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ABSTRACT

Density-functional theory is used to validate spin-resolved and orbital-resolved metrics of localized electronic states to anticipate ferroic and
dielectric properties of BiFeO3 and BiCrO3 under epitaxial strain. Using previous investigations of epitaxial phase stability in these systems,
trends in properties such as spontaneous polarization and bandgap are compared to trends in atomic orbital occupation derived from pro-
jected density of states. Based on first principles theories of ferroic and dielectric properties, such as the Modern Theory of Polarization for
spontaneous polarization or Goodenough–Kanamori theory for magnetic interactions, this work validates the sufficiency of metrics of local-
ized electronic states to predict trends in multiple ferroic and dielectric properties. Capabilities of these metrics include the anticipation of
the transition from G-Type to C-Type antiferromagnetism in BiFeO3 under 4.2% compressive epitaxial strain and the interval of C-Type
antiferromagnetism from 3% to 7% tensile epitaxial strain in BiCrO3. The results of this work suggest a capability of localized electronic
metrics to predict multiferroic characteristics in the BiXO3 systems under epitaxial strain, with single or mixed B-site occupation.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0088121

I. INTRODUCTION

The bismuth-based perovskite oxides (BiXO3, BXO) are stable
in the absence of epitaxial strain in phases exhibiting many combi-
nations of multiferroic behaviors.1–4 Applications in energy har-
vesting, sensing, and computing require particular multiferroic
characteristics to be stable under ambient conditions in a candidate
material.5–12 Although BiFeO3 is the only BXO system exhibiting
multiferroicity at room temperature,13 B-site occupations by
X = Cr, Mn, Ni, or Co associate with Curie or Néel temperatures of
100s of Kelvin,13–18 prompting general interest in tuning for multi-
ferroicity in the broader BXO compositional space with mixed
B-site occupation. Phases stabilized in epitaxial thin films in the
BiFeO3 (BFO), BiCrO3 (BCO), and BiMnO3 systems (see Fig. 1)
have been demonstrated to exhibit forms of multiferroicity not
found in the unstrained BXO systems.2,19–37 The dependence of
multiferroicity in the BXO systems on composition and epitaxial
strain may be explained through first principles theories expressing
ferroic characteristics in terms of localized electronic states, as in
the basis of spontaneous polarization in the bismuth 6s “lone pair”
or the basis of B-site magnetic moment correlation in the oxygen-
mediated B-site interactions as analyzed by Goodenough and

Kanamori.38–47 No investigation known to the authors leverages
localized electronic states for the prediction of ferroic or dielectric
properties in the epitaxial BXO systems.

This work deals with ferromagnetism and ferroelectricity as
separate, coexisting properties, and does not consider magnetoelec-
tric coupling. Each ferroic and dielectric property investigated can
be correlated to localized electronic states according to well-
established first principles theories. The local electric dipole
moments necessary for ferroelectricity (or antiferroelectricity) are
stabilized relative to centrosymmetric phases by the stereochemical
properties of the bismuth 6s lone electron pair.54 The expression of
this correlation between spontaneous polarization and localized
electronic states is developed in the Wannier function basis in the
Modern Theory of Polarization.41 The correlation of magnetic
moments of transition metal B-site cations (X in Fig. 1) resulting in
antiferromagnetic or ferromagnetic order is mediated by superex-
change interactions between B-site cations, as mediated by oxygen
anions.42–44,47 Various ab initio electronic structure theorems
(Kohn–Sham, Mott, Janak, etc.) may be used to develop analytic
expressions for electronic bandgap in terms of localized electronic
orbitals.55–58 In each of these theories of ferroic and dielectric
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properties, mathematical expressions for a given observable can be
developed with functional dependence on some metric of localized
electronic interactions. These interactions may be expressed in
localized physical models through orbital overlap integrals or
through site-projected electron field operators. The electronic
density calculated with density-functional theory (DFT) methods
may be transformed into spatially localized bases such as the
Wannier function description or the crystal orbital overlap popula-
tion (COOP) description.59,60 Post-processing software packages
implementing these bases transformations on the outputs of DFT
calculations include the “wannier90” and “LOBSTER” pro-
grams.61,62 We propose an alternative to these localized metrics of
bonding electronic states which is more computationally efficient,
while retaining a capability to screen for ferroic and dielectric prop-
erties in the bismuth-based perovskite oxides.

