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filament melt [7]. Comminal et al. has solved the nozzle exit flow with 
the isothermal and Newtonian assumptions using Ansys Fluent 15. They 
have shown plausible flow fronts and conceptually useful process win
dows [8]. Agassant et al. have also solved the flow out of the nozzle also 
with isothermal and Newtonian approximations using the CIMLIB li
brary, which is renowned for application in twin screw simulations. 
Their work has obtained approximate pressure field and flow front shape 
near the nozzle [9]. They have compared the numerical results of the 
pressure and the road width with those by their analytical model. Beh
dani et al. simulated a non-isothermal deposited flow based on the 
power law model with OpenFOAM and showed cross-sections of the 
strand [10]. Gosset et al. also used OpenFOAM to solve an isothermal 
three-dimensional flow [11]. They compared the obtained cross-section 
with the experimental result. More recently, Phan et al. presented 
simulation results for melting inside the nozzle and extrusion flows [12]. 

Our research is motivated by the need to more accurately simulate 
the non-isothermal flow in the region between the nozzle and the sub
strate, thereby providing guidance as to product quality modeling as 
well as further machine, process, and material engineering. The simu
lation models the experimental setup described in previous works 
[13–15]. The Cross-WLF model will implement the rheological proper
ties of the filament as realistically as possible. To provide the tempera
ture to the viscosity model and to visualize the cooling process, the 
energy equation will be solved. In addition to this non-isothermal 
feature, this work will solve viscous non-Newtonian flow to accommo
date the shear thinning occurring during the printing process. 
Compressibility would have a measurable effect on the output flow and 
shape of the deposited road in the presence of a steep pressure gradient. 
However, experimental characterization of the contact pressure [14,15] 
show that the pressures within the deposited road are very low (typically 
less than 0.1 MPa) and so compressibility will not have a significant 
effect on the shape of the extrudate. Elasticity is a different matter since 
the strain fields vary with changes in cross-section of the melt and can 
have a significant effect with predicted die swell behaviors varying 
greatly between models [16,17]. However, the rate of radial velocity 
change of the melt out of the nozzle is small given that deposited roads 
are typically on the same order of magnitude as the nozzle diameter. 
While two-dimensional analyses of viscoelastic flows seem viable [16, 
18], a full three-dimensional one is unlikely to provide a solution within 
a reasonable computational time. As such, this work focuses on the 
temperature dependence and shear thinning behaviors with the intent to 
provide predictive accuracy of the melt pressure. 

In this work, to accurately model the shape of the flow front, the level 
set method is employed. This work has selected COMSOL 5.6 (Comsol 

Inc, Burlington, MA, USA) for implementation since it allows flexibility 
in multi-physics and material constitutive modeling, which are inevi
tably necessary to realize this demanding simulation. As such, this paper 
provides full disclosure of the details including reference models in the 
supplementary materials. Given the importance of transient effects, the 
startup flow of the material extrusion and deposition has been solved 
and presented to show the development. This work will also argue the 
necessity of the non-isothermal simulation and its rheological implica
tions. Moreover, the pressure development and resulting contact pres
sure during the printing process has been characterized based on the 
simulation results [19]. 

2. Numerical method 

2.1. Process model 

Consider a material extrusion and deposition model as shown in  
Fig. 1. The hot end and nozzle assembly dispenses molten filament onto 
build plate or substrate moving at a relative transverse velocity. In actual 
material extrusion processes, the direction of printing varies in magni
tude and direction with time, but the current model assumes a linear 
motion in the x-direction. The nozzle center line is considered along the 
z-axis and perpendicular to the build plate. The nozzle’s bottom surface 
is parallel with the build plate as shown in Fig. 1. The melt flows into the 
domain at a flow rate that is supposed to be controlled at a constant 
value. However, the flow starts from an initial state of zero flow rate 
such that it requires a transient interval. Thus, the flow rate is denoted as 
Q(t), and likewise, the print speed, S(t), is also a function of time. 

To analyze the flow of interest, a control volume is set including the 
internal flow within the nozzle bore as well as the external flow between 
the nozzle wall and the build plate or substrate as shown in Fig. 1. The 
internal flow upstream of the nozzle bore is excluded in the analysis, 
currently assuming a pressurized reservoir of uniform fluid at the inlet 
temperature; this assumption is of current interest and interested 
readers are directed to other literature [12,19]. If a moving nozzle is 
considered as in an actual process, the control volume should move as if 
attached to the nozzle. However, a fixed nozzle with a moving built plate 
is assumed since a moving control volume can incur difficulties in 
modeling and simulation as in many moving body flow simulations. 

