This proves (Appr)(iii).
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Finally, fix y ∈ X and observe that (h1) impliesZ
A
+
ρ (x, y)dµ(x) ≤C

Z
A
+
ρ (y, x)dµ(x) ≤ 2Cσ(ρ),

which proves (Appr)(iv).

3.2. Multiple Borel–Cantelli Lemma for admissible targets. The goal of this
section is to establish the following Theorem that gives conditions on the sys-

tem ( f , X ,µ) and on the family (Ωk
ρn

)(n,k)∈N2;1≤k≤2n (or (Ω
k
ρn

)(n,k)∈N2;1≤k≤2n), that
imply the validity of the dichotomy of Theorem 2.6 for the number of hits N n

ρn
.

Recall that

Sr =
∞X

j=1

³
2 j v j

´r
where v j =σ(ρ2 j ) if we are considering targets of the type Ωk

ρ and v j =σ(ρ2 j ) if

we are considering targets of the type Ω
k
ρ .

THEOREM 3.7. Assume a system ( f , X ,µ,B) is (2r +1)-fold exponentially mixing.4

Then

(a) If (Ωρn ) is a sequence of simple admissible targets as in Definition 3.2, then
the events of the family (Ωk

ρn
)(n,k)∈N2;1≤k≤2n are 2r –almost independent at

all scales.
(b) If (Ωρn ) is a sequence of composite admissible targets as in Definition 3.5,

then the events of the family (Ω
k
ρn

)(n,k)∈N2;1≤k≤2n are 2r –almost independent
at all scales.

Hence, Theorem 2.6 implies

COROLLARY 3.8. If the system ( f , X ,µ,B) is (2r + 1)-fold exponentially mixing,
and if (Ωρn ) (or (Ωρn )) are as in Definition 3.2 (or Definition 3.5), then

(a) If Sr <∞, then with probability 1, we have that for large n N n
ρn

< r .
(b) If Sr = ∞, then with probability 1, there are infinitely many n such that

N n
ρn

≥ r .

Theorem 3.7 is a direct consequence of Proposition 3.9 below. We accept a
convention that (EM)k for k ≤ 0 is always satisfied.

PROPOSITION 3.9. Given a dynamical system ( f , X ,µ,B) and a sequence of de-
creasing sets (Ωρn ) such that (Prod), (Poly), and (Appr) hold, then with the func-
tion σ(·) :=µ(Ω·), and

(i) If (EM)r−1 holds, then (M1)r is satisfied with the function s :N→N, s(n) =
R lnn, where R is sufficiently large (depending on r , the system and the
targets).

(ii) If (Gr), (Mov) and (EM)r−2 hold, then (M2)r is satisfied.

4Part (a) holds for 2r -fold exponentially mixing systems, as shown by the first part of Proposi-
tion 3.9.
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(iii) If (Gr) and (EM)r hold, then for arbitrary ε > 0, (M3)r is satisfied with
ŝ(n) = εn.

Similarly, given a dynamical system ( f , X ,µ,B) and a sequence of decreasing sets
{Ωρn } such that (Prod), (Poly) and (Appr) hold, then, with the function σ(·) :=
µ×µ(Ω·):

(i) If (EM)r holds, then (M1)r is satisfied with the function s : N→ N, s(n) =
R lnn, with R sufficiently large (depending on r , the system and the targets).

(ii) If (Gr), (Mov), (Sub) and (EM)r−1 hold, then (M2)r is satisfied.
(iii) If (Gr) and (EM)r hold, then for arbitrary ε> 0 (M3)r is satisfied with ŝ(n) =

εn.

Proof of Proposition 3.9. We use C to denote a constant that may change from
line to line but that will not depend on ρn , Ωρn , Ωρn , the order of iteration of f ,
etc.

We note that it is sufficient to check (M1)–(M3) for all sufficiently large n
since smaller n can be handled by increasing K and εn .

Proof of (i). For Ωρn , we prove (M1)r in case ki+1 −ki ≥
p

R lnn, where R is a
sufficiently large constant. Indeed, using (Appr) and (EM)r−1 we get

µ

Ã
rY

i=1
1Ωρn

( f ki x)

!
≤µ

Ã
rY

i=1
A+
ρn

( f ki x)

!
≤

rY
i=1

µ
³

A+
ρn

´
+Cρ−rτ

n θ
p

R lnn

≤ ¡µ(Ωρn )+Cµ(Ωρn )1+η¢r +Cρ−rτ
n θ

p
R lnn ,

which yields the RHS of (M1)r , due to (Poly) if R is sufficiently large. The LHS
is proved similarly.

For Ωρn , we approximate 1Ωρn
by A

±
ρn

, apply (Appr), (EM)r to the functions

B+
ρn

(x0, · · · , xr ) = A
+
ρn

(x0, x1) · · · A
+
ρn

(x0, xr ),

B−
ρn

(x0, · · · , xr ) = A
−
ρn

(x0, x1) · · · A
−
ρn

(x0, xr ),

and get

µ

Ã
r\

j=1
Ω

k j

ρn

!
≤ ¡σ(ρn)+Cσ(ρn)1+η¢r +Cρn

−rτθ
p

R lnn ,

which yields the RHS of (M1)r due to (Poly) if R is taken sufficiently large. The
LHS is proved similarly.

Proof of (ii). For Ωρn , it is enough to consider the case Sep(k1, . . . ,kr ) = r − 1
otherwise we can estimate all 1Ωρn

◦ f ki with ki −ki−1 < s(n), except the first,
by 1.

So we assume that 0 < k j −k j−1 < R lnn and ki −ki−1 ≥ R lnn for i 6= j . Since

(M1)r was proven under the assumption that mini (ki −ki−1) >p
R lnn we may

assume that k j −k j−1 <
p

R lnn. Note that by (Appr) and Remark 3.3

µ
³

A+
ρn

³
A+
ρn

◦ f k
´´
−µ

³
1Ωρn

³
1Ωρn

◦ f k
´´

≤ 4µ
³

A+
ρn

−1Ωρn

´
≤ 4Cµ(Ωρn )1+η.
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Therefore (Mov) with L = 1000r implies that

µ
³

A+
ρn

³
A+
ρn

◦ f k j−k j−1

´´
≤Cµ(Ωρn )(lnn)−1000r .

Take B = A+
ρn

³
A+
ρn

◦ f k j−k j−1

´
, we get using (EM)r−2 and (Poly) that

µ

Ã
rY

i=1
1Ωρn

³
f ki x

´!
≤µ

Ã
rY

i=1
A+
ρn

³
f ki x

´!
=µ

Ã Y
i 6= j−1, j

A+
ρn

³
f ki x

´
B( f k j−1 x)

!

≤µ
³

A+
ρn

´r−1
µ(B)+Cρn

−rτL
p

R lnnθR lnn

≤Cµ(Ωρn )r−1(lnn)−1000r

proving (M2)r .

For Ωρn , we approximate 1Ωρn
by A

+
ρn

. Consider

B̃r (x0, · · · , x j−1, x j+1, · · · , xr )

= 1Ωρn
(x0, x1) · · ·1Ωρn

(x0, x j−1)1
Ω

k j −k j−1
aρn

(x j−1)1Ωρn
(x0, x j+1) · · ·1Ωρn

(x0, xr ),

B̂r (x0, · · · , x j−1, x j+1, · · · , xr )

= A
+
ρn

(x0, x1) · · · A
+
ρn

(x0, x j−1)A
+
aρn

(x j−1, f k j−k j−1 x j−1)A
+
ρn

(x0, x j+1) · · · A
+
ρn

(x0, xr ).

Since (Appr), and (Sub) hold, we obtain from (EM)r−1

µ

Ã
r\

j=1
Ω

k j

ρn

!
≤µ

³
B̃r (x, · · · , f k j−1 x, f k j+1 x, · · · , f kr x)

´
≤µ

³
B̂r (x, · · · , f k j−1 x, f k j+1 x, · · · , f kr x)

´
≤µr (B̂r )+Cρn

−rτL
p

R lnnθR lnn .

Integrating with respect to all variables except x0 and x j−1, then using (Appr)(iv)
when integrating along x0 for any fixed value of x j−1, then finally integrating
along x j−1, we get

µr (B̂r ) ≤ ¡σ(ρn)+σ(ρn)1+η¢r−1
µ
³

A
+
aρn

(x, f k j−k j−1 x)
´

,

which by (3.2) gives

µr (B̂r ) ≤ ¡σ(ρn)+σ(ρn)1+η¢r−1
Cµ(Ω

k j−k j−1

aρn
)

Therefore, (M2)r follows from (Mov), provided that R is sufficiently large and
L = 1000r .

Proof of (iii). Fix a large constant b that will be given below. Consider first

simple targets Ωρn . Denoting B(x) =
rY

α=1
A+
ρ2i

( f kαx) for 2i < k1 < ·· · < kr ≤ 2i+1,
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we obtain from (Prod), (Gr), (Appr), (Poly), and (EM)r , that ‖B‖B ≤C Lr 2i+1
. Thus

µ

ÃÃ
rY

α=1
1Ωρ

2i
( f kαx)

!Ã
rY

β=1
1Ωρ

2 j
( f lβx)

!!
≤µ

ÃÃ
rY

α=1
A+
ρ2i

( f kαx)

!Ã
rY

β=1
A+
ρ2 j

( f lβx)

!!

=µ
Ã

B(x)

Ã
rY

β=1
A+
ρ2 j

( f lβx)

!!

≤µ(B)µ
³

A+
ρ2 j

´r +C Lr 2i+1
ρ−rτ

2i ρ−rτ
2 j θ2 j ε.

Applying already established (M1)r to estimate µ(B), and observing that the

second term is smaller than C (Lr 2−b+1
)2 j

22rτu jθ2 j ε, which is thus much smaller
than the first when b is sufficiently large, we finally get (M3)r .

Next, we analyze Ωρn . Consider

B∗(x, x1, x2 . . . xr ) =
µ rY
α=1

1
Ω

kα
ρ

2i

(x)

¶Ã rY
β=1

1Ωρ
2 j

(x, xβ)

!
.

By (Appr) and (EM)r and the already established (M1)r , we get

µ

Ã \
1≤α,β≤r

¡
Ω

kα
ρ2i

\
Ω

lβ
ρ2 j

¢!≤µ³B∗(x, f l1 x, . . . , f lr x)
´

≤µ
µ rY
α=1

A
+
ρ2i

(x, f kαx)

¶¡
σ(ρ2 j )+σ(ρ2 j )1+η¢r

+C Lr 2i+1
ρ−rτ

2i ρ−rτ
2 j θ2 j ε.

Using (M1)r again we observe that

µ

µ rY
α=1

A
+
ρ2i

(x, f kαx)

¶
≤C

¡
σ(ρ2i )+σ(ρ2i )1+η¢r ,

which allows to conclude the proof of (M3)r in the case of Ωρn .

REMARK 3.10. In fact, analyzing the proof of Theorem 3.7 we see that the com-
posite targets (Appr)(iii) could be replaced by a weaker condition: there is a
function σr (ρ) such that C−1σr (ρ) <σr (ρ) <Cσr (ρ) andZ

. . .
Z Ã rY

j=1
A
+

(x, y j )dµ(y j )

!
dµ(x) =σr (ρ)(1+O(ση(ρ)),(3.3)

Z
. . .
Z Ã rY

j=1
A
−

(x, y j )dµ(y j )

!
dµ(x) =σr (ρ)(1+O(ση(ρ)).(3.4)

We shall call the composite targets satisfying (Mov), (Sub), (Poly), as well as
(Appr) with condition (iii) replaced by (3.3)–(3.4) weakly admissible.
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3.3. Notes. There is a vast literature on Borel–Cantelli Lemmas for dynamical
systems starting with [137]. Some representative examples dealing with hyper-
bolic systems are [4, 37, 61, 75, 78, 82, 83, 89, 98, 114] while [31, 32, 98, 106,
107, 108, 120, 153] deal with systems of zero entropy. The later cases are more
complicated as counterexamples in [60, 71] show. Survey [7] reviews the results
obtained up to 2009 and contains many applications, some of which parallel
the results of Sections 4–9 of the present paper.

Examples of systems with multiple exponential mixing include expanding
maps, volume preserving Anosov diffeomorphsims [24, 133], time one maps
of contact Anosov flows [124], mostly contracting systems [30, 47], partially hy-
perbolic translations on homogeneous spaces [112], and partially hyperbolic
automorphisms of nilmanifolds [74].

The limit theorems for smooth systems which are only assumed to be mul-
tiply exponentially mixing (but without any additional assumptions) are con-
sidered in [22, 35, 150]. [68] obtains a Logarithm Law for hitting times under
an assumption of superpolynomial mixing which is weaker than our exponen-
tially mixing assumption. We note that in our approach the exponential rate
of mixing is crucial for verifying the condition (M3)r pertaining to interscale
independence. Therefore it is an open problem to ascertain if similar results
hold under weaker mixing assumptions.

4. MULTILOG LAWS FOR RECURRENCE AND HITTING TIMES

In this section we apply the results of Section 3 to obtain MultiLog Laws for
multiple exponentially mixing diffeomorphisms and flows. We assume that f is
a smooth diffeomorphism of a compact d−dimensional Riemannian manifold
M preserving a smooth5 measure µ. From now on, we take B in Definition 3.1
to be the space of Lipschitz observables defined over M r+1.

4.1. Results. Let ( f , M ,µ) be a smooth dynamical system. Let d (r )
n (x, y) be the

r -th minimum of

d(x, f y), · · · ,d(x, f n y).

The following result was obtained for a large class of weakly hyperbolic systems
as a consequence of dynamical Borel–Cantelli Lemmas

limsup
n→∞

| lnd (1)
n (x, x)|
lnn

= 1

d
,(4.1)

limsup
n→∞

| lnd (1)
n (x, y)|
lnn

= 1

d
.(4.2)

In particular, the following results are known.

5In this paper a smooth measure means a measure which has a Lipschitz density with respect
to the Riemannian volume.
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THEOREM 4.1.

(a) If a smooth system ( f , M ,µ) has superpolynomial decay of correlations for
Lipschitz observables, that is,

|µ(A(x)B( f n x))−µ(A)µ(B)| ≤ a(n)‖A‖Li p‖B‖Li p

where limn→∞ ns a(n) = 0 ∀ s, then for all x (4.2) holds for a.e. y. If in
addition, f has positive entropy, then (4.1) holds for a.e. x.

(b) If, in addition, f is partially hyperbolic then for all x and a.e. y

limsup
n→∞

| lnd (1)
n (x, y)|− 1

d lnn

lnlnn
= 1

d
.(4.3)

In part (a), (4.1) is proven in [143, Theorem 1] and (4.2) is proven in [68,
Theorem 4]. Part (b) is proven in [48, Theorem 7].

QUESTION 4.2. If ( f ,µ) is exponentially mixing, then (4.3) holds for all x and
a.e. y .

MULTILOG LAW FOR RECURRENCE AND FOR HITTING TIMES. The goal of this
section is to obtain an analogue of (4.3) for multiple hits as well as for returns
for multiple exponentially mixing systems as in Definition 3.1.

DEFINITION 4.3. Given a smooth system ( f , M ,µ), define

Gr =
(

x : for a.e. y, limsup
n→∞

| lnd (r )
n (x, y)|− 1

d lnn

lnlnn
= 1

r d

)
,

G r =
(

x : limsup
n→∞

| lnd (r )
n (x, x)|− 1

d lnn

lnlnn
= 1

r d

)
.

THEOREM 4.4. Suppose that ( f , M ,µ,B) is (2r +1)-fold exponentially mixing.6

Then

(a) µ(Gr ) = 1;
(b) µ(G r ) = 1.

FAILURE OF THE MULTILOG LAWS FOR GENERIC POINTS. Naturally, one can ask if
in fact, Gr equals to M . If r = 1 the answer is often positive (see Theorem 4.1(b)).
It turns out that for larger r the answer is often negative.

DEFINITION 4.5. Given a function ζ :N→N∗, define

H =
(

x : for a.e. y, for all r ≥ 1 : limsup
n→∞

| lnd (r )
n (x, y)|− 1

d lnn

lnlnn
= 1

d

)
,

H ζ =
(

x : for all r ≥ 1 : limsup
n→∞

| lnd (r )
n (x, x)|
ζ(n)

=∞
)

.

6As seen from Proposition 3.9, part (a) holds for 2r -fold exponentially mixing systems.
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THEOREM 4.6. Suppose that the periodic points of f are dense. Then

(a) If G1 = M, then H contains a Gδ dense set.
(b) For any ζ :N→N∗, H ζ contains a Gδ dense set.

Thus for r ≥ 2 topologically typical points do not belong to Gr or G r .

FAILURE OF THE MULTILOG LAWS FOR NON MIXING SYSTEMS. THE CASE OF TORAL

TRANSLATIONS. Theorem 4.6 emphasizes the necessity of a restriction on x in
Theorem 4.4. In a similar spirit, we show that the mixing assumptions made in
this paper are essential. To this end we consider the case when the dynamical
system is (Tα,Td ,λ) where Tα is the translation of vector α and λ is the Haar
measure on Td .

Define

Er =
(

x : for a.e. y, limsup
n→∞

| lnd (r )
n (x, y)|− 1

d lnn

lnlnn
= 1

2d

)
,

E r =
(

x : limsup
n→∞

| lnd (r )
n (x, x)|− 1

d lnn

lnlnn
= 1

d

)
.

THEOREM 4.7. For λ-a.e. α ∈Td , the system (Tα,Td ,λ), satisfies

(a) λ(G1) = 1 and λ(Er ) = 1 for r ≥ 2;
(b) E r = M for all r ≥ 1.

The proof requires different techniques from the rest of the results of this
section. Namely, it is related to the Borel–Cantelli Lemmas in the context of
homogeneous dynamics on the space of lattices, and we will therefore give it in
Section 9 after we introduce the necessary tools.

Take for example part (b) in the simple case of a circle rotation and r = 1.
Clearly, E 1 = M is equivalent to the fact that

An = {k ∈ [1,n] : ‖kα‖ ≤ n−1(lnn)−s}

is not empty for infinitely many n, if and only if s ≤ 1. Using the theory of
continued fraction this problem could be reduced to a problem on the growth
of partial quotients. Recall ([104, Theorem 16]) that for all α we have

max(k ∈ [1,n] : ‖kα‖ = ‖qmα‖,

where qm is the largest denominator of the continued fractions which does not
exceed n. In addition, we have ([104, Theorems 9 and 13])

1

am+1 +1
≤ qm‖qmα‖ ≤ 1

am+1
.

Next by a theorem of Paul Levy (see [42, Theorem 7.4]) for almost every α we
have

lim
M→∞

ln qM

M
= π2

12ln2
.(4.4)

From the above fact it follows easily that there is a constant K such that for
almost all α (in particular for α satisfying (4.4)) the following holds:
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(a) If α ∈ An and n is sufficiently large then max
m≤K lnn

am ≥ (lnn)s

K
and

(b) If max
m≤lnn/K

am ≥ K (lnn)s and n is sufficiently large then α ∈ An .

