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The infinite Atlas model describes a countable system of competing
Brownian particles where the lowest particle gets a unit upward drift and
the rest evolve as standard Brownian motions. The stochastic process of gaps
between the particles in the infinite Atlas model does not have a unique sta-

tionary distribution and in fact for every a > 0, 7, := ®§’il Exp(2 +ia) is

a stationary measure for the gap process. We say that an initial distribution
of gaps is in the weak domain of attraction of the stationary measure 7, if
the time averaged laws of the stochastic process of the gaps, when initial-
ized using that distribution, converge to w, weakly in the large time limit.
We provide general sufficient conditions on the initial gap distribution of the
Atlas particles for it to lie in the weak domain of attraction of m, for each
a > 0. The cases a = 0 and a > 0 are qualitatively different as is seen from
the analysis and the sufficient conditions that we provide. Proofs are based
on the analysis of synchronous couplings, namely, couplings of the ranked
particle systems started from different initial configurations, but driven using
the same set of Brownian motions.

1. Introduction. Rank-based diffusions comprise systems of Brownian particles where
the drift and diffusivity of each particle depends on its relative rank in the system. Such
diffusions are given by a system of stochastic differential equations (SDE) for m € Ny U {00},
of the following form:

(1.1) dY;(s) = Zajl(Y,-(s) =Y(j)(s))ds + ijl(Y,-(s) =Y(j)(5)) dW;(s),
=0 =0

for s > 0,i €{0,...,m}. Here, a; and b}, respectively, denote the drift and diffusion coef-
ficients of the rank j particle, {W;(-) : i € {0, ..., m}} are independent standard Brownian
motions, Y(0) = {Y;(0)}7_, is a R"-valued random variable independent of the above Brow-
nian motions, and {Y(;)(-) :i € {0, ..., m}} are the associated ranked (ordered) processes de-
fined in an appropriate way. Rank-based diffusions have gained significant attention in recent
years as models in Stochastic Portfolio Theory [11, 12], scaling limits of interacting particle
systems like the simple exclusion process [20], and their connection with nonlinear diffusion
processes [9, 19]. Rank-based diffusions also have close connections with Aldous’ “Up the
river” stochastic control problem [1], which was recently solved in [29].

The finite-dimensional setting m < oo is reasonably well-understood as in that case the
system of gaps between the ranked particles can be described by a finite-dimensional reflected
Brownian motion (RBM). One can then apply the general theory of RBM [14, 15, 32] to
study the process in a pathwise sense. In particular, it is known that the system in (1.1) has
a unique weak solution [4]. Moreover, the solution exists in a strong sense and is pathwise
unique until the first time of a triple collision (three particles at the same location) [17], and
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general criteria are known for the almost sure absence of triple collisions [16, 18, 26]. In
particular, for the finite Atlas model, that is, the case where a; =1(j =0),b; =1 for j =
0,1,...,m, these criteria give unique strong solutions for (1.1). Further, under very general
stability and nondegeneracy conditions on the drift and diffusion coefficients {a;}, {b;}, the
RBM describing gaps between the ranked particles has a unique stationary measure [14].
Geometric ergodicity results can be found in [6] and rates of convergence to stationarity,
depending explicitly on {a;}, {b;} have recently been obtained [2, 3].

Much less is known for the case m = co. Owing to the nonstandard structure of the
drift and diffusion coefficients, the infinite-dimensional rank-based diffusions are technically
much more challenging to analyze and even some basic questions like uniqueness in law of
the reflected process describing gaps between the ranked particles remain open in full gener-
ality. Moreover, unlike its finite-dimensional analogue, the gap process for infinite rank-based
diffusions can have multiple stationary measures (like the model considered below) and the
domains of attraction of these stationary measures are far from being well-understood. See
[7, 8, 10, 27] and references therein for comprehensive surveys of the known results in the
m = 00 case.

In this article, we study the long time behavior of the infinite Atlas model which, like its
finite-dimensional analogue, is a rank-based diffusion where, at any point of time, the lowest
particle has a unit upward drift and the remaining particles perform independent standard
Brownian motions. This is a special case of the R*-valued process {Y;(-) : i € No} defined
in (1.1) withm = o0 and a; = 1(j =0),b; =1 for j € Ny. Hence, {Y;(-) : i € No} satisfies
the following system of SDE:

(1.2) dYi(s) =1(Y;(s) =Y)(s))ds + dW;(s), s>0,i€Np.

It was shown in [27], Theorem 3.2, that, if the starting points of the infinite Atlas model
almost surely satisfy

o0
(1.3) 3O c oo foralla >0,

i=0
then the system (1.2) has a weak solution that is unique in law. If (1.3) is satisfied, it can be
shown that, almost surely, the system is locally finite in the sense that for any 7 > 0, u > 0,
there exist only finitely many i € Ny such that mingc[o, 7] ¥; (s) < u [27], Lemma 3.4. Thus,
almost surely, the ranking (Yo(¢), Y1(2),...) = (Y(0)(¢), Y(1)(?), ...) is well defined for all
t > 0 by prescribing the following convention for ties: if there exist # > 0 and i < j such that
Y;(t) = Y;(t), we assign a lower rank to ¥; and higher rank to Y; at time 7. We will assume
throughout this article that 0 < Yp(0) < Y1(0) < Y>(0) <....

By [27], Lemma 3.5, the processes defined by

Xt
(1.4) Bi(t) = Z/O 1(Y;(s) = Yi)(s)) dW;(s), ieNp,t>0,
j=0

are independent standard Brownian motions which can be used to write down the following
stochastic differential equation for {¥(;)(-) : i € Np}:

1 1
(1.5)  dY;(t)=1(G=0)dr +dB/ (1) — EdL,’-‘H @) + EdL;*(t), t>0,i eNp.

Here, L§j(-) =0 and for i € N, L?(-) denotes the local time of collision between the (i — 1)th
and ith particles, that is, the unique nondecreasing continuous process satisfying L} (0) =0
and L7 (1) = fé 1(Yi—1)(s) = Y(;(s))dL}(s) for all + > 0. The gap process in the infinite
Atlas model is the R°-valued process Z(-) = (Z1(-), Z>(:), ...) defined by

(1.6) Zi():=Y3pH() = Yi-n(), ieN.
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We will be primarily interested in the long time behavior of the gap process. Thus, without
loss of generality, we will assume Y/ (0) = 0. Denote by Sy the class of probability measures
on RS° such that the corresponding R%°-valued random variable Y (0) = (¥;(0));eN, satisfies
(1.3) and

0=Yp(0)<YV1(0)<--- as.

Given a measure y € Sy, from weak existence and uniqueness, we can construct a filtered
probability space (2, F, P, {F;};>0) on which are given mutually independent F;-Brownian
motions {W;(-), i € Ny} and F; adapted continuous processes {Y;(¢),t > 0, i € Np} such that
Y; solve (1.2) with Po Y(0)~! = y. On this space the processes Y(;) and Z; are well defined
and the distribution P o Z(-)~! is uniquely determined from y. Furthermore, Z is a Markov
process with values in (a subset of) R°. Let

S={PoZ©0) ' :PoYO) €S}

Note that u € S if for some RS°-valued random variable Y (0) with probability law in Sp, the
vector (Y1(0) — Yp(0), Y2(0) — Y1(0), ...) has probability law p.

It was shown in [25] that the distribution 7 := @72 Exp(2) (which is clearly an element
of &) is a stationary distribution of the gap process Z(-). It was also conjectured there that
this is the unique stationary distribution of the gap process. Surprisingly, this was shown to
be not true in [28] who gave an uncountable collection of stationary distributions in S for the
gaps in the infinite Atlas model defined as

e¢)
(1.7) 7= QExpQ2+ia), a=>0.

i=1
The ‘maximal’ stationary distribution g (in the sense of stochastic domination) is somewhat
special in this collection as described below. For this reason, in what follows, we will continue
using the notation 7 for the measure .

Fora v € S, we will denote by ; the probability law of Z(r), when P 0 Z(0)~' = v. Obvi-
ously, when v = n,,, v, = 7, for all ¢ > 0. In general, one expects that under suitable condi-
tions on v € S, 1y converges (say in the weak convergence topology on the space P(RS°) of
probability measures on R®) to one of the stationary measures 7, a > 0. When that happens
(i.e., b, — m, weakly as t — oo for some a > 0), we say that v is in the Domain of Attraction
(DoA) of m,. Characterizing the domain of attraction of the above collection of stationary
measures has been a longstanding open problem. It was shown in [27], Theorem 4.7, using
comparison techniques with finite-dimensional Atlas models that if the law v of the initial
gaps Z(0) stochastically dominates = = 7 (in a coordinatewise sense), then v is in DoA of
7, that is, the law of Z(#) converges weakly to m as t — oo (see also Lemma 6.1). Recently,
[8] established a significantly larger domain of attraction for 7 using relative entropy and
Dirichlet form techniques. They showed that a v € S is in DoA of 7 if the random vector
Z.(0) with distribution v almost surely satisfies the following conditions for some 8 € [1,2)
and eventually nondecreasing sequence {6 (m) : m > 1} with inf,,{6(m — 1)/60(m)} > O:

(1.8) li ! iz (0)
. msup ———— i < 00,
m—>oop mﬂe(m) =1 J
1.9 li log Z i (0 ,
a9 D iy 2208 Z50). <o
1 m
(1.10) liminf ————— %" Z;(0) = oo,

m—00 mﬁz/(Hﬂ)@(m) et
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with the additional requirement that 6 (m) > logm, m > 1, if 8 = 1. This is a big leap in our
understanding of the domain of attraction properties of the infinite Atlas model. However,
the conditions (1.8)—(1.10) involve upper and lower bounding the growth rate of the starting
points Y, (0) = 7’:1 Z;(0) with respect to m in terms of a common parameter 8 € [1, 2),
which partially restricts its applicability. In particular, they do not cover all initial gap distri-
butions that stochastically dominate 7 (e.g., Z;(0) ~ el 2), which were shown to be in DoA
of  in [27]. Moreover, (1.9) is not satisfied if even one of the gaps is zero, which intuitively
should not drastically influence ergodic properties of the model. This condition arises from
the relative entropy methods used in [8] (see, e.g., the estimate (3.5) therein) which make an
important use of the fact that the gaps are nonzero.

Beyond the results presented above, little is known about the domain of attraction of sta-
tionary measures of the infinite Atlas model. Especially, for the other stationary measures
74, a > 0, nothing is known about the domain of attraction. To investigate the latter question,
the techniques of [8] can no longer be applied in a straightforward manner, as we now explain,
and one needs new ideas. The methods in [8] involve approximating the infinite Atlas model
by the finite Atlas model with d + 1 particles, given by the solution to the SDE (1.2) with Ny
replaced with {0, 1, ..., d}. A key step in the proof is to argue that the law of the first k gaps,
as t — oo and d — oo simultaneously, in a suitable fashion, converges to the k-marginal of
w (ie., ®f~‘: 1 Exp(2)). It is then shown by a natural coupling argument that, on any compact
time interval [0, T'], there is a d7 € N such that the ranked particles in the d7-dimensional
Atlas model stay uniformly close to the lowest dr + 1 particles in the infinite Atlas model
on [0, T']. A crucial fact that is exploited in the proof is that the unique stationary measure
of the finite Atlas model with d 4 1 particles, given by 7 := @?_ Exp(2(1 —i/(d + 1))),
converges to m as d — 0o. Since the finite Atlas model has a unique stationary distribution,
a finite-dimensional approximation approach of the form used in [8] cannot work in address-
ing convergence to 1, for a # 0, as this approximation is designed to select mp. One may
consider other types of finite-dimensional approximations to the infinite Atlas model (see
Remark 2.7), however they present different challenges with implementing the approach as
in [8] for showing convergence to i, for a # 0. These are further discussed in Remark 2.7.

In the current work, we consider a somewhat weaker formulation of domain of attraction
of the stationary measures 7,, a > 0. Specifically, for v € S, define for z > 0

1 t
v,i—/ Vg ds,
tJo

where D, is as introduced in the paragraph below (1.7). We say that a v € S is in the Weak
Domain of Attraction (WDoA) of n, for a > 0, if v, — m, weakly as + — oco. Note that,
although the convergence of the time-averaged laws v, to 7, (ergodic limit) is implied by the
convergence of 7, to 7, (marginal time limit), the converse is not clear. However, if v € S is
in the WDoA of m, for some a > 0, it is not in the DoA of m = mg. In this article we will
provide sufficient conditions for a measure v € S to be in the WDoA of r, for a general
a>0.

