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Abstract

Locaflresonancebandgapsfinacoustficmetamaterfiaflsarewfideflyknownfforthefirstrong
attenuatfionyetnarrowffrequencyspan.Theflatterflfimfitsthepractficaflabfiflfitytofimpflement
subwaveflengthbandgapsfforbroadbandattenuatfionandhasmotfivatednoveflmetamaterfiafl
desfignsfinrecentyears.Inthfispaper,wefinvestfigatethebehavfioroffacoustficmetamaterfiafls
whereunfitceflflshousemufltfipfleresonatfingeflementsstackedfindfifferentconfiguratfions,afimed
atfinstfigatfingawfidearrayoffwavepropagatfionprofiflesthatareotherwfiseunattafinabfle.
Thedfispersfionmechanficsoffthemufltfi-resonatormetamaterfiaflsaredeveflopedusfingpurefly
anaflytficaflexpressfionswhfichdepfictandexpflafintheunderflyfingdynamficsoffsuchsystems
bothattheunfitceflflfleveflasweflflastheffrequencyresponseoffthefirfinfitereaflfizatfions.
Thefframeworkreveaflsthemechanfismbehfindthetransfitfionofftheflowerandupperband
gapboundsfinmetamaterfiaflswfithparaflfleflresonatorsresufltfingfinasfignfificantbandgap
wfidenfing.Theanaflysfisaflsofiflflustratestheabfiflfityoffmetamaterfiaflswfithduafl-perfiodficsuper
ceflflstoexhfibfitarangeoffdfispersfiontransfitfionscuflmfinatfingfincoflflapsfingsoflutfionsoffacoustfic
andoptficaflbands,enabflfingacoaflescenceoffflocaflresonancebandgaps,vanfishfingresonances,
andanumberofffintrfigufingscenarfiosfinbetween.
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1.Introductfion

Overthepasttwodecades,artfificfiaflflyengfineeredstructures,ormetamaterfiafls,whfich
exhfibfitunconventfionaflmechanficaflpropertfieshavegarneredaflotoffresearchfinterest[1–3].
Foflflowfingasustafinedfinvestmentoffeffortsfineflectromagnetficmetamaterfiafls,therehasbeen
exponentfiaflgrowthreflatfivetothenotfionoffacoustficmetamaterfiafls(AMs)wherefinternafl
archfitecturesgfiverfisetofintrfigufingwavemanfipuflatfion,gufidance,anddfissfipatfion[4]. To
date,theuseoffAMshasspannedawfiderangeoffappflficatfionsrangfingffromacoustficflens
desfign[5],cfloakfing[6],andprogrammabflemetasurffaces[7],todfiodes[8],flogfic-basedacoustfic
swfitches[9]andnonrecfiprocaflsystems[10].Anaflogoustothefirphotonficcounterparts,the
unfiquepropertfiesoffacoustficmetamaterfiaflsaretypficaflflyshapedbyflocaflresonanceswhfich
arehousedwfithfinasetoffseflff-repeatfingceflfls.Theabfiflfityoffsuchresonancestoflocaflfizeand
absorbfincfidentenergy,asfirstdemonstratedbyLfiuetafl.[11],opensupsubwaveflength
bandgaps(fi.e.,regfionsofffforbfiddenwavepropagatfion)whfichtendtobe(a)mechanficaflfly
tunabfleand(b)findependentoffunfitceflflsfize,renderfingAMswfideflyappeaflfingfforvfibratfion
andnofisecontroflappflficatfions. Dependfingontheappflficatfion,coupflfingbetweenanouter
(host)structureandresonancescantakepflacevfiafinternaflflattfices[12],axfiaflfly-oscfiflflatfing
resonators[13],metaflrubberpartficfles[14],mufltfiflayeredfincflusfions[15],amongothers.In
thefirbasficfform,one-dfimensfionafl(1D)acoustficmetamaterfiaflscanbemodefledasachafinoff
mass-fin-massmechanficafloscfiflflatorsconnectedvfiaflumpedsprfings.Thesfimpflficfityoffsucha
modeflflendsfinsfightfintothemechanficsoffwavedfispersfionandtheresonancehybrfidfizatfion
whfichcuflmfinatesfintheopenfingoffanarrowbandgapaflongtheffrequencyaxfis.

Despfitetheappeafloffaverystrong,mechanficaflfly-tunabflebandgapthatcanextendto
flowffrequencyregfimes,thepotentfiafloffflocaflresonancebandgapsremafinsflargeflyuntapped
asaresufltoffthefirnarrowffrequencyrange,unflfikewfideBraggscatterfingbandgapsfinperfi-
odficcrystafls[16,17].Asaresuflt,anumberoffrecenteffortshaveemergedwfithacommon
themeoffexpflorfingnovefldesfignsfinsearchoffAMconfiguratfionsthatexhfibfitbroaderwave
dfispersfionffeatures. Notabfleamongthesearedesfignswhfichfinvoflvefinteractfionsoffnefigh-
borfingresonators,efitherfinsprfing-massfform[18]oreflastficbeamswfithfinterconnectfions
[19]. Othereffortshavefinvestfigatedtheconceptsoffnon-flocaflresonances[20],non-flocafl
metasurffaces[21],orfigamfidesfigns[22],finertfiaflampflfificatfionmechanfisms[23],asweflflas
hybrfidphononficmetamaterfiafldesfigns[24],aswaystoachfieveversatfifleacoustficmetama-
terfiafls. AsfideffromBfloch-andFfloquet-basedmethodswhfichprojectthebehavfioroffan
finfinfite(hypothetficafl)metamaterfiaflffromasfingfleceflfl,therehasbeenagrowfingfinterest
finthedynamficsofffinfiteAMsandthedfifferentwaysfinwhfichdfispersfionmechanficsevoflve
andmanfiffestthemseflvesfintheresponseofffinfitesystems.Thfishasfledtotheuseofftoofls
suchasconfinementeffectstheory[25],modaflanaflysfis[26],thephase-cflosureprfincfipfle[27],
andflayer-mufltfipfle-scatterfingtechnfiques[28]toffurtherunderstandtheunderflyfingbehavfior
offfinfitedfispersfivestructures.Lfikewfise,contfinuous-ffractfionbflockdfiagrammodeflsofffinfite
perfiodficstructureshaveprovfidedanfinterpretatfionoffbandgapfformatfionmechanfismsfin
phononfic[29],permutatfive,[30],asweflflasflocaflflyresonantmetamaterfiafls[31,32].
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Thepursufitoffnewresonantmechanfismshasdemonstratedthatflocaflresonanceband
gapsdonotnecessarfiflyconfformtonarrowffrequencyranges.Offpartficuflarfinteresttothfis
workfisthenotfionoffusfingmufltfi-resonatorunfitceflflstofinstfigatenewcharacterfistfics. Most
recentfly,resonatorsconnectedfinparaflflefl[33,34]orfinserfies[35]havebeenshowntoexhfibfit
enhancedbandgapsfinaddfitfiontofimproveddfissfipatfionpropertfieswhenanaflyzedfinthefir
dfissfipatfivefform.Intandem,resonatorsassembfledfinasuperceflflduafl-perfiodficconfigura-
tfionhavedemonstratedthepossfibfiflfityoffresonancecoupflfingbetweentwodfistfincttunfing
ffrequencfiesasshownfintheworkoffGaoand Wang[36]. Aflthoughpromfisfingfideas,most
effortsthusffarhaveffocusedonexpflofitfingthesedesfignsfforpractficaflappflficatfions(e.g.,dou-
bflenegatfivfity[37],nofisecontrofl[38],andbroadbandsoundtransmfissfionfloss[39])whfich,
whfifleoffproffoundfimportance,donotprovfideacomprehensfiveexpflanatfionofftheunderflyfing
physficsbehfindmufltfi-resonatorconfiguratfionsortherofletheypflayfintheonsetoffunprece-
dentedffeaturesfinthedfispersfiondfiagramsthereoff.Asaresuflt,theffoflflowfingffundamentafl
questfionsremafinunanswered:(1) Whydosomedesfignvarfiatfionsgfiverfisetoenhanced
bandgappropertfieswhfifleothersdon’t?(2) Whatarethedfifferenteflastficwavedfispersfion
profiflesthatcanbetrfiggeredusfingsuchdesfigns?and(3)Howdophenomenasuchasband
gapwfidenfing,mergfingofftwoflocaflresonancebandgaps,emergence,shfifftfing,ordfisappear-
anceoffBraggbandgapsfformfinafinfitemetamaterfiaflfinordertoeventuaflflycompflywfith
theunfitceflflpredfictfion?Theprfimaryafimoffthfisworkfistoansweraflfloffthesequestfions
throughatwo-partfframeworkbegfinnfingwfithtradfitfionafldfispersfiondfiagrams,provfidfinga
mathematficaflfinterpretatfionoffawfidearrayoffdfispersfionscenarfiosassocfiatedwfithvarfious
mufltfi-resonatormetamaterfiafls,andendfingwfithaffrequency-domafincflosed-fformtransffer
ffunctfionapproachwhfichconnectsthesescenarfiostothefirfinfitecounterparts.

Thepaperfisorganfizedasffoflflows:Thefirstsectfionffocusesonunfitceflflanaflysfisofftwo
mafinvarfiatfionsoffmufltfi-resonatorflumpedacoustficmetamaterfiafls.Thefirstfincfludesr>1
resonatorsconnectedfinparaflfleflwhfiflethesecondfiscomprfisedoffasuperceflflfinthefform
offtwomass-fin-massceflflshousfingdfistfinctresonancesandconnectedfinserfies.Generaflfized
expressfionsarederfivedfforthedfispersfionreflatfions,bandgapbounds,andothermetrficsoff
bothsystemswhficharethenfinvestfigatednumerficaflflyusfingasetoffdefinedparameters.An
finterpretatfionoffthedfifferentdfispersfionprofiflesfisprovfidedwhfichaddressesthenecessary
condfitfionsfforbandgapwfidenfingasweflflasthedfistrfibutfionoffflocaflresonancemodesand
correspondfingflatbranchesfinunfitceflflswfithparaflfleflresonators. Foflflowfingwhfich,the
superceflflconfiguratfionfisextensfiveflyanaflyzedandadfiscussfionoffthedfifferenttypesand
scenarfiosoffflocaflresonancebandgapmergfing(finaddfitfiontothecorrespondfingappearance,
shfifftfing,andvanfishfingoffBraggbandgaps)fispresented.Inthesecondsectfion,cflosed-fform
finfitemodeflsoffthesamemufltfi-resonatormetamaterfiaflsarederfivedbasedonastructurafl
dynamficsmodeflffoflflowedbyadetafifledtransfferffunctfionapproach. Ffinaflfly,wevaflfidate
thefinfinfitechafinpredfictfionsgraphficaflflyusfingasetoffffrequencyresponseffunctfions.The
presentedworkprovfidesapathwayfforflocafl-resonance-basedacoustficmetamaterfiaflstopflay
amorerobustroflefinappflficatfionsrequfirfingbroadbandattenuatfionoffsoundandvfibratfion
floads,partficuflarflyusfingrecentadvancesfinphysfics-basedfinversedesfignandmufltfi-objectfive
optfimfizatfionaflgorfithms.
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2. Mufltfi-resonatorAcoustfic Metamaterfiafls:UnfitCeflflAnaflysfis

