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Motivated by studies of critical phenomena in the gravitational collapse of vacuum gravitational waves
we compare, at the linear level, two common approaches to constructing gravitational-wave initial data.
Specifically, we construct analytical, linear Brill wave initial data and compare these with Teukolsky waves
in an attempt to understand the different numerical behavior observed in dynamical (nonlinear) evolutions
of these two different sets of data. In general, the Brill waves indeed feature higher multipole moments than
the quadrupolar Teukolsky waves, which might have provided an explanation for the differences observed
in the dynamical evolution of the two types of waves. However, we also find that, for a common choice of
the Brill-wave seed function, all higher-order moments vanish identically, rendering the (linear) Brill initial
data surprisingly similar to the Teukolsky data for a similarly common choice of its seed function.
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I. INTRODUCTION

Critical phenomena in gravitational collapse, first
reported by Choptuik [1], refer to properties of solutions
to Einstein’s equations close to the threshold of black hole
formation. Specifically, Choptuik considered spherically
symmetric massless scalar fields minimally coupled to
Einstein’s equations. Evolving several one-parameter fam-
ilies of initial data numerically, he observed the existence of
a critical parameter n, that separates supercritical data,
which ultimately form a black hole, from subcritical data,
which do not. Critical phenomena, with surprising resem-
blance to similar phenomena in other fields of physics,
emerge close to the critical parameter 7,. For supercritical
data, for example, the black hole mass will follow an
approximate power law

M=~ (n—n.), (1)

where the critical exponent y depends on the matter model,
but not on the initial data. For massless scalar fields, for
example, Choptuik found y ~ 0.37. Also, close to criticality
the evolution of the initial data will, at intermediate times,
follow a self-similar critical solution with, depending on the
matter model, either discrete or continuous self-similarity.

Following Choptuik’s original announcement, numerous
authors have studied critical phenomena in gravitational
collapse, both numerically and analytically, for a number of
different matter models, symmetry assumptions, and
asymptotics (see [2,3] for reviews). As a result of these
studies, critical collapse is now well understood in the
context of spherical symmetry. For example, the power-law
scaling for dimensional quantities, like the mass in (1), can
be explained from perturbations of a unique self-similar
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critical solution, with the inverse of the Lyapunov exponent
of a single unstable mode yielding the critical exponent y
(see, e.g., [4-6]).

The situation is much less clear in the absence of
spherical symmetry, which includes what is perhaps the
most intriguing case of critical collapse, namely the
gravitational collapse of vacuum gravitational waves.
Critical phenomena in this collapse were first reported
by [7,8], but, despite significant effort by a number of
authors (see, e.g., Table I in [9] for a summary of attempts),
it has been difficult to reproduce these results (but see
[10,11] for recent progress). Some of the problems asso-
ciated with these calculations appear to be numerical in
nature, but others may also be conceptual issues that arise
in the absence of spherical symmetry (see also [12]).

Different authors have adopted different types of initial
data for simulations of vacuum gravitational waves. One
type of initial data are often called “Teukolsky waves”
([13], see Sec. Il A below). These data represent quad-
rupolar, linear perturbations of the Minkowski spacetime,
which can be “dressed up” in different ways to yield
nonlinear solutions to Einstein’s constraint equations. A
second type of initial data are so-called Brill waves ([14],
see Sec. IIB below). Constructing Brill waves entails
solving one elliptic equation [see Eq. (10)], whose solution
then provides a nonlinear vacuum solution to Einstein’s
constraint equations. Both Teukolsky and Brill waves allow
for an arbitrary “seed function,” for which many authors
have adopted Gaussian profiles.

One of the mysteries emerging from the study of critical
collapse of gravitational waves is that the above types of
initial data appear to behave differently when evolved
numerically. The authors of [11] report that different initial

© 2021 American Physical Society
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data will result in different critical exponents y, and hence,
presumably, different threshold solutions. Several authors
have also observed that the evolution of Brill wave initial
data is less stable numerically than that for Teukolsky
waves; the authors of [9] pose the question “Why is it so
difficult to evolve Brill wave data?” while the authors of
[11] report that “those [data] most defying our bisection
attempts were the Brill initial data.” It would therefore be
desirable to gain some understanding of what character-
istics distinguish the two types of initial data, and how they
affect the dynamical evolution.