In Theorem 2.1 and Corollary 2.2, we describe a large set of measures v € S that are
in the weak domain of attraction of w = my. The sufficient condition for v to be in the
WDoA of 7 is a condition similar to (1.10) with 8 =1 (see (2.1)). In particular, the suf-
ficient condition in (2.1) is implied by (1.10) if the initial gap sequence {Z;(0)} satisfies
limsup,,_, . Z,(0) < oo a.s. (see Remark 2.3). We do not require upper bounds on growth
rates of m — Y,,(0) = Z’f;] Z;(0) or m 27;1 (log Z;(0))— of the form in (1.8), (1.9).
In particular, unlike the condition in (1.9), the sufficient condition we provide does not re-
quire Z;(0) to be nonzero. Furthermore, the sufficient condition in (2.1) is satisfied by all gap
distributions which stochastically dominate . In Corollary 2.2 and Remark 2.3, we provide
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additional examples where the sufficient condition (2.1) is satisfied and make some compar-
isons with the sufficient conditions given in [8].

In Theorem 2.4 and Corollary 2.5, we provide sufficient conditions for v € S to be in the
weak domain of attraction of the alternate stationary measures w,, a > 0. This condition is
formulated in terms of growth rates of the L' distance between the first m coordinates of
the initial gap process and that of a coupled random variable V,, with distribution 7, as
m — o0o. In particular, this sufficient condition holds if the initial gap sequence is given as a
perturbation @ = (0;);cn of V, which satisfies

d
logd ®
(1.11) Z|®i|=o(L> and  Timsupod
Pyt loglogd d— o0 a.d

Note that, for a,a’ > 0, the L!'-distance between the first d coordinates of the stationary
measures 7, and 7, grows at rate O(|la — a’|logd) as d — oo and thus the size of the per-
turbation allowed in (1.11) is not very far from what one expects. See Remark 2.6 for further
discussion of this point. To the best of our knowledge, this is the first result on convergence
properties for these alternate stationary measures. In Corollary 2.5 and Remark 2.6, we pro-
vide some examples of measures v € S in WDoA of 7, for a > 0.

Our proofs are based on a pathwise approach to studying the long time behavior of the
infinite Atlas model using synchronous couplings, namely, two versions of the infinite Atlas
model described in terms of the ordered particles via (1.5) and started from different initial
conditions but driven by the same collection of Brownian motions. Central ingredients in the
proofs are suitable estimates on the decay rate of the L' distance between the gaps in syn-
chronously coupled ordered infinite Atlas models. These estimates are obtained by analyzing
certain excursions of the difference of the coupled processes where each excursion ensures
the contraction of the L' distance by a fixed deterministic amount. The key is to appropri-
ately control the number and the lengths of such excursions. Certain monotonicity properties
of synchronous couplings (see Proposition 3.1), and a quantification of the influence of far
away coordinates on the first few gaps (see Section 4), also play a crucial role. Using these
tools, the discrepancy between the gap processes of two synchronously coupled infinite Atlas
models can be controlled in terms of associated gap processes when the starting configura-
tions differ only in finitely many coordinates. The latter are more convenient to work with as
for them the initial L! distance between the gap processes is finite, and the aforementioned
excursion analysis can be applied to obtain our main results.

This article is organized as follows. In Section 2, we state the main results. In Section 3, we
collect some crucial monotonicity properties of synchronous couplings including the mono-
tonicity and quantitative control of the L' distance between them. In Section 4, we quantify
the influence of far away coordinates on the first k£ gaps of the infinite Atlas model. This is
crucial in reducing the problem of convergence to stationarity from arbitrary starting gap con-
figurations to those that are perturbations of the stationary gaps at finitely many coordinates.
In Section 5, we identify excursions in the paths of the synchronously coupled gap processes
that result in reductions of the L' distance between them by fixed amounts. Finally, in Sec-
tion 6, the main results are proved by analyzing these excursions of synchronously coupled
gap processes from carefully chosen starting configurations.

Notation. For a vector v = (vy,v2,...)! € ]Rio and m € N, we will write v|, :=
(1, ..., vm)T. We will write s(v) for the new vector in RS whose ith coordinate is
v + --- + v;, for i € N. For two vectors v; and v in R, where m € NU {00}, vi < vy
will be used to denote that each coordinate of v; is less than or equal to the corresponding
coordinate of v. Similarly, vi A v3 and v; V vy will, respectively, denote the coordinatewise
minimum and maximum.
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We will denote by C([0, oo) : RY°) the space of all continuous R°-valued functions de-
fined on [0, co). This space is equipped with the usual local uniform topology, namely a
sequence f(m) e C([0, o0) :]ROO) converges to f € C([0, 00) :Rﬁf’) if

mh_)moo sup \f(m)(t) fi()|=0 forany T € (0,00) and j € N.

In the sequel, for a collectlon of events {E; : t € [0, 00)}, we will often write “E; holds
for all + > 0” to mean “almost surely, E; holds for all + > 0.” ®(-) will denote the normal
CDF and ®(-) := 1 — ®(-). We will write X ~ i to denote that the random variable X has
distribution . For any measure v on R° and any k € N, we call the measure v® on ]Rk
defined by v (A) := v(A x R¥), A€ B(]R ), as the k-marginal of v. By a coupling of two
probability measures 61 and 6 on some Pohsh space S, we mean S-valued random variables
X1, X2 on some probability space (€2, F, P) such that P o Xl._l =6; for i =1, 2. Coupling
of more than two probability measures is defined in a similar manner. For m € N U {oo} and
probability measures 6 and 6, on R we say 6, stochastically dominates 60; if 6,(—00, X] <
61 (—o0, x] for all x € R’}. In this case, by Strassen’s theorem [23], there is a coupling (X, ¥)
of (A1,6>) such that X; <Y, a.s. forall i.

2. Main results. Our first theorem gives a sufficient condition for a measure on RS to
be in the WDoA of 7.

THEOREM 2.1.  Suppose that the probability measure w on RS satisfies the following:
there exists a coupling (U, V) of u and 7 such that, almost surely,

2.1 Jiminf— Xd:U AV,
. 1m1n i ;= OQ.
d—oo Jd(logd) = "

Then € S and it belongs to the WDoA of .
The following corollary gives some natural situations in which (2.1) holds.

COROLLARY 2.2. Let u be a probability measure on RS and U ~ . Suppose one of
the following conditions hold.

(1) w is stochastically dominated by w and, almost surely,
d

1
2.2 lim U, =o0.
22 oy 2= U=

(ii) For some a.s. finite random variable M

(2.3) lbril)loléf \/_(lo 52 Z( Ui AM) = a.s.

(iii) U; = 1i0O;,i € N, where {©;} are i.i.d. nonnegative random variables satisfying
P(® > 0) > 0, and {A;} are positive deterministic real numbers satisfying one of the fol-
lowing:

(a) liminf; .o A; >0,
(b) limsup;_,,, Aj <00 and

d

Zki = 0OQ.

liminf ————
d—oo /d(logd) {7
Then (2.1) holds. Hence, in all the above cases, ;1 € S and is in the WDoA of 7.

(2.4)
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REMARK 2.3. We make the following observations:

(a) Suppose that 7 is stochastically dominated by . Then (2.1) holds and so i« € S and
is in the WDoA of . In fact in this case [27], Theorem 4.7 (cf. Lemma 6.1) shows that p is
in the DoA of 7.

(b) Note that for any C € (0, 00),

(2C) A)[Ui A (1/2)] < U; A C < (2C) v 1)[Ui A (1/2)].

Hence, if (2.3) holds for one a.s. finite random variable M then it holds for every such random
variable. In particular, if limsup,,_, . U, < 0o a.s. and (2.2) is satisfied then (2.1) holds and
so u € S and is in the WDoA of 7.

(c) The paper [8] notes two important settings where conditions (1.8)—(1.10) are satisfied.
These are: (i) for some ¢ € [1,00), A; € [c™ !, ¢] for all jeNand Z;(0) =1;0; where
®; are i.i.d. with finite mean and such that Elog(®;)_ < o0, and (ii) Z;(0) = 1;0; where

®; are i.i.d. exponential with mean 1 and, either A | 0 and Jdlogd YA —>o00,asd —

00, or Ag 1 00 and limsup,_, diﬂ Zflzl Ai < oo for some B < 2. We note that conditions
assumed in the above settings are substantially stronger than the one assumed in part (iii) of
Corollary 2.2. However, [8] establishes the stronger marginal time convergence as opposed
to an ergodic limit considered in the present paper. See part (g) on a related open problem.

(d) Inthe setting of (iii) the sequence {);} satisfies (2.4) if A; > ¢, logi/ Vi for sufficiently
large i, for any nonnegative sequence ¢; — 0o as i — 0o. Indeed, note that, for any C > 0,
there exists i € N such that for all i > ic,

l 1 . .

dYoai=C ) loi.JZC lHloﬁdz.
j=ic = SRS

Using the fact that the primitive of logz//z is 2\/z(logz — 2), {X} is seen to satisfy (2.4)

and so, if in addition lim sup oo j < 00, We have that the conditions of (iii)(b) are satisfied.

(e) We note that the conditions prescribed in Theorem 2.1 and Corollary 2.2 all involve
quantifying how close together the particles can be on the average in the initial configuration
of the Atlas model. In particular, we do not require any upper bounds on the sizes of Uj.
This is in contrast with condition (1.8) assumed in [8] which requires the particles to be not
too far apart on the average. Intuitively one expects convergence to 7 to hold when initially
the particles are not too densely packed and upper bounds on the average rate of growth
of the initial spacings are somewhat unnatural. The result in [27], Theorem 4.7, also points
to this heuristic by showing weak convergence to 7 from all initial gap configurations that
stochastically dominate . We also note that we do not require any condition analogous to
(1.9) and can, in particular, allow gaps to be zero.

(f) We note that the conditions (1.8)—(1.10) of [8] do not imply our conditions. To see
this, consider the deterministic sequence of initial gaps: U; =i ~2/3 forn® <i < (n+1)3 and
U,s =n, for any n € N. It can be checked that, Zflzl U; grows like d*/3 and Zle (logU;)—
grows like dlogd as d — oo. Thus, (1.8)—(1.10) of [8] hold with 8 =1 and 8(d) = logd.
However, almost surely, Z?: 1 Ui AV; grows like d 173 and therefore, (2.1) is violated.

(g) It will be interesting to investigate whether the condition in Theorem 2.1 in fact implies
the stronger property that p is in the DoA of 7. We leave this as an open problem.

Our second theorem provides sufficient conditions for a measure on R to be in the
WDoA of one of the other stationary measures 7, a > 0.
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THEOREM 2.4.  Fix a > 0. Suppose that the probability measure p on RS° satisfies the
following: There exists a coupling (U, V,) of u and m, such that, almost surely,

d

(2.5) lim sup |Va.i — Uil =0 and limsup
d—o0 lOgd ; o l d—oo dVad

Then w € S and it belongs to the WDoA of .

loglogd

< Q.

We remark that Theorem 2.4 also holds for the case a = 0. Indeed, suppose that the con-
dition (2.5) in the theorem holds for a = 0. Denoting the corresponding Vg as V, we have
that

d d d d d
DUAVI=Y UivVi=Y |Vi=Uil =) Vi= > |Vi— Uil
i=1 i=1 i=1 i=1 i=1

Using this and the law of large numbers for {V;}, it follows that (2.1) holds and thus from
Theorem 2.1 the conclusion of Theorem 2.4 holds with @ = 0. The reason we do not note the
case a = 0 in the statement of Theorem 2.4 is because (2.1) is a strictly weaker assumption
than (2.5) when a = 0. This is expected as for any initial gap distribution that stochasti-
cally dominates 7, convergence to 7 holds (see Remark 2.3(a)). However, for convergence
to 7, for some a > 0, the initial gap distribution should be appropriately close to 7, (see
Remark 2.6(b) below).
The following corollary gives a set of random initial conditions for which (2.5) holds.

COROLLARY 2.5. Fixa > 0. Let

oo
ni=Q)Exp2 +ia+ i),
i=1
where {A;} are real numbers satisfying A; > —B(2 +ia) for some f < 1,and A; < C(2+ia)
for some C > 0, for all i. Moreover, assume

. loglogd d [Xil
2.6 1
( ) 1msup IOgd Z 2

d—00 i=1

- =0.
i

Then (2.5) holds, and hence, . € S and belongs to the WDoA of n,.

REMARK 2.6. We note the following.