2.1.Paraflfleflfidentficaflresonators

Asmentfionedearflfier,finthefirsfimpflestfform,1Dacoustficmetamaterfiafls(AMs)canbe
modefledasaserfiesoffflumpedmasseswfithflocaflflyresonatfingeflements(seeFfig.1). For
anAMwfithtwofidentficaflfinternaflresonatorsperunfitceflfl(finaparaflfleflarrangement),the
dynamficsoffthefithceflflcanberepresentedasffoflflows:

mäufi+(2ka+2kb)ufi−kbvfi,1−kbvfi,2−kaufi−1−kaufi+1=0 (1a)

mb̈vfi,1+kbvfi,1−kbufi=0 (1b)

mb̈vfi,2+kbvfi,2−kbufi=0 (1c)

whereufi,vfi,1,andvfi,2representthedfispflacementsofftheoutermass,firstresonator,and
secondresonator,respectfivefly. Thedoubfledotsdenoteanaccefleratfionterm,maandmb
representtheouterandresonatormasses,respectfivefly,kbrepresentstheresonatorsprfing,
andkafisthestfiffnesscoeficfientoffthesprfingconnectfingtwoadjacentunfitceflfls.Empfloyfing
theBfloch-wavesoflutfion[40],theffoflflowfingfformcanbederfivedffromEq.(1):

(−Ω2ω2bma+2ka[1−cos̃k]+2kb)̃u−kb̃v1−kb̃v2=0 (2a)

−Ω2ω2bmb̃v1+kb̃v1−kb̃u=0 (2b)

−Ω2ω2bmb̃v2+kb̃v2−kb̃u=0 (2c)

whereũ,ṽ1,andṽ2representtherespectfiveperfiodficdfispflacementfieflds,k̃=kdfisthe
dfimensfionflesswavenumber(productofftheceflflspacfingdandtheanguflarwavenumberk),
Ω= ω

ωb
fisthedfimensfionflessffrequency,whereωfisthewaveffrequency,andωb= kb/mb

fisthestand-aflonenaturaflffrequencyoffanfindfivfiduaflresonator.AgeneraflfizatfionoffEq.(2)
fforamufltfi-resonatormetamaterfiaflwfithrfidentficaflresonatorsproduces:








−Ω2ω2bma+2ka[1−cos̃k]+rkb −kb ... −kb
−kb kb−Ω

2ω2bmb
...

...

−kb kb−Ω
2ω2bmb















ũ
ṽ1
...
ṽr







=0. (3)

Non-trfivfiaflsoflutfionsoffEq.(3)canbeobtafinedbycomputfingthedetermfinantoffthe
flefft-handsfidematrfixfforagfivensetoffparameters.Theflatteryfiefldsapoflynomfiafloffdegree
2(r+1)whfichcanbeusedtoobtafintheAM’sdfispersfionreflatfion,fi.e.,Ω(̃k). Usfingthe
ffoflflowfingparameters:ma=1,mb=0.3,ka=4.8e9,andkb=0.1ka,Ffig.2showsthe
AM’sdfispersfioncurvesobtafinedusfingsuchapproachfforr=1,2,and3,respectfivefly.
Ffig.2areveaflsanfinterestfingtrendwheretheAM’sflocaflresonancebandgapexpandsffrom
bothendsasthenumberofffidentficaflparaflfleflresonatorsfincreases. Theupperboundoff
thebandgapmovestoahfigherffrequencyfinacflearandsfignfificantmanner,whfiflethe
flowerboundshfifftstoasflfightflyflowerffrequencyasseenfinthecfloseupfinset.Anumerficafl
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Ffigure1:Lumpedparametermodefloffamufltfi-resonatoracoustficmetamaterfiafl(AM).Thedfiagramshows
asystemoffnunfitceflflsandr=2fidentficaflresonatorsperceflfl,connectedfinparaflfleflandhousedfinsfidean
outermassma. Eachresonatorconsfistsoffamassmbandstfiffnesskb,theoutermassesoffthechafinare
connectedvfiafidentficaflsprfingskaandareadfistancedapart.

quantfificatfionoffthebandgapboundsfinthethreecasesfisdfispflayedfinFfig.2b.Thfisbehavfior
wfiflflbeexpflafinedanaflytficaflflyfinthefforthcomfingsectfionsasweflflasvaflfidatedfinthefinfite
responseoffthemufltfi-resonatormetamaterfiaflsfinsectfion3.1.2.Fornow,weffocusonFfig.2c
wheretheflefftpanefldepfictstheweflfl-knowndfispersfiondfiagramoffasfingfle-resonatorflumped
acoustficmetamaterfiafl(aflsoknownasthemass-fin-masssystem).Ahybrfidfizatfionbetween
theresonantfincflusfionandthebuflkstructurecuflmfinatesfinanavofided-crossfingbetween
thebuflkdfispersfionbranchandthe(flat)resonance,andopensupanarrowsubwaveflength
bandgap;asfirstreportedbyLfiuetafl.[11]. Wfiththeaddfitfionoffasecondresonator
(r=2),finaddfitfiontothebandgapexpansfion,thedetermfinantobtafinedffromEq.(3)now
yfiefldsapoflynomfiafloffdegree2(r+1)=6,resufltfingfinthreedfispersfionbranches(andthree
negatfiveoneswhficharerejected).Thethreebranches,shownfinthemfiddflepanefloffFfig.2c,
representtheunfitceflfl’sacoustficmode,optficaflmode,asweflflasaresonancemodeatΩ=1.
Forr=3,thesebecometwocofincfidfingresonancemodesandsofforth. Togeneraflfize,a
ceflflcomprfisedoffrfidentficaflparaflfleflresonatorswfiflflhave(r−1)flatresonancebranches.
Theunfitceflfl(orBfloch-wave)modesareobtafinedbycastfingthedfispersfionreflatfionasan
efigenvaflueprobflemandsoflvfingffortheefigenvectors,q,oraflternatfiveflybycomputfingthe
nuflflspaceoffthefleffthandsfidematrfixfinEq.(3).Themodeshapesarevfisuaflflyfiflflustrated
finFfig.2dffoflflowfingthefformatq=[̃uṽ1...̃vr]

T.Itcanbeseenthat,firrespectfiveoffthe
numberoffresonatorsr,thehost(outer)massonflyoscfiflflateswfithfintheacoustficandoptficafl
modes.Inbetween,flocaflresonancemodes(thenumberoffwhfichdependsonthevaflueoffr)
aflflcapturedfifferentreflatfivemotfionsbetweenthefindfivfiduaflresonatorswfithq(1)=0befing
acommonffeaturefinaflfloffthem.Apatternemergeswhfichcanbeusedtogeneraflfizethfis
behavfiortoamufltfi-resonatorAMoffanyvaflueoffr>1. Wedefineqaasan(r+1)×1
coflumnvectorrepresentfingtheAM’sacoustficmode,qoasan(r+1)×1coflumnvector
representfingtheAM’soptficaflmode,andqrasan(r+1)×(r−1)matrfixdepfictfingthe
dfifferentpossfibfleflocaflresonancemodes,suchthatfforanymufltfi-resonatorflumpedAM,the
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Bfloch-wavemodematrfixQ=[qaqrqo]takesthefform:

Q=












acoustfic

1 0 ··· 0

optficafl

−e
1 −1 ··· −1 1
... 1

...
...

...
...

1 1 1












I(r−1)×(r−1)

(4)

wheree>0andchangesdependfingonthenumberoffresonators.Forthegfivenparameters,
e=0.6and0.9correspondfingtor=2and3,respectfivefly.

Aswfiflflbeshownflater,thepresenceofftheseflocaflresonancemodes(flatbranches)
doesnotaffectbandgapfformatfionfinfinfiteflumpedacoustficmetamaterfiafls. Theband
gapwfidthremafinsdfictatedbytheacoustficandoptficaflmodesand,assuch,fitsbounds
canbecaflcuflatedaccordfingfly.Consequentfly,usfingthesystemoffequatfionsfinEq.(3)and
fimpflementfingarowreductfion,theffoflflowfingreduceddfispersfionreflatfioncanbeobtafinedffor
unfitceflflswfithfidentficaflparaflfleflresonators:

(−Ω2ω2bmb+kb)(−Ω
2ω2bma+2ka[1−cos̃k]+rkb)−rk

2
b=0 (5)

2.1.1.Locaflresonancebandgapwfidenfing

Acommonflyusedapproxfimatfionfisthattheflocaflresonancebandgapfinaflumped
acoustficmetamaterfiaflstartsatΩ=1,fi.e.,atthenaturaflffrequencyoffthefinternaflabsorber
[41,42]. However,acflosefinspectfionoffEq.(5)reveaflsthattheactuaflflowerboundoff
thebandgapcandevfiateffromthfisvaflueandstartatflowerffrequencfiesdependfingonthe
chosenparametervaflues(SeeFfig.3finReff.[31]fforadetafifledfiflflustratfionoffsuchdevfiatfion).
OwfingtotheshapeoffanAM’sdfispersfiondfiagram,theflowerboundoffthebandgapoffthe
mufltfi-resonatormetamaterfiaflcanbeanaflytficaflflydetermfinedbysettfingk̃=πfinEq.(5).
Negflectfingnegatfivesoflutfionsandtakfingthesmaflfleroffthetwoposfitfiveones,weget:

Ωfl=



(4kamb+rkbmb+kbma)

2ω2bmamb
−

(4kamb+rkbmb+kbma)
2−16kakbmamb

4(ω2bmamb)
2





1/2

(6)

Settfingmr=mb/ma,kr=kb/kaandΓ=mr/kr,Eq.(6)sfimpflfifiesto:

Ωfl=
1
√
2
(4Γ+rmr+1)− (4Γ+rmr+1)

2−16Γ (7)

Ontheotherhand,usfingEq.(5)andsettfingk̃=0yfiefldsthebandgap’supperbound
Ωu,whfichfisgfivenby:

Ωu=
√
rmr+1 (8)
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Ffigure2:(a)Dfispersfiondfiagramfforaflumpedacoustficmetamaterfiaflwfithr=1,2,and3fidentficaflresonators
finparaflflefl.Theparametersusedareasffoflflows:ma=1,mb=0.3,ka=4.8e9,andkb=0.1ka.Cfloseup
finsetshowsflowerbandgapbound.(b)Upperandflowerbandgapbounds,ΩuandΩfl,correspondfingtothe
threecases.(c)Indfivfiduaflrepresentatfionoffthethreedfispersfiondfiagrams.Shadedareasfindficatedband
gapregfions.(d)Acoustfic,optficafl,andflocaflresonanceunfitceflflmodeshapesfforeachcase.
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TheeffectoffthenumberoffresonatorsrfisevfidentfinFfigs.2aandb.Itcanbeseen
thatΩufincreaseswhfifleΩfldecreaseswfithanfincreasefinr,resufltfingfinawfidenfingoffthe
flocaflresonancebandgapffrombothendsascanbeseenfinFfig.2aandtheprovfidedcflose-
upfinset.Specfificaflfly,theupperboundoffthebandgapsofleflydependsonthenumberoff
resonatorsandthemassratfiobetweenasfingfleresonatorandtheoutermassoffamufltfi-
resonatormetamaterfiafl. Assuch,thefincreasefintheupperboundoffthebandgapwfith
anfincreasfingrfisastrafightfforwardconsequenceoffthegrowthoffthetermrmrfinEq.(8).
Ontheotherhand,thedownshfifftoffΩflwfithanfincreasfingrfisabfitmorecompflficatedand
dependsonboththemassandstfiffnessratfios,asevfidentbyEq.(8).