Using exponential mixing of the Gauss map, one immediately sees from a
classical dynamical Borel–Cantelli Lemma that for each K1,K2 for Lebesgue al-
most every α, the events ½

max
m≤K1M

am ≥ K2M s
¾

happen infinitely often iff s ≤ 1. Thus s = 1 is critical value for the infinite occur-
rence of the inequality max

k≤n
‖kα‖ < n(lnn)−s .

We note that the growth of the partial quotients for continued fractions is inti-
mately related to the geodesic excursions on the modular surface (see, e.g., [145]).
Due to the so called Dani correspondence principle (see §9.2 and the notes of
Section 9), extending (b) in the case r = 1 to higher dimensions can be done by
the use of a dynamical Borel–Cantelli Lemma for cusp excursions of appropri-
ate diagonal actions on the space of lattices instead of the continued fraction
algorithm. Similarly the inhomogeneous case of Theorem 4.7(a) for r = 1 and 2
can be reduced to a dynamical Borel–Cantelli Lemma for an appropriate diago-
nal actions on the space of affine lattices. (The case r ≥ 2 for returns and r = 3
for visits could be reduced to the case of smaller r by elementary means). The
details will be given in §9.10.

THE CASE OF FLOWS. Here we describe the analogue results of Theorems 4.4
and 4.6 for flows. Let φ be a smooth flow on a (d +1)-dimensional Riemannian
manifold M preserving a smooth measure µ.

Observe that if φt (y) is close to x for some t , then the same is true for φt̃ (y)
with t̃ close to t . Thus we would like to count only one return for the whole
connected component lying in the neighborhood of x. Namely, for some fixed
ρ > 0, for i ≥ 0, let [t−i , t+i ] denote the consecutive time intervals such that
φt (y) ∈ B(x,ρ) for t ∈ [t−i , t+i ]. Let ti be the argmin of d(x,φt (y)) for t ∈ [t−i , t+i ].

Let d (r )
n (x, y) be the r−th minimum of

d(x,φt1 (y)), . . . ,d(x,φtk (y)), tk ≤ n < tk+1.(4.5)

Theorem 4.4 and Theorem 4.6 have the following counterpart in the case of
flows. Note that the dimension of the manifold in the case of flows is d +1. Let
us recall the definition of (r +1)-fold exponentially mixing flows, which is similar
to Definition 3.1.

DEFINITION 4.8 ((r +1)-fold exponentially mixing flows for r ≥ 1). We say that
a flow φ is (r +1)-fold exponentially mixing if there exist constants C > 0,θ < 1
such that for each (r +1) tuple 0 = t0 ≤ t1 ≤ . . . ≤ tr such that ∀ j ∈ [0,r −1], t j+1−
t j ≥ T , then

∀A ∈B,

¯̄̄̄Z
X

A(x,φt1 x, · · · ,φtr x)dµ(x)−µr+1(A)

¯̄̄̄
≤CθT ‖A‖B ,

where B is the space of Lipschitz functions on M r+1.
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THEOREM 4.9. Suppose that the smooth system (φ, M ,µ,B) is (2r +1)-fold expo-
nentially mixing. Then

(a) µ(Gr ) = 1;
(b) µ(G r ) = 1.

If, in addition, periodic points of φ are dense then

(c) If G1 = M then H contains a Gδ dense set;
(d) For any ζ :N→N∗, H ζ contains a Gδ dense set.

4.2. Slow recurrence and the proof of Theorem 4.4. Since µ is a smooth mea-
sure, there is a smooth function γ(x) such that

µ
¡
B(x,ρ)

¢= γ(x)ρd +O
³
ρd+1

´
,(4.6)

where the constant in O
¡
ρd+1

¢
is uniform in x.

Given x ∈ M , let

Ωx,ρ = {y : d(x, y) ≤ ρ}(4.7)

and7

Ωρ =
½

(x, y) : d(x, y) ≤ ρ

(γ(x))1/d

¾
(4.8)

We use the notation Ωk
x,ρ for the event 1Ωx,ρ ◦ f k . We also recall the notation

Ω
k
ρ = {x : (x, f k x) ∈Ωρ}. We also keep the notation σ(ρ) = µ(Ωx,ρ), and σ(ρ) =

(µ×µ)(Ωρ).
For s ≥ 0, we let ρn = n−1/d ln−s n, and recall that N n

ρn
denotes the number of

times k ≤ n such that Ωk
x,ρn

(or Ω
k
ρn

) occurs.
By compactness, there exists a constant c > 0 such that©

(x, y) : d(x, y) ≤ c−1ρ
ª⊂Ωρ ⊂

©
(x, y) : d(x, y) ≤ cρ

ª
.

Thus the statement of Theorem 4.4 becomes equivalent to the following:

(a) If s > 1
r d , then for µ-a.e. x (and for µ-a.e. y in the case of Ωk

x,ρ), we have
that for large n, N n

ρn
< r .

(b) If s ≤ 1
r d , then for µ-a.e. x (and for µ-a.e. y in the case of Ωk

x,ρ), there are
infinitely many n such that N n

ρn
≥ r .

With the notation Sr = P∞
j=1

¡
2 j v j

¢r
where v j = σ(ρ2 j ) (in the Ωx,ρn case) or

v j =σ(ρ2 j ) (in the Ωρn case), we see from (4.6) that Sr =∞ if and only if s ≤ 1
r d .

Hence Theorem 4.4 follows from Corollary 3.8, since ( f , M ,µ,B) is (2r+1)-fold
exponentially mixing, provided we establish the following.

PROPOSITION 4.10.

(a) For µ-a.e. x the targets (Ωx,ρn ) are simple admissible targets.

7In the definition of the composite target Ωρ , we include the factor (γ(x))−1/d because we
want that for every x,

R
1
Ωρ

(x, y)dµ(y) be essentially the same number to be able to check

(Appr)(iii) for these targets.
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(b) The targets (Ωρn ) are composite admissible targets.

The rest of this section is devoted to the

Proof of Proposition 4.10. Observe first that with the definition of ρn and (4.6),
we have that (Poly) and (Poly) hold for every x for the target sequences (Ωx,ρn )

as well as for the sequence (Ωρn ).

We proceed with the proof of (Appr) and (Appr) and (Sub) properties.

LEMMA 4.11. For each x, the targets Ωx,ρ satisfy (Appr). The targets Ωρ satisfy

(Appr) and (Sub).

Proof. For the targets Ωx,ρ , the statement follows from Lemma 3.4 by taking
Φ(y) = d(x, y) (that is a Lipschitz function), a1(ρ) = 0 and a2(ρ) = ρ.

For the targets Ωρ , we use Lemma 3.6. We take Φ(x, y) = d(x, y)γ(x)1/d ,
a1(ρ) = 0 and a2(ρ) = ρ. We check (h1) since γ(x)/γ(y) is bounded for (x, y) ∈
X ×X . Property (h2) is obvious. As for (h3) it follows from the definition of γ(x)
in (4.6).

Finally, for any k1,k2, when x ∈Ωk1

ρ ∩Ωk2

ρ , we have

d( f k1 x, f k2 x) ≤ d(x, f k1 x)+d(x, f k2 x) ≤ 2ρ

(γ(x))1/d
≤ aρ

(γ( f k1 x))1/d
,

for some a > 0. Hence Ω
k1

ρ ∩Ωk2

ρ ⊂ f −k1Ω
k2−k1

aρ , which is (Sub). Lemma 4.11 is
proved.

Next we prove the (Mov) (for a.e. x) and (Mov) properties. For this we state
a lemma on recurrence for the multiple mixing system ( f , M ,µ) that is of an
independent interest. We first introduce two definitions.

DEFINITION 4.12 (Slowly recurrent points). Call x slowly recurrent for the system
( f , M ,µ) if for each A,K > 0, there ∃ρ0 such that for all ρ < ρ0 and for all n ≤
K | lnρ| we have

µ(B(x,ρ)∩ f −nB(x,ρ)) ≤µ(B(x,ρ))| lnρ|−A .

DEFINITION 4.13 (Slowly recurrent system). Call the system ( f , M ,µ) slowly re-
current if for each A > 0 ∃ρ0 such that for all ρ < ρ0 and for all n ∈N∗ we have

µ
¡©

x : d(x, f n x) < ρª¢≤ | lnρ|−A .

LEMMA 4.14. Suppose that ( f , M ,µ,B) is 2-fold exponentially mixing. Then

(i) ( f , M ,µ) is slowly recurrent.
(ii) Almost every point is slowly recurrent.

As a consequence, we have that

(a) For µ-a.e. x, the targets Ωx,ρn satisfy (Mov).

(b) The targets Ωρn satisfy (Mov).
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Proof. Take B = A2. If k ≥ B ln | lnρ|, take ρ̂ = | lnρ|−A . By 2-fold exponential
mixing, we get

µ(x : d(x, f k x) ≤ ρ) ≤µ(x : d(x, f k x) ≤ ρ̂)

≤µ
³

A
+
ρ̂ (x, f k x)

´
≤C

³
ρ̂d + ρ̂d+dη+ ρ̂−τθk

´
≤ | lnρ|−2A ,

(4.9)

provided ρ is sufficiently small.
Now fix any 1 ≤ k ≤ B ln | lnρ|. Denote ‖ f ‖1 = maxx∈M ‖D f (x)‖. Assume that

x satisfies d(x, f k x) ≤ ρ, then for any l we have that

d( f (l−1)k (x), f l k x) ≤ ‖ f ‖(l−1)k
1 ρ

If we take L = [4B ln | lnρ|/k]+1 we find that

d(x, f Lk x) ≤ X
l≤L−1

‖ f ‖lk
1 ρ ≤p

ρ,

provided ρ is sufficiently small. But kL ≥ B ln | lnp
ρ|, hence (4.9) applies and

we get
µ(x : d(x, f k x) ≤ ρ) ≤µ(x : d(x, f Lk x) ≤p

ρ) ≤ | lnρ|−A ,

proving (i).
We proceed now to the proof of (ii). Define for j ,k ∈N∗

H j ,k (x) :=µ(B(x,1/2 j )∩ f −k B(x,1/2 j )).

Note thatZ
H j ,k (x)dµ(x) =

Ï
1[0,1/2 j ]d(x, y)1[0,1/2 j ]d(x, f k y)dµ(x)dµ(y)

≤
Ï

1[0,1/2 j ]d(x, y)1[0,1/2 j−1]d(y, f k y)dµ(x)dµ(y)

≤Cµ(B(x,1/2 j ))
Z

1[0,1/2 j−1]d(y, f k y)dµ(y)

where we used that µ(B(y,1/2 j )) ≤Cµ(B(x,1/2 j )) for any x, y ∈ M . Part i ) then
implies that for sufficiently large j it holds thatZ

H j ,k (x)dµ(x) ≤µ(B(x,1/2 j )) j−A−3.

For such j we get from Markov inequality

µ
³
x : ∃k ∈ (0,K j ] : H j ,k (x) >µ(B(x,1/2 j )) j−A

´
≤ K j−2.

Hence Borel–Cantelli Lemma implies that for almost every x there exists j such
that H j ,k (x) ≤ µ(B(x,1/2 j )) j−A for every j ≥ j and every k ∈ (0,K j ], which im-
plies (ii).

Finally, (a) and (b) clearly follow from (ii) and (i) respectively. Lemma 4.14 is
thus proved.

With Lemmas 4.11 and 4.14, the proof of Proposition 4.10 is finished. �

Proof of Theorem 4.4. Theorem 4.4 directly follows from Proposition 4.10 and
Corollary 3.8.
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4.3. Generic failure of the MultiLog Law. Proof of Theorem 4.6.

Proof. To prove part (a), we first prove that periodic points belong to Hr . By
assumption, for any x ∈ M and almost every y,

limsup
n→∞

| lnd (1)
n (x, y)|− 1

d lnn

lnlnn
= 1

d
.(4.10)

Since d (r )
n (x, y) ≥ d (1)

n (x, y), it follows that for any x ∈ M , any r ≥ 1, and a. e. y

limsup
n→∞

| lnd (r )
n (x, y)|− 1

d lnn

lnlnn
≤ 1

d
.(4.11)

To prove the opposite inequality let

Hm,l ,r =
(

x : ∃ Y open, µ(Y ) > 1− 1

l
: ∀y ∈Y ,

| lnd (r )
m (x, y)|− 1

d lnm

lnlnm
> 1

d
− 1

l

)
.

We have that(
x : for a.e. y,∀r ≥ 1 : limsup

n→∞
| lnd (r )

n (x, y)|− 1
d lnn

lnlnn
≥ 1

d

)
= \

l≥1
r≥1

[
m≥1

Hm,l ,r .

But Hm,l ,r is an open set. Hence we finish if we show that for any fixed r and l ,S
m Hm,l ,r contains the dense set of periodic points. Let x be a periodic point

of period p. Take U to be some small neighbourhood of x and denote by Λ the
Lipschitz constant of f p in U .

By (4.10), there exist n ≥ exp◦exp(Λ+pr ) and Y such that µ(Y ) > 1− 1
l , such

that for every y ∈Y , there exists k ∈ [1,n] satisfying

d(x, f k y) ≤
µ

1

n

¶ 1
d
µ

1

lnn

¶ 1
d − 1

2l

.

Then

d(x, f k+p j y) = d( f p j x, f k+p j y) ≤Λr
µ

1

n

¶ 1
d
µ

1

lnn

¶ 1
d − 1

2l

, 0 ≤ j ≤ r −1.

Hence for y ∈Y and m = n +p(r −1), we have that

d (r )
m (x, y) ≤Λr

µ
1

n

¶ 1
d
µ

1

lnn

¶ 1
d − 1

2l <
µ

1

m

¶ 1
d
µ

1

lnm

¶ 1
d − 1

l

,

because we took n ≥ exp◦exp(Λ+pr ). Hence x ∈Hm,l ,r and the proof of (a) is
finished.

We now turn to the proof of (b). Given any function ζ :N→N∗, define

Am,l =
n

x : | lnd (l )
m (x, x)| > mζ(m)

o
.

Observe that H ζ ⊂Tl
S

m Am,l . But Am,l is open and
S

m Am,l clearly contains
the periodic points. Part (b) is thus proved.
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4.4. The case of flows. Proof of Theorem 4.9. The proof proceeds in the same
way as for diffeomorphisms with minimal modifications that we now explain.
First, we need to modify the targets

Ωx,ρ = {y : ∃ s ∈ [0,1],d(x,φs y) ≤ ρ},

and

Ωρ =
½

(x, y) : ∃ s ∈ [0,1],d(x,φs y) ≤ ρ

γ(x)1/d

¾
where γ(x) = lim

ρ→0
µ(Ωx,ρ)/ρd . Consider the targets

Ωn
x,ρ =φ−nΩx,ρ , Ω

n
ρ = {x : (x,φn x) ∈Ωρ}

for n ∈N∗ and let σ(ρ) =µ(Ωρ,x ), σ(ρ) = (µ×µ)(Ωρ).
To prove (a) and (b) of Theorem 4.9 we can apply Corollary 3.8 to the smooth

system (φ, M ,µ,B) and to the targets Ωn
x,ρ and Ω

n
ρ . For this, we just need to

see that these targets are admissible. This can be checked as in the proof of
Proposition 4.10, with very minor differences. Let us check for instance that
(Sub) holds for Ω

n
ρ . Note that when x ∈ Ωn1

ρ ∩Ωn2

ρ for n1 < n2, we have some
s1, s2 ∈ [0,1] such that

d(x,φn1+s1 x) ≤ ρ

(γ(x))1/d
, d(x,φn2+s2 x) ≤ ρ

(γ(x))1/d
.

Hence

d(φn1 x,φn2+s2−s1 x) ≤ max
s∈[−1,0]

‖φs‖C 1 d(φn1+s1 x,φn2+s2 x)

≤ max
s∈[−1,1]

‖φs‖C 1
2ρ

(γ(x))1/d
≤ aρ

(γ(φn1 x))1/d

for some a > 0. It follows that Ω
n1

ρ ∩Ωn2

ρ ⊂φ−n1Ω
n2−n1

aρ , which is (Sub). 8 As for

the proofs of (Mov) and (Mov), they are obtained as in the case of maps via the
notion of slow recurrence. We say that a point x is slowly recurrent for the flow
if for each A,K > 0, there ∃ρ0 such that for all ρ < ρ0 for all n ≤ K | lnρ| we have

µ
³
Ωx,ρ∩Ωn

x,ρ

´
≤µ(Ωx,ρ)| lnρ|−A .

Similarly we say that the flow is slowly recurrent if for each A > 0 ∃ρ0 such that
for all ρ < ρ0 for all n ∈N∗ we have

µ
³
Ω

n
ρ

´
≤ | lnρ|−A .

The same proof of Lemma 4.14 then shows that if the system (φ, M ,µ,B) is ex-
ponentially mixing, it holds that µ-a.e. point is slowly recurrent for the flow,
and that the flow is slowly recurrent. Properties (Mov) and (Mov) are immediate
consequences.

8When s2 − s1 < 0, we modify Ωρ by Ω̃ρ =
n

(x, y) : ∃ s ∈ [−1,1],d(x,φs y) ≤ ρ

γ(x)1/d

o
and get

Ω
n1
ρ ∩Ωn2

ρ ⊂φ−n1 Ω̃
n2−n1
aρ , which gives (M2)r by the argument of Proposition 3.9(ii).
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The proof of part c) and part d) also proceeds in the same way as for maps.
Namely we first see that periodic orbits of the flow belong to Hr and H r and
then use the genericity argument. �

4.5. Notes. Many authors obtain Logarithm Law (4.2) for hitting times as a con-
sequence of dynamical Borel–Cantelli Lemmas. See [37, 48, 67, 89] and refer-
ences therein. [68] also studies return times. We note that [68] works under
much weaker conditions than those imposed in the present paper, however, its
results are valid only for r = 1 (the first visit).

The works [94, 98, 105, 111] study the recurrence problem when the limsup
in (4.2) is replaced by liminf. In particular, [111] proves that for several expand-
ing maps

liminf
n→∞

n d (1)
n (x, y)

lnlnn
exists for almost all y .

Theorem 4.7 shows that some systems may satisfy logarithmic laws for r = 1
that are the same as in the exponentially mixing case, but fail to do so for r ≥ 2.
Logarithm Laws for unipotent flows were obtained in [10, 11, 72, 98]. It is not
known which kind of MultiLog Laws hold for such flows.

5. POISSON LAW FOR NEAR RETURNS

In this section we suppose that µ is a smooth measure and that ( f , M ,µ,B)
is an r -fold exponentially mixing system for all r . In the previous section we
verified properties (M1)r and (M2)r for the targetsΩx,ρ given by (4.7), for almost

every x, and for the targets Ωρ given by (4.8). Moreover, we have

lim
ρ→0

ρ−dσ(ρ) = γ(x) and lim
ρ→0

ρ−dσ(ρ) = 1,

where σ(ρ) = µ(Ωρ,x ) and σ(ρ) = (µ×µ)(Ωρ). Accordingly Theorem 2.13 gives
the following.

