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ABSTRACT
For numerical semigroups with three generators, we study the asymptotic
behavior of weighted factorization lengths, that is, linear functionals of the
coefficients in the factorizations of semigroup elements. This work general-
izes many previous results, provides more natural and intuitive proofs, and
yields a completely explicit error bound.
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1. Introduction

In what follows, Z!0 and Z>0 denote the sets of nonnegative and positive integers, respectively.
Let

S ¼ hn1, n2, n3i ¼ fx1n1 þ x2n2 þ x3n3 : x1, x2, x3 2 Z!0g

denote a numerical semigroup (an additive subsemigroup of Z!0) with three generators
n1, n2, n3 2 Z>0 [29]. We do not assume that the generators are given in a particular order; on
rare occasions, we even let them coincide. Although unconventional, these generous conventions
eliminate the need for some special cases and permit a few interesting and unusual applications.

A factorization of n 2 S is an expression n ¼ x1n1 þ x2n2 þ x3n3 in which x ¼ ðx1, x2, x3Þ 2
Z3

!0: The set of all factorizations of n is denoted

ZSðnÞ ¼ fx 2 Z3
!0 : n ¼ x1n1 þ x2n2 þ x3n3g:

A factorization functional is a linear functional of x: For example, the length x1 þ x2 þ x3 of x
is a factorization functional. Other examples are x1 and x1 & 2x2 þ 3x3: Values of factorization
functionals are weighted factorization lengths. Combinatorial descriptions of maximum and
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minimum weighted factorization lengths are obtained in [25]; the present paper pushes this work
in new directions.

In this paper, which complements the previous papers in the series [15–17], we answer many
questions about the asymptotic behavior of weighted factorization lengths for three-generator
numerical semigroups. We recover and extend [17], in which the asymptotic behavior of the
mean, median, and mode of (unweighted) factorization lengths are described. Our Theorem 1 is
more general and more precise than the main results of [17], and its proof is shorter and more
transparent.

The paper [16], which subsumes [17], treats numerical semigroups with arbitrarily many gen-
erators. However, the approach uses tools outside the mainstream of numerical semigroup theory,
such as algebraic combinatorics, harmonic analysis, measure theory, and functional analysis. In
contrast, our results here are geometric and transparent, only invoking analysis (of an elementary
sort) at the final stage. The results of this paper, although presented only for three-generator
numerical semigroups (but for general weighted factorization lengths), may provide a clearer path
to the results of [16] and their generalizations via polyhedral geometry techniques.

As convenience dictates, we denote (column) vectors in boldface, or as ordered pairs or triples.
A superscript T denotes the transpose. We let jXj denote the cardinality of a set or multiset X.
Here is our main result.

Theorem 1. Let n1, n2, n3 2 Z>0 have gcdðn1, n2, n3Þ ¼ 1; let m1,m2,m3 2 Z be such that
m3

n3
' m2

n2
' m1

n1
,

with at least one inequality strict; let S ¼ hn1, n2, n3i; and let

kðxÞ ¼ m1x1 þm2x2 þm3x3

for x 2 Z3. Define the multiset (set with multiplicities)

K〚n〛 ¼ ffkðxÞ : x 2 ZSðnÞgg:

Then for a < b and n 2 Z!0,

jK〚n〛 \ an,bn½ )j
n2=ð2n1n2n3Þ

&
ðb

a
FðxÞ dx

""""

""""

' 2n1n2n3
n

5d
n2

þ 2d
n
þ b& aþ 2d

n

# $
1þ dmax n1, n3f g
% &

' (
,

in which

FðtÞ ¼ 2n1n2n3
m1n3 &m3n1

0 if t <
m3

n3
,

tn3 &m3

m2n3 &m3n2,
if

m3

n3
' t <

m2

n2
,

m1 & n1t
m1n2 &m2n1

if
m2

n2
' t <

m1

n1
,

0 if t ! m1

n1
,

8
>>>>>>>>>><

>>>>>>>>>>:

is a (possibly degenerate) triangular probability density function, and

d ¼ gcdðm2n3 &m3n2, m1n3 &m3n1, m1n2 &m2n1Þ:

The rate of convergence to the triangular density is explicit, a huge improvement over [17].
Moreover, the error estimate can be improved at the expense of introducing a more complicated,
but still explicit, expression; see Remark 31. Modifications of our Lemma 23 should also permit
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us to recover the modular results of [15] in the three-generator setting, with the added bonus of
explicit bounds on the rate of convergence in [15, Theorem 3a].

The motivation for Theorem 1 stems from its centrality to the study of numerical semigroups.
Non-unique factorization has long been studied in commutative algebra, both for more general fam-
ilies of semigroups [1, 12, 13, 22, 23, 30] and for numerical semigroups specifically [7, 8, 24, 28]. The
study of length sets (as opposed to multisets) is well-established territory [2, 14, 19, 21, 26] and simi-
lar questions have been studied in both number-theoretic [5, 6, 11] and algebraic [3, 4, 20] contexts.
Our explicit asymptotic theorem on weighted factorization lengths and multisets breaks new ground
in the three-generator setting.

This paper is structured as follows. We first consider examples and applications in Section 2,
after which we move into the proof of Theorem 1 in Section 3.