2.1.2.Lackoffbandgapwfidenfing

Ffigure3showsthedfispersfiondfiagramchangesresufltfingffromusfingmufltfipfleparaflflefl
resonatorswhfiflekeepfingthetotaflresonatormassperceflflunchanged(fi.e.,rmb=0.3),
whfifleadjustfingtheresonatorstfiffnessestomafintafinaconstanttunfingffrequency(fi.e.,ωb=
constant).InFfig.3a,theentfireresonatormassfiscontafinedwfithfinasfingfleresonatorwfith
r=1andmb=0.3.Therestofftheparametersarefindficatedontheschematficdfiagramfinthe
flowerpanefl(andarekeptsfimfiflartothoseusedfinFfigure2fforconvenfience).Thfisrepresents
theconventfionaflmass-fin-masssystemwhfichfisprovfidedasabenchmarkfforcomparfison
purposes.InFfig.3b,theresonatormassfisdfistrfibutedevenflyamong3resonators,whfiflefin
Ffig.3ctheresonatormassfisdfistrfibutedunevenflyamong3resonators.Asseenfinthefigures,
thebandgapstartfingandendfingffrequencfies,andconsequentflywfidth,arethesamefforaflfl
threesystems.Thepresenceofffidentficaflresonators(Ffig.3b)ffacfiflfitatesthesfimpflfificatfionoff
themotfionequatfionsoffthemufltfi-resonatorceflflandmakesfiteasfiertoexpflafinthfisbehavfior
usfingtheexpressfionsderfivedearflfier. Here,Ωudoesnotchangesfinceanymufltfipfleoffrfin
Eq.(8)fiscanceflfledoutasaresufltoffdfivfidfingmbbythesamemufltfipfle.TheratfioΓaflso
remafinsunchangedfinEq.(7)fforthesamereason.

Asaresufltoffthfis,wenotethatthebandgapwfidenfingphenomenondepfictedfinsec-
tfion2.1.1requfiresanfincreaseoffresonatormass,efitherbydfirectflyfincreasfingthemassoffa
sfingfleresonatororbystackfingmufltfipflefidentficaflresonatorsfinparaflfleflashasbeenshown
here. Whfiflethefformerapproachprovfidesthewfidenfingeffect,fitassumesthattheuserhas
compfleteffreedomtochooseanyresonatormass.Itaflsoassumesthattheuserhasaccess
toanynumberoffresonatorswhenassembflfingthefinfitemetamaterfiafl.However,aswfiflflbe
shownflaterfinsectfion3.1.2andFfig.12,wemakethecasethatgfivenaflfimfitednumber
offresonatorswfithaspecfificmass,wearebetteroffstackfingtheseresonatorsfinaffewer
numberoffceflflsbyexpflofitfingtheparaflfleflconfiguratfion. Thfisarrangementprovestobe
superfiorbothffromthestandpofintoffbandgapwfidthasweflflasthenumberoffpass-band
resonantpeaksexhfibfitedoverthesameffrequencyrange.Furthermore,despfitethefincrease
finunfitceflflmass,fitactuaflflyreducesthe“overaflfl”massoffthefinfitemetamaterfiafldueto
thesfignfificantreductfionfinthechafinflengthandtheneedfformuchffeweroutermasses.
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Ffigure3:Dfispersfiondfiagramfforaflumpedacoustficmetamaterfiaflwfithaconstanttotaflresonatormassoff
rmb=0.3.(a)Sfingfleresonator:r=1andmb=0.3,(b)Threefidentficaflresonators:r=3eachoffmass
mb=0.1,and(c)Threedfifferentresonators:r=3havfingtheffoflflowfingmassesmb,1=0.2,mb,2=0.08,
andmb,3=0.02.Inaflflthreesystems,resonatorstfiffnessesarechosensuchthatthetunfingffrequency

ωb= kb/mborωb= kb,fi/mb,fi(wherefi=1,2,3)remafinsunchanged.

2.1.3.Non-fidentficaflparaflfleflresonatorswfithmufltfipflebandgaps

Toconcfludetheanaflysfisoffunfitceflflscomprfisfingresonatorsarrangedfinparaflflefl,webrfiefly
presenttheeffectofffincfludfingnon-fidentficaflresonators.UnflfikethecaseshownfinFfig.3c,we
removethemassconstrafintfinaddfitfiontoaflflowfingtheresonatorstfiffnessestovary;thereffore
generatfingasetoffresonatorswfithcompfleteflydfifferenttunfingffrequencfies.Ffigure4dfispflays
thedfispersfionbehavfioroffanr=3unfitceflflwfiththreedfistfinctresonatorstfiffnesses,kb,fi
wherefi=1,2,and3.Asaresuflt,thfisconfiguratfionyfiefldsthreedfistfincttunfingffrequencfies,
atωb,fi= kb,fi/mb,whfichcorrespondtothreedfifferentbandgapsfindficatedbytheshaded
regfionsandtheffrequencyrangesflfistedonFfig.4c. Despfitethenarrowffrequencyranges
separatfingthethreebandgaps,fitshoufldbeemphasfizedthatthfisconfiguratfionprovfides
separateback-to-backbandgaps.Inotherwords,thedfispersfionbranchesseparatfingthe
threebandgapsfinthfisscenarfioarenotflatascanbefinfferredffromthestartfingandendfing
ffrequencfiesoffeachoffthethreegaps;unflfikethecaseoffthefidentficaflresonatorswhfichfis
shownfforcomparfisonfinFfig.4b. Thedfispersfiondfiagramsoffbothcasesotherwfiseflook
flargeflysfimfiflar.Ffinaflfly,thfisbehavfior(akaBGwfidenfingvs.spflfittfing)aflsomanfiffestsfitseflfffin
thefinfitereaflfizatfionsofftheunfitceflflsshownfinFfigs.4bandc,respectfivefly.Inthefformer,
theffrequencyresponsefisexpectedtoshowasfingfleunfinterruptedattenuatfionregfionwhfifle
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theflatterwfiflflreveaflthreedfistfinctbandgapswfithresonantpeaksfinbetweenrepresentfing
thefinfitevfibratfionaflmodeswhfichspanthenarrowpassbandsfinbetweenthethreegaps.

Ffigure4: Dfispersfiondfiagramfforaflumpedacoustficmetamaterfiaflwfith(a)Sfingfleresonator:r=1wfith
mb=0.3andkb=4.8e8,(b)Threefidentficaflresonators:r=3eachoffmassmb=0.3andkb=4.8e8,and
(c)Threedfifferentresonators:r=3eachoffmassmb=0.3andhavfingtheffoflflowfingstfiffnesseskb,1=4.5e8,
kb,2=4.8e8,andkb,3=5.1e8. Thesystemshownfin(b)reveaflsawfidenfingoffthebandgapfincurredby
thesfingfleresonatorsystem,whfifletheonefin(c)showsspflfittfingfintothreedfistfinctbandgapsspannfingthe
ffrequencyrangesflfistedonthefigure.

2.2.Thesuperceflflconfiguratfion

Asuperceflfloffanacoustficmetamaterfiafltypficaflflyrefferstoaflargerunfitceflflwhfichfis
comprfisedoffanumberoffsmaflflerbufifldfingbflocks,orsubceflfls,andseflff-repeatsaflongoneor
morespatfiafldfimensfions. Aflthoughthesuperceflflcanbepercefivedasanon-conventfionafl
unfitceflflwhfichfisofftenusedtogfiverfisetonoveflffeatures,theconstfitutfivesubceflflsthemseflves
maytakeconventfionaflfformsremfinfiscentofftradfitfionaflphononficcrystaflsorflocaflflyresonant
metamaterfiafls. Gfiventheffocusoffthfisworkonmufltfi-resonatorAMs,weprovfideherea
comprehensfiveanaflysfisoffacflassoffsuperceflflswhfichconnectstwo(generaflfly)dfifferent
flocaflflyresonantceflflswhfichareconnectedfinserfies. Aschematficdfiagramofftheflumped
parametermodefloffthesystemfisshownfinFfig.5.Thfisduaflperfiodficsuperceflflconfiguratfion
wasrecentflyfintroducedbyGaoand Wangasamechanfismwhfichprovfidesanufltrawfide
flow-ffrequencybandgapbasedonresonancecoupflfing[36].Thefideahasspurredanumber
offsubsequenteffortswhfichmakeuseoffthfisphenomenonfinthedomafinoffnofisecontrofl
andacoustfictransmfissfionfloss[38,39]. However,aswfiflflbeshownhere,despfitebefinga
verypromfisfingconcept,resonancecoupflfingfinthesuperceflflconfiguratfionfisanontrfivfiafl
mathematficaflprobflemwhfichrequfirescertafinexfistencecondfitfions.Furthermore,theAM
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desfignshownfinFfig.5exhfibfitsabroadrangeoffdfifferent(andveryfintrfigufing)dfispersfion
characterfistficswhfichcuflmfinatefinvarfiousBraggandflocaflresonancefinteractfionsgfivfingrfise
tocoaflescence,shfifftfing,and/orvanfishfingoffthedfifferentbandgaps.

Ffigure5:Lumpedparametermodefloffamufltfi-resonatoracoustficmetamaterfiaflwfithaduaflperfiodficsuper
ceflfldesfign. Thedfiagramshowsasystemoffnsuperceflflsconsfistfingofftwofidentficaflouter massesma
connectedfinserfiesvfiaasprfingoffstfiffnesska,andtworesonatorsmbandmc,whfichareconnectedtothefir
respectfiveoutermassesvfiathestfiffnesseskbandkc.dfisthedfistancebetweentwoconsecutfivesuperceflfls.

ThesuperceflflfindficatedfinFfig.5consfistsofftwofidentficafloutermassesmaconnected
finserfiesvfiaasprfingoffstfiffnesska,andtworesonatorsmbandmc,whfichareconnectedto
thefirrespectfiveoutermassesvfiathestfiffnesseskbandkc.Foflflowfingananaflysfissfimfiflarto
theonedescrfibedfinSectfion2.1,theffoflflowfingdfispersfionreflatfioncanbederfived:







−ω2ma+2ka+kb −ka−kae
fik −kb 0

−ka−kae
−fik −ω2ma+2ka+kc 0 −kc

−kb 0 −ω2mb+kb 0
0 −kc 0 −ω2mc+kc













ũb
ũc
ṽb
ṽc





=0 (9)

wherẽub,̃uc,̃vb,and̃vcdenotetheperfiodficdfispflacementfiefldsoffthefirstoutermass,second
outermass,firstresonator,andsecondresonator,respectfivefly.Settfingk̃=0finEq.(9)
yfiefldsanefighthdegreepoflynomfiaflwhfichhasefightroots,ffouroffwhfichareposfitfive,reafl
ffrequencfies.Settfing̃k=πfinthesameequatfiongfivesffourmorereaflrootsfforatotafloffefight
soflutfions.Offtheseefightsoflutfions,onefisguaranteedtobetheorfigfinpofintoffthedfispersfion
dfiagram[̃k,ω]=[0,0],asshownfin[31](thesamepofintrepresentsarfigfid-bodymodeoffa
finfite,unconstrafinedmetamaterfiaflmadeupoffthesameceflfl).Theremafinfingsevenffrequency
soflutfionstypficaflflyrepresentstartfingandendfingpofintsoffdfispersfionbranches(passbands)
wfithdfifferenttypesoffboundedbandgapssandwfichedfinbetween.Addfitfionaflfly,theflargest
offthesesevenrootsfisaflwaysapartoffthek̃=0soflutfionsandmarkstheendofftheflast
dfispersfionbranchandthebegfinnfingoffthemetamaterfiafl’sstopband,anunboundedband
gapwhfichfisahaflflmarkffeatureoffanyflumpedparametersystem[29,43].Forfiflflustratfion,
anexampfledfispersfiondfiagramshowfingtheafforementfionedefightsoflutfionsfisprovfidedfin
Ffig.6a.However,thenextsubsectfionwfiflfldemonstratethatfforcertafinresonatorparameters,
oneormoreoffthesesoflutfionsfintersectresufltfingfinrepeatedffrequencfies,whfichfinstfigates
anumberoffspecfiaflscenarfiosthatwfiflflbeanaflyzedcomprehensfiveflyanddetafifledoverthe
nextffewfigures.
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Ffigure6: DfispersfionscenarfiosassocfiatedwfiththeduaflperfiodficsuperceflflconfiguratfionshownfinFfig.5.
(a)AnexampfledfispersfiondfiagramshowfingefightpossfibflesoflutfionsoffEq.(9)spflfitbetweeñk=πand
k̃=0.Excfludfingthedfispersfionorfigfinpofintfleavessevensoflutfions.(b)Trackfingthesevensoflutfionsffora
rangeofftunfingffrequencfiesoffthefirstresonatorωb.Thetunfingffrequencyoffthesecondresonatorfisfixed
atωc=1e5.Soflfidflfinesrepresentk̃=πsoflutfions,dashed-dottedflfinesrepresent̃k=0soflutfions,andthe
shadedregfionsfindficateemergentbandgapswhficharecoflor-codedtofindficateoneoffffourscenarfios:A-D.

