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Abstract

Blood clotting is a complex biochemical and biophysical pro-
cess that leads to the formation of a stabilizing fibrin mesh.
Fibrin polymerization is a necessary, multi-stage component of
this process and occurs on multiple temporal and spatial
scales. These complexities make it difficult to predict how
polymerization is affected by perturbations or under varying
conditions. Mathematical modeling has been a fruitful approach
in generating and testing novel hypotheses about this process.
In this review, we focus on the historical context leading to
current mathematical models of fibrin polymerization and
discuss the contributions of biochemical interactions between
thrombin, fibrin(ogen), and factor Xlll. We highlight mathemat-
ical models that encompass multiple spatial and temporal
scales (coarse-grain models, kinetic models, and models
incorporating flow and transport effects). We also discuss the
unique sets of challenges and benefits of each of these models,
and finally, we suggest directions for future focus.
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Introduction

While the formation of fibrin gels can be observed with
the naked eye, mathematical models of the fibrin poly-
merization process enable us to better describe the
microscopic biophysical and biochemical events leading

up to the point of gelation and beyond. Over the past 40
years, a handful of mathematical models have been
developed to study fibrin polymerization. These models
span a wide range of spatial and temporal scales
(Figure 1). To describe these models and their impact, it
is important to highlight three specific proteins,
fibrin(ogen), thrombin, coagulation factor XIII (FXIIT)
and its active form (FXIIIa), which are key contributors
to many aspects of the fibrin polymerization process.
While thrombin and FXIlIIa are critical to the dynamics
of fibrin polymerization, their explicit roles have been
absent from most mathematical models or have been
considered in only simplistic ways. We will discuss gaps
that exist in current models of fibrin polymerization and
suggest areas that warrant further investigation to
address unanswered questions in the field, including the
incorporation of FXIIla into a mathematical model of
fibrin polymerization.

Brief biological primer on fibrin
polymerization

After vascular injury, the biochemical and biophysical
processes of hemostasis work to form a thrombus to
prevent blood loss. The first responders are platelets
that weakly aggregate and ‘plug’ the site of vascular
injury. Simultaneously, a series of enzymatic reactions
that make up the blood coagulation process results in
the formation of fibrin, which polymerizes and traps
platelets and other blood cells within a dense network of
fibers. Together, the aggregated platelets, cells, and
fibrin mesh comprise a stable clot.

The most critical enzyme generated during the coagu-
lation process is thrombin, which is necessary for the
generation and stabilization of the formed fibrin mesh
[1,2]. First, thrombin is the sole enzyme responsible for
proteolytically converting fibrinogen into fibrin. Second,
it proteolytically activates the zymogen FXIII into its
activated form, transglutaminase FXIIla, which
strengthens and stabilizes the fibrin scaffold by cova-
lently cross-linking fibrin fibers [3,4]. Biochemically,
thrombin has one active site and two exosites, exosite 1
(E1) and exosite 2 (E2); the exosites serve to localize
thrombin by binding it to various substrates and platelet
surfaces, which aids in coagulation and platelet activa-
tion [5—9]. During fibrin polymerization, thrombin
binds both fibrinogen and fibrin and can become trap-
ped within the growing thrombus, where the fibers serve
as a sink for its potent enzymatic activity [10,11]. This
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Figure 1
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Schematic overview of the scope of mathematical fibrin polymerization models that encompass varying spatial or temporal scales. Panel (a) illustrates a
coarse-grain representation of fibrinogen that is used in molecular dynamic models to better understand intramolecular and intermolecular interactions

in polymerization [22,23]. Kinetic, continuum differential equation models,

shown in panel (b), are often used to determine the temporal dynamics of

physical concentrations involved in polymerization [24—-26]. Transport effects on the polymerization process are investigated with spatial-temporal

models shown in panel (c) [27,28].

complex coupling of thrombin to the polymerization
process is not fully understood.

