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Large deviations for random graph models has been a topic of signifi-
cant recent research activity. Much work in this area is focused on the class
of dense random graph models (number of edges in the graph scale as nZ,
where 7 is the number of vertices) where the theory of graphons has emerged
as a principal tool in the study of large deviation properties. These tools do
not give a good approach to large deviation problems for random graph mod-
els in the sparse regime. The aim of this paper is to study an approach for
large deviation problems in this regime by establishing large deviation prin-
ciples (LDP) on suitable path spaces for certain exploration processes of the
associated random graph sequence. Exploration processes are an important
tool in the study of sparse random graph models and have been used to un-
derstand detailed asymptotics of many functionals of sparse random graphs,
such as component sizes, surplus, deviations from trees, etc. In the context of
rare event asymptotics of interest here, the point of view of exploration pro-
cess transforms a large deviation analysis of a static random combinatorial
structure to the study of a small noise LDP for certain stochastic dynamical
systems with jumps.

Our work focuses on one particular class of random graph models, namely
the configuration model; however, the general approach of using exploration
processes for studying large deviation properties of sparse random graph
models has broader applicability. The goal is to study asymptotics of prob-
abilities of nontypical behavior in the large network limit. The first key step
for this is to establish a LDP for an exploration process associated with the
configuration model. A suitable exploration process here turns out to be an
infinite-dimensional Markov process with transition probability rates that di-
minish to zero in certain parts of the state space. Large deviation properties
of such Markovian models is challenging due to poor regularity behavior of
the associated local rate functions. Our proof of the LDP relies on a repre-
sentation of the exploration process in terms of a system of stochastic dif-
ferential equations driven by Poisson random measures and variational for-
mulas for moments of nonnegative functionals of Poisson random measures.
Uniqueness results for certain controlled systems of deterministic equations
play a key role in the analysis. Next, using the rate function in the LDP for
the exploration process we formulate a calculus of variations problem asso-
ciated with the asymptotics of component degree distributions. The second
key ingredient in our study is a careful analysis of the infinite-dimensional
Euler-Lagrange equations associated with this calculus of variations prob-
lem. Exact solutions of these systems of nonlinear differential equations are
identified which then provide explicit formulas for decay rates of probabili-
ties of nontypical component degree distributions and related quantities.
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1. Introduction. Large deviations for random graph models has been a topic of signif-
icant recent research activity (see, e.g., [7, 17, 20-22, 24, 41, 42]). Much work in this area
is focused on the class of dense random graph models (where the degree of a typical ver-
tex scales like z so that number of edges in the graph scale like n2, where n is the number
of vertices). In this regime, the theory of graphons obtained under dense graph limits [8, 9,
24, 34] has emerged as a key tool in the study of large deviation asymptotics. More recently
there has been significant research activity in studying large deviations for subgraph counts
in moderately sparse Erd6s—Rényi random graphs where edge probabilities scale like 1/n¢,
0 < ¢ < 1 (in particular, as in the dense case, the average degree still goes to infinity) using
the framework of nonlinear large deviations [19]. Results include large deviation estimates
for the number of regular subgraphs and cliques [4, 28, 35], sharp asymptotics for the upper
tails of subgraph counts by developing quantitative versions of regularity and counting lem-
mas in extremal graph theory [22] (and their extensions to Erd6s—Rényi hypergraphs [23]),
relaxation of second order smoothness requirements in [19] and applications to the study of
spectral properties of the adjacency matrices of such random graphs [2]. For a recent survey
of both of the above regimes, see [18].

In contrast to the above body of work, the focus of this work differs in the following two
major ways: first the focus in the current work is on sparse random graphs where the aver-
age degree of a typical vertex is O(1) so that the number of edges in the graph are O(n)
as n — oo; second, rather than subgraph counts, in this work we are interested in the large
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deviation asymptotics of component degree distributions. The goal of this work is to study an
approach for large deviation problems in such sparse regimes by establishing large deviation
principles for a class of stochastic dynamical systems, known as the exploration processes,
that play a central role in the study of sparse random graphs. The idea of using stochastic
processes to study large deviation problems for static combinatorial objects has been used
previously in several works, for example, in [26] for studying urn models, in [42] for study-
ing Erd6s—Rényi random graphs, in [21] in the study of preferential attachment model and
in [43] for another type of attachment model. Our work focuses on one particular class of
random graph models where the exploration process is an infinite-dimensional stochastic
process, namely the configuration model; however similar techniques are expected to be use-
ful for other sparse random graph models as well where tractable dynamic constructions via
exploration processes are available.

The configuration model refers to a sequence of random graphs with a number of vertices
approaching infinity and the degree distribution converging to a prespecified probability dis-
tribution p = {pr}ren on the set of nonnegative integers. This random graph model is a basic
object in probabilistic combinatorics; see [36] where sufficient conditions for the existence of
a large connected component in a configuration model were given, which then lead to these
types of random graphs being used as models for various real world systems, see for exam-
ple, [38] and [44] and references therein for a comprehensive survey of rigorous results on
this model (see also [3, 6] where constructions similar to the configuration model were first
used to count graphs with a prescribed degree sequence). This model has become one of the
standard workhorses in the study of networks in areas such as epidemiology (see e.g., [39]
where epidemics on graphs with prescribed degree distribution are considered) and commu-
nity detection (where the configuration model forms the basis of one of the most well known
techniques called modularity optimization [40], [27], Section 6). In such applications, after
observing a real world system, the configuration model with the same degree distribution is
used as a “baseline” model to compare against the real world system to judge the existence
of atypical events. Thus an important question in such random graph models is to estimate
probabilities of atypical structural behaviors, particularly when the system size is large.

In this paper, we are interested in probabilities of events E™¢(q) associated with the con-
figuration model random graph G, on n vertices, described as

(LD E"™*®(q) = {there exists a component in G,, with mj degree k vertices, where
' mi. € [n(gx — €). n(qe + )] k € N},

and where ¢ = (qx)ken is such that 0 < gx < px for every k. One of our main results (see
Theorem 2.6) shows that, under conditions, for large n and small &

(1.2) P{E™*(q)} ~exp{—n[H(q)+ H(p—q)— H(p)]},

where for a nonnegative sequence r = (r¢)keN,

1.3 H(r) = rilogry — | = kri ) log| = kry |.
(1.3) ()];kgk (2}; k) g(z; k>

This result in particular gives asymptotics for probabilities of observing a component of a
given size (see Remark 2.12) and explicit formulas for rates of decay of probabilities of
observing a D-regular component of a given size in G,, (see Corollaries 2.8 and 2.11); see also
Conjectures 2.9 and 2.10 on large deviation asymptotics for the size of the largest component
in a D-regular graph.

In order to prove Theorem 2.6 we first study a more general and abstract problem of large
deviations for a certain class of stochastic dynamical systems in Theorem 2.16. The starting
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point is a dynamical construction of the configuration model given through a discrete time
infinite-dimensional Markov chain referred to as the exploration process (cf. [31, 37]). As the
name suggests, the exploration process is constructed by first appropriately selecting a vertex
in the graph and then exploring the neighborhood of the chosen vertex until the component
of that vertex is exhausted. After this one moves on to another “unexplored” vertex resulting
in successive exploration of components of the random graph until the entire graph has been
explored. The stochastic process corresponding to one particular coordinate of this infinite-
dimensional Markov chain encodes the number of edges in any given component through
the length of its excursions away from zero. The remaining coordinates of this Markov chain
can be used to read off the number of vertices of a given degree in any given component of
the random graph. See Section 2.3 for a precise description of the state space of this Markov
chain. The exploration process can be viewed as a small noise stochastic dynamical system
in which the transition steps are of size O(1/n) with n denoting the number of vertices
in the random graph. A key ingredient in the proof of Theorem 2.6, is a large deviation
principle (LDP) for an infinite-dimensional jump-Markov process that can be viewed as a
continuous time analogue of the exploration process. This result, given in Theorem 2.16, is
our second main result. As other applications of this theorem, we recover a well-known result
on the asymptotics of the largest component in the configuration model due to Molloy and
Reed [37] and Janson and Luczak [31], and also present a result (whose proof is omitted) on
asymptotics of scaled number of components in a configuration model (see Remark 2.17).
The rate function in the LDP given in Theorem 2.16 can be used to formulate a calculus of
variations problem associated with the event E™¢(q) described in (1.1). This problem is at
the heart of our analysis and by studying the corresponding infinite-dimensional system of
coupled Euler-Lagrange equations we construct an explicit minimizer in this optimization
problem (see Lemma 7.6). The cost associated with the minimizer is the exponent on the
right side of (1.2) and provides the exact expression for the decay rate for the probability of
interest.

1.1. Proof techniques and overview of contributions. In addition to the study of the
asymptotics of the configuration model, one of the main motivations for working on these
sets of problems was the development of new techniques for handling large deviations for
processes with “degeneracies.” We will give an overview of these contributions in this sec-
tion.

The exploration process associated with the nth random graph (with n vertices) in the con-
figuration model is described as an R°°-valued “small noise” Markov chain {X"(j)};en,-
Under our assumptions, there exists a N € N such that for all j > nN, X"(j) = 0 for all
n € N. In order to study large deviations for such a sequence, one usually considers a se-
quence of continuous times processes, or equivalently C([0, N] : R°)-valued random vari-
ables, obtained by a linear interpolation of {X" ()} e, over intervals of length 1/n. A large
deviations analysis of such a sequence in the current setting is challenging due to the “dimin-
ishing rates” feature of the transition kernel (see (2.6)) which in turn leads to poor regularity
of the associated local rate function. By diminishing rates we mean the property that prob-
abilities of certain transitions, although nonzero, can get arbitrarily close to O as the system
becomes large. In the model we consider, the system will go through phases where some
state transitions have very low probabilities, that are separated by phases of “regular behav-
ior”, many times. In terms of the underlying random graphs the first type of phase corresponds
to time periods in the dynamic construction that are close to the completion of exploration
of one component and beginning of exploration of a new component. The poor regularity of
the local rate function makes standard approximations of the near optimal trajectory that are
used in proofs of large deviation principles for such small noise systems hard to implement.



1116 BHAMIDI, BUDHIRAJA, DUPUIS AND WU

In order to overcome these difficulties we instead consider a different continuous time pro-
cess associated with the exploration of the configuration model. This continuous time process
is obtained by introducing i.i.d. exponential random times before each step in the edge ex-
ploration Markov chain. A precise description of this process is given in terms of stochastic
differential equations (SDE) driven by a countable collection of Poisson random measures
(PRM), where different PRMs are used to describe the different types of transitions (see Sec-
tion 2.4). Although the coefficients in this SDE are discontinuous functions, their dependence
on the state variable is much more tractable than the state dependence in the transition kernel
of the discrete time model.

Large deviations for small noise SDE driven by Brownian motions have been studied ex-
tensively both in finite and infinite dimensions. An approach based on certain variational
representations for moments of nonnegative functionals of Brownian motions and weak con-
vergence methods [10, 12] has been quite effective in studying a broad range of such systems
(cf. references in [15]). A similar variational representation for functionals of a Poisson ran-
dom measure has been obtained in [15]. There have been several recent papers that have
used this representation for studying large deviation problems (see, e.g., [11, 14, 16]). This
representation is the starting point of the analysis in the current work as well, however, the
application of the representation to the setting considered here leads to new challenges. One
key challenge that arises in the proof of the large deviations lower bound can be described
as follows. The proof of the lower bound based on variational representations and weak con-
vergence methods, for systems driven by Brownian motions, requires establishing unique
solvability of controlled deterministic equations of the form

(1.4) dx(t) =b(x(1))dt + o (x())u®)dt, x(0)=xo,

where u € L2([0, T]: R9) (space of square integrable functions from [0, T] to R isa given
control. It turns out that the conditions that are typically introduced for the well-posedness of
the original small noise stochastic dynamical system of interest (e.g., Lipschitz properties of
the coefficients b and o) are enough to give the wellposedness of (1.4). For example, when
the coefficients are Lipschitz, one can use a standard argument based on Gronwall’s lemma
and an application of the Cauchy—Schwarz inequality to establish the desired uniqueness
property. In contrast, when studying systems driven by a PRM one instead needs to establish
wellposedness of controlled equations of the form

(1.5) x(f)=x(0)+f[0 q S1[0.g(x<s))](y)<p(s,y)dsm(dy), 0<r<T,

where S is a locally compact metric space, m a locally finite measure on S, g: R — R is
a measurable map and the control ¢ is a nonnegative measurable map on [0, 7] x S which
satisfies the integrability property

/ Lp(s, y))ds m(dy) < oo,
[0,T]xS

where £(x) = xlogx — x + 1. If ¢ were uniformly bounded and g sufficiently regular (e.g.,
Lipschitz) uniqueness follows once more by a standard Gronwall argument. However, in gen-
eral if g is not Lipschitz or ¢ is not bounded (both situations arise in the problem considered
here; see, e.g., (2.15)—(2.16)) the problem of uniqueness becomes a challenging obstacle.
One of the novel contributions of this work is to obtain uniqueness results for equations of
the form (1.5) when certain structural properties are satisfied. The setting we need to consider
is more complex than the one described above in that there is an infinite collection of coupled
equations (one of which corresponds to the Skorokhod problem for one-dimensional reflected
trajectories) that describe the controlled system. However, the basic difficulties can already
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be seen for the simpler setting in (1.5). Although for a general ¢ the unique solvability of
equations of the form (1.5) may indeed be intractable, the main idea in our approach is to
argue that one can perturb the original ¢ slightly so that the solution x(-) stays the same and
moreover this x (-) is the unique solution of the corresponding equation with the perturbed ¢.
Furthermore the cost difference between the original and perturbed ¢ is appropriately small.
The uniqueness result given in Lemma 5.1 is a key ingredient in the proof of the lower bound
given in Section 5. The proof of the upper bound, via the weak convergence based approach to
large deviations relies on establishing suitable tightness and limit characterization results for
certain controlled versions of the original small noise system. This proof is given in Section 4.

The rate function in the LDP for the exploration process in Theorem 2.16 is given as a
variational formula on an infinite-dimensional path space (see (2.13)). Getting useful infor-
mation from such an abstract formula in general seems hopeless, however, as we show in
this work, for the event considered in (1.1), the variational formula can be used to extract
much more explicit information. We begin by observing (see (7.1)) that the event E™-¢(q) of
interest can be written explicitly in terms of the exploration process. Using this and the LDP
in Theorem 2.16 one can provide an upper bound for the probability of the event in terms
of a quantity I&r((O, p), (0, p — q)) which can be interpreted (see Section 7 for a precise
definition) as the minimal cost for certain controlled analogues of the exploration process
to move from the state (0, p) to (0, p — q) in T units of time, where T = %Z,‘jo: 1 kqi (see
Lemmas 8.2 and 8.3). We then show that this deterministic control problem, which can be
reformulated as a calculus of variations problem, admits an explicit solution. This solution
is given in Construction 1 and its optimality is studied in Lemma 7.6. Using this optimality
property, the complementary lower bound for the probability of interest is given in Lemma
8.4. Lemmas 7.6 and 8.4 form the technical heart of the proof of Theorem 2.6 and rely on a
detailed and careful analysis of the infinite-dimensional Euler—Lagrange equations associated
with the calculus of variations problem.

1.2. Organization of the paper. The paper is organized as follows. In Section 2 we intro-
duce the configuration model, our main assumptions, and our first main result, Theorem 2.6,
on asymptotics of probabilities of E™¢(q). We record some consequences of these results for
D-regular graphs and subgraphs in Corollaries 2.8 and 2.11. Remark 2.12 discusses another
application of this result to the study of asymptotics of probabilities of components of a given
size. In Section 2.3 we review the edge-exploration algorithm (EEA) from [31, 37] that gives
a dynamical construction of the configuration model. For reasons discussed previously, the
large deviation analysis of the discrete time EEA presents several technical obstacles and thus
in Section 2.4 we introduce a closely related continuous time jump-Markov process (X", Y")
with values in (R x RS”) x R which is mathematically more tractable. Sections 2.5 and 2.6
present our second main result, Theorem 2.16, that gives a large deviation principle for the
sequence (X", Y"),en in a suitable infinite-dimensional path space. In Section 2.6 we also
note two side consequences of Theorem 2.16. The first, given in Section 2.6.1 is a law of
large numbers (LLN) result that recovers well-known results of Janson and Luczak (2009) on
the asymptotics of the largest component in the configuration model. The second, discussed
in Remark 2.17, gives a LDP for the scaled number of components in G, as n — oo.

Section 3 presents the variational representation from [15] for functionals of PRM that
is the starting point of our proofs. Some tightness and characterization results that are used
both in the upper and lower bound proofs are also given in this section. Next, Section 4 gives
the proof of the large deviation upper bound whereas the proof of the lower bound is given
in Section 5. Finally, Section 6 establishes the compactness of level sets of the function I7
defined in Section 2.6, thus proving that /7 is a rate function. Together, results of Sections 4,
5 and 6 complete the proof of Theorem 2.16.
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We next turn to the proof of Theorem 2.6 which is given in Sections 7-9. First in Section 7
we introduce a calculus of variations problem that is central to the proof of Theorem 2.6. We
also introduce (see Construction 1) a candidate minimizer in this optimization problem and
present several technical results (Lemmas 7.1-7.6) that are needed for the proof of the opti-
mality property of the candidate minimizer. Using results of Section 7 the proof of Theorem
2.6 is completed in Section 8. Finally, Section 9 contains the proofs of technical lemmas from
Section 7 whereas Section 10 presents the proof of the LLN results from Section 2.6.1.

1.3. Notation. The following notation will be used. For a Polish space S, denote the
corresponding Borel o-field by B(S). Denote by P(S) (resp. M(S)) the space of probability
measures (resp. finite measures) on S, equipped with the topology of weak convergence.
Denote by C,(S) (resp. M, (S)) the space of real bounded and continuous functions (resp.
bounded and measurable functions). For f: S — R, let || f|lco = sup,¢s | f (x)|. For a Polish
space S and T > 0, denote by C([0, T]: S) (resp. D([0, T'] : S)) the space of continuous
functions (resp. right continuous functions with left limits) from [0, T'] to S, endowed with the
uniform topology (resp. Skorokhod topology). We recall that a collection {X"} of S-valued
random variables on some probability space (€2, F, P) is said to be tight, if for each ¢ > 0
there is a compact set K C S such that sup,, P(X" € K) < e. A sequence of D([0, T'] : S)-
valued random variables is said to be C-tight if it is tight in ID([0, T'] : S) and every weak
limit point takes values in C([0, T'] : S) a.s. We use the symbol ‘=’ to denote convergence in
distribution.

We denote by R* the space of all real sequences which is identified with the countable
product of copies of R. This space is equipped with the usual product topology. For x =
(Xr)keN> Y = Vk)keN, wWe write x < y if xx < y; for each k € N. We will use the notation
a = b to signify that the definition of a is given by the quantity b. Let C = C([0, T] : R),
Coo = C([0,T]: R®), D =D([0, T] : R), Dso = D([0, T]: R*®). Let xT = max{x, 0} for
x € R. Denote by R the set of all nonnegative real numbers. Let Ng = NU{0}. Cardinality of
aset A isdenoted by |A|. Forn e N, let [n] = {1, 2, ..., n}. We use the following conventions:
0log0 =0, O0log(x/0) =0 for x > 0 and x log(x/0) = oo for x > 0.

2. Assumptions and results. Fix n € N. We start by describing the construction of the
configuration model of random graphs with vertex set [n]. A detailed description and further
references for the configuration model can be found in [44], Chapter 7.

2.1. The configuration model and assumptions. Let d(n) = {di(")}ie[n] be a degree se-

quence, namely a sequence of nonnegative integers such that ) 7, dl-(n) is even. Let 2m™ =

Tl di(") . We will usually suppress the dependence of dl-(”) and m®™ on n in the notation.
Using the sequence {d;} we construct a random graph on n labelled vertices [n] as follows:
(i) Associate with each vertex i € [n] d; half-edges. (ii) Perform a uniform random matching
on the 2m half-edges to form m edges so that every edge is composed of two half-edges. This
procedure creates a random multigraph G([n], d(n)) with m edges, allowing for multiple
edges between two vertices and self-loops, and is called the configuration model with degree
sequence d(n). Since we are concerned with connectivity properties of the resulting graph,
vertices with degree zero play no role in our analysis, and therefore, we assume that d; > 0
for all i € [n], n > 1. We make the following additional assumptions.

ASSUMPTION 2.1. There exists a probability distribution p = {px}ren on N such that,
writing n;:) = |{i € [n] : d; = k}| for the number of vertices with degree &, n;(”)/n —

pr asn — oo, forall k e N.
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We will also usually suppress the dependence of n;(”) on n in the notation. We make the
following assumption on moments of the degree distribution.

ASSUMPTION 2.2, There exists some &, € (0, 00) such that sup,cy o2 2k 7 <
0.

The above two assumptions will be made throughout this work.

REMARK 2.3.

(i) Note that Assumptions 2.1 and 2.2, along with Fatou’s lemma, imply that Y 72| px X
k'*ter < oo. Conversely, if > 72, pik* < oo for some A € (4, 00) and {D;}icy is a sequence
of i.i.d. N-valued random variables with common distribution {px}xen, then using a Borel—
Cantelli argument it can be shown that for a.e. w, Assumptions 2.1 and 2.2 are satisfied with
di=Dj(»),i €[nl,neNandep =% — 1.

(i) Under Assumptions 2.1 and 2.2, u = Y72 | kpy < oo and the total number of edges
m= %Z?:l d; satisfies 7 — %21211 kpy as n — oo.