(a) Clearly, there are measures pu of the form described in Corollary 2.5 for which
liminf; _ o Ml.i | > 0 and which do not lie in the WDoA of 74 (e.g., wy for any a’ # a). How-
ever, the corollary says that if |A;| grows slightly slower than i then p is indeed in the WDoA
of m,. More precisely, the convergence in (2.6) holds in particular if |1;| <i§;/(loglogi) for
sufficiently large i, for some nonnegative sequence §; — 0 as i — oo. Indeed, note that for

any 8 > 0, there exists sufficiently large is € N such that for i > is,

i |X | i S i logi 1
(2.7) Z,—ggz,—féa/ 7dz:8/ dw.
FarAl o loglog j is—1 zloglogz log(is—1) logw
As w > @ is a slowly varying function, by Karamata’s theorem [24], Theorem 1.2.6 (a),
loglogi [logi 1
o8 08! / dw=1.
i—oo logi Jlogip—1) logw
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This can also be directly shown by noting that the primitive of 1/log w is Li(w), and applying
the I’Hopital’s rule. Thus, we conclude from (2.7) that, for any 6 > 0,

i

loglogi Aj
lim sup og 08! Zu <34.

imoo logi 1o it -
As § > 0 1is arbitrary, (2.6) holds.
(b) Note that if U ~ 7, then for a,a’ > 0,
2 :
Va,i=2+ian, Va’,i:mUi, ieN
defines a coupling of 7, and 7, . For this coupling,
d
(2.8) > | Vii = Vil ~ O(la —a'|logd) and  limsup —=% = 0.
i=1 d—00 a,d

Since 7, is obviously not in WDoA of 7, for a # a’, the first property in (2.8) says that the
first requirement in (2.5) is not far from what one expects. We conjecture that for p to be
in the WDoA of r, it is necessary that (log d)~! 2?21 |Va.i — Uil = 0 as d — oo for some
coupling (U, V,) of n and m,. Theorem 2.4 says that if the first convergence holds at a rate
faster than 1/(loglogd) for some coupling of i and 7, then that (together with the second
condition in (2.5)) is sufficient for & to be in the WDoA of 7.

Further, observe that if the second condition in (2.5) does not hold, then there are infinitely
many d € N such that the lowest d + 1 particles are separated from the rest by a large initial
gap. If one such gap is very large, then it could happen that the distribution of gaps between
the d + 1 particles stabilizes toward the unique stationary gap distribution 7 ) of the corre-
sponding finite Atlas model before the remaining particles have interacted with them. As 7 (9
converges weakly to 7 as d — 00, one does not expect in such situations the convergence (of
time averaged laws) to 7, to hold for any a > 0.

REMARK 2.7. As noted in the Introduction, the approach of [8] using finite-dimensional
approximations does not seem to have an easy extension when investigating the DoA (or
WDoA) of 7, for a > 0. This is because the stationary distribution of the finite-dimensional
Atlas model approaches w = m as the dimension approaches infinity. Nevertheless, there is
an alternative natural finite-dimensional rank-based diffusion model that one may consider as
an approximation to the infinite Atlas model which is better suited for proving convergence
to m, for a > 0. Consider the SDE withs >0andi € {0, 1,...,d},

ja
1(Y;
d+1 ( i (5)

a
dy; =(1——1(Y; =Y ds —
o) (s) ( ) (¥i(s) = Y0 () ds ; L

= Y(j)(s))ds +dWi(S).

It can be checked using the form of the generator of the above diffusion that the corresponding
gap process has the unique stationary distribution 7% := ®f’:1 Exp(2+ia)(1 —i/(d +
1))), which clearly converges to m, as d — oo. There is also a natural analog of the right-
anchored rank-based diffusion of the form in [8], Section 2 (see equation (2.12) therein)
which is associated with the above dynamics and the stationary distribution 7. In this model,
the bottom d particles evolve as a finite Atlas model reflected off the top particle, which
moves deterministically with constant velocity —a /2. Both of these Markov processes (as in
the setting of [8]) are reversible with respect to the corresponding stationary distributions and
are therefore well suited for Dirichlet form methods developed in [8]. In particular, one can
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obtain an estimate analogous to [8], Proposition 1.3, for these finite-dimensional diffusions.
However, because the drift and reflection structure of the above finite rank-based diffusions
is substantially different from that of the infinite Atlas model, it is not clear how to devise
comparison techniques between these diffusions and the infinite Atlas model, that are crucial
to both [8] and our work.

Nevertheless, the above diffusions do capture some key qualitative features that are ex-
hibited by the bottom d + 1 particles in the infinite Atlas model starting from configurations
close (in distribution) to 7. In particular, as proved in [30], if the initial gaps are distributed
as m,, the Atlas processes {Y(;)(¢) + at/2:t > O};en, (Where Y(;)(-) satisfy (1.5)) form a
tight collection. The drift —aj/(d + 1) of the jth ordered particle, for j =1,...,d, in the
diffusion satisfying (2.9) implies an analogous property for the ordered processes in this
diffusion for large d. To see this observe that the center of mass of the system has drift
d+ D7 7 +1) Z =1 d +1 ] which is asymptotically —a /2 as d — 00. A similar prop-
erty is true for the anchored dynamics as the top particle moves as a linear barrier with slope
—a /2. Understanding relationships between these finite-dimensional rank-based diffusions
and the infinite Atlas model, particularly over long time intervals, is key to extending the
techniques of [8] to study the DoA of 7, for a > 0. We hope to explore this in future work.

3. Synchronous couplings of the infinite ordered Atlas model. As mentioned earlier, a
synchronous coupling of the ranked particles in the infinite Atlas model refers to coupling two
copies of the order statistics processes starting from different initial configurations but driven
by the same set of Brownian motions via the SDE (1.5). The finite-dimensional analogue of
the SDE (1.5) is known to have a unique strong solution [13], which implies the existence of
synchronous couplings for the ranked processes of finite Atlas models starting from any two
initial configurations. For the infinite Atlas model, devising synchronous couplings is a more
delicate issue as described below.

In [27], a systematic method for constructing solutions of the infinite-dimensional SDE
(1.5), from a given collection of Brownian motions, has been devised under the name of ap-
proximative versions. It is based on taking appropriate limits of solutions of the corresponding
finite-dimensional systems. This, in turn, can be used to construct synchronous couplings in
an appropriate sense. We collect some results from [27] in the following proposition.

PROPOSITION 3.1.  Suppose X is a R -valued random variable satisfying 0 < xo < x1 <
X3 <--- and, almost surely,

0
3.1 Ze_“xiz <00 foralla>0.

Consider a collection of independent standard Brownian motions By(-), B1(-), B2(:), ...,
independent of x. Consider the collection of SDE, for i € Ny,

1 1
(3.2) dXi(t)=1(=0)dt +dB;(r) — zdLi+l(t) + EdLi(t), Xi(0)=x;,t >0,
where Lo(-) =0, and for i € N, L;(-) is the associated local time of collision between the
(i — Dth and ith particle, namely

L;, X; — X;_1 are nonnegative, continuous process, L; is nondecreasing,

(3.3) t
L;(0)=0 and L;(t) =/0 1(Xi—1(s) = Xi(s))dLi(s) forallt>0.

Also consider for fixed m € N, the system of SDE in (3.2) for i =0,1,...,m, with
starting configuration X;(0) = x;, 0 <i < m, and with L; satisfying (3.3) for 1 <i <



1620 S. BANERIJEE AND A. BUDHIRAJA

m and Lo(-) = Lyy1(-) = 0. Denote by X () = (X§ (), ..., X9 () and LM () =
(L(()m) )y, L,(nm) (+)) the unique strong solution to this finite-dimensional system of reflected

SDE which we call the ‘finite ordered Atlas model with m 4 1 particles’ with driving Brown-
ian motion (By(-), ..., By (+)). Then, the following hold:

(1) There exist continuous R -valued processes X(-) := (X;(-) :i € Ng), L(-) := (L; (*) :
i € Nyg), adapted to Fy = o {B;(s) :s <t,i € No}, such that, a.s. (X, L) satisfy (3.2) and (3.3)
and for any T € (0, 00),
lim  sup [|X"™ @)= X; ()| + L™ (1) — Li()|]=0  a.s.,forall i € Ny.
M=% 1[0,T]

We will call X(-) the “infinite ordered Atlas model” with driving Brownian motions
Bo(-), B1("), B2("), ..., started from X = (xg, X1, X2 ...).

(i) Suppose u, v are RS -valued random variables independent of { B;,i € No}, such that
uj <ujy1 and v; < vjy1 a.s. for all i € Ng, and (3.1) holds a.s. with x replaced with u, v.
Then, on (Q; F,P) there are continuous, R*-valued processes X", L" and X*, LY that are
adapted to F; = F; Vv o {u, v} and solve (3.2), (3.3) with X*(0) = u and XV (0) =v,, respec-
tively. These processes are given as follows. Let X")%(-) and X"-V(.) be the unique strong
solutions of the finite ordered Atlas model with m + 1 particles, with X"™-%(0) = ul,,41,
XV(0) = v|,pp1. Then X°, XY are defined as the a.s. limits of X)) and X")Y(.)
as C([0, 00) : R®)-valued random variables. We will refer to these limit processes as
a synchronous coupling of the infinite ordered Atlas model driven by Brownian motions
{Bi, i € No} with initial configuration X"(0) =u and X¥(0) =v.

@iii) If (u,v) in (ii) are such that a < v, then the synchronous coupling defined in (ii)
almost surely satisfies X"(t) < XV (¢) for all t > 0.

Define the corresponding ‘gap processes’ Z*(-) and 2" (-) by Z}'(-) := X}'(-) = X', (-) and
ZY()=X]()—X_,() fori € N. Then Z"(0) < Z"(0) almost surely implies the following
hold almost surely:

7Z"1t)<Z'(t) forallt >0 and LY(t)—L"(t) <L'(s) —L"(s) forall0<s <t.

(iv) Analogous statements hold with 1(i = 0) in (3.2) replaced with y1(i = 0) where
y € R. Specifically, for y € R, define the ‘infinite ordered Atlas model with drift y’ to be the

R*®-valued stochastic process XIV1() := (X([)y] ), ng](-) ...) satisfying the SDE
1 1
(3.4) dXt)=y1( =0)dr +dB;(1) — 3 dL (1) + 5 ALY (0), 1>0,ieNy,

where L([)V](-) =0and (L[ly](-), L[zy](-), ...) are the associated local times as in (3.3). Then
XY1(.) can be obtained as a limit of the solutions to the finite-dimensional analogues of the
SDE (3.4) in the sense of (i). In particular, one can construct a synchronous coupling of
X(-) and XY1(.) for same or different (coupled) initial configurations as in (ii). Moreover,

if y <1 and Z(-) and Z1 () are the associated gap processes under synchronous coupling
and Z.(0) = ZIY)(0), then, almost surely,

Z@t) <ZU@t) forallt > 0.

PROOF. (i) follows from [27], Definition 7 and Theorem 3.7, [27], Lemma 6.4, and the
discussion following it. Part (ii) is immediate from (i). (iii) follows from [27], Corollary 3.10.
The assertion in (iv) that X" (-) can be obtained as a limit of finite systems again follows from
[27], Definition 7 and Theorem 3.7. The pathwise domination assertion under synchronous
coupling follows from [27], Corollary 3.12(ii). [
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Proposition 3.1 constructs the infinite ordered Atlas model via approximation by finite
ordered Atlas models. As the solution to the finite-dimensional analogue of (3.2) is unique in
law (which follows from pathwise uniqueness), the finite ordered Atlas model has the same
law as the ranked processes in the finite Atlas model (which is a weak solution to the finite-
dimensional analogue of (1.2)). The following lemma says that the infinite ordered Atlas
model, constructed in Proposition 3.1(i), indeed has the same law as the ranked trajectories
of the infinite Atlas model satisfying (1.2). A similar result was discussed in [27], Remark 2.
We provide a proof for completeness.

LEMMA 3.2. Letx bea Rf-valued random variable satisfying 0 < xo <x; <xp <---
such that, almost surely, (3.1) holds, and let {B;,i € Ngo} be a sequence of independent
standard Brownian motions, independent of X. Let X be the process constructed in Propo-
sition 3.1(i) with X(0) = Xx. Let u be the probability law of x and Y(-) := (Yo(-), Y1(-),...)
be the unique weak solution of (1.2) with Y(0) ~ w. Then X has the same law as the ranked
processes Y, (-) := (Y0 (-), Y1y (), ...).

PROOF. Let Y be as in the statement of the lemma and for any m € N, let Y™ () =
(Yo(m)(-), ..., Y™ (.)) be the unique weak solution of the finite Atlas model (1.2) with m +
1 particles (i.e., with i € Ny in (1.2) replaced by 0 <i < m) and with Y™ (0) distributed
same as (Yp(0), ¥1(0), ... ¥, (0)). Let YY) := (Y((g)’)(-), e, Y((,Z’))(-)) be the corresponding
ranked trajectories. By [27], Theorem 3.3, there exists a sequence m ; — 00 such that for any
T >0and k e N,

(3.5) Y™ Ol Y Ol) S (YOI Yr(lk)  on C([0, T1: R2).