2.2.1.Shfifftfing,mergfing,andvanfishfingoffBraggandflocaflresonancebandgaps

Toexamfinethewfideportffoflfiooffdfispersfionscenarfiosthatcanbeexhfibfitedbythesuper
ceflflAM,westartbysoflvfingEq.(9)fforma=1andka=4.8e9. Thetunfingffrequencfies
(fi.e.,stand-aflonenaturaflffrequencfies)offthetworesonatorsaredefinedasωb= kb/mband

ωc= kc/mc,whficharehencefforthusedasthemafindesfignparametersffromwhfichthe
respectfivemassesandstfiffnessescanbecomputed. Westartbyfixfingωcatavaflueoff1e5
andvaryfingωbffrom0to2e5.Ffigure6bfiflflustratestheflocfioffthesevenffrequencysoflutfions
descrfibedearflfierasaffunctfionoffωb,ffortheafforementfionedfixedvaflueoffωc.Inthefigure,
ffoursoflfidflfinesfindficatetherootscorrespondfingtõk=πandthreedashed-dottedflfines
findficatetherootscorrespondfingtõk=0. Gfiventhepresenceofftwodfifferentresonators,
bothoffwhfichwfiflflbevarfiedfinthfissectfion,thedfimensfionflessffrequencyonthevertficaflaxfisfis
hencefforthdefinedasΩ= ω

ωb,paraflflefl
,whereωb,paraflflefl= 4.8e8/0.3fisaconstantnumberthat

wfiflflbefixedthroughout.Theanaflysfisreveaflsffourωbvafluesofffinterestwhfichcorrespond
tofintersectfingsoflutfions,namefly:ωb,A≈0.34e5(ScenarfioA),ωb,B≈0.75e5(ScenarfioB),
ωb,C =1e5(ScenarfioC),andωb,D ≈1.3e5(ScenarfioD).TheshadedregfionsfinFfig.6b
hfighflfightaflflthebandgapsemergfingfintheffourscenarfios. Whfiflebandgaptypecanusuaflfly
befinfferredffromtheshapeoffthedfispersfionbranches(e.g.,flocaflresonancegapsaregeneraflfly
characterfizedbyak̃phaseshfifftoffπ),thesameapproachcannotbeappflfiedheredueto
thecompflficatednatureoffthedfispersfiondfiagramandthepresenceoffmufltfipfleresonances.
Instead,thesescenarfioscanbebestunderstoodbyexamfinfingtheffuflflbandstructuresoff
thesuperceflflobtafinedusfingthek̃(Ω)-soflutfionoffthedfispersfionreflatfionwhfichoutputs
boththereaflandfimagfinarycomponentsoffthewavenumber,ℜ(̃k)andℑ(̃k),definfingthe
propagatfionbandsandtheattenuatfionffactor,respectfivefly.Ffigure7ashowsthecompflete
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bandstructurescorrespondfingtoscenarfiosAthroughD.Thetoppaneflflfiststhestartfing
andendfingffrequencyoffeachbandgapwfiththenumberfinbracketsfindficatfingwhetherthfis
ffrequencyrepresentsa0oraπsoflutfionoffk.Sfincethesescenarfiosdepfictunfiquespecfiafl
cases,weaflsoprovfidetwoaddfitfionaflbandstructuresbefforeandafftereachscenarfiowhfich
arecomputedatωb,A-D±0.75e4.Theseexpflafinthedeveflopmentoffeachscenarfioandare
usedtoreveaflsomecharacterfistficsoffthebandgapswhfichcanbecomehfiddenwhenωb
exactflymatchesthevaflueoffωb,A,ωb,B,ωb,C,orωb,D.

Ffigure7: DfispersfionscenarfiosassocfiatedwfiththeduaflperfiodficsuperceflflconfiguratfionshownfinFfig.5.
(a)Thetoppaneflflfiststhesevensoflutfionswfiththeorfigfinoffeachsoflutfion(πor0)pflacedbetweenbrackets.
Thfisflfistaflsomarkstheboundsoffthebandgapassocfiatedwfitheachscenarfio.Therestoffthepflotshows
threedfispersfiondfiagramscorrespondfingtoeachofftheffourscenarfios,whfichshowthescenarfiofitseflffasweflfl
asfitsdeveflopmentusfingsmaflflperturbatfionsoff±ωb.Thetunfingffrequencyoffthesecondresonatorfisfixed
atωc=1e5.(b)Acodedsequencewhfichdescrfibesandexpflafinsthebandgapstakfingpflacefineachoffthe
tweflvedfispersfiondfiagrams.Eachbandgaptypefisdesfignatedaunfiquefidentfifiergfivenfinthekeyatthe
bottomoffthefigure.
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Uponfinspectfion,thedfispersfiondfiagramcorrespondfingtoA− showsadfistfinctflocafl
resonancebandgap(LR)ataflowffrequency(assocfiatedwfiththefirstresonanceωb),a
stopband(SB)athfigherffrequencfies,andfinthemfiddfle,aBraggbandgap(B)whfich
fisfimmedfiateflyffoflflowedbyaflocaflresonancebandgap(assocfiatedwfithsecondresonance
ωc).Thepresenceofftwoflocaflresonancebandgapsfisexpectedgfiventhepresenceofftwo
resonatorspersuperceflfl. Asωbfisfincreased,twoffeaturestakepflacesfimufltaneousfly:one
fisratherstrafightfforward,whfiflethesecondfisflessfintufitfivebutqufitefinterestfing.Thefirst
ffeaturefisamovementtotherfightofftheflow-ffrequencyflocaflresonancebandgapwhfichfis
expectedsfincefitstunfingffrequencyfisdfirectflybefingvarfied.Sfinceωcfisfixed,thesecond
flocaflresonancebandgapdoesnotmoveandremafinsatωc(whfichcorrespondstoΩ=2.5).
However,thesecondffeatureassocfiatedwfithωbbefingvarfiedfisthatthethfirddfispersfion
branchflfipsffrombefingbentupwardasℜ(̃k)goesffromπto0(finA−),tobefingbentthe
opposfiteway(finA+).Themomentwhenωb=ωb,Arepresentsthetransfitfionpofintoffthfis
branchandcorrespondstothesecondflocaflresonancevanfishfingwfithfintheBraggbandgap,
resufltfingfinScenarfioA.Atthfisfinstant,thethfirddfispersfionbranchbecomesaperffectflyflat
oneatΩ=2.5.InFfig.6b,ScenarfioAcanbeunderstoodasaresufltoffthefintersectfion
offthesoflfid(̃k=π)anddashed-dotted(̃k=0)flfinesatωb,A.Bypureflyflookfingatℑ(̃k)fin
thedfispersfiondfiagramoffA,thesystemunderconsfideratfioncanbemfistakenflyfinterpreted
asatradfitfionaflsfingfle-resonatoracoustficmetamaterfiafl.However,thesevensoflutfionsflfisted
finthefigureshowtwofintersectfingrootsatΩ=2.5correspondfingtok̃=0andπ,whfich
arefindficatfiveoffanabruptphaseshfifftattheflocatfionwheretheflocaflresonancebandgap
woufldhavebeen.Theflocaflresonancebandgapemergesagafinasωbfisffurtherfincreasedas
canbeseenfintheA+case.

ThedfiagramsassocfiatedwfithScenarfioBshowatransfitfionffromtwoback-to-backflocafl
resonancebandgaps(B−),toacompfletemergeoffthetwoflocaflresonancebandgapswfith
asfingfleattenuatfionpeak(B),toamergeoffthetwoflocaflresonancebandgapswfithdoubfle
attenuatfionpeaks(B+).Aflflthreesystemsexhfibfitahfigh-ffrequencyBraggbandgapbutonfly
theflastfisaccompanfiedwfithanaddfitfionaflflow-ffrequencyBraggbandgapwhfichprecedes
theflocaflresonancemergfing.ScenarfiosC−andC+showasfimfiflardoubfle-peakmergfingoff
theflocaflresonancebandgap.TheBraggbandgapfformfingbefforethemergefinthesetwo
casesbecomesverynarrowandcanonflybeseenwfithafineffrequencysampflfingresoflutfion,
oraflternatfiveflyffromtheefighth-degreepoflynomfiaflrootsfiffobtafinedusfinghfighprecfisfion.
ScenarfioCdepfictsaspecfiaflcasewherethetworesonatortunfingffrequencfiesmatch(fi.e.,
ωb=ωc)resufltfingfinthemergedflocaflresonancebandgapbefingtheonflyboundedbandgap
fintheentfiredfispersfionprofifle,andcorrespondstotwodfifferentfintersectfionsoffthesoflfid
(̃k=π)flfinesatωb,CfinFfig.6b.ScenarfioCaflsorepresentsthetradfitfionaflsfingfle-resonator
metamaterfiaflbutwfithadfispersfiondfiagramthatfisobtafinedusfingtworatherthanone
ceflfl.Assuch,fitsℜ(̃k)pflotcontafinsonflyoneacoustficbranchandoneoptficaflbranchwhfich
appearffofldedasaresufltoffnotusfingthemfinfimaflseflff-repeatfingceflfl.Thewfidestbandgap
canbewfitnessedfinScenarfioDwhfichresufltsffromanotherflocaflresonancebandmergewfith
asfingfleattenuatfionpeak.Ffinaflfly,thecasecorrespondfingtoD+showsaveryunfiquedesfign
wheretheonflyBraggbandgapaflongtheffrequencyaxfisprecedesbothflocaflresonanceband
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gapsfinanfinterestfingtwfistwhfichfiscontrarytotradfitfionaflmetamaterfiafldesfigns.