Fibrin has a dimeric structure with a central E domain
flanked by two D-domains. Each D-domain is associated
with a y-chain. Approximately 15% of a fibrinogen’s y-
chains are an alternative splice variant denoted v/, which
are formed through alternate processing of the y-mRNA
[12]. Details on how the presence of y’'-chains can affect
fibrin polymerization are discussed in a later section.
Polymerization is initiated when thrombin binds the E
domain of fibrinogen and cleaves fibrinopeptide A (FpA),
resulting in fibrin I formation. This cleavage event on a
single fibrin monomer exposes A-knob binding sites that
bind with complementary a-pocket binding sites on the
ends of other fibrin monomers to form dimers (Figure 2).
Fibrin I monomers can then continue to bind longitu-
dinally, through A:a interactions, to form oligomers.
Continual binding of more monomers to oligomers re-
sults in half-staggered, two-stranded protofibrils.
Thicker fibrin fibers are then formed by lateral aggre-
gation of the protofibrils that have reached a critical
length (600—800 nm) [3]. While the exact mechanisms
and structures required for lateral aggregation are still
not well-defined, Yang et al. [14] proposed a step-wise
conceptual model of lateral aggregation, developed
from packing interactions in crystal structures of fibrin-
ogen fragments. Their model also suggests that under
some conditions, half-staggered packing could enable
solvent channels within the fibers through which mole-
cules such as thrombin and FXIIla could diffuse. A
schematic overview of fibrin polymerization is shown in

Figure 2, and for more detailed reviews on fibrin poly-
merization, see the studies by Wolberg [11], Mosesson
[12], Weisel and Litvinov [13], Weisel [15,16], and
Pieters and Wolberg [17]. In a step sequential to FpA
cleavage, thrombin cleaves fibrinopeptide B (FpB),
forming fibrin II. Fibrin II has B—knob binding sites that
associate with complementary b-pocket binding sites
[18,19]. Although this step is not necessary for lateral
aggregation and fiber formation, it is thought that B:b
interactions allow for thicker fibers because of enhanced
lateral aggregation [18,20,21].

Mathematical models of fibrin
polymerization

Here, we characterize fibrin polymerization into three
broad steps: (1) the enzymatic cleavage of fibrinopeptides
from fibrinogen by thrombin to produce fibrin monomers;
(2) the binding of fibrin monomers to form half-staggered,
two-molecule wide protofibrils; and (3) the lateral aggre-
gation of protofibrils to form fibrin fibers that branch and
form a space-filling fibrin gel. These steps occur on mul-
tiple spatial and temporal scales and have been modeled
with varying degrees of complexity and diverse modeling
approaches (Figure 1). This section includes descriptions
of these different modeling frameworks/approaches,
which are summarized in Table 1, with comments about
the appropriateness of these frameworks for addressing
different biological questions. Note that while several of
these models incorporate many biologically relevant
components of fibrin polymerization, all models described
in the following do not include the dynamics and contri-
butions of FXIII.
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Figure 2
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Schematic description of fibrin polymerization. Fibrinogen is a 45 nm-long soluble glycoprotein found in blood and consists of 6 paired, coiled—coiled
polypeptide chains (2 Aa- (yellow), 2 BS- (blue) and 2v- (red) chains). The figure shows the following steps of polymerization, (a) monomeric fibrin is
formed through cleavage of central fibrinopeptides (FpA) of fibrinogen by thrombin, exposing A-knobs and releasing «C regions. (b) Fibrin monomers
spontaneously polymerize through knob—hole interactions and form half-staggered, two monomer-wide protofibrils. (c) Once a critical length is reached

(20—25 monomers), protofibrils laterally aggregate through «C interactions to

form fibrin fibers that pack to form the fiber network. For more detailed

reviews of fibrin polymerization, see studies by Wolberg [11], Mosesson [12], Weisel and Litvinov [13], Weisel [15,16], and Pieters and Wolberg [17].