Next, let x, {B;,i € Ng} be as in the statement of the lemma and let (X, L)) be as
in Proposition 3.1 (i) given as the unique strong solution of the corresponding (m + 1)-
dimensional reflected SDE, with X(m)(O) = X|;y41. From the same argument used to derive
(1.5) from (1.2), it follows that Yﬁmj ) (+) satisfies the m j-dimensional version of the SDE (1.5)
for each j > 1. By pathwise uniqueness of solutions to the finite-dimensional reflected SDE

[13], for any k € N,
(3.6) Y Ol £XMD()), forall j>1.

Moreover, by Proposition 3.1(ii), X™|, — X|i, almost surely, in C ([0, c0) : R asm —
oo. This observation, along with (3.5) and (3.6), gives

Y, Ol £X()|¢ forany k € N,

which proves the lemma. [J

A pathwise analysis of synchronous couplings will be the main tool in proving our main re-
sults. A key observation is the following control on the L' distance between the gap processes
corresponding to two synchronously coupled infinite ordered Atlas models. In particular, it
shows (using Proposition 3.1(iii)) that if the initial gap distributions satisfy a coordinatewise
ordering, then this L! distance is nonincreasing in time and its decay rate can be precisely
estimated from the local times of collision between the bottom two particles. We note that the
proof for an analogous result for the finite ordered Atlas model is easier and can be deduced
from standard properties of reflected Brownian motions [21], Theorem 6.
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LEMMA 3.3. Let Bo(-), B1(-), B2(-), ... be standard Brownian motions given on some
probability space (2, F,P). Let X(-) and )N((-) be synchronously coupled infinite ordered
Atlas models driven by {B;,i € No} as constructed in Proposition 3.1(ii), with the initial
configurations X(0) and i(O) such that the corresponding probability laws are in So. Let
Z( ) and Z( ) denote the corresponding gap processes. Suppose Z(O) > 7.(0). Write AZ(-) :=
Z( ) — Z(-) and assume Z —1JAZ;(0) < oco. Let L(-) and L( ) denote the local times of

collision for the respective Atlas models and write AL(-) := L( ) — L(-). Then, almost surely,

(3.7) ZAZ (t)_ZAZ 0) + = ALl(t) t>0.
j=1 j=1

PROOF. Observe form (3.2) that for any d e N, > 0,

1
ZAZ (t)_ZAZ (O)—I—Z(AL (t) — ALJ 1(t) — ALJ_H(t))
j=1 j=1 j=1

(3.8)

1 1
SALy(0) = S ALas (0).

d
1
Z Zj0) + 5ALi(10) + 5

Thus, to show (3.7), it suffices to show that, for every ¢ > 0,

1 1
3.9 lim —ALy() — -AL t)=0.
(3.9) Jim ZALg(6) = ZALas1 (1)

This will be shown in several steps as follows.

For m € N, denote by Z™ (-) and Z"(-) the m-dimensional gap processes associated
with ranked processes X (.) and )Ni(m)(-) for the finite ordered Atlas models with m + 1
particles, respectively, starting from X(0)|,,+1 and i(O)lmH and driven by {B;}I" . Recall
from Proposition 3.1 that Z (-) and Z(m)(-), respectively, converge to Z(-) and Z(-) a.s. in
C([0, 00) : RY®) as m — 0o. Write AZ™ () := Z (-) — Z™(.). Similarly, let AL () :=
Lom (-) — L (.) denote the difference vector between the respective local times. Then, from
the SDE for X (-) and )Ni(’")(') (i.e., the finite-dimensional version of (3.2)), we obtain

(3.10) AZ™ (1) = AZ"(0) + R™ AL™ (1), >0,
where is an m X m matrix given =1foralll <i <m, = — or
here R i ix given by R = 1 for all 1 R, =—1/2 f
2<i<m, Rl(z:'ll) =—1/2for1 <i<m—1and Rl-(J’-") =0if |i — j| > 2. It can be checked
(see, e.g., proof of [3], Theorem 4) that R (m) is invertible and
iy
3.11) (R™)! =20 /\])( +]1> 1<i,j<m.

Also, from [21], Theorem 6,
a1 For every 1 > 0, Z"™ (1) > Z" (t) and — AL"(-)
' is nonnegative and nondecreasing, a.s.

Write ¢ := ?‘;1 JAZ(0) < 0o. Then, it follows from (3.10) that, forany 1 <d <m, t > 0,

d
S(R™) Az @)
j=l1
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Ms

(3.13) (R™)g AZ{™ (1) = Z(R(’")) 'AZ™ ) + ALY (o)
J=1 j=l1
<> (R™) Z(””(O)<2Z]AZ("”(0) ZZ]AZ 0) <2¢,
Jj=1 j=I1 j=1

where we used the nonnegativity of (R(’"));j1 (see (3.11)) and the first part of (3.12) for the
first inequality, the second part of (3.12) for the second inequality and the explicit form of
(Rm)y~1 given in (3.11) in the third inequality. Recall that, forany r > 0, j € N, AZ;m)(t) —
AZ(t) as m — oo. Moreover, using (3.11), for any fixed j,d € N with j <d, (R(’”));jl —
2j as m — oo. Thus, fixing d € N, we obtain by letting m — oo on the left-hand side of
(3.13), forall d € N,

d
(3.14) 2> jAZj(t)<2¢, t=0.
j=1
By Proposition 3.1(iii), the left-hand side of (3.14) is nondecreasing in d. Hence, taking limit
as d — oo,

o0

(3.15) Y iAzZjm<¢, 1>0.
j=1
Next, we claim that for any d € N, r > 0,
(3.16) 0<—-AL4(t) <2¢.
To show this, we note that by (3.12) and (3.13), for any m > d,
—ALYY (1) < i(RW)) 'Az™(0) < 2¢.
j=1

The upper bound in (3.16) now follows upon taking a limit as m — oo on the left-hand side
above and using Proposition 3.1(i). The lower bound follows from Proposition 3.1(iii).
Finally, we claim that for any d € N, > 0,

d+1 d
(3.17) —¢ STALd(t)—EALdH(I)SC-
To see this, observe that
d d d 1 1
Y JAZ;0) = Y JAZiO0) + Y H(ALj0 ~ FAL @) = 3L
=1 =1 =1

d d+1 d
Z AZj(0) + ——ALa(t) = ZALas1 (1),

Hence,

d+1 d d
%ALd(n — 5 ALawi (D) = ZjAZ,-(r) — Y JAZ;(0).

j=l1 j=1
The inequality in (3.17) is now immediate from the above upon using Proposition 3.1(iii) and
(3.15) and noting that

00 d d 00
=D JAZO) <Y JAZi(1) =Y JAZi0) <y JAZj(1) <.

j=1 Jj=1 J=1 j=1
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The convergence in (3.9) now follows from (3.16) and (3.17) as for every ¢ > 0,
li 1AL ) 1AL ) = li [1 (d + 1AL () dAL (t)) ! AL (t)}
im — - — = lim |- — - — - —
imos d > d+1 Jim |~ . d 5 d+1 2d d

=0.
This proves (3.7) and hence the lemma. [

4. Influence of far away coordinates. A crucial component of our approach will be to
obtain a quantitative understanding of the time taken for the first £ gaps between the ranked
particles in the infinite Atlas model to ‘feel the effect’ of the unordered processes Y;(-) for
i > k. In this section, we derive such estimates. We recall that the infinite Atlas model is
given as the unique weak solution of (1.2) when the law of Y (0) is an element of Sp. Note
that the latter property, which will be assumed throughout this section, says that Yq)(0) =
and Y(;)(0) =Y;(0) for all i € Np.

We will rely on the following estimates derived in [8].

LEMMA 4.1. (i) ([8], Lemma 3.2). Forany k e N,t >0,/ e N, I" e R, a.s.,
<l<r — Ye(0)/3 -1 =4 Y,-<0>>

IP’( sup Yo (s) > F|Y(0)) <2®

(41) s€[0,¢] «/l_t
- (I = Yi(0)
+ak+ 1)¢(T),
(i) ([8], Lemma 3.3). Foranyd e N,t > 0, > 0, a.s.,
Y;(0)—-T
(4.2) P(selr(l)ft inf ;(s) < T|Y(0)) < zgcp(T)

The following lemma will be used in Section 6 (see proof of Lemma 6.3) to quantify
influence of far away coordinates when the starting configuration satisfies (2.1).

LEMMA 4.2.  Suppose that the distribution of Y; (0) — Y;_1(0) is stochastically dominated
by the Exp(2) distribution for each i € N. Moreover, assume

4.3) lim Ya(©) =00 almost surely.

Fare Vd(logd)
Then for any A > 4, k € N, writing td := Ad(logd) and FZ? :=6A~/d(logd) ford € N,

P( inf 1an(s)<Fd)—>0 as d — oo,

sel0,e4]izd

IP’( sup Y (s) > FQ) -0 asd— oo.
s€l0,241

PROOF. Ford €N, let I := [/d]. Define the event
A(n) :={Y;(0) — ¥;—1(0) <logi foralli >n}, neNlN.
By the stochastic domination assumptlon
P(A(n)°) Z P(Y;(0) — ¥;—1(0) > logi)
i=n+1
4.4)

< Zl < ' 50 asn— oo.
i=n+1
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For fixed n € N and d sufficiently large, we have
la—1 la—1 Iy—1

ZY(O) ZY(O)+ZY(0) ZY(OH—Y(O)(ld—nH—Z Y;(0) — ¥,(0))

j=0 j=n
Ig—1
<Y, (0)la+ Y_ (Y;(0) — Y,(0)).
J=n
Also, forn < j <l; — 1, on the event A(n),

J J
Yi(0) =Y, (0) = Y (Yx(0)—Yi—1(0)) < Y logk.
k=n+1 k=n+1

Thus, on A(n), for d sufficiently large,
lg—1 lg—1

S Y0 < YOl + Y (k= Dlogk < (1+vd)Y,(0) + (1 + vd)*log(1 + Vd).

j=0 k=n+1

Thus, for fixed n € N, there exists deterministic dy € N such that, on the event A(n), for all
d > dy,

la(T] = Ye(0)/3 — 1 — 317 ¥;(0)
,/ldl‘é‘

_ 2Ad(logd) — Ad(logd) — (1 + Vd)*log(1+vd) (1 +vd)(Yi(0)/3 + Y4 (0))

- [(1++/d)Ad(logd)]'/? [VdAd(logd)]'/?
_ Ad(ogd)  2(%(0)/3+Y,(0)d'/*
~ 4 Ad3/*(logd)!/? /Adlogd
NI 2(Yr(0)/3 + Y, (0))
= ~—d"*logd)'/? — e
) (logd) JAd 4 (logd)1/2

Also, for any d € N,

—Yx(0) 2A+/d(logd) Y (0) Y (0)
= - =2,/Alogd — ————.
3 /tj‘ /Ad(logd) 3 Ad(logd) 3/ Ad(logd)
Thus, using (4.1), for any d > dy, on the event A(n),

(\/— 14 1o d)l/z_z(Yk(O)/3+Yn(0)))
4 VAd'4(logd)!/?

P( sup Yi(s) = T4IY(0)) <20

s€[0,t4]

. Y (0)
+4xk + 1)¢<2\/@_ T\/ng))

Note that the right-hand side converges to 0 as d — oo. Hence, for any n € N,

limsupP( sup Yo (s) > T ) < P(A®)°).

d—00  se[0,14]

As n € N is arbitrary, we conclude from (4.4) that

4.5) lim sup ]P’( sup Y(k) (s) > F?) =0.

d—>00  “5e[0,14]



1626 S. BANERIJEE AND A. BUDHIRAJA

This proves the second convergence statement in the lemma. For the first statement, define
the events A*(d) := {¥;(0) > 7AV/i(logi) for all i > d}, d € N. By assumption (4.3),

(4.6) P(A*(d)) > 1 asd — oo.
For any d € N, on the set A*(d), forall i > d,

Y;(0) — T4 . 7AVi(logi) — 6A+/d(logd) . :
JAlogi.
i - Ad(og ) =y alos

Hence, using (4.2), for all d > 2, on the event A*(d),

IP’( inf 1an(s)<Fd|Y(O)><2ZCI>( Alogi)

s€l0, tA]’> i>d
4.7
Z o~ Allogi)/2 Zl A2 _ 1 .
./ZnAlogz = _d—l
Hence, from (4.6) and (4.7),
(4.8) lim supIP’( inf inf Y;(s) < rd) 0.
d—00 AG[OI 1i>d

This proves the first convergence statement in the lemma and completes the proof of the
lemma. O

The next few lemmas will be used to study the case when the starting configuration satisfies
(2.5).