2. Examples and applications

Throughout this section, we consider pairs of vectors m ¼ ðm1,m2,m3Þ 2 Z3 and n ¼ ðn1, n2, n3Þ 2
Z3

>0 which satisfy the conditions of Theorem 1. In each such context we define S ¼ hn1, n2, n3i,
kðxÞ ¼ m1x1 þm2x2 þm3x3,

and

K〚n〛 ¼ ffkðxÞ : x 2 ZSðnÞgg:

as in the statement of Theorem 1. We also define

Zðm, nÞ ¼ fx 2 ZSðnÞ : kðxÞ ¼ mg: (2)

Our first application of Theorem 1 is to swiftly obtain general weighted versions of the main
results of [17], in which the asymptotic mean, median, and mode (unweighted) factorization
lengths are computed for three-generator numerical semigroups. In what follows, f * g means
that limn!1 f ðnÞ=gðnÞ ¼ 1:

Example 3. Let S ¼ hn1, n2, n3i, in which gcdðn1, n2, n3Þ ¼ 1: Apply Theorem 1 with a ¼ m3
n3

and
b ¼ m1

n1
and obtain [27, Theorem 3.9]:

K½½n)) ¼ jZSðnÞj *
n2

2n1n2n3
: (4)

For a < b, Theorem 1 and (4) ensure that

jK½½n)) \ an, bn½ )j
jK½½n))j

*
ðb

a
FðxÞdx

as n ! 1: Since the support of F is ½m3
n3
, m1
n1
) and its peak is at m2

n2
, we have

Min K½½n)) * m3

n3
n, Mode K½½n)) * m2

n2
n, and Max K½½n)) * m1

n1
n:

Symbolic integration and computer algebra reveals the unique c 2 ½m3
n3
, m1
n1
) such that

Ð c
&1 FðtÞdt ¼

1
2 : This yields the asymptotic median:

Median K½½n)) * n +

m3

n3
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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Consider the absolutely continuous probability measure ! defined by

!ð a,b½ )Þ ¼
ðb

a
FðxÞ dx

for a < b: Define the singular probability measures

!n ¼
1

jZSðnÞj
X

x2ZSðnÞ
dlðxÞ

n
,

in which dx is the unit point measure at x 2 R: Use (4) to deduce that

lim
n!1

!nð a,b½ )Þ ¼ lim
n!1

jK½½n)) \ an, bn½ )j
jZSðnÞj

¼
ðb

a
FðxÞ dx ¼ !ð a, b½ )Þ:

If g : R ! R is bounded and continuous, then [9, Theorem 25.8] ensures that

lim
n!1

1
jK½½n))j

X

x2ZSðnÞ
g
#
kðxÞ
n

$
¼ lim

n!1

ð

R

g d!n ¼
ð

R

gðxÞFðxÞ dx:

The integral on the right-hand side can be evaluated explicitly for g(x) ¼ x and gðxÞ ¼ x2: From
here one obtains the asymptotic mean and variance of K½½n)) :

Mean K½½n)) * n
3

m1

n1
þm2

n2
þ n3
n3

# $
,

Var K½½n)) * n2

18
m2

1

n21
þm2

2

n22
þm2

3

n23
&m1m2

n1n2
&m2m3

n2n3
&m3m1

n3n1

 !

:

Asymptotic formulas for the higher moments, skewness, harmonic mean, and geometric mean,
follow in a similar manner; see [16, Section 2.1] for definitions. For m1 ¼ m2 ¼ m3 ¼ 1, we
obtain the asymptotic formulas for factorization-length statistics obtained in [17]. Thus, Theorem
1 recaptures the results of [17], generalizes them to the weighted setting, and provides explicit
error bounds in some instances.

Example 5. In [16, Table 1, Figure 2], a special case of Theorem 1 was illustrated for factoriza-
tion lengths in the McNugget semigroup S ¼ h6, 9, 20i: Here we explore a different weighted fac-
torization length on S. Table 1 gives the actual and predicted values of several statistics pertaining
to K½½n)) for m ¼ ð4, 7, 2Þ, n ¼ ð9, 20, 6Þ, and n ¼ 105: The components of m and n are ordered
to comply with Theorem 1; in particular 4=9 > 7=20 > 2=6: If one charges $2 for a box of 6
McNuggets, $4 for 9 McNuggets, and $7 for 20 McNuggets, then K½½n)) is the multiset of prices
corresponding to all the ways to fill an order of n McNuggets.

The next example illustrates another use of Theorem 1.

Example 6. Let S ¼ h6, 9, 20i as in the previous example. We now let n ¼ ð1, 1, 1Þ and m ¼
ð20, 9, 6Þ: Then jK½½n)) \ ½an, bn)j is the number of possible orders of n boxes of McNuggets that
contain between an and bn McNuggets. For example, when n¼ 100, a¼ 8, and b¼ 15, we have
jK½½100)) \ ½800, 1500)j ¼ 3785; that is, there are 3785 ways to order between 800 and 1500
McNuggets using 100 boxes. Table 2 illustrates predictions and error bounds afforded by
Theorem 1 and (30).