THEOREM 5.1.

(a) For almost all x the following holds. Let y be uniformly distributed with
respect to µ. The number of visits of { f k (y)}k∈[1,τρ−d ] to B(x,ρ) converges
to a Poisson distribution with parameter τγ(x) as ρ→ 0. Moreover letting
n = τρ−d we have the sequence

d (1)
n (x, y)

ρ
,

d (2)
n (x, y)

ρ
, . . . ,

d (r )
n (x, y)

ρ
, . . .(5.1)

converges to the Poisson process with measure γ(x)τd t d−1dt .
(b) Let x be chosen uniformly with respect to µ. Then the number of visits

of { f k (x)}k∈[1,τρ−d ] to B(x, ρ

γ1/d (x)
) converges to a Poisson distribution with

parameter τ as ρ→ 0.
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Proof. All the results except for Poisson limit for (5.1) follow from Theorem 2.13.
To prove the Poisson limit for (5.1) we need to check that for each choice of
r−

1 < r+
1 < r−

2 < r+
2 < ·· · < r−

s < r+
s the number of times k ∈ [1,τρ−d ] where

d(x, f k y) ∈ £r−
j ρ,r+

j ρ
¤

are converging to independent Poisson random variables
with parameters

γ(x)
Z r+

j

r−
j

τd t d−1dt = γ(x)τ
h

(r+
j )d − (r−

j )d
i

.

But this follows from Theorem 2.14. The latter theorem can be applied since by
Lemma 3.4 the targets

Ωk,i
ρ = {y : d(x, f k y) ∈ [r−

i ρ,r+
i ρ]}

satisfy (Appr) and hence �(M1)r holds by Proposition 3.9.

There are two natural questions dealing with improving this result. In part (a)
we would like to specify more precisely the set of x where the Poisson limit law
for hits holds. In part (b) we would like to remove an annoying factor γ1/d (x)
from the denominator. Regarding the first question we have

CONJECTURE 5.2. If f is r -fold exponentially mixing for all r , then the conclu-
sion of Theorem 5.1(a) holds for all non-periodic points.

Regarding the second question we have the following.

THEOREM 5.3. Let x be chosen uniformly with respect to µ. Then the number of
visits of { f k (x)}k∈[1,τρ−d ] to B(x,ρ) converges to a mixture of Poisson distributions.
Namely, for each l ,

lim
ρ→0

µ
¡
Card(n ≤ τρ−d : d(x, f n x) ≤ ρ) = l

¢= Z
M

e−γ(z)τ (γ(z)τ)l

l !
dµ(z).(5.2)

In other words, to obtain the limiting distribution in Theorem 5.3 we first
sample z ∈ M according to the measure µ and then consider a Poisson random
variable with parameter τγ(z).

COROLLARY 5.4. If f preserves a smooth measure and is r -fold exponentially
mixing for Lipschitz observables for all r ≥ 2, then

(a) For almost all x we have that if τε(y) is the first time an orbit of y enters
B(x,ε) then for each t

limµ(y : τε(y)εd > t ) = e−γ(x)t

(b) If Tε(x) is the first time the orbit of x returns to B(x,ε) then

limµ(x : Tε(x)εd > t ) =
Z

M
e−γ(z)t dµ(z).

Proof. This is a direct consequence of Theorems 5.1(a) and 5.3. For example to
get part (b), take l = 0 in (5.2).
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Proof of Theorem 5.3. Consider the targets

Ω̂ρ(x, y) = {(x, y) ∈ M ×M : d(x, y) ≤ ρ}

and let Ω̂k
ρ = {x : (x, f k x) ∈ Ω̂ρ}. Note that (M2)r for Ω

k
ρ implies (M2)r for Ω̂k

ρ .

However, (M1)r is false for targets Ω̂k
ρ . We now argue similarly to the proof of

Theorem 3.7 to obtain that for separated tuples k1,k2, . . . ,kr ,

µ

Ã
r\

j=1
Ω̂

k j
ρ

!
= ρr d

Z
M
γr (z)dµ(z)(1+o(1)).(5.3)

Namely, note thatZ
1Ω̂ρ

(x0, x1) . . .1Ω̂ρ
(x0, xr )dµ(x0)dµ(x1) . . .dµ(xr )

=
Z
µr (B(x0,ρ))dµ(x0) = ρr d (1+O(ρ))

Z
M
γr (x0)dµ(x0).

Thus approximating 1Ω̂ρ
by Â±

ρ satisfying (Appr), and applying (EM)r to the
functions

B̂+
ρ (x0, · · · , xr ) = Â+

ρ (x0, x1) · · · Â+
ρ (x0, xr ),

B̂−
ρ (x0, · · · , xr ) = Â−

ρ (x0, x1) · · · Â−
ρ (x0, xr ),

we get that if k j+1 −k j > R| lnρ| for all 0 ≤ j ≤ r −1, then

µ

Ã
r\

j=1
Ω̂

k j
ρ

!
≤µ

³
B̂+
ρ (x0, f k1 x0, · · · , f kr x0)

´
≤µ

³
B̂+
ρ (x0, · · · , xr )

´
+Cρ−rσθR| lnρ|

≤
³
ρd +Cρd(1+η)

´r Z
M
γr (z)dµ(z)+Cρ−rσθR| lnρ|,

and, likewise,

µ

Ã
r\

j=1
Ω̂

k j
ρ

!
≥
³
ρd −Cρd(1+η)

´r Z
M
γr (z)dµ(z)−Cρ−rσθR| lnρ|.

Taking R large we obtain (5.3).
Summing (5.3) over all well separated couples with k j ≤ τρ−d and using that

the contribution of non-separated couples is negligible due to (M2)r we obtain

lim
ρ→0

Z
M

µ
Nρ,τ,x

r

¶
dµ(x) =

Z
M

γr (z)

r !
dµ(z),

where

Nρ,τ,x = Card
¡
k ≤ τρ−d : d(x, f k x) ≤ ρ¢.

Since the right-hand side coincides with factorial moments of the Poisson mix-
ture from (5.2), the result follows.
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5.1. Notes. Early works on Poisson Limit Theorems for dynamical systems in-
clude [39, 46, 90, 91, 92, 138]. [33, 84, 88, 136] prove Poisson law for visits to
balls centered at a good point for nonuniformly hyperbolic dynamical systems
and show that the set of good points has a full measure. [48] obtains Poisson
Limit Theorem for partially hyperbolic systems. Some of those papers, includ-
ing [29, 48, 84, 87] show that in various settings the hitting time distributions
are Poisson for all non-periodic points (cf. our Conjecture 5.2). The rates of con-
vergence under appropriate mixing conditions are discussed in [2, 3, 85]. The
Poisson limit theorems for flows are obtained in [128, 132]. Convergence on the
level of random measures where one records some extra information about the
close encounters, such as for example, the distance of approach is discussed
in [48, 63, 64]. A mixed exponential distribution for a return time for dynamical
systems similar to Corollary 5.4(a) have been obtained in [41, 141]. See also re-
view papers [80, 144] and the references therein. Corollary 5.4(b) appears to be
the first result establishing the mixture of exponential distributions as a limiting
distribution for close returns in dynamical systems.

For more discussion of the distribution of the entry times to small measure
sets we refer the readers to [40, 97, 144, 160] and references therein. We also
refer to Section 10 for related results in the context of extreme value theory.

6. GIBBS MEASURES ON THE CIRCLE: LAW OF ITERATED LOGARITHM FOR

RECURRENCE AND HITTING TIMES

6.1. Gibbs measures. The goal of this section is to show how absence of the
hypothesis of smoothness on the invariant measure µ may also alter the law of
multiple recurrence and hitting times.

For simplicity we consider the case where f is an expanding map of the cir-
cle T and µ is a Gibbs measure with Lipschitz potential g . Adding a constant
to g if necessary we may and will assume in all the sequel that the topological
pressure of g is 0, that is,

P (g ) =
Z

g dµ+hµ( f ) = 0.(6.1)

This means (see [148] for background on Gibbs measures) that for each ε > 0
there is a constant Kε such that if Bn(x,ε) is the Bowen ball

Bn(x,ε) = {y : d( f k y, f k x) ≤ ε for k = 0, . . . ,n −1},

then

K −1
ε ≤ µ(Bn(x,ε))

exp
£¡Pn−1

k=0 g ( f k x)
¢¤ ≤ Kε.

We denote

fu = ln | f ′|,(6.2)

λ=λ(µ) the Lyapunov exponent of µ

λ= lim
n→∞

ln |( f n)′(x)|
n

=
Z

fudµ> 0,
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and by d the dimension of the measure µ

d = lim
δ→0

lnµ(B(x,δ))

lnδ
.

We know from [122] that the limit exists for µ-a.e. x and

d = hµ( f )/λ=−
R

g dµR
fudµ

where the last step relies on (6.1).
We say that µ is f -conformal if there is a constant K such that for each x and

each 0 < r ≤ 1,

K −1 ≤ µ(B(x,r ))

r d
≤ K .(6.3)

Below, for the sake of brevity, we will call f -conformal measures, simply confor-
mal.9

It is known (see, e.g., [133]) that µ is conformal if and only if g can be repre-
sented in the form

g = t fu −P (t fu)+ g̃ − g̃ ◦ f

for some Hölder function g̃ and t ∈R.
Denote

ψ(x) = g (x)+d fu(x);(6.4)

then we have
R
ψdµ= 0 under the assumption P (g ) = 0. Define σ=σ(µ) by the

relation

σ2 =
Z
ψ2dµ+2

∞X
n=1

Z
ψ
¡
ψ◦ f n¢dµ.(6.5)

The goal of this section is to prove the following:

THEOREM 6.1.

(a) If µ is conformal then Theorems 4.4 and 4.6 remain valid with d replaced
by d.

(b) If µ is not conformal then for µ almost every x and µ×µ almost every (x, y),
it holds that

limsup
n→∞

| lnd (r )
n (x, x)|− 1

d lnnp
2(lnn)(lnlnlnn)

= σ

d
p

dλ
,(6.6)

limsup
n→∞

| lnd (r )
n (x, y)|− 1

d lnnp
2(lnn)(lnlnlnn)

= σ

d
p

dλ
.(6.7)

9The measures satisfying (6.3) are called Ahlfors regular in geometric measure theory. The
term conformality comes from the fact that the Jacobian J of f with respect to µ and the expan-
sion coefficient λu (with respect to a suitable Riemannian metric) are related by J =λd

u , which is
similar to the relation which holds for d-dimensional conformal maps with respect to the volume
measure.
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6.2. Preliminaries on expanding circle maps and their Gibbs measures. Here
we prepare for the proof of Theorem 6.1 by collecting some facts on expanding
maps of the circle and their Gibbs measures.

We first check multiple mixing for such maps.
Recall we take B= Lip. Let us denote by ‖ ·‖Lip the Lipschitz norm

‖φ‖Lip =
Z

|φ|dµ+ sup
x,y∈T

|φ(x)−φ(y)|
d(x, y)

for φ ∈B.

PROPOSITION 6.2. For each Gibbs measure µ, the system ( f ,T,µ,B) is r -fold ex-
ponentially mixing for any r ≥ 2.

This fact is well known but for the reader’s convenience we provide the argu-
ment in in §A.2.

In the rest of the argument it will be important that if µ is a Gibbs measure
then there are positive constants a,b such that for all sufficiently small ρ and
for all x,

ρa ≤µ(B(x,ρ)) ≤ ρb .(6.8)

We also need the fact that Gibbs measures are doubling, in the sense that there
is a constant R such that for each x,ρ we have

µ
¡
B(x,4ρ)

¢≤ Rµ(B(x,ρ)).(6.9)

We recall the proofs of (6.8) and (6.9) in §B.2.
We also need a lemma on the fluctuations of the local dimension of Gibbs

measures for expanding circle maps.

LEMMA 6.3.

(a) σ(µ) = 0 if and only if µ is conformal.
(b) If σ> 0 then for µ almost every x

limsup
δ→0

| lnµ (B(x,δ)) |−d| lnδ|p
2| lnδ|(lnln | lnδ|)

= σp
λ

, liminf
δ→0

| lnµ (B(x,δ)) |−d| lnδ|p
2| lnδ|(lnln | lnδ|)

=− σp
λ

.

The proof of this lemma is also given in Appendix B.

6.3. The targets. Given x ∈ M , let

Ωx,ρ = {y : d(x, y) ≤ ρ}, Ωρ =
©
(x, y) : d(x, y) ≤ ρª .

We use the notation Ωk
x,ρ for the event 1Ωx,ρ ◦ f k . We also recall the notation

Ω
k
ρ = {x : (x, f k x) ∈ Ωρ}. In the sequel we will always assume that (ρn) is a

sequence such that ρn > n−u for some u.
We caution the reader that the targets Ωρ are not admissible targets in the

non-conformal case, so we need to use a roundabout approach, different from
Section 4, for proving Theorem 6.1(b).

On the other hand, we will need a modification of the argument of Lem-
ma 4.14 to show that for any Gibbs measure µ and for µ-a.e. x ∈ M , the targets
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Ωx,ρn are admissible for ( f , M ,µ,B). The difference with the case of smooth
measures, is that it does not hold anymore that µ(B(y,1/2 j )) ≤ Cµ(B(x,1/2 j ))
for any x, y ∈ M , while this was used in the proof of Lemma 4.14.

LEMMA 6.4. For any Gibbs measure µ, for µ-a.e. x ∈ M, the targets Ωx,ρn are
admissible for ( f , M ,µ,B).

Proof. Due to (6.8) and (6.9), all the properties of admissible targets except for
(Mov) are obtained exactly as in the smooth measure case. To prove (Mov), we
modify the argument of Lemma 4.14 to overcome the fact that it does not hold
anymore that µ(B(y,1/2 j )) ≤Cµ(B(x,1/2 j )) for any x, y ∈ M .

In fact we can prove more than (Mov) in this context of expanding circle
maps. Namely we can show that for a.e. x and all k

µ(B(x,ρ)∩ f −k B(x,ρ)) ≤µ(B(x,ρ))1+η.(6.10)

We consider two cases.
(I) k > ε| lnρ| where ε is sufficiently small (see case (II) for precise bound on ε).

Take A+
ρ such that A+

ρ = 1 on B(x,ρ),
R

A+
ρdµ≤ 2µ(B(x,ρ)) and ‖A+

ρ‖Li p ≤Cρ−τ

for some τ= τ(µ). Let ρ̂ = ρσ where σ is a small constant. Then (A.3) gives

µ(B(x,ρ)∩ f −k B(x,ρ)) ≤
Z

A+
ρ̂ (A+

ρ ◦ f k )dµ

≤ 4µ(B(x,ρ))µ(B(x, ρ̂))+2Cθ
k
ρ̂−τµ(B(x,ρ))

≤Cµ(B(x,ρ))
³
ρσb +ρε| lnθ|ρ−τσ

´
for some 0 < θ < 1. Taking σ small we can make the second term smaller than

ρε| lnθ|/2 which is enough for (Mov) in view of already established (Poly). Note
that no restrictions on x are imposed in case (I).

(II) k ≤ ε| lnρ|. In this case for a.e. x the intersection B(x,ρ)∩ f −k B(x,ρ) is
empty for small ρ due to the Proposition 6.5 below.

PROPOSITION 6.5. ([16, Lemma 5]) Let T : X → X be a Lipschitz map with Lip-
schitz constant L > 1 on a compact metric space X . If µ is an ergodic measure
with hµ(T ) > 0. Then for almost every x, there exists ρ0(x) > 0 such that for all

ρ ≤ ρ0(x), and all 0 < k ≤ 1
2L | lnρ|, we have T −k B

¡
x,ρ
¢∩B

¡
x,ρ
¢=;.

The case of composite targets Ωρ is more complicated, except for the confor-
mal case.

In the conformal case, the following Lemma is obtained exactly as in Propo-
sition 4.10 that dealt with the smooth measure case, so we omit its proof.

LEMMA 6.6. If µ is conformal, then the targets Ωρn defined by (4.8) are weakly
admissible in the sense of Remark 3.10.

6.4. The conformal case.

Proof of Theorem 6.1 (a). We take ρn = n−1/d (lnn)−s . By Lemmas 6.4 and 6.6,
the targets targets Ωx,ρn are admissible for µ-a.e. x ∈ M and the targets Ωρn
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are composite weakly admissible. Consequently, the proof of Theorem 6.1 (a)
follows exactly as that of Theorems 4.4 and 4.6 corresponding to the smooth
measure case.

6.5. The non conformal case. Proof of Theorem 6.1(b). The proof of Theo-
rem 6.1(b) relies on the liminf part of Lemma 6.3(b).

6.5.1. The iterated logarithm law for hitting times: Proof of (6.7) from Theo-
rem 6.1(b). For ε> 0 and c > 0 arbitrary let

ρn = ρn(c) = 1

n1/d
exp

³
−c
p

2(lnn)(lnlnlnn)
´

.(6.11)

ϑ±
ε (δ) = δd exp

µ
(1±ε)

σp
λ

p
2| lnδ| (lnln | lnδ|)

¶
,

ϑ̃±
ε,c (n) =ϑ±

ε (ρn(c)).

Then

ϑ̃±
ε,c (n) = 1

n
exp

µµ
−cd+ (1±ε)

σp
dλ

+ηn

¶p
2lnn(lnlnlnn)

¶
for some ηn → 0 as n →∞.

The liminf in Lemma 6.3, has the following straightforward consequences,
for any ε> 0 and for µ almost every x:

There exists n(x) such that for n ≥ n(x), we have

µ
¡
Ωx,ρn

¢≤ ϑ̃+
ε,c (n).(6.12)

For a subsequence nl →∞ we have

µ
³
Ωx,ρnl

´
≥ ϑ̃−

ε,c (nl ).(6.13)

Now it follows that for any r ≥ 1, Sr =
∞X

k=1

³
2kµ(Ωx,ρ2k )

´r
is finite if c > (1+ ε)

σ

d
p

dλ
and is infinite if c < (1−ε) σ

d
p

dλ
. Hence (6.7) follows from Proposition 6.2,

Lemma 6.4 and Corollary 3.8.

6.5.2. The iterated logarithm law for return times: Proof of the upper bound
in (6.6). Now we turn to the proof of

limsup
n→∞

| lnd (r )
n (x, x)|− 1

d lnnp
2(lnn)(lnlnlnn)

≤ σ

d
p

dλ
.(6.14)

Since d (r )
n (x, x) ≥ d (1)

n (x, x), we only need to show (6.14) for r = 1.
Denote

rn = 1

n1/d
exp

½
−(1+2ε)

σ

d
p

dλ

p
2(lnn)(lnlnlnn)

¾
.