2.2. Large deviation asymptotics for component degree distributions. We will say that
a component of G([n], d(n)) has degree configuration {rn} if the component has ny ver-
tices with degree k, for k € N. Given 0 < g = (qk, k € N) < p, we are interested in the
asymptotic exponential rate of decay of the probability of the event E¢(g) introduced in
(1.1) that corresponds to the existence of a component in G ([n], d(n)) with degree config-
uration {n} satistying (gx — &)n < ny < (gx + €)n, k € N, namely, we want to characterize
limg ¢ limy,— o0 % log P{E™¢(q)}. Note that for there to exist a component with degree con-
figuration {ng;} we must have > 72 kqx > 2332 gk — %). We will in fact assume a slightly
stronger condition:

oo )
(2.1) > kar>2) qr.
k=1 k=1

This condition says that there are strictly more edges than vertices in the component. Define
B = B(q) as follows: B =0 when g1 =0, and when g1 > 0, 8 € (0, 1) is the unique solution
(see Remark 2.4 below) of the equation

o0 o0 k
Y kqe=(1-5%>" 0 qkk.
k=1 k=1 —B

Define the function K (¢) by

1 o0 o0
(2.2) K(g)= (5 > qu> log(1— B(@?) — Y qrlog(1 — B(@))
k=1

k=1
and with H (-) as in (1.3) define

(2.3) Li(@)=H(q)+H(p—q) — H(p)+K(g).

REMARK 2.4. The existence and uniqueness of $(q) can be seen as follows. For o €
(0, 1) consider

ad >k X o — k!
aF(a)ﬁZka—O—az)Zfﬁﬁ“(zﬁ"%‘% -

k=1 k=1
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Fork >3 and o € (0, 1) let Fi(a) = (o — ok~ 1)/(1 ok Tt is easily verified that Fk( ) is
strictly increasing on (0, 1). Thus for « € (0, 1), 0 = F (0+) < Fi (o) < Fr(1—) = == 2 and
SO

oo
—q1=F(0+) < F(@) < F(1-) =) (k= 2)qx — q1.
k=3
Since F is continuous on (0, 1), —q1 < 0and Y 72 3(k—2)gk —q1 = > po 1 kg —2 > 72 gk >
0, we have the existence and uniqueness of 8(q).

REMARK 2.5. We note that for every 0 < q = (qx,k € N) < p, K(q) and H(q) are
finite. Indeed, the finiteness of K (q) is immediate from Assumption 2.2. To see the finiteness
of H(q), note that on the one hand >_7 | g« log gx < 0 while on the other hand

oo o0 CIk oo
D_aklogqr =) qilog sy — (log2) ) (k+ s
k=1 k=1 k=1
o0
k
( Z%)log Ek 14 — (log2) Y "(k + Dgx > —o0,
k=1

where the first inequality follows from nonnegativity of relative entropy and putting mass
1 — 372, gk on k =0, and the last inequality once more uses Assumption 2.2.

The following result gives asymptotics of the event E’>¢(q). The proof of the theorem,
which is based on Theorem 2.16, is given in Section 8.

THEOREM 2.6. Suppose 0 < q < p and that (2.1) is satisfied. Then
(1) (Upper bound) when p1 =0, we have B(q) =0, K(q) =0 and

1
lim sup lim sup —log P{E™(q)} < —11(q).

g—0 n—00

(i1) (Lower bound)

11m1nf11m1nf— log P{E"*(¢q)} = — —I1(q).

e—>(0 n—>x

REMARK 2.7. The proof of Theorem 2.6 relies on a large deviation principle for a certain
exploration process (see Section 2.4) that is given in Theorem 2.16. The latter result does not
require the condition p; = 0. Also note that the lower bound in Theorem 2.6 does not require
the condition p; = 0 either. One can also give an upper bound (without requiring p; = 0) in
terms of a variational formula given by the right side of (8.4). When p; = 0, this variational
expression can be simplified and is seen to be equal to —/;(g). This is shown in Lemma 8.3
whose proof crucially relies on the property p; = 0. Whether the two expressions are equal
in general when p; # 0 remains an open problem.

As an immediate corollary of Theorem 2.6 we have the following result for D-regular
graphs, that is, graphs such that each vertex is of degree D. In the following lim x represents
either lim sup or liminf.

COROLLARY 2.8 (D-regular graphs). Suppose that there exists some D € N with D > 3,
such that py =0, ngy =0 for k # D and pp =1, np = n. Fix qp € (0, 1] and denote by
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E"D’S(q) the event that there is a component of size Np € [n(qp — €),n(gp + €)]. Then

) . 1 ne
lim .0 lim *n—oo log P{E};"(¢q)}
2.4)

D
_ (1 _ E)(qD loggp + (1 — gp)log(1 — gp)).

PROOF. Let gy =0 for k €e N\ {D} and let ¢ = {qx, k € N}. Then since p; =0, we have
B(g) =0and K(q) =0. Using (2.3) we have

Li@)=H(@)+H(p—q) —H(p) +K(g)

D
— qploggp — %m( ;’D) +(1— gp)log(l — gp)

D—Dap, <D—DqD)+D1 <D>
2 £ 2 2 %8\ 3

D
_ (1 _ 3)(@ loggp + (1 — gp)log(1 — ).

The result then follows from Theorem 2.6. [

We note that the expression (2.4) has the same form when ¢p is replaced by 1 — gp. This
suggests that the most likely way of having a component of size around ngp in D-regular
graphs is to let almost all of the remaining n(1 — gp) vertices be in one component. In-
deed, conditioning on having a component of size around n¢gp, the remaining vertices can be
viewed as a smaller configuration model of D-regular graphs with about n(1 — gp) vertices.
It then follows from the well known results for the asymptotics of the largest component in
the configuration model [31, 37] (and Theorem 2.20) that these remaining vertices are in one
component with high probability.

Based on these observations we make the following conjecture.

CONJECTURE 2.9 (D-regular graphs, multiple components). Suppose that there exists
some D € N with D > 3, such that py =0, nk—Ofork;éD andppzl np = n. Fix
M e N and q(’) € (0,1] for each i =1, ..., M, such that Z qu <1. Let q(l) =0 for
k e N\ {D} and letq(’) ={g" ke N},for eachi=1,...,M.Let qM*D) =p_yM 40

Denote by ED M the event that there are components of sizes N( € [n(gp @ —e&), n(q(l) +¢)],
i=1,...,M.Then

1 M+1
hmaﬁrg_)()hm*”_)OO log P{E};" M Z H(g®) - H(p)= (1 — —> Z CI(Z)Iqu(l)

We also note that for each fixed a € [0, 1], the function [0,a] 5 x — xlogx + (a —
x)log(a — x) € (—o00,0] is maximized at x = 0 and x = a. This suggests that, the most
likely way for the largest component to be of certain size, is to let as many of the remaining
components as possible have such a size. Based on this we make the following conjecture on
the large deviation behavior of the largest component size for D-regular graphs.

CONIJECTURE 2.10 (D-regular graphs, largest component). Suppose that there exists
some D € N with D > 3, such that py =0, ny =0 for k # D and pp = 1, np = n. For each

x €10, 1], let qg) =ux, q,ﬁx) =0fork e N\ {D}, and ¢ = {q(x) k € N}. Denote by M" the



1122 BHAMIDI, BUDHIRAJA, DUPUIS AND WU

size of the largest component. Then MT" satisfies a large deviation principle in R with rate
Sfunction In.x defined by

Imax (x) = k() H (¢™) + H(q"' ™) — H(p)
= (l - g)(xk(x) logx + (1 — xk(x))log(1 — xk(x)))

for x € [0, 1] and Inax(x) = 0o otherwise, where k(x) = L%J is the largest integer such that
xk(x) <1.

Recall that = )72, kpx < oo. The following result gives bounds on probabilities of
observing a D-regular subgraph in a configuration model with a general degree sequence

(pr).

COROLLARY 2.11. Suppose that Assumptions 2.1 and 2.2 hold. Also suppose that p1 =
0. Fix D € N with D > 3 such that pp > 0. Fix qp € (0, pp]. Denote by E™%(q) the event
that the graph has a component that is D-regular and has size Np € [n(qp —¢),n(gp +¢€)].
Then

1
lim e, lim*,_, oo — log P{E"™*(q)}
n

= (gploggp + (pp — qp)log(pp —qp) — pplog pp)

_(DqD Io (qu)+M—DqD Io (M—an)_glo (g))
2 8\ 72 2 BT 2 8\2))
PROOF. Letgy =0 fork e N\ {D} and let ¢ = (qx, k € N). As before, since g; =0, we

have B(¢) =0 and K (q) = 0. Using (2.3) we have
L(g)=H(@)+H(p—q —H(p)+K(g)

Dgp Dqp
=qploggp — Tlog >

n
+ (pp —gp)log(pp — qp) + Y pxlog pi —

— Dgp (M — un>
log
k#D

2 2

o
® %
— > prlog i + 5 10g(5)
k=1

= (¢ploggp + (pp — gp)log(pp — qp) — pplog pp)

_(DQDIO <DQD)+M_DQDIO <M—DqD)_glo (g))
2 B\ 2 2\ 2 2 \2))

The result then follows from Theorem 2.6. [

REMARK 2.12. Theorem 2.6 can be used to extract other asymptotic results. We give
below one example without proof. Suppose that Assumptions 2.1 and 2.2 hold. Also suppose
that p; = p» =0. Let r € (0, 1] and denote by E® the event that the graph has a component
that has size N, € [n(r — ¢€),n(r + ¢)]. Then

. . 1 .
lim e lim*,_, 00— log P{E*} = inf  {H(p)—H(@)—H(p—q)}
n 0<g<p:q-1=r
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REMARK 2.13. There is an important connection between the configuration model and
the uniform distribution on the space of all simple graphs (namely graphs which have no
multiple edges and self-loops) with a prescribed degree distribution which we now describe.
Given a degree sequence d(n), let G([n],d(n)) be the set of all (simple) graphs on ver-
tex set [n] with degree sequence d(n). Let UM, (d(n)) denote the uniform measure on
G([n],d(n)). Then as is well known (see, e.g., [44], Proposition 7.15), the configuration
model satisfies the property that the conditional distribution of G ([n], d(n)), given the event
that G([n], d(n)) is simple, is UM, (d(n)). Further, by [30], under the assumptions of the
current paper P(G([n], d(n)) is simple) — e~ ¥/2Fv"/4) where v = 3" k(k — 1) pi/ Si kpx.
These observations suggest a natural approach to asymptotic questions of the form studied in
the current work for (simple) graphs with a prescribed degree distribution. In particular by an
elementary Bayes formula calculation it follows that if

log P(G([n], d(n))is simple | E™¢(q)) N

n

(2.5)

0,

then Theorem 2.6 will continue to hold with the configuration model replaced with the uni-
form distribution on the space of simple graphs with prescribed degree sequence. In general,
characterizing the asymptotics of quantities as in (2.5) is key to the large deviation analysis
of UM, (d(n)). Study of these questions is deferred to future work.

2.3. Edge-exploration algorithm (EEA). Given a degree sequence d (n), we now describe
a well-known dynamic construction of the configuration model G ([n], d(n)) given in [31,
37] by sequentially matching half-edges. Tracking functionals of this dynamic construction,
in particular hitting times of zero of the number of so-called active edges (see below) reveals
component size information of G([n], d(n)). Construction given below closely follows [31].
This algorithm traverses the graph by exploring all its edges, unlike typical graph exploration
algorithms, which sequentially explore vertices. At each stage of the algorithm, every vertex
in [n] is in one of two possible states, sleeping or awake, while each half-edge is in one
of three states: sleeping (unexplored), active or dead (removed). The exploration process
sequentially visits vertices, awakening vertices while activating or killing half-edges.

Write Sy(j) for the set of sleeping vertices at step j and similarly let Sg(j), Agr(j) be
the set of sleeping and active half-edge at step j. We call a half-edge “living” if it is either
sleeping or active. Initialize by setting all vertices and half-edges to be in the sleeping state.
For step j > 0, write A(j) = | Ag(j)| for the number of active half-edges and Vi (j) for
the number of sleeping vertices v € Sy(j) with degree k. Write V (j) = (Vi(j), k € N) for
the corresponding vector in RS°. At step j = 0, all vertices and half-edges are asleep hence
A(0) =0 and Vi (0) = ny for k > 1. The exploration process proceeds as follows:

(1) If the number of active half-edges and sleeping vertices is zero, that is, A(j) =0 and
V(j) =0, all vertices and half-edges have been explored and we terminate the algorithm.
(2) If A(j) =0and V(j) # 0, so there exist sleeping vertices, pick one such vertex with
probability proportional to its degree and mark the vertex as awake and all its half-edges as
active. Thus the transition (A(j), V(j)) to (A(j + 1), V(j + 1)) at step j + 1 takes the form
kuy,

0, v) = (k, v — ey) with probability ———
Yy ivi

, keN,

where ey, is the kth unit vector.

(3) If A(j) > 0, pick an active half-edge uniformly at random, pair it with another uni-
formly chosen living half-edge (either active or sleeping), say ¢*, merge both half-edges to
form a full edge and kill both half-edges. If ¢* was sleeping when picked, wake the vertex
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corresponding to the half-edge ¢*, and mark all its other half-edges active. Thus in this case
the transition takes the form

a—1
, -2, ith probabilit ,
(a,v)— (a v) with probability ?ilivﬁ—a—l
(@, v) > (a+k—2 ) with probabilit kv keN
a,v)— (a — 2, v — e;) with probabili , .
k p y2§1ivi+a—1

The statements in (2) and (3) can be combined as follows: If A(j) # 0 or V(j) # 0, then
the transition (A(j), V(j)) to (A(j + 1), V(j + 1)) takes the form

(a,v) = (a —2- 1yg=0y, v) with probability — (a— ¥ ,
iz ivi+(@— D7
kuy
YXivi+(a—1DF’

(2.6) (a,v)r (a+k—2-1{4~0), v — er) with probability

k e N.

The random graph G ([n], d (n)) formed at the termination of the above algorithm has the
same distribution as the configuration model with degree sequence d(n) [31, 36].

REMARK 2.14. We note that for j > 0, A(j) =0 if and only if the exploration of a
component in the random graph G([n], d(n)) is completed at step j. Thus the number of
edges in a component equals the length of an excursion of {A(j)} away from O and the
largest excursion length gives the size of the largest component, namely the number of edges
in the component with maximal number of edges. The vertices in each component are those
that are awakened during corresponding excursions.

Note that at each step in the EEA, either a new vertex is woken up or two half-edges
are killed. Since there are a total of n vertices and 2m half-edges, we have from As-
sumptions 2.1 and 2.2 that the algorithm terminates in at most m + n < nL steps where
L =1+ [sup, % > ey k7] < 0o. We define A(j) =0and V(j) =0 forall j > jo where jo
is the step at which the algorithm terminates.

2.4. An equivalent continuous time exploration process. A natural way to study large
deviation properties of the configuration model is through the discrete time sequence
{A(j), V(j)}jen, in EEA which can be viewed as a discrete time “small noise” Markov pro-
cess. In order to study large deviations for such a sequence, a standard approach is to consider
the sequence of C([0, L] : R°°)-valued random variables obtained by a linear interpolation of
{A(j), V(j)}jen, over intervals of length 1/n. As was noted in the Introduction, the “dimin-
ishing rates” feature of the transition kernel (2.6) makes the large deviations analysis of this
sequence challenging. An alternative approach is to consider a continuous time stochastic
process that provides a tractable construction of the configuration model. We briefly recall
one such construction that was introduced in [31], Section 4.

2.4.1. A simple continuous time construction. In [31], Section 4, it was observed that
the configuration model can be explored using a continuous time process constructed using
exponential random variables as follows.

1. Every half-edge e is given an independent exponential life-time (call this a clock).
Initially, all half-edges and vertices are taken to be sleeping.
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2. Whenever the clock of a half-edge rings this half-edge becomes awake and connects
to an existing awake half-edge if such a half-edge exists; otherwise it waits for the next half-
edge clock to ring and connects to this half-edge completing a full edge. Both such half-edges
are then called dead. If at any point a half-edge of a sleeping vertex awakes, that vertex is
then said to be awake.

3. The process continues until all half-edges are dead at which point the exploration
ends.

It is observed in [31], Section 4, that the random graph constructed at the end of the explo-
ration is a realization from the desired configuration model.

Although the above continuous time construction gives a simple method to produce a
sample from the configuration model, it turns out to be hard to directly use it for the study
of large deviation problems of interest here. In view of this we present below a different
continuous time process for the exploration of the configuration model that is obtained by a
more direct Poissonization of the Markov chain (A(-), V ()) in Section 2.3.

2.4.2. A continuous time construction via Poissonization. Let N(t) be a rate-n Pois-
son process independent of the processes (A, V) of Section 2.3 and define (A(z), V(1)) =
(A(N(t)), V(N(t)). Then (A, V) gives a natural continuous time process associated with the
exploration of the configuration model. We now give a distributionally equivalent represen-
tation of this process which is more tractable for a large deviation analysis. The construction
given below ensures that {(nX((-) + 1,nX} (), k € N}, where X;? are processes defined be-

low, has the same distribution as {A(-), Vk(-), k € N}.

We begin with some notation that will be needed to formulate the continuous time model.
For a locally compact Polish space S, let M ¢ (S) be the space of all measures v on (S, B(S))
such that v(K) < oo for every compact K C S. We equip Mpc(S) with the usual vague
topology. This topology can be metrized such that M rc(S) is a Polish space (see [15] for
one convenient metric). A Poisson random measure (PRM) N on a locally compact Polish
space S with intensity measure v € Mpc(S) is an M pc(S)-valued random variable such
that for each A € B(S) with v(A) < 0o, N(A) is Poisson distributed with mean v(A) and for
disjoint Ay, ..., Ax € B(S), N(Ay), ..., N(Ag) are mutually independent random variables
(cf. [29)).

Let (2, F,P) be a complete probability space on which are given ii.d. PRM
{Nr(dsdydz)}ken, on Ry x [0, 1] x Ry with intensity measure ds x dy x dz. Let

Fi =0 {Nu((0,s1x Ax B),0<s<t,AeB(0,1]), Be BR;), keNg}, >0

and let {#;} be the P-completion of this filtration. Fix T € (0, 00). Let P be the {Filo<i<T-
predictable o -field on € x [0, T]. Let Ay be all (P ® B([0, 1]))/B(R;)-measurable maps
from © x [0, T] x [0, 1] to R4. For ¢ € A, define a counting process N,‘f on [0, T] x [0, 1]
by

NZ([0,1] x A) i/ Li0,0(s,)1(2) Nx(ds dydz), t€[0,T], AeB([0, 1), k € No.
[0, ]x AxR4

We think of N, k(p as a controlled random measure, where ¢ is the control process that produces

a thinning of the point process Ny in a random but nonanticipative manner to produce a

desired intensity. We will write N k(p as N ,? if ¢ = 6 for some constant 6§ € R, . Note that N, ,‘?

isaPRMon [0, T'] x [0, 1] with intensity 8 ds x dy. For x = (xo, x1, x2,...) € R x R, let

+
1

r(x) = (xo)t + kak, ro(x) = ( {r(x)€(0,00) }»

X0
(2.7 k=1 T

k

. KXk
ri(x) = ml{r(x)e(o,oo)}’ k e N.
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Note that ZkeNo ri(x) = 1 whenever r(x) € (0, c0). Recall that e is the kth unit vector
in R*, k € Ny. Define the state process X" (t) = (X (¢), X (1), X5 (¢),...) with values in
R x RS as the solution to the following SDE:

1
X"(t)=X"(0)+ ” ./[o . Lixa(s—=01[—2€0]1[0,ry(x7(s—)))(¥) No (ds dy)

1
+ —/ ixnes— k—2)ep — er]1 " (s— N{ (dsd
(2.8) Z oterory XE6 )20i[ (k — 2)eo — e ]Lj0,r(x7(s—))) () Ny (ds dy)

—I—Z /Ol o] Lixzs—)<oylkeo — exllo rexns—) (V) Ni (ds dy),

where X"(0) = %(—1, ni,na,...). The existence and uniqueness of solutions to this SDE
follows from the summability of r;(-). Indeed, for each z € R x R and u € [0, T], the
process

1
Zn(u? Z,t) = _/
n

No(dsdy)JrZ f Lor@WN; (dsdy), u<t=<T
(u,t]1x[0,1]

(u,t]1x[0,1]

satisfies Z"(u, z, T) < 00 since Y yen, 7k(z) < 1. Together with the mutual independence
of the PRM {Ni(dsdydz)}ien, this says that the jump instants of the point process
{Z"(u, z,t)}y<t<T can be enumerated as

u<t(@@)<---7 (2 <T,

where k, =nZ"(u, z, T). Thus having constructed the solution of (2.8) on [0, «], the solu-
tion can be extended to [0, 7{'(z)], where z = X" (u), and the unique solution of (2.8) is now
obtained by a standard recursive construction from one jump instant to the next. The solu-
tion can be written in an explicit form in terms of the atoms of the PRM {N;'} which also
shows that the solution is a measurable function of the driving PRM. It is not difficult to
see that %(A(j) — 1, Vi(j), Va(j), ...) in the discrete time EEA can be viewed as the em-
bedded Markov chain associated with X”. Namely, denoting the jump instants of the process
X" as {oj’-’}, the collection {(n.X{ (UJ’.‘) +1,nX} (a]’.’)), k, j € N} has the same distribution as
{A(j), Vi(j), k, j € N}. In particular, for k € N, n X} (o*j’?) can be interpreted as the number
of sleeping vertices with degree k at the jth step of the exploration in the discrete EEA and
in view of Remark 2.14, the excursions of X{j away from —1/n track the components in the
configuration model. In defining the state process, one could replace X(j(0) with the asymp-
totically equivalent process X(;(0) + 1/n which starts from 0 and is more directly comparable
with the sequence A(j)/n. However some of the expressions are simplified (see, e.g., the for-
mulas for rates in (2.7) and the transition probabilities in (2.6)) when describing the state in
terms of X((0) instead of X((0) + 1/n. We now rewrite the evolution of X" as follows:

k—2
X"(1) = X"(0>+oZ( )

10,r x5 () NE (ds dy)
k=0 " [0,£1x[0,1] [0,k (X" (s—)) W) N y

N~ 1 nis v (v) N (ds dy)
Z /[0 o OGS " () Ni y

+eZ/

Lo, (xr Nl'(dsd
outeo.r) | KbE=0 0 6-» ) T (ds dy).
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Here the first two integrands do not depend on the sign of X{ and are interpreted as the main
contribution to the evolution. The last sum is a “reflection” term in the eg direction and makes
a contribution of %eo only when X{j(s—) < 0. For t > 0 define

X k-2
2.9) Y"(1) = X5(0) + Z

1 n (y)N;/ (dsd
/[.Ot]x[O . [0.(X"(s—)) (V) Ni (ds dy),

(2.10) n(r)—Z/

_ 1 neg_ Nt (dsdy).
O TX0] Lixns—y<01110,m (x7(s—) (¥) Ny (ds dy)

Using these we can write
(2.11) Xo@®)=Y"(@)+n" (1),

1
e Xio=x0- [ Hom -y () Ni@dsdy), keN.
n J[o,t]1x[0,1]

Here n" is viewed as the regulator function which ensures that X(¢) > —%. Note that for
k € N, X} (t) is nonincreasing and nonnegative. Also, from (2.8) we see that (X" (1)) is
nonincreasing.