II. METHODOLOGY

A. Structural relaxation and ferroic property
calculation

Using a similar approach as in our previous work,37 we
have carried out DFT calculations on the lowest-energy phases
of BFO and BCO at a range of conditions of epitaxial strain.
These calculations employ the generalized gradient approxima-
tion (GGA) as implemented in VASP,63–66 along with the

Perdew–Burke–Ernzerhoff (PBE) functional revised for solids
(PBEsol).67,68 To correct for underestimation of electronic
bandgap and other systematic errors pertaining to localized phe-
nomena, our methods utilize the Dudarev implementation of
Hubbard corrections for GGA (i.e., GGA+U).69,70 The Hubbard
energy values, U , have been determined from the linear-
response method71 to be 4.6 eV for Fe and 4.8 eV for Cr, within
the 0% epitaxial strain reference phases of BiFeO3 and BiCrO3.
No significant variation in Hubbard energy is found in phases
stabilized under non-zero epitaxial strain conditions, and these
respective energy values are utilized uniformly in all calculations
in this work. Calculations utilize a plane-wave energy cutoff of
540 eV and k-point grids of 5! 5! 5 for dielectric/magnetic
properties or 11! 11! 11 for density of states (DOS) calcula-
tions. The valence electron configurations in our work are as
follows: 6s25d106p3 for Bi, 3p64s23d6 for Fe, 3p64s13d5 for Cr,
and 2s22p4 for O.

The ferroic and dielectric properties considered in this work
include spontaneous polarization and bandgap, along with mag-
netic coupling coefficients calculated previously.37 Spontaneous
polarization calculations employ the Berry phase approach imple-
mented in VASP,72 using discrete structure variations from 90% to
100% polar distortion to deconvolute the branching character of
polarization.41 The Hubbard on-site energy is chosen as the sole
method of correcting for the systematic underestimation of

FIG. 1. Archetypes of structure and magnetic ordering in bismuth-based perovskite oxides. The rhombohedral-like (R-like) phases are common to most BXO systems,
including BiFeO3, BiCrO3, and BiMnO3.

48–50 The two forms of tetragonal-like (T-like) phases illustrated indicate the presence of a tetragonal-elongation Jahn–Teller
distortion.14,51–53 The condition of fivefold B-site coordination corresponds to phases stable under ambient conditions in BiCoO3 or under compressive epitaxial strain in
BiFeO3.

14,30,37,51 The condition of mixed fourfold/sixfold B-site coordination corresponds to phases stable under compressive epitaxial strain as in BiCrO3.
37 The illustrated

magnetic orders presume first-neighbor, collinear correlation of B-site magnetic moments with degeneracy of coupling within the “in-plane” (IP, ?) directions presumed to
be nondegenerate with coupling perpendicular to this plane, in the direction denoted as “out-of-plane” (OP, k).
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bandgap in DFT methods, due to the high computational cost of
GW-based corrections for equivalent accuracy in predicted
bandgap energies58 and due to previous reports that hybrid func-
tional methods may overestimate bandgap in BXO systems.73

Reported symmetry components of orbital occupation and sponta-
neous polarization may be reported in the Cartesian basis in which
values in the VASP program are directly reported or in a simplified
orthogonal basis spanned by “in-plane” (IP) and “out-of-plane”
(OP) vectors defined in relation to the plane of (001) pc biaxial/epi-
taxial strain.