Let Nk = 2k . Similarly to Section 2 it is enough to show that for almost all x, for
all sufficiently large k we have that

d(x, f m x) ≥ rNk for m = 1, . . . , Nk .
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Proposition 6.5 allows us to further restrict the range of m by assuming m ≥
ε ln Nk , where ε is sufficiently small.

We say x ∈T is n-good if µ (B(x,rn)) ≤ϑ+(rn). Fix k0 and let

Ak = ©x : x is n-good for n ≥ Nk

but d(x, f m x) ≤ rNk for some m = ε ln Nk , . . . , Nk
ª
.

Let Xk = {x j ,k }lk

j=1 to be a maximal rNk separated set of Nk−good points. Thus

if x is Nk good then there is j such that x ∈ B(x j ,k ,rNk ). Therefore if f m x ∈
B(x,rNk ) then f m x ∈ B(x j ,k ,2rNk ). Fix a large K , for m ≤ K ln Nk , (6.10) is telling
us that

µ
¡
B(x j ,k ,2rNk )∩ f −mB(x j ,k ,2rNk )

¢≤ Kµ(B(x j ,k ,2rNk ))1+η.

while for m > K ln Nk we get by exponential mixing that

µ
¡
B(x j ,k ,2rNk )∩ f −mB(x j ,k ,2rNk )

¢≤ Kµ(B(x j ,k ,2rNk ))2.

Summing those estimates, we obtain

NkX
m=ε ln Nk

µ
¡
B(x j ,k ,2rNk )∩ f −mB(x j ,k ,2rNk )

¢≤ Kµ(B(x j ,k ,2rNk ))e−κ
p

k

for some κ= κ(ε) > 0. Since B(x j ,k ,rNk /2) are disjoint for different j , by (6.9) we
conclude that X

j
µ
¡
B(x j ,k ,2rNk )

¢≤ R
X

j
µ
¡
B(x j ,k ,rNk /2)

¢≤ R.

It follows that
µ(Ak ) ≤ K Re−κ

p
k .

Now the result follows from the classical Borel–Cantelli Lemma.

6.5.3. Proof of the lower bound in (6.6). Next we prove that

limsup
n→∞

| lnd (r )
n (x, x)|− 1

d lnnp
2(lnn)(lnlnlnn)

≥ σ

d
p

dλ
.(6.15)

Suppose p to be a fixed point of f . Take the Markov partition Pn of T such that
if Pn ∈ Pn , then f n(∂Pn) = p. Denote Pn(x) = {Pn ∈ Pn : x ∈ Pn}, and consider
two sequences (k j (x)) and (n j (x)), j ∈N such that k0(x) = n0(x) = 0,

n j (x) = min
©
n > k j−1(x)2 :µ (Pn(x)) ≥ϑ−

ε (|Pn(x)|)ª
and

k j (x) = 2

µ(Pn j (x))
.

Let
A j =

n
x : Card

n
k j−1(x) ≤ k ≤ k j (x) : f k x ∈ Pn j (x)

o
≥ r
o

.

Then

limsup
n→∞

| lnd (r )
n (x, x)|− 1

d lnnp
2(lnn)(lnlnlnn)

≥ σ

d
p

dλ
(1−2ε)
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if x belongs to infinitely many A j s.

Denote by P (·|·) the conditional probability, and let F j =B
³
Pk1 , · · · ,Pk j

´
be

the σ algebra generated by the itineraries up to the time k j . We will use the
following Lévy’s extension of the Borel–Cantelli Lemma.

THEOREM 6.7. ([157, §12.15]) If
X

j
P
¡
A j+1|F j

¢=∞ a.s., then A j happen infi-

nitely many times almost surely.

Hence (6.15) follows from the lemma below.

LEMMA 6.8. There exists c∗ > 0, such that for almost all x there is j0 = j0(x) such
that P

¡
A j+1|F j

¢≥ c∗ for all j ≥ j0.

Proof. For any Ω⊂T, Pk ∈Pk ,

µ
³

f k (Ω∩Pk )
´
= µ

¡
f k (Ω∩Pk )

¢
µ
¡

f k (Pk )
¢ ≤C

µ(Ω∩Pk )

µ(Pk )

by bounded distortion property. Note that

P
¡
A j+1|F j

¢
(x) =

µ
³
A j+1 ∩Pk j (x)(x)

´
µ
³
Pk j (x)(x)

´ ≥C−1µ
³

f k j (x)
³
A j+1 ∩Pk j (x)(x)

´´
.

By construction

f k j (x)
³
A j+1 ∩Pk j (x)(x)

´
is the set of points y ∈T which visit Pn j+1(x) at least r times before time

k j+1(x) = k j+1(x)−k j (x).

By Lemma 6.4 for almost all x the targets Pn j+1 (x) satisfy (M1)r and (M2)r for

all r . Since by construction lim
j→∞

µ(Pn j (x))k j (x) = 2 we can apply Theorem 2.13

to get

P
¡
A j+1|F j

¢
(x) ≥C−1µ

¡
f n j (A j+1 ∩Pn j )

¢≥C0

∞X
k=r

e−2 2k

k !
:= c∗.

proving the lemma.

6.6. Notes. The fact that return times for the non-conformal Gibbs measures
are dominated by fluctuations of measures of the balls has been explored in
various settings [25, 26, 34, 41, 86, 95, 131, 142, 154]. In particular, [79] obtains a
result similar to our Lemma 6.3 in the context of symbolic systems. The papers
mentioned above deal with either one-dimensional or symbolic systems. In
higher dimensions even the leading term of lnµ(B(x,r )) is rather non-trivial and
is analyzed in [15], while fluctuations are determined only for a limited class of
systems [123]. Thus extending the results of this section to higher dimension is
an interesting open problem.
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7. GEODESIC EXCURSIONS

7.1. Excursions in finite volume hyperbolic manifolds. Let Q be a finite vol-
ume non-compact (d+1)-dimensional manifold of curvature −1. Let SQ denote
the unit tangent bundle to Q. For (q, v) ∈ SQ, let γ(t ) = γ(q, v, t ) be the geodesic
such that γ(0) = q, γ̇(0) = v . We call g t the corresponding geodesic flow, defined
by g t (γ(0), γ̇(0)) = (γ(t ), γ̇(t )). g t preserves a smooth measure µ which is called
the Liouville measure. This measure is given by restricting the volume form
defined by the symplectic structure to the energy surface. Fix a reference point
O ∈Q and let D(q, v, t ) = dist(O,γ(t )). According to Sullivan’s Logarithm Law for
excursions [152] for µ-a.e. (q, v) ∈ SQ, it holds that

limsup
T→∞

D(q, v,T )

lnT
= 1

d
.(7.1)

In fact, the Borel–Cantelli Lemma of [152] also shows that

limsup
T→∞

D(q, v,T )− 1
d lnT

lnlnT
= 1

d
.(7.2)

Here we present a multiple excursions version of (7.2). Recall ([18, Proposition
D.3.12]) that Q admits a decomposition

Q =K
[Ã p[

j=1
C j

!
(7.3)

where K is a compact set and C j are cusps. Each cusp is isometric to Vi ×
[L j ,∞) endowed with the metric

d s2 = d x2 +d y2

y2 , x ∈V j , y ∈ [L j ,∞)

where V j is a compact flat manifold and d x is the Euclidean metric on V j . Cusps
are disjoint, so that a geodesic cannot pass between different cusps without vis-
iting the thick part K in between. To simplify the notation we assume through-
out this section that the time between consecutive visits to the cusps is at least
1. (This can always be achieved by decreasing slightly the cusps and increasing
the compact part. Alternatively, if the minimal time between the cusp visits is
smaller than some κ < 1 one can repeat the argument given below replacing
g n action by gκn). We note that10 for each q0 = (x0, y0) ∈ Ci there is a unique
geodesic ({x = x0}) which remains in the cusp for all positive time. We will call
this geodesic the escaping geodesic passing through (x0, y0). Let h(q, v, t ) = 0 if
γ(q, v, t ) ∈K and h(q, v, t ) = ln y(t ) if γ(q, v, t ) = (x(t ), y(t )) ∈Ci . It is easy to see
using the triangle inequality that there exists a constant C such that¯̄

D(q, v, t )−h(q, v, t )
¯̄≤C .

A geodesic excursion is a maximal interval I such that γ(t ) belongs to some cusp
Ci for all t ∈ I . Then, h(I ) = max

t∈I
h(q, v, t ) is called the height of the excursion I .

10We identify hereafter each cusp C j with Vi × [L j ,∞).

JOURNAL OF MODERN DYNAMICS VOLUME 18, 2022, 209–289



MULTIPLE BOREL–CANTELLI LEMMA IN DYNAMICS 251

For every triple (q, v,T ) we can order the heights of the excursions that corre-
spond to maximal excursion intervals included inside (0,T ) starting from the
highest one

H (1)(q, v,T ) ≥ H (2)(q, v,T ) ≥ ·· · ≥ H (r )(q, v,T ) . . .

Note that (7.2) is implied by

limsup
T→∞

H (1)(q, v,T )− 1
d lnT

lnlnT
= 1

d
.(7.4)

Here we prove the following multiple excursions version of (7.4).

THEOREM 7.1. For a.e. (q, v) and all r we have

limsup
T→∞

H (r )(q, v,T )− 1
d lnT

lnlnT
= 1

r d
.

We also have the following byproduct of our analysis.

COROLLARY 7.2. There are constants ai , i = 1, . . . , p such that for each h the fol-
lowing holds. Suppose that (q, v) is uniformly distributed on SQ. Then the num-
ber of excursions in the cusp Ci which finished before time T and reached the
height lnT

d +h is asymptotically Poisson with parameter ai e−dh.

In other words, for every r ≥ 1, we have

lim
T→∞

µ

µ
H (r )

i (q, v,T ) < lnT

d
+h

¶
=

r−1X
l=0

(ai e−dh)l

l !
exp

³
−ai e−dh

´
(7.5)

where H (r )
i is the r -th highest excursion to the cusp Ci . In particular, taking

r = 1 in (7.5) we obtain

COROLLARY 7.3. (Gumbel distribution for the maximal excursion) If (q, v) is uni-
formly distributed on SQ. Let H (1)

i (q, v,T ) denote the maximal height reached
by γ(q, v, t ) up to time T inside cusp Ci . Then

lim
T→∞

µ

µ
H (1)

i (q, v,T )− lnT

d
< h

¶
= exp

³
−ai e−dh

´
.

7.2. Height and angle. We start with discussing the conditions for a geodesic
which just entered a cusp to reach a certain height before exiting. This informa-
tion will be important in describing the geometry of the targets we will use to
establish the MultiLog for excursions.

Let Π be the plane passing through γ and the escaping geodesic. In this
plane the geodesics are half circles centered at the absolute {y = 0}. The half
circle (geodesic) given by (x − x0)2 + y2 = R2 reaches the maximum height of
lnR+O(1). Let n∗ be the first integer moment of time after the beginning of the
excursion. Then the y coordinate of γ(n∗) is uniformly bounded from above

and below so the radius of the circle defining the geodesic is given by R = y(n∗)

sinθ
where θ is the angle with the escaping geodesic. It follows that the condition

R ≥ R0 is equivalent to the condition sinθ ≤ y(n∗)

R0
.
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DEFINITION 7.4. Given H we consider the set Ai ,H which consists of points
(q, v) ∈Ci such that

(i) The first positive time t (q, v) such that the backward geodesic γ(q, v,−t )
exits the cusp satisfies t (q, v) ∈ [0,1];

(ii) The angle v makes with the escaping geodesic at q is less than e−H .

The above discussion implies that for (q, v) ∈ Ci satisfying (i) and (ii), the
geodesic starting at (q, v) will exit the cusp in backward time less than 1 and
will do an excursion in future time up to height h ≥ H +O(1), consuming for
this a time comparable to h. Conversely, there is a constant C such that any
excursion reaching height H +C in Ci satisfies (i) and (ii).

We also introduce

AH =[
i

Ai ,H .(7.6)

It is a basic fact (e.g., see the proof of Theorem 6 in [152]) that

µ(Ai ,H ) = ai e−d H (1+o(1)).(7.7)

To prove Theorem 7.1 we define for every k ≥ 0

Ωk
ρ = g−kA− lnρ .(7.8)

By a slight abuse of notation, we still denote the event 1Ωk
ρ

by Ωk
ρ . We also keep

the notation σ(ρ) =µ(Ωρ).
For s ≥ 0,c > 0, we let ρn = cn−1/d ln−s n. Recall that N n

ρn
(q, v) denotes the

number of times k ∈ [1,n] such that Ωk
ρn

occurs (i.e., (q, v) ∈Ωk
ρn

). Theorem 7.1
becomes equivalent to showing that for each c

(a) If s > 1
r d , then for µ-a.e. (q, v), we have that for large n, N n

ρn
< r .

(b) If s ≤ 1
r d , then for µ-a.e. (q, v), there are infinitely many n such that N

n
2
ρn

≥ r .

We introduce a factor 1/2 in (b) to make sure the last excursion that starts before
n/2 finishes before n. Here, we are using that the excursion time is comparable
to the excursions height lnn ¿ n/2. Moreover, if K is a large constant, we can
take in part (a) ρn = K n−1/d (lnn)−s . Then A− lnρn contains all geodesics reach-

ing the height n1/d (lnn)s . Similarly, if we take ρn = 1/
¡
K n1/d (lnn)s

¢
in part (b)

then all geodesics in A− lnρn reach the height n1/d (lnn)s .

7.3. MultiLog law for geodesic excursions. In this section we reduce Theo-
rem 7.1 to a statement about the quasi independence of different excursions
(Lemma 7.6 below).

Observe that by (7.7), we have that

µ(Ωρn ) ∈
h
C−1n−1(lnn)−sd ,C n−1(lnn)−sd

i
(7.9)

Hence with the notation Sr =
∞X

j=1

³
2 j v j

´r
where v j = σ(ρ2 j ) we see from (7.9)

that Sr =∞ if and only if s ≤ 1
r d . We want thus to apply Corollary 3.8, but first

we need to verify its conditions.
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The system (g 1,SQ,µ,B) is r -fold exponentially mixing for every r ≥ 2 in the
sense of Definition 3.1. Indeed (Prod) an (Gr) are clear, while (EM)r follows
from [20, Theorem 1.1] (see also [115, Theorem 1.2]) and Remark A.1 and Theo-
rem A.2 of our appendix.

To apply Corollary 3.8, we also need the admissibility of the targets.

PROPOSITION 7.5. The family of targets {Ωρn } is admissible as in Definition 3.2.

Before we prove Proposition 7.5, we first complete the

Proof of Theorem 7.1. From the equivalence stated in (a) and (b) above, and
since by Proposition 7.5 the targets {Ωρn } are admissible, the limsup of Theo-
rem 7.1 follows from Corollary 3.8 and the fact that Sr = ∞ if and only if
s ≤ 1

r d .

Proof of Proposition 7.5. First, the definition of ρn and (7.9) imply (Poly). Next,
the first time t (q, v) ≥ 0 such that γ(q, v,−t ) exits the cusp is Lipschitz in (q, v).
Also, the angle Ψ(q, v) that v makes with the escaping geodesic at q is also a
Lipschitz function of (q, v). We conclude that (Appr) for the targets {Ωρ} fol-
lows from Lemma 3.4 with Φ(q, v) =Ψ(q, v), a1(ρ) = 0 and a2(ρ) = ρ, modulo
a very simple modification in the proof of Lemma 3.4 to account for the extra
condition that t (q, v) ∈ [0,1].

It remains to prove (Mov). We denote A n
H = g−nAH . (Mov) is an immedi-

ate consequence of the quasi-independence result on the excursions given in
Lemma 7.6 below. Similar quasi-independence results are obtained in [152, 134].
For completeness we will give a proof adapted to our setting in §7.4.

LEMMA 7.6. There is a constant K such that for each H > 0 and each n1 < n2,

µ(A n1
H ∩A

n2
H ) ≤ Kµ (AH )2 .

Up to proving Lemma 7.6, we finished the proof of Proposition 7.5.

7.4. Quasi independence of excursions. Here we prove Lemma 7.6.
The idea of the proof is the following. Fix numbers H1, H2, t1 + 1 < t2. We

want to show that the event that a point has an excursion which ends during
the time interval [t1, t1+1) and reaches the height of H1 or higher, and the event
that a point has an excursion which starts during the time interval [t2, t2+1] and
reaches the height of H2 or higher, are quasi independent. Since µ is invariant
by the geodesic flow we may assume that t1 < −1, t2 > 0. Since the points on
the same geodesic experience excursions of the same height, we can take a
section transversal to the flow direction. Note that if x has an excursion in the
future, then all points in its local stable manifold also have an excursion in
the future, while if x had an excursion in the past, then all points in its local
unstable manifold also had an excursion in the past. Thus the required quasi
independence comes from the local product structure of µ.

The formal proof given below is more complicated since we have to address
several technical issues including the following:
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(a) We know the starting time of both excursions, rather than an ending time
of the first excursion as described above.

(b) Points in the same stable (unstable) manifold do not have excursion of
exactly the same height;

(c) Excursions for points on the same orbit happen at different times.

Proof of Lemma 7.6. Let ÃH = IAH where I denotes the involution I (q, v) =
(q,−v). Given n1,n define

BH ,n1,n = {x : g n1 x ∈AH , g n x ∈ ÃH , g n x 6∈K for n1 < n < n}.

Thus BH ,n1,n consists of points which enter a cusp at time n1, reach the height
H , and then exit the cusp at time n. We have that A

n1
H = [

n>n1

BH ,n1,n . Note that

n −n1 ≥ H .