2.5. Rate function. The main result of this work gives a large deviation principle for
{(X", Y™} en in the path space Do, x D. In this section we define the associated rate func-
tion I7, where the subscript 7 makes explicit the fact that the processes {(X", Y")},en are
considered on the time horizon [0, T']. Including the process Y" in the LDP is convenient for
obtaining large deviation results, for the degree distribution in giant components, of the form
given in Section 10.

Recall the probability distribution p = {py}xen introduced in Assumption 2.1. In order to
describe the rate function it will be convenient to introduce the Skorohod map. The use of
the Skorohod reflection mechanism to describe exploration processes for random graphs goes
back to the work of Aldous [1]. In the context of large deviation problems for Erd6s—Rényi
random graph models it has also been used in [42]. Let I" : C — C denote the one-dimensional
Skorokhod map defined by

PO =y @) — inf Yy(s)A0, t€[0.T] ¢ eC.

Let Cr be the subset of C, x C, consisting of those functions (¢, 1) such that:

(a) ¥(0) =0, and ¥ is absolutely continuous on [0, T'].

() ¢o) =T@)(@) fort €[0, T].
(c) Foreach k € N, £x(0) = pr, Lk is nonincreasing and absolutely continuous and i (¢) >
Oforte[0,T].

For (¢, V) € (Do X D)\ Cr, define I7(¢, ¥) = oco. For (¢, ¢) € Cr, define

2.13) Ir (g, ¥) = Z/O oy Lot ) dsdy .

¢€$T(€ Iﬁ){
Here for x > 0,

(2.14) Lx)=xlogx —x+1,
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and St (¢, V) is the set of all sequences of functions ¢ = (¢x)keny, ¢k : [0, TT1x [0, 1] = Ry,
such that

215 Y@= (k— 2)/
k=0 [

1 ‘ k(s,y)dsdy, tel0,T],
0,£]1x[0,1] 10,72 (s)) (V) @r (55 ¥) y

2.16) () = pr— f Lo o) @l y)dsdy, keN,1e[0,Tl.
[0,¢1x[0,1]

REMARK 2.15. Suppose (¢, V) € Cr satisfies (2.15) and (2.16) for some ¢ € St (¢, V).

(a) From Assumptions 2.1 and 2.2 it follows that the following uniform integrability
holds: As K — oo:

o0 o o
sup Y kgx(t) < Yk sup &)=Y kpr— 0.
0=t=T —g k=K O=t=T k=K
This in particular says that (£ (-)) € C, where r(-) is defined in (2.7).

(b) For any k € N, whenever i () = 0 for some #; € [0, T'], we must have {;(¢) = 0 for
all ¢ € [#, T]. This follows since ¢ is nonincreasing and nonnegative for every k.

(¢) Whenever r(¢(t*)) = 0 for some t* € [0, T'], we must have from part (b) that £x () =0
for all z € [t*, T] and k € N. This, together with (2.15), implies that ¥ (-) is nonincreasing on
the interval [¢*, T']. Hence by property (b) of Cr, ¢o(¢) is nonincreasing and nonnegative for
t € [t*, T]. Since £o(t*) = 0, we must then have Zo(¢) = 0 for ¢ € [¢+*, T], which means that
¢(t) =0fort € [t*, T]. Thus whenever such a ¢* exists, ¢ (z) = 0 after the time instant

2.17) 7 =inf{r € [0, T]: r(¢ (1)) =0} A T.

2.6. LDP and LLN for the exploration process. The following LDP is one of our main
results and is key to the proof of Theorem 2.6.

THEOREM 2.16. The function It in (2.13) is a rate function on Dy, x D and the se-
quence {(X", Y™)}nen satisfies a large deviation principle in Do, x D with rate function It.

Outline of the proof. Due to the equivalence between a large deviation principle and a
Laplace principle, it suffices to show the following three statements (cf. [25], Section 1.2,
or [13], Section 1.2).

(1) Laplace principle upper bound: For all & € C,(Ds x D),
1 n n
2.18 li —log Ee "YY< inf {I7(¢, h(Z,y)).
(2.18) imsup —log Ee < (C’w)lélcooxc{ T, ¥) +h(&, ¥}
(2) Laplace principle lower bound: For all & € Cp(Ds x D),
1 n n
2.19 liminf —log Ee ""&" Y > . inf  {Ir(¢, h(E, ).
(2.19) iminf log Ee > (;,w)lgcooxc{ (& V) +h(&, )}

(3) Ir is a rate function on Dy, x D: For each M € [0,00), {(¢,¥) € Dy X D :
I7(¢,¥) < M} is a compact subset of Dy, x D.

Statements (1), (2) and (3) will be shown in Sections 4, 5 and 6, respectively.
REMARK 2.17. As noted above, the LDP in Theorem 2.16 is a key to the proof of The-

orem 2.6. In the next subsection we will show how this LDP can be used to easily give a
LLN result. The LDP can be used to establish other asymptotic results as well. We give one
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such example without proof below. Denote by C” the nnumber of components in G ([n], d(n)).
Then 5" defined in (2.10) can be used to represent % Such an observation in the context
of Erd6s—Rényi random graphs was first made in [1] (see also [42]). Note that whenever the
EEA starts to explore a new component, X will jump from —% and as a result, n" will
increase by % Therefore,
c" n"'() . n"(T)
— =sup = lim .
n >0 2 T—oo 2

Observe from (2.11) that n" = X — Y", and that for large deviation asymptotics one can

()
assume that the EEA terminates by time N =1+ [sup,, ; Y re k"" ] < oo (see Lemma 8.1
and its proof for precise details). Using this fact, Theorem 2.16, and the contraction principle
one can establish that C satisfies a large deviation principle in R with rate function I
defined by
[(x)= lim inf IT (&, ¥).

T—o00 (&.9)eCr:5o(T) =¥ (T)=2x

The rate function [ (x) has the following alternative representation.

s . N YO+ 2 (k= 2)5 @)
1= <;,w)ecN:¢o<N>1—nwf<N>=2x.c<N>=0/o [ro(;(t))g( 2ro(8 (1)) )
- 5 (1)
ef— d
+,;rk(“”)< rk@(z)))] t

2.6.1. Law of large number limits. The LDP in Theorem 2.16 can be used to identify the
LLN limit (¢, ¥) of the exploration process (X", Y"), which corresponds to the unigue pair
satisfying I7(¢, v) = 0. In particular we recover well-known results for the asymptotics of
the largest component in the configuration model [31, 37]. We assume the following strength-
ened version of Assumption 2.2.

ASSUMPTION 2.18.  sup,cy 5o 2k? < oo.

REMARK 2.19. Under our standing assumptions, namely Assumption 2.1 and 2.2, one
can show by following the arguments in Section 3 that {(X", Y")},en is tight and any weak
limit point (¢, ¥) of this sequence is in C7 and satisfies (2.15) and (2.16) with ¢ = 1 for
k € No. However it seems hard to argue the uniqueness of this limiting system of equations
without additional conditions. Instead we show that if Assumption 2.2 is replaced with the
stronger condition in Assumption 2.18 then there is an explicit trajectory (¢, ¥) for which
the rate function vanishes and in fact it is the unique such trajectory. This is the content
of Theorem 2.20 and Proposition 2.21. From these results the LLN follows immediately.
Whether the LLN holds under the weaker Assumption 2.2 is an open problem.

Recall u = Z,‘?ozl kpy and note that u < oco. Define, for z € [0, 1],

N k o kpk k—1
Go(z)inkz and GI(Z)iZTZ .

k=1
Define Fi(t) = Go(s) — Go(st) for s € (0, 1] and ¢ € [0, 1]. Then Fy: [0, 1] — [0, Go(s)] is
strictly decreasing and continuous. Let Fj ~1(.) denote the inverse of Fy. Define
Fo (t) when 0 <t < Go(s),
when t > Go(s).

fs(t) =
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Then f(z) is strictly decreasing until it hits zero. Note that in particular, f1(z) = F| 1(t) X
L10,17(¢). Define fo(t) =0 for ¢ > 0.

FixT > % The following theorem together with Proposition 2.21 characterizes the unique
(¢, ) € Cr that minimizes the rate function I7(¢, ¥). Letting

i e k(k—1)pr
Z}Cﬁ] kpi

part 1 of the theorem considers the subcritical and critical cases v < 1, where the size of the
largest component is o(n), while part 2 considers the supercritical case v > 1, where the size
of the largest component is O (n). Proofs of Theorem 2.20 and Proposition 2.21 are provided
in Section 10.

THEOREM 2.20. Suppose that Assumptions 2.1 and 2.18 hold.
(1) Suppose 3 ;21 k(k —2) pr < 0. Define & (t) = (5 (t))ken, and ¥ (t) by
() =0, 5() = pe( i)', keN,

t o0
Yi) = —2/0 ro(8)) ds + 3 (k = 2)(pr — & (0).

k=1

Then (¢, ) € Cr and I7(¢,¥) =0.

(2) Suppose Y72 k(k —2)px > 0. If p1 > 0, then there exists a unique p € (0, 1) such
that G1(p) = p. If p1 =0, G1(p) = p with p = 0. Define Tt = %(1 — p%) > 0 and define
& () = (&k(t))keN, and Y (t) by

60(t) = [ =2t = 1 = 20/uG1 (1 =2t/ W]l 0.1 (),

pr(l— ZI/M)I(/2 when 0 <t <rt,

k eN,
prp*(fot — I))k whent > T,

é“k(l)ﬁ{

t o0
V() = —2/0 ro(e)ds + 3tk — 2) (px — & (0).
k=1

Then (&, v) € Cr and I7(¢,¢¥) =0.

The following proposition says that there is a unique (¢, ) satisfying I7(¢, ) =0, so
that this pair is the law of large numbers limit.

PROPOSITION 2.21. Suppose Assumptions 2.1 and 2.18 hold. Then the pair (¢, V) de-
fined in Theorem 2.20 is the unique element of Do X D such that I7(¢, ) =0.

3. Representation and weak convergence of controlled processes. We will use the
following useful representation formula proved in [15]. For the second equality in the theorem
see the proof of Theorem 2.4 in [11]. The representation in the cited papers is given in terms
of a single Poisson random measure with points in a locally compact Polish space. However
for the current work it is convenient to formulate the representation in terms of a countable
sequence of independent Poisson random measures on [0, T] x [0, 1]. This representation is
immediate from the results in [15] and [11] by viewing the countable sequence of Poisson
random measures with points in [0, 7] x [0, 1] and intensity the Lebesgue measure A7 on
[0, T'] x [0, 1] as a single PRM with points in the augmented space [0, T'] x [0, 1] x Ny with
intensity A7 ® o, where @ is the counting measure on N. Recall that A, denotes the class of
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(75 x B([0, 1]))/B(R,)-measurable maps from 2 x [0, T'] x [0, 1] to R,. For each m € N
let

/ib,m = {(Wk)keNo Tk € fl+ for each k € Ny such that for all (w,t,y) € 2 x [0, T] x [0, 1],

1/m < gr(w,t,y) <m fork <m and g (w,t,y) =1 fork > m}

and let Ap = (J°_; Ap . Recall the function ¢ defined in (2.14).

THEOREM 3.1. Let F € Mp([MFpc([0, T] x [0, 11)]1°°). Then, for 6 > 0,

_log Ee~F((Nkeno)

= inf [QZ/ o L y))dsdy+F((Nf”k)keNo)]

pr€AL keNy

00
= inf E|6 f 0(pi(s, y))dsdy + F NO i|
o=(01)keNy €Ap |: Z [0,T]x[0,1] ( ) (( k )keNo)

Fix h € Cp(Do x D). Since (X", Y™) can be written as W ((N} )ken,) for some measurable
function W from [Mgc ([0, T] x [0, 11)]%° to D x D, we have from the second equality in
Theorem 3.1 that, with (0, F) = (n, nh o W),

1 log Ee~"h(X".Y")
n

(3.1) o
— inf E / @t (s, y))dsdy +h(X", Y™M) }.
LS [ o G sy T

0"=(¢ JkeNy EAb

Here ()_(n, Y") = \IJ((NZ(pk)keNO), which solves the controlled analogue of (2.9)—(2.12),
namely X" (0) = L(=1,n1,n,,...), and for ¢ € [0, T,

© k-2
(3.2) Y”(t)_XO(O)+Z

1 N (ds d
/[‘Ot]X[OI] [0,rx (X" (s— )))(y) p o ( ¥,

nel!
(33) Xit)=V"(t)+ = Z /onx[ou K16r<0) 0 (2 sy ) Ni X ds dy),

1 n
(.4 XP1)=X{(0)—— / Lo @ 5oy ) Ni *(dsdy), keN.

[0,#1%[0,1]
There is a bar in the notation X", ¥" (and V" defined in (3.12) below) to indicate that these
are “controlled” processes, given in terms of the control sequence ¢" = (¢} )ken,. We will
occasionally suppress the dependence on ¢" in the notation and will make this dependence
explicit if there are multiple controls (e.g., as in Section 4).

In the proof of both the upper and lower bound we will show it is sufficient to consider a
sequence {¢; € A, k € Ny} that satisfies the following uniform bound for some My < oo:

o0

(3.5) sup / L(pf(s,y))dsdy < My, as. P.
neN,Z;) oo " E)

In the rest of this section we study tightness and convergence properties of controlled pro-
cesses (X", Y™) that are driven by controls {¢;} that satisfy the above a.s. bound.
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From (3.2)—-(3.4) we can rewrite

(3.6) Y'(6) = X((0) 4+ Y _(k—2)B (1),
k=0
(3.7) X0 =Y"0) +1" @),
(3.8) XP@t) =X} O) — Bl (1), keN,
where
6o Bw= [ e 0N @san, ke,
n Jo,:]x[0,1] ’

_"(’)_Z / vio <0 0 o O N Hdsdy)
(3.10)

— 1,5n 1 v, . N”‘P]r; dsd .
n f[o’t]x[o’l] (X362 <0 0. (8 (5 ) N (s dy)

Here the last line follows on observing that 1{5‘3 (5—)<0} 1[0,r0(5(” (s_)))(y) =0

Since m = sup,cy Y_g=; k5% < oo by Assumption 2.2, using (2.7) we have —% <

)_(6’ ) <m,0< r()_(n (1)) <mjpand 0 < )_(,’(’ (1) < ';—" for ¢ € [0, T']. In particular, the nonneg-
ativity of X}/ (¢) is an immediate consequence of the evolution equation (3.4) on observing
that 7, (X" (s—)) = 0 if X}'(s—) = 0 and that the jumps of X7 are of size 1/n. Also note that
both r(}_(n (-)) and )_(,’:(~) for k € N are nonincreasing.

The following lemma summarizes some elementary properties of £. For part (a) we refer
to [14], Lemma 3.1, and part (b) is an easy calculation that is omitted.

LEMMA 3.2.

(a) For each B > 0, there exists y (B) € (0, 00) such that y(8) > 0 as B — oo and x <

Yy (B)e(x), for x > B > 1.
(b) Forx =0, x <€(x)+2.

The next lemma gives some uniform integrability properties for the control sequence ¢”.

LEMMA 3.3. For K € N define

o0
31 Uk =sup E f k@l (s, M1z dsdy}!.
( : . neg { Z [0,T]x[0,1] (s ) [0,k (X7 (5))) o) y}

Then Ug < oo for each K € N and limg _, oo Uk =0.

PROOF. From (3.9) and (3.8) it follows that
_ 0 _ 0 _ ~ o0 kn
Uk = sup E{ Z kB,?(T)} = sup E{ Z k[ X} (0) — XZ(T)]} < sup —.
neN k=K neN k=K nENk:K n
Recalling ¢, € (0, 00) introduced in Assumption 2.2, we have
o k o.¢]
sup Y Bk g—ep sup » Tk 1+en 5
”eNk=K n neNkZI n

as K — oo. The result follows. [
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The following lemma proves some key tightness properties. Write B" = {l§,’<1 }ken,- Define
V" = {V}/ }ken,, Where for k € Ny,

(3.12) (10, 1] x A)ﬁf[o , $hG.y)dsdy, 1€10,T1, A€ B(0,11).

LEMMA 3. 4 Suppose that the bound in (3.5) is satisfied. Then the sequence of random

variables {(v", X", Y", B", n™}is tight in [M([0, T] x [0, 1])]°° X Doo X D x Doy x D.

PROOF.  We will argue the tightness of {v"} in [M([0, T'] x [0, 11)]1°° and the C-tightness
of {X"}, {Y"}, {B"}, and {7"} in Doo, D, Dso, and D respectively. This will complete the
proof.

Consider first {v"}. Note that [0, T'] x [0, 1] is a compact metric space. Also from Lemma
3.2(b) and (3.5) we have a.s. for each k € Ny,

5(10, T x [0, 1]) = f ol (s, y)dsdy
[0,T]x[0,1]

< / (€(ef (s, ) +2) dsdy < Mo +2T.
[0,T]x[0,1]

Hence {v}'} is tight in M([0, T'] x [0, 1]).

Next, since )_(Z (0) € [0, 1] for k € N a.s., we see from (3.7) and (3.8) that C-tightness of
{X"} in Dy follows once we show C-tightness of {Y"}, (B"} and {n"}.

We now show that {(Y"(z), B" (¢), 7" (t)))} is tight for each ¢. From (3.6), (3.9) and (3.10),

E[\Y"m\ + Y |Blo)| + Iﬁ”(f)!}
k=0

1 o0
- Z|k 2|+ 1E|Bl(t)| + E|i" (1)|

:

1 n
=< ; +E Z ./O TIx[0. 1] k —2[+1+2- 1{k21}](/)k (s, y)l[()’,k(jf’l(s)))()’) dsdy

1 _
< —-4+3E @ (s, y)dsdy 44Uy,
n [0,T]x[0,1]

where the last line uses the definition of U in (3.11). From Lemma 3.2(b) and (3.5), we have

E 9o (s, y)dsdy <E [€(¢5 (s, y)) + 2] ds dy < Mo +2T.
[0,T]1x[0,1] [0,T]x[0,1]
Therefore, sup, ¢y E[|Y" ()| + Z,fioléli’(t)l + 7" (t)]] < co and we have tightness of
{(Y"(t), B"(1), 1" (1))} in R x R® x R for each € [0, T.

We now consider fluctuations of (Y”, Bn, n"). Recall the filtration {F;}o<;<r. For é €
[0, T, let T be the collection of all [0, T — §]-valued stopping times 7. Note that for T € T,

E|Y"(t+8) —Y"(7)| < E[Z(k+2)|l§,?(r +8) — B’,’:(r)|:|.
k=0

Thus in order to argue tightness of {(¥", B",iM), by the Aldous—Kurtz tightness criterion
(cf. [33], Theorem 2.7) it suffices to show that

(3.13) limsuplimsup sup E[Z(k+2)|é;§(r +8) — B (D) + 7" (t +8) — ﬁ"mq =

§—>0 n—=>00 78 |10
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From (3.9) and (3.10) it follows that for every K € N and M € (0, 00),

E[Z(k+2)|3}j(r +8) = Bl (D)|+ |[i"(x +8) — ﬁ”(r)|:|
k=0

<E

(k + 4)(/)]? (s,¥) l[O,rk()_(n(s))) (y)dsdy

k=0 Kt,r-{—é]x[O,l]

K—1
<FE / k+ D@l (s, Y)1in¢, dsd
,Z(:)[ (r,748]x[0,1] ictS: Y Hep s, >M) 45 €Y

+/ (k+4)¢l’€1(s’y)l{(ﬂg(s,)’)SM}dey] +50K
(7,74+68]x[0,1]

Using Lemma 3.2(a) and (3.5), we can bound the last display by

K—1
EY / (K +3)y (M)e(gl (5. v)) ds dy + K (K +3)M8 + 50
k=0 (7,7+8]1%[0,1]

< (K +3)y(M)My+ K(K +3)M8 +5Uk.
Therefore,
w - -—
lim sup lim sup sup E|:Z(k +2)|Bi(t +8) — B{(D)| + 7" (x +8) — ﬁ”(t)\:|
§—>0 n—>00 L7 =0
< (K +3)y(M)My + 5Uk.

Taking M — oo and then K — 00, we have from Lemmas 3.2(a) and 3.3 that (3.13) holds.
Finally C-tightness is immediate from the following a.s. bounds, Assumption 2.2, and [5],
Theorem 13.4: for any k € Ng, K e Nand ¢t € (0, T],

_ _ 1
|By (1) — By (t—)| = -,

NSRS

") —7"t—=)| < =,

N

- - K 0 i
o -reo) <—+ Y 2L
L S

This completes the proof. [J

Next we will characterize weak limit points of {(¥", X " vy", B", 7). For that, we need
the following notation. For k € Ny define the compensated process

N (ds dy) = N/ (ds dy) — ngl (s, y) ds dy.
Then N:w’? ([0, 7] x A) is an {F;}-martingale for A € B([0, 1]) and k € Ny. Let
(3.14) Bl1) = Bl(t) + Bl (1), t€[0,T) keNy
where

B 1 ~”(pn
B" t)i_f 1 . () V"% (s dy)
a n Jjo.11x0.1] 10X G=D)) Y) N y
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is an {F;}-martingale and
é”(t)if Lo on o (@R (s, y)ds dy.
k 0.1x(0.1] 10X ) YIPicls: ) as ey

Write B" = (Bf)keNo and B" = (lA?,’:)keNO. Let A; be Lebesgue measure on [0, ¢] x [0, 1].
We have the following characterization of the weak limit points. Recall St (¢, ¥) defined
in (2.15) and (2.16).