ThedfispersfiondfiagramspresentedfinScenarfiosB+,C−,C+,andD−aresfimfiflartothe
effectfirstdescrfibedfin[36](andflaterexpflofitedfin[38]and[39])whfich,ascanbeseenhere,
representonespecfificscenarfiooffmanyotherswhfichcanbeextractedffromthesuperceflfl
configuratfionwfithasmarttunfingofftheresonantparameters,andthatcancatertodfifferent
appflficatfionsandffrequencyregfimes.Ffinaflfly,weaflsonotficethatthefformatfionoffBraggband
gapsfinsuperceflflconfiguratfionswhfichexhfibfitflocaflresonancebandgapmergfingdependson
thetypeoffmergfing,andadherestotheffoflflowfingrufle:ABraggbandgapfisboundtofform
bothbefforeandaffteramergedflocaflresonancebandgapwhfichexhfibfitsdoubfleattenuatfion
peaks(e.g.,B+,C−,C+,andD−).However,fiffthemergedflocaflresonancebandgapexhfibfits
asfingfleattenuatfionpeak,aBraggbandgapcanfformbefforethemerge(CaseD),affterthe
merge(CaseB),orfitmfightnothappenataflflfiffωb=ωc(CaseC).Foracompfletepficture,
Ffig.8showsthevarfiatfionoffthesuperceflfl’sdfispersfiondfiagramovertheentfirerangeoff
ωbffrequencfiescoveredbythehorfizontaflaxfisoffFfig.6b. Ananfimatedfiflflustratfionoffthfis
dfispersfiondfiagramevoflutfioncanaflsobeseenfinthesuppflementarymufltfimedfiafifle.

Ffigure8:Theevoflutfionoffthedfispersfiondfiagramsassocfiatedwfiththeduaflperfiodficsuperceflflconfiguratfion
shownfinFfig.5fforsflowflyfincreasfingvafluesoffωbfleadfingupto(a)ScenarfioA,(b)ScenarfioB,(c)Scenarfio
C,and(d)ScenarfioD.Darkerdfispersfionbranchesfforbothℜ(̃k)andℑ(̃k)findficateanfincreasfingωb.
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2.2.2.Coflflapsfingsoflutfionsandspecfiaflcases

Iffthetunfingffrequencyoffthesecondresonatorωcfisaflflowedtochange,thewavedfis-
persfionscenarfiosoffthesuperceflflfiflflustratedfintheprevfioussectfioncanemergeatdfifferent
combfinatfionsoffresonatorparametersasaresufltofftheflargerdesfignspace.However,fitcan
aflsobeshownthatsomeoffthesescenarfiosdfisappear,whfifleothersconvergeandeventuaflfly
coaflescefforcertafincrfitficaflcombfinatfions.Asacasefinpofint,Ffig.9atrackstheffourscenarfios
AthroughDwhenanyoffthek̃=πandthẽk=0soflutfionsoffEq.(9)match(akacoflflaps-
fingsoflutfions).Thevertficafldashedflfineatωc=1e5showsffourdfistfinctcoflflapsfingsoflutfions
whfichareportrayedcflearflyfinFfig.6. Weffocushereontwofintrfigufingspecfiaflcases:Thefirst
correspondstothesuperceflflconfiguratfionmarkedwfitha“star”finFfig.9a,atwhfichpofint
ScenarfioAceasestoexfist.Forthevaflueschosenhere,thfiscorrespondstoωc,crfit=0.98e4.
Foranysecondresonatortunfingffrequencybeflowthfisvaflue(fi.e.,ωc<ωc,crfit),thesuperceflfl
wfiflflcontfinuetoshowthethreescenarfiosB,C,andDwfithdfispersfionbehavfiorsthatmatch
thoseoutflfinedfinSectfion2.2.1.Itshoufldaflsobenotedthatasfforωc≪ωc,crfit,theBandC
scenarfiosconvergeandnearflycofincfidefforveryflowtunfingffrequencfies.

Ffigure9:(a)DfispersfionscenarfiosassocfiatedwfiththeduaflperfiodficsuperceflflconfiguratfionshownfinFfig.5
ffordfifferentcombfinatfionsoffbothtunfingffrequencfiesωbandωc.Theconfiguratfionflabefledwfithastarmarks
thefirstspecfiaflcaseωc,crfitwhfichcorrespondstothevanfishfingoffScenarfioA.Thesecondspecfiaflpofintfis
ScenarfioABwhfichcorrespondstothefintersectfionofftheAandBscenarfiostakfingpflaceatωb,AB=0.78e4.
(b)DfispersfiondfiagramsandbandgapboundsshowfingthedeveflopmentoffScenarfioAB.

Thesecondspecfiaflcasepertafinstothevertficafldottedflfineatωc=1.14e5whfichrep-
resentsaspecfiaflcasewherethecurvesoffcasesAandBfintersectfleadfingtoacombfined
ABscenarfio. Thecombfinedscenarfiotakespflaceatωb,AB =0.78e4andcuflmfinatesfinan
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ufltrawfidebandgapwhfichcanbeseenfinthemfiddfledfispersfiondfiagramoffFfig.9b. We
reffertothfisasScenarfioABandfforcompfleteness,weprovfidethedfispersfiondfiagramsffor
theAB−andAB+fforvafluesoffωbsflfightflybefforeandaffterωb,AB,whfichshowthegraduafl
deveflopmentoffthfisscenarfio,finaddfitfiontothebandgapboundsandthetypescorrespond-
fingfit.TwofinterestfingobservatfionscanbemadeaboutScenarfioAB.Thefirstfisthatthfis
desfignexhfibfitsthewfidestbandgapoffaflflthesuperceflflconfiguratfionssurveyed,extendfing
ffromΩ=1.678to3.575. Thesecondobservatfionfistheflackoffaflocaflresonanceband
gapbefforetheufltrawfidebandgap.Inffact,byfinterpretfingthesoflutfionsoffthedfispersfion
equatfionat̃k=0andk̃=π(flfistedfinFfig.9b),fitcanbeseenthatbothflocaflresonances
areembeddedwfithfinthewfidebandgapresufltfingfintheunfique“B(+LR+LR)”bandgap
desfignatfionfindficatedfinthefigure. OnceωbfisfincreasedpastScenarfioAB,thesuperceflfl
exhfibfitsthemergedflocaflresonancebandgapwfithdoubfleattenuatfionpeaksasconfirmed
bytheAB+dfispersfiondfiagram,wfithtwoBragggapsbefforeandaffterandthusadherfingto
theruflestatedearflfierfinSectfion2.2.1.Ffinaflfly,wenotethatScenarfiosCandDthattake
pflaceatωc=1.14e5aresfimfiflartothoseoutflfinedfinFfig.7andshownonoveflffeatures.

3. Mufltfi-resonatorAcoustfic Metamaterfiafls:FfinfiteStructuraflDynamfics

Theffeaturesshownthusffarhavebeenextractedffromthedfispersfionbehavfioroffthe
unfitceflflsoffthedfifferentmufltfi-resonatormetamaterfiafls.Itfisweflflknownthatsuchanaflysfis
predfictsthewavepropagatfioncharacterfistficsoffthefinfinfitechafinand,whfifleaccurate,ffafifls
toaccountfforsfizeandboundaryeffects. Theffoflflowfingsectfionoffthepaperpresentsa
comprehensfivemathematficaflfframeworkwhfichcapturesthebehavfiorofffinfitemetamaterfiafls
madeupoffboththeparaflfleflunfitceflflsandthesuperceflflfinvestfigatedfinSectfion2.

3.1.Ffinfitemetamaterfiaflwfithparaflfleflresonators

Consfiderafinfiteacoustficmetamaterfiaflwfithnunfitceflflsandtwofidentficaflresonators
(fi.e.,r=2)perunfitceflfl.Theffree(unfforced)harmonficvfibratfionsoffthefinfitesystemcan
bedescrfibedby:



−Ω2ω2b




Ma 0 0
0 Mb 0
0 0 Mb



+




Ka+2Kb −Kb −Kb
−Kb Kb 0
−Kb 0 Kb












u
v1
v2



=0 (10)

whereMa,Mb,andKbaren×ndfiagonaflmatrficesoffma,mb,andkb,respectfivefly,u=
[u1u2...un]

T,v1=[v1,1v2,1...vn,1]
T,andv2=[v1,2v2,2...vn,2]

T.Further,Kafisgfivenby:

Ka
n×n
=










ka −ka
−ka 2ka −ka

...
...

...

−ka 2ka −ka
−ka ka










(11)
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Anaflogoustosectfion2.1,wegeneraflfizeEq.(10)fforafinfitemetamaterfiaflwfithnunfitceflfls
andrresonatorsperunfitceflfl,whfichgfives:








−Ω2ω2bMa+Ka+rKb −Kb ··· −Kb
−Kb −Ω2ω2bMb+Kb
...

...

−Kb −Ω2ω2bMb+Kb















u
v1
...
vr







=0 (12)

whfichcanbereducedto:

−Ω2ω2bMa+Ka+rKb+ Ω
2ω2bMb−Kb

−1
rK2b u=0 (13)

Forthepurposesoffthfisanaflysfis,fitfiscrfitficaflthatEq.(13)beexpressedfinaperturbed
trfidfiagonaflmatrfixfformgfivenby:










−η+b a
a b a

...
...
...

a b a
a −ϵ+b










u=0 (14)

where:

a=Ω2ω2bkamb−kakb (15a)

b=Ω4ω4bmamb−Ω
2ω2bmb(2ka+rkb)−Ω

2ω2bkbma+2kakb (15b)

andη=ϵ=−a(ffortheffree-ffreeconfiguratfionshownfinFfig.1). Theefigenvafluesoffa
matrfixoffthatstructurecanbeanaflytficaflflyobtafinedfforanyarbfitrarysetoffparameters
usfing[44]:

b+2acosθfi=0 (16)

wherefi=1,2,...,nandθfi=
fi−1
n
π.Inordertoextractanestfimatefforthetwoffrequencfies

boundfingthebandgapfinthefinfitemetamaterfiafl,wesoflvefforΩfinEq.(16)fforspecfific
vafluesoffθfi.AnaflogoustoEqs.(7)and(8)finthedfispersfionanaflysfis,theflowerboundΩfl,finfite
fiscomputedatθfi=πwhfichcanbebestapproxfimatedbysettfingfi=n,whfichgfives:

Ωfl,finfite=
1
√
2
2Γ1−cos

n−1

n
π +rmr+1

− 2Γ1−cos
n−1

n
π +rmr+1

2

−8Γ1−cos
n−1

n
π

1/2

(17)

whfifletheupperboundΩu,finfitefisobtafinedatθfi=0,fi.e.,fi=1,gfivfing:

Ωu,finfite=
√
rmr+1 (18)
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Eq.(18)fisfidentficafltodfispersfioncounterpartEq.(8),andshowsthattheupperband
gapboundwfiflflremafinatthesameffrequencyfirrespectfiveoffthenumberoffunfitceflflsnfin
thefinfitemetamaterfiaflchafin.Evenatthefinfiteflevefl,Ωu,finfiteremafinsonflydependenton
thenumberoffresonatorsrandonthemassratfiomrdefinedearflfier.Asfimfiflarobservatfion
wasmadefin[31]fforasfingfle-resonatormetamaterfiafl.Eq.(17),ontheotherhand,shows
thattheflowerbandgapfisdynamficandchangesasthenumberoffunfitceflflsnfincreases,
finaddfitfiontobefingfinfluencedbythenumberoffresonatorsrandboththestfiffnessand
massratfios.However,fitfisfimportanttonotethatatthefinfinfiteflfimfitn→ ∞,thecosfine
termapproachesavaflueoff−1renderfingΩfl,finfite=Ωflasexpectedandbrfidgfingthetwo
methodoflogfiesdetafifledfinsectfions2.1and3.1.
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3.1.1.TransfferFunctfionApproach