Early models of fibrin polymerization

Early studies of fibrin polymerization used Kkinetic
models to help explain experimental observations. The
first kinetic model of the conversion of fibrinogen to
fibrin was developed by Lewis et al. [29]. The model
considered thrombin-catalyzed proteolysis of fibrinogen

and helped support the data and the idea that there is an
ordered, sequential release of FpA and FpB and thus,
formation of fibrin I and fibrin II, respectively
(Figure 2). Fibrin I in the model could either oligo-
merize or be further proteolyzed to fibrin II for which
oligomerization was not considered. Oligomerized fibrin
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Table 1

Mathematical models proposed for fibrin polymerization. Models are organized by modeling framework, and model focus area refers to
the three broad steps of polymerization: (1) the enzymatic cleavage of fibrinopeptides on fibrinogen by thrombin to form fibrin monomers,
(2) fibrin monomers binding to form half-staggered, two-molecule wide protofibrils, and (3) the lateral aggregation of protofibrils to form

fibrin fibers which branch and form a space-filling gel.

Focus Area & Reference Modeling Key Contribution
Methodology
1,2, 3[23] Coarse-grain Fibrinogen is represented as a coarse-grained molecular chain
molecular that is involved in conversion, elongation, and lateral

dynamic model

1,2,3[22] Coarse-grain
molecular
dynamic model

1, [29,30] Kinetic ODE
model

1, 2 [36] Kinetic ODE
model

1,2, 3[24] Kinetic ODE
model

2, Branch formation [26] Kinetic gelation

model
1, 2, 3[35] Kinetic gelation
model
Fibrin-Thrombin Binding [46] Kinetic ODE
model
Fibrin-Thrombin Binding [25] Kinetic ODE/PDE
model
1, 2 [28] Transport effects

& flow, kinetic
gelation model

1,2, 3[27] Transport effects
& flow, kinetic
gelation model
with coagulation

aggregation reactions through reactive dissipative particle
dynamics simulations. As the first molecular-based model of
fibrin polymerization, the model can recapitulate experimental
results, such as the dependence of fiber thickness on thrombin
concentration.

Fibrinogen is represented as a coarse-grained molecular chain
and participates in reactions as described in the study by
Yesudasan et al. [23]. With a larger time and spatial scale than
[28], the model incorporated varying thrombin concentration and
showed slower FpB release is essential for realistic fiber
development.

The model characterized the kinetics scheme and relevant
kinetic constants for thrombin-catalyzed conversion of
fibrinogen to fibrin. The model was extended to include thrombin
explicitly as well as anti-thrombin inhibition. Experimental data is
used to characterize the kinetic rates of fibrin—fibrin binding, as
well as fibrinopeptide release rates under various conditions.
Fibrin-fibrinogen interactions are investigated in a kinetic model
of small oligomer formation comprised fibrinogen and fibrin.
Fibrinogen-fibrin binding and oligomeric fibrinogen conversion
by thrombin were required to reproduce experimental results
from size exclusion chromatography.

The authors present the first model to describe all steps of
polymerization, the width and length of fibers (in a number of
molecules and the number of protofibrils) that can be extracted.
Fiber size was compared with turbidity measurements and
validated with SEM, and a minimum protofibril length was
required to obtain physically relevant results.

By explicitly incorporating branch formation, three reactions
were considered, bimolecular elongation, trimolecular branch
formation, and monomer source. The model results can capture
experimental thrombin-dependent branch structure [44].

A kinetic gelation and fragmentation model framework was
used, coupled with thrombin activation and inhibition, to
determine where in parameter space gelation occurs.

The model describes the kinetic binding of fibrin and thrombin
using ODEs and was created to help understand accompanying
experimental results. Parallel plate flow chamber experiments
with thrombin bound to fibrin mat showed that active thrombin,
protected from some inhibition, remains present for 30+
minutes.

Using a PDE diffusion-reaction model, an explicit treatment of
bivalent binding Kinetics is statistically significant in modeling
thrombin-fibrin binding. It was shown that there must be an
irreversibly trapped thrombin population, hypothesized to be
physically trapped inside fibrin fibers.

As the first fibrin polymerization model to include flow-mediated
transport, the model includes a monomer source from thrombin
activation/inhibition and a flow-mediated monomer sink. At low
shear rates, thrombin availability limits gelation and polymer
aggregation is limited by flow removal at high shear rates.