B. Orbital occupation and derived metrics

The atomic orbital occupations constituting the basic building
blocks of this work are determined by numerically integrating the
projected density of states (DOS) over all energies below the Fermi
energy at which DOS is non-zero. This scheme yields spin-
polarized orbital occupation resolved to each atomic site. The
orbital resolution of this scheme references a Cartesian basis, which
is aligned in our work with the pseudo-cubic perovskite lattice
associated with the phases stable under (001) pc-oriented epitaxial
strain in the BiFeO3 and BiCrO3 systems. The general alignment of
the Cartesian orbital basis with the octahedral coordination of
B-site cations by six oxygen anions is chosen due to the predomi-
nance of B-site cations in determining properties in the bismuth-
based perovskite oxides. Though the bismuth cations are relevant
to spontaneous polarization, the 12-fold coordination of the perov-
skite A-site by oxygen rules out simple associations of orbitals in a
Cartesian basis with bismuth-oxygen bonding orbitals.

The site-, orbital-, and spin-resolution of tabulated occupation
metrics must be treated independently, due to broken degeneracies
resulting from spin-polarization, epitaxial strain, and out-of-phase
rotation of first-nearest neighboring X-O octahedra. Our nomen-
clature follows the form: N(Cri; dz2 ; ), indicating the occupation of
the ith chromium site in the dz2 orbital and in the spin-up channel.
Single-orbital metrics of this sort enable prediction of electronic
bandgap. Multi-orbital products composed of two or four orbitals
enable prediction of spontaneous polarization and magnetic order.
A simple example of a two-orbital product is the strength of a
chemical bond, parameterized by the product of two occupations
metrics corresponding to symmetry- and spin-permissible combi-
nations of orbitals on first-neighboring atomic sites. The strength
of a Cr–O chemical bond generally aligned with the [001] pc axis
(z-axis, in the Cartesian basis) may be parameterized as

N2(Cri"Oj; z) ¼ N(Cri; dz2 ; =); : N(Oj; pz ; =): (1)

In this notation, the ith Cr site is presumed to be a first-
nearest neighbor of the jth O site along the [001] pc pseudo-cubic
axis. This notation implies a summation over both spin combina-
tions, though each combination of Cr–O sites which are first-
nearest neighboring will in general be treated separately, due to the
possible non-equivalence of atomic sites of the same species except
when enforced by periodic boundary conditions.

These two-orbital metrics may be further refined in spin-
polarized pairs as four-orbital metrics associating with the superex-
change interaction between two first-nearest B-site neighbors, as

mediated by an immediately intervening O site. These metrics, as
illustrated in Fig. 2, utilize the following syntax following the
pattern of Eq. (1):

N4(Cri"Oj"Crk; z) ¼ N2(Cri"Oj; z); : N2(Crk"Oj; z): (2)

These localized orbital occupation metrics do not explicitly
consider orbital overlap. Our localized metrics, therefore, are less
accurate than those of the LOBSTER or wannier90 methods and
may not accurately predict the magnitudes of ferroic or dielectric
properties in a particular material system. However, we propose
that our metrics, being fundamentally derived from one-site/
one-orbital occupations, are a simple and computationally efficient
alternative to multi-site/multi-orbital metrics, due to the greater
independence of one-site terms from the first-neighboring, second-
neighboring, etc. coordination environment. Our metrics may,
therefore, enable rapid screening for ferroic and coupled multifer-
roic properties within material spaces containing large crystal struc-
ture sets or large compositional ranges.