2.2. Numerical scheme 

This work aims at numerically simulating a startup flow of material 
extrusion and deposition of a non-Newtonian thermoplastic melt under 

Fig. 1. Overview of process & modeled computational domain.  
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It is noted that the leading free boundaries (left of the nozzle center- 
line in Fig. 6) and the contact points with the substrate are differently 
formed for all the cases. In the non-isothermal cases, the shape of the 
upstream free boundary with the air is recessed toward the nozzle exit. 
To summarize the behavior of the trailing free boundaries (right of the 
nozzle center-line), the Newtonian models suggest a predominance of 
Couette flow that result in the trailing free boundary roughly parallel 
with the leading free boundary. For the non-isothermal flow models, 
traces of pressure-driven flows appear on the right boundary. Perhaps 
most importantly, the models suggest that the final thicknesses and 
widths of the printed road are significantly dependent on the material 
constitutive model. These results are important in that the shape of the 
printed road and related process states directly determine the intimate 
contact area and resulting printed part properties. Thus, in the 
remainder of this work unless otherwise specified, the Cross-WLF model 
is adopted to capture both the non-isothermal and non-Newtonian ma
terial viscosity behavior. 

3.4. Flow development and velocity field 

Let us investigate how the printing flow develops along with time.  
Fig. 7 shows rendered views of the developing flow from 0.005 s. Up to 

0.01 s the extruded flow expands spherically. Starting at 0.01 s, upon 
the flow front impacting the substrate, the flow becomes predominantly 
radial as a pressure-driven flow with a mostly symmetric velocity field 
about z equaling H/2. These presented results are similar to those found 
in the previous works [8,9] and can provide accurate information about 
the free boundary near the nozzle exit. 

The velocity field is another topic of interest. Fig. 8 shows the stream 
tubes at 0.025 s. The flow from the nozzle impinges onto the substrate 
and tries to form a stagnation point where the radial flow of the extru
date out of the nozzle orifice matches the transverse velocity of the build 
plate. Moreover, the directional change around the stagnation point is 
the most pronounced flow phenomenon here. After the flow bends, the 
flow is driven not only by the build plate but also by the pressure. It can 
be seen that the paths toward the printing direction are varied and some 
stream tubes form a long way via the leading edge posing a steep angle 
of direction change. This redirection causes a large deformation of the 
fluid elements in a short period, which suggests a large γ̇ to be expected 
there. 

3.5. Strain rate and Viscosity 

The change in velocity streams observed in Fig. 8 can cause a high 

Fig. 6. Comparison of side views at 0.05 s and 0.1 s together by Newtonian, isothermal Cross, non-isothermal Newtonian-WLF and Cross-WLF models. Nozzle region 
is cropped out above z = 0.3 mm. 

Fig. 7. Rendered view of flow development by Cross-WLF model from 0.005 s to 0.3 s. Nozzle region is cropped out above z = 0.4 mm.  
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investigated to understand the implication of the TCR in this process. 
At lower values of h equal to 0, 100, and 200 W/m2K, the shapes of 

the contact areas appear identical. These results suggest that the 
extruded polymer remains molten and flowing in the vicinity of the 
nozzle, such that an outward radial flow is maintained with u and γ̇ 
distributions as previously described. The temperatures of the footprints 
do vary significantly with these lower values of h. For h equal to 100 W/ 
m2K, the temperature of the deposited road at the interface with the 
substrate decreases from 520 K to 515 K opposite the nozzle and then to 
500 K downstream the nozzle at 0.045 s. For h equal to 200 W/m2K, the 
temperature of the deposited road at the interface with the substrate 
decreases from 520 K to 510 K opposite the nozzle and then to 480 K 
downstream the nozzle at 0.045 s 

Now, let us investigate if h is further increased to 400, 800, and 
1600 W/m2K. For 400 and 800 W/m2K, the shapes of the contact area 
look similar as for the isothermal case again indicating a radial flow out 
of the nozzle. However, for 1600 W/m2K, the leading edge of the contact 
area after 0.02 s noticeably shifts downstream. The reason is that the 
cooling of the extruded melt with increased h causes the development of 
a viscous flow front that impedes the radial flow of the material in the 
vicinity of the nozzle. A greater proportion of the flow is redirected 
above the contact plane with the substrate causing the width of the 
footprint near the nozzle to narrow. This narrowed and shifted footprint 
below the nozzle exit will eventually cause detachment of the extrudate 
from the nozzle and suggests the existence of process constraints related 
to the thermal properties of the material being processed. 