A kinetic gelation and fragmentation model coupled with
thrombin activation and inhibition is presented and incorporates
a 2D spatial model with transport, diffusion, and coagulation
reactions.
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[ could then be converted to fibrin II by fibrin-
associated thrombin. Fibrinogen conversion was
assumed to obey Michaelis—Menten kinetics, and thus,
thrombin-fibrin(ogen) interactions were not explicitly
considered. The model was later extended to include
antithrombin inhibition of thrombin [30]. These early
models of fibrin polymerization provided a foundational
framework for the design of future experimental studies
and mathematical models. It is now accepted that FpA
cleavage allows for oligomerization, and FpB cleavage
enhances lateral aggregation of protofibrils [18, 20, 21].
However, the exact mechanism(s) through which fibrin
I and fibrin II interact while forming oligomers, proto-
fibrils, and fibers remain unclear.

Coarse-grained molecular dynamic models of fibrin
polymerization

Molecular dynamics (MD) simulations have been
instrumental to capture structure-to-function relation-
ships within the fibrin polymerization process on a
molecular scale. For example, MD simulations have
recapitulated the existence of A:a interactions [31],
helped to describe characteristics of B:b interactions
[32], and uncovered the structural basis for interfacial
flexibility of fibrin oligomers [33]. Typically, MD simu-
lations focus on a single protein in water or lipid and
track the position and motion of its hundreds of thou-
sands of atoms on microsecond timescales [34].

Yesudasan et al. [22] combined a previously determined
crystal structure of fibrinogen together with the efficient
computational methodology of MD simulations to
examine the fibrin polymerization process. Each fibrin(-
ogen) protein was represented as a collection of spring-
linked beads. The position, motion, and interactions via
reactive attraction bonds were then tracked between
thousands of proteins with existing MD software [22].
Their simulations led to realistic phenomena, including
the dependence of fiber thickness on thrombin concen-
tration. A follow-up study used many-body dissipative
particle dynamics to simulate polymerization on a larger
timescale (micro versus nanosecond) and spatial scale
(500 nm versus 200 nm) [23]. These models represent
the first of their kind on a molecular spatial/temporal
scale, and suggested that slower FpB release than that of
FpA is crucial for the development of realistic fibrin fibers
[23]. While MD and dissipative particle dynamics sim-
ulations can provide some insight into molecular in-
teractions on short time scales, computational challenges
prevent their application to longer and more biologically
relevant time scales (minute, hours, and so on).

Kinetic models of fibrin polymerization

Kinetic models are a computationally efficient approach
to model polymerization, which can be based on ordinary
[24, 26, 35, 36] and partial differential equations [27,28].
Here, kinetic reaction schemes involved in polymeriza-
tion are translated into systems of differential equations

Mathematical models of fibrin polymerization Nelson et al. 5

using the law of mass action, which states that the rate of
a reaction is proportional to the product of the concen-
trations of its reactants. The concentration of each
desired species can then be tracked in time and/or space
if the transport is included. Species tracked with such
models include fibrin monomers, oligomers, protofibrils,
and fibers, with reaction schemes that describe elonga-
tion and aggregation. The systems of equations tracking
these species are solved, often numerically, until some
criterion is met. These criteria are dependent on the
model framework and biological goal and often based on
time or some desired quantity of interest.

A typical quantity of interest is the time at which a fibrin
gel forms, called the gel point or clotting time; this is
regarded as the time in which soluble polymers transi-
tion into an insoluble gel. The transition, also known as
gelation, results in a gel which is defined to be a network
of polymers in a solution that exhibits solid-like prop-
erties. Experimentally, the fibrin gel point is observed by
the eye and corresponds to a rapid rise in turbidity due
to the formation of fibrin fibers through the lateral ag-
gregation of protofibrils [24,37]. Mathematically, gela-
tion has been defined to occur when the weight-average
molecular weight of polymers becomes unbounded
[60,61]. In a mathematical model of fibrin polymeriza-
tion that tracks the formation of protofibrils and fibers,
gelation could correspond to the rapid rise in the
number of protofibrils per fiber.