LEMMA 3.5. Suppose Assumptzons 2_1 and 2.2 hold. Also assume that the bound (3.5)
is satisfied and suppose that (v", X", vy", B", " converges along a subsequence, in distri-
bution, to v, X,Y, B, 1) € [M([O, T] [0,1])]°° X Do X D x Doy x D given on some

probability space (2*, F*, P*). Then the following holds P*-a.s.
(a) Foreachk € Ny, vp K At.

(b) (X,Y,B,7) €Coo xC X Coo xC,andfort e[0,T]
(3.15) Xi(t) = px — Br(t) >0, keN,
(3.16) Y1) =) (k—2)B(),

k=0
(3.17) Xo(t) =Y (t) +7i(t) > 0.

(c) For k € Ny let i(s,y) = j;’; (s,¥), (s,y) €[0,T] x [0, 1]. Then for t € [0, T] and
k € Ny

3.18 By (t =/ Lo, (& s,y)dsdy.
( ) x (1) (0.11x[0.1] [()’rk(X(s)))(y) or(s, y) y
(d) Xo=T(Y). In particular, (X,Y) € Cr and ¢ € Sr(X,Y).

PROOF. Assume without loss of generality that (v”, X", vy" B", " = (v, X.,Y,B, )
along the whole sequence as n — oo.

(a) This is an immediate consequence of the bound in (3.5) and Lemma A.1 of [11].

(b) The first statement is an immediate consequence of the C-tightness argued in the proof
of Lemma 3.4. Then using (3.8), Assumption 2.1 and the fact that X 1 () >0 as., we have
(3.15). Next, note that by Assumption 2.2, as K — 00

o0
(3.19)  sup sup | > (k—2)Bl(1)| < sup Z 2k < k=er sup Z Mk iter s,
neNO0=<t<T|_g neNy_g neNy_g n

where in obtaining the first inequality we have used the fact that due to (3.8) and the nonneg-
ativity of X} (t), By (t) < X}/ (0). Hence Yootk — 2)Bk = Zk olk — 2)B; €C. From this
and (3.6) we see that (3.16) holds. Next, since (Y”, ") = (Y, 77) € C? and X” (t) = —; a.s.,
we have from (3.7) that (3.17) holds.

(c) By Doob’s inequality, as n — oo

E su B(t)<E / (s, )1 (y)dsd
];)O<IET| k ‘ Z [0,T1x[0, 1](pk Y0 X" 5)n'Y y

_EZ/ [€0gi G5 3)) + 20110 1 (&7 ) ) ds dy

[0,T]x[0,1]

4
<—-(Mo+2T)— 0,
n
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where the second inequality follows from Lemma 3.2(b) and the third inequality follows from
(3.5). Therefore, as n — oo

(3.20) B"'=o.
By appealing to the Skorokhod representation theorem, we can assume without loss of gener-
ality that (»", X’n, Y, B", 0", Bn) - (»,X,Y, B, 7, 0) a.s. on (%, F*, P*), namely there
exists some event F' € F* such that P*(F¢) =0 and

(", X", v",B", 7", B") > (. X.Y,B,7,0) onF.
Fix @ € F. The rest of the argument will be made for such an @ which will be suppressed
from the notation. From (3.19) we have that as n — oo

r(X"(0) = (X50) T+ Y kX (1) — (Xo))" + D kXi (1) =r(X (1))

k=1 k=1

uniformly in ¢ € [0, T'], and r(X(-)) is continuous and hence bounded. Let 7 = = Ty, Where 7y
is defined through (2.17), namely 7 = inf{¢ € [0, T'] r(X(1) =0} A T. We will argue that
(3.18) holds forallt <7,z =7 and 7 > 7.

For t < 7, we have r(X (¢)) > 0. Hence for each k € N,

(3.21) Lo re @ 6 O = Lo @) )

as n — oo for A;-a.e. (s, y) € [0, t] x [0, 1] since A,{(y,s) : y = rx(X(s))} = 0. From (3.21)
and the uniform integrability of (s, y) — (1 (0.7 (X (s)))(y) [0 rk(X(s)))(y))‘/’k (s, y) (with
respect to the normalized Lebesgue measure on [0, 7] x [0, 1]) which follows from (3.5) and
the superlinearity of ¢, we have that

Bl@ - -/ 1 X s, y)dsdy — 0.
e [0,¢]x[0,1] [0.rc(X (s)) (V) @i (5, ) ds dy
Also, from the bound in (3.5) it follows that

1 = (V) ot (s, y)dsdy — 1 = (V) or(s, y)dsdy.
/[O,t]x[O,l] [0,k (X ()))\ V) i (S5 Y y 0.11x0.1] 07EE @) Y) Pkls, y y

Combining the two convergence statements we have

3.22 Bl (1) — | I s,y)dsdy.
( ) © (D) 0,41x[0.1] [(),rk(x(é)))()’)wk( y) y

The above convergence along with (3.14) and (3.20) gives (3.18) for 7 < 7. Since (3.18) holds
for t < 7, it also holds for t = T by cqntinuity of B and of the right side in (3.18).

Now suppose T >t > T. Smce r(X (+)) is continuous, we see from the definition of T that
r(X (t)) = 0. Noting that r(X (-)) is nonnegative and nonincreasing, so is r(X (). There-
fore, (X (f)) =0 and X (¢r) = 0 for T <t < T. From this we see that the right-hand side of
(3.18) remains constant for 7 < ¢ < T and it suffices to show that B(r) = B(7) forT <t < T.
From (3.9) it follows that, for k € N,

(3.23) sup |B}(t) — B}

T<t<T

= BN(T) — BY(T) = X}(F) — X(T) < XI(%),

which converges to X(T)=0asn — 00. Hence Bi(t) = Bi(T) for T <t < T and this gives
(3.18) for each k € N. Next we show B(t) = By(7) for T <t < T. From (3.6) and (3.7),

sup |Bl(t) — BL(%)|
T<t<T
< sup |XP(t) — X2(D)|+ sup |7"(t) — 7" (%)
(3.24) f<t§T| 0 0| f<t§T| |

[e.e]
+ Y lk—2| sup |B{(t) — B (D).
k=1 T<t<T
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1

Since )_(8 (1) = —,, we have

1 v =\\T
sup [Xg(0) = Xg(®)| = sup [Xg)] +|X5(D)] = sup (Xg(0)" + -~ + (X5(D)

T<t<T T<t<T T<t<T

< sup r(X"0) +r(X" @)+ % <2r(X" (D) + -

T<t<T

where the last line follows from the fact that r (X " (#)) is nonincreasing for ¢ € [0, T']. From
(3.10) and (3.9) it follows that

sup 7" (1) — 7" (7))

T<t<T
00

= sup 2 —/ Lion ol on () N" (dudy)
B 1;” Ea1x(0.1] Ko@<01 0. (X" @y N Y

o0

1 e
= sup 2 _/ Lo (B oy ) Ny < (dudy)
T<t<T ,;n G.a1x[0,1] 07k (XT@=))) k

= sup 2) |B{ (1) — B} (D)].

T<t<T k=1

Combining the above two estimates with (3.24), we see that as n — oo,

2
sup |Bl(t) — B (7)| <2r(X" (r))+ + sup Z(k+4)|Bk(t)—Bk(t)|

T<t<T r<t<Tk 1

(3.25) <2 (X' @)+ 2+ Sk +HR D) <Tr (R @) + 2
k=1

— 7r(X (7)) =0,

where the second inequality follows from (3.23). Since we have proved (3.18) for all r < 7,
t =7 and ¢t > 7, part (c) follows.

(d) From (3.17) and a well-known characterization of the solution of the Skorohod prob-
lem (see, e.g., [32], Section 3.6.C), it suffices to show that 7(0) = 0, n(¢) > 0, n(¢) is non-
decreasing for ¢ € [0, T'] and fOT Xo(t) 71(dt) = 0. Since 7"(0) = 0, 7"(¢t) > 0 and 7"(¢) is
nondecreasing for ¢ € [0, T'], so is 5. It remains to show fOT Xo(1) n(dt) = 0. Note that 5" (¢)
increases only when X o (t—) <0, namely )_(6’ (t—) = —%. Therefore,

T 1
/ <X6‘(t—)+—)ﬁ”(dt)=0.
0 n

| ' Xoitan| = [ *Kowan - | T(J‘fﬁ(z—) + )i

From this we have

T _ T
(3.26) 5‘ | Zowian - [

- 1" (T)
—

T _ _
+/0 | Xo(t) — X§)
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Since both 1" and 7 are nondecreasing, we see that 7" — 7 as finite measures on [0, T].
Combining this with the fact that Xg € Cp ([0, T] : R), we get

T T
‘ [ Fowi@n - [ %o ﬁ"(dt)‘ -0
0 0

as n — oo. Also from continuity of X, we have uniform convergence of )_(6’ to X and hence

r v v 77() -n
[ 1% = K|y + s(sup X2 (=) — Ro(0)] + ) (T) >0
0 0<t<T

as n — oco. Combining these two convergence results with (3.26), we see that fOT Xo(t) x
n(dt) = 0. This proves part (d) and completes the proof. [

4. Laplace upper bound. In this section we prove the Laplace upper bound (2.18).
From (3.1), for every n € N, we can choose ¢" = (¢} )xen, € Ap such that

1 —nh(X", Yn
—;logEe " Z/

U@L (s, y))dsdy +h(X n‘p Y""’)}—l,

[0,T]x[0,1] n

where ()_(n’¢n, Y”*‘bn) are defined by (3.2)—(3.4) by replacing ¢" with @". Since ||/]l0 < 00,

o0

sup E / (@) (s, y))dsdy
neN Z [0,T]x[0,1] (k )

1 n yn — A - ~n 1
< sup[——logEe‘”h(X Y —Eh(X"’q’ 7 4 _}
neN n n

<2[|hlloc + 1= M.

Now we modify @" so that the last inequality holds not in the sense of expectation, but rather
almost surely, for a possibly larger constant [see (3.5)]. Fix o € (0, 1) and define

T —1nf{te[0 T] Z/ o] 2(@F (s, y))dsdy>2Mh||h||oo/a}

For k € Ny, letting ¢} (s, y) = @} (s, Y) 1s<zny + lig=7ny, (s,¥) € [0, T] x [0, 1], we have
= (¢} ke, € A, since 7" is an {F:}-stopping time. Also

E / s,y))dsdy < E / 2 (s, v))dsd
Z [0,T]x[0,1] wk( y)) y Z [0.77x[0.1] (‘Pk( )’)) y
and
P )<P / dsdy > 2M|lh
@ (Z [0.77x[0,1] (@i (s, y)) dsdy > 2My | ||oo/0'>
0

o o
<z———FK / @ (s, y))dsdy <
2Mp 1o ,;0 o1ty " E) 20Alloe

Letting (X n,(p”’ }_’"v‘ﬂn) be defined through (3.2)—(3.4) using ¢", we have

|Eh(X X" Y™ —ER(X X" YO <20k P(@" #9") <o
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Hence we have

1 n n s 1
——log Ee M(X".Y"Y) 5 | / s,v))dsdy +h n(p 22020 | S
- log >E{Y 0TI E(f (s, y))dsdy +h(X [}
and
o0
“.1) supZ/ (P (s, y))dsdy <2My||h|l/o = Ko, as. P.
neN_—7/[0,71x[0,1]

Now we can complete the proof of the Laplace upper bound. Recall that & € Cp(Dyo X
D). Write (", X", ¥Y") = (y"¢" )_(n’(pn Y™¢"), where »?" is as defined in (3.12) using
Q" Notlng from (4.1) that (3.5) is satlsﬁed with My = Ko, we have from Lemma 3.4 that
{(", X"y ")} is tight. Assume without loss of generality that (v", X"y ) converges along
the whole sequence weakly to (v, X, Y), given on some probability space (2%, F*, P*). By
Lemma 3.5 we have (X,Y) € Cr and v = v? for some ¢ € S7(X,Y) ass. P*, where v? is
as defined in (3.12) using ¢. Owing to the topology used for the measure component and the
relation (3.12), Lemma A.1 in [11] (see also [13], Appendix A.4.3, Lemma A.11) implies the
lower semicontinuity of the cost that is needed for the second inequality below. Using Fatou’s
lemma and the definition of /7 in (2.13),

liminf — 1 log Ee"h(&".Y")
n— 00 n

1
zliminfE{ZfOT] o] (@l (s, ) dsdy +h(X", Y")__—a}

n—oo n

=F {Z/OT]X[O 1] Hpits, ) dsdy +h(X, Y)}

> (;,w)iergme{IT@’ ¥) +h(&, ¥} -

Since o € (0, 1) is arbitrary, this completes the proof of the Laplace upper bound.

5. Laplace lower bound. In this section we prove the Laplace lower bound (2.19).
The following lemma, which shows unique solvability of the ODE (2.15) and (2.16) for
controls ¢ in a suitable class, is key in the proof.

LEMMA 5.1. Fix o € (0,1). Given (¢, ) € Cr with IT(¢,¥) < 0o, there exists ¢* €
St (&, ¥) such that:

@ 2020 Jio.rix0.1 @5 (s, ) dsdy < Ir(&,¥) +o.
(d) If (L, W) is another pair in Cy such that ¢* € St (Z, V), then (, V)= €, ¥).

PROOF. Since I7(¢, ¥) < oo, we can choose some ¢ € St(¢, ¥) such that

Zfo oy Hor ) dsdy < 1@ + 5

Next we will modify ¢ to get the desired @*. For k € Ny, let

: Jo oy M@, y) dy
k(1) = L e (1)=0) + . ) L@ (020}

oc(t, y) = P10, c)) ) + L), 11(0)-
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Then
1 or(s, y)dsdy = 1 s,y)dsd
f[o,t]x[o,l] 10,42 ()) (V) Pk (s, y) ds dy 0T O.1] 0.7 ()) (V) @ (s, y) ds dy
and hence (¢x)ken, € ST (&, ¥). Since £ is convex and nonnegative and £(1) =0, we have

T
(@ (s, dsd =/ 1 V4 d
fmxm @t ) dsdy = [ o (€ 6)e(on(s)) ds

< / 0(gi(s, y)) dsdy
[0,T]x[0,1]

for each k € Ny. Therefore, we can assume without loss of generality (and abusing notation)

that ¢ (2, y) = ok () 110, (1)) (V) + L2 (1)),11(y) for some p (¢) € [0, 00), for each k € Ny
and (¢, y) € [0, T] x [0, 1]. Fix ¢ € (0, 1). We will shrink the support of ¢ to get the desired
@™ for sufficiently small ¢. For ¢ € [0, T'], let

Pk (1)
Pr(t,y) = :1[0,(175)”((;(:)))@) + Li+e)r @ ). 11(3)-
Clearly ¢° € St (&, ¥). Note that ¢ (t, y) =0 for (1 —&)ri(8(1)) <y < (1 + &)r(E(@)),

which will be a key when we prove uniqueness in part (b). Recall 7; introduced in (2.17).
Then

Z/O FIx[0.1] ‘pk(f )7) dtdy — Z/O (/)k(f y))dtdy

T1x[0,1]

=3 f [(1 —onlen) (p K )) 1 26r (£ (1))£(0) — rk(cm)e(pk(r))} 1

- Z/ R (1) [(pka)log(f at i) )+ 1 —e) e

— (o) log pi (1) — px(1) + 1)] d

= Z/ () o tog( = ) +e] ar

From Lemma 3.2(b) we have

)

t, dtd / t, dtd
0TI e(g(t, y))dtdy — Z i (t, y))dt dy

[0,T]x[0,1]

igfofcrk(t(t))[( ,Ok(t))+2)log<11 >—}—g:|d

_log< )Z/ Cpr(t, y))dtdy + 27¢ log( ! >+f;£
1—¢ [0,71x[0,1]

5(17@,1//)4-%)105;(11 )—i—2T10g<11 )+T€

Choosing & small enough so that the last display is no larger than 3, we have

Z/o Ix(0.1] i (s, ) dsdy<2[ (i (s, y))a’sdy+§<1T(; V) +o.

x[0,1]

Part (a) then holds with ¢* = ¢* for such an €.
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We now show that part (b) is satisfied with such a ¢*. Suppose that, in addition to &, ¥),
there is another pair of (£, V) such that (£, V) € Cr and ¢* € Sr(Z, V). Let T = inf{r €
[0,T]:¢(z) £ ;(t)} A T. We claim that T = T. Once the claim is verified, it follows from
continuity of ¢ and ¢ that £(r) = £ (¢) for all ¢ € [0, T]. Then from (2.15), ¥ = v proving
part (b).

Now we prove the claim that T = 7. We will argue via contradiction. Suppose that T < T'.
To complete the proof, it suffices to reach the following contradiction

5.1) L(t)y=2¢&(t), telr, v+ 8] forsomesd > 0.
From definition of t and (2.15) it follows that (¢(¢),r (& (2)), ¥ (t)) = (Z‘ (1), r(f (1)), &(t))

for all ¢+ < t. From Remark 2. lS(a) we have that r(£(+)), r(;( )) € C. Then by continuity,

@), r& @), ¥ @) = &), r& @), ¥ @) for all t <. If r(¢(r)) = r(&(r)) = 0, then
from Remark 2.15(c) we have ¢ (t) = g‘(t) = 0 for all + > t, which gives (5.1). Now we

show (5.1) f9r the remaining case: r (¢ (7)) = r(f (7)) > 0. For this, note that by continuity of
r(¢) and r (&), there exists some § > 0 such that for all ¢ € [z, T + §],

= r(€ () ‘
52 1) > 0, 1)) >0 >~ 1| <e,
(5.2) (&) > r(¢@) > oy e

where ¢ is as in part (a) and recall that ¢* = @®. We will argue in two steps.
Step 1: We will prove that

(5.3) & (t) = &k (¢) forall r € [t, T 4+ 8], k e N.

Suppose not, namely there exists k € N such that 7y = inf{z € [7, T + 0] : () # Zk OyAT
satisfies 7 < ip < 7 + 4. By continuity, we have (1) = &k (t) for < ;. We must have
k() = ;k(tk) > 0, since otherwise ¢ (tx) = g“k (tx) = 0 and so from Remark 2.15(b) ¢, (¢) =
&r(t) =0 for all ¢ > 1z, which contradicts the definition of t;. From (5.2) it then follows that

k
g )= r(ik((:))> -0
ko(m)  kC(w) _ k(@) | r&(m)
r@@)  r&@)l r@@Nl rEw)

Once more by continuity, there exists some §; > 0 such that last two inequalities hold for
t € [k, Tk + O], namely

(C®) >0, (—or(C®) <rm(€®) <A +er(t®).

From construction of ¢°, we see that for r € [1x, tx + 8¢,

(¢ () — re (B (m0)| =

err (& ().

Loy DEE G, dsd:/ ™ (D)0 (5. v) ds .
/(Tk,t]x[O,l] [O,rk(C(s)))(y @i (s, ) y (wrx[0.1] [0,7£ (L (5))) Ve (s,y y

It then follows from (2.16) that ¢ (¢) = g:k (t) for all t < t; + 8. This contradicts the definition
of t;. Therefore, (5.3) must hold.
Step 2: We will prove that

(5.4) o(t) = Zo(t) forallt € [r, T + 8]

Let n(t) = ¢o(t) — ¥ (¢) and 7(t) = Eo(t) — IZ(t). From properties of the Skorokhod map I"
(see, e.g., [32], Section 3.6.C), we have that

T
(5.5 n(0) =0, n(¢) is nondecreasing and / Lo(t) n(dt) =0,
0

T
(5.6) 7(0) =0, 7(¢) is nondecreasing and /0 Zo(t) fi(dr) =0.
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Consider [{o(f) — Eo(t)]z. Since &g, V¥, Z‘o, 1} are absolutely continuous, we have for ¢ €
[z, T+l

~ ~ t ~ ~
(20(1) — Zo())* = (Zo(x) — Lo(1))* +2 / (Z0(s) — Z0()) (2 (s) — &4 (s)) ds
t - ~
(5.7) =2 f (20(s) = Zo()) (¥ (5) — ¥'(5)) ds

t ~
+2 / (20(s) — Bo(5) () (s) — Tip(s)) ds.
From (2.15) and (2.16) we see that for ¢ € [t, T + §],

o0
Y= (k—2)(pr — &) —2 110.r0 5)) ) @5 (s, y) ds dy,
= [0,11x[0,1]

() =) (k—=2)(px — &) —2 L1005y D) 968, Y) ds dy.
k=1

[0,71x[0,1]

Taking the difference of these two displays and using (5.3), we have that for ¢ € [z, T + §],

5.8 H—y@)=-2 110, r0(2 (s -1 = S(s,y)dsdy.
(5.8) Y(t) — () [0,t]><[0,1]( [0, O(C(A)))()’) [o,ro(;(s)))(y))%(s v)dsdy

Since for each fixed y > 0 the function x xxTy is nondecreasing on (—y, 00), we have from

(5.3) and (5.2) that if for some ¢ € [, T + 8], {o(?) > Zo(t), then

_ So(1) _ So(1) - S _
G0(1) + XRZ1 ker (@) o) + 2021 kG (6) ~ o) + 372 ki (1)

Therefore, for t € [t, T + §],

ro(¢()) ro(E(0)).

L0.r0@ @) ) = Lo oy () When Zo(1) = Zo(r)

and similarly

10500 () < Lig @y ) When Zo(1) < Zo(0).

Combining these two inequalities with (5.8), we see that

(5.9) (C0(s) = Z0()) (¥'(5) —=¥'(5)) <0, ae.selr,T+34l.
Next from (5.5) and (5.6) we see that for ¢ € [7, T + 5],

[ ~
[ 2o (006 ~ B 1) — () s
t ~
S/, Lo ()= o5} (60(8) — Co(s))no(s)ds

t
Sf Lizo(s)>0y¢0(s) no(ds) =0,
T

and similarly

t ~
| Lotz (065) = E0(6)) (1) = ) s < 0.