Ffigure10:Sfimpflfificatfionoffthetransfferffunctfionapproach

Forametamaterfiaflwfithnunfitceflflsandrfidentficaflresonatorsperunfitceflfl,whfichfis
subjecttoanexcfitatfionfforceactfingontheoutermassoffthefirstceflfl(seeFfig.1),wepflacea
fforceFfinthefirsteflementoffthecoflumnvectorontherfightsfideoffEq.(10).Thedynamfics
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offthefinfitechafincanbedescrfibedbythebflockdfiagramshownfinFfig.10a,where:

T1(s)=
ka(mbs

2+kb)

(mas2+ka+rkb)(mbs2+kb)−rk2b
(19)

andsfisaLapflacecompflexnumber.ThetransfferffunctfionT1(s)fisunfiquetothebegfinnfing
andendoffthechafin,fi.e.,the1standnthunfitceflfls,respectfivefly.Input-outputreflatfionsffor
therestoffthechafinaregfivenbyT2(s):

T2(s)=
ka(mbs

2+kb)

(mas2+2ka+rkb)(mbs2+kb)−rk2b
(20)

AmanfipuflatfionoffthfisbflockdfiagramresufltsfinthestructureshownfinFfig.10c. As
canbeseenfinthefigure,everysubsystemcanberegardedasaposfitfiveffeedbackfloop.
Furthermore,theffoflflowfingobservatfionscanbemade:

Bn=T1 (21a)

Bm=
T2

1−T2Bm+1
(21b)

B1=
T1

1−T1B2
(21c)

where2≤m≤n−1andEq.(21b)fisonflyvaflfidfforn≥3.Thetransfferffunctfionreflatfing
thedfispflacementoffthefithceflfltothefincfidentfforcefistherefforegfivenby:

ufi
F
=
1

ka

fi

j=1

Bj (22)

wherefi>j.TheT1termfinEq.(21c)canbethoughtoffasthenumeratoroffthecontfinued
ffractfionfiflflustratedfinFfig.10c.Consfider,fforexampfle,ametamaterfiaflwfithn=2ceflflsand
rfidentficaflresonators.Insuchacase,Bn=B2=T1andB1=

T1
1−T21
,andthesystemthen

hastheend-to-endtransfferffunctfion:

u2
F
=
1

ka
B1B2=

1

ka

T21
1−T21

(23)

Thepoflesoffthfistransfferffunctfionaretherootsoff:

(mas
2+ka+rkb)(mbs

2+kb)−rk
2
b
2
− ka(mbs

2+kb)
2
=0 (24)

ffromwhfich,uponsfimpflfificatfion,theffoflflowfingcanbeffactoredout:

mambs
2+(ma+rmb)kb=0 (25)

Makfinguseoff s=jω=jΩ kb/mb,wherej=
√
−1,Eq.(25)bofiflsdowntoΩ=√

rmr+1representfingthesystempofleflankfingthebandgapatthehfighffrequencysfide,
fi.e.,theupperboundΩu,andthusvaflfidatfingthfistheoretficaflfframework.
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3.1.2.Bandgapwfidenfingwfithoveraflflsfize/massreductfion

Inthfissectfion,theperfformanceoffafinfiteflumpedacoustficmetamaterfiaflwfithparaflflefl
fidentficaflresonatorsfisevafluated.TheAMparametersarekeptasffoflflows:ma=1,mb=0.3,
ka=4.8e9,andkb=0.1katoensureaffafircomparfisonwfiththeresufltsobtafinedearflfierffrom
theunfitceflflanaflysfis. Webegfinbyconfirmfingthatfforthesamenumberoffresonatorsper
unfitceflfl,fincreasfingthenumberoffceflflsoffthefinfiteAMdoesnotffundamentaflflychange
thesfizeoffthetheoretficaflflypredfictedbandgap.Instead,thebandgapgraduaflflytakes
shapeandeventuaflflyconvergestotheboundspredfictedbythedfispersfionanaflysfis.Ffig.11a
showstheffrequencyresponseffunctfionun/F,whfichdepfictstheenddfispflacementofftheAM
unasaratfiooffanfincfidentfforceFattheopposfiteendfforanAMwfithr=3paraflflefl
resonatorsperunfitceflfl,fforafinfitechafincomprfisfingn=2,4,7,and10ceflfls,respectfivefly.
Asthenumberoffceflflsfincreases,theflowerbandgapboundoffthefinfitemetamaterfiafl,fi.e.,
Ωfl,finfiteapproachesthedfispersfionflowerboundΩfl,whfifletheupperboundremafinsunchanged
(Ωu,finfite=Ωu).Forthfisexampfle,theflowerboundsoffthefinfitemetamaterfiaflareffoundto
beΩfl,n=2=0.9226,Ωfl,n=4=0.955,Ωfl,n=7=0.9597,andΩfl,n=10=0.9607,whfichcorrespond
toanΩflvaflueoff0.
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9617.ThesevafluescanbeconfirmedusfingEqs.(7)and(17).Theshaded
regfionsfintheshownpflotsrepresentthebandgapboundsaspredfictedbythedfispersfion
anaflysfisfforanfinfinfitechafin,whfichservesasarefferencefforthefinfiteanaflysfis.

Ffigure11:Frequencyresponseoffthenthoutermassdfispflacementoffafinfiteacoustficmetamaterfiaflwfith(a)
r=3paraflfleflresonatorsandn=2,4,7,and10ceflfls,and(b)n=10ceflflsandr=1,3,7,and10paraflflefl
resonatorsperceflflasaratfiooffanexcfitatfionappflfiedattheopposfiteend.Shadedregfionsfindficatebandgap
obtafinedvfiadfispersfionanaflysfis.Adjacentpflotsshowfincreasefinbandgapwfidth∆Ωfforthevarfiouscases.

UnflfikeFfig.11awherethenumberoffresonatorswaskeptconstant,Ffig.11bshowsthe
effectofffincreasfingthenumberoff“paraflflefl”resonatorspereachceflflffrom1to10onthesame
ffrequencyresponseffunctfion.Inthfisscenarfio,aflflthefinfitemetamaterfiaflsconsfistoffn=10
ceflflstoensureaffafircomparfison.Here,thepotentfiaflofftheparaflfleflmufltfi-resonatordesfign
becomescflearflyevfident,asthebandgapwfidthsfignfificantflywfidenswfithanfincreasefinr.
SfimfiflartoFfig.11a,thebfluecurvesarearesufltoffthetransfferffunctfionapproachfforthefinfite
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structure(sectfion3.1.1),whfifletheshadedregfionsrepresentthebandgapboundsobtafined
ffromthedfispersfionanaflysfis(sectfion2.1).Sfincethenumberoffceflflsnfissuficfientflyflarge,
theshadedregfionsaflfignweflflwfiththeffrequencyresponse. Morefimportantfly,thedottedred
flfines,whfichtracethebandgapbounds,showthatthefincreasefinrwfidensthebandgapffrom
bothends,aflbefitmoresfignfificantflyattheupperboundffrequency.Forthfisexampfle,the
flowerbandgapboundsoffthefinfiteAMareffoundtobe:Ωfl,r=1=0.9863,Ωfl,r=3=0.9607,
Ωfl,r=7=0.9155andΩfl,r=10=0.8857,whfichcorrespondtotheffoflflowfingdfispersfionvaflues:
Ωfl,r=1=0.9867,Ωfl,r=3=0.9617,Ωfl,r=7=0.9174,andΩfl,r=10=0.8882,respectfivefly. Whfifle
theflowerbounddecreaseswfithanfincreasefinr,fitfisworthnotfingthatsuchflowerbound
fisaflwayssmaflflerfforafinfiteAMthanfforanfinfinfiteone,fi.e.,Ωfl,finfite<Ωfl∀r.Theupper
bandgapboundsareΩu,r=1=1.1402,Ωu,r=3=1.3784,Ωu,r=7=1.7607,andΩu,r=10=2,
whfichcanaflsobeconfirmedusfingefitherEq.(8)or(18).

Tobetterquantfiffythefimprovementfinbandgapsfizemadepossfibflebytheparaflflefl
assembflyofffidentficaflresonators,flet’sdefinethebandgapwfidthas∆Ω=Ωu−Ωfl,whfich
canbeusedasacomparatfivemetrficffordfifferentAMs.Usfingthesfingfle-resonatorAM(fi.e.,
r=1)asabenchmark,amufltfi-resonatorAMexhfibfitsanfincreaseoff171%,449%,and624%
fin∆Ωusfingr=3,7,and10,respectfivefly,asshownfintherfightmostpanefloffFfig.11b.
Perhapsevenmorefimportantfly,asseenfinFfig.11b,suchfincreasefinbandgapwfidthfin
finfiteAMsoffthesamenumberoffceflflstakespflacewfithoutaddfingresonantpeakstothe
ffrequencyresponse.

AsnotedfinSectfion2.1,thebandgapwfidenfingeffectassocfiatedwfithparaflfleflresonators
requfiresanfincreasefinunfitceflflmass. However,thfisdoesnotnecessarfiflytransflatetoan
overaflflmassfincreaseoffthefinfitemetamaterfiafl.Thfisstemsffromtheffactthattheoveraflfl
numberoffresonatorsfinafinfitemetamaterfiaflpflaysthemostsfignfificantroflefintheresufltant
bandgapsfize.Assuch,fidentficaflresonatorswhficharestackedfinparaflfleflandhousedfina
ffewernumberoffceflflscanresufltfinacompactmetamaterfiaflwhfichexhfibfitsastrongerband
gapwfithasmaflflerffootprfint.Asacasefinpofint,Ffig.12pfitstwofinfiteAMsagafinsteach
other.Inthfisexampfle,MetamaterfiaflAfisatradfitfionaflsfingfle-resonatorsystemcomprfised
off12ceflfls,whfifleMetamaterfiaflBfismadeoutoff4ceflflsonflywfith3paraflfleflresonatorsper
ceflfl.Aflfltheparametersofftheouterasweflflasresonantsprfing-masssystemsarekeptthe
sameasthoseusedfinFfig.11.Asaresuflt,thetwosystemsfincfludethesametotaflnumber
offresonators(rtot=nr=12). However, MetamaterfiaflBfisoveraflflflfighterthanAsfince
fitcomprfisesffeweroutermasses,fi.e.,mtot,B < mtot,A. Wedefineasfize-normaflfizedband
gapwfidthmetrfic∆Ωn=(Ωu−Ωfl)/n,whfichwefighsfintheflengthofftheflumpedchafin
fincomparfingthewfidthoffbandgapsfinthetwofinfiteAMs,asweflflasamass-normaflfized
bandgapwfidthmetrfic∆Ωm=(Ωu−Ωfl)/mtot,wheremtot=n(ma+rmb),whfichwefighsfin
thetotaflmassofftheflumpedchafinfincomparfingbothsystems.Asseenfinthefigure,the
mufltfi-resonatorAMresponsefissuperfioronthreeffronts:

1.Itexhfibfitsa714%fincreasefin∆Ωnoveratradfitfionaflsfingfle-resonatormetamaterfiafl,
thusproducfingawfiderbandgapwfithflessthanhaflffthenumberoffceflfls.