Fibrin polymerization has been modeled with a kinetic
framework extensively, and Weisel and Nagaswami [24]
developed the first kinetic model that included all three
steps of the fibrin polymerization process. The enzy-
matic conversion of fibrinogen to fibrin monomer did not
explicitly monitor thrombin-fibrinogen interactions, but
rather, conversion was considered to be a constant rate.
Small fibrin oligomers, species comprised fibrin mono-
mers, were allowed to form with no fibrinogen in-
teractions. Also considered was protofibril formation
through the longitudinal aggregation of fibrin monomers
and the lateral assembly of protofibrils to form fibrin
fibers. The model considered the dynamics of species
over a range of oligomer sizes, defined by the number of
monomers, and species type, from fibrinogen to fibrin,
and from small oligomers to protofibrils to fibrin fibers. A
striking outcome of this study was that to capture the
characteristic lag period observed in turbidity (light-
scattering) experiments [38], the protofibrils first had to
reach a critical length before lateral aggregation could
occur.

Wilf and Minton [36] were the first to develop a kinetic
model that considered the interactions of fibrinogen
with fibrin during polymerization, nicely characterizing
the early dynamics of polymerization. The model
tracked the temporal evolution of small oligomers
comprised both fibrin and fibrinogen. By assuming that
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fibrinogen in monomeric and oligomeric form is
converted to fibrin and that fibrinogen cannot bind to
itself, oligomers form through reactions between either
two monomeric species or one monomeric species and
one oligomeric species. By tracking oligomers comprised
at most five molecules, the model recapitulated exper-
imental data that indicates trimers are favored over
dimers throughout the polymerization process and
fibrinogen-fibrin binding is essential; this model was not
expanded to include the formation of larger oligomers,
which lead to gelation. However, oligomers comprised
fibrin and fibrinogen, called soluble fibrin complexes,
are thought to be important in early polymerization and
low thrombin environments [15]. A mathematical
approach based on a two-monomer framework, inspired
by fibrinogen-fibrin interactions but not yet applied
directly to fibrin polymerization, has recently been
developed [39] and has the potential to overcome the
hurdles limiting the model of Wilf and Minton.

Another modeling approach is to take mean-field ap-
proximations of coalescing particles to track the con-
centration of oligomers, or clusters, comprised of £
monomer units, denoted as £-mers. By assuming oligo-
mers do not form loops or cycles (do not bind with self),
larger oligomers grow through reactions whose rates,
called coagulation kernels in these models, depending
on some physical quantity such as particle mass or a
number of available reaction sites. The dynamics for all
species of £-mers are then defined by an infinite set of
ordinary differential equations. Quantities related to the
dynamic distribution of £-mers can be analyzed; for
example, the total concentration of all species (called
the zeroth moment) and the total concentration of
monomers (called the first moment). To describe these
quantities, moment generating functions are used to
simplify the infinite sets of equations to finite sets of
differential equations that describe the change in the
moments of interest. The second moment is often
related to the average oligomer size, and in this context,
gelation is defined to be the time at which the second
moment goes to infinity. Gelation can only occur in
these models if the number of free reaction sites on a
monomer unit is greater than two; otherwise, only linear
chains would form and these alone cannot form a gel.
Kinetic polymerization models with gelation have been
studied extensively; a vast body of literature exists and is
reviewed in the studies by Galina and Lechowicz [40],
Aldous [41], and Wattis [42]. The kinetic polymeriza-
tion framework with gelation was first analyzed in the
study by Ziff and Stell [43] and has only recently been
used to investigate fibrin polymerization [26—28,35].