In an independent approach to exploring the effects of
the absence of spherical symmetry, the authors of [15,16]
studied the critical gravitational collapse of electromagnetic
waves. In this case the initial data are constructed by
adopting an axisymmetric spherical electromagnetic wave
(which is linear by nature) of a given multipole moment &,
at the moment of time symmetry, and then solving
Einstein’s constraint equations. The nonlinear terms in
Einstein’s equations will couple different multipoles, of
course, but one nevertheless expects the initial data to be
dominated by the linear “seed” data. According to these
studies, initial data for different multipole moments will
result in qualitatively different threshold solutions, sug-
gesting the absence of a unique critical solution. For dipole
data, with Z = 1, for example, the authors of [15] found a
center of collapse at the origin, while, for quadrupole data,
with £ = 2, the authors of [16] found two separate centers
of collapse on the axis of symmetry. The latter is consistent
with the findings of [10,11] for gravitational waves.
Moreover, the evolution of higher-order multipoles appears
to be increasingly difficult, even apart from the need for
higher angular resolution.

This latter observation suggests a possible explanation
for the differences in the evolution between the Brill and
Teukolsky gravitational-wave initial data, namely in terms
of multiple moments. In this paper we therefore construct
analytical, linear solutions describing small-amplitude Brill
waves, and compare these directly with Teukolsky waves.
We compare the resulting data, for given choices of the seed
functions, in three different ways: (i) we compare the data
directly by transforming the Brill data to the transverse-
traceless (TT) gauge of the Teukolsky data (Sec. IIT A),
(i) we compute the gauge-invariant Moncrief functions
of different orders # (see Sec. Il B), and (iii) we compute
and compare the (gauge-invariant) Kretschmann scalar
(Sec. IMIC). As we will find in Sec. III, linearized Brill
data are, in general, linear combinations of different
|

multipole moments, and may therefore be more compli-
cated to evolve than Teukolsky data, which are purely
quadrupolar by construction. To our surprise, however, all
multipoles higher than quadrupole vanish exactly for a
common choice for the Brill-data seed function (see [17]).
For this choice, the two sets of initial data are in fact quite
similar qualitatively (assuming a Gaussian seed function
for the Teukolsky waves). We therefore conclude that the
root causes for their differences in nonlinear evolution
probably cannot be found at the linear level, at least not in
terms of the multipole moments.

II. LINEAR GRAVITATIONAL-WAVE
INITIAL DATA

A. Teukolsky waves

Quadrupolar vacuum gravitational-wave solutions to the
linearized Einstein equations are commonly referred to as
Teukolsky waves [13] (see also [18] for a generalization to
higher multipoles, as well as [19] for a textbook treatment).
Using geometrized units with ¢ = 1 the metric, expressed
in transverse-traceless gauge [see Eq. (29)], may be written
in the form

ds* = —di* + dr*{1 + Af,,} + rdrd0{2Bf o}
+ rsin(0)drdp{2Bf 4} + r*d6*{1 + Cféi;) +Af£929)}
+ r25in(0)dOdp{2(A - 2C) fo, }
+ sin?(0)dg™{ 1 + CF L) + A, (2)

where the f;; are angular functions [which, for # =2 and
m =0, we list in Eq. (A2) of Appendix A] and the
coefficients A, B, and C can be constructed from a seed
function F(z, r) (see, e.g., Sec. 9.1.2 in [19] for details). A
common choice for this seed function is a linear combi-
nation of Gaussians

F(t.r) = Apa*((t = r)e (=027 — (r 4 1)e(0/27) - (3)

for which r =0 becomes a moment of time symmetry.
In (3) the dimensionless constant Ay parametrizes the
amplitude of the wave, while 4, a constant with units of
length, determines its wavelength. Adopting this seed
function for axisymmetric data with m = 0, the functions
A, B, and C take the form given by (A3) and the metric (2),
evaluated at r = 0, becomes

42

ds? = —di? + dr*{1 + Ay (72sin?(0) — 48) e~} 4 r2d02{ 1+24Ar (sin2 (9) <—/1—4+/1—2— 3) + 1) e~ (r/2)? }

2 4 42
+ rd9dr{48AT sin(0) cos(0) (3 - 2;—2> e (/A } + rzsinz(é)dq’zz{ 1424 A1 (sinz(e) (r_ ar > + 1) e~ (/3 } (4)

Fr e
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Note that, as a vacuum solution at a moment of time
symmetry, the metric (4) satisfies even the nonlinear
momentum constraint of Einstein’s constraint equations
identically, so that constructing valid (nonlinear) gravita-
tional-wave initial data from (4) requires solving the
Hamiltonian constraint only. This can be accomplished,
for example, by adopting the spatial part of the metric (4) as
a conformally related metric in the Hamiltonian constraint,
solving this equation for the conformal factor, and then
constructing a new spatial metric from the two.