In the following examples, we plot jZðm, nÞj
dn=ð2n1n2n3Þ versus m

n (in blue) overlaid with F(x) versus x
(in red). These make sense to plot together because Lemma 18 and Equation (22) imply that
jZðm, nÞj

dn=ð2n1n2n3Þ is within 2n1n2n3
dn of F m

n

% &
: Since jZðm, nÞj gives the multiplicity of m in K½½n)), we refer
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to this sort of plot as the scaled histogram of K½½n)): These plots illustrate the convergence of the
distribution of K½½n)) to F(x).

Example 7. Figure 1 gives the scaled histograms of K½½100)) and K½½1000)) for m ¼ ð20, 9, 6Þ
and n ¼ ð1, 1, 1Þ:

Example 8. Theorem 1 does not require m1,m2,m3 to be positive. Figure 2 demonstrates the the-
orem when m1 < 0:

Example 9. The error bound in Theorem 1 and the definition of the scaled histogram involve
the quantity d ¼ gcdðm2n3 &m3n2,m1n3 &m3n1,m1n2 &m2n1Þ: For d¼ 1, the scaled histogram
of K½½n)) approximately coincides with the plot of F(x) at each point. For d 6¼ 1, Lemma 15 says
that there is a c ¼ cn such that Zðm, nÞ is empty unless m , c ðmod dÞ: If Zðm, nÞ is nonempty,
Lemma 18 implies that its cardinality is d times larger than what we would expect for d¼ 1. This
is accounted for in the definition of the scaled histogram so that d – 1 out of every d points of
the scaled histogram of K½½n)) are 0, but the remaining points approximately lie on the plot of
F(x); see Figure 3.

Example 10. The proof of Theorem 1 defines q1 ¼ m2n3 &m3n2 and q3 ¼ m1n2 &m2n1: Although
these are denominators in the formula for F, we permit one of them to be 0. Figure 4 illustrates the
case n ¼ ð6, 9, 20Þ and m ¼ ð1, 0, 0Þ, for which q1 ¼ 0: Here kðxÞ ¼ x1 is the number of 6s in the
factorization 6x1 þ 9x2 þ 30x3 ¼ n: Since q1 ¼ 0, the “left side” of the triangle is degenerate.

Theorem 1 concerns large-n asymptotic behavior. On the other hand, Proposition 12 identifies
a curious exact phenomenon even for small n. We first illustrate this with an example.

Example 11. Let m1 ¼ ð2, 3, 1Þ, n1 ¼ ð2, 6, 3Þ, m2 ¼ ð3, 1, 2Þ, and n2 ¼ ð3, 2, 6Þ; note that n1 and
n2 generate the same semigroup. Figure 5 shows the scaled histograms of the multisets K1½½n)) and
K2½½n)) corresponding to m1,n1 and to m2,n2, respectively. The histograms are the same up to a
horizontal translation. To be specific, there is an r, which depends only upon n, such that the
multiplicity of x in K1½½n)) equals the multiplicity of xþ r in K2½½n)): In Figure 5, we have n¼ 75
and r¼ 2. Observe that the probability density F depends only upon m1=n1, m2=n2, and m3=n2,
so Theorem 1 predicts the same asymptotic distribution for K1½½n)) and K2½½n)) because

m1

n1
¼ 2

2
¼ m0

1

n01
¼ 3

3
¼ 1,

m2

n2
¼ 3

6
¼ m0

2

n02
¼ 1

2
, and

m3

n3
¼ 1

3
¼ m0

3

n03
¼ 2

6
:

Table 1. Actual versus predicted statistics (rounded to two decimal places) for K〚105〛 with n ¼ ð9, 20, 6Þ and m ¼ ð4, 7, 2Þ:
Statistic Actual Predicted Statistic Actual Predicted

Mean K〚105〛 37,591.84 37,592.59 Mode K〚105〛 35,000 35,000
Median K〚105〛 37,200 37,200.89 StDev K〚105〛 2446.32 2446.27
Min K〚105〛 33,334 33,333.33 Max K〚105〛 44,440 44,444.44

Table 2. Error analysis (rounded to 6 decimal places) for m ¼ ð20, 9, 6Þ and n ¼ ð1, 1, 1Þ:

n a b
jK½½n))\½an,bn)j

n2=2
Ð b
a FðxÞ dx Error Theorem 1 bound Equation (30) bound

100 8 15 0.757 0.742424 0.014576 0.3812 0.151286
1000 8 15 0.743884 0.742424 0.001460 0.038012 0.015056
10000 8 15 0.742570 0.742424 0.000146 0.003800 0.001505
100 7 7.1 0.0058 0.005 0.0008 0.1052 0.01
1000 7 7.1 0.00509 0.005 0.00009 0.010412 0.000927
10,000 7 7.1 0.005009 0.005 0.000009 0.001040 0.000092
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However, this only implies that K1½½n)) and K2½½n)) should appear similar for large n, not that they
should be translations of each other.

Proposition 12 says that two different weighted lengths on the same numerical semigroup yield
nearly the same (translated) statistical behavior. This is consistent with Theorem 1 since

ac
a
,
ab
b
,
bc
c

+ ,
¼ a, b, cf g ¼ ac

c
,
ab
a
,
bc
b

+ ,
,

so the asymptotic distribution functions in the two cases are equal. The numerical semigroups in
Proposition 12 are called supersymmetric [10].