One of the first applications of kinetic gelation models
to fibrin polymerization was by Guy et al. [28], which
incorporated flow and aspects of coagulation, and will
be discussed in further detail in the following. An

interesting extension of the gelation framework for
fibrin polymerization was to explicitly track branch
formation [26]. There, the authors assumed oligomers
formed through two types of reactions, bimolecular
linear elongation, representing half-staggered proto-
fibrils, and trimolecular branch formation correspond-
ing to branching that occurs either in protofibril
formation or lateral assembly [26]. In addition to the
moments described previously, they were also able to
track the concentration of various types of branches in
the gel. Analysis of the model revealed that the time
to gelation and the structure of the gel at that time,
for example, the mean distance between branch
points, depended on the supply rate of the fibrin
monomer. This analysis agreed with experimental re-
sults indicating branch formation increases propor-
tionally with thrombin concentration, which can be
interpreted as a source of fibrin monomer [44]. The
authors used their model to understand the mecha-
nism underlying this behavior. In particular, they
found that three-monomer reactions dominated early
in polymerization and, later, one-monomer and two-
monomer reactions occur more rapidly, suggesting
that the availability of monomers is critical to the rate
at which branches form.

There exist several key differences between kinetic
models and kinetic gelation models described previ-
ously. In the kinetic gelation framework, concentrations
of all possible oligomers are tracked and only form until
the gelation singularity occurs. In the context of fibrin
polymerization, this framework is used to provide a
convenient mathematical indication that a fibrin ‘gel’
has formed. However, it is notable that models based on
this framework do not explicitly track protofibril and
fibrin fiber formation and therefore cannot capture the
characteristic lag period in polymerization [24]. While
fibrin networks continually grow after the gel point [37],
the kinetic gelation approach as presented in the study
by Fogelson and Keener [26] and Guy et al. [28] is not
extendable past gel formation. However, a post-gel
framework for Ziff and Stell has recently been estab-
lished [45] that can be applied to fibrin polymerization.
Finally, kinetic models like that of Weisel and Nagas-
wami [24] assume that the rate at which two monomers
react is identical to the rate at which a monomer and an
oligomer react; this is not the case for kinetic gelation
models where, for example, the reactions could depend
on the total mass of the oligomer. While it is not known
which of these polymerization mechanisms are more
likely physiologically, other modeling frameworks
described earlier (such as coarse-grained MD models in
section 4.2) could potentially be used to extract this
information and predict the most likely mechanism.
Therefore, careful consideration must be used when
establishing a modeling framework to represent fibrin
polymerization.
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Schematic description of hypothesized FXIII binding to fibrin. FXIIl can be bound to either the y- or y’-chain splice variant (dark red) of fibrinogen
through the B subunit (yellow) [57]. Once fibrin monomers polymerize, FXIIl forms a ternary complex with thrombin and fibrin at the D-E-D junction.
Exosite 1 on thrombin is known to bind to fibrin through its E-domain, and exosite 2 can bind to fibrin through only the y’-chain. Thrombin cleaves
peptides from FXIII (light blue), resulting in FXIlla. However, it remains unclear which thrombin exosites are involved in FXllla activation. After thrombin
activation, FXllla can form crosslinks within and between protofibrils through the a- and y-chains [3,15]. Questions remain concerning FXllla and how it

binds to and crosslinks y’-chains on fibrin [62].

Models of fibrin formation that include flow or
transport effects

The first model of fibrin polymerization under flow was
developed by Guy et al. [28], where the kinetic gelation
framework described previously [43] was extended to
include the effects of flow by coupling the model with a
one-dimensional partial differential equation. To
determine the effects of flow on the height of a growing
fibrin gel, the authors combined a minimal coagulation
model with flow and polymerization of fibrin monomers.
Thrombin converted fibrinogen to fibrin monomer in a
prescribed injury zone, and all species were subject to
removal by the flow. The authors found that at low shear
rates the transport of thrombin from the injury site to
the surface of the fibrin gel limits the gel height, while
in a high shear regime dilution of fibrin occurs faster
than gelation can occur. The transition between these
two regimes was dictated by the permeability of the gel.