In this paper, however, we focus on linear data only.
In particular, we read off the spatial “Teukolsky”
metric yiTj from (4), and identify from these the metric
perturbations

hiTj = V,Tj = Nijs (5)

where 7;; is the flat metric (here in spherical polar
coordinates). The coefficients hiT,» can be read off from
the metric (4) above, but we also list them in Appendix A
for completeness.

B. Brill waves

Alternatively, fully nonlinear, axisymmetric vacuum
gravitational-wave initial data can also be constructed
following the procedure suggested by Brill [14].
Specifically, the spatial line element for such “Brill waves”
at a moment of time symmetry is assumed to take the
form

yijdxidx! = y*(e*(dr? + r*d6?) + r’sin®(0)dg?),  (6)

where g = ¢(r, 0) is a seed function. Following Holz et al.
[17] as well as numerous other authors we will adopt the
choice

q(r,0) = Agrisin?(0)o=2e~ (/)"
= ABPZJ_26_</)2+Z2)/627 (7)
where Ag is again an amplitude and ¢ a measure of the
wavelength. Expressing the angular dependence of ¢(r, 0)

in terms of spherical harmonics we may also write the seed
function (7) as

q(r,0) = qoo(r)Yoo(0) + g20(r)Y29(0), (8)
where
() = Va5t () e, (9a)

44 2 )
i) == [2252 (2) e om

Not surprisingly, the expansion of the axisymmetric func-
tion ¢ requires the spherical harmonics with m = 0 only,
which, in turn, depend on € only.

Given the assumption of time symmetry, the momentum
constraint is satisfied identically, and the Hamiltonian
constraint can be shown to take the form

sz—%a (10)

where the function 7 = z(r, 0) is given by

82 2
i
dp

S5
<

T 5 (11)

QD

Z

and where V? denotes the flat Laplace operator. For our
choice (7) we have

2
(o2
—2r(r? = 36%)cos*(0)), (12)

which we may express as

7(r,0) = 700(r) Y00 (0) + 720(7)Y20(0), (13)

with
4
(1) = VA B eI (4~ 12707 +3%), (14a)
16
enlr) = = [t =3, ()

In general, the Hamiltonian constraint (10) does not
permit analytical solutions, and therefore has be solved
numerically. For our purposes of a direct comparison with
the (linear) Teukolsky waves of Sec. Il A, however, it is
sufficient to consider linear solutions to (10). Towards that
end we write the conformal factor as

v =1+u, (15)

in which case the Hamiltonian constraint (10) becomes
Viu = —lr (16)
4
to linear order in the amplitude Ag. Similarly, the line
element (6) becomes
yijdx'dx! = dr* 4 r*(d6* + sin*6dep*)
+ (4u +2q)(dr* + r*d0?*) + dur*sin*(0)dyp?
(17)

to linear order.
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Using the Green function G(r,v')=1/|r—7r/|
we may write the solution to the linear Hamiltonian
constraint (16) as

1 [z(r,0,¢)dx
a, . 18
u(r.0.9) = 167:/ [r— /| (18)
We now expand the Green function as
Ly 0 Y00, (19
r—r| 7. 20+ 1427 0m PITem @

where r. (r_) is the greater (smaller) of the two radii r and
', and insert this together with (13) into (18) to find

u(r0.0)= [ (aw(r)Yao(®'.9")+ 70 Y(00)

¢
1 re

Xsz_,_l f+1Y;m(9

Y e (0.0)dx'. (20)

We now write the volume element as d>x' = r’>dr’dQ'* and
carry out the angular integration using the orthogonality of
the spherical harmonics,

/ Y}m (9/’ (p/)Yf’m’ (9/’ (p/)dQQ = éff’(smm” (21)

to obtain
u(r,0) = ug(r)Yoo + ta9(r) Y29 (22)
with
1 /00 oo () r2dr’
Uon(r) = — _— 23a
w(r) = [T (230)
1 foo 2 N2 dy!
Mz()(r) = Z/ —1"<T20(r3)r ! . (23b)
0 rs

The integrals in Eq. (23) have to be split into two parts in
order to account for ' being either smaller or greater than r,

e.g.,

1

r 1 0
MO()(}") :E[)‘ Too(}"/)}"lzdrl—Fz/ Too(l"/)r/dr/. (24)

Inserting the coefficients (14) and carrying out the inte-
grations then yields

(25a)

where the error function erf(z) is defined as

erf(z) = f et

The leading-order terms in a Taylor expansion of erf(z)
about z = 0 are given by

(26)

2 3
- (@)

NG (Z 3) o).
so that u,y(r) remains finite as r — 0.