The temperature of the interface between the deposited road and the 
substrate also varies significantly with h. The simulation predicts an 
interface temperature opposite the nozzle decreasing from 520 K 
(isothermal) to 500, 470, and 440 K for respective heat transfer co
efficients of 400, 800, and 1600 W/m2K. The downstream temperatures 
after 0.045 s are further affected with predicted interface temperatures 
of 480, 440, and 420 K respectively. The temperature decrease in Fig. 11 
(f) is large enough to cause a significant increase in viscosity resulting in 
the change of the footprint shape. Accordingly, these thermo-rheological 
phenomena have a profound effect on the shape of the initial contact 
area, temperature history, weld healing, and ultimate part properties. 
These temperature transients can be used with weld healing models [34] 
to provide higher fidelity strength predictions than currently reported in 
the literature which do not model the 3D temperature field as 
accurately. 

3.7. Pressure development 

It is important to investigate the pressure development as the contact 

pressure between the deposited road and substrate has a great effect on 
interlayer adhesion since fusion bonding requires compressive stress at 
the interface [15]. Fig. 12 shows the pressure distribution at the 
center-line of the deposited road at different times as the flow field fully 
develops for h = 100 W/m2K. The melt pressure is initially zero with a 
nearly isothermal melt. As the printing process continues, heat con
duction causes the deposited material to slightly cool including in the 
vicinity of the nozzle, thereby causing the melt pressure distribution 
below the nozzle to increase and equilibrate around 400 kPa. The 
pressure distribution is not symmetric with respect to the nozzle 
center-line. Rather, the pressure peaks occur with a slight shift in the 
positive x-direction (downstream). This shift in the pressure peak is 
associated with the higher strain rates leading the deposition of the 
material as previously described and the required redirection of the melt 
around the downstream stagnation point. Furthermore, a negative 
pressure is observed downstream the exterior nozzle face (x > 0.55 mm) 
associated with the free expansion of the melt as the extruded material 
climbs and releases from the exterior nozzle face. 

The pressure distributions are also influenced by the thermal con
ditions. Fig. 13 shows pressure profiles along the center-line and sub
strate for various models and heat transfer coefficients at t = 0.045 s. 
The results indicate that there is a positive contact pressure on the order 
of 100 kPa related to the radial melt flow out of the nozzle orifice; this 
contact pressure would substantially increase as the layer thickness H is 
reduced from 0.25 mm and can play a significant role in initial contact 
and subsequent healing. The pressures tend to be highest directly below 
the nozzle orifice where the melt is constrained and must flow outward 
radially, and then quickly decays as the melt flows beyond the confines 
of the nozzle’s exterior faces. The isothermal Cross model (h = 0 W/ 
m2K) has the lowest pressures given the uniform melt temperatures 
associated with no cooling. As the heat transfer coefficient increases, the 
reduced melt temperatures drive higher melt viscosities and resultant 
pressures. The Newtonian model also provides relatively higher pres
sures since the shear thinning of the viscosity is not modeled. The 
pressures are observed to vary slightly from the center-line (z = -H/2) to 
the substrate (z = -H). Generally, one would expect highest pressures at 
the center of the nozzle orifice (z = H/2) with pressures decaying radi
ally therefrom. However, the results suggest that the pressures at the 
substrate (z = -H) are slightly higher than at the center-line. Neglecting 
the momentum, the force balance between the nozzle exit and the 
projected area on the substrate implies that the pressures be equal at the 
nozzle orifice and substrate. However, the viscous dissipation along the 
streamline causes a pressure decrease. As a result, the pressure decreases 
from the nozzle exit and then increases back toward the substrate. 

Fig. 12. Pressure along z = - H/2 and y = 0 for different times by h = 100 W/m2K.  
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3.8. Effects of Q and S 

The flow rate and the speed of the build plate are process variables 
critical to the printing of the road, which are interrelated with each 
other [42]. Fig. 14 shows how changing Q affects the dimension and 
shape of the printed road as well as the pressure distributions. Generally, 
increased Q causes greater melt pressures in and below the nozzle, 
through the pressure distribution decays as the melt clears the exterior 
nozzle faces. Of course, higher flow rates at the same print speed S0 will 
drive larger road cross-sections. Interestingly, the widths and heights of 
the printed roads are not directly proportional to Q due to the lateral 
flow. Recalling that the nozzle height H is set to 0.25 mm, the indicated 
resultant road heights are 87.6%, 84.8%, 80.8%, and 68.8% of H. 
Calculating the measured full road width to the measured road height 
ratio in Fig. 14, one finds these results provide width: height ratios of 
4.25, 3.74, 2.94, and 2.22 for flow rates of 10.4, 7.8, 5.2, and 2.6 mm3/s. 
Furthermore, the ratio of the measured full road width to the nominal 
road width, W, are calculated as 0.93, 1.06, 1.19, 1.53 for the same flow 
rates in that order. These results suggest that lower flow rates are likely 
detrimental to contact area and part strength as the top surface of the 
cross-section quickly rolls off. The higher contact pressure associated 