A two-dimensional spatial—temporal model, based on
the same Kkinetic gelation framework [43], was

introduced by Rukhlenko et al. to describe how
increased shear stresses associated with plaque (buildup
of fat and cholesterol) height, 4, affect fibrin gel for-
mation [27]. Procoagulant material was produced along a
vessel wall with shear-dependent permeability, and the
authors showed that gelation depends on both wall
permeability and dilution of procoagulant material due
to flow conditions — consistent with the model of Guy
et al. Interestingly, the Ruhlenko model also suggests
that for large /4, gelation occurs for only low Reynolds
number flow but intermediate /4, a wider range of
Reynolds numbers support gel formation.

Models of thrombin—fibrin interactions

Experimental work supports the dogma that clot-bound
thrombin retention is due to the dynamic interplay of
thrombin binding to both low- and high-affinity binding
sites, where the high-affinity binding is associated with
v’ fibrinogen specifically [46,47]. In addition, Haynes
et al. developed a kinetic mathematical modeling
approach based on this view, where there were two types
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of thrombin-fibrin binding considered: high-affinity and
low-affinity, using rate constants averaged from
measured literature values [46]. Results from their
model suggested that, for the amount of thrombin
retention they found experimentally, 90% of free
thrombin had to be somehow protected from removal by
the flow. The mechanism of that protection was
undetermined.

"To uncover a mechanism of protection from flow, Kelley
and Leiderman [25] developed a kinetic binding
description based on the idea that thrombin and fibrin
bind bivalently, meaning that thrombin is bound by
both E1 and E2, to the E domain and v’-chain,
respectively, on two distinct fibrin monomers [48].
This binding is possible because of the half-staggered
nature of the protofibrils (see Figure 3), which brings
the E domain and +y’-chain in proximity to a single
thrombin molecule. Because thrombin binds to v'-
chains, but not vy-chains, bivalent binding can occur
with, at most, about 15% of fibrin(ogen). The novel
aspect of the mathematical model is not only the
bivalent nature of thrombin itself but also the fact that
the kinetic scheme captures the physical proximity of
binding sites on E domains to binding sites on y’-chains
on adjacent monomers. This was achieved by tracking
two types of low-affinity sites on E domains in the
model, ones that are within proximity to ¥’-chains and
ones that are not. The kinetic scheme was embedded
in a one-dimensional reaction—diffusion equation to
simulate previously published thrombin dissociation
experiments [48]. In that study, thrombin bound to
fibrin clots made with various mixtures of fibrinogen
types, homodimers (v, 7v), and heterodimers (7, ¥') was
measured over 24 h periods. The model was able to
simulate thrombin binding to fibrinogen within all of
these various mixtures because of the explicit consid-
eration of the different binding sites. Using Bayesian
parameter inference with a Markov chain Monte Carlo
algorithm and subsequent model selection criteria,
statistical support was found in favor of the bivalent
binding model over a model of only high- and low-
affinity binding. An interesting result was that neither
model could explain the experimental data without an
assumption that some fraction of the initial thrombin
became physically trapped with the clot, an observation
made in an earlier experimental study [49]. The cor-
ollary to this result was that thrombin could be physi-
cally trapped inside individual fibrin fibers during
polymerization. 'This hypothesis indicates that
thrombin sequestration by fibrin may be a more
complicated and nuanced process than simply high-
affinity binding driving long-term thrombin retention.
An experimental study that can verify this hypothesis
and quantify the amount of trapped thrombin as a
function of thrombin, fibrinogen, and even flow would

help to further this line of inquiry. Extended models to
look at polymerization and flow with these thrombin-
fibrin interactions will also help to determine the role
and potential pathological consequences of trapped
and bivalently bound thrombin.

Conclusions and suggestions for future
focus

The models described above have been instrumental in
providing mechanistic underpinnings of fibrin poly-
merization and thrombin-fibrin interactions. Molecular
dynamic simulations on small temporal and spatial
scales, validated by experimental results, illustrate the
importance of fibrinopeptide release for fibrin poly-
merization. Fibrin polymerization models, which cover
multiple temporal scales with kinetic differential
equations, vary in the number of biochemical species
tracked and their targeted quantities of interest.
Nonetheless, they have allowed for efficient in-
vestigations of the polymerization process and how it is
affected by varying thrombin and fibrinogen concen-
trations and supply rates. Thrombin-fibrin binding and
transport effects have only been recently investigated
mathematically, but are both found to be important
components in understanding the detailed biochemical
dynamics of fibrin polymerization. There are still sig-
nificant gaps in our understanding of the process as a
whole as it pertains to the coupling of thrombin, fibrin,
and FXIII. Here, we briefly outline where we think
models could be focused in the future.