LEMMA 4.3. Fix 6 > 0. Suppose there exists ig > 2, such that Y;(0) > 6logi for all
i >1ig. Then there exists 69 € (0, 1) and positive constants C1, C, (depending on 0) such that,
as.,

IP’( inf inf Y;(s) < 9t/2|Y(O)) < Cre~ forallt > 0.

s€[0,8pt] i >e!

PROOF. Foranyi > e’ Vig, § € (0, 1), by the assumption on the starting configuration,

Gi)(Y,-(O) - 9;/2) (elogi - 0t/2)

AN
i

NZT: NET
. 202
Sq-><910g1) - 1 2@ exp{_(logz) 0 }
2./8t V27 Ologi 851

Hence, using (4.2) with d = [e'], ' = 0t/2 and t = §t, we obtain fy > 0 such that for all
t = fo,

; 202
]P’( inf 1an(S) <9t/2|Y(0)) <22@(M) Ze { (loi;)t 0 }

s€[0,8t]i>
[ lize! i>el i>el

e’} 1 . 202
YD exp{_%}
=1 it <i =g+ 8ot

92~z[}

o0
<2 elthr exp{——J
= 85
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By the above bound, we can obtain dg € (0, 1) and C1, C, > 0 such that for all t > 0,

IE”( inf inf Y;(s) < 0t/2|Y(0)> < Cie O,

s€[0,801] i >e!
proving the lemma. [J
LEMMA 4.4. Foranyk e N,a > 0,

lim IP’( sup Y (s) > at) =0.

=00 N\se[0,1]

PROOF. Forany A > 1, ¢ > 0, using (4.1) with I' = oz, we obtain for any [ > k,

P( sup Yao(s) = ar, ¥i(0) < A) < 2ci><l(‘” — A2t Al) + Ak + 1)ci><‘” - A),

sel0.1] Vit 31
Hence, choosing and fixing any [ > k Vv (18/«), for all t > 16A/(3w),
N - 1304/t
P( sup Y (s) >at,Y(0) <A §2CI><—>+4(I<+1)<I>< )
(se[o,ﬂ © ) 2V1 48

Hence,
lim supIP( sup Yoy (s) > ozt) <P(¥1(0) > A).
t—00  “sef0,1]

As A > 1 is arbitrary, the lemma follows upon taking a limit as A — oo in the above bound.
O

Recall that, for v= (v, vy, ... )T € Rﬁ?, s(v) denotes the vector in Rf whose ith coordi-
nate is v] + - - - + v;, i € N. In the following, for a Rﬁ_o -valued random vector v, we will say
s(v) satisfies (3.1) if, almost surely, (3.1) holds with xg = 0 and x; = (s(v)); fori > 1.

LEMMA 4.5. Fix a > 0. Let u be a probability measure on R® such that there exists a
coupling (U, V,) of n and 7, such that, almost surely, (2.5) holds. Then, almost surely, there
exists ig > 2 such that s(U); > (4a)_1 logi for all i > ig. In particular, s(U) satisfies (3.1),
and consequently p € S. Furthermore, s(U A'V,) and s(V,) satisfy (3.1) as well.

PROOF. We will show that, almost surely, there exists i(’) > 2 such that

i
1

4.9 Vo j>—logi foralli>i.

(4.9) jEZl ajZ 5 logi foralli=ig

It will then follow, by (2.5), that there is a ig > i() such that for all i > i,
i

i i
1 :
4.10)  sU)i=>Uj=> Vaj—> Va;—Ujl > 5 logi —
j=1 j=l1 j=1

logi 1
08! - > —logi.
loglogi = 4a

The same argument shows that s(U A V,); > (4a)~! logi for i > iy as well. Thus, in order
to prove the lemma, it suffices to prove (4.9). Note that E; := (2+ ja)V, ;, j € N, are i.i.d.
exponential random variables with mean one. Define

i i
EONTES
j=1

j=1

E;

, i1eN.
2+ ja :
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Note that
i

1 i+1 ] 1 2+4a(i+1)
E(S) = >/ ds=—1 <7>
(%) ;2+ja_ 1 2+as * a ©8 2+a

Moreover,

i 1

Var(5i) = Z(2+Ja) §2+]a)2

Hence, M; := §; — E(S;),i € N, is an L?-bounded martingale. Therefore, by the martin-
gale convergence theorem [22], Theorem 11.10, there exists a random variable My, with
E(Mgo) < 0o such that M; — My, as i — oo, a.s. and in L?. Thus, almost surely, there
exists M € (—o0, 00) and i > 2 such that

1 2 |+ 1
2+a

The estimate in (4.9), and hence the lemma, is immediate from the above. [

)—M forallizig.

The following lemma uses the above three lemmas to quantify the influence of far away
coordinates when the starting configuration satisfies (2.5). Note that Lemma 4.5 shows that,
if U is as in that lemma, then the distribution of (0, s(U)")7 is in Sy.

LEMMA 4.6. Fix a > 0. Let u be a probability measure on R® such that there exists a
coupling (U, V,) of u and m, such that, almost surely, (2.5) holds. Let Y(-) be the infinite
Atlas model given as the unique weak solution of (1.2) with Y (0) distributed as (0, s(U)HT,
Then there exists &g € (0, 1) such that,

li P f fy; <—l d
msupP(_ inf i ¥i(5) < g-logd ) =0,

and for any k € N

1
limsup]P’( sup  Y)(s) > —logd) =
d—oo  \se[0,80logd] 8a

PROOF. Take 8¢ := (4,)-1 as defined in Lemma 4.3. The second limit above follows

by Lemma 4.4. To prove the first limit, define the event E = {3ip > 2 such that s(U); >
(4a)"logi for all i > ig}. By Lemma 4.3, with 6 = (4a) !,

1 e
limsup]P’( inf  infY;(s) < — logd) <P(&°).
d— 00 s€[0,6plogd]i>d

The right-hand side above is zero by Lemma 4.5. This proves the lemma. [

5. Analyzing excursions of synchronous couplings. In this section, we will estimate
the rate of decay of the L' distance between synchronously coupled infinite ordered Atlas
processes by defining and analyzing suitable excursions of the processes. Each such excur-
sion will capture an event which ensures that the L' distance decreases by a fixed amount.
Theorems 2.1 and 2.4 will then be proved by estimating the number of such excursions on
the time interval [0, 7] for large ¢.

Let (Uy, Uz) be an RY x R°-valued random variable such that U; < U and s(Uy)

(and thus s(Up)) satlsﬁes (3.1). Consider the synchronously coupled copies XVYi(.) and
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XY2(.) of the infinite ordered Atlas model (in the sense of Proposition 3.1(ii)) starting from
0, s(UNTHT and (0, s(Uz)T)T, respectively, driven by Brownian motions { B;}ien, (that are
independent of Uy, Uj). Let ZY1 () and ZY2(-) be the associated gap processes as introduced
in Proposition 3.1(iii), and let AZ(-) := ZY2(-) — ZV1 ().

Fix k € N. For s > 0, define the following stopping times: T(f (s):=s,and

(5.1 Tf(s):=inf{u> T} [(s): AZ_j11() =0}, 1<j<k.

Set T (s) := Tkk (s). We will analyze excursions of AZ the coupled processes defined by the
following stopping times. Fix € > 0. Define og := 0, o1 :=inf{s > 0: AZ;(s) > €}, and for
j=0,

02j4+2 :=inf{s > Tr(0241) : AZk(s) = 0},

02j+3 :=inf{s > 02j42 1 AZi(s) > €},
where the infimum in (5.1) and in the above two definitions is taken to be oo if the corre-
sponding sets are empty. Although the stopping times above depend on k, we suppress this

dependence for notational convenience. For 7' > 0, define the number of excursions until
time T by

_Jsup{j =0:02j41 =T}+1 ifo; <T,

NTZ .
0 ifo; >T.

In the next two lemmas, we work with a fixed k € N and stopping times {o; : j > 0} defined
for this fixed k.

Each of the above excursions ensure a decrease of the L norm of AZ(-) by a fixed amount
as described by the following lemma.

LEMMA 5.1. Assume Z?‘;l JAZj(0) < o00. Then, for any j > 0, when 0712 < 00,

o0 o0
Z AZi(02j42) — Z AZi(02j41) < —€/2K.
i=1 i=1

PROOF. By Lemma 3.3,

oo o0 1
Y AZi(t)=) AZi0)+ AL(t), t>0.
i=1 i=1 2

Thus, it suffices to show that
(5.2) AL{(02j42) — AL1(02j41) < —€/287 .

Recalling the stopping times {le(-)}oflgk from (5.1), note that for any 1 <i <k, j € Ny,

0=AZ(Tf ;11(02j41))

= AZi(02j41) + (AL (TE ;11 (02j+1)) — AL;i(02j+1))

53 1
) — (AL (T 41 02741) = ALi-1(02741)
1
- E(ALi+1(Tkk_i+1(02j+1)) — ALit+1(02j41)).
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Recalling that Uy < Uy, by Proposition 3.1(iii), for eachi € N, j € Ny, AZ;(02;+1) > 0 and
AL;(-) is nonpositive and nonincreasing. Thus, from (5.3) we obtain for any 1 <i <k,

1
—(ALi(TE ;41 (02j41)) — ALi(02j41)) > —E(ALi+1(Tkk_,-+1(02j+1)) — ALit1(02j+1))
1
> _E(ALi+1(Tlck—i (02j+1)) — ALi41(02j41)).

Using the above bound recursively fori =1, ...,k — 1, we get, for any j € Ny,

—(AL\(TF(02j41)) — AL1(02j11))

1 k
(5.4) = =5 (AL2(TiZ 1 (02)41)) = AL2(02j41))
1
> o2 = o (ALK(T{ (0241) = ALk(0241)).
Moreover, from (5.3) with i = k, again using Proposition 3.1(iii),
(5.5) —(ALk(Tf(02j11)) — ALk (02j41)) = AZ(024+1) = €.

Recalling 02412 > Ti(0241) = Tkk (02j+1) and AL{(-) is nonincreasing, (5.2) follows from
(5.4) and (5.5). This proves the lemma. [

The following lemma will be used to control the maximum length of excursions in a large
time interval.

LEMMA 5.2.  Suppose there exists D > 1 such that the distribution of Uy /D is stochas-
tically dominated by 7. Let Ty = inf{S > ¢ : 48D*k(k + 1)?1log T < T for all T > S}. Then,
foranyn e N, T > Ty,

P(O’l <T, 02j+4+2 — 02j+41 > 48D2k(k + 1)210g T for some 0 < j SNT — 1)
<PWN7 > n) +5knT 2.

PROOF. We can assume without loss of generality that, in addition to Uj, U;, we are
given another R$°-valued random variable V (on the same probability space) such that Uj <
U, < DV. In addition to infinite ordered Atlas models XYi | with XU 0)=1U; fori =1,2,
driven by Brownian motions {B;}, we also construct infinite ordered Atlas models XPV and
X¥1 with drifts 1 and y = 1/D, respectively (the latter defined as in Proposition 3.1(iv)),
satisfying XPV(0) = X["1(0) = DV, and driven by the same Brownian motions {B;} (that
are independent of Uy, Us, V). The associated gap processes are denoted as ZPV and Z[1,
In order to note the dependence of ¥ on D, we will denote the processes X[V, ZI71 as X{P}
7P} respectively.

By Proposition 3.1(iii) and (iv),

(5.6) (1) <ZPV(1) <2V (1) forallt > 0.
For u > 0, define
Siu) :=infls > u: 2P s) =0} forl<i<k Su):= max S; (u).
<i<
Write A :=24D?k(k 4+ 1). Note that 2A(k 4+ 1)log T < T for all T > Tj.. Suppose for some
j >0, T > Ty, the following event holds:

Er,j={o2j41 =T, 0242 — 0241 > 2A(k+1)logT}.
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Then, either

(5.7) there is 1 <1 < k such that T} (02,4+1) — T}* | (024+1) > 2Alog T,
or
(5.8) 02j+2 — Tr(02j11) = T{ (Te(02j41)) — Ta(02j41) > 2Alog T.