Finally, we assemble the spatial metric by inserting the
expressions (8) and (22) into the line element (17), which,
together with the assumption of time symmetry, completes
the construction of (linear) Brill wave initial data y?j.
As for the Teukolsky waves, we then define the Brill wave
perturbations from

erf(z) = (27)

h?j = }’?j = Nij- (28)

III. COMPARISONS

Superficially, the Teukolsky Wave initial data yl of
Sec. IT A and the Brill wave data 71 of Sec. II B appear
different; for example, the (r@) component of the spatial
metric vanishes for Brill data, yB, =0 but does not for
Teukolsky data. Such a direct comparison is not mean-
ingful, however, because the data appear in different
gauges. We therefore adopt three different approaches to
make such a comparison: in Sec. Il A we transform the
Brill data directly into the TT gauge of the Teukolsky data,
in Sec. Il B we employ the gauge-invariant Moncrief
formalism, and finally, in Sec. III C, we construct and
compare the Kretschmann scalar for both sets of data.

A. Gauge transformations
The Teukolsky data of Sec. Il A adopt the TT gauge,

which, for the purely spatial metric perturbation /. ;> means
that
I/]l]hlj = O, (293)

[cf. Egs. (2) and (3) in [13]]. Note that we will adopt
Cartesian coordinates in this section, so that 7;; =
diag(1,1,1) and covariant derivatives associated with #;;
become partial derivatives. Note also that both the
Teukolsky and the Brill data satisfy the linearized vacuum
Hamiltonian constraint

8’31}1,] - 6i8ihkk - O (30)
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Our goal is now to transform the Brill data of Sec. II B into
the TT gauge.

The linearized spatial gauge freedom is generated by a
spatial one-form &; and can be expressed as

hE = hB —20,¢)). (31)

where h?j/ represents the Brill wave perturbations in the new
gauge. Applying the condition (29b) to this new gauge we
obtain

‘We may solve this equation by decomposing &; according to
& =&+ 0w, (33)
with
, 1 5

0'0,p = Eh . (34a)
0,& = VhB — 0., (34b)

where 1B = n/hB.

Taking the divergence of (34b) we see that

0;(0'E;) = 00 hy; — 9'0;h*, = 0, (35)

where we have used the Hamiltonian constraint (30) in the
last step. Given suitable boundary conditions, this implies
that the divergence of &; vanishes everywhere,

D& =0. (36)

so that the decomposition (33) splits the generator &; into
transverse and longitudinal parts. Finally, we may take the
trace of (31) to see that

WP = hB — 2018 = h® — 200,90 = 0, (37)

where we have used (36) in the second equality and (34a) in
the third. This shows that, with the decomposition (33) of &;
satisfying equations (34), the new metric (31) will indeed
satisfy both TT conditions (29).

We invert the Laplace operators in (34) using the same
approach as in Sec. II B. We solve Eq. (34b) for Cartesian
components of f:?i, but carry out the integration over the
Green function using spherical polar coordinates together
with the expansion (19). Once &; and ¢ have been found,
we assemble &; from (33) and compute the Brill initial data
in the TT gauge from (31). Quite remarkably, after carrying
out the transformation to the TT gauge, the Brill initial data
for the seed function (7) can also be expressed in the form
(A1) of a Teukolsky wave, but now with the coefficients
AB, BB, and CB, given by the expressions (A4).

In Fig. 1 we compare these coefficients with those for
the Teukolsky perturbations. We see that, with a suitable
rescaling of the amplitudes, A = Ay /80, the qualitative
features of the two sets of initial data, for the given seed
functions, indeed appear quite similar.

We note, however, that the transformation of the linear-
ized Brill wave initial data to TT gauge results in a purely
quadrupolar Teukolsky wave only for the specific angular
dependence of the seed function (7). In general, linearized
Brill wave initial data are superpositions of waves with
different multipole moments, as one might have suspected,
but for the seed function (7) all multipoles different from
the quadrupole moment are suppressed. We will explore
this result in more detail below.