Consideration of y’ fibrin(ogen) and thrombin-fibrin
dynamics during fibrin polymerization

It has been reported that ¥’ decreases the rate of fibrin
polymerization, shown by turbidity measurements, but
there are conflicting results in the experimental litera-
ture regarding the effects of ¥’ on other aspects of
polymerization, including the rates of fibrinopeptide
release [50—52] and clot morphology [50,52—54].
These discrepancies could be due to differences across
the experiments, including the use of recombinant
proteins versus plasma fractionated, the inclusion of
calcium or FXIII, the initial concentrations of thrombin
and fibrinogen, and whether or not fully hydrated or
dehydrated fibrin fibers are measured [55]. No mathe-
matical models of fibrin polymerization currently exist
that explicitly consider 4’ fibrin(ogen). In addition,
most mathematical models of fibrin polymerization do
not explicitly track the dynamics of thrombin, neither
free nor bound to fibrin(ogen). The coupling of
thrombin dynamics with polymerization could be
important for understanding how varying ratios of
thrombin to fibrin concentration and consideration of 7y’
fibrin(ogen) affect polymerization. There are conflicting
experimental results related to the effects of thrombin
binding to ¥’ on polymerization [53,56]. A model that
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considers ¥’ and explicitly tracks thrombin and the
bivalent binding therein would be useful to understand
and interpret these disparate experimental results.

FXII/FXllla

FXIII, also called fibrin stabilizing factor, is a circu-
lating protein involved in cross-linking fibrin to protect
clots against shear stress when forming underflow.
FXIII also slows fibrinolysis, the enzymatic degradation
of a fibrin clot by the enzyme plasmin, by crosslinking
a2 — PI, the major plasmin inhibitor, to fibrin [3].
FXIII circulates in a state bound to either the - or v'-
chain of fibrinogen [4,57]. The conversion of FXIII to
FXIIIa by thrombin occurs while FXIII, thrombin, and
fibrin are in a ternary complex, where fibrin acts as the
cofactor [58], but the details of these interactions and
how they might directly affect polymerization are not
fully understood. For more details on FXIII/FXIIIa see
the following reviews [3,4].

Consider a junction between three fibrin monomers
during polymerization where the junction consists of
two 7Y-chains, each one from separate monomers that
are end-to-end, and an E domain of a laterally bound
monomer (Figure 3). If FXIII is bound to one of the -
chains within the junction, it is likely well-positioned
near thrombin that is bound to the E domain. That
thrombin molecule could then proteolytically activate
FXIII into FXIIIa (the transglutaminase), which is
subsequently available to crosslink the monomers end-
to-end via the ¥y-chains in the junction. FXIIIa could
then translocate to form cross-links between «-chains
of the end-to-end monomers and/or between an a-
chain and other proteins. FXIIIa also protects the clot
from degradation during fibrinolysis because the cova-
lent crosslinking irreversibly alters the biophysical and
biochemical properties [59].

There remain several unanswered questions relating to
the triad of interactions between FXIII(a), thrombin,
and fibrin(ogen) that integrated experiments and
mathematical modeling could help to address. While
fibrin is a cofactor for thrombin in activating FXIII, the
biochemical features of the ternary complex remain
unclear. Which exosites/binding sites are involved and
can bivalently-bound thrombin bind/activate FXIII?
Does FXIII or FXIIIa bound to a ¥’'-chain compete with
thrombin binding to that y’-chain through E2? And
finally, it is unknown how FXIIIa affects the distribution
of other proteins within fibers and if these distributions
vary with the proportion of y’.
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