Fix a small δ and let B̃H ,n1,n = Sx∈BH ,n1,n
W u

³
x,δe−n

´
, where W u

¡
x,ρ
¢

de-

notes the local unstable cube containing x of length ρ. Note that if y ∈ B̃H ,n1,n

then g n1 y ∈AH−1 for some n1 ∈ [n1 −1,n1 +1] and g n2 y ∈ ÃH−1 for some n2 ∈
[n −1,n +1]. In particular for each n1 the sets {B̃H ,n1,n}n≥n1

have intersection
multiplicity at most 3. Hence

∞X
n=n1

µ(B̃H ,n1,n) ≤ 3µ(AH−1).(7.10)

Since B̃H ,n1,n ∩A
n2
H =; if n ≥ n2, we have for n2 > n1

µ(A n1
H ∩A

n2
H ) ≤ X

n1<n<n2

µ
¡
B̃H ,n1,n ∩A

n2
H

¢
.(7.11)

We claim that there exists a constant C ≥ 1 such that for each n1 < n < n2 we
have

µ
¡
BH ,n1,n ∩A

n2
H

¢≤Cµ(B̃H ,n1,n)µ(AH ).(7.12)

Now, (7.7), (7.10), (7.11), and (7.12), imply Lemma 7.6.
It remains to establish (7.12). To this end, fix a large H and partition a small

neighborhood U of ÃH into unstable cubes of size δ. (Note that since the points
in U are not too far from the compact part, we can take δ much smaller than
the injectivity radius of any point from U . Then unstable cubes of size δ are
nice embedded submanifolds with a boundary). For H ≥ H , let

B̂H ,n1,n = [
x∈BH ,n1,n

W u(g n x,δ)

where W u(y,δ) denotes the element of the above partition containing y . Note
that

BH ,n1,n ⊂ g−nB̂H ,n1,n ⊂ B̃H ,n1,n .(7.13)

Thus

µ
¡
BH ,n1,n ∩A

n2
H

¢≤µ³g−nB̂H ,n1,n ∩A
n2
H

´
=µ

³
B̂H ,n1,n ∩A n∗

H

´
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where n∗ = n2 −n > 0. We thus finish if we show that

µ
³
B̂H ,n1,n ∩A n∗

H

´
≤Cµ(B̂H ,n1,n)µ(AH ).(7.14)

Indeed (7.13) and (7.14) imply (7.12). By construction, B̂H ,n1,n is partitioned
into nice unstable cubes of size δ. It suffices to show that for any such cube W

we have

µ(A n∗
H |W ) ≤Ce−d H(7.15)

where µ(·|·) denotes the conditional expectation. Let Q = [
x∈W

[
|t |<δ

W s(g t x,δ),

where W s
¡
y,δ
¢

denotes the local stable leaf containing y of length δ. Note that
if δ is sufficiently small then due to the local product structure, for each point
y ∈Q there is unique x ∈W and t ∈ [−δ,δ] such that y ∈W s(g t x,δ). In addition
if g n∗

x ∈AH then g n∗
y ∈AH−1. Since the measure of Q is bounded from below

uniformly in W ⊂U , it follows that

µ(A n∗
H |W ) ≤µ(A n∗

H−1|Q) = µ(A n∗
H−1 ∩Q)

µ(Q)
≤ µ(A n∗

H−1)

µ(Q)
≤ cµ(AH−1) ≤ ĉe−d H

where c = 1/µ(Q). This establishes (7.15) and, hence (7.14) completing the proof
of Lemma 7.6.

7.5. Poisson Law for excursions. Proof of Corollary 7.2. Here we take

ρn := n−1/d .

We fix h ∈R and fix a cusp index i . With the sets Ai ,H defined as in Definition 7.4,
consider the targets

Ωk
i ,ρn

= g−kAi ,− lnρn−h.

As in the proof of Theorem 7.1, we have that {Ωk
i ,ρn

} satisfies the assumptions
(M1)r and (M2)r for all r . Moreover, by (7.7)

lim
n→∞nµ(Ωi ,ρn ) = ai e−dh.

Therefore Corollary 7.2 follows from Theorem 2.13. �

7.6. Notes. The logarithm law for the highest excursion was proven in [152].
The extensions for infinite volume hyperbolic manifolds are studied in [151].
Corollary 7.3 for surfaces is obtained in [96] where the authors also consider in-
finite volume surfaces. Papers [13, 56] obtain stable laws for geodesic windings
on hyperbolic manifolds. Those papers are relevant since the main contribu-
tion to windings comes from long excursions, so the proofs of stable laws and
of the Poisson laws for excursions are closely related, see, e.g., [51, 54]. In case
the hyperbolic manifold under consideration is the modular surface, the length
of the n-th geodesic excursion is approximately equal to the size of the n-th
convergence of the continued fraction expansion of the geodesic endpoint [77],
therefore the multiple Borel–Cantelli Lemma in that case follows from the re-
sults of [1].
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Several authors discussed extended Logarithm Law for excursion to other ho-
mogeneous spaces. Namely, [114] studies partially hyperbolic flows on homo-
geneous spaces and presents applications to metric number theory. Logarithm
Law for unipotent flows is considered in [10, 11, 72, 98]. In Section 9 we obtain
MultiLog Law for certain diagonal flows on the space of lattices.

8. RECURRENCE IN CONFIGURATION SPACE.

8.1. The results. In this section we return to the study of compact manifolds,
but we treat targets which have more complicated geometry than the targets
from Section 4. We will see that a richer geometry of targets leads to stronger
results.

Let Q be a compact manifold of a variable negative curvature and dimension
d +1. Denote by SQ the unit tangent bundle over Q, π : SQ →Q the canonical
projection, g the geodesic flow on SQ preserving the Liouville measure µ.

Fix a small number ρ > 0. Given a point a ∈ Q and (q, v) ∈ SQ, let t j be
consecutive times where the function t → d(a,π(g t (q, v))) has a local minima
such that d j := d(a,π(g t j (q, v)) ≤ ρ. Let d (r )

n (a, (q, v)) be the r -th minima among
the numbers {d j }t j≤n .

THEOREM 8.1.
(a) For each a ∈Q and almost every (q, v) ∈ SQ,

limsup
n→∞

| lnd (r )
n (a, (q, v))|− 1

d lnn

lnlnn
= 1

r d
.

(b) For almost every (q, v) ∈ SQ,

limsup
n→∞

| lnd (r )
n (q, (q, v))|− 1

d lnn

lnlnn
= 1

r d
.

Note that in contrast with Section 4 there are no exceptional points for hitting.
We also obtain a Poisson limit theorem. Denote

Bρ(a) = {q ∈Q : d(a, q) < ρ},

B̂ρ(a) = {(q, v) ∈ SQ : d(a, q) < ρ, v ∈ SqQ},

Ωa,ρ =
[

t∈[0,ε]
φt B̂ρ(a),

Ωρ =
©¡

(a,u), (q, v)
¢ ∈ SQ×SQ : ∃ s ∈ [0,ε],d

¡
a,π(g s(q, v))

¢< ρª .

The following fact proven in Appendix C will be helpful in our argument.

LEMMA 8.2. The following limit exists and does not dependent on a ∈Q:

γ= lim
ρ→0

µ
¡
Ωa,ρ

¢
/
³
ερd

´
.(8.1)

The following will be a byproduct of our analysis and the proof will be given
in §8.3.

COROLLARY 8.3. For each a ∈Q, for every τ> 0, for every r ≥ 1, we have
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(a) lim
ρ→0

µ
³
(q, v) ∈ SQ : d (r )

τρ−d (a, (q, v)) < ρ
´
=

r−1X
l=0

e−τγ
(γτ)l

l !
,

(b) lim
ρ→0

µ
³
(q, v) ∈ SQ : d (r )

τρ−d (q, (q, v)) < ρ
´
=

r−1X
l=0

e−τγ
(γτ)l

l !
.

8.2. MultiLog Law. Proof of Theorem 8.1. We fix r ∈ N and consider the sys-
tem ( f ,SQ,µ,Lip), where f = g ε for a small ε > 0. We note that it follows
from [124][Theorem 2.4], [48][Theorem 2], Remark A.1 and Theorem A.2 that
( f ,SQ,µ,Lip) is r -fold exponentially mixing for every r ≥ 2 as in Definition 3.1.

For k 6= 0, we keep the notations Ωk
a,ρ for the event 1Ωa,ρ ◦ f k , and Ω

k
ρ for the

event {(q, v) : ((q, v), f k (q, v)) ∈ Ωρ}. We also keep the notation σ(ρ) = µ(Ωa,ρ)

and σ(ρ) = (µ×µ)(Ωρ).
For s ≥ 0, we let ρn = n−1/d ln−s n, and recall that N n

ρn
denotes the number of

times k ≤ n such that Ωk
a,ρn

(or Ω
k
ρn

) occurs.
The statement of Theorem 8.1 becomes equivalent to the following:

(a) If s > 1
r d , then for µ-a.e. (q, v), we have that for large n, N n

ρn
< r .

(b) If s ≤ 1
r d , then for µ-a.e. (q, v), there are infinitely many n such that N n

ρn
≥ r .

With the notation Sr = P∞
j=1

¡
2 j v j

¢r
where v j = σ(ρ2 j ) (in the Ωx,ρn case) or

v j =σ(ρ2 j ) (in the Ωρn case), we see from (8.1) that Sr =∞ if and only if s ≤ 1
r d .

Hence Theorem 8.1 follows from Corollary 3.8, provided we establish the
following:

PROPOSITION 8.4.

(a) For any a ∈Q, the targets {Ωa,ρn } are simple admissible targets as in Defi-
nition 3.2.

(b) The targets (Ωρn ) are composite admissible targets as in Definition 3.5.

The rest of this section is devoted to the

Proof of Proposition 8.4. Properties (Prod) and (Gr) are clear. Note that Ωa,ρ is
a sublevel set of a Lipschitz function

h(q, v) = min
s∈[0,ε]

d(a,πg s(q, v)),

so (Appr) follows as in Lemma 3.4. To prove the first part of Proposition 8.4, it
only remains to check (Mov). That is, we need to prove the following Lemma.

LEMMA 8.5. There exist η > 0 11 and t0 > 0 such that for any a ∈ Q and ρ suffi-
ciently small,

µ(Ωa,ρ∩ g−tΩa,ρ) ≤µ(Ωa,ρ)1+η,(8.2)

for all t > t0.

11In fact, it can be seen from the proof that η can be taken to be d , that is, we have quasiin-
dependence in Lemma 8.5 µ(Ωa,ρ ∩ g−tΩa,ρ) ≤Cµ(Ωa,ρ)2
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Recall that SqQ is the unit tangent bundle at the point q . Denote Aε(q) =[
s∈[0,ε]

g sSqQ, which is an embedded submanifold with boundary in SQ of di-

mension d +1.

LEMMA 8.6. We let ν be the restriction of µ on Aε(q). For each a ∈Q

ν
¡

Aε(q)∩ g−tΩa,ρ
¢≤Cρην(Aε(q)).(8.3)

Lemma 8.5 follows from Lemma 8.6 by integration on q ∈ Bρ(a).
Introduce Σ(t , q,ε) := g t Aε(q). Note that Σ(t , q,ε) is an embedded submani-

fold on SQ of dimension d +1.
The proof of the following result is given in the Appendix C.

LEMMA 8.7 (Geometry of expanded spheres in the configuration space). We
have that π : Σ(t , q,ε) → Q is a local diffeomorphism. Moreover for the inverse
map dπ−1 : SQ → SΣ(t , q,ε) the norm ||dπ−1|| is uniformly bounded.

Proof of Lemma 8.6. By elementary geometry and the bounded distortion prop-
erty

ν(Aε(q)∩ g−tΩa,ρ) ≤Cρ−1ν(Σ(t , q,ε)∩ B̂2ρ(a)).(8.4)

By Lemma 8.7, ||dπ−1|| is uniformly bounded. Note that πΣ(t , q,ε) is an an-
nulus whose boundaries are spheres of radii t and t +ε respectively. Note those
spheres are perpendicular to the geodesics emanating from q . Since the width
of annulus is equal to ε and does not depend on t , taking a maximal 1-separated
set in the sphere of radius of t + (ε/2) and considering associated Voronoi cells
we see that Σ(t , q,ε) can be cut into several disjoint pieces Σ j (t ) satisfying that
for each j , πΣ j (t ) is contained in a ball of radius ε2 (independent of t and q)
and contains a ball of radius ε/2. Decreasing ε2 if necessary we obtain that the
intersection πΣ j (t )∩B2ρ(a) has only one component and since dπ−1 is bounded
we get that

ν(Σ j (t )∩ B̂2ρ(a)) ≤C (ε1)ρd+1ν
¡
Σ j (t )

¢
.

Summing over j in (8.4) we obtain (8.3), and this finishes the proof of Lem-
ma 8.6.

πΣ j (t )
πΣ j (t )

FIGURE 1. Proof of Lemma 8.6
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The proof of Proposition 8.4(a) is thus completed.
Now we turn to the proof of Proposition 8.4(b). The task is to verify the

conditions (Appr), (Mov) and (Sub) for the targets Ωρ defined in Section 8.1.

The proof of (Appr) and (Sub) is obtained from Lemma 3.6 exactly as in the
proof of Lemma 4.11 that treats the case of the composite targets of Section 4.2.

It is left to verify (Mov). Take xi ∈Q, Bi = B(xi ,ρ), 1 ≤ i ≤ k such that Q =
k[

i=1
Bi

and k =O(ρ−d ). By (8.2), for t > t0,

µ(Ω
t
ρ) ≤X

i

½
(q, v) ∈ SQ : ∃ s ∈ [0,ε],d

¡
q,π(g s+t (q, v))

¢< ρ

γ(q)1/d
, q ∈ Bi

¾
≤X

i

©
(q, v) ∈ SQ : ∃ s ∈ [0,ε],d

¡
xi ,π(g s+t (q, v))

¢< cρ, q ∈ Bi
ª

≤X
i
µ(Ωxi ,cρ)1+η ≤X

i
Cρd(1+η) ≤Cρη.

This completes the proof of Proposition 8.4 and finishes the proof of Theo-
rem 8.1.

8.3. Poisson regime. Proof of Corollary 8.3. Part (a) follows from Theorem 2.13,
since conditions (M1)r and (M2)r are satisfied for all r, due to the results of §8.2.

The proof of part (b) follows the same argument as the proof of Theorem 5.3
except that now (M1)r is satisfied since the RHS of (5.3) takes form ρdλ be-
cause λ defined by (8.1) does not depend on a. �

8.4. Notes. In [129], Maucourant proved that for all a ∈ Q and almost every
(q, v) ∈ SQ

limsup
t→+∞

| lnd
¡
a,π

¡
g t (q, v)

¢¢ |
ln t

= 1

d
.

[118] generalized Maucourant’s result to the shrinking target problem for time
h map.

The shrinking target problems for sets with complicated geometry is dis-
cussed in [69, 70, 72, 98, 99, 100, 135, 140].

Concerning Poisson Limits we note that visits to sets with complicated ge-
ometry naturally appear in Extreme Value Theory, see Section 10 for details.
[27, 87, 65, 158] provide general conditions for the number of visits to a small
neighborhood of arbitrary submanifold to be asymptotically Poisson.

9. MULTIPLE KHINTCHINE–GROSHEV THEOREM

9.1. Statements.

HOMOGENEOUS APPROXIMATIONS. For x ∈Rd , we use the notation |x| =
qP

x2
i .

DEFINITION 9.1 ((r, s)-approximable vectors). Given α= (α1, . . . ,αd ) ∈Rd , s ≥ 0,
c > 0, let DN (α, s,c) be the set of k = (k1, . . . ,kd ) ∈Zd such that

|k| ≤ N and ∃m ∈Z : g cd(k1, . . . ,kd ,m) = 1 and |k|d |〈k,α〉+m| ≤ c

ln N (lnln N )s .
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Call α (r, s)-approximable if ∀c > 0, Card(DN (α, s,c)) ≥ 2r for infinitely many N s.

THEOREM 9.2. If s ≤ 1/r, then the set of (r, s)-approximable vectors α ∈ Td has
full measure. If s > 1/r, then the set of (r, s)-approximable numbers has zero
measure.

REMARK 9.3. Observe that an equivalent statement of Theorem 9.2 is to replace
2r with r in the definition of (r, s)-approximable vectors provided we restrict to
k ∈Zd such that k1 > 0. This will be the version that we will prove in the sequel.

INHOMOGENEOUS APPROXIMATIONS.

DEFINITION 9.4 ((r, s)-approximable pairs). Given α= (α1, . . . ,αd ) ∈Rd and z ∈
R, s ≥ 0 and c > 0, let DN (α, z, s,c) be the set of k = (k1, . . . ,kd ) ∈Zd such that

|k| ≤ N and ∃m ∈Z : |k|d |z +〈k,α〉+m| ≤ c

ln N (lnln N )s .(9.1)

Call the pair (α, z) (r, s)-approximable if for any c > 0, Card(DN (α, z, s,c)) ≥ r for
infinitely many N s.

THEOREM 9.5. If s ≤ 1/r, then the set of (r, s)-approximable pairs (α, z) ∈Rd ×R
has full measure. If s > 1/r, then the set of (r, s)-approximable pairs (α, z) ∈Rd ×R
has zero measure.

REMARK 9.6. Notice that we do not require g cd(k1, . . . ,kd ,m) = 1 in Defini-
tion 9.4. This is because, in the inhomogeneous setting, when a vector k ∈Zd

contributes to the Diophantine approximation counting problem there is no
reason for the multiples of k to contribute.

EXTENSIONS. One can extend the above results to general Khintchine–Groshev
0−1 laws for Diophantine approximations of linear forms. For example

DEFINITION 9.7 ((r, s)-simultaneously approximable vectors). Given a vector
α= (α1, . . .αd ) ∈Rd , s ≥ 0, c > 0, let DN (α, s,c) be the set of k ∈Z∗ such that

|k| ≤ N and ∃m ∈Zd : g cd(k,m1, . . . ,md ) = 1

and for all i = 1, . . . ,d , |k| 1
d |kαi +mi | ≤ c

(ln N )
1
d (lnln N )

s
d

.

Call α (r, s)-simultaneously approximable if for any c > 0, Card(DN (α, s,c)) ≥ 2r
for infinitely many N s.

THEOREM 9.8. If s ≤ 1/r then the set of (r, s)-simultaneously approximable vec-
tors α ∈ Td has full measure. If s > 1/r then the set of (r, s)-simultaneously ap-
proximable numbers has zero measure.

We omit the proof of Theorem 9.8 since it is obtained by routine modification
of the proof of Theorem 9.2.
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9.2. Reduction to a problem on the space of lattices. Let M be the space of
(d+1)-dimensional unimodular lattices. We identify M with SLd+1(R)/SLd+1(Z).
Denote by µ the Haar measure 12 on M . Define

Λα =
µ

Idd 0
α 1

¶
.

For t ∈R, we consider g t ∈ SLd+1(R)

g t =


2−t

. . .
2−t

2d t

 .(9.2)

For a lattice L ∈ Md+1, we say that a vector in L is primitive if it is not an
integer multiple of another vector in L .

Given a function f on Rd+1, its Siegel transform S ( f ) : M →R is defined by

S ( f )(L ) = X
e∈L , e primitive

f (e).(9.3)

For a > 0, let φa be the indicator of the set13

Ea :=
n

(x, y) ∈Rd ×R | x1 > 0, |x| ∈ [1,2], |x|d |y | ∈ [0, a]
o

.

Fix s ≥ 0,c > 0. For M ∈N∗, define

ν := c

M(ln M)s , Φν :=S (φν).(9.4)

For t ≥ 0, we define

At (M) := {α ∈Td :Φν(g tΛα) ≥ 1}.

It is readily checked that α ∈ At (M) if and only if there exists k = (k1, . . . ,kd ) with
k1 ≥ 0, and 2t < |k| ≤ 2t+1 such that

∃m, g cd(k1, . . .kd ,m) = 1, |k|d |〈k,α〉+m| ≤ c

M(ln M)s .(9.5)

If α is such that Φν(g tΛα) ≤ 1 for every t ∈N, then we get that α is (r, s)-approxi-
mable if and only if there exist infinitely many M s for which there exist 0 < t1 <
t2 < . . . < tr ≤ M satisfying α ∈Tr

j=1 At j (M).
But in general, for α and t ≤ M such that α ∈ At (M), there may be multiple

solutions k to inequality (9.1) such that 2t < |k| ≤ 2t+1 for the same t . Since in
Theorem 9.2 we are counting all solutions we have to deal with this issue.

