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A B S T R A C T

Three-dimensional voided cell calculations are carried out to investigate the effect of initially
flat voids on the effective behavior of hexagonal crystals. The crystalline matrix is described
using a set of constitutive relations that account for slip and twinning. In some materials, the
limiting case of penny-shaped cracks better represents incipient void formation. Cell boundary
conditions are such that internal necking of the intervoid ligament or void impingement are the
only possible failure modes. The overall behavior of the cell is analyzed under various stress
states and two loading orientations, with special attention given to the evolution of damage-
relevant microstructural variables. Particular emphasis is placed on crystallographic aspects of
void growth and coalescence, which often prove difficult to represent using phenomenological
anisotropic plasticity models.

. Introduction

Hexagonal close-packed (HCP) alloys are promising candidates for a range of applications (Mordike and Ebert, 2001), notably
n transportation (Friedrich and Schumann, 2001) and health industries (Zhang et al., 2009). Extensive work has been conducted
n modeling the thermodynamics and kinetics of anisotropic plastic flow by virtue of low crystallographic symmetry in HCP metals
nd twinning induced tension–compression asymmetry. Such work includes phenomenological single crystal plasticity (Kalidindi,
998; Zhang and Joshi, 2012); viscoplastic self-consistent modeling (Agnew et al., 2006; Beyerlein and Tomé, 2008), with enhanced
hysical features including twinning–detwinning (Wang et al., 2012) and twinning nucleation and propagation (Cheng and Ghosh,
017); models with reduced crystallographic features (Becker and Lloyd, 2016) as well as simpler, reduced-order models employing
ingle (Plunkett et al., 2008) or multiple (Lee et al., 2008; Kondori et al., 2019) yield surfaces. This segment of the literature is
oncerned with damage-free plasticity in HCP materials. It is far from sufficient in implementing damage tolerance assessment
rocedures for critical applications.

Experimental work on damage and failure characterization in structural materials, such as Mg alloys, initially focused on simple
tress states (e.g., uniaxial loading) (Barnett, 2007a,b). Some authors explored other stress states using rectangular notched or pre-
racked specimens (Al-Samman and Gottstein, 2008; Somekawa et al., 2009; Steglich and Morgeneyer, 2013; Kaushik et al., 2014).
owever, in rectangular bars failure is often instability-driven. In these experiments, damage was typically localized and this led

o de-emphasizing the usual progressive damage accumulation mechanisms observed in metals (Pineau et al., 2016) in subsequent
odeling efforts.
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Kondori and Benzerga (2014) deformed round notched bars of a Mg alloy to fracture and showed evidence of internal damage
ccumulation through void nucleation, growth and coalescence. Furthermore, by varying the notch acuity, they showed a decreasing
train to failure with increasing stress triaxiality. Such trends were later confirmed using high-resolution tomography (Kondori et al.,
018) as well as for other alloys, e.g., Kondori and Benzerga (2015), Prasad et al. (2018) and high-rate loadings, e.g., Kale et al.
2018). Use of cylindrical notched specimens reduces the propensity for shear localization, induces a damage zone in the notch,
nd thus enables probing damage accumulation under multi-axial stress states. Void nucleation occurs by cracking of second-phase
articles (Kondori and Benzerga, 2014; Lugo et al., 2011; Bhattacharyya et al., 2017) or due to twinning induced micro-crack
ormation (Koike, 2005; Barnett, 2007b; Bhattacharyya et al., 2017).

The experiments of Kondori and Benzerga (2014) also uncovered an apparent notch-enhanced ductility due to a multi-axial stress
tate in the notch. This trend was attributed to the activation of additional plasticity mechanisms absent under uniaxial tension.
his and subsequent analyses (Selvarajou et al., 2016, 2017) emphasize that the interaction of stress state and microstructure plays
crucial role in plastic deformation and damage tolerance in HCP alloys.

When void growth mechanisms are probed in some detail, two things become apparent. Due to nucleation mechanisms, damage
nitiates as flat voids, a term that includes twin-induced crack-like defects. In addition, the rate of blunting of the flat voids is much
lower than predicted using continuum plasticity for the surrounding matrix, even when anisotropy is considered (Keralavarma
t al., 2011). Qualitative and quantitative information about void statistics may be found in the ex situ synchrotron tomography
tudies by Kondori et al. (2018); also see Kondori and Benzerga (2017) for WE43 Mg alloy. What is of particular importance is
hat although the reduced blunting of flat voids implies reduced rates of net (volumetric) void growth, it does lead to a decrease
n ductility, either because their lateral growth reduces intervoid ligament thereby favoring coalescence (Kondori and Benzerga,
017), or because local cleavage occurs.

The aim of this paper is to carry out an analysis of growth of flat voids in an HCP matrix by means of finite deformation crystal
lasticity finite element simulations. In doing so, crystallographic aspects of void growth are considered beyond the net plastic
nisotropy of previous analyses (Benzerga and Besson, 2001; Keralavarma et al., 2011). The analyses expand upon previous unit
ell simulations in crystal matrices with cubic symmetry, e.g., Potirniche et al. (2006), Ha and Kim (2010), Yerra et al. (2010),
rivastava and Needleman (2013, 2015). More recent investigations elucidate the role of twinning in void-mediated failure (Prasad
t al., 2016; Selvarajou et al., 2019; Joshi and Joshi, 2022). In addition to aspects related to reduced void blunting, this type of
nalysis is needed in guiding the development of homogenization-based porous crystal plasticity. Early effort in this direction goes
ack to Hori and Nemat-Nasser (1988) who investigated void growth under axisymmetric stress states in face-centered-cubic (FCC)
nd body-centered cubic (BCC) porous single crystals using an Eshelby inclusion approach. Kysar and co-workers used slip line theory
o derive exact stress fields under plane strain for FCC (Kysar et al., 2005) and HCP (Gan and Kysar, 2007) crystals. Han et al. (2013)
nd Ling et al. (2016) employed a variational principle to obtain Gurson-like yield functions for FCC single crystals. Paux and co-
orkers (Paux et al., 2015, 2018) extended these formulations to FCC and HCP crystals accounting for material hardening. Mbiakop
t al. (2015a,b) developed a modified variational porous plasticity model accounting for void shape effects in FCC, BCC, or HCP
ingle crystals. Recently, Song and Castañeda (2017a) have incorporated void shape evolution within their variational formulation
f porous plasticity based on a fully optimized second order approach combined with an iterative homogenization approach. Even
ore recently, Yang and Ghosh (2022) presented an efficient computational implementation of the yield functions proposed by Han

t al. (2013) and Ling et al. (2016) with extension to HCP single crystals. However, none of these formulations account for twinning.
he analyses here follow along the lines of Selvarajou et al. (2019) where attention was restricted to initially spherical voids, which
re rarely observed in HCP alloys at incipient void formation.

The paper is organized as follows. Section 2 describes the unit-cell setup and the HCP crystal plasticity model. Section 3 presents
esults for prismatic loading (Section 3.1) and ⟨𝑐⟩-axis loading (Section 3.2). Section 4 summarizes key findings with emphasis on
roader experimental correlations and potential implications. Throughout, second-order and fourth-order tensors are respectively
enoted by bold and double-stroke symbols, e.g., 𝐈 and I; the contracted product between A and 𝐁 is given by A ∶ 𝐁 = 𝐴𝑖𝑗𝑘𝑙𝐵𝑘𝑙, the
nner product as 𝐀𝐁 = 𝐴𝑖𝑘𝐵𝑘𝑗 , and dyadic product as 𝐀⊗ 𝐁 = 𝐴𝑖𝑗𝐵𝑘𝑙. Similarly, given vectors 𝐚 and 𝐛, we have 𝐚⊗ 𝐛 = 𝑎𝑖𝑏𝑗 , and
⋅ 𝐛 = 𝑎𝑖𝑏𝑖.