2.Itexhfibfitsa457%fincreasefin∆Ωm overatradfitfionaflsfingfle-resonatormetamaterfiafl,
thusproducfingawfiderbandgapwfithareductfionfinoveraflflmass.
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3.Itexhfibfitsflessthanhaflfftheresonantffrequencfiesoffthetradfitfionaflsfingfle-resonator
metamaterfiafl(specfificaflfly8versus24peaks),sfincetheaddfitfionafloutermassesfinthe
n
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Ffigure12:Comparfisonbetween“MetamaterfiaflA”wfithn=12sfingfle-resonatorceflflsand“Metamaterfiafl
B”wfithn=4ceflflsand3resonatorsfineach:(a-b)Schematficdfiagramandffrequencyresponseffunctfionsoff
bothmetamaterfiafls.(c-d)Comparfisonoffthesfize-normaflfizedandmass-normaflfizedbandgapwfidths,∆Ωn
and∆Ωm,respectfivefly.(e)Aflfistoffthetransfferffunctfionpoflesandzerosoffbothmetamaterfiaflsshowfing
sfignfificantflyffewerresonantpeaksfintheresponseoffBthanAovertheentfireffrequencyspectrumcovered
bybothsystems.

Thethfirdpofintfisoffffurtherfinterestsfincefitexpflafinsthebandgapwfidenfingphenomenon
assocfiatedwfithparaflfleflfidentficaflresonators,butratherffromtheperspectfiveoffthefinfite
anaflysfis. AsoutflfinedfinReff.[31],thefformatfionmechanfismoffaflocaflresonanceband
gapfinafinfitemetamaterfiaflfisabyproductofftwoffeatures: Thefirstfisamufltfipflficfity
offrepeatedtransfferffunctfionzerosatthetunfingresonatorffrequency(fi.e.,Ω=1). Thfis
mufltfipflficfitytendstoflattenouttheffrequencyresponseandconvertfitffromasfingflenotchto
aflatterbowfl-shapedcurveatflowvfibratfionampflfitudes.Thesecondfisthepresenceofftwo
transfferffunctfionpofleswhfichcuflmfinatefintworesonantpeaksthatrepresentthebegfinnfing
andendoffthebandgap. Ffigure12eflfiststhepoflesandzerosofftheresponsepflottedfin
Ffig.12bfforbothmetamaterfiafls,AandB.Theresufltsshowthatthebandgapassocfiated
wfithMetamaterfiaflBspansawfiderffrequencyrangebecausefitexhfibfitsaflowerbandgap
startfingpofle(0.955vs.0.986)andahfigherbandgapendfingpofle(1.378vs.1.140)whfichfis
consfistentwfiththecaflcuflatfionsoffΩfl,finfiteandΩu,finfite,respectfivefly.However,theyaflsoshow
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thataflthoughnarrowertowardshfigherampflfitudes,thebandgapexhfibfitedbyMetamaterfiafl
Aremafinswfideratveryflowampflfitudes,asevfidentfinthecflose-upfinsetoffFfig.12b.Thfis
fisadfirectconsequenceoffthezeromufltfipflficfityeffectstatedearflfier. Morespecfificaflfly,as
flfistedfinthefigure,aflthoughbothsystemsexhfibfit12repeatedzerosatΩ=1causedby
the12findfivfiduaflresonators,thetransfferffunctfionoffMetamaterfiaflBgenerates8repeated
poflesatΩ=1whfichcancefloutandmfifldflyweakentheeffectofftherepeatedzerosfinthe
paraflflefldesfign. Thfistendstohappenatextremeflyflowampflfitudeswhficharepractficaflfly
fimmeasurabfle,renderfingtheparaflfleflbandgapsfignfificantflyadvantageousfforthecrfiterfia
mentfionedabove.

Whfifletheabfiflfitytohouseseveraflresonatorswfithfinthesamehostceflfldependsonmeta-
materfiafltypeandspaceconstrafints,fitfiseasytoconcefiveoffametamaterfiafldesfignwfith
threefidentficaflresonators,especfiaflflygfiventheadventoffaddfitfiveandhfigh-precfisfionman-
uffacturfingwhfichcancatertoappflficatfionswfithbothsfizeandwefightconstrafints.Ffinaflfly,
Ffig.13aprovfidesanfiflflustratfivedesfignchartwhfichsummarfizesthevarfiatfionofftheflower
bandgapboundwfithavaryfingnumberoffunfitceflflsnandresonatorsr.Thesurffacepflot
finFfig.13adepfictsthedfifferencebetweenΩflandΩfl,finfiteexpflafinedearflfierandshowsthat
fforhfighvafluesoffrandsmaflflvafluesoffn,thedfiscrepancybetweenthesetwovafluesfismax-
fimfized.ForAMswfithasuficfientflyflargenumberoffceflflsn
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,thetwoapproachesconverge
tothesamevaflueregardflessoffthenumberoffresonators;anexpectedffeatureasthefinfite
systemsapproachesthefinfinfiteflfimfit.TheflattercanbecflearflyobservedfinFfig.13b.

Ffigure13:(a)Surffacepflotshowfingtheflowerbandgapbounddependenceonthenumberoffresonatorsr
andthenumberoffceflflsnusfingtheunfitceflfldfispersfionanaflysfis(fi.e.,Ωfl)andthefinfitestructurafldynamfics
approach(fi.e.,Ωfl,finfite).(b)Lowerbandgapboundversusrfforn=2andn=10,showfingconvergence
betweenthetwoapproachesatsuficfientflyflargevafluesoffn.

3.1.3.Hybrfidparaflflefl-serfiesconfiguratfion

Whfifleparaflfleflresonatorscanbeusedtowfidenflocaflresonancebandgaps,ahybrfid
paraflflefl-serfiesunfitceflflconfiguratfioncanbeusedtoseflectfiveflypflacebandgapsatdfifferent
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Ffigure14:(a)Lumpedparametermodefloffamufltfi-resonatoracoustficmetamaterfiaflwfithhybrfidresonator
arrangement.(b)Frequencyresponseoffthenthoutermassdfispflacementoffafinfiteacoustficmetamaterfiafl
wfithn=10,rs=3resonatorsfinserfies,andrp=1,3,7,and10rowsfinparaflflefl. Adjacentpflotsshow
fincreasefinbandgapwfidth∆Ωoverasfingfle-resonatordesfignfforthevarfiouscasesshown.

ffrequencfies,whfiflebefingabfletowfiden/enhancethesemufltfipflegapsatthesametfime.Insuch
adesfign,thenumberoffdfistfinctbandgapsfisequafltothenumberofffin-serfiesresonators,
refferredtohencefforthasrsandthewfidenfingeffectremafinsaffunctfionoffthenumberofffin-
paraflfleflresonators,refferredtohencefforthasrp.Asaresuflt,thetotaflnumberoffresonators
rhousedfineachunfitceflfloffthehybrfiddesfigncanbedetermfinedffromr=rsrp,andthe
overaflflnumberoffresonatorspflacedoveraflflfinafinfitemetamaterfiaflbecomesequafltonr.A
schematficdfiagramoffthehybrfiddesfignfisshownfinFfig.14a.Afinfitehybrfidmufltfi-resonator
metamaterfiaflfisconstructedusfingthesamevafluesoffma,mb,ka,andkbusedthroughout
thfispaper.Inotherwords,aflfltheresonatorsfinthehybrfidceflflarekeptfidentficafl,wfiththe
understandfingthatanoptfimfizatfionoffsuchvafluescanbeflaterusedtochangetheflocatfion
offthebandgaps.Inthfisexampfle,wechooseametamaterfiaflwhfichconsfistsrs=3fin-
serfiesresonators,andffourhybrfiddesfignswhfichcorrespondtorp=1,3,7,and10paraflflefl
repetfitfionsoffthfissetofffin-serfiesresonators.Stateddfifferentfly,theffourunfitceflfldesfigns
arecomprfisedoffr=3,9,21,and30resonators,respectfivefly.Aflflthefinfitechafinsconsfist
offn=10ceflfls. Ffig.14bshowsthesameffrequencyresponseffunctfionun/Fffortheffour
afforementfioneddesfigns. Thetoppflotcorrespondstors=3andrp=1,whfichfissfimpfly
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threeresonatorsfinserfies.Thepresenceoffthreeresonatorsfinserfiesresufltsfintheemergence
offthethreebandgapsthatareshownfinthefigure. Thesecond,thfird,andffourthpflots
offFfig.14bshowhoweachandeveryoneoffthesebandgapscanbewfidenedbyrepeatfing
thefin-serfiesresonatorsseverafltfimesfinparaflflefl. Tabfle1flfiststheflowerandupperband
gapbounds,ΩflandΩu,fforaflflffourcasesasobtafinedffromaunfitceflfldfispersfionanaflysfis.
Consfistentwfithourprevfiousanaflysfis,agraduafl(smaflfl)decreasefinΩflandagraduafl(flarge)
fincreasefinΩutakepflaceasrfincreases.Interestfingfly,Ffig.14baflsoreveaflsthatwhfiflethe
fincreasefinthefirstbandgapwfidthseemstosflowdownorsaturatewfiththegrowfingnumber
offparaflfleflarrangementsfinthehybrfiddesfign,thethfirdbandgapcontfinuestosfignfificantfly
expand.Thfiscoufldbeattrfibutedtothepresenceoffffewerconstrafints(e.g.,addfitfionaflband
gaps)onthehfighffrequencysfideoffthethfirdandflastbandgapfinthfispartficuflardesfign.
Nonethefless,thebottompflotoffFfig.14bshowsprodfigfiouspercentagefincreasesoff237%,
761%,and2,448%finthebandgapwfidth∆Ωoverthesfingfle-resonatordesfign,whfichfisa
testamenttothepotentfiaflofffinteflflfigentflydesfignedmufltfi-resonatoracoustficmetamaterfiafls
toprovfidebothstrongandbroadbandvfibroacoustficsuppressfion.

Tabfle1:Lowerandupperbandgapbounds,ΩflandΩu,fforahybrfidmufltfi-resonatorceflflwfithrs=3.

Bandgap rp=1 rp=3 rp=7 rp=10

Ωfl

1 0.442 0.4361 0.4248 0.4169
2 1.2409 1.2295 1.2095 1.1967
3 1.7988 1.7932 1.7844 1.7794

Ωu

1 0.5886 0.7481 0.8737 0.911
2 1.2923 1.3964 1.5744 1.6398
3 1.812 1.8413 1.9641 2.1169

3.2.Ffinfitemetamaterfiaflwfithsuperceflflconfiguratfion

Afinfitemetamaterfiaflwfithnsuperceflflsfisconsfidered,whereeachsuperceflflhasthe
parametersdefinedfinFfig.5.ThedynamficsoffthefinfitechafincanbedescrfibedbyFfig.15
where:

T1ub,c(s)=
ka

mas2+ka+kb,c−
k2b,c

mb,cs2+kb,c

(26a)

T2ub,c(s)=
ka

mas2+2ka+kb,c−
k2b,c

mb,cs2+kb,c

(26b)

ThetransfferffunctfionsT1ub(s)andT1uc(s)areunfiquetothefirstandflastsuperceflflsoff
thefinfitechafin,wherefinput-outputreflatfionsffortherestoffthechafinaregfivenbyT2ub(s)
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Ffigure15:Sfimpflfificatfionoffthetransfferffunctfionapproachfforthesuperceflfl

andT2uc(s).AsshownfinFfig.15,everysubsystemcanberegardedasaposfitfiveffeedback
floopand,thereffore,theffoflflowfingbflockdfiagramsfimpflfificatfionscanbemade:

B2n=T1uc (27a)

Bm=
T2ub

1−T2ubBm+1
(fforevenm) (27b)

Bm=
T2uc

1−T2cBm+1
(fforoddm) (27c)