The following proposition which will be proved in §9.3 shows that for a.e. α,
multiple solutions do not occur.

PROPOSITION 9.9. For almost every α, we have that for every M sufficiently large,
for every t ∈ [0, M ], it holds that Φν(g tΛα) ≤ 1.

Hence, Theorem 9.2 is equivalent to the following.

12the Haar measure is the unique left–translation invariant probability measure on M .
13We added x1 > 0 in the definition of Ea since we will restrict to vectors k ∈Zd with k1 ≥ 0.
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THEOREM 9.10. If r s ≤ 1, then for almost every α ∈ Td , there exists infinitely
many M for which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

α ∈
r\

j=1
At j (M).

If r s > 1, then for almost every α ∈ Td , there exists at most finitely many M for
which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

α ∈
r\

j=1
At j (M).

9.3. Modifying the initial distribution: homogeneous case. We transformed
our problem into a problem of multiple recurrence of the diagonal action g t

when applied to a piece of horocycle in the direction of Λα :α ∈Td . This horo-
cycle is exactly the full strong unstable direction of the rapidly mixing partially
hyperbolic action g t . It is, however, more convenient to work with Haar measure
on M instead of Haar measure on Λα for α ∈Td . Hence, we define

Bt (M) := {L ∈M :Φν(g t L ) ≥ 1},

where Φν is given by (9.4).
Our goal becomes to prove the following.

PROPOSITION 9.11. For µ-almost every L ∈M , we have that for every M suffi-
ciently large, for every t ∈ [0, M ], it holds that Φν(g t L ) ≤ 1.

THEOREM 9.12. If r s ≤ 1, then for µ-almost every L ∈M , there exists infinitely
many M for which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

L ∈
r\

j=1
Bt j (M).

If r s > 1, then for µ-almost every L ∈M , there exists at most finitely many M for
which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

L ∈
r\

j=1
Bt j (M).

Proof that Proposition 9.11 and Theorem 9.12 imply Proposition 9.9 and Theo-
rem 9.10.

Recall that for M ∈ N we defined ν = c
M(ln M)s . Fix η > 0 and define Φ±

ν as

in (9.4) but with (1+η)c and (1−η)c instead of c. Next, define for β ∈ Rd and
B ∈ SLd (R)

Λ−
β =

µ
Idd β

0 1

¶
, DB =

µ
B 0
0 1

¶
.

Finally let
Λ̃α,β,B = DBΛ

−
βΛα.

Fix 0 < ε¿ η. If B is distributed according to a smooth density with respect to
Haar measure on SLd (R) in an ε neighborhood of the Identity, β is distributed
in some ε neighborhood of 0 in Rd with a smooth density according to Haar
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measure of Td , and α is distributed according to any measure with smooth den-
sity with respect to Haar measure on Td , then the lattice Λ̃α,β,B is distributed
according to a smooth density in M with respect to the Haar measure µ. More-
over, because Λ−

β
forms the stable direction of g t and because DB forms the

centralizer of g t , we have that if M is sufficiently large, then

Φ−
ν (g t Λ̃α,β,B ) ≥ 1 =⇒ Φν(g tΛα) ≥ 1 =⇒ Φ+

ν (g t Λ̃α,β,B ) ≥ 1.

This shows that Proposition 9.9 and Theorem 9.10 follow from Proposition 9.11
and Theorem 9.12 respectively. �

9.4. Rogers identities. The following identities (see [126, 156]) play an impor-
tant role in our argument. Denote

c1 = ζ(d +1)−1, c2 = ζ(d +1)−2, where ζ(d +1) =
∞X

n=1
n−(d+1)

is the Riemann zeta function.
Let f , f1, f2 be piecewise smooth functions with compact support on Rd+1.
Define the following Siegel transforms

S ( f )(L ) = X
e∈L , primitive

f (e), S ( f1, f2)(L ) = X
e1 6=±e2∈L , primitive

f1(e1) f2(e2).

LEMMA 9.13. We have

(a)
Z
M

S ( f )(L )dµ(L ) = c1

Z
Rd+1

f (x)dx,

(b)
Z
M

S ( f1, f2)(L )dµ(L ) = c2

Z
Rd+1

f1(x)dx
Z
Rd+1

f2(x)dx.

9.5. Multiple solutions on the same scale. Proof of Proposition 9.11. Recall
that ν= c

M ln M s .

LEMMA 9.14. There exists a constant C > 0, such that for every M, for every t ∈R,
it holds that

µ
¡
Φν(g t L ) > 1

¢≤C c2M−2(ln M)−2s .

For K ≥ 0, apply the lemma for M = 2K and sum over all t ∈ [0, M ], then

µ
¡∃t ≤ 2K ,Φ4ν(g t L ) > 1

¢≤ 16C c22−K K −2s .

The straightforward side of Borel–Cantelli lemma gives that for almost every L ,
for K sufficiently large, for any t ≤ 2K ,Φ4ν(g t L ) ≤ 1. For the same L , it then
holds that for M sufficiently large, for any t ≤ M , Φν(g t L ) ≤ 1.

To finish the proof of Proposition 9.11 we give

Proof of Lemma 9.14. Since g t preserves Haar measure on M it suffices to prove
the lemma for t = 0. But the condition k1 ≥ 0 implies that

Φ2
ν(L )−Φν(L ) = X

e1 6=e2∈L primitive
φν(e1)φν(e2) = X

e1 6=±e2∈L primitive
φν(e1)φν(e2).
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It then follows from Rogers identity of Lemma 9.13(b) that

µ (Φν(L ) > 1) ≤ E¡Φ2
ν(L )−Φν(L )

¢
≤ c2

µZ
Rd+1

φν(u)du

¶2

≤C c2M−2(ln M)−2s .

9.6. Proof of Theorem 9.12. We want to apply Corollary 3.8. For the system
( f , X ,µ) we take (g1,M ,µ), where µ is the Haar measure on M . For the targets,
we take Ωρ = {L :Φρ(L ) ≥ 1} and Ωt

ρ = g−tΩρ . Note that by the invariance of
the Haar measure by g t we have that µ(Ωt

ρ) =µ(Ωρ) for any t .
For s ∈ N, we define the sequence ρM := c

M(ln M)s . The conclusions of Theo-

rem 9.12 will then follow from the conclusion of Corollary 3.8 applied to N M
ρM

,
where N n

ρ is the number of times t ≤ n such that Ωt
ρ occurs.

Indeed, recalling the definition of

Sr =
∞X

j=1

³
2 j v j

´r
, v j =σ(ρ2 j ), σ(ρ) =µ(Ωρ)

we see that Sr =∞ if and only if r s ≤ 1.
Hence, to apply Corollary 3.8 and finish the proof, we only need to check the

conditions of Definition 3.1 and Definition 3.2 for the system (g1,M ,µ,B) and
for the family of targets given by Ωρ and the sequence ρM . The multiple expo-
nential mixing condition (EM)r follows from [20, Theorem 1.1], Remark A.1 and
Theorem A.2. The approximation condition (Appr) can be checked as follows:

CLAIM. There exists σ> 0 such that, for every ρ > 0 sufficiently small, there exist
A−
ρ , A+

ρ ∈ Lip(M ) such that

(i) ‖A±
ρ‖∞ ≤ 2 and ‖A±

ρ‖Lip ≤ ρ−σ;
(ii) A−

ρ ≤ 1Ωρ
≤ A+

ρ ;

(iii) µ(A+
ρ )−µ(A−

ρ ) ≤ ρ2

Clearly the claim implies (Appr) since µ(Ωρ) =O (ρ).

Proof of the claim. Recall that Φρ =S (φρ), where φρ is the indicator of the set
Eρ =

©
(x, y) ∈Rd ×R | x1 > 0, |x| ∈ [1,2], |x|d |y | ∈ [0,ρ]

ª
. We will construct A+

ρ that
satisfies (i), (ii) and

(iii) µ(A+
ρ )−µ(1Ωρ

) ≤ ρ2.

The construction of A−
ρ is similar.

Pick f + ∈ Lip(Rd+1, [0,2]) such that for some σ> 0

• ‖ f +‖Lip ≤ ρ−σ,
• For z ∈ Eρ , f +(z) = 1,
• For z ∉ Eρ+ρ10 , f +(z) = 0.

As the consequence S ( f +) ∈ Lip(M ) andΦρ ≤S ( f +), and using Rogers identity
of Lemma 9.13(a) (applied to the Siegel transform of the characteristic function
of the set Eρ+ρ10 −Eρ) we get for ρ sufficiently small an open set Eρ ⊂M such
that µ(Eρ) ≤ ρ3
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(P1) For L ∉ Eρ , if S ( f +) > 0, then Φρ ≥ 1.
(P2) If Mρ := {L : S ( f +) < 2}, then ‖S ( f +)‖Lip(Mρ) ≤ ρ−σ−1.

Let now u :R→ [0,1] be an increasing C∞ function such that u(x) = 0 for x ≤ 0
and u(x) = 1 for x ≥ 1.

Finally, introduce A+
ρ : M →R such that for L ∈M

A+
ρ (L ) = u

¡
S ( f +)(L )

¢
.

We now check that A+
ρ satisfies the requirements of the claim.

Since u ∈C∞(M , [0,1]) we get that A+
ρ ∈ Lip(M ) and ‖A+

ρ‖∞ ≤ 2. To prove the
Lipschitz bound, observe that for L ∉ Mρ we have that A+

ρ (L ) = 1, while for

L ∈ Mρ we have (P2). Hence ‖A+
ρ‖Lip ≤ ρ−2σ. This proves (i) of the claim. To

see (ii), just observe that

Φρ(L ) ≥ 1 =⇒ S ( f +)(L ) ≥ 1 =⇒ A+
ρ (L ) = 1.

We turn to (iii). If L ∉ Eρ , then by (P1)

A+
ρ (L ) > 0 =⇒ S ( f +)(L ) > 0 =⇒ Φρ(L ) ≥ 1 =⇒ A+

ρ (L ) = 1.

Since µ(Eρ) ≤ ρ3 and ‖A+
ρ‖∞ ≤ 2, we get

µ(A+
ρ )−µ(1Ωρ

) ≤ ρ2,

and (iii) is proved.

Next we show how Rogers identity of Lemma 9.13(b) implies (Mov). Define

Eτ
ν =

n
(x, y) ∈Rd ×R | x1 > 0,2−τ|x| ∈ [1,2], |x|d |y | ∈ [0,ν]

o
and let φτν be the indicator function of Eτ

ν. Then

µ(Ωρ∩ g−τΩρ) ≤ E(ΦρΦρ ◦ gτ) =
Z
M

X
e2 6=±e1∈L primitive

φρ(e1)φτρ(e2)dµ(L ),

where the contribution of e2 =−e1 vanishes because the contribution of any pair
(e1,e2) where not both e1,1 and e2,1 are positive is zero. Applying Lemma 9.13(b)
we get

µ(Ωρ∩ g−τΩρ) ≤Cµ(Ωρ)2

which is stronger than the required (Mov).
Finally, (Poly) holds for the sequence ρM = c

M(ln M)s due to Lemma 9.13(a).

9.7. The argument in the inhomogeneous case. The proof of Theorem 9.5 is
very similar to that of Theorem 9.2, and below we only outline the main differ-
ences.

Let fM be the space of (d + 1)-dimensional unimodular affine lattices. We
identify fM with SLd+1(R)nRd+1/SLd+1(Z)nZd+1, where the multiplication in
SLd+1(R)nRd+1 is defined as (A, a)(B ,b) = (AB , a + Ab). We denote by µ̃ the
Haar measure on fM .

For α ∈Rd and z ∈R, we define

Λα,z = (Λα, (0, . . . ,0, z)).(9.6)
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For a > 0, let φ̃a be the indicator of the set14

Ẽa :=
n

(x, y) ∈Rd ×R | |x| ∈ [1,2], |x|d |y | ∈ [0, a]
o

.

Fix s ≥ 0,c > 0. For M ∈N∗, define

ν := c

M(ln M)s , Φ̃ν := S̃ (φν),

where the Siegel transforms in this affine setting are defined as follows for
f , f1, f2 piecewise smooth functions with compact support on Rd+1 :

S̃( f )(L̃ ) = X
e∈L̃

f (e), S̃( f1, f2)(L̃ ) = X
e1 6=e2∈L̃

f1(e1) f2(e2).(9.7)

Note that, unlike our definition of the Siegel transform in the case of regular lat-
tices, we do not require in the affine setting that the vectors e in the summation
be primitive. On one hand, the notion of primitive vectors is not defined for
affine lattices since the origin is not fixed. On the other hand, unlike the homo-
geneous setting, the multiples of one solution of the inhomogeneous inequality,
does not satisfy a similar inequality, (see Remark 9.6). For t ≥ 0, we then define

Ãt (M) := {(α, z) ∈Rd ×R : Φ̃ν(g tΛα,z ) ≥ 1}.

It is readily checked that (α, z) ∈ Ãt (M) if and only if there exists k = (k1, . . . ,kd )
such that 2t < |k| ≤ 2t+1 and that

∃m, |k|d |z +〈k,α〉+m| ≤ c

M(ln M)s .

If α is such that Φ̃ν(g tΛα,z ) ≤ 1 for every t ∈ N, then we get that (α, z) is (r, s)-
approximable if and only if there exist infinitely many M s for which there exist

0 < t1 < t2 < . . . < tr ≤ M satisfying (α, z) ∈
r\

j=1
Ãt j (M).

But in general, for α and t ≤ M such that (α, z) ∈ Ãt (M), there may be mul-
tiple solutions k such that 2t < |k| ≤ 2t+1 for the same t . As in the case of
Theorem 9.2 we have to deal with this issue.

The following proposition shows that almost surely on (α, z), multiple solu-
tions do not occur. Its proof is based on Rogers identity for the second moment
of the Siegel transforms in the affine lattices setting that we will recall in Sec-
tion 9.9.

PROPOSITION 9.15. For almost every (α, z) ∈ Rd ×R, we have that for every M
sufficiently large, for every t ∈ [0, M ], it holds that Φ̃ν(g tΛα,z ) ≤ 1.

Hence, Theorem 9.5 is equivalent to the following.

14Note that we do not ask in this affine setting that x1 > 0 in the definition of Ẽa since the sym-
metric contributions of −k for every k ∈Zd that contributes to the Diophantine approximation
counting problem in the homogeneous case of Theorem 9.2 do not appear in the inhomogeneous
Diophantine approximation problem of Theorem 9.5.
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THEOREM 9.16. If r s ≤ 1, then for almost every (α, z) ∈Td ×T, there exists infin-
itely many M for which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

α ∈
r\

j=1
Ãt j (M).

If r s > 1, then for almost every (α, z) ∈Td ×T, there exists at most finitely many
M for which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

α ∈
r\

j=1
Ãt j (M).

9.8. Modifying the initial distribution: inhomogeneous case. Since the horo-
cycle directions of Λα,z , (α, z) ∈Td ×T account for all the strong unstable direc-
tion of the diagonal flow g t acting on fM , we can transform the requirement of
Proposition 9.15 and Theorem 9.16 into a problem of multiple recurrence of the
diagonal action g t when applied to a random lattice in fM .

We define
B̃t (M) := {L̃ ∈ fM : Φ̃ν(g t L̃ ) ≥ 1}.

Our goal becomes to prove the following.

PROPOSITION 9.17. For µ̃-almost every L̃ ∈ fM , we have that for every M suffi-
ciently large, for every t ∈ [0, M ], it holds that Φ̃ν(g t L̃ ) ≤ 1.

THEOREM 9.18. If r s ≤ 1, then for µ̃-almost every L̃ ∈ fM , there exists infinitely
many M for which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

L̃ ∈
r\

j=1
B̃t j (M).

If r s > 1, then for µ̃-almost every L̃ ∈ fM , there exists at most finitely many M for
which there exist 0 < t1 < t2 < . . . < tr ≤ M satisfying

L̃ ∈
r\

j=1
B̃t j (M).

9.9. Proofs of Proposition 9.17 and Theorem 9.18. Again, the proofs of Propo-
sition 9.17 and Theorem 9.18 are very similar to the proofs of their counterpart
in the homogeneous case, Proposition 9.11 and Theorem 9.12.

Similarly to the homogeneous case, we want to apply Corollary 3.8. For the
system ( f , X ,µ) we take (g1, fM , µ̃), where µ̃ is the Haar measure on fM . For the
targets, we take Ωρ = {L̃ : Φ̃ρ(L̃ ) ≥ 1}. Observe that from the invariance of the
Haar measure by g t we have that µ̃(Ωt

ρ) = µ̃(Ωρ) for any t .
The only difference in the proof of Proposition 9.17 and Theorem 9.18 com-

pared to that of Proposition 9.11 and Theorem 9.12, is in the application of
Rogers identities to prove Proposition 9.17 as well as in the proof of (Mov) that
is part of the proof of Theorem 9.18.

Before explaining the differences and concluding the proofs we recall Rogers
identities for affine lattices. Recall the definition of Siegel transforms in the
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affine setting given in (9.7). The following can be found in [8, Lemma 4] (see
also [58, Appendix 2]):

E(S̃( f )) =
Z
Rd+1

f (u)du(9.8)

E(S̃( f1, f2)) =
Z
Rd+1

f1(x)dx
Z
Rd+1

f2(x)dx.(9.9)

(9.9) implies that

µ̃
¡
Φ̃ν(L̃ ) > 1

¢≤ E¡Φ̃2
ν(L̃ )− Φ̃ν(L̃ )

¢
= E(S̃(φ̃ν, φ̃ν)) =

µZ
Rd+1

φ̃ν(u)du

¶2

≤ C

M 2(ln M)2s .

Proposition 9.17 then follows by a Borel–Cantelli argument exactly as in the
regular lattices case.

For the proof of (Mov) in the affine case we write for τ≥ 1

Ẽτ
ν =

n
(x, y) ∈Rd ×R | 2−τ|x| ∈ [1,2], |x|d |y | ∈ [0,ν]

o
and denote by φ̃τν the indicator function of Ẽτ

ν. We then have

µ̃(Ωρ∩ g−τΩρ) ≤ E¡Φ̃ρ ¡Φ̃ρ ◦ gτ
¢¢= E(S̃(φ̃ν, φ̃τν)).