Proposition 12. Fix distinct, pairwise coprime a, b, c 2 Z>0, and let m1 ¼ ðb, a, cÞ, m2 ¼ ða, c, bÞ,
and n ¼ ðab, ac, bcÞ. Define

A1 ¼
'
mT

1

nT

(
2 M2-3ðZÞ and A2 ¼

mT
2

nT

" #

2 M2-3ðZÞ,

Figure 1. Scaled histograms of K〚n〛 with n ¼ ð1, 1, 1Þ and m ¼ ð20, 9, 6Þ:

Figure 2. Scaled histograms of K〚n〛 with m ¼ ð&9, 20, 6Þ and n ¼ ð4, 5, 3Þ:

Figure 3. Scaled histograms of K〚n〛 with n ¼ ð5, 17, 8Þ and m ¼ ð3, 9, 4Þ; here d¼ 2.
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along with

Z1ðm, nÞ ¼ x 2 Z3
!0 : A1x ¼ m

n

' (+ ,
and Z2ðm, nÞ ¼ x 2 Z3

!0 : A2x ¼ m
n

' (+ ,
:

For all n 2 Z!0, there exists an rn 2 Z such that for all m 2 Z,

jZ1ðm, nÞj ¼ jZ2ðmþ rn, nÞj:

Moreover, rn ¼ rnþabc for all n 2 Z!0:

Proof. Let S ¼ hab, ac, bci and fix n 2 S: We can write n ¼ qabcþ r with r 2 S and r & abc 62 S:
By [18, Proposition 1, Theorem 12], we have jZSðrÞj ¼ 1,

ZSðqabcÞ ¼ fðz1c, z2b, z3aÞ 2 Z3
!0 : z1 þ z2 þ z3 ¼ qg,

and

ZSðnÞ ¼ ZSðqabcÞ þ ZSðrÞ:

For any z1, z2, z3 2 Z!0 with z1 þ z2 þ z3 ¼ q, we have

ðz1c, z2b, z3aÞ +m1 ¼ z1bcþ z2abþ z3ac ¼ ðz3c, z1b, z2aÞ +m2,

which implies jZ1ðm, qabcÞj ¼ jZ2ðm, qabcÞj for all m 2 Z: Writing ZSðrÞ ¼ fxg, linearity then
implies

Z1ðmþ ðm1 + xÞ, nÞ ¼ Z1ðm, qabcÞ þ x and Z2ðmþ ðm2 + xÞ, nÞ ¼ Z2ðm, qabcÞ þ x

for all m 2 Z: This yields the desired claim upon letting rn ¼ ðm2 &m1Þ + x: w

Figure 5. Different values of m and n can produce scaled histograms that are translations of each other. In the context of
Proposition 12, ða, b, cÞ ¼ ð1, 2, 3Þ:

Figure 4. Scaled histograms of K〚n〛 with n ¼ ð6, 9, 20Þ and m ¼ ð1, 0, 0Þ:
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3. Proof of Theorem 1

The proof of Theorem 1 is geometric: the limiting distribution arises from the projection of a
simplex with one vertex on each axis, with each vertical value in the distribution being the vol-
ume of a cross section. This yields a piecewise-polynomial function; the transition between each
polynomial piece occurs when the cross section contains a vertex. Making this general and pre-
cise, with explicit error bounds, adds to the complexity of the argument.

3.1. Setup

Let m ¼ ðm1,m2,m3Þ, n ¼ ðn1, n2, n3Þ, and

A ¼ m1 m2 m3

n1 n2 n3

' (
¼ mT

nT

' (
2 M2-3ðZÞ:

The hypotheses on the ratios mi=ni imply that

q1 ¼ m2n3 &m3n2, q2 ¼ m1n3 &m3n1, and q3 ¼ m1n2 &m2n1 (13)

are all non-negative, and moreover that q2 > 0: Observe that

q1 ¼ 0 () m3

n3
¼ m2

n2
and q3 ¼ 0 () m2

n2
¼ m1

n1
,

so at most one of q1,q3 can be zero, since otherwise q2 ¼ 0 and m3=n3 ¼ m2=n2 ¼ m1=n1: Treat
the corresponding interval ½m3

n3
, m2
n2
) or ½m2

n2
, m1
n1
) as degenerate in these cases. This also means that at

least two of the three inequalities in (13) are strict.
The one-dimensional subspace fmg? \ fng? of R3 is spanned by

r ¼ m- n ¼
m2n3 &m3n2
m3n1 &m1n3
m1n2 &m2n1

2

4

3

5 ¼
q1
&q2
q3

2

4

3

5 2 Z3nf0g:

By construction, Ar ¼ 0: Define kðxÞ and K½½n)) as in the statement of Theorem 1 and note
that kðxÞ ¼ m + x:

3.2. The sets ZðbÞ and eZðbÞ

We adjust the notation (2) to permit vector arguments: for b ¼ ðm, nÞ 2 Z2, let

ZðbÞ ¼ fx 2 Z3
!0 : Ax ¼ bg ¼ fx 2 ZSðnÞ : kðxÞ ¼ mg: (14)

Similarly, define

eZðbÞ ¼ fx 2 Z3 : Ax ¼ bg:

We may denote these as Zðm, nÞ and eZðm, nÞ, respectively, as convenient. Both ZðbÞ and eZðbÞ may
be empty; the following lemma gives some crucial insight on when eZðbÞ is empty. Although the
lemma is a special case of [25, Theorem 3.2b], we provide another proof since the three-dimensional
setting permits the use of the cross product and geometric reasoning to simplify the argument.