III. RESULTS/DISCUSSION

A. Dependence of orbital occupation on epitaxial
phase stability

The ranges of spin-polarized and orbital-resolved occupations
calculated to be stable under the considered range of epitaxial
strain are listed in Table I. The total occupation of all orbitals in all
atomic sites in a modeled formula unit of BFO ranges from 39.70
to 40.35 and for BCO from 38.11 to 39.27. The valence electronic
configurations employed correspond, respectively, to 47 and 45
electrons per formula unit in these systems. These discrepancies are
in part attributable to deviation in charge density from the tight-
binding model, which presumes that charge density in a crystal
may be sufficiently described in terms of linear combinations of
orbitals localized near each crystallographic site in the modeled
supercell. Insofar as this model is applicable, any changes under
epitaxial strain in orbital occupation for a given atomic species
should be conserved. For instance, the stabilization of T-like phases
in BFO under moderate compressive epitaxial strain leads to stron-
ger Fe–O bonds within the epitaxial plane and weaker bonds per-
pendicular to this plane, suggesting a generally conserved shift in

FIG. 2. Illustration of two- and four-orbital occupation syntax.
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population of the Fe dz2 orbital toward the dx2"y2 orbital under
increasing compressive epitaxial strain. This intuition is confirmed
in Fig. 3, illustrating the trends with epitaxial strain in key atomic
orbital occupation metrics.

An additional contribution to the discrepancy between the
occupations in Table I and the integer valence configurations is the
mismatch between interatomic spacings and Wigner–Seitz radii. In
the 0% strain (bulk) condition, the lowest-energy phases of the
BFO and BCO systems calculated in our work have pseudo-cubic
lattice constants of 3.95 and 3.90 Å, respectively. These conditions
lead to interatomic Bi–O spacings of 2.76–2.79 Å, Fe–O spacings of
1.98 Å, and Cr–O spacings of 1.95 Å. The sums of Wigner–Seitz
radii used in our calculations are, for these respective atomic pairs,
2.46, 2.14, and 1.98 Å. The deviation is greatest for the Bi–O
atomic pairs, suggesting errors in accounting for these bonding
interactions. The use of our atomic orbital occupation metrics for
Bi–O interactions is further sub-optimal due to the 12-fold coordi-
nation of bismuth by oxygen. Whereas in the X-O octahedral coor-
dination environment, vectors between bonding atomic pairs may
be generally aligned with the atomic orbitals as projected in the
VASP code into a Cartesian basis, no such convenience is possible
in the Bi–O coordination environment. Consideration of some Bi–
O interaction aligned with the [110] pc crystallographic axis, for
instance, may require N2 metrics considering the px and py orbitals
of both bismuth and oxygen. Because the only ferroic or dielectric
property associated in common first principles theories with local-
ized states of bismuth is the dependence of spontaneous polariza-
tion on the bismuth lone-pair, we exclude from consideration any
N2 metrics associating with both bismuth orbitals and orbitals of
neighboring oxygen sites and utilize only “on-site” occupation
metrics for bismuth.

As illustrated in Fig. 3, the bismuth s/p-orbital states vary in
occupation significantly under epitaxial strain in both the BFO and
BCO systems. However, the bismuth d-orbital occupation remains

essentially at the integer 10 occupation at all strain conditions. This
result suggests that DFT calculations of the BXO systems may con-
sider the bismuth 5d states as core rather than valence with no
meaningful decrease in accuracy. All other occupations differ non-
negligibly from the initial/uncharged integer values. We emphasize
the absence of principal quantum number denotations beyond the
consideration of core and valence electronic states. The projected
DOS values are calculated as the overlap of Bloch wavefunctions
with the site-localized spherical harmonics. Radial character of these
orbital occupations arises only through the Wigner–Seitz radii. No
conditions of orthonormality are violated by the occupation of B-site
cation p-orbitals by greater than six electrons. However, the pre-
sumption that only 10 electronic states are available to d-orbital
states is useful in a qualitative sense to use trends in B-site coordina-
tion symmetry to justify trends in B-site d-orbital occupation.