AlAg

i = ‘ rlo

/ ——— Birill
Teukolsky

-0.05-
-0.10+
-0.15
-0.20-
-0.25-

-0.30}
B/Ag

e ee—

‘ P Mo
/ 2 3 4 5
— Brill
y

Teukolsk

-0.05;
-0.10¢
-0.15
-0.20¢
-0.25

-0.30}
C/Ag

\/\ I I |
2 3 4 5

—— Birill
Teukolsky

tlo
-0.05+
-0.10f
-0.15¢
-0.20
-0.25}
-0.30}

FIG. 1. Comparisons of the functions A (top panel), B (middle
panel, and C (bottom panel) for Teukolsky waves and Brill
waves, both expressed in the TT gauge. From these functions,
which are listed in Egs. (A3) and (A4), respectively, the initial
spatial metric y;; can be computed from (A1). For the purposes of
these comparisons we adopt At = Ag/80 and ¢ = 4, and show
the functions A, B, and C divided by Ag for both sets of data.

124036-5



SUAREZ FERNANDEZ, BAUMGARTE, and HILDITCH

PHYS. REV. D 104, 124036 (2021)

B. Gauge-invariant Moncrief formalism

As a second approach to comparing the Teukolsky and
Brill data we employ the gauge-invariant Moncrief formal-
ism (see [20]; see also [21] for a review as well as Sec. 9.4.1
in [19] for a textbook treatment). In general, the Moncrief
formalism assumes that the spacetime metric can be
decomposed into a background metric g5, given by the
Schwarzschild metric and a perturbation h,,. In our
specific case the background metric is flat, and hence
corresponds to a zero-mass Schwarzschild spacetime. The
perturbation /1, is then decomposed into scalar, vector, and
tensor spherical harmonics of even or odd parity, from
which the gauge-invariant Moncrief functions R,,, can be
computed for each mode £ and m.

For both the Teukolsky and the Brill data, only even-
parity contributions enter the decomposition of the pertur-
bative metric, for which we may follow the prescription
starting with Eq. (9.77) in [19]. Specifically, we compute,
for both the Teukolsky data y;; and the Brill data y}}, the
projections Hozp,, higpm» Kep, and Gy, from Egs. (9.78)
through (9.81). In these integrals, the components of the
tensor spherical harmonics can be expressed in terms of
functions W,,, and X,,,, which we list in Appendix B 1.
For example, we compute G, from

1

1 *
G”’":2(f—1)f(£+1)(f+2)ﬁ/y‘wfmd9 (38)

(where  y_ =ygg =744/ sin?@, and where we have
assumed yq, = 0).

In the next step, we find the functions k., and k.,
from (9.88) and (9.89) in [19]. Finally, these functions can
be combined into the gauge-invariant Moncrief functions
R/, as in (9.87) in [19].

For the Teukolsky waves of Sec. IT A, we list all
intermediate results in Appendix B 2. Since these data
are constructed as an axisymmetric, purely quadrupolar
wave, it is not surprising that the only nonvanishing terms
are those with £ =2 and m = 0. The final result for the
gauge-invariant Moncrief function R} is

77,'8./4’1‘ 3
——re

Rgo:_ 5 )4

/0% (272 = 722). (39)

The Brill waves of Sec. II B, on the other hand, are not
purely quadrupolar by construction. In Sec. III A we have
already seen that, for the special choice of the seed function
(7), a transformation of the data to TT gauge again results
in a purely quadrupolar Teukolsky wave. It is therefore not
surprising that, in this case, the only nonvanishing
Moncrief function is again that with £ =2 and m = 0.
Alternatively, we may apply the Moncrief formalism to the
Brill wave in its original gauge of Sec. II B. In this case, the
intermediate results for the projections Hozy,, Rigms Kems
and Gy, as well as the functions k;,,, and k,,,, are listed in

Appendix B 3. The Moncrief function R, is, by construc-
tion, independent of gauge, and given by

1
R}, = \/?AB [6r02 e_(’/")2(4r4 +2r%6* + 30*)
3
(7))
(o)

_NvTZ (40)
Both (39) and (40) can also be written in the form

4 r?

Ry = g\/g(rG,A —6A—6B+12C),  (41)

with the functions A, B, and C given by (A3) for Teukolsky
waves, and by (A4) for Brill waves (see also exercise 9.7
in [19]).