Suppose (5.7) holds. Let / be the minimum integer in {1, ..., k} for which (5.7) holds. Then
recalling o411 < T,

le_l(ozjﬂ) <02j4+1 +2A( - DlogT <T +2A(k — 1)1ogT <2T — AlogT,

where the last inequality is true because T > T. Similarly, if (5.8) holds and (5.7) does not
hold for any 1 <[ <k, then

Ti(02j41) <02j41+2AklogT <2T — AlogT.
Observe that forany 1 <[/ <k, j >0, by (5.6),
T} (o2j 1) s=inf{u > T (0211) : AZk—y11 () =0}
<influ > T (02j41) 1 Z{2), | () = 0} = Se—r1 (T (02741).
and similarly,
02j+2 = TF(Ti(02j41)) < Sk(Tr(02j+1))-
Hence, for any T > T,
Er,j €& :=1{3r €[0,2T — Alog T] such that S(t) —t > 2Alog T}.
From this observation and the union bound, for any n e N, T > Ty,
P(o1 <T,02j42 — 02j41 > 2A(k + 1)1log T for some 0 < j < N7 — 1)
(5.9) n-l
<PWN7 >n)+ Z P(r,j) <PNT > n) +nP(&7).
j=0

In the rest of the proof, we will estimate IP)(fS‘/T).
Forany T > 0, define n(T) :=[2T/(AlogT)] Vv 2 and

t:=AllogT, 0<Il<n(T).

Then Uyg))[tl, t1+1] D [0, 2T] and each interval [#;, #;41] is of length Alog T'.
Suppose S(t) —t > 2Alog T for some ¢ € [#7, 1141], 0 <[ < n(T) — 2. Then there exists
1 <i <k such that S;(#/+1) — #7+1 > AlogT. Hence, for any T > Ty,

(5.10) P(&7) <P(30<!<n(T)—2,1 <i <k such that S;(f;4+1) — t;+1 > AlogT).

Note that, by scaling properties of the Atlas model, the process Z{P}(.) is stationary with
7P} (1) ~ 2 Exp(2/D) for all t > 0. Define for any T > e the event

Az :={z{") (1) <24Dlog T forall 1 <i <k,0<!<n(T) - 1}.

By the stationarity of Z{P}(-) and the union bound, for any 7 > e,

(5.11) P(AS) < kn(T)e *81eT < k<2 + )T—“S <4k,

AlogT
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Denote by LD = (LéD}(-), L{ID}(-), ...) the collision local times associated with the infinite
ordered Atlas model X!P} (with drift y = 1/D). Then, forany 0 <! <n(T) —1,1<i <k,
t>0,T >e,

(5.12) {Si(t) — 1 >t}={ 1(s) <X (s) forall s € [1, 1 + 11}

If the above event holds, then L;(#; +s) — L;(#;)) =0 for all 0 < s <¢. Hence, using the fact

that X}D}(-)’s are ranked and applying (3.4), we obtain for any 0 < s < t, on the event in
(5.12),

{D

X| i<s+zz>>—ZX{D (s +1)

q=0
=5t ZX () + ~ ZB(s+tz)—B(tz))
q =0 q =0
and

xPs 4+ 1) < x!P ) + (Bi(s + 1) — Bi(0)).

Moreover, if A7 holds, then forany 0 <l <n(T)—1,1<g <i—1,

Py — x1Ph @) = Z ZPY (1) <24D(i — q)log T.
p=q+1

Hence, defining the new Brownian motions
- 1 = -
Bi(s) := 7 D (By(s+1) — By(1)), By(s) = (Bi(s +1) — Bi(1)), 0<s<t,
l
=0

and using the above observations in (5.12), we obtain for any 0 <! <n(T) — 1,1 <i <k,
t>0,T >e,

[P(Si () —1 >t, .AT)

IA

i—1 1 . ~
IP><Dl +- ZX{D}(U)—FﬁBl(t)<X§D}(tz)+82(t),AT)

1 11 1
=P<$Bl(z) —Byt) < —Di+ Z xP —XéD}(fl)),AT)
<p(Jd B 11240 log T
<P =B Bi(1) — z(t)<—5+ qZ (i —q)log
1 ~
:}p(7 (1) = Ba(r) < —ﬁ +12D(i + 1) log T).

Hence, taking t = 24D%i(i 4+ 1)log T and using the fact that %§1(24D2i(i +1)logT) —

B,(24D%i (i + 1)logT) is a mean zero normal random variable with variance 24D?(i +
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1)21log T, we obtain forany 0 </ <n(T)— 1,1 <i <k, T >e,
P(S;i (1) — 11 > 24D%(i + 1) log T, Ar)

cof -

(5.13) >

exp{—24log T /8} < T3,

2 1
<
— J/A8mlogT 2.3

Thus, recalling that A = 24D%k(k + 1), using (5.11) and (5.13) in (5.10), we obtain for any
T =Tk,

P(€7) <P(30 <1 <n(T)—2,1<i <ksuchthat S;(t41) — t;41 > AlogT)
n(T)-2 k
< > Y P(Si(ti41) — i1 > 24D%i(i + Dlog T, A7) + P(A5)
=0 i=l1

2k
T34 4kT ¥ < 772 4 4k7Y.

1
2+/37m 37

Finally, using the above bound in (5.9), forany n e N, T > Ty,

<n(M)k

P(O‘l <T, 02j42 — 02j+1 > 2A(k 4+ 1)log T for some 0 < j SNT — 1)

2kn
<PWN7 >n)+ ——T 2 +4knT~* <PWN7 > n) + 5knT 2,
T e T

which proves the lemma. [

6. Proofs of main results. In this section we will prove Theorem 2.1 and Theorem 2.4,
and their corollaries (i.e., Corollary 2.2 and Corollary 2.5).

6.1. Proof of Theorem 2.1. The key idea in the proof of Theorem 2.1 is to sandwich
the initial gap vectors U and V between the R%°-valued random vectors UA V and U v V.
Using monotonicity properties of synchronous couplings described in Proposition 3.1, one
can bound the gap process ZY(-) from above and below in a pathwise fashion by the syn-
chronously coupled processes ZUVV(-) and ZU"V(.), respectively. Lemma 6.2 uses the ex-
cursion estimates in Section 5 to analyze synchronously coupled gap processes, respectively,
started from V and a perturbation of V with the first d entries replaced by those of UA V. It
shows that, for fixed k € N, € > 0, the average time spent € distance apart by the kth coordi-
nates of these two processes on a suitably large d-dependent time interval converges to zero
in probability as d — oo.

Lemma 6.3 uses Lemma 6.2 and the quantitative estimates for the influence of far away
coordinates obtained in Section 4 to show that the averaged occupancy measure for the gap
process started from U A V weakly converges to 7. The convergence of the averaged oc-
cupancy measure for the gap process started from U Vv V is a consequence of the following
lemma, which is a direct corollary of [27], Theorem 4.7. Theorem 2.1 follows from these
observations.

LEMMA 6.1 (Corollary of Theorem 4.7 of [27]). Let (Us, V) be an R x RP-valued
random variable such that U, >V and V ~ m. Consider the synchronously coupled copies
XY () and XY () of the infinite ordered Atlas model (in the sense of Proposition 3.1(ii))
starting from (0, s(U)DT and (0, s(V)1)HT, respectively, and let ZY° () and ZV (-) denote
the associated gap processes as in Proposition 3.1(iii). Then the law of ZY°(t) converges
weakly to w as t — 00.
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LEMMA 6.2. Suppose that U and V are as in the statement of Theorem 2.1. For d € N,
define the vector U gy by

Ua),i =U AV)LIG <d)+ V;1(i >d), ieN.

Then, s(U A V), s(U), s(V),s(Ugw)) all satisfy (3.1). Define infinite ordered Atlas models
XY, XV and XY@, starting from (0, s(UDHT, 0, sVHDHT and (0, s(U(d))T)T, respectively,
as in Proposition 3.1(i) using an infinite sequence of Brownian motions { B; }; cn, (independent
of U, V). Let ZY, 7V 7V pe the associated gap processes. Then, for any k e N, € € (0, 1),
there exists Ag > 1 such that for any v > 0,1 < j <k,

1 Aovrdlogd U
P<7f 1({Zv(s)—Z-(d)(s)|>e)ds21>—>0 as d — oo.
Aodlogd Jo / Y

PROOF. First note that, by (2.1), almost surely, there exists i’ € N such that s(U A V); >
\/leogi for all i > i’. In particular, s(U A V), and hence s(U), s(V), satisfies (3.1). As
s(Uw)) = s(UAYV)and s(UA V) satisfies (3.1), we have that s (Ug)) also satisfies (3.1).

Fix any k € N, € € (0, 1), 9 > 0. Write AZ/(-) :=ZY(-) — ZV@ ().

Recall the stopping times {o; : j > 0} and the random variables {N7 : T > 0} from Sec-
tion 5 with our choice of €, U = Uy) and Uy = V. For A > 4, d € N, recall from Lemma 4.2
that tdA := Adlogd, and write Ng 9.4 := ij-

As Z?‘;l jAZ}(O) < Z?:] JjVj < oo, by Lemma 5.1, for any j > 0, when 0242 < 00,

[e.e] o0
3 AZ{o2j42) = Y AZ(02j41) < —€/2.
i=1 i=1

Recalling the monotonicity property in Proposition 3.1(iii), for any A > 0,

d d
6.1) PWNagag>2reld+1)< ]P’(Z AZ/(0) > d) < IP’(Z Vi > d) <e 8,

i=1 i=1
For d e N, A > 4, define the event
Ean =01 <O}, 02j42 — 0241 < 48k(k 4 1)* log(91) forall 0 < j < N 9.4 — 1}.

By Lemma 5.2 (with D=1, T = z?tj‘ and n = 2ke~1d + 1) and (6.1), there exists dy € N
such that for any d > d, A > 4,

10k2ke !

6.2 P(ES 4 N <Pt <e By =~
( ) ( d,A {01 =Y }) e + A2ﬁ2d(10gd)2
Ford > AV ¥ >4, onthe event £ 4,

A

1 [ ,
7 1(|AZ(s)| = €)ds
4 Y0

1 Nag.d—1 024

“1(|AZ)(s)| = €) ds

6.3) <— ¥ /U

d j=0 2j+1

log(9t4 192k (k + 1)?
< 48Kk (k + 1)2(%)/\/&@,51 < #

d

N4 v
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Fix A = Ag(k) := 385¢ 12k (k + 1)2 (suppressing dependence on € for notational conve-
nience). Note that this does not depend on . Writing #4 x := t;O(k) and &gk := &4, Ay (k) and
using (6.1) and (6.3), we obtain for d > Ag(k) V 9,

1 Dk
]P’(—/ 1(|AZ)(s)| = €)ds = 1, 5d,k>
14k JO

(6.4)

2
- P( 192k(k + 1)

Ao(k)d

<P(Nago.0.a > 2 1d +1) <e” /%,

Thus, from (6.2) and (6.4), for any ¥ > 0, and d sufficiently large,
1 Dig k

P(—/O “1|AZ)(s)| = €)ds = 1)

td.k

Nagky,0.d = 1)

©> 10k2ke~!
<Ded/8 € 0 d )
=t 0 d(ogd)y D BT

Note that the above holds for any 1 < j < k, upon replacing k£ with j. Thus, forany 1 < j <k,
writing 0 1= 0141 /14,1 = ¥ Ag(k) /Ao(1) = 92K 3k (k + 1)2,

s Pta
P(or ) Magolzgasz1) <2(Go [T 1(az0lz asz1).

Id k Id,j

which converges to zero as d — oo. This proves the lemma with Ag := Ag(k). O

LEMMA 6.3. Suppose that U and V are as in Theorem 2.1. Define the infinite ordered
Atlas model XY with XU Y (0) = (0, s(U A VY)Y and the same sequence of Brownian
motions used to define XV, XV and XV@ in Lemma 6.2. Let ZY"Y be the corresponding gap
process. Define the measure

1 rt

(6.6) w (F)i= [PV ) e Fyds, FeBRE).1>0,
- 0

Then W, converges weakly to T as t — o0.

PROOF. Fixany € € (0, 1),8 € (0, 1), k € N. Recall Ap from Lemma 6.2 for this choice
of €,k. For 1 > 8§~ Age, write d(r) := [8Ay't/log(8Ay't)]. Choose 1o > §~' Age large
enough such that d(r) > §A;'1/[2log(8A;'1)] > k and log(8A, 1) > 2log(2log(5A, 1))
for all 7 > 1. Also, set ¥ :=48~!. Note that for all 7 > 7,

Aod(t)logd(t) <8t,  Agdd(t)logd(t) > t.