The trends in B-site orbital occupation illustrated in
Figs. 3(c)–3(f) describe the dxy , dyz , and dzx orbitals separately
from the dx2"y2 and dz2 orbitals. We refer in Fig. 3 and in the
remainder of this work to these two classifications of d-orbital
states as “planar” and as “axial,” respectively, in keeping with the
IP/OP nomenclature (illustrated in Fig. 1) common in the literature
on epitaxial BXO systems. The axial nomenclature for d-orbital
states refers to the association of lobes with the Cartesian axes such
that these states may be expected to contribute more than planar
orbitals to bonding between B-site cations and octahedrally coordi-
nate oxygen anions. Analysis of this coordination environment
from a crystal field theoretic perspective may be immensely useful
in further developments of the utility of metrics of localized elec-
tronic states beyond the scope of this work. However, this work
shows that analysis of the coordinate symmetry at a general, quali-
tative depth is sufficient for prediction of trends with epitaxial
strain in ferroicity. For instance, the discontinuous drop in dxy
occupation in BFO at the transition from G-Type to C-Type phases
under compressive epitaxial strain shown in Fig. 3(c) is consistent
with the a0a0c0 Glazer notation of T-like phases with fivefold B-site
coordination, as illustrated in Fig. 1. Quantitative determination of
the d-orbital splitting energies stabilizing this specific coordination
environment is beyond the scope of this work.

B. Associating orbital occupation with ferroicity

The mechanisms associating localized electronic states with
ferroic and dielectric characteristics in the BXO systems are well-
established on a theoretical basis.41–47,54,58 For instance, phase stability
in structures that are locally non-centrosymmetric at the level of indi-
vidual perovskite formula units, permitting either ferroelectricity or
antiferroelectricity in the BXO systems,14,16,74–84 has been well estab-
lished to associate with the stereochemical properties of the bismuth
6s lone-pair.54 The wide range of combinations of ferroic properties
(ferro-, antiferro-, ferri-; electric, magnetic, elastic) associated with the
epitaxial BXO material space indicates that multiferroicity is deter-
mined uniquely by the valence electronic configuration and coordina-
tion environment of the B-site cation(s). Though mechanisms for
coupled multiferroicity (magnetoelectricity) may be developed
through the Dzaloshinskii–Moriya interaction,47 this work considers
only the individually ferroic properties given by the aforementioned
mechanisms. To the degree that the on-site and nearest-neighboring

TABLE I. Range of variation in BXO atomic orbital occupation under epitaxial strain,
contrasted with integer initialized valence shell configuration.

System Atom Orbital Initial Occupations

BFO Bi s 2 1.61–1.64
p 3 0.85–0.92
d 10 10.02–10.06

Fe s 2 0.30–0.35
p 6 6.37–6.47
d 6 5.64–5.79

O s 2 1.56–1.57
p 4 3.41–3.47

BCO Bi s 2 1.60–1.68
p 3 0.80–0.93
d 10 9.98–10.02

Cr s 1 0.36–0.44
p 6 6.57–6.80
d 5 4.01–4.31

O s 2 1.55–1.56
p 4 3.38–3.47
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interactions of B-site cations with the BXO lattice are sufficient to
predict the coexistence of multiple ferroic properties in the single-
perovskite BXO systems, we propose that these metrics are likewise
sufficient to predict coupled multiferroicity in the mixed-perovskite
BXO systems, such as Bi(Fe,Cr)O3.

C. Identification of BCO orbital occupations
contributing to bulk ferroic, dielectric properties

Though the first principles theories we have cited previously
set well-defined combinations of orbitals associating with ferroic

and dielectric properties in the BXO systems, some ambiguous
characteristics remain. For instance, given the various spin-
polarized (anti-)ferromagnetic states that may be stable in the
BFO and BCO systems, the spin-up channel, the spin-down
channel, or some combination of both channels may be most
strongly associated with some ferroic property. The focus on BFO
in the literature reports on epitaxial BXO multiferroicity leads to
the choice to develop our proposed occupation metrics for the
BCO system first, and only then to determine generality/transfer-
ability to BFO.