In Fig. 2 we compare the Moncrief functions (39) and
(40). While the two results for Teukolsky and Brill wave
evidently differ quantitatively, their general qualitative
features are, in fact, quite similar—which is consistent
with our findings of Sec. III A.

Finally, it is instructive to consider multipole moments
with ¢ > 2 for the Brill wave initial data. Starting with
these data in the gauge of Sec. II B, the projections H,,,,
higm» and K, must all vanish identically for £ > 2, but
Gy, given by (38), could be nonzero. To evaluate this term
for Brill waves we observe that, from (17), we have
y_ = 2q, which contains both monopole and quadrupole
terms [see Eq. (8)]. We also note that the functions W 4, can
be written as a linear combination of spherical harmonics
Yo with £ < ¢ (see Appendix C). Using (C12), the
integral in (38) may therefore be written as

1
p/y_W}OdQ:m/Zf—i- 1 /q(fsyzo+ Yo0)dQ

= 420+ 1(V5¢20 + qoo)- (¢ > 2even), (42)
Rao/Ap
0.15}
—— Brill
0.10- Teukolsky
0.05
‘ ! ‘ pf
Q\Wo ’

-0.05"

FIG. 2. The gauge-invariant Moncrief function R,,/Ag for
Teukolsky (orange dashed line) and Brill (blue continuous line)
waves. As in Fig. 1 we choose A = Ag/80 and A = ¢ and plot
both functions in units of the amplitude Ag.
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FIG. 3.

The Kretschmann scalar / for both Teukolsky waves (left panel) and Brill waves (right panel). As in Figs. 1 and 2 we adopt

Ar = Ag/80 and A = o, and show I divided by Ag? for both waves.

where we have employed the decomposition (8) in the last
step. In general, this integral will therefore not vanish, and
will instead give rise to multipole moments higher in order
than #Z = 2. For the seed function (7), however, we have
G20 = —qoo/ V5 [see Eq. (9)], leading to an exact cancel-
lation in (42), and therefore to a vanishing of all higher-
order multipole moments. This result is consistent with our
finding in Sec. III A that, when transformed to the TT
gauge, Brill waves become purely quadrupolar if the seed
function has the angular dependence of (7).

C. Kretschmann scalar

As a third way of comparing the Teukolsky and Brill data
we compute the Kretschmann scalar

I = <4>Rade(4)Rubcdv (43)

where “YR,,., is the (four-dimensional) spacetime
Riemann tensor of the spacetime. For our time-symmetric
vacuum data, the Kretschmann scalar can be expressed in
terms of the (three-dimensional) spatial Ricci tensor R;;
only,

FIG. 4. The ratio I/Ig between the Kretschmann scalars for
Teukolsky and Brill waves. As in the previous figures we adopt
Ar = Ag/80 and 1 = o.

I =8yy"RyR;. (44)

We compute the Kretschmann scalar I for both the
Teukolsky data of Sec. I A and the Brill data of
Sec. II B to leading order (i.e., quadratic) in their respective
amplitudes. We compare the results in Fig. 3. As in our
previous comparisons, we see that all qualitative features
are very similar.

As a more direct way of comparing the Kretschmann
scalars It and Iz we show their ratio in Fig. 4. Evidently,
this ratio is defined only up to a constant related to the ratio
between the two amplitudes Ay and Ag; as in the previous
figures we fix this ratio by adopting A = Ag/80 in Fig. 4.
Given that the ratio shows some spatial variations, we see
that the Kretschmann scalars It and I are indeed different
quantitatively, despite the similarity in their qualitative
features.

IV. SUMMARY AND DISCUSSION

We compared, at the linear level, two common
approaches that have been adopted in the construction of
gravitational wave initial data, namely Teukolsky data [13]
(see Sec. IT A) and Brill data [14] (see Sec. II B). Both
approaches employ a seed function, for which we chose,
following numerous other authors, the Gaussian profiles (3)
and (7). While the Teukolsky waves are constructed as
purely quadrupolar £ = 2 waves, the Brill waves are not.

Since the two sets of initial data appear in different
spatial gauges, they cannot be compared directly. Instead
we adopted three different approaches to compare the data:
we transformed the Brill data into the TT gauge of the
Teukolsky data (Sec. IIT A), computed the gauge-invariant
Moncrief functions (Sec. IIIB), and evaluated the
Kretschmann scalar (Sec. III C).