Lemma 15. Let d ¼ gcdðq1,q2, q3Þ. For each n 2 Z, there is some c 2 f0, 1, :::, d & 1g such that
eZðm, nÞ 6¼ Ø if and only if m , c ðmod dÞ:

Proof. The definition of d ensures that, qi , 0 ðmod dÞ for i¼ 1, 2, 3. Thus,

minj , mjni ðmod dÞ

for i, j ¼ 1, 2, 3: For any x ¼ ðx1, x2, x3Þ 2 Z3 and i 2 f1, 2, 3g, it follows that
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miðn1x1 þ n2x2 þ n3x3Þ , niðm1x1 þm2x2 þm3x3Þ ðmod dÞ;

that is,

miðn + xÞ , niðm + xÞ ðmod dÞ:

ð)Þ Suppose there is an x 2 eZðm, nÞ: Since gcdðn1, n2, n3Þ ¼ 1, B!ezout’s identity provides
a1, a2, a3 2 Z such that a1n1 þ a2n2 þ a3n3 ¼ 1: Let c denote the least nonnegative residue of
ða1m1 þ a2m2 þ a3m3Þn modulo d. Then

m ¼ m + x
¼ ða1n1 þ a2n2 þ a3n3Þðm + xÞ
, ða1m1 þ a2m2 þ a3m3Þðn + xÞ ðmod dÞ
, ða1m1 þ a2m2 þ a3m3Þn ðmod dÞ
, c ðmod dÞ:

ð(Þ Since d ¼ gcdðq1, q2, q3Þ, B!ezout’s identity provides a v 2 Z3 such that

r + v ¼ ðq1, & q2, q3Þ + v ¼ d:

Let w ¼ n- v and observe that

n + w ¼ n + ðn- vÞ ¼ ðn- nÞ + v ¼ 0

and

m + w ¼ m + ðn- vÞ ¼ ðm- nÞ + v ¼ r + v ¼ d:

Fix n 2 Z!0: Since gcdðn1, n2, n3Þ ¼ 1, there is a z ¼ ðz1, z2, z3Þ 2 Z3 such that n + z ¼ n: Let s ¼
m + z, so that z 2 eZðs, nÞ: The first half of the proof ensures that s , c ðmod dÞ: If m ,
c ðmod dÞ, then d j ðm& sÞ and hence

m + zþm& s
d

w
# $

¼ m + zþm& s
d

m + w ¼ sþm& s
d

d ¼ m:

Therefore,

zþm& s
d

w 2 eZ sþm& s
d

d, n
# $

¼ eZðm, nÞ: w

Lemma 16. Let b 2 Z2. If z 2 eZðbÞ, then eZðbÞ ¼ fzþ sr=d : s 2 Zg where d ¼ gcdðq1, q2, q3Þ:

Proof. Since Ar ¼ 0, we have Aðzþ sr=dÞ ¼ b: Additionally, r=d 2 Z3 because d ¼
gcdðq1, q2,q3Þ: Therefore, fzþ sr=d : s 2 Zg . eZðbÞ: Suppose that x 2 eZðbÞ: Then Aðx & zÞ ¼
Ax& Az ¼ 0, so x & z ¼ sr=d for some s 2 R: Then sr=d ¼ x & z 2 Z3, and hence s 2 Z

because gcdðq1, q2, q3Þ ¼ d: Thus, eZðbÞ . fzþ sr=d : s 2 Zg:

3.3. Some geometry

For y ¼ ðy1, y2Þ 2 R2, let ‘ðyÞ denote the length of the line segment

LðyÞ ¼ fx 2 R3
!0 : Ax ¼ yg

if it is nonempty; let ‘ðyÞ ¼ 0 otherwise. On occasion, we may write Lðy1, y2Þ and ‘ðy1, y2Þ
instead. The line LðyÞ is contained in the plane fx 2 R3 : n + x ¼ y2g which, owing to the positiv-
ity of the components of n, has compact intersection with R3

!0: Thus, ‘ðyÞ is finite. Observe that
for n 2 Zn>0,
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n‘
x
n
, 1

# $
¼ ‘ðx, nÞ: (17)

Lemma 18. Let d ¼ gcdðq1, q2, q3Þ and b 2 Z2. If eZðbÞ 6¼ Ø, then

d‘ðbÞ
jjrjj

& 1 ' jZðbÞj ' d‘ðbÞ
jjrjj

þ 1:

Proof. Suppose that ZðbÞ 6¼ Ø: Then Lemma 16 provides a z 2 Z3 such that

ZðbÞ ¼ Z3
!0 \ fzþ sr=d : s 2 Zg:

Define

a ¼ inffs 2 R : zþ sr=d 2 R3
!0g and b ¼ supfs 2 R : zþ sr=d 2 R3

!0g:

Then zþ sr=d 2 R3
!0 if and only if s 2 ½a, b): Consequently,

jZðbÞj ¼ j a, b½ ) \Zj ¼ bbc& daeþ 1:

Since

b& 1 < bbc ' b and & a& 1 ' &dae ' &a,

it follows that

b& a& 1 ' jZðbÞj ' b& aþ 1: (19)

The length of LðbÞ is

‘ðbÞ ¼ jjðzþ br=dÞ & ðzþ ar=dÞjj ¼ b& a
d

jjrjj:

Substitute b& a ¼ d‘ðbÞ=jjrjj in (19) and obtain the desired inequalities. w

3.4. The triangle emerges

Recall that f : I ! R is Lipschitz on a (possibly infinite) interval I with Lipschitz constant C if
jf ðxÞ & f ðyÞj ' Cjx& yj for all x, y 2 I:

Lemma 20. Suppose that q1, q3 6¼ 0. For t 2 R,

‘ðt, 1Þ ¼ jjrjj
q2

0 if t <
m3

n3
,

n3t &m3

q1
if

m3

n3
' t ' m2

n2
,

m1 & n1t
q3

if
m2

n2
' t ' m1

n1
,

0 if t >
m1

n1
:

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

is a “triangular” function of t with base ½m3
n3
, m1
n1
), peak at t ¼ m2

n2
, and height

‘
m2

n2
, 1

# $
¼ jjrjj

n2q2
:
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Furthermore, ‘ðt, 1Þ is Lipschitz with Lipschitz constant

jjrjj
q2

max
n3
q1

,
n1
q3

+ ,
:

Proof. If it is nonempty, the line segment Lðt, 1Þ lies in R3
!0; its endpoints each lie on one of the

coordinate planes. Solve the corresponding equations and obtain the points of intersection with
the three coordinate planes:

/ p1ðtÞ ¼ q&1
1 ð0, n3t &m3,m2 & n2tÞ, hence p1ðtÞ 2 R3

!0 () t 2 ½m3
n3
, m2
n2
),

/ p2ðtÞ ¼ q&1
2 ðn3t &m3, 0,m1 & n1tÞ, hence p2ðtÞ 2 R3

!0 () t 2 ½m3
n3
, m1
n1
),

/ p3ðtÞ ¼ q&1
3 ðn2t &m2,m1 & n1t, 0Þ, hence p3ðtÞ 2 R3

!0 () t 2 ½m2
n2
, m1
n1
),

since q1, q2, q3 ! 0: In particular, if q1 ¼ 0 or q3 ¼ 0, then Lðt, 1Þ does not meet the correspond-
ing coordinate plane in R3

!0 (recall that q2 > 0).
For t < m3

n3
or t > m1

n1
, we have ‘ðt, 1Þ ¼ 0: For t 2 ½m3

n3
, m2
n2
), we see that Lðt, 1Þ is the line seg-

ment from p1ðtÞ to p2ðtÞ: A computation confirms that

‘ðt, 1Þ ¼ jjp1ðtÞ & p2ðtÞjj ¼
n3t &m3

q1q2
jjrjj:

For t 2 ½m2
n2
, m1
n1
), we see that Lðt, 1Þ is the line segment from p2ðtÞ to p3ðtÞ, so

‘ðt, 1Þ ¼ jjp2ðtÞ & p3ðtÞjj ¼
m1 & n1t
q2q3

jjrjj

via another computation. This yields the desired piecewise-linear formula for ‘ðt, 1Þ: An admissible
Lipschitz constant is the maximum of the slopes of ‘ðt, 1Þ on ½m3

n3
, m2
n2
) and ½m2

n2
, m1
n1
), so long as the corre-

sponding interval is nondegenerate. Elementary computations confirm the remainder of the lemma. w

Remark 21. If q1 ¼ 0 or q3 ¼ 0 (the conditions are mutually exclusive), then the corresponding
interval in the definition of ‘ðt, 1Þ and term in the maximum above are omitted. Moreover, ‘ðt, 1Þ
is Lipschitz on ½m3

n3
,1Þ or ð&1, m1

n1
), respectively.

Lemma 20 states that ‘ðx, 1Þ is a triangular function with base ½m3
n3
, m1
n1
) and height jjrjj

n2q2
: Since

the base width is
m1

n1
&m3

n3
¼ m1n3 & n1m3

n1n3
¼ q2

n1n3
,

the area of the triangle is
ð

R

‘ðx, 1Þ dx ¼ 1
2
+ q2
n1n3

+ jjrjj
n2q2

¼ jjrjj
2n1n2n3

:

In particular,

FðtÞ ¼ 2n1n2n3
‘ðt, 1Þ
jjrjj

(22)

is the probability density from Theorem 1.