. Formulation

A cubic unit cell with fully periodic kinematic boundary conditions is considered which contains an initially oblate void, Fig. 1.
n a global frame

[

𝐞𝑥, 𝐞𝑦, 𝐞𝑧
]

, the current cell dimensions are denoted 𝐿𝑥, 𝐿𝑦, 𝐿𝑧 and the current void radii are 𝑟𝑥, 𝑟𝑦, 𝑟𝑧 with subscript
0 for initial values. The void axis is parallel to the 𝑦-axis. The cell is discretized using ∼60,000 fully integrated linear hexahedral
(C3D8) elements in ABAQUS/STANDARD®.

The cell geometry is determined by the void volume fraction (or porosity) 𝑓0 = (4∕3)𝜋𝑟𝑥0𝑟𝑧0𝑟𝑦0∕𝐿3
0, the void aspect ratio

𝑊0 = 𝑟𝑦0∕𝑟𝑥0 (recall that 𝑟𝑥0 = 𝑟𝑧0 for an oblate void) and the cell aspect ratio 𝜆0 = 𝐿𝑦0∕𝐿𝑥0. An additional parameter of interest is
the ligament parameter 𝜒0 = 2𝑟𝑥0∕𝐿𝑥0 = 2𝑟𝑧0∕𝐿𝑧0. The corresponding current values are 𝑓,𝑊 , 𝜆 and 𝜒 . The deformed void is not
axially symmetric. To account for this, an index is introduced where needed, e.g., 𝑊𝑥 = 𝑟𝑦∕𝑟𝑥 and 𝜒𝑧 = 𝑟𝑧∕𝐿𝑧.

Overall measures of stress and strain are defined over the unit cell volume 𝑉 as:

𝛴𝑖𝑗 =
1 𝜎𝑖𝑗 d𝑉 E𝑥𝑥 = ln

(

𝐿𝑥
)

; E𝑦𝑦 = ln
( 𝐿𝑦

)

; E𝑧𝑧 = ln
(

𝐿𝑧
)

; (1)
2

𝑉 ∫𝑉 𝐿𝑥0 𝐿𝑦0 𝐿𝑧0
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Fig. 1. The unit cell with key dimensions and loading setup (a) Typical finite element mesh (here for 𝑊0 = 1∕6). (b) Section in central xy-plane.

where 𝜎𝑖𝑗 are the components of the Cauchy stress, 𝝈. The mean stress, 𝛴𝑚, von Mises equivalent stress, 𝛴eq, and corresponding
equivalent strain, E𝑒𝑞 , are then:

𝛴𝑚 = 1
3
𝜮 ∶ 𝐈; 𝛴eq =

√

3
2
𝜮′ ∶ 𝜮′; 𝜮′ = J ∶ 𝜮; E𝑒𝑞 =

√

2
3
𝐄′ ∶ 𝐄′ (2)

with J = I − (1∕3) 𝐈 ⊗ 𝐈 the deviatoric projection tensor. Here, the overall stress state is characterized using the triaxiality ratio
 = 𝛴m∕𝛴eq with 𝛴𝑦𝑦 ≥ 𝛴𝑥𝑥 = 𝛴𝑧𝑧.

To maintain constant triaxiality, the method of Tekoglu et al. (2012) is used. Five pairs of dummy nodes are added to each face
of the unit cell: top (𝑇 , 𝑇 ′), right (𝑅,𝑅′), left (𝐿,𝐿′), front (𝐹 , 𝐹 ′) and back (𝐵,𝐵′). These dummy node pairs are connected using
linear spring elements of stiffness 𝑘. A displacement 𝑢𝑇 ′

𝑦 is prescribed at 𝑇 ′ such that a constant engineering strain rate of 1×10−3 s−1

is applied along the 𝑦 direction. The resulting displacements 𝑢𝑅′
𝑥 , 𝑢𝐿′

𝑥 , 𝑢𝐹 ′
𝑧 , 𝑢𝐵′

𝑧 are iteratively calculated using a multi-point constraint
algorithm, such that the force transferred through the respective spring elements to the unit cell results in a constant value of  .
Kinematic periodicity is ensured by adding the following constraint equations

𝑢𝑛,top𝑦 − 𝑢𝑛,bottom𝑦 = 𝑢T𝑦 − 𝑢B𝑦 ; 𝑢𝑛,right𝑥 − 𝑢𝑛,lef t𝑥 = 𝑢R𝑥 − 𝑢L𝑥 ; 𝑢𝑛,f ront𝑧 − 𝑢𝑛,back𝑧 = 𝑢F𝑧 − 𝑢B𝑧

for all nodes 𝑛 on the face. To avoid rigid body motions, the central node of the bottom face is pinned (i.e., 𝑢B𝑦 = 0). Further details
can be found in Tekoglu et al. (2012) and Indurkar (2020).

A finite-strain crystal plasticity formulation is adopted to describe the rate-dependent behavior of the matrix material. The
formulation follows that of Zhang and Joshi (2012), as employed in previous studies (Selvarajou et al., 2016, 2019). It is based
on the multiplicative decomposition of deformation gradient 𝐅 into an elastic part, 𝐅𝑒, and a plastic part, 𝐅𝑝. The velocity gradient
is then 𝐋 = 𝐅̇𝐅−1 = 𝐋𝑒 + 𝐋𝑝 with:

𝐋𝑝 = 𝐅𝑒𝐅̇𝑝𝐅𝑝−1𝐅𝑒−1 (3)

where a dot stands for the material derivative. The plastic part, 𝐋𝑝, is given in the current configuration as the sum of slip and
twinning contributions:

𝐋𝑝 =

(

1 −
𝑁tw
∑

𝛽=1
𝜙𝛽

) 𝑁𝑠
∑

𝛼=1
𝛾̇𝛼(𝐬𝛼 ⊗𝐦𝛼)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
slip in parent

+
𝑁tw
∑

𝛽=1
𝛾̇𝛽 (𝐬𝛽 ⊗𝐦𝛽 )

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
twin in parent

(4)

where 𝑁𝑠 and 𝑁tw respectively refer to the numbers of slip and twin systems in the parent region with current slip/twin plane
normal and direction vectors denoted by 𝐦𝑖 and 𝐬𝑖, respectively and 𝑖 = 𝛼 or 𝛽. In Eq. (4), 𝛾̇ 𝑖 is the shear rate on the 𝑖th system and
𝜙𝛽 is the twin volume fraction of the 𝛽th twin system. The model accounts for 𝑁𝑠 = 18 slip and 𝑁tw = 12 twin systems, Table 1.

The slip rate on the 𝑖th slip system is constitutively given by:

𝛾̇ 𝑖 = 𝛾̇0
|

|

|

|

𝜏𝑖

𝑔𝑖
|

|

|

|

1∕𝑚
sgn(𝜏𝑖) ; 𝑔𝑖 = 𝜏𝑖0 + ∫

𝑡

0
(𝑔̇𝑖sl + 𝑔̇𝑖tw−sl) d𝑡 (5)

where 𝜏 𝑖 = 𝝈 ∶
(

𝐦𝑖 ⊗ 𝐬𝑖
)

is the resolved shear stress (RSS) based on Schmid’s law, 𝛾̇0 is a reference slip rate, 𝑚 is the rate-sensitivity
exponent, and 𝑔𝑖 is the current strength of the slip system, which accounts for the initial critical RSS, 𝜏 𝑖 , slip–slip (𝑔̇𝑖 ) and twin–slip
3

0 sl
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Table 1
Slip and twin systems in pure Mg considered in this work.