FIG. 3. Variation with epitaxial strain of total occupation in significant cation orbitals in the BFO [(a), (c), (e)] and BCO [(b), (d), (f )] systems, under epitaxial strain. The top
banner on panels (a) and (b) indicates the space group (e.g., P4mm, Pnma, Cc, etc.) and magnetic order (G-, C-, or F-Type), which is the lowest energy in each region of epi-
taxial strain. Epitaxial strain is given in both absolute values (Å) and relative to the global energy minimum phase in each system (%), which is G-Type magnetic order and the
Cc space group in BFO and G-type magnetic order and the Pmcn space group in BCO. More information on these structures and magnetic orders is given in our prior work.37
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1. Contributions to bandgap in BCO from Cr dz2
occupation

Bandgap in the BFO and BCO systems generally falls in the
range of 1.7–2.0 eV if the gap is indirect41,85–88 or 2.5–2.7 for direct
gaps.86,89–92 The influence of epitaxial strain on bandgap is mediated
by the symmetry of the B-site coordination environment, with lower
degrees of anti-phase rotation (as in T-like BFO) associating with
decreasing bandgap.93 Analysis of the spin-resolved electronic band
structure of BCO indicates that the maximum energy of the valence
band is associated with the spin-down channel of the dz2 orbital.
The trends in this orbital occupation and in the bandgap with epi-
taxial strain in the BCO system are shown in Figs. 4(b) and 4(d).
The occupation trend is bimodal in the regime of G-Type magnetic
order, with the greater occupation value more closely following the
trend in bandgap. Comparison of these trends shows a significant
quantitative capability for bandgap prediction, both within regimes
of phase stability and through discontinuities associated with phase
transitions. Most notable is the vanishing occupation and bandgap
associated with the at least 8% compressive epitaxial strain.
Confident prediction of epitaxial strain regimes where bandgap
would be expected to vanish, leading to conductive character, is a
significant capability of these metrics.

This vanishing bandgap at the G-Type to F-Type magnetic
transition under compressive strain corresponds to a transition
from sixfold Cr–O coordination to a disordered T-like phase. As
has been explored in part in our prior work,37 this is a structurally
non-parsimonious phase exhibiting an even mixture of fourfold
and sixfold Cr–O coordination. The significant conductive charac-
ter of this phase is problematic in DFT calculations, which may
exhibit charge sloshing or other forms of non-equilibrium in
systems. The DFT methods we have used do not permit calculation
of spontaneous polarization in this strain regime.

2. Contributions to spontaneous polarization in BCO
from Bi s/p-orbital occupation

We find the orthorhombic phases in which the BCO system is
stable under compressive epitaxial strain to be uniformly centro-
symmetric, therefore exhibiting zero spontaneous polarization in
this strain regime. Our methods do not permit distinguishing anti-
ferroelectricity or simply non-ferroelectricity, though locally anti-
aligned electric dipole moments are present. The general invariance
in occupation of the spherical s-orbital states in bismuth shown in
Fig. 3(b) within the G-Type orthorhombic regime of phase stability,
compared to other phase regimes within BCO or BFO, may be an

FIG. 4. Variation with epitaxial strain of the proportion of B-site d-orbital occupation associated with the dz2 orbital in the BFO (a) and BCO (b) systems and of the
bandgap of the BFO (c) and BCO (d) systems.
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indicator of centrosymmetry. Analysis of other BXO systems,
such as BiMnO3, could increase confidence in this qualitative
association. In the BCO phase under tensile strain, the s/p-orbital
occupations of bismuth vary continuously and trivially. The known
trend in spontaneous polarization orientation from the [111] pc axis
toward the [110] pc under increasing compressive epitaxial strain in
any BXO system is a trivial inference from this occupation trend.
The centrosymmetry under compressive strain and trivial variation
in spontaneous polarization under tensile strain in the BCO
system does not permit strong confidence in the capability of the
s/p-orbital occupation metrics to quantitatively predict spontaneous
polarization.