3.5. A technical lemma

The next lemma permits us to approximate a discrete sum by an integral with a completely expli-
cit error estimate.
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Lemma 23. Suppose that

(a) g : R ! R satisfies jgðxÞj ' C1 for x 2 R;
(b) g is Lipschitz on some closed interval I with Lipschitz constant C2 ;
(c) n, c, d 2 Z!0 and c< d;
(d) f : Z ! Z satisfies """"f ðcþ kdÞ=d & ng

cþ kd
n

# $"""" ' 1

for k 2 Z; and
(e) f(x) ¼ 0 for x 6, c ðmod dÞ:
Then for real a < b such that ½a, b) . I,

1
n2

X

k2Z\ an, bn½ )
f ðkÞ &

ðb

a
gðxÞ dx

""""""

""""""
'

b& aþ 2d
n

- .
ð1þ dC2Þ þ d 5C1 þ 1

n

% &

n
:

Proof. Since the proof is somewhat long, we break it up into several pieces.
An auxiliary function. Let GðxÞ ¼ n

d f ðcþ bnx=dcdÞ: Then
ðd

nb
bn&c
d þ1c

d
nd

an&c
d e

GðxÞ dx ¼
ðbbn&c

d þ1c

dan&c
d e

d
n
G

d
n
u

# $
du

¼
ðbbn&c

d þ1c

dan&c
d e

f ðcþ bucdÞdu

¼
X

k2Z\½an&c
d , bn&c

d )

f ðcþ kdÞ

¼
X

k2Z\ an, bn½ )
f ðkÞ: (24)

For k 2 Z, condition (d) ensures that

Gðkd=nÞ
n2

& g
cþ kd

n

# $""""

"""" ¼

"""""

n
d
f cþ n

kd
nd

/ 0
d

# $

n2
& g

cþ kd
n

# $"""""

¼

"""""

f ðcþ kdÞ=d& ng
cþ kd

n

# $

n

"""""

' 1
n
: (25)

We also need a bound afforded by (a) and (d):

GðxÞ
n2

""""

"""" ¼
jf ðcþ bnx=dcdÞj

dn
' 1

n
þ g

cþ bnx=dcd
n

# $""""

"""" ' C1 þ
1
n
: (26)

A Lipschitz estimate. Observe that GðxÞ ¼ Gðbnx=dcd=nÞ and
&d
n

' cþ nx& d
n

& x ' cþ bnx=dcd
n

& x ' cþ nx
n

& x ' d
n
:
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If x and ðcþ bnx=dcdÞ=n are both in I, condition (b) and (25) imply that

GðxÞ
n2

& gðxÞ
""""

"""" '
G bnx=dcd=nð Þ

n2
& g

cþ bnx=dcd
n

# $""""

""""

þ g
cþ bnx=dcd

n

# $
& gðxÞ

""""

""""

' 1þ dC2

n
: (27)

A containment. We claim x and ðcþ bnx=dcdÞ=n belong to ½a,b) 0 I whenever

d
n

an& c
d

þ 1
l m

' x ' d
n

bn& c
d

/ 0
:

Suppose that the inequality above holds. Then

x ! d
n

an& c
d

þ 1
# $

¼ aþ d & c
n

! a

and

x ' d
n

j bn& c
d

k
' d

n
+ bn& c

d
¼ b& c

n
' b:

Next observe that

cþ bnd xcd
n

!
cþ n

d
d
n d

an&c
d þ 1e

- .j k
d

n
¼

cþ an&c
d þ 1

1 2
d

n
! cþ an& cþ d

n
! a

and

cþ bnd xcd
n

'
cþ n

d
d
n b

bn&c
d c

- .j k
d

n
¼

cþ bbn&c
d cd

n
' cþ bn& c

n
¼ b:

This completes the proof of the claim.
An observation. Since

d
n

/
bn& c

d

0
& d
n

3
an& c

d
þ 1

4
' b& c

n
& aþ d & c

n

# $
¼ b& a& d

n

and
d
n

3
an& c

d
þ 1

4
& d
n

/
bn& c

d

0
< aþ 2d & c

n
& b& c

n

# $
¼ a& bþ 2d

n
,

we conclude that
""""
d
n

/
bn& c

d

0
& d
n

3
an& c

d
þ 1

4
' max b& a& d

n
, a& bþ 2d

n

+ ,
:

"""" (28)

Small intervals. Consider the intervals a, d
n d

an&c
d þ 1e

h i
and d

n b
bn&c
d c,b

h i
: Since

0 <
d & c
n

¼ d
n

an& c
d

þ 1
# $

& a

' d
n

l an& c
d

þ 1
m
& a <

d
n

an& c
d

þ 2
# $

& a

¼ 2d & c
n

,
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the first interval is nonempty with length at most ð2d & cÞ=n: Similarly,

0 ' c
n
¼ b& d

n
bn& c

d

# $
' b& d

n

j bn& c
d

k

< b& d
n

bn& c
d

& 1

# $
¼ cþ d

n
,

so the second interval has length at most ðcþ dÞ=n: In summary,

0 <
d
n

l an& c
d

þ 1
m
& a <

2d & c
n

and 0 ' b& d
n

j bn& c
d

k
<

cþ d
n

: (29)

Conclusion. We conclude that""""
1
n2

X

k2Z\ an, bn½ )
f ðkÞ &

ðb

a
gðxÞ dx

""""

¼
ðd

nb
bn&c
d þ1c

d
nd

an&c
d e

GðxÞ
n2

dx&
ðb

a
gðxÞ dx

"""""

""""" by ð24Þ

¼
""""
ðd

nd
an&c
d þ1e

d
nd

an&c
d e

GðxÞ
n2

dxþ
ðd

nb
bn&c
d c

d
nd

an&c
d þ1e

GðxÞ
n2

dx

þ
ðd

nb
bn&c
d þ1c

d
nb

bn&c
d c

GðxÞ
n2

dx&
ðb

a
gðxÞ dx

""""