Slip/twin plane Slip/twin direction Number of systems

Basal ⟨𝑎⟩ slip (0001) ⟨112̄0⟩ 3
Prismatic ⟨𝑎⟩ slip

{

101̄0
}

⟨112̄0⟩ 3
Pyramidal ⟨𝑎⟩ slip

{

101̄1
}

⟨112̄0⟩ 6
Pyramidal ⟨𝑐 + 𝑎⟩ slip

{

112̄2
}

⟨112̄3⟩ 6
Extension twinning (ET)

{

101̄2
}

⟨101̄1⟩ 6
Contraction twinning (CT)

{

101̄1
}

⟨101̄2̄⟩ 6

(𝑔̇𝑖tw−sl) interactions. The hardening due to slip–slip interactions is given by:

𝑔̇𝑖sl =
𝑁𝑠
∑

𝑗=1
ℎ𝑖𝑗 (𝛾̄)𝛾̇𝑗 (6)

where hardening moduli ℎ𝑖𝑗 are taken to depend on the total accumulated shear strain 𝛾̄:

ℎ𝑖𝑗 =

{

ℎ(𝛾̄) (𝑖 = 𝑗, self hardening)
𝑞ℎ(𝛾̄) (𝑖 ≠ 𝑗, latent hardening)

; 𝛾̄ =
𝑁𝑠
∑

𝑖=1
∫

𝑡

0
|𝛾̇ 𝑖|d𝑡 (7)

ith 𝑞 the latent hardening coefficient. Motivated by experimental observations on Mg single crystals, we adopt a linear hardening
odel for the basal slip and a saturation type hardening for the non-basal slip:

ℎ(𝛾̄) =

⎧

⎪

⎨

⎪

⎩

ℎ0, (basal slip)

ℎ𝑖0sech
2 |
|

|

|

ℎ𝑖0 𝛾̄

𝜏𝑖𝑠−𝜏𝑖0

|

|

|

|

, (non − basal slip)
(8)

where ℎ𝑖0 is the initial hardening modulus and 𝜏𝑖𝑠 is the saturation stress of the 𝑖th slip system. The effect of twinning (cf. Table 1)
on slip hardening is given by:

𝑔̇𝛽tw−sl =

⎧

⎪

⎨

⎪

⎩

ℎ𝛽et_slsech2
|

|

|

|

|

ℎ𝛽et_sl 𝛾̄et

𝜏𝛽s_et−𝜏
𝛽
0_et

|

|

|

|

|

𝛾̇𝛽 , (ET)

1
2
(𝐻ct_sl∕

√

𝛾̄ct )𝛾̇ct , (CT)
(9)

The rate of twinning on the 𝛽 th system is determined by:

𝛾̇𝛽 = 𝜙̇𝛽𝛾 tw ; 𝜙̇𝛽 = 𝜙̇𝛽
0

(

𝜏𝛽

𝑠𝛽

)1∕𝑚𝑡
(10)

where 𝛾 tw is the theoretical twinning shear, 𝜏𝛽 is the RSS, as above, and 𝑠𝛽 is the current strength of the 𝛽 th twin system, given by:

𝑠𝛽 = 𝜏𝛽0 + ∫

𝑡𝑖

0
(𝑠̇𝛽tw + 𝑠̇𝛽sl−tw) d𝑡 (11)

The contribution of twin–twin interactions is specified through The contribution of twin–twin interactions is given by:

𝑠̇𝛽tw =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

ℎ𝛽etsech2
|

|

|

|

|

|

ℎ𝛽et 𝛾̄et
𝜏𝛽𝑠 − 𝜏𝛽0

|

|

|

|

|

|

𝛾̇𝛽 (ET)

𝐻ct

(𝑁ct
∑

𝑚=1
𝑓𝑚

)𝑏

𝛾̇𝛽 (CT)

(12)

where ℎ𝛽et and 𝜏𝛽s_et are respectively the initial hardening modulus and the saturation stress for ET, and 𝛾̄et is the total shear strain
on all ET systems. In Eq. (12)2, 𝑁ct is the total number of CT systems, and 𝐻ct and 𝑏 are hardening parameters. Following Zhang
and Joshi (2012), 𝑠̇𝑖sl−tw is taken to be zero for both twin modes.

Twinning-induced lattice reorientation is taken to occur when the accumulated twin volume fraction, 𝜙̄ =
∑𝑁tw

𝑖 𝜙𝑖, reaches a
critical value 𝜙𝑐𝑟 = 0.9 based on the comparison between single crystal simulations and experiments (Zhang and Joshi, 2012; Kelley
nd Hosford, 1967). The twin system that possesses the largest twin volume fraction is chosen as the orientation of the twinned
attice.

. Results

In all calculations, the initial porosity 𝑓0 = 0.01 and the initial cell aspect ratio 𝜆0 = 1 are kept fixed. The initial void aspect
4

atio is varied in the range 1∕30 ≤ 𝑊0 ≤ 1. This amounts to varying the initial ligament parameter 0.27 ≤ 𝜒0 ≤ 0.83; see Fig. 1.
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Table 2
Material parameters chosen for pure Mg.

𝜏0 (MPa) ℎ0 (MPa) 𝜏𝑠 (MPa)

Basal slip 0.5 20 –
Prismatic ⟨𝑎⟩ slip 25 1500 85
Pyramidal ⟨𝑎⟩ slip 25 1500 85
Pyramidal ⟨𝑐 + 𝑎⟩ slip 40 3000 150

𝜏0 (MPa) ℎet (MPa) 𝜏s_et (MPa) ℎet_sl (MPa)

Extension twinning 3.5 100 20 100

𝜏0 (MPa) 𝐻ct (MPa) 𝐻ct_sl (MPa) 𝑏

Contraction twinning 55 6000 15 0.05

Table 3
Crystal orientations considered in the cell model. Global orientations are shown in parenthesis.

Case Loading direction (𝑦) Lateral direction (𝑥) Lateral direction (𝑧)

Prismatic
[

12̄10
] [

101̄0
]

[0001]
⟨𝑐⟩-axis [0001]

[

12̄10
] [

101̄0
]

Here, material parameters representative of pure Mg are used; see Table 2. Also, 𝛾̇0 = 0.001 s−1, 𝑚 = 𝑚𝑡 = 0.02, 𝑞 = 1, 𝛾 tw = 0.129
and 0.138 for ET and CT, respectively, and 𝜙̇𝛽

0 = 0.001 s−1 for all ET systems and 𝜙̇𝛽
0 = 0.0001 s−1 for all CT systems. In addition,

transverse isotropy is assumed for the elastic stiffness, which is characterized by five independent constants, 𝐶11 = 59.40, 𝐶12 = 25.61,
𝐶13 = 21.40, 𝐶33 = 61.60 and 𝐶44 = 16.40 (all in GPa).

Two crystal orientations are considered, Table 3, as in Selvarajou et al. (2019). In the prismatic orientation, slip is expected to
be the primary deformation mechanism, and large anisotropy is expected in the transverse ([12̄10] − [0001]) plane. In the ⟨𝑐⟩-axis
orientation, extension twinning is favored. All calculations are pursued until well after the onset of void coalescence, i.e. when the
cell’s mode of deformation shifts to uniaxial stretching (Koplik and Needleman, 1988). The strain at the onset of coalescence (E𝑐

𝑒𝑞)
is simply detected by the saturation of the overall lateral strains (E𝑥𝑥 and E𝑧𝑧). In some cases, such transition does not occur and
ominal failure is defined when 𝜒 reaches 0.925.

.1. Prismatic loading

.1.1. Overall response
First, consider the case of uniaxial tension ( = 1∕3). Fig. 2 shows macroscopic responses along with the corresponding evolution

f key parameters for various values of the initial void aspect ratio. The response of the pristine (void-free) matrix is also shown for
eference. It is dominated by prismatic slip with early saturation hardening. Considering the porosity level (starting from 𝑓0 = 0.01),
he response of the cell is always weaker than the matrix. The flatter the void the weaker the cell. However, even for this simple
ase of (remote) uniaxial tension, subsequent hardening of the cell depends on microstructure evolution.

For a moderately oblate void (𝑊0 = 1∕2), the response is similar to the 𝑊0 = 1 case (spherical void), Fig. 2(a). It is characterized
y small-strain hardening, followed by limited softening, saturation and re-hardening at large strains. In both cases, there is modest
orosity growth at the beginning (Fig. 2(b)) which explains the small-strain softening. Subsequently, the porosity saturates since all
oid elongation (Fig. 2(c)) is compensated for by lateral void shrinking (i.e. decrease in 𝜒𝑥; see Fig. 2(d)). By way of consequence,
ailure does not occur in these cases. For the sake of clarity, the 𝑊0 = 1 case is not shown in Fig. 2(d).