Combining these two inequalities with (5.9) and (5.7), we have for ¢ € [z, T + 3], [{o(?) —
;'o(t)]2 < 0, proving (5.4). Combining (5.3) and (5.4) gives (5.1) and completes the proof.
O
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We can now complete the proof of the Laplace lower bound. Fix & € Cp(Ds x D) and
o € (0, 1). Fix some o-optimal (¢*, ¥*) € Cr with I'T(¢*, ¥*) < oo, namely
IT (5, v* )+ h(C*, ¥") < inf Ir (¢, h(, .
(&Y +h(E5 YY) < @’wlgijp{ & V) +h&, )} +o

Let ™ € S7(¢*, ¥™*) be as in Lemma 5.1 (with (¢, y) there replaced by (¢*, ¥*)). For each
n € Nand (s, y) € [0, T] x [0, 1], consider the deterministic control

1
G = Ligni <ty TSI s yyamy Tl igp 02 k=0,
¢Z(S,y)=1, k> n.

Then ¢" = (¢}) € Ay, and from (3.1) we have

1 n n
_ 2 log Ee~mhX"Y") < / s.y))dsdy +h(X", 7"
- log Z 0TI (@R (s, y)) dsdy + h( )t

where ()_(n, Y") are given as in (3.2)—(3.4). Noting that for all n € N, k € Ny and (s, y) €
[0, T] x [0, 1], £(¢} (s, ¥)) < £(@f (s, y)), we have from Lemma 5.1(a) that (3.5) holds with
My replaced by It (;* w ) + 1. Define {v"} as in (3.12) with controls ¢”. From Lemma 3.4
it follows that {(¥", X", Y™)} is tight. Assume without loss of generality that (v”, Y my
converges along the whole sequence weakly to (v, X, Y), given on some probablhty space
(2%, F*, P*). From the construction of ¢" we must have v = 9" as. P*, where v?" is as
defined in (3.12) using ¢*. By Lemma 3.5 we have (X, Y) € Cr and ¢* € S7(X,Y) a.s. P*.
From Lemma 5.1(b) it now follows that (X,Y) = (¢*, ¥*) a.s. P*. Finally, from Lemma
5.1(a),

1
hmsup——logEe nh(XT,YT) <hmsupE{Z/ (@} (s, y))dsdy +h(X", Y”)}
[0,71x[0,1]

n—oo n—oo

< Z/O ooy (G ) dsdy + 7 h(X,T)
—Zﬂﬂmuwmywwww«w)

<Ir(¢*¢*)+h(&*¥*) +o

= (c,w)iergooxp{lT@’ V) +h(g, )} + 20.

Since o € (0, 1) is arbitrary, this completes the proof of the Laplace lower bound.

6. Compact sublevel sets. In this section we prove that the function /7 defined in (2.13)
is a rate function, namely the set 'y = {(¢, V) € Do X D : I7(¢, ¥) < N} is compact for
each fixed N € [0, 00). Since the proof (as is usual) is very similar to the proof of the Laplace
upper bound we will only provide details on steps that are significantly different.

Take any sequence {(¢", ¥"),en} C I'y. Then (¢", ¥") € Cr and there exists some %—
optimal ¢" € St (¢", ¥™), namely

1 1
6.1) mex[ou (¢ . )) dsdy < Ir(g" ¥") +~ <N+ .
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Recalling (2.15) and (2.16) and letting n" (¢) = £y (1) — ¥"(¢), we can write for ¢ € [0, T,

62) () =T (") (1) =y @) + 1" (1) = 3tk — DB + 7" (1),
k=0

where

6.3) BI(r) = f[ oy @ () ) dsdy, ke Do,

From standard properties of the one-dimensional Skorokhod problem we have
T
(6.4) n"(0) =0, n"(¢) is nondecreasing and / Lz )>0) n"(dt) =0.
0

Write B" = (B}})nen, and let v"* be defined as in (3.12) with deterministic controls ¢".
The following lemma shows that {(v", ¢", ¥", B", n™)} is pre-compact. The proof is similar
to that of Lemma 3.4 and is therefore omitted.

LEMMA 6.1. {(w", ¢", ¢", B", n™)} is pre-compact in [Mpc ([0, T] x [0, 11)]°° x Cxo X
C xCoo xC.

The following lemma characterizes limit points of (v", ", ", B", n").

LEMMA 6.2. Suppose (v",¢", ¥", B", n") converges along a subsequence to (v, &, V,
B,n) e [M(0,T] x [0, 1] X Cso X C x Cxo X C. Then the following hold.

(a) Foreachk € Ny, vy K A1, and letting ¢, = j%’;, Z/fozo f[o,T]x[O,l] L(pr(s, y))dsdy <

N.
(b) Foreachtel0,T],
o) =TW)O)=v@)+n@), v = Z(k —2) By (1)
k=0
Ce(t) = pr — Be(t), keN.
(c) Foreacht e[0,T],
(6.5) Bi(t) = f[ oo RGOO9S, v dsdy, k<o

and in particular (¢, V) € Cr and ¢ € St (¢, V).

PROOF. Assume without loss of generality that

(6.6) (", " y",B",n") > (v,¢, ¥, B,n)

as n — oo along the whole sequence. Much of the proof is similar to that of Lemma 3.5
except the proof of (6.5) for k = 0. Thus we only give details for the latter statement.
From (6.6) and arguments similar to Lemma 3.3 it follows that

r&" () = O)T + Y kgl ) = (Go®) T+ ke®) = r (5 (1))

k=1 k=1

uniformly in ¢ € [0, T'] as n — oo. Therefore, r(£(-)) is continuous. Let T = inf{t € [0, T'] :
r(¢(t)) =0} AT. We will argue that (6.5), for k =0, holds forall t < v, =7 and ¢t > 7. The
proof of the cases t < t and ¢t = 7 is similar to that of (3.18) and is omitted.
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Now consider 7 >t > 7. From (6.4) and (6.2), fort <t < T,

t t
o -n@l= [ d'e = [ lgo-odne)

t o0
Zf gz =0y (dCS ()= > (k— 2)dB,’§(s)).
! k=0

From (6.3) we see that frt 1{46' (s)=0y d B(y (s) = 0. Also since ¢ is nonnegative and absolutely
continuous, we have 1{461 (S):O}(gg)/(s) =0 fora.e. s € [0, T]. Therefore,

" () = 0" (©)] < Y lk = 2[|Bi (1) = B{ (7).

k=1

Applying the triangle inequality to (6.2) and using this estimate, we see that

sup |Bj(t) — By (v)| < sup |¢f (1) — ¢ ()| + ZZ lk —2| sup |B{(1) — B{(z)|.
t<t<T t<t<T k=1 t<t<T
Now as in the proof of (3.25) we have sup, _,.7 |Bj(t) — By (7)| < 4r(¢"(x)), which con-
verges to 4r(¢(t)) =0 as n — oo. Hence Bg(t) = Bo(t) for T <t < T and this gives (6.5)
for k =0.

Since we have proved (6.5) fork =0 and all < 7, ¢t =t and ¢ > 7, the proof is complete.
O

PROOF OF COMPACT SUBLEVEL SETS ['jy. Now we are ready to prove that "y is
compact for each fixed M € [0, o0). Recall (¢", ¢") introduced above (6.1) and v" intro-
duced above Lemma 6.1. From Lemma 6.1 we have pre-compactness of {(v", ", ¥")} in
[M(0, T x [0, 1])]°*° x Coo x C. Assume without loss of generality that (v", ¢, ¥") con-
verges along the whole sequence to some (v, ¢, ¥). By Lemma 6.2 (¢, ¥) € Cr and v = v?,
where for k € Ny, v,‘f is as defined by the right side of (3.12) replacing ¢; with ¢, and

.9 < Z/ (s, y)) dsdy < M.

[0,T]x[0,1]

Therefore, (¢, ) € I'y; which proves that Iy, is compact. [

REMARK 6.3. Suppose that for all n € N, (¢", ") = (¢, ) for some (¢, ¥) € Cr with
I7(¢,Y¥) <oo and M = IT (¢, ). Then taking " satisfying (6.1) (with (¢", ¢¥") replaced
with (¢, ¥)), we see from the above argument that there exists some ¢ € Sy (&, ¥) such that

I, w><2/ (gr(s. y) dsdy < IT(E. ).

x[0,1]

namely I7(¢, ) is achieved at some ¢ € St (¢, V).

7. Calculus of variations problem. In this section we study a calculus of variations
problem that is key in proof of Theorem 2.6. We begin by giving an overview of the
proof strategy. Let 0 < g < p. First note that, in view of Remark 2.14 and since, as
noted in Section 2.4, {(nXg(GJ’?) + l,nXZ(a]’?)),k,j € N} has the same distribution as
{A(J), Vk(j), k, j € N}, where {a;’} denote the jump instants of the process X”, the set
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E™%(q) can be written, in distributionally equivalent form (namely the probabilities of the
events on the left and the right of the display below are the same), as
E™*(q) = {311, 1, € [0, 00) such that X{j(t;—) = X (t2) = —1/n,
(7.1) Xp(t) > —1/nfort €[ty, 1),
| X} (t1—) — X} (12) — qx| < & for all k € N}.

Here 11 (resp. t2) corresponds to the time instant the first vertex (resp. the last edge) in a
component is woken up (resp. is formed).
For, > t; >0 and (¢, ¥) € Cy,, define

(7:2) Inn@.9) = ¢esi,?(f<:,w),§)/[n 11x[0,1] tlorts, ) ds dy.
Further, for x(V, x® € R%, define
Tn D, xP) = {(g, ¥y €Cc(t) =xD, £ (1) =xP},
T, @D x@) = {9 e T, (x V. xP) 1y 1) = y(r) — 1 for 1 € (1.1},
Tz, xP)={@, ) e g}, (xV, x®) dr(t)/dt = 2 forae.t € (11, 1)},
and

(7.3) i, M, x®) = inf I, (@&.), j=0,12
€ WIETi 1 (x D x@)

Here as usual, the infimum over an empty set is infinity.

The proof of Theorem 2.6 proceeds through the following steps. Let T = % Y2 kgi and
assume Y ¢ kqr > 2> 72 qk- Note that the limit as ¢ — 0 in fact exists because the set
E™%(q) is decreasing as ¢ decreases.

e Lemma 8.4 shows the lower bound

P | n.e )
(74) liminfliminf -~ log P(E"*(9) = —1;.((0, p), (0, p — q)).
e In Lemma 8.2 we show the upper bound

lim sup lim sup — log P(E™*(q))

(7.5) e~>0  n=oo
<— _inf [I,((0,p), 0, p)) + I3, .- (0. p). (0, p — )]
q<p=<p.n1=0

e Lemma 8.3 shows that when p; = 0 the upper and lower bounds coincide.
e Finally Proposition 7.7 shows that

15.:(0,p), 0, p— ) = H@)+ H(p—q) — H(p) + K (@)
completing the proof of Theorem 2.6.

Note that for (¢, %) € J!, (xM,x®), 5o(t) = x5 + v (1) — ¥(11) for 1 € [11, 12]. Intu-
itively, on the event {(X", Y") € Jt}’,z (x, x@)} the exploration remains in the same com-
ponent over [f1, t2], and on the smaller event {(X",Y") € ‘Z%,tz (xD x@)} the exploration
pace matches that for the discrete-time exploration process (with time steps of length 1/n),
in which at each step 2 half-edges are killed. The main idea in the proof of the theorem
is that in characterizing the asymptotics of the probability of interest one can restrict to
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‘7021' (0, p), (0, p — q)), which roughly means that one can restrict to trajectories that avoid
the boundary and whose evolution matches that of the original discrete time process of inter-
est removing the artificial “continuous time” aspect of the evolution.

Define for x = (x)ren, € R and B = (Bo)ken, € R x [—1,0]%° with Y32, Bx > —1,

> v(k1B) | v(kIB)
7.6 L = k 1 L =v(k 1
06 L =Y vwp og(u(m)), cx B) = vikIB) og(wx))
where
7.7) VOB =1+ e vkIB) = —fr. keN,
k=1
(7.8) wklx) =rr(x), x #£0, wklx) =1g=0, x=0keNp.

We set L(x, ) =00, if B € R x [—1,0]% and Y2, Br < —1. Note that By actually does
not play a role in the definition of L(x, 8) or v(:|8). Later on (x, 8) will be usually replaced
by (¢£(1), &'(¢)) for some absolutely continuous path & = ({k)ken, and ¢ > 0, where ¢'(r) =
(&r(1))keny-

In the next six lemmas x(D = (x(l) (1)) and x® = (x(()z), p(z)) where x(gl), x(()z) e Ry
and 0 < p(z) < p(l) <p.Lletz ;x(l) x@_ Define
1

Lr(x®) = r(x@)) = 1( M _ <2>+Zk (M _ <2>)
2 2

We write ¢ = ¢(xV, x®) for short in the next six lemmas. The following lemma relates !,
I%and L.

79 o(xP x®) =

LEMMA 7.1. Fix t; € [0, 00). Suppose ¢ > 0. Let x© = (0, p). Suppose there exists
some (&*,¥*) € Jp, (x O, x V) such that Io 1, (§*, ¥*) < 00. Then

(7.10) inf 1} (xV. x@) =12, (D x?).

>t

Furthermore, for (¢, V) € jtl’tlJrg(x(l), x@),

t+g

(7.11) Iy e @) = / L(£(s).£'(s))ds

1

and if I, 1, +¢ (&, ) <00, then Yy 72, ¢/(t) > —1 for a.e. t € [t1,t1 + ¢]. In particular,

1 1 2 2 1 2
I2H>1£17 ( () ())_11t1+g( (),x())

(7.12) . fts /
_ inf f, L(£(s).£/(s)) ds

CIET] 1y +cx D x@)

LEMMA 7.2.  Suppose that Y 2 kzi + zo > 2 Y _p< zx and, xéz) >0 or z1 > 0. Then
there is a unique f§ = ,B(x(l), x@) € (0, 1) such that

kz
(7.13) Zkzk_ (1-8 Z ’;k +x2 — g2V,

The construction given below will be used to give an explicit representation for the mini-
mizer for the right side of (7.12).
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CONSTRUCTION 1. Suppose that either (1) or (ii) holds, where:

(i) x? =0and z; =0.
(1) Y72 kzx + 20 > 272 zk and, x(()z) >0orz;>0.

Let B=B(xD, x@) €10, 1) be 0 in case (i) and be the unique solution in (0, 1) of (7.13) in
case (ii) (as ensured by Lemma 7.2). Note that B satzsﬁes (7.13) in both cases (i) and (ll)

Define ¢ as in (1.9) and suppose that ¢ > 0. Let & = ¢/(1 — %) and % Zk =zk/(1 = ﬁ ) for
k e N. Fix t; > 0 and let O, (¢*, ¥*) be as in Lemma 7.1. Define (£, ) by (£(t), ¥ (1)) =
&*(@), ¥* (1)) fort € [0, 1] and for t € [t1, 11 + 5]

- _ k/2
(7.14) {k(t)iplgl)—zk[l—(l—t gtl) :|, keN,
(7.15) Zo(1) = x5 + Zk Y —5un) -2 — 1),
(7.16) V() =y (1) + Zk(pi“ — &) =2t — 11).
k=1

The next two lemmas give some properties of the various quantities in the above construc-
tion. Let

=
=

=@M, x®): fori =1,2, P = (x{", p?),x{" e Ry,

o0
0<p@<p<pand S k(" - p2) + (" - 12) > 22 m _ o0t
k=1

We will equip E with the topology corresponding to coordinatewise convergence.

LEMMA 7.3. Both B8 and x(§2) logB are continuous on E: for (x(W" x@ny ¢ 8
with (x(l),n x@. n) N (x(l)’x(Z)) €E, B = ﬁ(x(l),n’x(Z),n) N ,B(x(l),x@) = B and
(2) "log B — xo log,B

LEMMA 7.4. Suppose that ¢ > 0. Also suppose that Y 72 kzi + z0 > 2> 7o zk. Fix

t1 > 0. Let (£*,¢™) be as in Lemma 7.1 and (Z, t/~/) be as introduced in Construction 1.
Then:

(@) ¢ <&=1x" + X2 kzp).
®) €.9) €T 14 (x xP).
(c) ¢o(t) >0forte(t,t1 +¢).

The next lemma calculates f,’ll+§ L(E (s), E/(s)) ds for (E, 1/7) introduced in Construction
1. Recall that z = x(D) — x@,

LEMMA 7.5. Suppose that ¢ > 0. Suppose that either (i) or (ii) in Construction 1 is

satisfied. Also, let (§*, ™) be as in Lemma 1.1 with some t| > 0 and let (Z, V) be given as
in Construction 1. Define the function K (x(V, x@) by

R, x@) = ZOJFZ# ZZklog 8 + 2 log .
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For x € R x RY such that xo + Y7 kxx = 0, define H (x) by

X0 + 252 kxi log X0+ 252 kx

0
H(x)inklogxk— > >

k=1
Then

h+¢ . - ~ ~ ~ ~
/ LE). E©)ds = A@) + Ax?) — AxD) + R(xV, x?) < co.
n
Moreover, the right-hand side is lower semicontinuous in (xV,x@®) € &, namely for
(xDon x @y e & with (xM1, x@ny — xD x?) e g,
) T+ 13 (+(1).n 5D . (2).n
liminf(f (") + A (x®") = (x) + R (xD1, x@n))
> H(z) + I:I(x(z)) — ﬁ(x(l)) + K(x(l), x(z)),
where 7' =x(Dn — x@n 7 — x (D) _ @)

_ Recall the functions H and K from (1.3) and (2.2) respectively. We note that with K and
H as introduced in the above lemma, for0 <g <g < p

(7.17) H(g@)=H©0,9), K@) =K(0,9),(0,3—q).

The next lemma shows that (Z, ¥) in Construction 1 is a minimizer for the right side of
(7.12).

LEMMA 7.6. Suppose that ¢ > 0. Suppose that Y 72 | kzk +z0 > 2) jo zk- Fix t; > 0
and let (C*, y*) be as in Lemma 7.1 and (¢, V) as introduced in Construction 1. Then

12 1 @y _ f tl+§L o
s () = in (£(5), £'(5)) ds

CIETE 14+ (x D x®) 1y
(7.18)

h+g . ~
- f L(Es), E'(s)) ds.
1

Proofs of Lemmas 7.1-7.6 are given in Section 9. The following proposition summarizes

an important consequence of the above lemmas for the case when xél) = x(()z) =0.

PROPOSITION 7.7.

(a) Suppose 0 < q < q < p and that either Y ;2 kqx > 23 72 qk or Y pe kqx =
22,‘311% but p1 = 0. Given t; > 0, and with x© = O, p), x@ = (0, q), suppose there
exists some (£*, ™) € jOOJI (x©, xDY such that I (&%, ¥*) < 00. Then

nf Itl|,t2 ((09 é)’ (07 q - q)) = Il‘%,l‘]—l-‘[ ((0’ ‘}), (07 q - q))

i
n=1
=H(q)+H(q—q)—H(g) +K(q),

where T = ¢((0.9), (0.4 — ) = 5 302 kqx. )
(b) Suppose p1 =0,¢>0,3>0,9+q < p, > 72 kg > 2222 gk, and Y32 kqr >
257 gk Let T =5((0, p), (0, p — q)) = 3 X2 kqr and T = 3 Y52, k. Then

I5:(0.p). 0. p =) +17:.(0.p—§).0.p—G—q))
=15.(0.p). 0. p— @)+ 17, :((0. p— ). (0. p — g — D).
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PROOF. (a) The first equality in part (a) is a consequence of Lemma 7.1. For the second
equality, consider first the case Y _go kqk > 2> 72 qk. From (7.17) we have

H(g)+H@—-q) —H@ +K(q)
=H(0,q9)+H(0,§—q)— H(©O,q)+ K(0,9), (0,4 — q)).

Applying~ Lerrir/na 7.5 with x(j) =(0,9), x® = (0,7 — q), the above expression equals
,?H L(&(s), ¢ (s))ds where ¢ is defined by (7.14)—(7.16). Now from Lemma 7.6

12,.:(0,9).0.§—)=H@+H@G—q —H@ +K(q)

which proves the second equality in part (a) for the considered case.

Now we consider the case Y g2 | kg =2 > 72, gk and p; =0. Since p; = 0, we must have
qr =0 for each k # 2. Then for any (¢, ¥) € \Z?J]H((O, q),0,qg—¢q)) with I} 1, 1: (&, V¥) <
oo, we must have (see (2.15) and the definition of ‘Z%,tz) 5 =—1and ¢ (1) =y’ (1) =0,
k #£2 fort € [t1, 1 + t]. Also, in this case g1 = 0 and so we are in case (i) of Construction 1
with x(V = (0, g) and x®® = (0, g — q). It is easily checked that any (£, 1) with the above
properties is the same as the minimizer (;‘ W) over [#1, t1 4+ t]. Thus using Lemma 7.1 and
Lemma 7.5 we get

H+t
I (0.8, (0.4 — ) = inf / L(£(s).8'(5)) ds
CETR 1o x D x@) J1y

H+t

= L(Z(s),E'(s)) ds

13|
=H(0,9)+H(0,5—q)— H(©0,9)+K((0,9), 0,7 —q))
=H(q)+H(q—q)— H(q)+ K(q).

This proves part (a) in this case.
(b) From part (a),

12:(0,p),0,p—D)=H@ +H(p—§ — H(p) + K@)

and since the right side is finite, again from part (a),

(0, p—§).0,p—G—q)=H@+Hp—G—q9 —Hp—§+K(@.