Recall the gap processes 7V, 7Y@ from Lemma 6.2. Then, for all 7 > to, 1 <j <k,

1 ! v U
P<;f0 1(|Z} () = Z;“ ()] > €) ds > 5>
1 Aodd(1)logd(t)
< IP’(—/ 1(|Z‘.’(s) - ZI.J(d(t))(S)| >¢€)ds > 1).
Aod(t)logd(t) Jo J J
Hence, applying Lemma 6.2 with d(¢) in place of d and the above choice of ¥, we obtain for
any 1 < j <k,

1 t
(6.7) P(;/ 1(|ij(s) — Z;-J<d<[))(s)| >€)ds > 8) —0 ast— oo.
0
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Define the measures { ﬂ;k), t >0} on Rﬁ by
1 t
i (F) = ;f P2V (5)|g € F)ds, FeB(RE),1>0.
0

Take any closed set F € B(R ) and, for n > 0, let F7:={y € Rk ly — x|l1 <

n for some x € F} be the closed n-neighborhood of F with respect to L' dlstance. Observe
that

_ 1 S Udo
/./Ll(‘k)(F) < ;/(; P(ZV(S)lk c er) ds + Z ;‘/(‘) P(’Zy(s) — Z] (d( ))(S)’ - 6) ds
j=1
Using the inequality
l Z]PJ(|ZV( )_ZU(d(t))( )| )d <§+P(= 1 (|ZV( ) U(d(t))( )| )d >8
t Jo j S j S)|>€)as = p S)|>€)ds

for 1 < j <k, together with (6.7), and the stationarity of ZV(-), we now obtain for any closed
set F' € B(]R ),

(6.8) lim sup ft; )(F) < n(k)(FkE) + k6,

t—00
where 7®) = ®f-‘:1 Exp(2).
Our next step is to show the above bound (6.8) with [i,(k) replaced by the measure El(k) (the
k-marginal of 11 ) by showing that, for any closed set F € B (Ri),

(6.9) w®F) = iP(F) =0 ast— oo.

To see this, take any ¢ > #¢. Let y (¢) be the probability law of (0, s(U(d(t)))T)T and denote by
Y?® the unique weak solution of (1.1) with Y?® (0) distributed as y (1), given on some prob-
ability space with driving Brownian motions {W;};en,. Denote the corresponding process of

gaps (as defined in (1.6)) as 7v®,
Recall d(t) > k. For any ¢ € [0, ¢],

P(ZU(d(t)) Ok € F) = IP’(ZV([)(C)M € F)

6.10 =P(Z'V @)l e F, inf inf v7" v
(6.10) @O@her. inf inf /00> s ¥E")

+P(Z7 )kEF mf inf Y7 7)< sup Y2(s)).
( ol el0,1]i>d(t) * e[Opz] (k) )

Recall from the Introduction that a finite-dimensional Atlas model has a unique strong so-
lution. We denote by YY@.d®) guch a process with d(¢) 4 1 particles, driven by Brown-
ian motions {W,-}?i’o) and initial conditions fiy(t)’d(t) 0) = Yiy(t)(O), i=0,1,...,d(t). De-
note by X7 (0.4 the corresponding process of ordered particles and denote the associated
gap process by ZY©-4® _Then, on the set, {infsc(o,/] infi=q() Yiy(l)(s) > SUP;e0.11 Y, (k) D)},
27D ()| = Z7 D40 (5)|, for all s € [0, 7] and so, using (6.10), for ¢ € [0, ],

P(ZVww) F) = P(zy®-4d® F, inf inf Y)/() yr®
(2% ) € F) =P( ©lc F. inf inf ¥770)> sup ¥ ®))

+P(2r® eF, inf inf ¥/(s)< sup ¥Y/\(s
@ZO@her, inf inf 70 < s V")

=P(Z" @) e F)
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—Pp(Zy®H4® eF, inf inf Y’P@) < sup v/
( ©lcer. inf inf Y700 < sup ¥G0)

P(zY® eF, inf inf ¥YP%)< sup ¥/ Vs)),
+P(Z70 )k ot inf YO0 < swp v o),

which shows that

P2V (¢)|x € F) —P(Z 4D (0) |y € F))|
(6.11) y(®) 140
= ]P)(selg)ft]zifl’l{t) e = sty Y(k> (S))‘
Now let y* be the probability law of (0, s(U A V)T)T and denote by Y"" the unique weak
solution of (1.1) with Y¥ (0) distributed as y*. Denote the corresponding process of gaps
as Z". The process of ordered particles X¥ 4™ with d(¢) + 1 particles and initial val-
ues YV*(0)|d(t), and the associated gap process 77740 are defined in a similar manner
as XY .40 and 7.4 By a similar argument as above

P2V (¢)lk € F) = P(Z7 D (0)|x € F)|

(6.12) -

<3, 1,7 0 )

Since U A Vl]g¢) = Uy lar) we have that 77"d® and ZV(’)’d(’) have the same distribution
and so from (6.11) and (6.12) we have that

[P(ZV@ )i € F) = P(ZYY (©)lk € F)|

6.13 <P( inf inf ¥'P(s) < A
(6.13) (361%10[][;30)! (s) = sE)pz] W) (s))

P( inf inf Y (s) < )
+B(jnt inf ¥ 0) < sup V()

Now, recalling 75,0} = Aog9d(r)logd () > t and that T';¢) = 6A¢?/d(r)(logd(r)) from

Lemma 4.2, we see that

r® oy < 14Q)
]P)(self(l)ft]ligg)Yl (%) = i Y(k> (s))

§IP’< inf  inf Yy()(s) < sup Y(),/cgt)(s))
0. tAoli‘]z>d(t) Ap?
s€l0.14¢) €010 1

<B( inf inf ¥/ <TOT) (s i) = 1)
0.1 0'7]l>d(t) Ao?
SG[ d(1) SE[O,Id([) ]

SIP’< inf me (s)<Fd(t)>+IP’( sup Y(k)(s)>Fd(t))—>O ast — 00,

AP i>d(t
sel0,t, 0 1'= ®) sel0, lj(r)]

where Y7 (-) is the infinite Atlas model with Y7 (0) distributed as (0, s(V)T)T The last in-
equality above uses the observation UA 'V < Uw()) <V, infi>4¢) Y (s) = (d(t»(s) for
all s > 0, and [27], Corollary 3.10(i). The limit follows from Lemma 4.2 with A = Ag?,
d = d(t) upon using U A 'V <V and noting that YV*(O) satisfies condition (4.3) by virtue of
assumption (2.1) and Y” (0) satisfies (4.3) by the law of large numbers.

Similarly,

P( inf inf YV < s Y — 0 ast— oo.
(sel[Ot]z>1d(t) ! () = sel[t)pt] (k)(S)>
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Using the above observations along with (6.13), we obtain

sup [P(ZY"V(0) |y € F) — P(ZV@o (¢) |y € F)| - 0 ast — oo.
¢€[0,1]

(6.9) follows from this. From (6.8) and (6.9), we obtain for any closed set F € B (R’i),

hmsupu( )(F) < n(k)(er) + k8.

t—00

As the left-hand side above does not depend on €, §, we take a limit as €, § go to zero in the
above to obtain for any k € N,

lim sup ,u(k)(F) <a®(F) forany closed set F € B(Rk ).

11— 00

The lemma now follows from the Portmanteau theorem [5], Chapter 1, Theorem 2.1. [
Now, we are ready to prove Theorem 2.1.

PROOF OF THEOREM 2.1. Let (U, V) be as in the statement of Theorem 2.1. Let ZY, ZV
and ZY"Y be as in Lemma 6.2 and Lemma 6.3. By the monotonicity property in Proposi-
tion 3.1(iii),

AMOEY A OEF MO}
Define the measure
0, (F) = %_/OIIP(ZUVV(S) € F)ds, FeB([RY),t>0,
and recall M, defined in (6.6). Also define
wi(F) = ;fOZIP’(ZU(s) € F)ds, FeB([RY),t>0.
Then, forany k e N, z € Rk,

(6.14) " (=00, 2]) < ¥ (=00, 2]) < p®((~00,2)).

By Lemma 6.3, u(k)((—oo z]) —» 7% ((—o0, z]) as t — oco. Moreover, as UV V >V, by

Lemma 6.1, the law of ZVVV(r) converges weakly to m. In particular, u,( )(( 00,z]) —
7® ((—o0, z]) as t — oo. Hence, by (6.14), forany k e N, z € Rk,

(k)(( 00, z])—>71(k)(( 00,z]) ast— o0o.

This proves the theorem. [

PROOF OF COROLLARY 2.2. The fact that (i) implies (2.1) is immediate on observing
that we can find a coupling (U, V) of u and 7 such that U <V a.s.

For the statement in (ii), we will consider the independent coupling of (U, V), that is,
under the coupling, the marginals U and V are independent. Recall from Remark 2.3(b) that
the statement in (2.3) is equivalent to

d 1

1
(6.15) liminf ——— Z(Ui A 5) =00, as.

d— o0 \/C_Z(logd) i=1
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It suffices to show that, conditional on a realization of U = u such that (6.15) holds with
U = u, the independent random variables W; := V; A u; satisfy

1
(6.16) lrlnn_1> lélof flogm Z WU; =00 almost surely.

Note that
uj > o0 ) 1 -
wi :=E;) =/ 2ve” vdv—i—/ 2uie “Vdv = 5(1 —e” ”1)‘
0 u;

Asx A (1/2) <1 —e 2 <2(x A (1/2)) forall x > 0, (6.15) with U = u is equivalent to the
condition

(6.17) mh_)mOO J_logm Z'““l =
Take any C > 0. By (6.17), there exists m¢ € N such that -7 | u; > 2C/mlogm for all
m > mc. Note that for any k € N,

E(1W; — puil*) < 2)E(VF + uf) <28 (k127" +27F) < 2x1.
Therefore, W; satisfies condition (2.16) in [31], Chapter 2, with o =2, b = 1. Hence, by [31],
Chapter 2, Proposition 2.3, E(e*(¥i=#)) < exp{2A2/(1 — |A|)} < exp{4Ar?} for all |A| < 1/2.
Hence, using [31], Chapter 2, Theorem 2.3, with Dy = Wy, by =2 and vy = 24/2, for all
m > mc satisfying C/mlogm < 4m,

IF’(Z v; < Cﬂlogm) < P(Z(\IJ; — i) < —Cﬂlogm)
i=1 i=1

2
W’?#} = 2exp{—C%(logm)?/16}.

As the bound above is summable in m, we conclude from the Borel-Cantelli lemma that for
any C > 0, almost surely, liminf,,_, oo (y/m logm)~! ", ¥; > C. This implies (6.16) and
thus proves that the statement in (ii) implies (2.1).

Consider now (iii). Thus U; = A;®;,i € N, where {®;} are i.i.d. nonnegative random vari-
ables satisfying P(®; > 0) > 0, and {A;} are positive deterministic real numbers. If {A;}
satisfy condition (a), that is, liminf; ., A; > 0, there exists n > 0 such that U; A (1/2) >
(nO®;) A (1/2) for all sufficiently large i. Note that {(n®;) A (1/2)} are i.i.d. with positive
mean as P(®; > 0) > 0. Therefore, (6.15) holds by the strong law of large numbers, imply-
ing (2.1).

If {A;} satisfy condition (b), namely limsup;_,,,A; < 0o and (2.4) holds, there exists
M €[1,00) such that A; < M forall j € N. Note that E(U; A (1/2)) > A;E(©; A(1/2M)) >
AM™ IE@©; A (1/2)). As P(®; >0) >0, E@; A (1/2)) > 0. Hence by (2.4), for any
C > 0, there exists m¢ € N such that for all m > m¢,

< 2exp{—

m m

Y E(Ui A (1/2)) = MT'E(©1 A (1/2)) Y 4; = 2C/mlogm.

i=l i=1
As |Ui A(1/2) —E(U; A (1/2))] <1 foralli € N, by the Azuma—Hoeffding inequality [31],
Chapter 2, Corollary 2.1, for all m > mc,

]P’(Z Uin(1/2) < cﬁlogm)

i=1

< P(i(m A(1/2) = E(U; A(1/2))) < —Cﬁlogm> < 2exp{—2C%(logm)?},

i=I
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which is summable in m. Hence, we conclude from the Borel-Cantelli lemma that

m
I%rglglof(«/mlogm) E 1 Ui AN(1/2) =00
1=

almost surely. Thus, (6.15) holds which shows (2.1). O

6.2. Proof of Theorem 2.4. 'We now prove Theorem 2.4. As in the proof of Theorem 2.1,
we will proceed by defining new starting configurations for the gap process in terms of U
and V, and exploiting the monotonicity properties of the synchronous coupling described in
Proposition 3.1.