Next, (9.9) implies

E(S̃(φ̃ν, φ̃τν)) =
Z
Rd+1

φ̃ρ(u)du
Z
Rd+1

φ̃τρ(u)du =
µZ
Rd+1

φ̃ρ(u)du

¶2

≤C µ̃(Ωρ)2.

which is stronger than the required (Mov). �

9.10. Multiple recurrence for toral translations.

Proof of Theorem 4.7. PROOF OF PART (a). We begin with several reductions. Let
z = x − y . Then d(x, y + kα) = d(z,kα). Accordingly denoting d̂ (r )

n (z,α) to be
the r -th smallest among {d(z,kα)}n−1

k=0 we need to show that for almost every
(z,α) ∈ (Td )2 we have

limsup
n→∞

| ln d̂ (1)
n (z,α)|− 1

d lnn

lnlnn
= 1

d
,(9.10)

limsup
n→∞

| ln d̂ (r )
n (z,α)|− 1

d lnn

lnlnn
= 1

2d
for r ≥ 2.(9.11)

Next we claim that it suffices to prove (9.11) only for r = 2. Indeed, since d̂ (r )
n is

non decreasing in r, (9.11) with r = 2 implies that for r > 2,

limsup
n→∞

| ln d̂ (r )
n (z,α)|− 1

d lnn

lnlnn
≤ 1

2d
.

To get the upper bound, suppose that d̂ (2)
n (z,α) ≤ ε. Then there are 0 ≤ k1 < k2 <

n such that k jα ∈ B(z,ε). Let k = k2 −k1. Then

(k1 + sk)α ∈ B(z, (1+2s)ε)

JOURNAL OF MODERN DYNAMICS VOLUME 18, 2022, 209–289



MULTIPLE BOREL–CANTELLI LEMMA IN DYNAMICS 269

for s = 0, · · · ,r −2. Thus d̂ (r )
(r−1)n(z,α) ≤ (2r −1)d̂ (2)

n (z,α). Taking limit superior,
we obtain that if (9.11) holds for r = 2 then it holds for arbitrary r . In summary,
we only need to show (9.10) and

limsup
n→∞

| ln d̂ (2)
n (z,α)|− 1

d lnn

lnlnn
= 1

2d
.(9.12)

The proofs of (9.10) and (9.12) are similar to but easier than the proof of Theo-
rem 9.5 so we only explain the changes. First, it suffices to take limit superior,
for n of the form 2M since for 2M−1 ≤ n ≤ 2M we have

d̂ (r )
2M (z,α) ≤ d̂ (r )

n (z,α) ≤ d̂ (r )
2M−1 (z,α).

Define for ν> 0,

Êν = {e = (e ′,e ′′) ∈Rd ×R : ||e ′|| ≤ ν,e ′′ ∈ (0,1]},(9.13)

and denote by φ̃ν the indicator function of Ẽν. Let Φ̃ν = S̃(φ̃ν). A direct inspec-
tion shows that

d̂ (r )
2M (z,α) ≤ νM ⇔ S̃(φ̃ν)(ĝM Λ̂α,z ) ≥ r,

where S̃ is defined by (9.7), ĝM = g−M/d for g given by (9.2), and Λ̂α,z is defined
by Λ̂α,z = (Λ̂α, (z,0)) for

Λ̂α =
µ

Idd α

0 1

¶
.

Recall that fM denotes the space of (d +1)-dimensional unimodular affine lat-
tices and µ̃ the Haar measure on fM . As in the proof of Theorem 9.5 one can
show that Φ̃ν(ĝM Λ̂α,z ) ≥ r infinitely often for almost every (z,α) if and only if
Φ̃ν(ĝM L̃ ) ≥ r infinitely often for almost every L̃ ∈ fM . Thus, to prove (9.10)
and (9.12), we need to show that for almost every L̃ ∈ fM and for νM = M−s ,
s > 0 that

Φ̃νM (ĝM L̃ ) ≥ 1 infinitely often if s ≤ 1

d
,(9.14)

Φ̃νM (ĝM L̃ ) ≥ 1 finitely often if s > 1

d
,(9.15)

Φ̃νM (ĝM L̃ ) ≥ 2 infinitely often if s ≤ 1

2d
,(9.16)

Φ̃νM (ĝM L̃ ) ≥ 2 finitely often if s > 1

2d
.(9.17)

To prove (9.14)–(9.17), we need the following fact:

LEMMA 9.19.

(a) µ̃
¡
Φ̃ν = 1

¢= cdν
d (1+O (ν2d )),

(b) c ′ν2d ≤ µ̃¡Φ̃ν ≥ 2
¢≤ c ′′ν2d .

Before we prove the lemma, we see how it allows to obtain (9.14)–(9.17) and
finish the proof of Theorem 4.7(a).
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Indeed, taking ν= M−s , Lemma 9.19 shows thatX
M
µ̃
¡
Φ̃νM ) = 1

¢=∞ ⇐⇒ s ≤ 1

d
,
X
M
µ̃
¡
Φ̃νM ) ≥ 2

¢=∞ ⇐⇒ s ≤ 1

2d
.

From there, (9.14)–(9.17) follow from the the classical Borel–Cantelli Lemma,
that is, from the case r = 1 in our Theorem 2.6.15 For this, observe that the
verification of the conditions of Definition 3.1 and Definition 3.2 for the targets

Ωρ = {L̃ : Φ̃ρ(L̃ ) ≥ 1} and Ω̂ρ = {L̃ : Φ̃ρ(L̃ ) ≥ 2}

is very similar to the proof of Theorem 9.5 so we omit it.

Proof of Lemma 9.19. We get by Rogers identities (9.8) and (9.9) that

E(Φ̃ν) = cdν
d , E(Φ̃2

ν− Φ̃ν) =
³
cdν

d
´2

.

It follows that

µ̃(Φ̃ν ≥ 2) ≤ E(Φ̃2
ν− Φ̃ν)/2 ≤Cν2d

proving the upper bound of part (b).
In addition

E
¡
Φ̃ν1Φ̃ν≥2

¢≤ ³cdν
d
´2

so that

µ̃(Φ̃ν = 1) = E(Φ̃ν)−E(Φ̃ν1Φ̃ν≥2) = cdν
d +O

³
ν2d
´

.(9.18)

This proves part (a).
To prove the lower bound in part (b) we need the following estimate. Denote

by Lprimitive the set of primitive vectors in L for L ∈M = SLd+1(R)/SLd+1(Z).
Let

E 1 =
½

(e ′,e ′′) ∈Rd ×R : |e ′| ∈
h ν

10
,
ν

5

i
, |e ′′| ≤ 1

10

¾
,

E 2 =
½

(e ′,e ′′) ∈Rd ×R : |e ′| ≤ ν

5
, |e ′′| ≤ 1

10

¾
,

A =
n
L ∈M : Card

³
Lprimitive ∩E 1

´
= Card

³
Lprimitive ∩E 2

´
= 1
o

.

CLAIM.We have

µ(A ) = cνd +O
³
ν2d
´

.(9.19)

Assume the claim holds. For L ∈ A , the fundamental domain of Rd+1/L
can be chosen to contain

E 3 =
½

(e ′,e ′′) ∈Rd ×R : |e ′| ≤ ν

100
, |e ′′| ≤ 1

100

¾
.

15We note that in case r = 1 Theorem 2.6 is a minor variation of standard dynamical Borel–
Cantelli Lemmas such as the Borel–Cantelli Lemma of [114].
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Note that if L ∈ A then L ∩E 1 contains a non-zero vector w and hence if
z̃ ∈ E 3 then (z̃+L )∩Eν contains at least two vectors: z̃ and z̃+w . We thus have

µ
¡
(L + z̃) : Card

¡
(L + z̃)∩ Êν

¢≥ 2
¢≥µ (A )µ

¡
Card

¡
(L + z̃)∩ Êν

¢≥ 2|A ¢
≥µ(A )µ(z ∈ E 3) ≥ c ′ν2d .

This gives the lower bound in part (b) of Lemma 9.19. It remains to prove (9.19).

Proof of the claim. We consider the cases d > 1 and d = 1 separately.
In case d > 1, denote Ψ j = S̃(1E j

) for j = 1,2. By Rogers identities,

E (Ψ1) = 1

10
cdν

d , E
¡
Ψ2

1 −Ψ1
¢= µ 1

10
cdν

d
¶2

.

Thus arguing as in the proof of (9.18) we conclude that

µ(Ψ1 = 1) = 1

10
cdν

d +O
³
ν2d
´

.(9.20)

Rogers identities also give

E(Ψ1(Ψ2 −Ψ1)) =O
³
ν2d
´

.

Hence

µ
³
Card(Lprimitive ∩E 1) ≥ 1 and Card

³
Lprimitive ∩

³
E 2 àE 1

´´
≥ 1
´
=O

³
ν2d
´

.

(9.21)

Combining (9.20) and (9.21) we obtain (9.19) for d > 1.
In case d = 1 we still have E(Ψ1) = cν+O (ν2). On the other hand, for d = 1

we have Card
³
Lprimitive ∩E 2

´
≤ 1 since L is unimodular. Thus

E(Ψ1) =µ(Ψ1 = 1) =µ(Ψ1 = 1 and Ψ2 −Ψ1 = 0) = cν.

This completes the proof of Lemma 9.19 and thus of Theorem 4.7(a).

PROOF OF PART (b). It is clear that for any r , if E r is not empty then it is equal
to M . The proof that E 1 = M implies that E r = M for all r is exactly similar to
the implication of (9.11) from (9.12), so we just focus on showing that E 1 = M .
Adapting the beginning of the proof of part (a) to the current homogeneous
setting, we see that the proof boils down to showing that for almost every L ∈
M , and for νM = M−s , s > 0, it holds that

S (1Eνn
)(ĝnL ) ≥ 1 infinitely often if s ≤ 1

d
,(9.22)

S (1Eνn
)(ĝnL ) ≥ 1 finitely often if s > 1

d
,(9.23)

where Eν is as in (9.13), and S designates the Siegel transform as in (9.3). By
Rogers identity of Lemma 9.13(a) we have E

¡
S (1EνM

)
¢ = cM−sd . Hence (9.22)

and (9.23) follow by classical Borel–Cantelli Lemma (see for example the Borel–
Cantelli Lemma of [114]) or by the case r = 1 of our Theorem 2.6.

This completes the proof of Theorem 4.7.
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9.11. Notes. A classical Khintchine–Groshev Theorem is given by (1.4)–(1.5).
A lot of interest is devoted to extending this result to α lying in a submanifold
of Rd (see, e.g., [14, 19]). In particular, [113] discusses Khintchine–Groshev type
results on manifolds using dynamical tools. Surveys on applications of dynam-
ics to other problems in metric Diophantine approximations include [17, 21,
50, 57, 59, 73, 110, 116, 127]. These applications are based on Dani correspon-
dence [43].

The use of Siegel transform as a convenient analytic tool for applying Dani
correspondence can be found in [126]. Limit Theorems for Siegel transforms
and applications to number theory are discussed in [9, 12, 23, 51, 52].

The Diophantine results presented in our paper require the rotation angle
to be random. Much less is known in the case for fixed rotation angle, but
some results are available for the circle. Namely, consider the rotation Tα by the
irrational angle α. Suppose η to be the Diophantine type of the rotation, that is,

η= sup

½
β : liminf

j→∞
jβ‖ jα‖ = 0

¾
.

For ρ > 0, let τρ(x, y) the first time of the trajectory {T k
α (y)}k≥0 visiting ρ-neigh-

borhood of x. [38] proved that for almost every x ∈T,

liminf
ρ→0

lnτρ(x, x)

| lnρ| = η−1, limsup
ρ→0

lnτρ(x, x)

| lnρ| = 1,

and [109] proved that for almost every x and y ,

liminf
ρ→0

lnτρ(x, y)

| lnρ| = 1, limsup
ρ→0

lnτρ(x, y)

| lnρ| = η.

More general Diophantine approximation results valid for a fixed α and almost
all x could be found in [60, 106, 108, 120, 147] and references therein.

10. EXTREME VALUES

10.1. From hitting times to extreme values. Here we describe applications of
our results to extreme value theory.

Let ( f , M ,µ) be as in Definition 3.1. Recall that the sets Gr and H are intro-
duced in Definition 4.3 and Definition 4.5 respectively. Recall also that under
the conditions of Theorem 4.4 and Theorem 4.6 µ(Gr ) = 1 and H contains a
residual set.

Given a C 2 function ϕ and a point y ∈ M , let ϕ(r )
n (y) be the r -th minimum

among the values {ϕ( f j y)}n
j=1.

THEOREM 10.1.

(a) Suppose f is (2r +1)-fold exponentially mixing preserving a smooth mea-
sure µ. Then
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(i) There is a set G of full measure in M such that if ϕ is a C 2 function
with a unique non degenerate minimum at x ∈G , then for almost every
y ∈ M ,

limsup
n→∞

¯̄̄
ln
³
ϕ(r )

n (y)−ϕ(x)
´¯̄̄
− 2

d lnn

lnlnn
= 2

r d
.

(ii) If G1 = M and the periodic orbits of f are dense, then there is a dense Gδ

set H ⊂ M, such that ifϕ is a C 2 function with a unique non degenerate
minimum at x ∈H , then for almost every y ∈ M ,

limsup
n→∞

¯̄̄
ln
³
ϕ(r )

n (y)−ϕ(x)
´¯̄̄
− 2

d lnn

lnlnn
= 2

d
.

(b) If f is an expanding map of T and µ is a non-conformal Gibbs measure of
dimension d, λ is the Lyapunov exponent of µ, then there is a set Gµ with
µ(Gµ) = 1, such that if ϕ is a C 2 function with a unique non degenerate
minimum at x ∈Gµ, then for µ–almost every y ∈ M ,

limsup
n→∞

¯̄̄
ln
³
ϕ(r )

n (y)−ϕ(x)
´¯̄̄
− 2

d lnn
p

2(lnn)(lnlnlnn)
= 2σ

d
p

dλ
,

where σ given by (6.5).
(c) Part (a) remains valid for the geodesics flow on a compact (d +1)-dimen-

sional manifold Q and C 2 function ϕ : Q → R which has unique non-
degenerate minimum at some point on Q. (In this case ϕ(r )

n (y) is the r -th
local minimum of the map t 7→ ϕ(q(t )) where (q(t ), v(t )) is the geodesic
starting at q with velocity v.)

(d) For toral translations we have that for almost all α and almost all y we
have

limsup
n→∞

¯̄̄
ln
³
ϕ(r )

n (y)−ϕ(x)
´¯̄̄
− 2

d lnn

lnlnn
=
(

2
d if r = 1,
1
d if r ≥ 2.

Proof. At a non-degenerate minimum x we have that for y close to x

K −1d 2(x, y) ≤ϕ(y)−ϕ(x) ≤ K d 2(x, y)(10.1)

so part (i) of (a) holds for x ∈Gr and part (ii) of (a) holds for x ∈H as defined in
Theorems 4.4 and 4.6. Part (b) follows from Theorem 6.1. Part (c) follows from
Theorem 8.1, and part (d) follows from Theorem 4.7.

THEOREM 10.2. Under the assumptions of Theorem 10.1(a) or Theorem 10.1(d)
there is a set of points x of full measure such that if ϕ has a non-degenerate
minimum at x then the process

ϕ(1)
n (y)−ϕ(x)

ρ2 ,
ϕ(2)

n (y)−ϕ(x)

ρ2 , . . . ,
ϕ(r )

n (y)−ϕ(x)

ρ2 , . . .

with n = [τρ−d ] converges as ρ→ 0 to the Poisson process on R+ with measure

γ(ϕ)τd
2 t

d
2 −1dt , where γ(ϕ) > 0 depends on x and ϕ.
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Proof. Note that (10.1) does not provide enough information to deduce the re-
sult from (5.1) of Theorem 5.1. However, for any choice of r−

1 < r+
1 < r−

2 < r+
2 <

·· · < r−
s < r+

s , consider the targets

Ωn, j =
n

y :ϕ(y)−ϕ(x) ∈
h

r−
j ρ

2,r+
j ρ

2
io

,(10.2)

that satisfy

lim
ρ→0

τρ−dµ(Ωn, j ) = τγ(ϕ)
¡
(r+

j )
d
2 − (r−

j )
d
2
¢= τγ(ϕ)

Z r+
j

r−
j

d

2
t

d
2 −1dt .

Conditions �(M1)r and (M2)r from §2.5 can easily be checked for the targetsΩn, j

using the results of Section 3. Since (Mov) for targets (10.2) follows from (Mov)
for balls, only (Appr) needs to be checked but the latter follows immediately
from Lemma 3.4. We can thus apply Theorem 2.14 and conclude the Poisson
limit.

Next, we consider functions of the form

ψ(y) = c

[d(x, y)]s + eψ(y), where c < 0 and eψ ∈ Lip(M).(10.3)

THEOREM 10.3. Let f be (2r +1)-fold exponentially mixing. Then

(a) There is a set G or full measure such that if ψ satisfies (10.3) with x ∈ G

then for almost all y

limsup
n→∞

ln |ψ(r )
n (y)|− s

d lnn

lnlnn
= s

r d
.

(b) There is a Gδ set H such that if ψ satisfies (10.3) with x ∈H then for almost
all y

limsup
n→∞

ln |ψ(r )
n (y)|− s

d lnn

lnlnn
= s

d
.

(c) If x ∈G then

ρsψ(1)
n (y)

c
,
ρsψ(2)

n (y)

c
, . . . ,

ρsψ(r )
n (y)

c
, . . . where n = τρ−d

converges as ρ→ 0 to the Poisson process on R+ with measure

dτγ(x)

s
t−(d/s)−1dt .

The proofs of the above results are similar to the proofs of Theorems 10.1
and 10.2, so we will leave them to the readers.

The next result is an immediate consequence of Theorems 10.2 and 10.3(c).
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COROLLARY 10.4.

(a) (FRÉCHET LAW FOR SMOOTH FUNCTIONS) If f is (2r +1)-fold exponentially
mixing, ϕ is a smooth function with non-degenerate minimum at some
x ∈G then there is σ=σ(x) such that for each t > 0

lim
n→∞µ(y :ϕ(1)

n (y) > n−2/d t ) = e−σt d/2
.

(b) ( WEIBULL LAW FOR UNBOUNDED FUNCTIONS) If f is (2r +1)-fold exponen-
tially mixing, ϕ is given by (10.3) with x ∈ G then there is σ = σ(x) such
that for each t > 0

lim
n→∞µ(y :ϕ(1)

n (y) >−n−s/d t ) = e−σt−d/s
.

10.2. Notes. A classical Fisher–Tippett–Gnedenko theorem says that for inde-
pendent identically distributed random variables the only possible limit distri-
butions of normalized extremes are the Gumbel distribution, the Fréchet distri-
bution, or the Weibull distribution. Corollaries 7.3 and 10.4(a) and (b) provide
typical examples where one can encounter each of these three types. We refer
to [121] for the proof of Fisher–Tippett–Gnedenko theorem as well as for exten-
sions of this theorem to weakly dependent random variables. The weak depen-
dence conditions used in the book have a similar sprit to our conditions (M1)r

and (M2)r . More discussions about relations of extreme value theory to Poisson
limit theorems in the context of dynamical systems can be found in [63, 66].
The book [125] discusses extreme value theory for dynamical systems and lists
various applications. One application of extreme value theory, is that for non-
integrable functions, such as described in Theorem 10.3 above, the growth of
ergodic sums are dominated by extreme values, see [1, 28, 45, 101, 102, 130] and
references therein.