Therefore,
I:(0.p). 0.p =)+ 1, (0. p—§). (0. p— G — q))
=[H@+Hp—-9—-Hp +K®@)]
+|H(@)+H(p—q—q)— H(p—q)+K
(7.19) [H(q) P—q—9q (p—q ()]

=[H(q)+H(p—q)— H(p)+K(q)]
+[H(@+H(p—-q—9 —H(p—q) +K (@]
=15.(0,p).0.p—@)+ 12, :(0.p— ). 0. p—q— ).

where the last line follows, once more, from (a). This proves (b) and completes the proof. [J
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8. Proof of Theorem 2.6. In this section we will use Theorem 2.16 and the results in
Section 7 to prove Theorem 2.6. Let 0 < g < p. Recall the (distributionally equivalent) rep-
resentation of the event E™?(q) given in (7.1), in terms of X". Define

E™*T(q)={311,10 €[0, T] such that X (t;—) = X{(t2) = —1/n,
Xo(t) > —1/nfort €11, 1),
| X} (11—) — X} (12) — qi| < & for all k € N}
= {31, € [0, T] such that X{j(t;—) = X§(r2) = —1/n,
Y'(t) > Y"(t1—) —2/nfort €[t, 1),
| X} (11—) — X} (12) — qx| < & for all k € N}.

8.1)

Note that E™*7T (g) C E™¢(q) but they are not equal, since the continuous-time EEA may
not terminate by time 7. Consider the event that the continuous-time EEA terminates before
time 7', namely the event F»T defined as

8.2) FT = [X"(T) = (—1/n,0)}.
Then
(8.3) E"* ()N F"" c E"*T(g) C E™*(g).

The following lemma guarantees that in order to study the exponential rate of decay of
P(E™*(q)), it suffices to study that of P(E™*T (q)).

LEMMA 8.1. limsupn_mo%log P((F"T)) > —coas T — 0.

PROOF. Recall from Section 2.3 that the discrete-time EEA terminates in at most n/N
steps where N = [sup,, % Y R2 1 kZE] 41 < o0o. So since the discrete time EEA is the embed-
ded chain associated with the continuous time EEA (see Section 2.4), X" will have at most
nN jumps before arriving at the absorbing state (—%, 0). Since the total jump rate for X" ()
at any instant before getting absorbed is n Y g2, rx (X" (¢)) = n, we have

nN 1nN~
P(F*T) > P(Z&- < T) = P(; Y& < T>,
i=1

i=1

where &; are i.i.d. exp(n) and & are i.i.d. exp(1l). Therefore,

li | P((F"T)") < N1 L jogP 1%5 d
mmsSsup — 10 ’ msup — 10 E— i > —
naoopl’l g - n»oopl’lN g nN i:ll N
T
N

as T — oo, where the second equality is from Cramér’s theorem and where L1(x) =x — 1 —
log x for x > 0 is the Legendre transform of the log-moment generating function of &;. [

The following lemma gives an upper bound for the exponential rate of decay of
P(E™*(q)).
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LEMMA 8.2. Suppose Y 22 kqr > 23 32 qk. Then the upper bound in (71.5) holds,
namely

lim sup lim sup — log P(E™*(q))

(8.4) 6=0 e
<— _inf (15, (0, p), 0, p)) + I 1+ (0, p), 0, p — )],
g<p<p.n=0
where T =¢((0, p), (0, p —q)) =5 Zk 1 kqk foreachq < p < p.

PROOF. From (8.3) we have
P(E™*(q)) < P(E"*T (@) + P((F""))

and hence

1 1
lim sup —log P(E™%(q)) < max{hmsup—log P(E™*T(q)), hmsup— log P((F™T)° )}

n—o00 n—oo N n—o00

In view of Lemma 8.1, it suffices to show that for all sufficiently large T

1
lim sup limsup — log P(E™57 (¢))

e—0 n—oo N

<-— _inf [Io 1 (0.9). 0, p)) + I, (0. ). (0, p — 9)].
q=p=p.i1=

Let P7r =D([0, T]: R x R x R) and consider

EST(q) = {(¢,¥) € PBr:311. 1 € [0, T such that go(t;—) = ¢o(r2) <0,
V() >yt —) —efort €ty ) — Ck(t2) — qx| < & for all k € N}.
Denote the closure of EE’T(q) by clEe’T(q). From the definition in (8.1), when n > 2¢~!
E™T (@) c{(X",Y") e E5T(q)} c [(X",Y") e clE®T (g)).

From this and Theorem 2.16 we have

1 1
limsup —log P(E™*T(q)) < hmsup—log P((X",Y") e clE®T (q))

n—oo N

<- inf — I7 (¢, ).
€.y ET (q)

Since I7(¢, ¥) < oo only when (¢, ¥) € Cr, we have

. 1 n,e, T :
limsup —log P(E™*" (q)) < — inf I (g, v¥).
n—oo N & )eclEST (@)NCr

It is easy to see that clE®T ()N Cp = E=T (¢) N Cr. Thus we have

. 1 n,e, T ;
limsup —log P(E™*" (q)) < — inf It (&, ¥).
n—oo N . y)eEsT (@)NCr

Letting
ET(q)={(¢,v¥)eCr:3n,1 €0, T]such that (1)) = o(t2) <0,
V() =y (1) fort € [11, 1), Gi(t1) — Lk (12) = g for all k € N},
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we have E T(q)= ﬂ8>0(E8’T(q) N Cr). From this, the lower semicontinuity and compact-
ness of level sets of I7(&, ¥) (since It is a rate function; see Theorem 2.16), it follows that

1
limsup limsup — log P(E™*7 (q)) < —liminf inf I7 (¢, ¥)
e—0 n—oo N e=0 (¢ y)eE=T (g)nCr
=— inf  I7(&,¥).

. ¥)eET(q)

Breaking (¢, ¥) € ET(q) fort € [0, T] according tot <t1,t; <t <tpandt > 1y,

inf  Ir(C,¥) = inf 12, (0, p), ©, p))+I! . (0, p), 0, p —
e (&, V) qsﬁip’oing[ 04,0, p), 0, p)) + 1, ,((0, p), (0, p — q))]
> inf [15,,(0. ). (0. p)) + 1} ,,((0, ). (0. p — ))]

T g<p<p,0<t1<h<oo

= inf 0[1&1 (0, p). (0, P)) + 17, - ((0, p), (0, p — )],

q=<p=p.n1=

where the last line follows from Lemma 7.1. The result follows. [J
The following lemma improves the upper bound (8.4) in Lemma 8.2 when p; =0.

LEMMA 8.3. Suppose p1 =0and 0 < q < p. Then:

(@) 13, (0, p), 0,)) = Iy, (0, p), (0, q)) for each 1 > 0.
(b) Lett = % Y i2, kqk as in Lemma 8.2. The infimum on the right side of (8.4) is achieved
att; =0:

. 0 - 2 - - _ g2
qsi)lsr}{tlzo[lo’tl ((0’ p)’ (07 p)) + Il],t1+f((0’ p)’ (Oa p - q))] - IO"[((Oy p)v (Oa p - q))
PROOF. (a) Fix #; > 0. It suffices to show that if (¢, ) € j&l((o, p),(0,q)) sat-
isfies Io; (&, ) < oo then (¢, V) € J&ll((o, p), (0,q)). For such a pair of (¢, ), let
¢ € 5;,(&, ¥) be such that the associated cost is finite. In particular v, and consequently
o, is absolutely continuous.

Since ¢o(t) =T'(¥)(¢) = 0 for ¢ € [0, #1], we have
(8.5) Lizo)>0180 (1) = ligoy=0y ¥ (2), Lioin=0150(®) =0, ae.r€[0,1].

Since p1 =0, we see from (2.15) that 1, =0y’ () > 0 for a.e. t € [0, #1]. Indeed, when
p1 = 0 the term for k = 1 in the sum on the right side of (2.15) is zero. Also, the term for
k = 2 is always zero and the integrand for k = 0 is zero on the set {{o(#) = 0}. This shows that,
on this set, the derivative of the sum on the right side of (2.15) is nonnegative. Combining
this with (8.5), we have for r € [0, #1],

t t
v = /O Lgy=01 ¥ () ds + /0 Loty V' (5) ds
t
Z/O Lizo(s)>0y S0 (s) ds

t t
=/O Liz(5)>0)50(5) ds +/O Lizy(s)=0) S0 (8) ds = o (1) = 0.

This implies (¢, ¥) € jol,zl (0, p), (0, g)) and part (a) follows.
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®)For0<p<p,letq=p—pand T= %Z/?iﬂ“jk- Since p; = 0, we always have
SRt kqe = 2372 qr and Y72 kqr > 2332 k. Therefore,

inf [I() 1 ((0 p) (O P)) +1 [1 i+t ((0’ p)7 (0’ ﬁ - q))]

q<p=<p.n1>
= _inf _[I3,,((0.p). 0. p)) + I 4. ((0. p). (0. p — q))]
q<p=<p,n1=0
= inf [I5:((0, p). (0, p)) + IZ 7, ((0. P). (0. p — @))]
q<p=p
=,_nf_[I 5:(0,p),0,p—9)+12:,.(0.p—g).0,p—G—q))]
<q<p—q

where the first equality uses part (a) with ¢ = p and the second equality follows from Lemma
7.1 and the observation that I, 1120, p), (0, p—q)) = z’ Y +r((0 P), 0, p—gq)) forall ¢,

t" as long as I&s((O, p), (0, p) < oo for s =1,1". Using Proposition 7.7(b), the right side on
the last line equals

b1 [16:(0.2).0.p =) + (0. P~ ). 0. p 4 = )]

=16:(0.p). O p—@)+ _inf 12 :(0.p-0.0.p-q-0)

=12.((0, p), 0, p — ),

where the last equality follows by considering ¢ = 0. This completes the proof. [
Next we will prove the lower bound.

LEMMA 8.4. Suppose 0 <q <pand Y 2 kqx >2> 72 qk.Let T = % Y i1 kqk. Then
the lower bound in (7.4) holds.

PROOF. Let (Z(7), ¥ (1)) be as introduced in Construction 1 for 7 < 7, with r; = 0, x(1) =
(0, p) and x@ = (0, p—q). We define (Z (1), ¥/ (1)) for >  through (2.15)~(2.16) by setting
or(t,y)=1forall k, y and t > 7. Then I,(;‘ ) =1, (; ¥) forallt > 7. So by Lemmas 7.1
and 7.6, fort > 1

86 L& V) =L ¥) = fo L(E(s),E () ds =15 (0, p), 0, p— ).
For § € (0, 1) consider the set

Gs(&, ) = {(&,¥) €D(10,00) : R x R x R): sup [e(t) —&(0)] <5,
8.7) el0r]
forallk=0,1,2,...,[s7"]}.

Let t" =inf{r > 7 : X(j(1) = —%}. Then 7" < oo a.s. Define for odd integer j > —1,
G = {X(’)‘(r) -7 X;(«") =X (0). ke N},
n

and for even integer j > —1,

Gl = {Xg(r) =L 3 (Xp (") — Xj(@) = —;}.

k=1
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Intuitively, G’} describes the event that from time instant t to the time t”* at which the cur-
rent component is fully explored, the continuous-time EEA does not wake up any sleeping
vertices, with the exception that if the number of active half-edges at time t is odd (namely
Xp(1) = % for some even integer j > —1), in which case exactly one sleeping vertex (neces-
sarily with odd degree) will be woken up. Consider the event

=i eadiin( o)

j=—1
Fix ¢ € (0, 1). We claim that there exist 59 > 0 and ng > 0 such that
(8.8) "(&,¥) C E™*(q) forall § <38andn > n.
To see this, first note that by Assumption 2.2, there exists M € N such that
o0 o
ng & e
(8.9) sup k— < =, kpr < —.
neNk:ZM n 2 k:ZM 2
By continuity of Z, there exists g > 0 such that
(8.10) |2c () — &k (0)| < Z forall 7 € [0,e0],k=0,1,..., M,
8.11) 1Ee() — &c(0)| < 2 forall t € [t — e0, 7], k=0, 1,..., M.

From Lemma 7.4(c) we have Eo(t) > (0 forall t € (0, 7). Since Eo(t) is continuous,

. . ~ e 1
50=( inf ;o(z))AZAM>o.

t€leg,T—ep]

Take ng > g. We now show (8.8) with this choice of ng and §y. Fix 6§ < g and n > ng and
consider w € Ag’(z, V). For t € [g9, T — o], since | X5 @) — Zo()| < 8 < 89 < Lo(t), we have
inf; gy, z—e) X (1) > 0. So there exist ¢! € [0, 9] and #; € [T — &, "] such that

8.12) X2 (=) = X2(2) = —%, X1 > —% for £ € [£1, 1),
where by convention X(0—) = X{7(0) = —1/n. For k > M, it follows from (8.9) that
@13 (XL )~ XPE) il < X — XE@) gk < g <
Forl <k<M< |87},

X (=) = X{ (1) — el = [(XE (1 =) = X{(13)) = (& (0) = &(D))|

<| X1 =) — & O] + | XF(5) — & (D).
From (8.7) and (8.10) we have the following bound for the first term in (8.14):

(8.14)

X2 (67 =) = &) < [ X} (=) — Se(e)] + |8 (1) — &k (0)] <8+ Z
For the second term in (8.14), if té’ < 7, then using (8.7) and (8.11) we have
X7(8) = 8] < X7 (5) = Eled) |+ 18(8) = G| <6+ 2

If t} > 7, then t7 = " and from the definition of G? and (8.7) we have

; . 1
[X{(13) = 6@ = [X{ (") = XE@)| + [XE (@) = G(@)] = — +8 = 2 +s.
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Combining these three displays with (8.14) gives
X2 (=) = X2 (2) — g < 2<3 + Z) <s, keN.

From this, and (7.1), (8.12), (8.13) we have w € E™(q). Since § < §g and n > ny is arbitrary,
the claim (8.8) holds.
For fixed § < 89 and n > ng consider the following two probabilities

P(AFE. ). P((X".¥") € Gs (. ).

Write
P(A3E. )= Y PH{(X",Y") € GsE. ¥} NGY)
=1
(8.15) ’M
= D E[lxn ynyegyi.in P (G1F)],
j=—1

\ivhere we only have to sum up to [én] in the last line when (X", Y") € (N;(;(E, 1&) since
¢o(r) =0. Since " =7 on {Xj(7) = —%}, we have
(8.16) P(G”_llfr)zl{xg(r):_%}.

From Assumption 2.2 and the fact that » (X" (¢)) is nonincreasing it follows

o
k
supsupr (X" (1)) <sup »_ Bk Co < 0.
neN >0 nGNk:] n

Hence for odd integer 1 < j < |§n] and § < %,

n
Lxnymey@.n P (G1F)

_ o J
- 1{(Xn’Yn)EG5@"”)}nr(X”('L'))
J—2 1 . A
(8.17) nr(X"(0) -2 ar(X'(1) — (j — 1) XK=}
-2 1
Z 1 n n ~ - .1 ] . J coe 1 n _j
{(x"y )eGa(Cﬂ/f)}Con Con Con {Xo(r)=1)
|
- 126n]!

(X" YMeGs EN) (Con)20n] X (0=1)

where the last inequality follows since the term on the last line includes more fractions that
are less than 1 than the one on the previous line. For the first equality we have used the
fact that on the event G" all the active j + 1 half edges (an even number) at time instant 7
should merge among themselves (without waking any sleeping vertices) by the time instant
7", whereas the total number of available half edges (either awake or sleeping) at time instant
T equals nr (X" (7)) + 1.

For even integer 0 < j < | én ], we consider three different cases for values of p and q.

Case 1: There exists some odd m € N such that p,, > ¢, > 0. Let C,,, = %(pm —qm) > 0.

For § < L A8y A Cpy and (X", Y") € G5(Z, %), we have from (8.7)

Xp (@) =0 (r) — (G () — X (D) > (P — gm) — 8 > Cp,
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which implies X}, (t) > 1/n forn > 81, So for even integer 0 < j < [8n] and n > =V ng,

Lixr ymedy @i P (G177)
o mnX,’}l(r)' j+m—2 ' j+m—4
(ALYNECE pr(X (7)) nr(X" (1) —2 nr(X" (7)) —4
1 | '
nr(X"(1)) —(j+m—1) Xe@=3)
m j4+m—2 j+m—4 1
(X" ¥MeGs@iCon ~ Con . Con  Con
|26n ]! |
(X" YMEGs €} (Con) 2] {XG(m=4)"

n

> 1

(8.18)

> 1

lxpo=1)

>1

where the last inequality follows once again as in (8.17). Combining (8.15)—(8.18) implies
that, for § < %/\%ASO/\C,” and n > 5 V no,
[n]
- - [26n ]!
n - ~ - .
P45, ) = ,Zl E[l{(X",YweGa(;,v/)} (Con) 2] 1{X6‘(t):£}i|
j=—
[26m]! . .~
= WP((X”, Yn) €Gs(¢g, l/f))

126n

> /21 |26n] ( Coen

1281 oL
) P((X",Y") € Gs(&, V),

where the last line uses Stirling’s approximation n! > +/ 27rn(%)". From this and (8.8) we
have

o] e
liminf log P(E"*(9))

.| new T
zl}lrg})%f;logp( 55, ¥))

(8.19) > liigg%f[ % log (2| 26n ) + L2in ] log < 126n J)

Coen

| L
+=log P((X", ¥") € G €. wﬂ

26 o1 s

Define the open set

Gs.r(€. ) = {5 9) € DO 7L R X RY x R) ¢ sup [50) = Gu(n)] <3,
tel0,t

forallk=0,1,2,...,[s7"]}.
It follows from Theorem 2.16 that
o n oyn (e N n yn P
lggg(l)f;logP((X Y )EGS(C,w))=1}ln_1)£f;logP((X LY €eGs (8, 9))

> — inf (¢, ¥)=>—1&, ).
&, ¥)eGs (&, ¥)
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Combining this with (8.19), (8.6) and sending § — 0 gives

1 - ~
(8200 liminf -~ log P(E™* () = ~1: . 9) = =13 (0. p). (0. p — ).

The lower bound in Case 1 now follows on sending ¢ — 0.
Case 2: p,, =0 for all odd m € N. It suffices to establish a similar estimate as in (8.18),
the lower bound in Case 2 will then follow as in Case 1. From Assumptions 2.1 and 2.2

0 n 0
3@k + DL SN0k 4+ 1) pogrr = 0.
k=0 n k=0

Therefore, for each k € (0, 1), there exists some 71, € N such that 0 < Y72 ,(2k + 1)"2’r‘l—Jrl <
k for n > n,, which implies n,, = 0 for all odd m > «n. Consider now an even integer
0 <j <|6n] and n > n,.. Denote by M" the largest odd degree for which there is a sleeping
vertex at time instant t in the continuous time EEA. Note that M" < kn a.s. Therefore, for
k<8< %A80andn>n0\/ﬁ,<,

- - . n
L ymety@.n P (G1F)

mnX" (1) j+m—=2
>1 nynyeCo(r U 1 = " ’
= X" YMeGs(t.¥)) Z [ M m}nr(X”(r)) nr(X"(r)) —2

1<m<|xn],m is odd

j+m—4 1 i|
* .« .. - 1 " _j
nr(X"(t)) —4  nr(X"(r))— (j+m— 1) ] Ko=)
Since n X!, (t) > 1 on the set {M" = m} the right side can be bounded below by

| o 5 | ( +m—2)!'m |
- (M =m)  Comy G D2 | xg=E)
126n]! ]
{xny )GGB(;’MlgmﬂK%:,misodd (Mr=m} cony2on] | (Xg(o=1)
28n ]!
_, [26n)

(X" YMeGs @) (Cony20n] * (X§ =LY

where the last inequality follows once again as in (8.17). Therefore, we have the same in-
equality as in (8.18) for n > ng vV i, and § < % A 89, and so the lower bound in Case 2
follows.

Case 3: There exists an odd m € N such that p,, > 0 but p,, = g,,. For i € N, consider the
vector g° = (q;i)keN, where q,i = gy for k % m and q,’;1 =qm — ll Fix € € (0, 1). Choose i so
that p,, > g}, >0, & > % =qm —ql, and 352 kgl > 23" gi. When g is replaced by ¢
we are in Case 1 and thus for ¢’ < (¢ — %), from the lower bound (8.20) for Case 1,

] ] i ‘
(8.21) I}lrggéf; log P(E™*(q)) > l}fgg{l}f; log P(E™® (q')) > —IOZJ((O, p). (0, p—q")).
From Proposition 7.7(a) we have

(8.22) I5.(0.p).(0.p—¢")=H(g')+ H(p—q') — H(p) + K(q').

Since ((0,.p), O, p —qi)) and ((0, p), (0, p—q)) are in E and qi — ¢, from Lemma 7.3 we
have K(q') — K(q). Also, clearly

H(q')+H(p—¢q')—H(p)— H(q)+H(p—q) — H(p).
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Thus, as i — o0, the right side of (8.22) converges to

H@)+H(p—q)—Hp) + K@) =12.(0, p), 0, p— q),

where the equality follows again by Proposition 7.7(a). The desired result now follows on
sending i — oo and then ¢ — 0 in (8.21).
The above three cases cover all possible values of p and ¢. This completes the proof. [J

8.1. Completing the proof of Theorem 2.6. The upper bound of Theorem 2.6 follows
from Lemma 8.2, Lemma 8.3(b) and Proposition 7.7(a). The lower bound of Theorem 2.6
follows from Lemma 8.4 and Proposition 7.7(a). U

9. Proofs of auxiliary lemmas. In this section we prove the lemmas in Section 7. Specif-
ically, in Section 9.1 we prove Lemma 7.1, in Section 9.2 we prove Lemmas 7.2 and 7.3, in
Section 9.3 we prove Lemma 7.4, in Section 9.4 we prove Lemma 7.5, and finally in Sec-
tion 9.5 we prove Lemma 7.6.

We start with the following remark.

REMARK 9.1. Fix0<t <t <o0,xV, x® eRP and (¢, ¥) € ;1 ,,(xV, x®) such
that 14, 1, (&, ¥) < 0o. Fix € € (0, 1). Then there exists ¢ € S, (¢, ¥) such that

o0

> Cgr(s, ) dsdy < I (@ ¥) + .
=5 1n.n1x10.1]
Using convexity of ¢, we can assume without loss of generality that ¢ (¢, y) = pi(¢) %
Lio,rec ) (V) + Lree o)), 11(y) for ¢ € [11, 12], where py is some nonnegative function. From
(2.15) and (2.16) we see that for a.e. t € [11, 12],

0.1 () = —p (8 (1),  keN,
9.2) Y0 =) (k= 2) k(D (£ (1))
k=0

Since (£, ) € J,} ,(x M, x@), 20(t) = ¢o(11) + ¥ (1) — Y (11) over (11, 1), namely there is
no reflection over this interval. Therefore, for a.e. t € [11, 1], we have gé(t) ='(¢) and

1d

1 o0 [e.e]
03 —5or(E0)=—3 (W) + Zk;@(z)) =3 ok @), 1 eln,nl.
£ 2 k=1 k=0

Now we prove the lemmas in Section 7.