'
ðd

nd
an&c
d þ1e

d
nd

an&c
d e

GðxÞ
n2

""""

"""" dxþ
ðd

nb
bn&c
d þ1c

d
nb

bn&c
d c

GðxÞ
n2

""""

"""" dx

þ
ðd

nb
bn&c
d c

d
nd

an&c
d þ1e

GðxÞ
n2

dx&
ðb

a
gðxÞ dx

"""""

"""""

'
""""
ðd

nb
bn&c
d c

d
nd

an&c
d þ1e

GðxÞ
n2

& gðxÞ
# $

dx&
ðd

nd
an&c
d þ1e

a
gðxÞ dx

&
ðb

d
nb

bn&c
d c

gðxÞ dx
""""þ

2d
n

C1 þ
1
n

# $
by ð26Þ

'
ðd

nb
bn&c
d c

d
nd

an&c
d þ1e

GðxÞ
n2

& gðxÞ
""""

"""" dx

"""""

"""""þ
ðd

nd
an&c
d þ1e

a
jgðxÞj dx

þ
ðb

d
nb

bn&c
d c

jgðxÞj dxþ 2d
n

C1 þ
1
n

# $

'
""""
d
n

/
bn& c

d

0
& d
n

3
an& c

d
þ 1

4""""
1þ dC2

n

# $
by ð27Þ

þ ð2d & cÞC1

n
þ ðcþ dÞC1

n
þ 2d

n
C1 þ

1
n

# $
by ðaÞ, ð29Þ

' max b& a& d
n
, a& bþ 2d

n

+ ,
1þ dC2

n

# $
by ð28Þ

þ 3dC1

n
þ 2d

n
C1 þ

1
n

# $

'
b& aþ 2d

n

# $
ð1þ dC2Þ þ d 5C1 þ

2
n

# $

n
:

w
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3.6. A simplification

If x ¼ ðx1, x2, x3Þ and kðxÞ 2 K½½n)), then

kðxÞ ¼ m1x1 þm2x2 þm3x3 ¼
m1

n1
n1x1 þ

m2

n2
n2x2 þ

m3

n3
n3x3

>
m3

n3
ðn1x1 þ n2x2 þ n3x3Þ ¼

m3

n3
n:

Thus, K½½n)) \ ½&1, m3
n3
n) ¼ ; and, in a similar manner, K½½n)) \ ½m1

n1
n,1) ¼ ;: Since F is supported

on ½m3
n3
, m1
n1
), we may assume that ½a, b) 2 ½m3

n3
, m1
n1
): In particular, we can assume that the function

‘ðx, 1Þ of Lemma 20 is Lipschitz on ½a, b):

3.7. Conclusion

We now conclude the proof of Theorem 1. Fix n 2 Z!0 and let

f ðmÞ ¼ jZðm, nÞj ¼ fx 2 ZSðnÞ : kðxÞ ¼ mg and gðxÞ ¼ ‘ðx, 1Þ
jjrjj

:

Let d ¼ gcdðq1, q2, q3Þ and deduce from (17) and Lemmas 15 and 18 that there is a c 2
f0, 1, :::, d & 1g such that

f ðcþ kdÞ
d

& ng
cþ kd

n

# $""""

"""" ¼
jZðcþ kd, nÞj

d
&
n‘

cþ kd
n

, 1

# $

jjrjj

""""""""

""""""""

¼ jZðcþ kd, nÞj
d

& ‘ðcþ kd, nÞ
jjrjj

""""

""""

' 1

for all k 2 Z; moreover, f(x) ¼ 0 if x 6, c ðmod dÞ:
Suppose that q1, q3 6¼ 0: Apply Lemma 23 to the functions f and g and the parameters c, d, n

defined above, and to the constants

C1 ¼
1

n2q2
and C2 ¼

1
q2

max
n3
q1

,
n1
q3

+ ,

provided by Lemma 20:

1
n2

X

m2Z\ an, bn½ )
f ðmÞ &

ðb

a
gðxÞ dx

""""""

""""""
'

b& aþ 2d
n

- .
ð1þ dC2Þ þ d 5C1 þ 2

n

% &

n
:

Since
X

m2Z\ an, bn½ )
f ðmÞ ¼ jK½½n)) \ an,bn½ )j
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and q1,q2, q3 ! 1, it follows that

jK½½n)) \ an, bn½ )j
n2

&
ðb

a

‘ðx, 1Þ
jjrjj

dx
""""

""""

'
b& aþ 2d

n

# $
ð1þ dC2Þ þ d 5C1 þ

2
n

# $

n

'
b& aþ 2d

n

# $
1þ d

q2
max

+
n3
q1

,
n1
q3

, !

þ d
5

n2q2
þ 2
n

# $

n

'
b& aþ 2d

n

# $
ð1þ dmax fn1, n3gÞ þ d

5
n2

þ 2
n

# $

n
: (30)

To complete the proof of Theorem 1 in this case, multiply by 2n1n2n3 and use (22). If q1 ¼ 0
or q3 ¼ 0, the corresponding term in the maximum in (30) is omitted by virtue of Remark 21
and the restriction of ½a,b) in Section 3.6. w

Remark 31. The bound implied by (30) is better, but more complicated, than the bound in
Theorem 1. The two bounds are compared in Table 2.
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