With further increasing void oblateness (i.e. with decreasing the value of 𝑊0) void growth becomes significant, Fig. 2(b). For
he 𝑊0 = 1∕30 and 𝑊0 = 1∕20 cases, the porosity-induced weakening eventually leads to early failure, which is marked by ‘x’ in
ig. 2(d). Failure here means attainment of the criterion 𝜒 = 0.925, Fig. 2(d).

For intermediate values of 𝑊0, early failure is prevented. Interestingly, the 𝑊0 = 1∕10 stress–strain curve tends toward that of
he pristine matrix until failure eventually occurs, but the 𝑊0 = 1∕6 stress–strain curve crosses that of the matrix at 𝐸eq ∼ 0.4 and
oes above it. It is remarkable that the porous cell hardens when the constituent matrix does not; see Section 3.1.2.

The results in Fig. 2 show evidence for induced anisotropy. This comes in part from void elongation, as predicted in cell
alculations that employ 𝐽2 flow theory (Lassance et al., 2006). There is also deviation from axially symmetric shapes, induced
y plastic anisotropy in transverse planes (i.e. normal to the applied stress). This behavior manifests when probing either the void
spect ratio (Fig. 2(c)) or the ligament parameter (Fig. 2(d)). For convenience, 𝑊 is normalized by its initial value. The flatter
he void the weaker the in-plane void anisotropy (i.e. 𝑊𝑥 ∼ 𝑊𝑧). However, the cell anisotropy develops stronger in such cases
i.e. 𝜒𝑥 ≠ 𝜒𝑧). This will be elucidated further in Section 3.1.2.

Next, consider the case of triaxial loading with  = 3, Fig. 3. For reference, the response of the pristine matrix is also plotted in
ig. 3. The lateral stresses now favor some activation of extension twinning, which is exacerbated in the voided cell. The effect of
oid shape on the effective response is quite strong, Fig. 3(a). The 𝑊0 = 1∕30 cell is so much weaker than the pristine matrix and
his is attributed to (i) twinning-induced softening, and (ii) porosity-induced softening, Fig. 3(b). Both aspects are void-mediated,
5

ince twinning itself is induced by the void. The signature of twinning manifests in the sigmoidal stress–strain responses.
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Fig. 2. Prismatic loading at  = 1∕3: Equivalent strain 𝐸eq versus: (a) equivalent stress, 𝛴eq, (b) normalized porosity, 𝑓∕𝑓0, (c) void aspect ratio, 𝑊 , and (d)
ligament parameter, 𝜒 , for various values of 𝑊0. Both, 𝑊 and 𝜒 are directional quantities; see text.

Here, failure occurs by the onset of void coalescence. Remarkably, the evolution of porosity does not depend much on 𝑊0,
ig. 3(b). This is consistent with results obtained for a 𝐽2 matrix (Lassance et al., 2006). At high triaxiality, the dilational part of
he cell’s deformation is set by the hydrostatic component of the applied stress. Yet, the strain to failure (E𝑐

𝑒𝑞) varies with 𝑊0. The
inimum strain to failure is below 0.04 for 𝑊0 = 1∕10 and the maximum is about 0.08 for 𝑊0 = 1. This implies that a failure

riterion that is based on attaining a critical porosity (𝑓 = 𝑓𝑐 independent of 𝑊0) would be insufficient.
The in-plane void- and cell-shape changes that were noted under uniaxial loading are negligible for  = 3 until void coalescence

ets in; see Figs. 3(c) and 3(d). Also, after the onset of coalescence, 𝑊 decreases for 𝑊0 = 1 (much like in a 𝐽2 matrix). In contrast,
nitially oblate voids continue to open up along the primary loading direction even after the coalescence onset.

Additional results obtained for  = 1 do not exhibit a transition to sigmoidal stress–strain response, although the evolution of
, 𝜒 , and 𝑓 is qualitatively similar to  = 3. The reader is referred to Indurkar (2020) for details.

.1.2. Deformation micromechanics
To each deformation (slip or twin) mechanism, a relative activity 𝜁 𝑖 is associated, defined as

𝜁 𝑖 =
𝛾̇ 𝑖

𝑁𝑠+𝑁tw
∑

𝑗=1
𝛾̇𝑗

(13)

where 𝛾̇ 𝑖 denotes the shear rate of the 𝑖th mechanism; see Eq. (4). Fig. 4 shows key mechanism activity distributions in the 𝑊0 = 1∕2
and 𝑊0 = 1∕20 cells deformed at  = 1∕3. Contours show the central 𝑦𝑧-plane at increasing overall strain 𝐸eq. Each contour consists

bas. ET pris. pyr.⟨𝑐+𝑎⟩
6

of four quadrants stitched together: 𝜁 (top-left quadrant), 𝜁 (top-right), 𝜁 (bottom-right), and 𝜁 (bottom-left).
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Fig. 3. Prismatic loading at  = 3: Equivalent strain 𝐸eq versus: (a) equivalent stress, 𝛴eq, (b) normalized porosity, 𝑓∕𝑓0, (c) void aspect ratio, 𝑊 , and (d)
igament parameter, 𝜒 , for various 𝑊0 values.

For 𝑊0 = 1∕2 (Figs. 4(a)–4(c)), 𝜁pris. is the primary mechanism, as would be expected in a matrix without a void. At early stages
f deformation, basal and pyramidal ⟨𝑐 + 𝑎⟩ slip proceed from concentrations at the void’s equator while ET is prominent at the

poles. With increasing strain, the ET regions reorient and thereafter accrue 𝜁bas. and 𝜁pyr.⟨𝑐+𝑎⟩.
For 𝑊0 = 1∕20 (Figs. 4(d)–4(f)), ET activity occupies a much larger region of the matrix from the pole upward. This effectively

screens prismatic slip, causing a drop in its contribution to the overall plasticity. Twinning induced reorientation paves way for
pyramidal ⟨𝑐 + 𝑎⟩ slip and, to a lesser extent, basal slip.

Transverse anisotropy can be evidenced by comparing longitudinal 𝑦𝑧 and 𝑥𝑦 sections. For small oblateness, e.g. 𝑊0 = 1∕6, the 𝑥-
and 𝑧-dimensions of the void are quite different (Fig. 2(c)) but the cell’s dimensions are nearly equal (Fig. 2(d)). For large oblateness,
the opposite trend is observed. To illustrate salient differences consider the 𝑊0 = 1∕20 case, Fig. 5. The pervasive nature of ET is
immediately clear. However, plasticity in the 𝑥-ligament is governed by prismatic slip whereas that of the 𝑧-ligament carries mostly
pyramidal ⟨𝑐 + 𝑎⟩ slip. The highly anisotropic nature of these two plastically hard mechanisms translates to anisotropic thinning of
the two ligaments, as shown in Fig. 2(d); compare the evolution of 𝜒𝑥 and 𝜒𝑧.

The preceding observations highlight the critical role of void oblateness in damage evolution and anisotropic deformation under
uniaxial tension. Next, Fig. 6 shows the effect of triaxiality on the activation of various mechanisms around the void for fixed
𝑊0 (here equal to 1/6). In effect, there is a transition from a prismatic mode of deformation to a twinning mode with increasing
riaxiality, and this reflects in the stress–strain behavior as well. The increasingly important role of ET with increasing  is clear by
nspecting Figs. 6(a), 6(d), and 6(g). Twinning under uniaxial tension is solely the effect of 𝑊0 as no applied lateral tensile stresses
xist whereas at higher  the void-shape effect on twinning is enhanced by the applied lateral stresses. As a result, at  = 1∕3
rismatic slip dictates yield, because twinning plasticity is largely constrained within the volume deforming by prismatic slip. Later,
7

winning-induced reorientation enhances strain hardening by activating pyramidal ⟨𝑐 + 𝑎⟩ slip; see Fig. 2(a). On the other hand,
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Fig. 4. Prismatic loading at  = 1∕3: Evolution of deformation mechanism activity (Eq. (14)1) with strain on the mid-𝑦𝑧 plane of the unit cell for (a)–(c) 𝑊0 = 1∕2
and (d)–(f) 𝑊0 = 1∕20.

at  = 3, the soft ET mode is profuse enough to induce a much lower yield stress. Subsequent reorientation brings about the high
strain hardening effect seen in Fig. 3(a).