To our surprise we found that, while linearized Brill
waves will in general not be purely quadrupolar, and will
instead be superpositions of waves with different multipole
moments, for special seed functions with the angular
dependence of (7) all higher-order moments cancel out
exactly, casting the Brill waves again as a purely quad-
rupolar wave. While these waves are not identical to
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Teukolsky waves with the seed function (3), they share
many qualitative features in all our comparisons.

Teukolsky and Brill wave data play an important role in
the context of vacuum critical collapse, where they have
been adopted by a number of different authors. Our study
was motivated by the observations that (i) the two types of
data appear to lead to different threshold solutions (with
different critical exponents y; see [11]), and also appear to
behave different numerically (see also [9]), and (ii) initial
data with different multipole moments lead to quantita-
tively different threshold solutions in the critical collapse of
electromagnetic waves (see [15,16]). The latter suggests
that higher-order multipole moments present in the Brill
data might result in the observed differences in their
evolution from those of Teukolsky data. However, as we
discussed above, for precisely the seed function typically
employed for Brill waves those higher-order multipole
moments vanish exactly. We therefore conclude that the
multipole structure of Brill waves cannot be held respon-
sible for the observed differences.

We note, however, that even for our choices of the seed
functions the data are not identical. We have discussed before
that they appear in different gauges; moreover, while a Brill
wave with the seed function (7) is quadrupolar, it corresponds
to a seed function that is different from (3). While it may well
be worth exploring whether either one of these differences is
related to the observed differences in the evolution of the
data, it is also possible that the latter are related to nonlinear
effects, which we have ignored in our analysis here.
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APL/30043/2017, The International Doctorate Network in
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Program No. PD/BD/135434/2017 and Project No. UIDB/
00099/2020, as well as National Science Foundation (NSF)
Grant No. PHY-2010394 to Bowdoin College.

APPENDIX A: EXPRESSIONS FOR THE SPATIAL
METRIC IN THE TT GAUGE

When expressed in the TT gauge, the nonvanishing
initial metric perturbations for the Teukolsky data of
Sec. IT A and Brill data of Sec. II B, expressed in spherical
polar coordinates, can be written in the form

hy = Af,, (Ala)
hyg = rBf p. (Alb)
hao = r*(Clay +Af ). (Ale)
hyy = r’sin® (Cf¢¢ —I—Af¢¢) (Ald)

In (Al), the angular functions are those for £ =2 and
m =0,

frr =2 —3sin%(0), (A2a)
fro = =3 sin(6) cos(6), (A2b)
foi = 3sin%(0), (A2)
foi =1, (A2d)
Fop =Tt (A2e)
£} = 3sin*(6) — 1. (A2f)

For Teukolsky data, with the seed function F(¢, r) given by
(3), the coefficients A, B, and C, evaluated at the moment of
time symmetry ¢ = 0, are given by

AT = =24 Age= (/7 (A3a)
8.A

BT — /1_2T€—<r/@2 (2r = 32), (A3b)
8Ar _

CT = /1_4T (r/A) ( 4 _452)2 —+ 3/14> <A3C)

For Brill data, once transformed to TT gauge as
described in Sec. III A, these coefficients take the form

./4}30'2

8r°

+ V7o(27 = 96%)erf (;ﬂ ,

AB =

{Zre_(’/")2(4r2 +90?)
(Ada)

BB = — % [21%_(’/”>2 (4r* + 6r26% + 96%)
r

—9/zoderf <£)] :

[Zre 2 (167° + 36r26* + 630°)

(Adb)

CB

961"5 2

+ 370’ (2% = 216%)erf Gﬂ . (Adc)

APPENDIX B: CONSTRUCTION OF MONCRIEF
FUNCTIONS

1. Auxiliary angular functions

In the construction of the gauge-invariant Moncrief
functions it is useful to express the components of the
tensor spherical harmonics in terms of the functions

1
W = (az, 2982¢> Y (Bla)
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Xfm = 2845 (89 — cot 9) Yfm (Blb)

(see, e.g., Sec. 9.4.1 and Appendix D in [19]). For 7 = 2
and m = 0, these functions reduce to

3 /5
W =3 \/;sinz(é),

X20 — O

(B2a)

(B2b)

2. Teukolsky waves

As one might expect for an axisymmetric, purely
quadrupolar wave, the only nonvanishing terms for the
Teukolsky wave of Sec. II A are those with £ =2 and
m = 0. From Egs. (9.78) through (9.81) in [19] we
compute the functions Hyyg, h1a9, Kog, and Gy, to be