9.1. Proof of Lemma 7.1. We first prove (7.10). Since

: 1 .. 1 .. 2 n Q@
t2">1£ ]tl’tz(x( ) x¢ )) < Itl,tl—i—g(x( ) x( )) < It|,t|+§(x( ) x¢ ))’

it suffices to show

(9.4) inf 1) (P, x@) =12 | (xP x?)

=1
when inf;, >, I,ll’lz(x(l), x(Z)) < 00. Fix € € (0, 1). There exist t2€ >1h, (&, ¥) € jt} . (x(l),
x@)and g e S,ée(;, ) such that

o0

. el (D) Q)
O zg)/[zl,tflx[o,l]g((pk(s’y))dey51’1”2(;’w)+8Szzuzlgl“”z(x X7) + 28
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Recall that # — r(£(¢)) is a nonincreasing function (see (9.3)). We claim that in fact we
can assume without loss of generality that ¢ — (& (¢)) is strictly decreasing for ¢ € [11,15].
Indeed, if this function is not strictly decreasing, we can modify (¢, ¥) such that for the
modified trajectory strict monotonicity holds and the associated cost is not any higher. Such
a modification can be constructed via a limiting argument as follows. Consider (¢, ")
defined recursively as: (1;0, 1//0, goo) = (¢, ¥, @) on [0, tg] where tg = tf. For n € Ny, having
defined (¢", ¥") and 1y <15, where (§", ¥") € ‘71‘}1,‘5' (xMD x@) and 9" € Stg &",¢¥"™) such
that

o0
9.6) f (s, y))dsdy < / C(gx(s. y) dsdy,
,{2:;) [r1.231x[0,1] ok Z [11.25]x[0,1] )

we modify (£, ¥"), in case r(&(-)) is not strictly decreasing on [t1,#)] as follows.
Let [s7,s5] C [t1,1;] be the largest constant piece of r(£"(-)), namely r(¢"(z)) is con-
stant on [s}, s3] and sy — s} is maximized among all such possible pieces. Let t”Jrl =
8 — (s§ — s7) and define (¢"*!, y"*1) by shrinking (£, ¥") over [s], s3], namely let
@O, ") = @0, ¥ (@) for 1 < s} and " (@), ") = (§"( + 55 —
S, Y (e 4 s — sT) for s < 1 < T Clearly (¢!, y/+1) €J! (. x®) and the

associated control ¢" ! satisfies (9.6) with n replaced with n + 1. If r(; (t)) only has N con-
stant pieces over [t1, £5], then ({N , ) is the desired modification of (¢, ¥). If r(¢(¢)) has
countably many constant pieces over [t1, t5 ], then the sequence (£", ¥") is well defined and
(9.6) holds for every n. Since the sequence #} is nonincreasing, it converges to some point 7.
Since I;, has compact sublevel sets, this sequence (of paths over the time interval [z, ©]) has

a limit point (Z, ). It is easy to check that this limit point must belong to j ! (x(l) x®)
and I,l’,z(l; V) < liminf,_ o0 I (8", Y") < I,l,,zs (¢, ). From the constructlon one can
show that for fixed § € (0, 1), infse[,lytg,g] [r(&"(s)) — r(&"(s 4+ 8))| is nondecreasing in n

and eventually positive. Therefore, |r(Z(s)) — r(¢(s +68))| > 0 for each s € [t1, 7y — 8]. As §
is arbitrary, (¢, ¥) is the desired modification of (¢, y) verifying the claim.
From Remark 9.1 we can further assume without loss of generality that ¢ (¢, y) =

Pk 110,10 ) F Lic), 11(y) for ¢ € [11,15] and (9.1)-(9.3) hold for ¢ € [t1,15]. We
now introduce a time transformation. Consider the nondecreasing function f defined as:

)=
1, 1€[0,n),

r(t@) = Zpk(r)rkca)) teln, 1],

k=0
where the equality in the second line follows from (9.3). Since r (¢ (¢)) is strictly decreas-
ing for ¢ € [t1,#;], f(¢) must be strictly increasing for ¢ € [t,#;]. So g = f_1 is well de-
ﬁned and absolutely continuous on [0, f(¢5)]. Note that f(z5) = f(t1) + f,? fl(ydt =1 —
(r(; (t5)) — r(&(t1))) = t1 + ¢, where the last equality is from (7.9). Define (l:' (1), lﬁ(t)) =
(;(g(t)) Y(g(t)) for ¢ € [0, 11 + ¢]. Then it is easy to see that (;‘ w) e J, . ,1+§(x(1),x(2)).
Since f(g(t)) =t, f'(g(t))g'(¢) = 1 and so

d -~
Er(( (1) =-2f"(g(1))g'(t)=—-2 forae.teln,n+cgl

@)=
T2dr

Therefore, (Z‘, 1}) € jt%’,ﬁg(x(l), x®@). Define

@it y), t€[0,1),

Gt y) =1
Pk(t)l[(),rk@(,)))(}’) + l[rk(Z(t)),l](y)’ telt,n+gl,
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where o (1) = pr(g(t))g'(¢) for t € [t1, 11 + ¢]. From (9.1) and (9.2), for ¢ € [11, ] + <],

G0 =8 (80)g' 1) = —p () (8 (g)))g' 1) = —pr k(£ (@), ke,
V() =9 (g0)g (1) =D (k= 2)pe(g®)ri(¢ (8)))g () =Dk — 2) e (Dr(E (1))
k=0 k=0

Sog e St1+§(f, V). We claim that

o0

9.7) f (or(e.y))didy >
,;) [11.51x[0.1] ( )

o0

> / (G (e, v)) di dy.
=5 i +s1xi0.1]

To see the claim, first note that the left-hand side of (9.7) equals

o t;
Z/ ri(& () (ox (1)) dt
k=0""

Since g(f(¢)) =1, we have g'(f(¢)) f'(t) = 1 and hence the right-hand side of (9.7) is

Z/Hg EW)e(pen)d =Z/ Z(f@) (b (f0)) f (@0 dt
=§f (28 ) raan

Combining the above two facts, we have

o0 o0
okt y))didy — f (Ge(e, v)) di dy
;)][n,zg]x[o,l] ( ) k;:) [11.01-+51x[0.1] ( )

- Z / (@) log £1(1) — (1) + 1] d1

—/2[( rk C(t))pk(f))logf(t)—f(f)-l- }

— /12 (f'))dt >0,

where the next to last equality uses the fact that Y 22 rx($(¢)) =1 forall £ € [11, t5) and the
last equality uses the definition of ~f ! (f)' This proves the claim in (9.7). Combining (9.5) and
(9.7) with the fact that ¢ € S, 15(Z, %) and (£, ¥) € T2, , (xD, x@) gives

12

e x®) <

0(g(t, y))dedy < inf I}, (xD, x@) 4 2¢.
k:O/[tl,lH‘s‘]X[O,l] @utt. y))didy < b 1.1 )

Since € € (0, 1) is arbitrary, (9.4) follows, which, as argued previously, gives (7.10).
Next consider (7.11) and the third statement in the lemma for fixed (¢, ¥) € jt% f+c (xD,
x@). We first show that

tH+g
9.8) Iy e @) > /, L(£(s).£'(s))ds
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Assume without loss of generality that I, ;4 (&, ¥) < 0. Fix ¢ € (0, 1). From Remark 9.1
we can find some ¢ € S;, 4 (¢, ¥) such that

o0

f (or(s, ) dsdy < Iy 14 (€s ) + £,
k=0 " [11:11+51x[0.1]

or(t, y) = O L0, o)) (V) + ey, n(y), telt, i +¢l,k €Ny,

for a suitable sequence of nonnegative functions pg, and (9.1)—(9.3) hold for ¢ € [#1, 11 + ¢].
Using (9.1), (9.2) and the fact that %r(;‘ (t))=—2fora.e.t €[], + ¢] we have

)+ X2 (k= 2 &
po0ro(e ) = -2 Zk—zl( KO 1y g,

k=1

which also implies 21211 {,é (t) = —1 for a.e. t € [t1,t1 + ¢], proving the third statement in
the lemma. Furthermore we have

o0

Z/ (i (s, y))dsdy
[t1,81+61x[0,1]

= Z / (8 () (o (1)) dt

_[uts +3 1¢k(z)> = E( —5; (1) ﬂd
. [ ¢®) < ey )T EOCE ) |
t+g

= L(¢®), L' ®)dt

1

9.9)

where the last equality uses the definition of £ in (2.14) and L in (7.6) and we use the con-
vention that 0€(x/0) = O for x > 0. Therefore,

i+
(910>/ (&), &' (0) di = Z/”H o Lo ) dsdy < B c @) +e

Since ¢ € (0, 1) is arbitrary, we have (9.8).
Next we show that

t+g
©.11) s @0 = [ LEE.E ) ds

1
Assume without loss of generality that ftt]‘ﬂ L(¢(s), L' (s))ds < 0o. Since there exists some
€& v* e j&l (x @, x(MY such that Io.., (&%, ™) < 0o, we can further assume without loss
of generality that Iy (¢, ¥) < oo. Then there exists some ¢* € S, (¢, V). Let @(t, y) =
@*(t,y) fort € [0, t1), and for ¢ € [t1, t; + ¢] define

R0
pi (1) = rk@(t))l{rk@(z))#op k €N,
Y ore (k= 2)p(t)ri(E (1)) — ' (1)

t) = 1 ,
po(t) 2102 (1)) {ro(¢(1))#0}

or(t, y) = o L0, ) (V) + Lo, n(y),  y €10, 1],k € Np.
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Clearly (9.1) and (9.2) hold for ¢ € [t,#; + ¢] and hence ¢ € S;,1c(¢, ¥). Also one can
check that (9.9) still holds. Therefore,

Ity 48, ¥) < Z/

[t1,11+61x[0,1]

hi+g ,
Eoi(s, y))dsdy = ft L(¢@), ¢ (1)) dt
1

This gives (9.11) and completes the proof of (7.11).
Finally, (7.12) follows on combining (7.10), (7.3) and (7.11). This completes the proof of
the lemma. [

9.2. Proofs of Lemmas 7.2 and 7.3. PROOF OF LEMMA 7.2. Consider for (x(, x) e
&, the function o« — B(«) on (0, 1), defined by

1 Xk
B(a) = B(a; xM, (2)) ((1 —a2 Z 1 _Zk Zkzk +x(2) azx(()l)>

o

k=1
0, gkl x(2> 1
9.12 =z—Y kzp———— + 20— gxV
9.12) 21— ) kz ot Ty 0
k=3
@ 1
=z — ZkaBk(oz)—i-— axg”,
k=3

where By () = (o — ak_l)/(l — o) for k >3 and z = x1 — x@ as before. For each k > 3
and o € (0, 1), using the inequality of arithmetic and geometric means one can verify that

, (I—a®k—1D(1+a®+a*+- a2t
(9.13) Bi(@) = —— iy ( - — o 2>>0,
and
9.14) 0= Bi(0+) < Bi() < Bx(1—) = (k — 2)/ k.

So B(1-) =z1 — Y3225k — 2)zx + x(z) — xél) = —(3 32k = 2)zx + z0) < 0 by assump-
tion and B(«) is decreasing in o € (0 1). Also note that the assumption > 7 | kzx + zo >
23721 zk can be rewritten as

Z(k Dz 41 > 71+,
k=3

which implies
(9.15) either x(()D > 0 or z; > 0 for some k > 3.

From this and (9.13) we see that B(«) is actually strictly decreasing in « € (0, 1). Since

each By(«) is continuous on (0, 1), B(«) is also continuous by (9.14) and the dominated

convergence theorem. Finally, since B(0+) = z; + oo - 1{x<2)>0} > 0 and B(1-) < 0, there
0

must exist a unique B € (0, 1) such that B(8) = 0. This completes the proof of the lemma.
O

PROOF OF LEMMA 7.3. Suppose xMn x@ny 5 (xD x@) as n — oo, where
(x-n x @y (x(D x@)) ¢ B. Recall the function B(-) defined above (9.13) and the def-
inition of B(-) from Section 2.2. We consider two possible cases for the values of x(()Z) and
21-
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Case I: x(()Q) =0 and z; = 0. In this case g = B(xV,x?®) = 0 by definition and
x(()z) log 8 = 0 by our convention. Since B(0+) =z; + o0 - l{x(2)>0} =0 and B(«) is strictly
0

decreasing in « € (0, 1), we have B(«a) < O for every « € (0, 1). Fixing o € (0, 1), from
(9.14) and the dominated convergence theorem one has

(9.16) B™(a) = B(a; xV", xP") = B(a) = B(a; xV, x@)

as n — oo. Therefore, B™ («) < 0 for sufficiently large n. Since B®™ is decreasing, we must
have B = B(x(D", x@") <  for all such n. Since « € (0, 1) is arbitrary, this implies that
as n — 0o, B — 0 = B. Next note that the convergence of x(z)’” log g™ — x(z) logB=0

holds trivially if x(z) (2).n

= 0 for all sufficiently large n. Suppose now that x,~"" > 0 for every
n. Also take n to be sufficiently large, so that x(z) " < 1. From (9.12) and since kB,E”)(oz) <

(k — 2) from (9.14) [applied with (xD, x@) replaced by (xDn x@.1)] we have

B(ﬂ)((x(()Z),n) >0— Z(k 2)Zk b
k=3

(x(Z),n)Zx(()l),n -0

(2) 0

(2),n
for x,

x(()z) log 8.

Case 2: xéz) > 0 or z1 > 0. In this case, for n sufficiently large, we must have x(()z)’” > 0or
71 >0.So B satisfies B™ (™) = 0 for all such n. Since 8 > 0, and by proof of Lemma
7.2 B(B) =0, B(0+) > 0 and B(:) is strictly decreasing, we have B(8/2) > 0. As in the
proof of (9.16), we see that B (8/2) — B(B/2) as n — oo, and so B (8/2) > 0 for all
sufficiently large n. Since B is decreasing, we must have " > /2 > 0 for all sufficiently
large n. From this, (9.14) and the dominated convergence theorem one can show that along
any convergent subsequence of 8, B (™) — B(lim ™). So any limit point of B is
a solution to B(a) = 0 defined on (0, 1). But 8 is the unique solution to this equation. So

B™ — B and also x(()z)’" log B — x(gz) log 8. This completes the proof of the lemma. [

(2).n

sufficiently small. So g™ > (x(gz)’")2 for such n and so x; """ log g™ — 0=

9.3. Proof of Lemma 7.4. (a) Recall the definition of ¢ in (7.9) and ¢, Z; from Construc-
tion 1. From (7.13) we have

1 _ (2) 00
- X + 32 kz 1 .
9.17) = s =X S (x(()l)-l-E ka>.

1-p2 2(1 - BY

Since B € [0, 1), we have ¢ < ¢/(1 — B%) = . This proves part (a).
(b) We first show that (; w) € ~7t1 fi+¢ (x®, x@). For this, it suffices to check

(9.18) L +c)=p forkeN, Lot +¢)=x",

9.19) PO =g (t) = —x forreln,n+gl.
From (7.14) we have

~ N ~ N 1 2
G +o)=p —a(l—(1 =g/ =p” =2 (1= ) =p” — 2 =p,
which gives the first statement in (9.18). From this, (7.15) and (7.9) it follows that

It 1 1 2 2
Co(t1+§)—x()+zk WD pPy —2e =x?,

which gives the second statement in (9.18).
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For (9.19), applying the change of variable r —#; = ¢(1 — ozt) namely o; = (1 —

for t € [t1, 11 + ¢], we have

Z (1)—Ck(t) 2(t—t1):Zkgk[1_(1

k=1 k=1

_Zkzkl—a,

H'qg

l—oet

~
Il
—_

= F(ay),

t—t1\1/2
=)

_Nk/2
! f1> ]-2(;—:1)
5

—2Z(1 —at)

Zkzk 1— atz —xél)(l — alz)

where the third equality follows from part (a). Using this we can write, for ¢ € [#1, 1] + 5],

(9.20)

Note that, for z € [, 11 + <],

xél) + F(ay) = atzx(()l) + Z kZg(a; — ozt

X (1)
=o; (1 —ay) 1—

)

Zo(t) = x§" + Fla) =9 @t) — ¥r(n) + x5

kl
1—0(; )

X » s o~
=at(1—oet)(lf 0 —m+Zkszk<at))
— % =3
=a,(1 — o) B(ay),

xD

where By (o) = (& — ¥ 1) /(1 — @) for k > 3 and B(a) = 7% — 71 + 352 3 kZk By (). One

can verify (e.g., using Young’s inequality) that

(k —2)a* 1 — (k= Dak"24+1

Bil) = @—1)2

>0, k=>3,ael0,1).

- - @)
So B(w) is increasing. Using (7.13) one can verify that B(B) = ﬂ(ﬁo ) I{g>0y = 0. Since for

te(,t1 +c¢l, o €[B,1), for all such ¢ x ) 4+ F (o) > 0. This along with (9.20) gives
(9.19).

So far we have verified that (E,xﬁ) € Z}itz(x(l),x(z)). From (7.15) we also have
j—lr(f (t)) = -2 for t € [t1, 11 + ¢]. Thus actually (E, 1}) € ‘71?,12 (xD, x@), completing the
proof of (b).

(c) Since for ¢ € (t1,11 + <), &o(1) = x" + F(ar) = (1 — ;) B(ey) and B(B) > 0, it
suffices to show that B(oz) is strictly i 1ncreas1ng in « € [B, 1). But thanks to (9.15), this is

o
immediate from the fact that Bk (@) >0 and —9 s strictly increasing when x(gl) > 0. This
gives part (c) and completes the proof of the lemma
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9.4. Proof of Lemma7.5. Let ug= %(x(()l) + 302, kp,(cl)). Recall z; = ﬁk It then fol-
lows from (7.14), (7.15) and Lemma 7.4(a) that for ¢ € [#1, ] + <],
- kZk t — 1\
S T Yo )(1_ : )
9.21) ° ) ! °
s 1, =
e —— t) — S
a0 ) SO — P 5]
. i ) é” 200 — 1) + X2 klp ) — L] Go()
(9.22) part k 2¢ —-2(t—11) 26 =2(t—11)’

r(E(1)) =2uo — 2t — 11).

From these we have

h+ts . ~
[ LEe. Ee)as

n

1+ o oo =/
— e |:(1 + Z {,é(t)) log(—lj_ Zk:l}ka))
d k=1

> b/ rE )
e A0 }
+ — ) |dt
©.23) a7 )

t1+¢ 5
=/ |:log(2,u0 —2(t — 1)) —log(2¢ —2(t — 11))

00 AN (
_Zflé(t)logck(t) _ Lk +Zk>}dt.
k=1

S (1)
We claim that we can interchange the integration and summation in the last line. To see this,
first note that there exists some M € N such that z; < Z; <2z < 2p,(cl) < 1 for k> M. Since
é:k () is nonincreasing, we have

PR

n+¢|.

G —p + %
(t)lo ( _ >‘dt
z & (1)

/-t1+§ (é‘k(f)— +Z’<)‘d( (1)—§k(t))

Ci (1)
Tk —
= d
ke -/(‘) ( (1) u)’ !

/ —log(Gx — u) — log(pL” — u)) du

]

k:M
2p (1)

22/ logudu.

Using £(x) =xlogx —x = [ log x dx, the last expression equals

_ x 1
—2 Z p) - o) =4 p,g”log(W) —4(log2 — 1) Z py”.
Py

k=M
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Here the last term is clearly finite. Letting M = Pl p(l) € (0, 1], we have

o (D
1 p 1 1
E p,& )log( (1)) M E k log< zp(1)> + E p,(c )logkz

k=M kMM

@

) +2 Z kp,il) < 00,
k=M

=M

where the inequality holds since log x is concave and log x < x. Therefore,

t1+¢| . —
Z/ E(0)lo (g"() m +Zk)‘dt<oo.
Ck
One can easily verify that, for 1 <k < M,
n¥s)|. G0 —pp + % <
[ jaionog( PR < [
1 {k(t) 0

So the claim holds. Actually we have also shown that fttll+§ L(Z‘(s), Z/(s)) ds < o00.
From (9.23) it then follows that

log(z(kl);u)‘du < 00.
P —u

n+s . ~
[ L6 Ew)as

Hh+¢ ~
- [log(1o — (¢ — 1)) —log(& — (¢ — 11))] dt

n

X rn ¢ — V43 -
=3 [ (M
k=1 3l k )

Sk (t

©24)  _ [_z(uo - )+ EE— —m)

t+g

= > U& @) — py” + %) Z ;k(r)}
k=1 =1

=—(uo — ¢)log(o — ¢) + (¢ — ¢)log(¢ — ¢) + pmolog o — S log ¢

1=t

+ Z — — 20 log(Gk — zi) + i log py” + Zrlog 2k — pi log py],

where the last line follows from E(tl) =xW and E(n +¢)= x@, Using ¢ =¢/(1 — ;32),

(¢ —¢)log(¢ —¢) —clogg
_ B P s s
_1_/32 gl—ﬂz 1—,32 gl_ﬁz
/32

1—p?

=—glogg+glog(l—,3)+ 5 log B.
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Since Zx =z /(1 — ,Bk), we have

o0

Y [~ Gr — z) log Gk — 21) + Zx log %]
k=1

M

k k
|:Zk log z — zx log(1 — BX) — 1/3_ ;kk log /3]

,\N
I
=

)

[k log zx — zx log(1 — B* +Z<k2k_ ﬁk) ogp

»
Il
—_

2432
[zx log zx — zx log(1 — B¥)] + (x(gm B*s -

where the last line is from (7.13) and (9.17). The last two displays along with (9.24) give

h+s . ~
/t LE(s). E()) ds
1

Mg

)logﬂ

»
Il
—

= —(uo — §)log(io — ¢) — g log ¢ + polog wo + g log(1 — g2

2 (1 1
(9.25) + Z zilogzi + pi log pi? — pi log pi']
k=1
— sz log(1 +x(§2) log B

= H(Z) + H(x(z)) — H(x(l)) + [E(x(l),x(Z)).