The volume-averaged relative activity of the 𝑖th deformation mechanism, 𝜁 𝑖, and average twinning volume fraction, 𝜙̄𝑖, are
calculated using:

𝜁 𝑖 =
∫ 𝛾̇ 𝑖 d𝑉

∫

𝑁𝑠+𝑁tw
∑

𝑗=1
𝛾̇𝑗 d𝑉

, 𝜙̄𝑖 = 1
𝑉 ∫ 𝜙𝑖 d𝑉 (14)

with 𝛾̇ 𝑖 as above.
The relative activities under uniaxial loading are shown in Figs. 7(a) and 7(b). The results are displayed for various values of 𝑊0

and correspond to the stress–strain curves in Fig. 2(a). The plastic flow in the pristine material is uniform and entirely dominated
8
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Fig. 5. Prismatic loading at  = 1∕3: Anisotropy of deformation mechanism activity around a penny-shaped void (𝑊0 = 1∕20) at E𝑒𝑞 = 0.10.

by prismatic ⟨𝑎⟩ slip; all other 𝜁 𝑖 are zero. As shown in the top plot of Fig. 7(a), the contribution of prismatic slip decreases with
increasing void oblateness. This gives rise to an increasing contribution of pyramidal ⟨𝑐 + 𝑎⟩ slip (bottom of Fig. 7(a)) as well as the
plastically soft basal slip and extension twinning (Fig. 7(b)).

At  = 3, there is a transition in the primary deformation mechanism imparted by twinning induced crystal reorientation,
Figs. 7(c) and 7(d). Before reorientation, which occurs between 𝐸eq ∼ 0.03 and 𝐸eq ∼ 0.04, the trends are similar to the case of
uniaxial loading, except that ET is much more dominant at high triaxiality (top of Fig. 7(d)). This is simply due to the contribution
of a strong lateral stress 𝛴𝑧𝑧 oriented along the ⟨𝑐⟩ axis; see Table 3. The dominance of ET increases with void oblateness. After
reorientation, however, pyramidal ⟨𝑐+𝑎⟩ slip becomes the primary deformation mechanism (bottom of Fig. 7(c)). Throughout, basal
slip remains an important secondary mechanism (bottom of Fig. 7(d)). This complex interplay of evolving anisotropy and void shape
effects lead to the stress–strain curves of Fig. 3(a).

Figs. 7(e)–7(g) summarize the effect of 𝑊0 on peak relative activity for various slip modes. Increasing oblateness leads to a
monotonic decrease in prismatic ⟨𝑎⟩ slip, a trend that is exacerbated by triaxiality. On the other hand, pyramidal ⟨𝑐 + 𝑎⟩ and basal
slip contributions exhibit more complex coupling. For a given 𝑊0, the contribution of these mechanisms generally increases with
increasing  . However, for a given  , while the contribution increases with increasing oblateness under uniaxial stress state (save
for the prismatic ⟨𝑎⟩ slip), it is relatively insensitive to 𝑊0 at  = 1 and  = 3.

Fig. 7(h) reveals the synergistic effect of stress triaxiality and initial oblateness on the ET volume fraction. For a given 𝑊0, the
increase in 𝜙̄ET with increasing  is expected. It is a result of the increased lateral tensile stress along the 𝑧-ligament, which promotes
⟨𝑐⟩-axis extension. Furthermore, oblateness exacerbates this behavior at a fixed level of  .

In summary of the prismatic loading case, the overall stress–strain responses in Figs. 2(a) and 3(a) are explained by the combined
evolution of porosity and fine slip/twinning mechanisms. The effect of void shape on yield softening is a result of preferential
activation of ET and basal slip in lieu of prismatic ⟨𝑎⟩ slip. The transition from saturation hardening to a sigmoidal response is a
result of the compounding effect of stress triaxiality and initial oblateness on the twinned regions. For instance, in the 𝑊0 = 1∕20
cell, nearly 50% of the matrix volume undergoes ET at  = 1, and at  = 3 it is ∼ 75%. With continuing deformation, there is
competition between porosity-induced softening and the material hardening induced by pyramidal ⟨𝑐 + 𝑎⟩ slip that preferentially
occurs in twinned regions. It turns out that for 𝑊0 ≳ 1∕10 the material hardening prevails over ligament softening by virtue of the
larger volume over which it occurs. For penny-shaped voids (𝑊0 ≲ 1∕10), the rapid increase in the basal ⟨𝑎⟩ slip (accounting for
∼ 25% strain) induces more softening than less oblate voids (𝑊0 ≳ 1∕6).

3.2. ⟨𝑐⟩-axis loading

3.2.1. Overall response
Consider the uniaxial tension case first, Fig. 8. Initial yield is governed by ET, followed by rapid hardening due to non-basal

mechanisms resulting from twinning induced crystal reorientation until saturation, Fig. 8(a). For porous crystals with moderately
oblate voids (𝑊0 ≳ 1∕10), the peak stress exceeds that of the pristine crystal. This arises due to the formation of twin sectors that
activate non-basal slip, as in the 𝑊0 = 1 case, which is reproduced from Selvarajou et al. (2019). A detailed discussion on the
non-basal slip activation due to the void induced twin sector formation is presented et. seq. (Sections 3.2.2 and 3.2.3).
9
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Fig. 6. Prismatic loading, 𝑊0 = 1∕6: Effect of stress triaxiality on the deformation mechanism activity (𝜁 𝑖, Eq. (14)1). The contours on the mid-𝑥𝑦 plane are shown
for illustration. Panels (a)–(c), (d)–(f) and (g)–(i) are respectively for  = 1∕3,  = 1, and  = 3. Cells are shown as deformed.

For penny shaped voids (𝑊0 ≲ 1∕10), the twinning induced increase in the peak stress is compensated for by void induced
softening, Fig. 8(b). For nearly spherical voids (𝑊0 = 1 or 1∕2), the rate of porosity decrease is insensitive to 𝑊0; this explains their
near identical stress–strain responses in Fig. 8(a). With increasing oblateness, porosity grows at faster rates. As in the prismatic
loading case, the highly oblate voids (𝑊0 ≲ 1∕10) exhibit enough growth leading to coalescence, unlike the moderately oblate voids
(1∕10 ≲ 𝑊0 ≲ 1∕2) for which the porosity tends to saturate.

The non-monotonic porosity growth for 𝑊0 < 1∕2 is noteworthy. Growth is initially rapid, followed by a short stagnation regime,
and ultimately transitions to a runaway growth. This behavior is also reflected in the void aspect ratio evolution, Fig. 8(c). Transverse
anisotropy is here negligible (𝑊 ≈ 𝑊 ), in contrast with the case of prismatic loading (see Fig. 2(c)).
10
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Fig. 7. Prismatic loading: Panels (a) and (c) show the evolution of average relative activity (Eq. (14)1) of the plastically softer modes (𝜁ET, 𝜁bas.) for  = 1∕3 and
3 respectively. Panels (b) and (d) show the plastically harder modes (𝜁pris. , 𝜁pyr.⟨𝑐+𝑎⟩). Panels (e)–(g) collate the peak relative activities of prismatic ⟨𝑎⟩, pyramidal
⟨𝑐 + 𝑎⟩ and basal ⟨𝑎⟩ slip respectively. Panel (h) shows maximum 𝜙̄ET.

For the intermediate triaxiality  = 1, void-induced hardening persists for sufficiently blunt voids (𝑊0 ≳ 1∕6), Fig. 9(a). Fig. 9(b)
shows the evolution of the ligament parameters (along transverse directions 𝑥 and 𝑧) for all cases analyzed. Interestingly, no ligament
thinning is observed in the twinning regime. All lateral growth occurs after twinning is complete. Here too, there is very little
transverse anisotropy (𝜒 ≈ 𝜒 from Fig. 9(b) and 𝑊 ≈ 𝑊 from Fig. 9(c)).
11
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Fig. 8. ⟨𝑐⟩-axis loading,  = 1∕3: Effect of initial void oblateness on (a) the stress–strain response, (b) porosity evolution, and (c) void aspect ratio.