with higher flow rates is also aid in weld healing. 
Now, let us check the effect of S on the printed roads. Fig. 15 shows 

the printing flows at increased print speeds S. As can be predicted, an 
increase in S here causes an effect similar to a decrease in Q in Fig. 14. An 
increased S results in a deflated leading surface and a more retracted 
contact point on the substrate. The cross-section also changes per Eq. 
(13) with a greater reduction in road width than road height as shown in 
Supplemental Fig. S7. Surprisingly, the values of γ̇ are not significantly 
influenced by the print speed except in the vicinity of the build plate. 
Accordingly, these results indicate that the volumetric flow rate is the 
primary determinant of the shear rate in the vicinity of the nozzle with 
the maximum shear rate occurring near the stagnation point on the 
substrate rather than on the nozzle wall. The maximum γ̇ on the bottom 
of the nozzle wall is believed to be the effect of the nozzle wall flow 
having extended outward. 

3.9. Comparison with experimental pressure 

As elaborated in [14,15], the contact pressure, pcontact, can be 
experimentally acquired by the difference between the pressure while 
normal printing flow, pprint, and the one while the open purge flow, 

Fig. 13. Pressure for y = 0 along (top) z = - H/2 (at road center-line) and (bottom), z = - H (at road: substrate interface) for different models at t = 0.045 s. The 
results are obtained with the Cross-WLF model unless otherwise indicated. 
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solidification model would help shorten the computational time. The 
computational domain in Fig. 3 with half symmetry can also be replaced 
by the full model of the printed road. In this case, ∂ΩS disappears and the 
computational domain is doubled. If calculated in this way, the required 
memory was increased to 26.5 GB but the CPU time was reduced to 19 h. 
The temperature field by this approach is shown in Fig. 17. The reason 
for CPU time saving is presumed to be that imposition of the Neumann 
condition on the plane of symmetry together with the determination of 
the interface, ∂ΩA, on ∂ΩS. It has been observed that the level set 
equation requires very long iterations for the smaller γ. The full model 
requires a smaller number of iterations for the level set equation with the 
same γ. 

As aforementioned, the mesh convergence has been checked to verify 
that there is no uncertainty associated with the numerical discretization 
error. In addition, to examine the validity of the model, the result has 
been compared with the experimental data in the previous section. Here, 
to check for errors due to uncertainty with respect values on the input 
variables, sensitivity analyses has been performed for the DOE1 by 
varying the simulation parameters S, Tm (K), Q, Tplate (K) and D1 by 1% 
each. For the five varied cases, the maximum change in the peak 
extrudate pressure was found to be 1.78% relative to the nozzle exit 
pressure. The simulations with the isothermal Newtonian, isothermal 
Cross and Newtonian-WLF gave similar results. Thus, the proposed 
method is overall stable and reliable as a numerical tool. 

5. Conclusion 

This work has presented 3D simulation of material extrusion additive 
manufacturing processes with a generalized Newtonian fluid under non- 

isothermal conditions using the Cross-WLF rheological model. The 
evolution scheme for the viscosity has been proposed and implemented 
using acceleration models for the build plate and the filament feeding. 
Prior work has found that finite element modeling with a generalized 
Newtonian model can provide reasonable prediction of the melt extru
sion in the vicinity of the nozzle. However, our results have shown that 
the non-isothermal model with shear thinning is required and the 
thermal gradients within the printed road play a critical role in the ul
timate shape of the road cross-section. Especially, it has been visualized 
that the thermal contact resistance affects the shape of the contact area 
and subsequent thermal footprint on the substrate with ramifications on 
the pressure field and subsequent weld healing. Moreover, the thermo- 
rheological conditions change the flow front shapes on the free bound
aries through the movement of the stagnation point opposite the nozzle 
and redirection of the leading flow front. 

The simulated pressure distributions in this work have been 
compared with previous experimental results estimating the contact 
pressure. Both the contact pressures are in good agreement with each 
other supporting the validity of the described numerical method. As the 
developed method operates in a reliable way, it will be able to help the 
analysis and design of a fused filament fabrication process. While the 
presented simulation can well describe the flow in the vicinity of the 
nozzle, further modeling including melt compressibility and the normal 
stress between the nozzle and substrate are recommended for future 
studies to provide high fidelity prediction of the final road dimensions 
and strength. 

Fig. 16. (a) Numerically evaluated contact pressure and (b) comparison with the experimentally measured contact pressures. DOE1, DOE2 and DOE3 corresponds to 
Q of 5.21, 6.77 and 3.65 mm3/s, respectively. DOE16 is replicated experiment of DOE1 [15]. 
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