Finiteness of the above follows as in Remark 2.5. This gives the first statement in the lemma.

For the lower semicontinuity, first note that — (o — ¢) log(o — ¢) — ¢ log ¢ + o log o+
clog(1—p?) — > re zik log(1— B +x(()2) log B is continuous from Lemma 7.3 and Assump-
tion 2.2. The remaining terms in (9.25) can be written as

o0

> [z logzi + pi” log p — pPlog p
k=1

(1)]

0
=Y [alogzk + py” log p”’ — pilog pi] — [z0logzo + pi log p” — pi log p”]

k=0

@
2 2 (1 1
—E [Zklogp(l)}ri [ P log (1)] [z0logzo + pg” log pg” — py log pg],
k k=0

where zo =1 — Y72 zk, and p(()i) =1-32, p,(j) for i = 1, 2. The last term in the above
display is clearly a lower semicontinuous function of (x(, x®) € &. The lemma follows.

9.5. Proof of Lemma 7.6. We begin with a lemma that gives the statement in Lemma 7.6
under a stronger assumption.

LEMMA 9.2. Suppose the same setting as in Lemma 7.6. Suppose in addition that:
(1) x(l),x(z) > 0, and (ii) for every k € N, i p(l) > 0 then p(z) > 0. Then (7.18) is satis-
0 0 k k
fied.
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PROOF. The first equality in (7.18) is proved in Lemma 7.1. For the second equality, we
need to show that (£, ¥) is the minimizer of the function
Hh+¢

GE = [ LEELE®) s @) €T sl x?).

1
We will prove this via contradiction. First note that jt% f+e (xM, x@) is a convex set. Also

using the definition of L, one can verify that G (¢, V) is a convex function in (¢, V) €
‘711 ,l+§(x(1) x?)). Now suppose there exists some (¢, V) € «71% zl+§(x(1) x?)) such that
G(; V) < G(; V). From Lemma 7.5 we have G(; V) < 0. For ¢ € [0, 1], construct the
family of paths (£°,¥°) = (1 — &)(Z,¥) + &(¢, ¥). Letting g(¢) = G(£*, ¥/¥), we have
g(H) = G(i;, V) < G(Z‘, 12/) = g(0). It follows from the convexity that g is left and right
differentiable wherever it is finite. We will show that g, (0) = 0, where g/, () is the right
derivative of g. The convexity of g will then give the desired contradiction.

By convexity of g, we have g(e) < g(0) for every ¢ € (0, 1]. From Lemma 7.4(c), assump-
tion (i) and continuity of Zo we have

(9.26) §= inf Zo(t) > 0.
telty 1 +g]

From (9.22) we see

» 5
o(1) >—>0, reln,t+cl

(9.27) 1+ Z o) = % 20— 222

Now fix 0 < ¢ < 1 /\8/\ Then;o(t)> forallt € [t,t; + ¢].
We next argue that one can assume without loss of generality that

(9.28) ()= (t) forallter, ) +c¢land k > ng

for some large enough no € N. To show this, we define (£", ¥") for n € N as follows: For

t€10,11), (€"(1), ¥" (1)) = (£5(t), ¥ (1)), and for t € [11, 11 + s,
L) =&(t), k>n,
GW=¢@), 1<k<n,

&0 =x5" + Z k(p — gl @) — 2t — 1),

Y () =Y (n) + Zk(p,i” — D) — 2t — 1),

k=1
From this definition we have ({)ren —> (§)ken in C([0, 71 + ¢]: RS°) as n — oo. So
&y, v") — (&5, ¥®) in C([0,1; +¢]: R?) as n — oo. From this we see ¥ (1) — ¥" (1) +
(1) = ;‘0 (#) is uniformly bounded away from O in ¢ € [#1, 1 4 ¢] for sufficiently large n. So

I;” ,l H+ g(x(l) x @) for all such n. Recall Ly and L defined in (7.6). Using the definition
of ¢! for1 <k <n,

- . n+
G ") — G(E . y®) = ft LE ). (€7 ) — LEE (), (€(5)))] ds

f+¢

(9.29) = [Lo(£"(5), (£"())) — Lo(£°(s), (£°(s))")] ds

f+s
/ Z Li(8"(5), (8" ())) = Li(£°(9), (£°()) )] ds
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We claim that both terms on the right side converge to 0 as n — oo. To see this, note that

n n / - ny/ i n\/ é‘(;l(s)
’ = 1 1
Lo(8"(5), (£"(5))) ( +k§(§k)<s)) Og|:<1+1;(§k)(S))/(r(cn(s)))i|

— Lo(£°(s), (£°())")

as n — oo, for each s € [11, 11 + ¢]. From (9.27) and the choice of ¢ we have that
0
)
Z (s) >——¢e>0.
=1 25

Since ¢ (s) and Eo(s) are both bounded from above and away from O for all s € [#1, 11 + <],

sup  sup  |Lo(8"(s). (£"(9))")] < 0.
neNselt,t1+¢]

The first term on the right side of (9.29) then converges to 0 as n — 0o by the dominated
convergence theorem. For the second term, note that

/ n\/ n\/ ke e e /
L"), €70))) = (60 &) 10g] () 0/ (7o ) | = e 00 (6500
r(&"(s))
as n — oo, for each s € [f1,1; + ¢]. Since ¢" € jtf,tﬁg(x(l),x(z)), we have r(¢"(s)) =
r(Z(s)) =r(L(s)) for each s € [11, 1] + <], and hence

ILL (2" (5), (£"(9)))] < |Le(E(5), & )| + | L (£5(), (£5()))]-

Since f;(l;g, Y¥) < 0o and G(Z‘, 1/~/) < 00, we see that the last expression is summable over
k € N and integrable over s € [t1, t] + ¢]. Therefore, the second term in the claim converges to
0 as n — oo by the dominated convergence theorem. From the above claim we then have that
G(C”O, Yoy < G(E, lﬁ) for sufficiently large ng. We now fix such a ng and, abusing notation,
denote (&, ¥) = (£"0, ") and define (¢, ¥®) as before, by using the new definition of
(¢, ¥), so that (9.28) holds.

Since (¢, V) € Jtitﬁg(x(l),x(z)) we have r(;‘(t)) = x(l) +3 2, kp(l) —2(t — t1) and
C0(t) = r(&(0) — 02 ke (t) = x” + 202 k(pg” — k() — 20 — 1) for 1 € [11, 11 + 1.
Using the definition of L, one can write

B nh+ s
1 k=1

i k
-3 ciotog| (~5) - é"((;))) )} } di

k=1

+ o0 0,0) /
- ttl g{(HZEé(r)) 1og< L 2 Gl0) )

= V3 k(p) — G@) — 2t — 1)

n+
_Z;k(t) ( g"é)))}dwr . §10g< (1)+ka(l) 2(t—t1)>dl‘
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and the analogous expression holds for G(;S, Ye). Let @ =¢ — E . From (9.28) we have
6r = 0 for k > ng and hence

h+ 00 / | o s
so= " §{<1+Z(§,f) (l)>1og< FYE )

Pt Wy k(pV —gf (1) — 20t — 1)

<N e - @)
- Z:(ik) (t)lOg(W)}dt + Co

fi+g
- f (Get) + 60 (1), EL() + e6L(1))".,) dt + Co,

t1+¢
= iit, &) dt + Cy

141
for some constant C, where

ng | o
L e
k=1 Xy + 2l k(py’ —ug) + v —2(t — 1)

no —Uk
— Z Vk log<—),
=t kuy

with o, =302, &) and y, = 302, k(py" — Zk(r)). We wish to show that differen-
tiation under the integral over ¢ with respect to ¢ is valid in a neighborhood of 0. For this,
we now establish an integrable bound on the partial derivative of 7 with respect to ¢. To
obtain such a bound, note that we only need to consider the contribution from e6;(¢) for

1 <k < ng such that p,(( ) > 0, since when p = 0, one has that p = 0 by assumption

@

(i1), which implies 6 (#) = 0. Therefore, assume w1thout loss of generality that p;”~ > 0 for

every 1 <k < ng. Further, note that we can assume pk > pk , since otherwise, once more,
0 (t) = 0. Therefore, we assume without loss of generality that

(9.30) V> pP >0, 1<k<no.

Denote by - a" and 8'7 the corresponding partial derivatives for the function n(, (ug, vi) k=1
Then one can Verlfy ‘that

97 (z £) & N
! Z MR L .
10Uk (1,28 ). (10);2) 10Uk Lt (0,0 @2
The partial derlvatlves of n are
ouj
9.31 -
©3D KO+ X 04+ X200 50) "

D O ~ PRONE T
X0 P =)+ 5 Sy =G (0) = 2(t — 1) Uk

0V
1+Z’f° Vi + X% 041 £ @)
(9.32) zlog( W 2 O3 )
+2; 0 J P =)+ 5 J (P = i) = 2( — 1)
—ue

kuy’
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forl <k <ng.Forall0<e < l AS A 2‘3—~ and r € [t1, 11 + ¢], from (9.30) and (9.26),

1)
<—<UfWKMU<Qﬂ0<§:@k<x
k=1

%m—ﬂ”+2h piV — i) + Z}J(” £i(0) =20 — 1),
Jj=no+1
0<pP <ty <pl <oo, —1<(f) (1) <0,
o] <p. |60 <2. 1<k <no,
k k

0<i<(1—8)<1+2§k(l‘)><1+2 ) ) <1,

k=1 k=1
where the last line uses (9.27) and Lemma 7.1. Furthermore, using (7.14) we get

/ ~ 3kZx t—t K21 3kZy k/2—1
(&) @) < (1) < 8g<1_ §> = W( c—@—m) N

Combining these bounds we have
an
ouy

ko
S o

(t(CE D0 ) 2)

1
1 _
%520

an
0V

3/4¢ }
(D 0o i
Xy + Zj:l JpPj

G G
log 0
kpy

, |log

< max{

(RAQKCIU Q)]

+ max{

log

!

for all e € [0,1/4], t € [t1,t1 + ¢], and k =1, ..., ng. Therefore, one can find some C~'0 €
(0, 0o) such that

an(t,e)
‘ de
Since |log(¢ — (t —t1))] is integrable in r € [#1, 1 4+ ¢ ], we have obtained an integrable bound
on |%| that is uniform in ¢ € [0, 1/4]. Thus we can differentiate under the integral sign

to get
n+s 9n(t, &)
g%ﬂ=/ g
1 &

forall0<e < }‘ AS A 2‘3—5. Next we claim that the following Euler—Lagrange equations are
satisfied.

1
2 b
kp,(C )

<Co+Collog(¢ — (r —1))|, e€l0,1/4],t€t;, 11+ <].

.
(9.33) 8un(t’(§k(l)’§k(t))k:) e

forl1<n<ng,t€[t,t1 +¢l.

(. (Ge). E 0O

Once this claim is verified, we have
no

t1+¢ an 87’
o= [ P— T 1O F - %ﬂm
=1 /n Ok 11, G (0,52 GRS IR ORAGI A
20 rhits t9 B
=Z/ e,g(z)[—f a Y ) ]dt
=1 /n Uk (s, (Gu(s). 5 ()2 ) Ok (1, G ). 51,2
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0 apidc _ no 3
=3 [ aswdr =Y alun + o) - o) =0,
k=171 k=1

where the second equality follows from integration by parts, the third is a consequence of
(9.33) with some suitable constants ¢; and the last equahty holds since 0, (t1) =0 =6, (11 +
¢). This gives the desired contradiction and shows that (¢, ¥) is the minimizer.

Finally we prove the claim (9.33). Fix 1 <n < ng. Using (9.31) and (9.22) one can verify
that

e, G, o)) = AT L= 5O 6O

dun Zo(t) Ca(t)
_ n 40
26 -2(t—11)  £,(t)
d B -
=7 (—% log(¢ — (t — 1)) + log(g“n(t))).

Therefore, it suffices to show

T, G, G0N, +én

(9.34) —glog(g: = (= m) +log(6x(0) = 5~

for some constant ¢,,. From (9.32) one has that

1+3%2, E;ga))
Zo(1)
=log(ng, (1)) —log(—=¢, (1)) —log(2§ —2(t — 1))

where the last line follows from (9.22). From this we have

8: (t, (G (), GL(0);2,) = log(ng, (1)) —log(—¢, (1)) + log(

LN ORAG) )

n

- _(g - 1) log(& — (t —11)) — log<%> +log(—£, (1))

_ glog(g —(t — 1)) +1og (L, (1)) —

~ n ~
=logz, — 3 log ¢,
where the last line follows from (9.21) and (7.14). Therefore, (9.34) holds with ¢, =logZz, —
5 log ¢ which proves (9.33). This completes the proof. [J

PROOF OF LEMMA 7.6. The first equality in (7.18) follows as before from Lemma
7.1. Lemma 9.2 shows that the second equality holds if the additional two assumptions
in Lemma 9.2 are satisfied. Let (¢,v) € Jt%,,ﬁg(x(l),x(z)) be a trajectory such that

JOTEL@E (). ¢ (s))ds < [T L@ (s), Z'(s)) ds. It suffices to show

tH+¢ , n+s . ~/
9.35) / L(£(s). £/(s))ds = / LE(), ' (5))ds

We claim that we can assume:

e (o(t)>O0forallt e (1,11 + <),
e if 7; > 0 for some k € N, then ¢, (¢) > Oforall r € (¢1,t; + ¢).
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For this, note that Z‘ satisfies these two properties. Letting (¢%, ¥¥) =¢e (¢, ¥)+ (1 —¢) (Z, V)
for ¢ € (0, 1) we have that (&%, ¢°) € jﬁ’tlﬂ(x(l),x(z)) and it satisfies the two claimed
properties. Also, from the convexity of L we see that, it suffices to prove (9.35) with (¢, ¢)
replaced with (¢¢, ¥%). Therefore, the claim holds.

Fix two sequences of time instants tl(") =1+ % and té") =fH+¢— ,ll Note that té") =

tl(") + ¢™ where ¢™ is defined by (7.9) by replacing (xV, x®) with (x(D", x@-1) =
(;‘(tl(")),C(tz(”) )). Consider now the optimization problem in (7.3) associated with

Itz(n) RO )(x(l)’”,xa)’”). Note that for this problem the two additional assumptions in
A I n

Lemma 9.2 are satisfied. Furthermore, the assumption Y 72 ; kzx +2z0 > 2> 7~ zx in Lemma
7.6 also holds with z replaced by z = x()-* — x@" " for sufficiently large n. Therefore,

Lemma 9.2 can be applied with (x(1, x®) replaced with (x (D", x-7) Let (Z(n), vy e

jt%n) 0, ()(x(l)’”,x(z)*”) be the corresponding minimizer and g™ = B(x(17 x@n),
| ot A

Then
t+g fz(n)
[ L@ gw)ds = lim [ LG8 0)ds

t(ﬂ) . .
>tliminf [ * LE" (). ") ) ds
n

— liminfl & (7" T(x @y _ F(xDn (D (2.0
—timinf[A (") + A(x>") = A(xO") + K (O, xO)]
> H@) + BE?) - Ax®) + R, x)
h+¢ . ~
=/; L(¢(s), ¢ (s))ds.
1
Here the first inequality follows from Lemma 9.2 and the last three lines use Lemma 7.5.

10. Proof of LLN. In this section we give the proofs of Theorem 2.20 and Proposition
2.21.

PROOF OF THEOREM 2.20. (1) Assume without loss of generality that 7 > 1. Since
f1(t) <1, we see from Assumption 2.18 that r (£ (-)) with r from (2.7) and ¥ are well defined.
Let ¢r(s,y) =1 for all k € Ng and (s, y) € [0, T'] x [0, 1]. It suffices to show ¢ € St (¢, ¥)
and (¢, ) € Cr. Since fi(t) = Fl_l(t)l[oyl](t), we have 7 = 1, where 7, was defined in
(2.17). Since F1(f1(¢)) =t fort € [0, 1],

1
Sl kpr(fi@)k—t

Using this it follows that for k € N,

% = —ri(§®) for0 <t <t and () =0forry <1 <T.
j=1J5%j

From this we see that (2.16) holds and we can write

[i) =~

forO <7<ty and f{(t)=0fort, <t <T.
gp(t) = —

o t
v = (k- 2)/0 re(2(s)) ds.

k=0
This gives (2.15) and verifies that ¢ € St (¢, V).
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Next we argue that (¢, ¥) € C7. From Assumption 2.18, for # < 7, as K — oo,

— ’ — Z](?;Kkzpk
k;{ k= 2||g (0] < k:ZKkrk(C(t)) < TR —0

In particular, v is absolutely continuous and thus property (a) of C7 holds. Also, for ¢ < 7¢,

00 00 k 00

VO3~ D) = Tk = DAOF  AOTE k= Dpe
P rE ) r& )

Therefore, I'(y) (1) =0 = ¢o(t) fort < 7¢. For tp <t < T, clearly I'(y/) () = 0 = ¢o(7). So

we have checked property (b) of Cr. Property (¢) of C7 follows from the definition of ¢,

k € N. Therefore, (¢, ¥) € Cr and part (1) follows.

(2) The fact that when p; > O there is a unique p € (0, 1) such that G{(p) = p is proved
in [36]. Since f,(¢t) <1, we see from Assumption 2.18 that (¢ (-)) and ¥ are well defined.
Let ¢ (s, y) =1 for all k € Ng and (s, y) € [0, T'] x [0, 1]. It suffices to show ¢ € St (&, V)
and (¢, ) € Cr. First consider times ¢ < 7. Using the definitions of 7, Gy and 7, forz < t

rC) =p—2 — /1 =2t/uGi(J1=2t/p) + Y kpr(1 =2t /)*/?
k=1

:,u—2t>,u,0220.

From this one can verify that for r < 7,

/ __kgk(t) _
()= M—Zt_

Using this we see that (2.16) holds for # < 7 and hence as before (2.15) holds as well. To
show that (¢, ) € C; for ¢t < t, it suffices to show that v (¢) is absolutely continuous and

Zo(t) = ¢ (¢) for t € [0, ). Note that for r < v, > 72, [k — 2||re (£ ()| < Z"Ml_gtpk So from
Assumption 2.18, i is absolutely continuous over [0, t]. Also, one can verity that for r < t,

—re(¢(0)).

Co(t)—— r(¢) - Zkik(t)——2+zkrk€(t) =y'().

So ¢o(t) = Y (¢) for t < t. Thus we have that ¢ € S;(¢, ¢) and (¢, ) € C; foreacht < 7.
We now consider ¢ € [z, 7¢]. Since p € [0, 1) and G(p) = p, we have

w(Gi(p) —p k=2 1
0= kpr(p"— —p)=—p1+p ) kpx——
p—1 o—1 Z kX; po—1

k—4

:_P1+szpk(,0k_3+,0 +-+1)

k=3

(0.0] o0
>—pi+p Y kpik =202 > > k(k —2) prp* !
k=3 k=1

and therefore 0 > Y22 | k(k —2) pk pk = > 72 k(k —2)¢k (7). Namely, the assumption in part
(1) is satisfied with p replaced by & (7). Thus the proof for the case ¢ € [, T¢] is very similar
to that in part (1), with fi(¢) replaced by f,(z — 7) and py replaced with ¢x(7), and we would
like to omit the detail. This completes the proof of (2). [
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PROOF OF PROPOSITION 2.21.  Suppose fori = 1,2, (¢©, ) are two pairs such that

I7(D, y©D)y=0. By the definition of I7(-), €D yDyecr. From Remark 6.3 we see that
there exists some @) € S7 (¢, ) whose cost equals I7(¢@, D), namely

l) _ @) .0
Z/OT] o 6 ) dsay = (g, y ) =

Since £(x) = 0 if and only if x = 1, we must have g\’ (s, y) = 1 fora.e. (s, y) € [0, T1x [0, 1]
and k € Ny. Using such ¢ with (2.15) and (2.16), we see that

0 ! ;
(10.1) 60 =pi— [ nEOw)ds. ke,
(102) v =3tk ~2) / r(£9(s)) ds
k=0

Since £5 =Ty D), forace. 1, (¢57) (1) = (YD) (1) = X320 (k — 2)r¢ (¢ D (¢)), and by (2.7)

d . 00 ) 00 _
eV 0)= (") 0+ Zk )= k= 2r D) = Y kre (6D )
k=0 k=1
=2 ligiay-0 = —2
Consider the strictly increasing function g\)(¢) defined by
(103) g(l)(()) = 0, (g(l))/([) = r(;(i)(g(i)(t)))l{g(i)(f)<fc(i)} + l{g(”(t)zr;(i)}’

where 7, is as in (2.17). Since Ly (t)) € [-2,0] and 0 < r(¢D () < r(¢D(0)) =
Y re i kpk < oo, we see that r(;(’)(-)) is bounded and Lipschitz. Also r(l;(’)(t)) >0 for
! < Tp@». So we have existence and uniqueness of the strictly increasing function gD @)

before it reaches Te(0)- The existence, uniqueness and monotonicity of g(i)(t) after Teli) is
straightforward.

Define (1), 7O (1)) = €D (gD (1)), ¥ D (gD (¢))). From (10.1) and (10.2) it follows
that

~(i r o~
ck“(r)=pk—/0 kD (s)ds, keN,

JO@) = Z(k 2) f ke (s)ds —2 / D (5)ds

. T (T
gk 2)/0k§k (s)ds 2/0 (¥ D) (s)ds.

Clearly ¢ ;D = g:k(z) for each k € N. Also, since I' is Lipschitz on path space, Gronwall’s

inequality implies UM =@ and hence g“(l) §(2)

O — OV 5y — (5
sP@=0. (0 =rE"0) @ ay=0) T L@@ oy

we have gV = ¢@. Since g is strictly increasing, its inverse function is well defined and
we must have that (¢V, (D) = (¢@, ). This completes the proof. [

Noting that (10.3) can be written as
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