Fig. 9. ⟨𝑐⟩-axis loading,  = 1: Effect of initial void oblateness on (a) the stress–strain response, (b) ligament parameter, (c) void aspect ratio, and (d) porosity
evolution.
12
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Fig. 10. ⟨𝑐⟩-axis loading,  = 3: Effect of initial void oblateness on (a) the stress–strain response, (b) ligament parameter, (c) void aspect ratio, and (d) porosity
evolution.

The evolution of porosity is shown in Fig. 9(d). Twinning induced early porosity stagnation, which prevailed over the entire
range of 𝑊0 for  = 1∕3, is seen here only for nearly spherical voids. The strain to failure, E𝑐

𝑒𝑞 , decreases with increasing void
oblateness.

Upon increasing the triaxiality to  = 3, some differences begin to emerge, Fig. 10. Notably, void-induced hardening is now
absent (compare with Fig. 9). This is due to a faster rate of porosity growth at  = 3. The resulting softening prevails over void-
induced hardening, which results from void-induced twinning. Just like in the  = 1 case, ligament thinning is suppressed during
twinning, Fig. 10(b). The effect is more visible here because the strain window is narrower. Remarkably, however, some anisotropy is
eventually induced post-twinning. This manifests both in ligament thinning (𝜒𝑥 ≠ 𝜒𝑧, Fig. 10(b)) and void shape evolution (𝑊𝑥 ≠ 𝑊𝑧,
Fig. 10(c)). Highly oblate voids (𝑊0 ≲ 1∕20) appear to be an exception. Similar to  = 1, porosity stagnation during twinning is strong
for near-spherical voids (𝑊0 ≥ 1∕2) but disappears with increasing oblateness, Fig. 10(d). In spite of such qualitative differences,
he strain to failure is weakly sensitive to 𝑊0 at such high triaxiality.

.2.2. Deformation micromechanics
Recall that under prismatic loading, increasing initial oblateness enhances extension twinning, which leads to a qualitative change

n the stress–strain response especially at high levels of triaxiality. On the other hand, the stress strain response is largely of the
igmoidal type under ⟨𝑐⟩-axis loading at similar triaxiality levels indicating that extension twinning remains the primary deformation
echanism.

Consider the case of uniaxial tension. Figs. 11(a)–11(c) illustrate the type of deformation activity that develops for very oblate
13

oids (here 𝑊0 = 1∕20). The three stages are shown in Fig. 11(d). As noted earlier (see Fig. 8(b)), increasing initial oblateness renders
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Fig. 11. ⟨𝑐⟩-axis loading,  = 1∕3: Porosity evolution in a unit cell with 𝑊0 = 1∕20. Panels (a)–(c) show evolution of the relative activity distributions of key
mechanisms in the 𝑥𝑦-plane at three stages A, B and C. Panels (d) and (e) show the normalized porosity and void radii evolution.

the porosity evolution non-monotonic under ⟨𝑐⟩-axis loading. At stage A, extension twinning is profuse in the lateral ligaments
(Fig. 11(a)) while regions above and below the void pole are shielded from twinning and instead deform by basal slip. Upon straining
to stage B, twinning-induced reorientation renders the ligament plastically harder due to prismatic ⟨𝑎⟩ slip (Fig. 11(b)). Thus, the
matrix experiences a highly non-homogeneous strain hardening. The higher hardening at the equator results in temporary stagnation
of porosity (point B, Fig. 11(d)). More specifically, the void cannot grow laterally, as illustrated in Fig. 11(e). The transverse void
radii 𝑟𝑥 and 𝑟𝑧 decrease in the early stages. As twinning saturates in the ligament (0.05 ≲ 𝐸eq ≲ 0.08), the previously untwinned
pole region now undergoes rapid twinning (Fig. 11(b)) and strain hardens. Once the entire matrix has twinned, the heterogeneity
of hardening diminishes and the void undergoes a rapid evolution (B → C) at an elevated stress level. Closer to coalescence (point
C), the pyramidal ⟨𝑐 + 𝑎⟩ and basal slip drive the final stages of the localization (internal necking) process.

For less oblate voids the distributions of relative activities are similar to this case, except that the polar region shielded from
twinning is proportionally smaller with decreasing oblateness. As a result, the lateral void growth may be stagnant or slowly
increasing, and this still reflects in the stagnation of porosity in the twinning-affected regime (Fig. 8(b)).

The shielding of the polar region from extension twinning and its subsequent unshielding reflects in the averaged relative activity
maps shown in Fig. 12(a). Initially, the ET contribution to plastic deformation is smaller compared to the pristine response, but then
gradually picks up as the polar region twins (cf. Figs. 11(a)–11(c)). This behavior is consistent for all 𝑊0 values. For highly oblate
voids (𝑊0 ≲ 1∕10) the ET activity prevails over the strain range that is more than twice the range for the spherical void. In this
regime, both the 𝜁pris. and 𝜁pyr.⟨𝑐+𝑎⟩ are also active (Fig. 12(b)). With increasing oblateness the prismatic slip contribution decreases
and is replaced primarily by the pyramidal ⟨𝑐 + 𝑎⟩, and to some extent, basal slip.

The reason why the polar regions of the matrix do not twin despite a favorable loading orientation is that, in oblate voids 𝜎𝑦𝑦
in the polar region is not sufficient to activate ET (Prasad et al., 2016). On the other hand, the local shear stresses 𝜎𝑥𝑦 and 𝜎𝑦𝑧 still
exist, which aid basal slip.

Fig. 13 depicts an example of void shape effect in promoting basal slip in lieu of ET at a higher triaxiality level ( = 1). With
increasing oblateness, basal slip occupies increasingly larger matrix volume, roughly scaling with 1∕𝑊 2

0 . The matrix volume that is
screened from ET is much less dependent on triaxiality but more so on the void shape, compare Fig. 11(a) with 13(b). Fig. 14 collates
the peak relative activity levels of the dominant slip mechanisms (Fig. 14(a)–14(c)) and the maximum average ET volume fraction
14
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Fig. 12. ⟨𝑐⟩-axis loading,  = 1∕3: Relative activity evolution of (a) plastically softer modes (𝜁ET, 𝜁bas.), and (b) plastically harder modes (𝜁pris. , 𝜁pyr.⟨𝑐+𝑎⟩).

Fig. 13. ⟨𝑐⟩-axis loading,  = 1: Effect of void oblateness on the distribution of soft deformation mechanisms. The contours are shown at E𝑒𝑞 = 0.03, which reveal
an increased activity of basal ⟨𝑎⟩ slip near the void pole with increasing void oblateness in lieu of extension twinning.

(Fig. 14(d)) as a function of 𝑊0 and  . In contrast to the prismatic loading case where 𝜙̄ET increases with increasing oblateness and
triaxiality, here the trend is the reversed. While extension twinning remains the preferred deformation mechanism, it is reduced by
nearly 50% with increasing void oblateness (at a fixed  ). For a given 𝑊0, the decrease in 𝜙̄ET is about 10−15% with increasing  .

The decrease in twinning activity is compensated by basal slip, whose contribution increases with increasing oblateness and
triaxiality, Fig. 14(c). The post-twinning activity is governed by the prismatic and pyramidal ⟨𝑐 + 𝑎⟩ slip mechanisms. While the
prismatic slip activity decreases with increasing oblateness and triaxiality, the pyramidal ⟨𝑐 + 𝑎⟩ slip contribution increases with
increasing triaxiality (at a given 𝑊0) but decreases with increasing oblateness (at a fixed  ). The evolution of these activities (not
shown here) with deformation looks qualitatively similar to that of  = 1∕3 (see Indurkar, 2020).

3.2.3. Twin sector formation
Selvarajou et al. (2019) showed the formation of symmetry-breaking twin sectors in a porous HCP unit cell with a spherical void.

Against that backdrop, Fig. 15 collates the effect of void shape in the formation of twin sectors. As seen, with increasing oblateness
more twin variants are activated (for a given  ), which are demarcated by twin sector boundaries with high misorientation (∼ 60◦),
shown as black dashed lines in Fig. 15. The twin sector formation is relatively insensitive to stress triaxiality but is more strongly
governed by the void oblateness.