B1=
T1ub

1−T1ubB2
(27d)

where2≤m≤2n−1andEq.(27a)-(27d)areonflyvaflfidfforn≥2.Thetransfferffunctfions
reflatfingthedfispflacementoffthedfifferentmassesoffthefithsuperceflfltothefincfidentfforce
aretherefforegfivenby:

ub,fi
F
=
1

ka

2fi−1

j=1

Bj (fforfi>j) (28a)

uc,fi
F
=
1

ka

2fi

j=1

Bj (fforfi>j) (28b)

vb,fi
F
=

kb
s2mb+kb

ub,fi (fforfi>j) (28c)

vc,fi
F
=

kc
s2mc+kc

uc,fi (fforfi>j) (28d)

Ffigure16showstheffrequencyresponseoffthefinfitemetamaterfiaflwfiththesuperceflfl
configuratfionwhenma=1,mb=mc=0.3,ka=4.8e9andωc=1e5.Theffourpflotsshown
correspondtotheffourscenarfiosdepfictedfinFfigs.6and7(A,B,C,andD)offtheunfitceflfl
anaflysfis.Ineachsub-figure,ffourdfifferentffrequencyresponsesareshownwhfichrepresent
thedfispflacementsoffthetwooutermassesfinthenthsuperceflfloffthefinfitechafin(ub,nand
uc,n)asweflflasthedfispflacementsoffthetworesonatorsoffthesamesuperceflfl(vb,nandvc,n).
Thefiguresconfirmaflflthevarfiouswavepropagatfionpatternsobservedfinthedfispersfion
anaflysfis.Specfificaflfly,Ffig.16ashowsthepresenceoffanfinfitfiaflflow-ffrequencyflocaflresonance
bandgapffoflflowedbyaBraggbandgapwhfichhousesthesecondflocaflresonance(fi.e.,
ScenarfioA).Inpartficuflar,theffrequencyresponseoffvc,nshowsthevanfishfingofftheflocafl
resonanceattenuatfionpeakfinsfidetheBragggapaspredfictedbythedfispersfiondfiagram
offthesamescenarfio. Someaddfitfionaflffeaturescanbeobservedsuchasthetruncatfion
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resonantpeakswfithfintheBraggbandgapandtheantfi-resonanceexhfibfitedbyuc,n
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thetunfingffrequencyoffthesecondresonator. Truncatfionresonancesareunfiquetofinfite
perfiodficsystemsandcannotbeobservedfinfinfinfitedfispersfiondfiagrams[29,45],andthey
exfistfinaflflffourtransfferffunctfionssfincetheysharethesamedenomfinator(akacharacterfistfic
equatfion). Antfi-resonancesarefindficatfiveofftransfferffunctfionzeroswhfichareffunctfionsoff
thesensfingflocatfionandthusvaryffromonemasstothenextaflongthechafin.Ffigure16b
showsScenarfioBwhereamergedflocaflresonancebandgapfisffoflflowedbyasmaflflerBragg
bandgap.Ffigure16cconfirmsthedfisappearanceofftheBragggapfinScenarfioCandthatthe
onflybandgapfinthfisdesfignfisaflocaflresonancebandgap(notcountfingtheunboundedstop
bandathfighffrequencfies).Ffinaflfly,Ffigure16dshowsScenarfioDwhfichcapturesthewfidest
mergedflocaflresonancebandgapwfithamfinuscufleBraggbandgapthatprecedesfit.The
flatterfisonflycapturedusfingafineresoflutfionfinthedfispersfiondfiagramfis(understandabfly)
hardflynotficeabflefintheffrequencyresponse.

Ffigure16:Frequencyresponsecurvesrepresentfingthedfispflacementsoffthetwooutermassesfinthenth

superceflfloffafinfiteacoustficmetamaterfiafl(fi.e.,ub,nanduc,n)asweflflasthedfispflacementsoffthetwo
finternaflresonatorsoffthesamesuperceflfl(fi.e.,vb,nandvc,n),correspondfingto:(a)ScenarfioA,(b)Scenarfio
B,(c)ScenarfioC,and(d)ScenarfioD.Inthesepflots,ωc=1e5andshadedregfionsfindficatethedfifferent
bandgapspredfictedbythedfispersfionanaflysfis.

Toconcflude,Ffig.17shedsflfightontothespecfiaflscenarfioABwhfichcorrespondsto
ωc=1.14e5andωb,AB =0.78e4,andfisaresufltoffthefintersectfionoffScenarfiosAand
BasshownfinFfig.9a. ThethreeffrequencyresponsepflotsshownfinFfig.17correspond
tothethreedfispersfiondfiagramspflottedfinFfig.9bwhfichrepresentcasesAB−,AB,and
AB+.TheseffrequencyresponsesshowthegraduafldeveflopmentoffScenarfioABfinthefinfite
metamaterfiafl. Thebehavfiorperffectflymatchestheunfitceflflpredfictfions. Asantficfipated,
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theAB−desfignatωb<ωb,AB(Ffig.17a)exhfibfitsaflow-ffrequencyflocaflresonancebandgap
correspondfingtothefirsttunfingffrequencyffoflflowedbyaBraggbandgapandthenahfigh-
ffrequencyflocaflresonancebandgapcorrespondfingtothesecondtunfingffrequency.Assoon
asωb=ωb,AB,thetwoflocaflresonancesareembeddedwfithfinasfingflewfideBraggbandgap,
asseenfinFfig.17b. Thfisscenarfiofisoffgreatfinterestsfincethemetamaterfiaflexhfibfitsthe
wfidestbandgapattafinabfleusfingthesuperceflflconfiguratfion.Ffinaflfly,ffortheAB+desfignat
ωb>ωb,AB
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,thefinfitemetamaterfiaflexhfibfitsamergedflocaflresonancebandgapwfithsmaflfl
andflargeBraggbandgapsbefforeandaffter,respectfivefly.

Ffigure17:Frequencyresponsecurvesrepresentfingthedfispflacementsoffthetwooutermassesfinthenth

superceflfloffafinfiteacoustficmetamaterfiafl(fi.e.,ub,nanduc,n)asweflflasthedfispflacementsoffthetwofinternafl
resonatorsoffthesamesuperceflfl(fi.e.,vb,nandvc,n),correspondfingto:(a)ScenarfioAB

−,(b)ScenarfioAB,
and(c)ScenarfioAB+.Inthesepflots,ωc=1.14e5andshadedregfionsfindficatethedfifferentbandgaps
predfictedbythedfispersfionanaflysfis.

4. Concflusfions

Thfispaperfinvestfigatedarangeoffdfifferentffunctfionaflfitfieswhfichcanbeprovfidedby
mufltfi-resonatoracoustficmetamaterfiafls(AMs),bothfinthefirfinfinfiteandfinfitemanfiffesta-
tfions,specfificaflflyfinthedomafinoffvfibratfionattenuatfionusfingffrequencybandgaps.Both
thedfispersfionanaflysfisandthetransfferffunctfionapproachffocusedontwomafinconfigu-
ratfionsoffmufltfi-resonatorAMs,nameflyaunfitceflflwfithparaflfleflresonatorsandasuper
ceflflwfithtwodfistfinctresonatorswhficharehousedfintwomassesconnectedfinserfies.The
prfimarytakeawayscanbesummarfizedasffoflflows:

1.Sfignfificantflocaflresonancebandgapwfidenfingcantakepflacebyassembflfingfidentficafl
resonatorsfinparaflfleflwfithfineachunfitceflfl. Comparedtoasfingfle-resonatordesfign,
boththeupperandflowerbandgapboundsshfifftasaresufltofftheparaflfleflconfiguratfion.
Asaresuflt,thebandgapexpandsffrombothsfides,aflbefitmoresfignfificantflyffromthe
hfighffrequencyend.

•Attheunfitceflflflevefl,theflowerandupperbandgapbounds,ΩflandΩu,are
bothffavorabflyfimpactedbytheaddfitfionofftheparaflfleflresonatorsresufltfingfina
downwardshfifftofftheacoustficmodeandanupwardshfifftofftheoptficaflmode.
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Thefincreasefinresonatorsaflsoaddsflocaflresonancemodestothedfispersfion
dfiagramwhficharebenfignanddonotfinterruptthebandgapbehavfioratthefinfite
flevefl.Thesemodesdepfictthedfifferentreflatfivemotfionsbetweenthefindfivfiduafl
resonatorsfintheparaflfleflarrangement.

•Atthefinfitemetamaterfiaflflevefl,aflfighterandsmaflflerchafinmufltfi-resonatorchafin
canbeusedtoachfieveatransmfissfionspectrumwhfichexhfibfitsflessresonancesfin
addfitfiontoawfiderbandgap.

•Connectfingtheresonatorsfinserfiesandstackfingthefin-serfieschafinmufltfipfletfimes
finparaflfleflsuccessffuflflyachfievesbothofftheaboveffunctfions,fi.e.,thegeneratfionoff
mufltfipflebandgapsaflongtheffrequencyaxfisfinaddfitfiontowfidenfingeachoffthese
gaps.Inthfishybrfiddesfign,thewfidenfingeffectappearstobemorepronouncedfin
theflowerffrequencygapsthanfitfisfinthehfigherffrequencyones,aflthoughcflearfly
apparentfinaflfloffthem.

2.Theduafl-perfiodficsuperceflflconfiguratfioncanbeusedtogenerateawfiderangeoff
dfispersfionprofiflesdependfingonthechoficeoffbothtunfingffrequencfiesωbandωc.

•Generaflflyspeakfing,thesuperceflflexhfibfitstwoseparateflocaflresonanceband
gapscorrespondfingtothetwodfistfinctresonators,finaddfitfiontoaBraggband
gapasaresufltofffitsperfiodficnature.

•Theffourdegrees-off-ffreedomfintheflumpedsprfing-massmodefloffthesuperceflfl
yfiefldsffourdfispersfionbranchesandatotafloffefightsoflutfionstothedfispersfion
reflatfionbetweeñk=πandk̃=0. Mufltfipflefintersectfionsoffthesesoflutfionsffor
dfifferentcombfinatfionsoffωbandωcproduceasubsetoffdesfignswhfichdfispflay
unfiqueffourdfispersfionscenarfios: A,B,C,andD.Thefirsttwoscenarfioscan
fintersecttogenerateaspecfiafldesfignABwhfichrepresentsafiffthscenarfio.

•Betweentheafforementfionedfivescenarfios,adetafifledroadmapfisprovfidedwhfich
canbeusedtoseflectfiveflyfinduce:(1)asmooth(unfinterrupted)mergeoffthetwo
flocaflresonancebandgapswfithefithersfingfleordoubfleattenuatfionpeaks,(2)
anufltrawfidebandgap,(3)anunconventfionaflflow-ffrequencyBraggbandgap
whfichprecedesanyothergapaflongtheffrequencyaxfis,andfinaflfly(4)acompflete
dfisappearanceoffoneormorebandgaptype.

Thepresentedworkpavesthewayfforacoustficmetamaterfiaflswhfichreflyuponflocafl
resonanceeffectstofimpactawfiderrangeoffpractficaflengfineerfingappflficatfionswhfichde-
mandbroadervfibratfionattenuatfioncapabfiflfitfies. Whfiflerepresentatfivedesfignswereshown
toemphasfizetheunderflyfingphysficsandffunctfionaflfitfiesthateachconfiguratfionserves,the
fframeworkpresentedherecanbereadfiflyfimpflementedfinaflargerdesfign/parameterspace
usfingdfifferentoptfimfizatfionmethodswheretheresufltantbandgapsandthefircorrespondfing
bandwfidthcanbetafifloredtomeetspecfificneeds.
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