3. Contributions to magnetic order in BCO from Cr–O–Cr
four-orbital occupation products

The superexchange basis of magnetic correlation is the subject
of theoretical analysis by Goodenough and Kanamori, which
includes the development using second-order perturbational theory
of an analytic expression for the collinear, Heisenberg-like coupling
coefficient between first-neighboring B-site cations explicitly incor-
porating the orbital overlap between each B-site cation, and the
oxygen anion immediately mediating between those cation
sites.42–44 The trends with epitaxial strain in the four-orbital occu-
pation metrics associated with these superexchange interactions are
shown in Fig. 5(b). The uniform character of these metrics is sur-
prising, given the significant changes in B-site d-orbital and oxygen
p-orbital occupations shown in Figs. 3(b) and 3(f ). This invariance
except at transitions between antiferromagnetic orders suggests a
direct relationship between these N4 metrics and sign but not mag-
nitude of collinear, first-neighboring magnetic coupling coeffi-
cients. These coefficients, as calculated in our prior work,37 vary
significantly and discontinuously at magnetic phase transitions in
the BFO and BCO systems. The parameters in the Goodenough–
Kanamori analysis that determine the magnitude of magnetic

coupling coefficients may be the Hubbard-like on-site energies and
one-electron orbital energies. Though we calculate on-site energies
using ab initio linear response methods in order to improve calcu-
lation of localized electronic properties like bandgap, we do not
consider one-electron orbital energies. As has been stated previ-
ously, such considerations would require a crystal field theoretic
analysis of the B-site cations, which is beyond the scope of this
work. Rather, we limit the scope of this work to determine the
capability of the patterns in N4 metrics shown in Fig. 5(b) to antici-
pate stable magnetic order under epitaxial strain. Because magnetic
order depends solely on the relative alignment of neighboring
B-site magnetization vectors and not on the magnitude of those
vectors, we refer to our previous work for the dependence of mag-
netization in the BFO and BCO systems on epitaxial strain.37

The region of G-Type stability in Fig. 5(b) associates with both
IP and OP N4 metrics being generally equal in magnitude, separated
bimodally into a value near to zero and some definitively non-zero
value. G-Type stability is characterized by anti-parallel correlation of
B-site moments in both the IP and OP directions. We find in the
regions of C-Type and F-Type stability in BCO under tensile epitax-
ial strain that the bimodal separation of N4 values for the IP and OP
axes reduces to a singular value in exactly those orientations, which
correspond to alignment of B-site moments (OP in C-Type, IP+OP
in F-Type). The comparability of bimodal IP N4 magnitude in both
the G-Type orthorhombic phase under compressive strain and the
C-Type monoclinic phase under tensile strain is remarkable, given
the significant structural differences between these phases. Even the
structurally non-parsimonious F-Type orthorhombic phase shows
some comparability to the C-Type and F-Type monoclinic phases.
This high-compression phase exhibits two values of the OP N4

metric, even though the previously outlined logic would suggest that
F-Type stability should correspond to a singular value. However, this
high-compression phase exhibits a mixture of fourfold and sixfold
B-site coordination, as illustrated in Fig. 1. The greater magnitude of
the N4 metric is found to correspond to the sixfold coordinated

FIG. 5. Variation with epitaxial strain of IP and OP N4 occupation products in the BFO (a) and BCO (b) systems.
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chromium sites, with the fourfold coordinated sites corresponding to
the lower value.

D. Translation of BCO electronic mechanisms to the
BFO system

1. Bandgap mechanism in BFO

The B-site dz2 spin-down occupation is shown in Figs. 4(a)
and 4(c) to enable prediction of bandgap trends with epitaxial
strain in the BFO system. As in the BCO system, discontinuities in
bandgap at phase transitions are largely reflected in the occupation
metrics as well. The relative magnitudes of the occupation metrics
are consistent with the uniform insulating character of the BFO
system across the entire considered epitaxial strain range, leading to
compatibility of our DFT methods with calculation of spontaneous
polarization in all phase regimes. The transition to T-like stability
beyond !4.2% compressive epitaxial strain as expected leads to a
decrease in bandgap, but the uniform fivefold coordination of iron
sites by oxygen without the non-parsimonious structures associated
with BCO under high compressive strain is consistent with this
general insulating character.