3.3. Crystallographic aspects in void coalescence

Fig. 16 summarizes the results of the previous two sections in terms of the strain to failure, E𝑐
𝑒𝑞 , versus a measure of void

oblateness, ln(1∕𝑊 ). At all levels of triaxiality, ductility decreases monotonically with increasing oblateness.
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Fig. 14. ⟨𝑐⟩-axis loading : Role of void shape and triaxiality in the peak values of (a) prismatic ⟨𝑎⟩ slip, (b) pyramidal ⟨𝑐 + 𝑎⟩ slip, (c) basal slip activities, and
d) extension twin volume fraction.

At  = 1∕3 (Fig. 16(a)), coalescence only occurs for moderate to highly oblate voids, namely 𝑊0 ≲ 1∕10 (prismatic case) and
0 ≲ 1∕20 (⟨𝑐⟩-axis case). Moreover, for a given void aspect ratio 𝑊0, the prismatic orientation is less ductile than the ⟨𝑐⟩-axis

rientation. As seen from Figs. 17(a) and 17(d), the void shape anisotropy in the 𝑥𝑧-plane at failure (E𝑒𝑞 = E𝑐
𝑒𝑞) is much stronger

nder prismatic loading. Moreover, there appear to be two different modes of coalescence in the prismatic case: ligament necking
n the 𝑥-direction versus strain localization in the 𝑦𝑧-plane. The localized deformation band in the 𝑦𝑧-plane is a consequence of the
ocalized basal slip, and tends to connect voids at 45◦ above and below the shown void. Note that, of the two lateral ligaments, the
-ligament is also more resistant to plastic deformation, which suggests that the emergence of the localized band is a consequence
f the inability of the 𝑧-ligament to neck down, unlike the 𝑥-ligament. On the other hand, the ⟨𝑐⟩-axis case shows a clear tendency
o fail by inter-void ligament necking in the entire 𝑥𝑧 plane.

At  = 1 (Fig. 16(b)), the prismatic orientation exhibits higher ductility for less oblate voids (𝑊0 ≳ 1∕6) compared to the ⟨𝑐⟩-axis
rientation. However, it decreases more rapidly with increasing oblateness (𝑊0 ≲ 1∕10) relative to the ⟨𝑐⟩-axis case. At  = 3
Fig. 16(c)), E𝑐

𝑒𝑞 shows different trends. The prismatic orientation is consistently less ductile than the ⟨𝑐⟩-axis orientation. For the
𝑐⟩-axis loading, the ductility dependence on the initial oblateness is relatively weak for 𝑊0 ≳ 1∕6 but decreases rapidly for more
blate voids. In contrast, for the prismatic loading case the ductility drops sharply for 𝑊0 ≳ 1∕6 but is independent of 𝑊0 for more
blate voids. The deformation anisotropy of the lateral ligaments and the occurrence of strain localization in the 𝑦𝑧-plane is also
ersistent, cf. Figs. 17(b), 17(e) ( = 1) and Figs. 17(c), 17(f) ( = 3).

At  = 3 (Fig. 16(c)), the regimes where the ductility is relatively insensitive to void shape (0 ≲ ln(1∕𝑊0) ≲ 2 for ⟨𝑐⟩-loading
nd 2 ≲ ln(1∕𝑊0) ≲ 3.5 for prismatic ⟨𝑎⟩-loading) are also the regimes where extension twinning is more profuse in both loading
rientations. In fact, the level of twinning in these regimes is nearly the same for both the orientations (cf. Figs. 7(h) and 14(d)).

. Discussion

The prismatic and ⟨𝑐⟩-axis orientations considered in this work may be viewed as highly idealized representations of textured
olycrystalline materials. For example, in technologically important HCP materials such as rolled polycrystalline Mg alloys,
xperiments are commonly performed along the rolling or transverse orientations which, roughly equate to the prismatic loading
n our case in terms of the important deformation mechanisms. The other, relatively much less explored, extreme situation is the
hort-transverse orientation (Kondori et al., 2019), which is mimicked by the ⟨𝑐⟩-axis loading in this work . In these materials, void
ucleation is often reported at twin boundaries, twin–grain boundary intersections, or subsequent to the cracking of second phase
articles (Kondori and Benzerga, 2017; Kondori et al., 2018; Azghandi et al., 2020b). Often, these second-phase particles are aligned
ith a material principal direction (Li et al., 2012; Ray and Wilkinson, 2016), which can set up initial conditions analogous to the
nit cell representations in this work. Moreover, twin-induced penny-shaped voids (or cracks) are often perpendicular to the main
oading direction (Kondori and Benzerga, 2014; Basu et al., 2017). In such situations, the nascent void can be approximated as
blate with a periodic distribution.

In this work, we analyzed the subsequent growth to coalescence of such initially oblate voids with varying aspect ratios. The
elatively high value of the initial porosity is representative of locally attainable values. Despite the initial symmetry of the unit cell
ith regards to the geometry and loading (𝛴𝑥𝑥 = 𝛴𝑧𝑧), a three-dimensional analysis is necessary because of the symmetry-breaking
eformation anisotropy in the lateral plane for both, prismatic and ⟨𝑐⟩-axis loading. With these considerations, we put the results
n the context of relevant experimental observations and recent analyses.

Under uniaxial loading a wide spectrum of results are obtained depending on the aspect ratio of the initial void, Figs. 2 and
. For instance, there seems to be a critical void aspect ratio below which porosity growth is unbounded, leading to failure, cf.
igs. 2(b) and 8(b). Such trends may depend on constitutive parameters. Song and Castañeda (2017c) indicate that at low triaxiality
evels ( ≪ 1) void shape plays a negligible role in void aspect ratio evolution but becomes important at  ≳ 1. Our calculations
16
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Fig. 15. ⟨𝑐⟩-axis loading : Effect of void oblateness and triaxiality on the formation of twinned sectors around the void is shown in panels (a)–(d). The section
is taken on the equatorial 𝑥𝑧 plane. The contours are shown at 𝐸𝑒𝑞 ∼ 0.065. The different ET variants V1–V6 are schematically shown in panels (e)–(j). Twin
sector boundaries marked by … .. demarcate the different non-conjugate variants with a misorientation of ∼60◦.

reveal that void shape plays an important role in the evolution of 𝑊 at all levels of  . Crystallographic plastic anisotropy is found
to dictate the rate of change of void aspect ratio (𝑊̇ ). For porous 𝐽2 materials under uniaxial tension, penny-shaped voids tend to
open up more rapidly along the loading direction compared to spherical voids (Pardoen and Hutchinson, 2000; Kweon et al., 2016),
i.e., 𝑊̇ob∕𝑊̇sp > 1. In contrast, we find that 𝑊̇ob/𝑊̇sp < 1 under prismatic (Fig. 2(c)) as well as ⟨𝑐⟩-axis uniaxial tension (Fig. 8(c)).
That is, oblate voids tend to open up slower than spherical ones. This observation is consistent with experimental measurements in
some Mg alloys (Kondori and Benzerga, 2017). What is of particular importance is that the slow rate of opening of the voids is more
damaging and leads to early coalescence. In the same work, Kondori and Benzerga (2017) show that this feature can be captured
by heuristic modifications to micromechanical porous plasticity models (Keralavarma and Benzerga, 2010; Benzerga and Leblond,
2014), although the precise role of plastic anisotropy remains hidden. Our simulations reveal how the plastic anisotropy promotes
lateral void growth, which can trigger failure. This provides a rationale for fracture under uniaxial loading, something that would
not be observed for a 𝐽2 matrix under similar conditions.