APPENDIX A. MULTIPLE EXPONENTIAL MIXING

A.1. Basic properties. Let f be a smooth map of a compact manifold M pre-
serving a smooth probability measure µ. In the dynamical system literature, for
r ≥ 1, f is called (r +1)-fold exponentially mixing if there are constants s,C and
θ < 1 such that for any C s functions A0, A1, . . . , Ar for any r tuple k1 < k2 < ·· · < kr¯̄̄̄

¯
Z rY

j=0

³
A j ◦ f k j

´
dµ−

rY
j=0

Z
A j dµ

¯̄̄̄
¯≤Cθ

m rY
j=0

‖A j‖C s ,(A.1)

where m = min
j

(k j −k j−1) with k0 = 0.

In this paper we need to consider a larger class of functions, namely we need
that there are constants s,C and θ < 1 such that for any B ∈C s(M r+1) we have¯̄̄̄Z

B(x0, f k1 x0, · · · , f kr x0)dµ(x0)−µr+1(B)

¯̄̄̄
≤Csθ

m ‖B‖C s(A.2)

where µr+1 is defined by (3.1).
In this section we show equivalence of (A.1) and (A.2). We use the following

fact.
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REMARK A.1. If (A.1) holds for some s then it holds for all s (with different θ).
The same applies for (A.2).

Indeed suppose that (A.2) holds for some C s functions. Pick some α< s. We
claim that it also holds for Cα functions. Indeed pick a small ε and approximate
a Cα function B with ‖B‖Cα = 1 by a C s function B , so that (assuming that m is
large)

‖B −B‖C 0 ≤ e−εαm , ‖B‖C s ≤ eεsm .

ThenZ
B(x0, f k1 x0, · · · , f kr x0)dµ(x0) =

Z
B(x0, f k1 x0, · · · , f kr x0)dµ(x0)+O

¡
e−εαm¢

=µr+1(B)+O
¡
e−εαm¢+O

¡
θmeεsm¢

=µr+1(B)+O
¡
e−εαm¢+O

¡
θmeεsm¢ .

and the second error term is exponentially small if ε is small enough. The argu-
ment for (A.1) is identical.

We now ready to show that (A.1) implies (A.2).

THEOREM A.2. Suppose that (A.1) holds and s is sufficiently large. Then (A.2)
holds.

Proof of Theorem A.2. Since B ∈ C s(M r+1) it also belongs to Sobolev space
H s(M r+1). Hence we can decompose

B =X
λ

bλφλ

where φλ are eigenfunctions of Laplacian on M r+1 with eigenvalues λ2 and
‖φλ‖L2 = 1. The eigenfunctions φλ are of the form

φλ(x0, x1, . . . , xr ) =
rY

j=0
ψ j (x j )

where ∆Mψ j = ζ2
jψ j and λ2 =P j ζ

2
j . Recall that by Sobolev Embedding Theorem

for compact manifolds, H s(M) ⊂ C s− d
2 −1−ε(M) for any ε > 0. Since

‖ψ j‖H s = ζs
j , we have

‖ψ j‖C 1 ≤Cuζ
u
j ≤Cuλ

u if u > 1+ d

2
.

It follows from (A.1) that if φ 6≡ 1 then¯̄̄̄
¯
Z
φλ(x, f k1 x, . . . , f kr x)dµ(x)−

rY
j=0

Z
ψ j dµ

¯̄̄̄
¯≤Cλu(r+1)θ

m
.

Therefore¯̄̄̄Z
B(x, f k1 x, . . . , f kr x)dµ(x)−

Z
B(x0, · · · , xr )dµ(x0) · · ·dµ(xr )

¯̄̄̄
≤Cθm

X
λ

bλλ
u(r+1) ≤Cθm ||B ||H u(r+1)(M r+1).
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This proves the result if s >
³
1+ d

2

´
(r +1).

A.2. Mixing for Gibbs measures.

Proof of Proposition 6.2. The proof consists of three steps.
Step 1. By the same argument as in [155, Proposition 3.8], we have that for

ψ̂1 ∈ Lip(T), ψ̂2 ∈ L1(µ),¯̄̄̄Z
ψ̂1(ψ̂2 ◦ f n)dµ−

Z
ψ̂1dµ

Z
ψ̂2dµ

¯̄̄̄
≤C‖ψ̂1‖Li p‖ψ̂2‖L1θ

n
, n ≥ 0.(A.3)

Step 2. We proceed to show inductively that for each r > 0 and ψi ∈ Lip(T) for
i = 1, . . . ,r, ¯̄̄̄

¯
Z Ã rY

i=1
ψi ◦ f ki

!
dµ−

rY
i=1

Z
ψi dµ

¯̄̄̄
¯≤Cθ

m rY
i=1

||ψi ||Li p ,(A.4)

where m = min
1≤i≤r−1

(ki+1 −ki ), k0 = 0.

By invariance of µ we may assume that k1 = 0. Applying (A.3) with ψ̂1 =ψ1

and ψ̂2 =
rY

j=2
ψ j ◦ f k j−k2 we get

¯̄̄̄
¯
Z Ã rY

i=1
ψi ◦ f ki

!
dµ−

µZ
ψ1dµ

¶"Z Ã rY
i=2

ψi ◦ f ki

!
dµ

#¯̄̄̄
¯

≤Cθ
m‖ψ1‖Li p

°°°°°
Ã

rY
i=2

ψi ◦ f ki

!°°°°°
L1

≤Cθ
m rY

i=1
||ψi ||Li p .

Applying inductive estimate toZ Ã rY
i=2

ψi ◦ f ki

!
dµ

we obtain (A.4).
Step 3. Applying the same argument as in the proof of Theorem A.2, we

get (EM)r .

A.3. Examples of exponentially mixing systems. There are many results about
double (=2-fold) exponential mixing. Many examples of those systems are par-
tially hyperbolic. §3.3 describes the the main examples of smooth exponentially
mixing systems. In particular, they expand an invariant foliation W s by unstable
manifolds. The next result allows to promote double mixing to r fold mixing.

THEOREM A.3. ([48, Theorem 2]) Suppose that for each subset D in a single
unstable leaf of bounded geometry16 and any Hölder probability density ρ on D
we have ¯̄̄̄Z

D
A( f n x)ρ(x)dx −

Z
Adµ

¯̄̄̄
≤Cθn‖A‖C s‖ρ‖Cα

for A ∈C s . Then f is r -fold exponentially mixing for all r ≥ 2.

16We refer the reader to [48] for precise requirements on D since those requirements are not
essential for the present discussion.
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We also note the following fact.

THEOREM A.4. A product of exponentially mixing maps is exponentially mixing.

The proof of this theorem is very similar to the proof of Theorem A.2 so we
leave it to the reader. We also note that instead of direct products one can also
consider certain skew products such that both base and fibers are exponentially
mixing and the skewing function satisfies suitable growth conditions. We refer
the reader to [49, Section 4] for precise statements and to [53, Section 10] for
examples of the skew products satisfying the conditions of [49].

Another source of exponential mixing is a spectral gap for transfer operators
(cf. §A.2 as well as [133, 155]). This allows to handle non-uniformly hyperbolic
systems admitting Young tower with exponential tails [159] as well as piecewise
expanding maps [155].

We note that the maps described in the last paragraph do not fit in the frame-
work of the present paper due to either lack of smoothness or lack of smooth
invariant measure. It is interesting to extend the result of the paper to cover
those systems as well as some slower mixing system and this is a promising
direction for a future work.

APPENDIX B. GIBBS MEASURES FOR EXPANDING MAPS ON THE CIRCLE

B.1. Some notation. Recall that we assume P (g ) = 0, so we have

lnµ (Bn(x,ε)) =
n−1X
j=0

g ( f j x)+O(1).(B.1)

Denote

rn = sup
r>0

{r | B(x,r ) ⊂ Bn(x,ε)}, r n = inf
r>0

{r | B(x,r ) ⊃ Bn(x,ε)}.

By bounded distortion property, there exist constants C0 > 0 and α> 0 such that
if d( f n y, f n x) < ε then¡

C0 expεα
¢−1 ≤ |D f n(y)|

|D f n(x)| ≤C0 expεα.

Recalling (6.2),

exp

"Ã
n−1X
j=0

fu( f j x)

!
−εα

#
d(x, y)

C0
≤ d( f n x, f n y)

≤C0 exp

"Ã
n−1X
j=0

fu( f j x)

!
+εα

#
d(x, y).

Hence

εC−1
0 exp

"Ã
−

n−1X
j=0

fu( f j x)

!
−εα

#
≤ rn ≤ r n

≤ εC0 exp

"Ã
−

n−1X
j=0

fu( f j x)

!
+εα

#
.
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It follows that

lnrn =
n−1X
j=0

− fu( f j x)+O(1), lnr n =
n−1X
j=0

− fu( f j x)+O(1).(B.2)

Next define

N (r ) = max(n : B(x,r ) ⊂ Bn(x,ε)) , N (r ) = min(n : B(x,r ) ⊃ Bn(x,ε)) .

Then, similarly to (B.2) we obtain

lnr =
N (r )−1X

j=0
− fu( f j x)+O(1) =

N (r )−1X
j=0

− fu( f j x)+O(1).(B.3)

B.2. Proof of (6.8) and (6.9). Note that

µ(BN (r )(x,ε)) ≤µ(B(x,r )) ≤µ(BN (r )(x,ε)).(B.4)

Since f is uniformly expanding, there is a positive constant C such that for
each x, 1/C ≤ fu(x) ≤C . Accordingly,

N (r )

C
≤ | lnr | ≤C N (r ),

N (r )

C
≤ | lnr | ≤C N (r ).(B.5)

On the other hand, since P (g ) = 0, [133, Chapter 3] shows that there is a function
a Hölder function ĝ (x) such that ĝ = g +h −h ◦ f for a Hölder function h and
moreover X

f (y)=x
e ĝ (y) = 1.

In particular, ĝ (y) is negative and, since it is continuous, there are constants
Ĉ1 > ε̂> 0 such that for any x ∈T we have ĝ (x) ∈ (−Ĉ1,−ε̂). Using the estimate

N−1X
n=0

g ( f n x) =
N−1X
n=0

ĝ ( f n x)+O(1)

we conclude that for some constant Ĉ2 > 0 we have for every x ∈T,

−Ĉ1N − Ĉ2 ≤
N−1X
n=0

g ( f n x) ≤−ε̂N + Ĉ2(B.6)

Combining (B.1), (B.4), (B.5), and (B.6) we obtain (6.8).
Next, (B.3) shows that N (4r ) − N (r ) = O(1). Then (6.9) follows from (B.1)

and (B.4).

B.3. Proof of Lemma 6.3(b). Observe that (B.1) and (B.2) give

lnµ (Bn(x,ε))−d lnrn =
n−1X
j=0

ψ( f j x)+O(1),

lnµ (Bn(x,ε))−d lnr n =
n−1X
j=0

ψ( f j x)+O(1)

where ψ is defined by (6.4).
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By Law of Iterated Logarithm [93],

limsup
n→∞

Pn−1
j=0 ψ( f j x)
p

2n lnlnn
=σ, liminf

n→∞

Pn−1
j=0 ψ( f j x)
p

2n lnlnn
=−σ.

Since B(x,rn) ⊂ Bn(x,ε) ⊂ B(x,r n)

limsup
n→∞

| lnµ¡B(x,r n)
¢ |−d| lnr n |p

2n lnlnn
≤σ≤ limsup

n→∞
| lnµ (B(x,rn)) |−d| lnrn |p

2n lnlnn
.

Using (B.2) again, we conclude that for every sufficiently small δ, there exist
n(δ) and k independent of δ and n(δ) such that r n+k ≤ δ≤ rn . Then

σ≤ limsup
δ→0

| lnµ(B(x,rn(δ)))|−d| lnrn(δ)|p
2n(δ) lnlnn(δ)

≤ limsup
δ→0

¯̄
lnµ (B(x,δ))

¯̄−d| lnδ|p
2n(δ) lnlnn(δ)

≤ limsup
δ→0

| lnµ(B(x,r n(δ)))|−d| lnr n(δ)|p
2n(δ) lnlnn(δ)

≤σ.

It follows that all inequalities above are in fact equalities. In particular,

limsup
δ→0

| lnµ(B(x,δ))|−d| lnδ|p
2n(δ) lnlnn(δ)

=σ.

On the other hand, by (B.2) and the ergodic theorem we see that for µ-a.e. x ∈T,

it holds that lim
n→∞

| lnrn |
n

= λ. For such x we have lim
n→∞

| lnrn |(lnln | lnrn |)
n lnlnn

= λ.

Since rn/C ≤ δ≤ rn we have

lim
δ→0

s
n(δ) lnlnn(δ)

| lnδ|(lnln | lnδ|) =
1p
λ

.

Multiplying the last two displays we obtain for µ-a.e. x ∈T

limsup
δ→0

| lnµ(B(x,δ))|−d| lnδ|p
2| lnδ|(| lnln | lnδ|)

= σp
λ

,

and likewise

liminf
δ→0

| lnµ(B(x,δ))|−d| lnδ|p
2| lnδ|(| lnln | lnδ|)

=− σp
λ

.

This proves part (b) of Lemma 6.3. �

B.4. Proof of Lemma 6.3(a). Suppose that σ2 = 0. Since we also have thatR
ψdµ= 0, [133, Proposition 4.12] shows that ψ is a coboundary, that is, there

exists a Hölder function η such that ψ(x) = η(x)− η( f x). Thus
n−1X
k=0

ψ( f k x) =
η(x)−η( f n x) is uniformly bounded with respect to both n and x. Recalling the
definition of ψ we see that in this case

n−1X
k=0

g ( f k x) =−
"

d
n−1X
k=0

fu( f k x)

#
+O(1).

Now (B.1) and (B.2) show that µ is conformal.
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APPENDIX C. GEOMETRY OF TARGETS IN THE CONFIGURATION SPACE

C.1. Geometry of spheres. Proof of Lemma 8.7. Denote γ(t ) = φt (q, v). The
Jacobi field of γ are defined by the solution of the linear equation

J ′′(t )+R(J (t ),γ′(t ))γ′(t ) = 0,

where J ′ = d
d t J and R(X ,Y )Z denotes the curvature tensor, which is equivalent

to

(J i )′′(t )+
nX

j=1
Ai

j (t )J j (t ) = 1, i = 1, . . . ,n,

where the matrix A(t ) = (Ai
j (t ))i , j=1,...,n is symmetric. Since Q has negative cur-

vature, the spectrum of A(t ) lies between −K 2
1 and −K 2

2 for some K1 and K2.
Recall the following fact (see [119, Lemma 1.1]).

PROPOSITION C.1. The differential

Dφt (v) : TπvQ×TπvQ → Tπφt (v)Q×Tπφt (v)Q

is given by Dφt (v)(x, y) = (J (t ), J ′(t )), where J (0) = x, J ′(0) = y.

We are interested in the case

J (0) = 0, ‖J ′(0)‖ = 1.(C.1)

Now Lemma 8.7 follows combining Proposition C.1 with Lemma C.2 below.

LEMMA C.2. If (C.1) holds then for each t0 there is a constant C > 0 such that

‖J ′(t )‖ ≤C‖J (t )‖ for t > t0.(C.2)

Proof. Denote S(t ) = 〈J (t ), J ′(t )〉, N (t ) = ‖J ′(t )‖2 and |||J |||2 = ‖J‖2 +‖J ′‖2. Then

d

d t
S(t ) = ‖J ′(t )‖2 +〈J (t ), J ′′(t )〉

= ‖J ′(t )‖2 +〈J (t ),−K (t )J (t )〉 ≥C1|||J |||2
(C.3)

for some C1 > 0. It follows that S(t ) > 0 for t > 0. Once we know that S(t ) is

positive we can also conclude from (C.3) that
d

d t
S(t ) > C1S(t )

2
, whence

S(t ) > S(u)eC1(t−u)/2 for t > u.(C.4)

Next N (t ) ≥ N (0)e−K 2
2 t = e−K 2

2 t which together with (C.3) gives

S(t ) ≥ e−K 2
2 t t for t ∈ [0,1].(C.5)

Combining this with (C.4) we get

S(t ) > e−K 2
2 eC1(t−1)/2 for t > 1.(C.6)

Combining (C.5) and (C.6) with a trivial bound

N (t ) ≤ |||J (t )||| ≤ N (0)eK 2
2 t = eK 2

2 t(C.7)
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proves (C.2) for small t . To prove this estimate for large t we shall use the fact,
proven in [6, Lecture 6] that J can be decomposed as J = c+ J++ c− J−, where

max(|c+|, |c−|) ≤C3, |||J−||| ≤C4e−K1t

and

J+ = R(t )J ′+(t )(C.8)

where R is a symmetric matrix with spectrum between K1 and K2. It follows
that

|||J (t )||| ≤ c+|||J+(t )|||+C3C4e−K1t ≤
q

1+K 2
2 ‖c+ J+(t )‖+C3C4e−K1t(C.9)

On the other hand (C.6) gives a uniform lower bound

|||J ||| ≥ 2e−K 2
2 /2eC1(t−1)/4.(C.10)

Combining (C.9) and (C.10) we obtain

‖J (t )‖ ≥ ‖c+ J+(t )‖−c−‖J−(t )‖ ≥ 2

1+K 2
2

e−K 2
2 /2eC1(t−1)/4 −2C3C4e−K1t

which proves (C.2) for large t .

C.2. Volume of the targets in the configuration space.

Proof of Lemma 8.2. If (q, v) ∈ B̂ρ(a), denote

L(q, v) = L+(q, v)+L−(q, v)

where

L±(q, v) = sup{t :φ±s(q, v) ∈ B̂ρ(a) for 0 ≤ s ≤ t }.

Then we have the following estimate

µ
¡
Ωa,ρ

¢= εµZ
B̂ρ(a)

1

L(q, v)
dµ

¶¡
1+O(ρ)

¢
(see, e.g., [36]). Note that µ is of the form dµ(q, v) = dλ(q)dσ(v)

λ(Q) where λ is the Rie-
mann volume on Q and σ is normalized volume on the d-dimensional sphere.
If ρ is small then the integral in parenthesis equals to ρdγ(1+O(ρ)) where

γ= 1

λ(Q)

Z
B×Sd

1

L (x, v)
dxdσ(v)(C.11)

where B is the unit ball in Rd+1 and L (·) is defined similarly L(·) with geodesics
in Q replaced by geodesics in Rd+1. Specifically, an elementary plane geometry

gives L (x, v) =
q

1− r 2
mi n where rmi n is the minimal distance between the line

x + t v and the origin. Thus rmi n = r sinθ where r is the distance from x to 0, θ
is the angle between v and the segment from x to 0. This proves (8.1) with γ

given by (C.11).
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