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1. Introduction

The exciting recent results from the Fermilab Muon g-2 experiment for the muon anomalous
magnetic moment [1], which are consistent with the previous result from the E821 experiment at
BNL [2], motivates reducing the errors on lattice QCD calculations of the leading order hadronic
vacuum polarization contribution to the muon anomalous magnetic moment 0HVP,LO

`
. There is a

comprehensive recent review [3] of the theoretical calculations of 0HVP,LO
`

.

The latest result [4] from our program [5–9] of computing 0HVP,LO
`

is the value of the con-
nected light quark contribution 0HVP,LO

`
with an error of 1.4%. Specifically, the final result

for 10100�+ %,!$

`
= 699(15)D,3 (1)B,2,1, included an estimate for the disconnected contribution

�0dl
`

(disc) = �5(5) ⇥ 1010 and residual QED corrections of �0dl
`

(qed) = 0(5) ⇥ 1010. To reduce
the final error to below ⇡ 0.5 % we need to explicitly calculate the disconnected contributions and
the QED corrections to 0HVP,LO

`
. In this paper, we report on the progress towards this goal.

There are other ongoing projects aimed at reducing the overall error on 0HVP,LO
`

within our
collaboration, such as reducing the errors on the determination of the lattice spacing [10, 11], as
well as reducing the error on the light quark connected contribution [12].

2. Overview of the analysis method

The leading-order contribution to the anomalous magnetic moment from the HVP is

0HVP,LO
`

= 4U2
π 1

0
3@2 5 (@2)⇧̂(@2) (1)

where 5 (@2) is a weighting factor [13]. ⇧̂(@2) is the reduced vacuum polarization

⇧̂(@2) = 4c2

@2

π 1

0
3C⌧ (C)

h
@2C2 � 4 sin2( @C

2
)
i

(2)

which can computed from the electromagnetic current correlator

⌧ (C) = 1
3

π
3x

’
5 ,8

@2
5
/2
+
h+ 5

8
(x, C)+ 5

8
(0, 0)i (3)

where the sum is over flavors 5 with charges @ 5 for the vector current + 5

8
. We use the kernel

function method [14, 15]:

0HVP,LO
`

=
1’
C=0

FC⌧ (C) (4)

to compute 0HVP,LO
`

, where FC is a known weighting factor. The correlator ⌧ (C) in Eq. 3 is very
noisy at large C, so the fitted correlator is used after a time C¢.

We use the HISQ action [16] for all quark propagators contributing to ⌧ (C) and work on gluon
field configurations that incorporate 2+1+1 flavors of sea quarks using the HISQ action [17, 18].
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Ensemble a fm <c MeV L fm Eigenmodes #<40B

Very coarse 0.15 134.7 4.8 300 1692
Coarse 0.12 134.9 5.8 - 787
Fine 0.09 128.3 5.8 1000 271

Table 1: HISQ ensembles used in the disconnected analysis

3. Computatation of the disconnected contribution

The disconnected contribution requires the non-perturbative calculation of the quark-line dis-
connected correlation of vector currents. For the disconnected contribution we use the taste-
singlet vector operator. The /+ renormalization factor used was computed using the RI-SMOM
scheme [19]. We use stochastic random sources to compute the required loops with a variety of
variance reduction techniques [20, 21].

The SU(3) structure of the vector current requires that the loop for the operator

+ ;B

9
=

1
3
(+ ;

9
�+ B

9
) (5)

be computed for the light quark (;) and strange quark (B). This object can be e�ciently calculated
using a technique developed by the ETM collaboration [22], which was used in the calculation of
the mass of the [0 [23] and l meson [24], as well as calculations of flavour singlet nucleon matrix
elements [25]. This method has also been proposed and further developed by Giusti et al. [26].

The measurement in QCD of the loop of the operator in Eq. 5 requires the computation of

! (C);B =
⌧
Tr

✓
W`

1
/⇡ + <;

� W`
1

/⇡ + <B

◆�
(6)

where /⇡ is the massless HISQ Dirac operator.
The di�erence in Eq. 6 can be trivially written down as:

! (C);B =
⌧
Tr

✓
W`

(<B � <;)
( /⇡ + <;) ( /⇡ + <B)

◆�
(7)

The right hand side of Eq. 7 can be computed using noise sources. In Ref. [22] ETM have argued
that Eq. 7 has a smaller variance than Eq. 6. We have computed 0HVP(LO) ,DISC

`
for the light and

strange quarks. The ensembles used to compute disconnected correlators are listed in Table 1. To
remove potential subjective bias, we do a “blinded analysis.” The correlators are multiplied by
a random blinding factor [27]. For the fine ensemble, we used Eq. 7 with the truncated solver
method [28, 29] combined with deflation of 1000 low-modes [30].

We broadly follow the analysis method described in Ref. [6]. We fit the correlators to a model
of the di�erence of correlators between flavour singlet and non-singlet mesons and replace the
correlator in Eq. 4 at time larger than C¢ with the fitted correlator.

⌧ (C) =
#’
8=1

[12
8
4�⇢18 C � 02

8
4�⇢08 C + (�1)C

⇣
22
8
4�⇢28 C � 32

8
4�⇢38 C

⌘
] (8)
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Figure 1: 0HVP(LO) ,DISC
`

as a function of the square of the lattice spacing.

We use Bayesian fitting [31] with priors on the properties of d, excited d, l and excited l.
The raw data are corrected by including taste and finite volume corrections, using the model

first developed in Ref. [7] and extended in Ref. [4]. Figure 1 shows the data and the data corrected for
finite volume and taste corrections with the continuum extrapolation. 0HVP(LO) ,DISC

`
is extrapolated

to the continuum and physical pion masses using:

0HVP(LO) ,DISC
`

(0,<c) = 00

 
1 + 01(0⇤)2 + 02(

<2
c
� <2

c,?⌘HB

<2
c,?⌘HB

)
!