In this regard, two aspects are particularly noteworthy, both pertaining to prismatic loading. First, for 𝑊0 ≲ 1∕6 the void aspect
ratio is quasi-isotropic, but the ligament parameter (𝜒) evolution is anisotropic, cf. Fig. 2(d). This means that while the void grows
nearly isotropically in the lateral directions (i.e., 𝑟 ≈ 𝑟 ), the cell boundaries move at different rates. In particular, 𝐿 decreases
17
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Fig. 16. Strain to failure, E𝑐
𝑒𝑞 , versus ln(1∕𝑊0) prismatic loading (dashed) and 𝑐-axis loading (solid) and (a)  = 1∕3, (b)  = 1 and (c)  = 3.

much faster than 𝐿𝑧, which causes 𝜒𝑥 > 𝜒𝑧. This suggests a propensity to directional coalescence, consistent with the experiments
of Kondori et al. (2018). Second, prismatic loading exhibits a tendency for strain localization in shear bands under uniaxial (cf.
Fig. 17(a)) and triaxial loading (Figs. 17(b)–17(c)), which supports macroscale observations (Benzerga et al., 2019). The same is
not seen, however, under ⟨𝑐⟩-axis loading (Figs. 17(d)–17(f)). These observations point to the subtle role of crystallographic plastic
anisotropy in facilitating competing modes of failure.

Other recent uniaxial tensile experiments by Azghandi et al. (2020a) indicate that good ductility of a polycrystalline Mg alloy
appears to correlate with reduced extension twinning that possibly assists in reduced void growth rates. While direct comparison is
not possible, our simulations suggest that the correlation between twinning and failure is not straightforward. Consider the uniaxial
tension results for 𝑊0 = 1∕20. The strain to failure is higher under ⟨𝑐⟩-axis loading than it is under prismatic loading despite higher
extension twinning activity in the former case. Correspondingly, porosity growth is also slower under ⟨𝑐⟩-axis loading. Collating the
trends from Figs. 16, 7(h) and 14(d), for the range of triaxialities the correlation between extension twinning and failure strain (at
a given triaxiality level) with increasing oblateness is ostensibly the opposite for the two orientations. Under ⟨𝑐⟩-axis loading, the
decreasing ductility with increasing oblateness correlates with the decreasing twinning volume fraction, cf. Fig. 14(d). In contrast,
under prismatic loading the decrease in ductility correlates with increased twinning activity over the same range of void aspect ratio,
cf. Fig. 7(h). It may seem therefore that suppressing twinning may either be unfavorable (⟨𝑐⟩-axis loading) or favorable (prismatic
loading) for ductility. However, another way to see this is that the void shape has a primary effect on ductility and a collateral
effect on twinning rather than twinning playing a governing role in setting ductility limits.

The sensitivity of the stress–strain behavior to void oblateness for both orientations, see e.g., Figs. 3(a) and 10(a), is quite
different from what is observed in power-law hardening materials (Keralavarma et al., 2011). Under sufficiently high triaxiality,
the effective response is nearly independent of the crystallographic orientation. Under prismatic loading, triaxiality couples into
the void oblateness effect to produce twinning-dominated responses that appear qualitatively similar to the ⟨𝑐⟩-axis loading
esponses. Further, the average extension twin volume fractions in both cases are quite similar, cf. Figs. 7(h) and 14(d). In
ssence, it may be difficult to attribute a porous HCP material response to a particular loading orientation solely based on the
tress–strain characteristics or even the twin volume fraction. To that end, the content and spatial distribution of the extension
win variants may serve as a better signature to interpret the orientation-triaxiality coupling as these are different for the two
oading orientations (Indurkar et al., 2020), cf. Fig. 15. The increase in the number density of twin sectors with increasing void
blateness translates to an increased number density of high-angle sector boundaries, whose effect on final fracture modes can be
rucial. Rodriguez et al. (2016) suggest that cracks appear in regions with lowest twin density while Prasad et al. (2015) suggest
hat twin boundaries may have a toughening effect via crack deflection. In our view, another factor that may be relevant is twin
oundary misorientation, which depends on the number of activated twin variants in the matrix surrounding the void. The fracture
haracteristics may be complicated by the interplay between the amount of twinning and which twin variants are present. We
peculate that the presence of twin variants with high misorientations may exacerbate final failure by causing strain localization or
racking along their sector boundaries, see for example Nemcko and Wilkinson (2016), Nemcko et al. (2016).

With these key findings, we comment on the prospects of formulating improved mechanism-based continuum models of HCP
orous plasticity. A particularly important aspect is that inter-void ligament anisotropy may result from anisotropic evolution of
he void shape or anisotropic evolution of the cell dimensions, which can cause anisotropic coalescence. While Morin et al. (2015)
llows lateral void shape anisotropy it does not track cell anisotropy. Moreover, the evolution equations for the internal parameters
haracterizing the void shape and orientation are missing. The variational porous plasticity model by Song and Castañeda (2017a)
ncorporates evolving lateral void shape anisotropy but not cell anisotropy for tracking inter-void ligament evolution. The present
nit cell results provide a basis to parametrize void shape and cell geometry evolution, both of which are important in predicting
18
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Fig. 17. Evolution of equivalent plastic strain 𝜀𝑝𝑒𝑞 around a penny-shaped void (𝑊0 = 1∕20) at  = 1∕3, 1 and 3 for (a–c) prismatic loading, and (d–f) ⟨𝑐⟩-axis
loading.

Another aspect of crucial importance needed in crystallographically informed damage models (Ling et al., 2016; Paux et al.,
2018; Song and Castañeda, 2017a,b) is the representation of twinning effects. A primary effect commonly associated with extension
twinning is tension–compression asymmetry; porous plasticity models incorporating this feature (e.g., Stewart and Cazacu, 2011)
assert its role in macroscale damage (Revil-Baudard et al., 2016). The present results emphasize that extension twinning goes beyond
its expression in terms of tension–compression asymmetry. When coupled with void shape effects, it can fundamentally alter the
micromechanical responses thereby setting up complex, and likely competing, scenarios for ultimate failure. It is important to
incorporate such additional pathways for void evolution within homogenization based models.

5. Concluding remarks

In this work, we investigated the effect of void shape on the response of porous HCP single crystals under uniaxial and triaxial
tensile stress states with magnesium as a model material. A primary focus is on understanding how slip and twinning mechanisms
interact with the initially oblate voids that are often found to be the agents of ductile damage in such materials. Detailed analysis
of the micro–macro linkages is performed for prismatic and ⟨𝑐⟩-axis crystal orientations.
19
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The key features that are common between spherical and oblate-voided responses are: (i) activation of extension twinning under
rismatic loading, (ii) void-induced hardening for prismatic and ⟨𝑐⟩-axis uniaxial loading for mildly oblate voids, and (iii) formation
f extension twin sectors under ⟨𝑐⟩-axis loading. Beyond these basic similarities, void shape plays a discernible role in the failure
volution in the presence of crystallographic plastic anisotropy and stress state.

• Oblate voids drive failure even under uniaxial stress states for both orientations. Crystallographic plastic anisotropy promotes
lateral void growth (in the plane of coalescence), effectively resulting in flattened voids at coalescence.

• Under ⟨𝑐⟩-axis uniaxial loading, the porosity evolution becomes increasingly non-monotonic with increasing oblateness.
• Void oblateness increases the propensity to anisotropic coalescence either via anisotropic void growth or via anisotropic cell

deformation.
• At moderate to high triaxiality levels, void oblateness interacts with crystallographic plastic anisotropy, which leads to

increased extension twinning for the prismatic orientation but decreased extension twinning for the ⟨𝑐⟩-axis orientation.
• The distribution of twin variants around the void is more sensitive to void aspect ratio than the stress triaxiality. More oblate

voids promote the formation of twin sector boundaries with high misorientation, which may play a role in premature failure.

Overall, the crystallographic plastic anisotropy of HCP materials and void aspect ratio interact to generate competing failure
odes under tensile stress states, which includes void impingement via ligament necking, cracking along twin boundaries, and

ocalization in shear bands.
This work focused on crystallographic orientations and loading states that result in an initially symmetric system. To gain further

nsights into porous HCP plasticity it is important to consider loading states and crystallographic orientations that are not symmetric.
or instance, even under purely tensile loading states, small deviations from the two canonical orientations considered here would
nduce macroscopic shear deformations due to profuse basal slip. Likewise, even for symmetric initial orientations, a superimposed
hear stress would result in complex porosity evolution. Such scenarios are complicated by the computational cost and the relatively
arge space of orientations and stress states that need to be considered. Investigating these aspects is underway.
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