PROOF OF THEOREM 2.4. Let (U, V,) be as in the statement of Theorem 2.4. First note
that, by Lemma 4.5, s(U), s(V,) and s (U A V,,) all satisfy (3.1). Define the vector U, (4) by

Ua,(d),i =U; A Vaj)l(i < d) + (U; v Vaj)l(i > d), ieN,d=>2.

As Uy @) 2 UAV, and s(U A'V,) satisfies (3.1), we have that s(U,, (4)) satisfies (3.1).
Observe that, with V; := (1 +ia/2)V,;,i € N, (Ug ), UV V4, V) defines a coupling of
(i, g, ). By the second condition in (2.5), limsup,_, L‘i—j < o0 a.s. and so the events

EP) .=(UvV,<DV}, D=>1,
satisfy
(6.18) PEP) -1 as D— .

Fix D > 1. Note that, fori e N,

i i i
s(Ug @y ADV); = Z(Ua,(d))j ADV;> Z Va,j — Z Va,j — Ujl.
j=1 j=1 j=1

By a similar calculation as in (4.10) it then follows that, for some i’ € N and all i > i’,
s(Uq, @) AN DV); > (4a)*1 logi. This shows that s(U,, ) A DV) satisfies (3.1). Similarly,
s((UvV V,) A DV) satisfies (3.1).

In the rest of the proof we will consider several random variables U such that s (fJ) satisfies
(3.1) and are given on the same probability space. For all such random variables we use
Proposition 3.1(ii) to construct infinite ordered Atlas models XY() starting from (0, s(fJ)T)T
driven by a common collection of Brownian motions {B;};cn, (that are independent of all the

U). We denote by Zﬁ(-) the associated gap processes.

Let AZ*’D() = Z(UVVH)/\DV(‘) _ ZUa,(d)/\DV(.)‘

Fix €,8 > 0, k € N. Recall the stopping times {o; : j > 0} and the random variables {N'7 :
T > 0} from Section 5 with Uy = U, 4y A DV and Uy = (U V V,) A DV. Write tc/l :=logd,
and V), := Mﬁz' We suppress the dependence of {o;} and N; on D for notational convenience.

As Z(]?il jAZ";’D(O) < Z?:] JIVa,j — Uj| < 0o, by Lemma 5.1, for any j > 0, when
0242 < 00,

o o
YAz P(02j42) = Y AZFP (0241) < —€/2.
i=1 i=1
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Hence, as in the proof of (6.1), for any A > 0,

]P( 1 ok y L0824 )
loglogd
d
logd
<P} AzFP0) = A —27*
6.19) = (; POz Ae T
loglogd & loglogd
<P( 2 2ES Y, — Ui = Ae —27%e—288) 0 asd — oo,
logd = logd

where the claimed limit is a consequence of (2.5).
For d > 2, define the events

& pi={o1 <logd, 02j42 — 0211 <48D%k(k + 1)*loglogd forall 0 < j < N — 1}.

By Lemma 5.2 with T =logd, n = |2Klogd/ loglogd |, for sufficiently large d,

logd logd _
P&, ,) N{oy <logd <]P< I ok ) 5k<2k )1 d)2,
((&5.p) N{or <logd}) <P(N; > loglogd + loglogd (logd)

which converges to zero as d — oo using (6.19) with A = 1. On the event £ [’1’ D>

’ —1
1 1 N porjn
7/d1(|AZ:’D(s)|Ze)ds§7 3 / 1Az () = €) ds
[d 0 td ]:0 (72j+1

< 48Dk (k + 1)2<1°g logd)/\//

logd a
Hence, using (6.19) with A = Ap ;s 1= 8[48D? x 2*k(k + 1)*171,

1 [l
]P’(—/fd 1(|AZZ’D(S)| >e€)ds > 8)
t Jo

(6.20) logd

loglogd

< IP(N(} >2%Apis > +P((&).p)" N{o1 <logd}) — 0

as d — oo.

Recalling the event £ and using (6.20),

1
lim sup P(t_’

d— 00 d

t/
/Od 1(120Ve (s) — 2" (5)| = €) ds > 5)

< limsup]P’(tl/ /Otd 1(|AZ;P(s)| = €)ds > 6) +P((ED)) = P((£P)").

d—o0 d
As D > 1 is arbitrary, we obtain from (6.18), for any €,8 > 0, k € N,

1
(6.21) lim sup]P’(

o7
d— 00

t/
/ 128V (s) — 2,9 (5)| = €) ds > a) =0.
d V0

Now, from the monotonicity property in Proposition 3.1(iii),

(6.22) Z9Ve(y <ZY() <Z%Va(),  ZUNVa() <ZVe() < ZYVVa(o).



1642 S. BANERIJEE AND A. BUDHIRAJA

Let d'() := [€!/%]7, t > 0, where 8y is the constant appearing in Lemma 4.6. Define the
following measures:

1 t
Tla (F) = ?/ P(ZYVa(s) € F)ds, FeBERY),
0

1 t
i, (F)i= / P(ZU"Ve(s) € F)ds. F e BRY),
’ 0

fort > 0. For k € N, ¢t > 0, define the measure on Rﬁ,
20y L T pgUew k
fg,(F):= ; P(Z @ o) (s)|x € F)ds, F e B(RY).
0

Take any k e Nand z € Rﬁ. For n € R, write z" for the vector obtained by adding n to each
coordinate. Note that, for any € > 0,

i (=00, 21) < T (=00, 7°])

(6.23) ko1 gt U,
+3y ;/0 P(|27V Ve (s) = 2, ()| > €) ds.
j=1

Hence, using (6.21),

lim sup ,&gf?((—oo, z]) <lim supﬁgfg((—oo, z)) < Jra(k)((—oo, z¢)),
t—00 —00

where the last inequality uses ZV¢(-) < ZUYVVa(.) (cf. Proposition 3.1(iii)) and the stationarity
of the process ZVa (). Taking € | 0 above, we obtain for any k e N, z € Rk,

(6.24) limsup i) ((—00, z]) < 7 ((—00, z]).

t—00

As in the proof of Theorem 2.1, we will show that for any k e N,z € Rk,
(6.25) ng?((—oo, z]) — [Lgf;((—oo, z]) >0 ast— oo.

Fix fo > 0 such that d’ (1) > k. Fort > 1, let y (¢) be the probability law of (0, s(Ua,(d/(,)))T)T
and denote by Y@ the unique weak solution of (1.1) with Y”)(0) distributed as y (¢), given
on some probability space with driving Brownian motions {W;};cn,. Denote the correspond-
ing process of gaps (as defined in (1.6)) as 7270 As in the proof of Lemma 6.3, we use
the fact that a finite-dimensional Atlas model has a unique strong solution. We denote by
Yr©.d'® guch a process with d’(t) + 1 particles, driven by Brownian motions {Wi}?/:%)
initial conditions ¥ " (0) = ¥?(0),i =0, 1,...,d'(t). Denote by X?®-4'®) the cor-
responding process of ordered particles and denote the associated gap process by Zr0.d,
Exactly as in the proof of (6.11) we now see that, for any ¢ € [0, ],z € Rk,

and

P(ZYe 0 (8) |k € (—00,2]) — P(ZY V4D (£)|) € (—o0, 2])|

6.26

(6.26) < IP’( inf inf Yiy(t)(s) < sup Yy(t)(s)).
s€[0,t]i>d'(t) s€[0,]

Now let y* be the probability law of (0, s(U A V,)7)T and denote by Y”" the unique weak

solution of (1.1) with Y (0) distributed as y*. Denote the corresponding process of gaps as

7" . The process of ordered particles X7 d'O with d'(1) + 1 particles and initial values



ATLAS MODEL 1643

YV*(O)|d/(,), and the associated gap process 27’*’”’,(’), are defined in a similar manner as
X7 (0.d'() gpng 77 0-d'(®) By a similar argument as above,

IPZV"Ve ()| € (=00, 2]) = P(Z"" D ()i € (—00,72])]
(6.27)

<P( inf 1anVs<Su s))-
- (se[Ot]l>d/(t) ! (<) se[Opt] k)( )>

Since U A Vg lar(y = Ug, @) lar) We have that 7740 and 7 0-d' (1) have the same distri-
bution and so from (6.26) and (6.27) we have that

|P(ZY%.@0) (¢)y € (=00, 2]) — P(ZY"Ve ()| € (=00, 2])|

§IP’< inf  inf YV()(s)< sup YV(’)(S))

(6.28) sel0.1lizd' () ' sel0.1]

+P( inf 1anys<su Y. (s
(se[Ot]z>d/(t) ;o) Ye[op,] (k)( )>

As in the proof of Theorem 2.1,
]P’( inf inf Yy(t)(s) < sup Y(’;Cgt)(s))

se[0,1]1i>d/ (1) " s€[0,1]

1
< ]P’( inf inf YV (s) < —logd/(t))
s€[0,80 logd'(1)]i>d' (1)

+ IP’( sup Y, )(s) > — logd/(t))
s€[0,80 logd' ()]

where Y7 (+) is the infinite Atlas model with Y (0) distributed as (0, s(U Vv V,)T)T. The last
inequality above uses the observation UA 'V, < U ;) < UV V, and [27], Corollary 3.10(1).
By Lemma 4.6, the right-hand side above converges to zero as d — oo. Similarly,

r*
P(Telﬁ)fl]l;gf(‘l) Y; (s) < sup Y(k) (s)) —0 ast— oo.

Hence, from (6.28), forany k e N, z € R,

sup |P(ZVa@ @) (£)|; € (—o0,2]) — P(ZV"Ve(0)|i € (—00,2])| = 0 as 1 — oo,
cel0,1]

which implies (6.25). By (6.24) and (6.25), forany k e N, z € Rk
lizn_l)igp Eg’fz((—oo, z]) < 7P (=00, z]).

Moreover, as ZU"Va (-) < ZVe (), liminf,_, oo Eg‘? ((—o0,2z]) = nék)((—oo, z]). Thus, we con-
clude that forany k e N, z € Rk,

(6.29) lim u®((—o0,z]) = 70 ((— 00, z]).

=00 _a t
Now note that by (6.23) and (6.21), forany ¢ > 0,k e N,z e ]R’i
limin /i) ((—o0, 2~]) < liminf 72 ((—00, 2]).
Also, by (6.25), liminf, . o Al ((—00, 7]) = liminf, . o0 1®)((~00,2]). Hence, using
(6.29),
7 (=00, 2]) =liminf u) (=00, 27]) < utrg;gfnyf;«—oo, z]).

—a,t
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As € > 0 is arbitrary, we conclude 7, )(( 00, z]) < liminf;_, oo X, ,u (( 090, Z]). Moreover, as

UvVvV, >V, wehave limsup,_, o, ,u(k)(( 00,1z]) < nak)(( 0, z]) Hence, for any k € N,
yAS Rl—i’

(6.30) Jlim ) (=00, z]) = 7P (—00, z).
Finally, as ZV Ve () < ZU(-) < ZUVVVa(.), forany k e N, ze Rk 1 > 0,

(k)

Fat((—00.2) < i (=00, 2)) < u) (00, 2)),

where
wi(F) = ;/OZIP(ZU(S) € F)ds, FeB[RY),t>0.
Thus, using (6.29) and (6.30), we obtain for any k € N, z € RK |
hm y, (( 00,z]) = n(k)(( 00, z]),
which proves the theorem. [J

PROOF OF COROLLARY 2.5. Suppose p := Q5 Exp(2 +ia + A;). Let V ~ 7. Con-
sider the coupling (U, V,) of i and w, defined as

72Vi |% 2Vi e N
= , = , .
T 24ia+ A T 24 a
For sufficiently large i € N,
204l 20l 2
(6.31) Vai=Uil= 5 = Vi< 5 Vi.
R+ia)2+ia+ i) 1-p8Q2+ia) as(1—-p) i
By (2.6),
loglogd /1| V
632) lim sup —e % ZE(' il > —0.
d—oo logd Pyt i
* A IV I)» IV‘ . . . . .
Moreover, M := 1( L —E(=52)), i € N, is a martingale with uniformly bounded

second moment. Indeed for ieN,

LR S+ 12+ ja)?
<0

]E[(Ml*)z] = Z 4] 2:: 4j4

Hence, by the martingale convergence theorem [22], Theorem 11.10, M} almost surely con-
verges to a finite limit as i — oo. This, along with (6.32), implies that, almost surely,

loglogdi A1 Vi

lim sup —— =0.
i

d—oo logd i=1
By (6.31), we conclude that the first statement in (2.5) holds. Also note that

Uy _ 2+4da - 1
dVeg dQ+da+ry) ~ (1—p)d’

which shows that the second statement in (2.5) holds as well. [
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