H,y = —96\/§ATe—<r/ﬂ>2, (B3a)
hl,y = \/g 16;” re (127 (252 = 3)2), (B3b)
K1, =48 \/?ATe‘(W)Z, (B3c)
Gl =— ’5’ 8;“ “0/7 (2% — 8222 4-32%). (B3d)

Following (9.88) and (9.89) we can then combine these
functions to form

32A.72

szo—\/g ffr eI (2% — 152272 +217%),  (Bda)
48

kgm:_\/? “;Tr (/27 (24 — 132272 + 147%).  (B4b)

Finally, the gauge-invariant Moncrief function R, for the
Teukolsky wave of Sec. Il A, computed from (9.87) in [19],
is given by

77,'8./4]“"3 _
R;O = _\/; /14 ¢

(see also exercise 9.7 in [19]).

(2722 = 722)  (BS)

3. Brill waves

For the Brill waves of Sec. II B we compute

AB (r/o)?
HS,, = \/; 3 { 32 (4r° +2r36* — 3ro*)
3
- \/Ea—erf <£>] , (B6a)
2 c
hy = 0. (B6b)
T A
KB — |28 | 0p=(r/0) (2
20 \/;61’2{ (2r* +30°)
3
_3me erf(i)], (B6c)
r c
2
G = \J22AB 2 oty (B6d)

5 362 ’

and then combine these functions to find

z© Ag r
k11320 = _\/;6;‘364 [3\/;07erf <;>

+ e U7 (1617 — 40r°6* — 4r36*

kgzoz\/;4 : 4[ 3700 erf( >

+e~ (/9 (1617 = 24176 +4r3c —|—6r0'6)]. (B7b)

- 6,»66)} . (B7a)

The gauge-invariant Moncrief function R, is then
given by

A 2
RS = \/E—;3 5 [Zre‘(’/"> (4r* + 2r%6* + 30%)

_3/zoderf G)] .

APPENDIX C: EXPANSION OF W,, IN TERMS
OF SPHERICAL HARMONICS Y

The functions W,,, may also be written as

(B8)

me - f(f + l)Yfm + 28§Ybﬂm (Cl)
[see, e.g., Eq. (D.12) in [19]]. Since the second derivative of
Y,,, with respect to @ can be expressed in terms of spherical
harmonics Y, with &' =¢ -2, ¢/ = ¢ — 4 etc., we see
that, for even (odd) ¢, the W,,, can be written as a linear
combination of all Y,,s with even (odd) ¢ satisfying
¢ > ¢’ > m. In axisymmetry, i.e., for m = 0, we can derive
this linear combination from the properties of Legendre
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polynomials P,, which are related to the axisymmetric
spherical harmonics by

2¢ + 1
P,.
4z ¢

Ypo = (€2)

We start with the Legendre equation, which we may
write in the form

dzpf COS@de dPLﬂ
= ST e 1P, = x L e+ 1P,
6> sng do (G DPe=xm =00+ )Py

(C3)

where x = cos 6 in the last step. We then use the recurrence
relation

‘XPZ,’ = P:,’—l —+ fPf (C4)
[see, e.g., Eq. (12.25) in [22]] to find
a’p
W;:P;_l —fzpbﬂ. (CS)
Now we can use the identity
P,,=P,_ +Q2n+1)P, (Co)

[see, e.g., (12.23) in [22]] repeatedly. Starting with
n=1¢ -2, Eq. (C5) becomes

d’*pP,

d92 — Plf_3 + (2f— 3)Pf_2 - fzpf,

(€7)

next we use (C6) for n = £ — 4 etc. Starting with an even ¢,
we at some point end up with a term P}, which we write as
Py =P} + 5P, = 5P, + Py, (C8)

where we have used P = 1 = P,,. We may therefore write

&r, 2 )
= Z(Zn—f— 1)P,—¢?P, (¢£>2even,neven). (C9)
n=0

Using (C2) again we then have

-2
ango = —szfo—l—\/ZL”%-lZ\/Zn—l—lYno
n=0

(¢ > 2even, neven), (C10)

which we may insert into (C1) to obtain

-2
Weo=CYp+2V20+ 1) V2n+1Y,
n=0

(C11)

(¢ > 2even,neven).

Since the function ¢ in (8) contains only monopole
and quadrupole terms, only the last two terms in this
expansion,

W= ... +2V20 + 1(V5Y5 + Yoo) (£ > 2even),

(C12)

can yield a contribution in the integral (42) for £ > 2.
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