2. Spontaneous polarization mechanism in BFO

The BFO system exhibits uniform non-centrosymmetry and
non-trivial variation in spontaneous polarization, permitting evalu-
ation of bismuth s/p-orbital occupation metrics as predictors of
spontaneous polarization. The “on-site” N2 metrics involving
IP/OP symmetrized pairs of s-orbital and p-orbital states show in
Fig. 6 trends with epitaxial strain consistent with the orientation of
spontaneous polarization in BFO. The trends within the Cc mono-
clinic phase are somewhat trivial given the continuity of this phase
with the R3c phase stable in BFO in the unstrained condition. The
vanishing IP component of spontaneous polarization across the
transition from R-like to T-like character, due to the shift in orien-
tation from the [111] pc to the [001] pc axis, is consistent with the
significant drop in IP s/p-orbital occupation relative to OP spz
occupation. The decrease in spontaneous polarization within the
C-Type region of P4mm stability predicted in our work corre-
sponds to a region of epitaxial strain not known to the authors
have been investigated computationally or experimentally in the
BFO system. The maintenance of spontaneous polarization in the
90–100 μC=cm2 interval within the region of P4mm stability may
perhaps be anticipated due to the near equivalence of slopes in the
IP and OP s/p-orbital occupation metrics within this phase.
Analysis of the ionic and electronic contributions to spontaneous
polarization within this high-compression regime shows almost
exactly offsetting increases in both under increasing compressive
epitaxial strain.

3. Magnetic correlation mechanism in BFO

The four-orbital metrics for superexchange transfer exactly
from the BCO system to the BFO system. The association of
bimodal N4 metrics with B-site moment anti-alignment and single-
valued metrics with moment alignment holds exactly. Only the P1
monoclinic phase is associated with a meaningful deviation
from the invariance in these N4 metrics under epitaxial strain.

No variation in the N4 metrics is sufficient to account for the varia-
tion in magnitude of magnetic coupling coefficients calculated in
our prior work.37

IV. CONCLUSIONS

This work demonstrates a strong association of atomic orbital
occupation metrics with trends in ferroic and dielectric properties
in the BiFeO3 and BiCrO3 systems under a wide range of epitaxial
strain. These associations include the capability to predict quantita-
tively the trends with epitaxial strain in bandgap and spontaneous
polarization and may even enable anticipation of stability of centro-
symmetric phases. We propose metrics enabling prediction of
stable antiferromagnetic order and suggest that no metric of local-
ized electronic states without augmentation by other on-site param-
eter trends with epitaxial strain can predict quantitative trends in
magnetic coupling coefficients. We theorize that the A-site and
B-site sublattices in an ABO3 framework may be treated indepen-
dently for the purposes of screening for ferroicity, provided proper
accounting for the influence of relative A-site/B-site valences is
considered. The steps taken to ensure generality and transferability

FIG. 6. Variation with epitaxial strain of the products on a given bismuth site of
the s- and p-orbital occupations in the BFO system (a); the overall magnitude of
spontaneous polarization and the component of spontaneous polarization along
the [001] crystallographic direction in the BFO system (b).
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of occupation metrics to both the BFO and BCO systems support
the objective of this work to develop metrics useful in prediction of
multiferroicity in the mixed-perovskite BXO systems, such as Bi
(Fe,Cr)O3, under epitaxial strain. The influence of cation substitu-
tions, as in ferroelectricity under non-bismuth substitution on the
A-site sublattice or in ferromagnetism under non-trivalent substitu-
tion on either the A-site or B-site sublattices, represent natural
extensions of our work to the more general ABO3 multiferroic
space beyond the bismuth-based perovskite oxides.
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