(9)

where 0 is the lattice spacing in units GeV�1, ⇤ = 0.5 GeV represents the QCD scale. Broad priors
are included for the fit parameters: 00, 01, and 02.

4. Preliminary window analysis of 0HVP(LO),DISC
`

The lattice data can be with the experimental 4+4� ! hadrons scattering data [14, 32, 33]. It
is useful to compare the 4+4� ! hadrons scattering data and lattice data for specific regions in time
using a window function.

For the disconnected correlators there is currently no direct comparison between experimental
data and the lattice correlator, but it is useful to compare the correlator at di�erent time regions
between lattice calculations, because this isolates di�erent physics and parts of the correlator with
di�erent statistical properties. The following weight function in time is used [34, 35]

, (C; C1, C2) ⌘ ⇥(C; C1,�) � ⇥(C; C2,�) (10)

where

⇥(C; C 0,�) ⌘ 1
2
+ 1

2
tanh[ C � C 0

�
] (11)

and � = 0.15 fm.
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Figure 2: The weighted 0HVP(LO) ,DISC
`

(using the weight function in Eq. 10 with C1 = 0.4 fm C2 = 1.0 fm) as
a function of the square of the lattice spacing.

Ensemble a fm <c MeV L fm #<40B /QCD
+

/QCD+QED
+

Very coarse 0.15 134.7 4.8 356 0.95932(18) 0.999544(14)
Coarse (I) 0.12 132.7 5.8 300 0.97255(22) 0.999631(24)

Fine 0.09 128.3 5.8 128 0.98445(11) 0.999756(32)

Table 2: The gauge ensembles used to compute QCD + quenched QED correlators. The /+ renormalization
factors of the local current are from [19].

The weight function in Eq. 10 with parameters (C1 = 0.4 fm C2 = 1.0 fm) is applied to the
blinded correlators. 0HVP(LO) ,DISC

`
is plotted in Fig. 2 using the specified weight function. No

taste or finite volume corrections have been applied to the data in Fig. 2. RBC/UKQCD [34], and
BMWc [35] also found a small contribution to 0HVP(LO) ,DISC

`
from this window.

5. Quenched QED corrections to the connected contribution to 0HVP,LO
`

We present preliminary results for the connected QED contribution to the leading order hadronic
contribution to 0HVP,LO

`
. We use the electro-quenched approximation [36–38] to partially include

the dynamics of QED. The quenched QED fields were fixed to the Feynman gauge with zero modes
dealt with using the QED! prescription [39].

Other collaborations estimate the QED contribution to QCD calculations by computing cor-
relators in a perturbative expansion in the electric charge [40]. The RBC/UKQCD collaboration
have compared the perturabtive QED approach to the electroqenched approach [41]. One potential
advantage of the perturbative approach to including QED contributions is that there is a version of
the formalism with the QED contribution in the infinite volume limit [42].

Table 2 lists the ensembles used in the analysis. The first physical coarse ensemble (I) generated
by the MILC collaboration was used, rather than the coarse ensemble with the better tuned pion
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Figure 3: Strange quark contribution using lattice spacing and quark masses tuned against experiment in
QCD.

mass in Table 1, because this ensemble was used to study quenched QED on the properties
of charmonium [38]. The quark masses were tuned using only QCD with the lattice spacing
determined from the gradient flow parameter F0 also determined only including the dynamics of
QCD.

The truncated solver method [28], with sloppy inversions on 16 source times and a precise
inversion on one time source per lattice, was used to compute the vector correlator. The local vector
current was used with the /+ renormalization factor determined using the RI-SMOM scheme [19]
in both QCD and QCD+QED (see Table 2.)

We initially generated correlators at the physical pion mass on the very coarse ensemble. Un-
fortunately the results were are noisy with measurements on 380 lattices. So, following, BMWc [35]
we switched to extrapolating from the heavier light quark masses: 3<;, 5<; and 7<; to the physical
light quark mass (<;).

There are various ways to measure the contribution of the quenched QED on the results, in this
calculation we use the di�erence.

X0B
`
= 0B

`
[QCD + qQED] � 0B

`
[QCD] (12)

We have no estimate of the finite volume corrections to X0B
`
; we plan to quantify these in the

future. This analysis used only neutral correlators, hence the finite volume corrections from the
inclusion of quenched QED is expected to be much less than for charged correlators. For example,
HPQCD [38] found negligible finite volume corrections for the quenched QED corrections to the
mass and decay constants of the �/k and [2 mesons, and moments of the charmed neutral vector
correlator. The analysis of BÚnens et al. [43] found that the finite size e�ects in the QED corrections
to the hadronic vacuum polarization starts at $ ( 1

!
3 ) where ! is the spatial lattice size.

In Fig. 3 we plot the QED contribution to the strange quark contribution to the HVP X0B
`
, as a

function of the square of the lattice spacing. To compare our continuum limit result in Fig. 3 with
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those reported by BMWc [35], ETM collaboration [44], and RBC/UKQCD [34], one must convert
them to a common scheme, which we have not yet done.

6. Conclusions

We have presented a progress report on two calculations that aim to decrease the errors on
0HVP,LO
`

. We are increasing the statistics on the fine ensemble for the calculation of the disconnected
diagrams. Also we are increasing the statistics for the valence quenched QED contribution and
investigating the tuning of the light quark masses and lattice spacings with quenched QED and
QCD.
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