
E a rt h as a t r a ns d u c e r f o r a xi o n d a r k- m att e r d et e cti o n

Ari el  Ar z a , 1 , * Mi c h a el  A. F e d d er k e , 2 ,† P et er  W.  Gr a h a m , 3, 4 ,‡ D er e k F. J a c ks o n  Ki m b all , 5 , § a n d S a ari k  K ali a 3 ,∥

1 I nstit ut e f or T h e or eti c al a n d  M at h e m ati c al  P h ysi cs (I T M P), L o m o n os o v  M os c o w St at e  U ni v ersit y,
1 1 9 9 9 1  M os c o w,  R ussi a

2 D e p art m e nt of  P h ysi cs a n d  Astr o n o m y, T h e J o h ns  H o p ki ns  U ni v ersit y,  B alti m or e,  M ar yl a n d 2 1 2 1 8,  U S A
3 St a nf or d I nstit ut e f or T h e or eti c al  P h ysi cs,  D e p art m e nt of  P h ysi cs, St a nf or d  U ni v ersit y,

St a nf or d,  C alif or ni a 9 4 3 0 5,  U S A
4 K a vli I n stit ut e f o r  P a rti cl e  A st r o p h y si c s a n d  C o s m ol o g y, St a nf o r d  U ni v e r sit y,

St a nf o r d,  C alif o r ni a 9 4 3 0 5,  U S A
5 D e p art m e nt of  P h ysi cs,  C alif or ni a St at e  U ni v ersit y — E ast  B a y,  H a y w ar d,  C alif or ni a 9 4 5 4 2,  U S A

( R e c ei v e d 1 6 F e br u ar y 2 0 2 2; a c c e pt e d 2 9  M ar c h 2 0 2 2; p u blis h e d 1 1  M a y 2 0 2 2)

We d e m o n str at e t h at ultr ali g ht a xi o n d ar k  m att er  wit h a c o u pli n g t o p h ot o ns i n d u c es a n os cill ati n g gl o b al

t err estri al  m a g n eti c-fi el d si g n al i n t h e pr es e n c e of t h e b a c k gr o u n d g e o m a g n eti c fi el d of t h e  E art h.  T his

si g n al is si mil ar i n str u ct ur e t o t h at of d ar k- p h ot o n d ar k  m att er t h at  w as r e c e ntl y p oi nt e d o ut a n d s e ar c h e d

f or i n [ F e d d er k e et al. P h ys.  R e v.  D 1 0 4 , 0 7 5 0 2 3 ( 2 0 2 1)] a n d [ F e d d er k e et al. P h ys.  R e v.  D 1 0 4 , 0 9 5 0 3 2

( 2 0 2 1)]. It h as a gl o b al v e ct ori al p att er n fi x e d b y t h e  E art h’s g e o m a g n eti c fi el d, is t e m p or all y c o h er e nt o n

l o n g ti m es c al es, a n d h as a fr e q u e n c y s et b y t h e a xi o n  m ass m a . I n t his  w or k,  w e b ot h c o m p ut e t h e d et ail e d

si g n al p att er n a n d u n d ert a k e a s e ar c h f or t his si g n al i n  m a g n et o m et er n et w or k d at a  m ai nt ai n e d b y t h e

S u p er M A G  C oll a b or ati o n.  O ur a n al ysis i d e ntifi es n o str o n g e vi d e n c e f or a n a xi o n d ar k- m att er si g n al i n t h e

a xi o n  m ass r a n g e 2 × 1 0 − 1 8 e V ≲ m a ≲ 7 × 1 0 − 1 7 e V.  Ass u mi n g t h e a xi o n is all of t h e d ar k  m att er,  w e

pl a c e c o nstr ai nts o n t h e a xi o n- p h ot o n c o u pli n g g a γ i n t h e s a m e  m ass r a n g e; at t h eir str o n g est, f or  m ass es

3 × 1 0 − 1 7 e V ≲ m a ≲ 4 × 1 0 − 1 7 e V, t h es e c o nstr ai nts ar e c o m p ar a bl e t o t h os e o bt ai n e d b y t h e  C A S T

h eli os c o p e.
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I. I N T R O D U C TI O N

T h e i d e ntit y of t h e d ar k  m att er ( D M) [ 1, 2] r e m ai ns o n e
of t h e  m ost pr o mi n e nt u ns ol v e d p u z zl es a b o ut t h e
U ni v ers e.  B as e d o n its gr a vit ati o n al eff e cts,  w e k n o w t h at
t h e d ar k  m att er c o m p os es a b o ut 2 6 % of t h e t ot al e n er g y
d e nsit y of t h e  U ni v ers e, t h e r est c o nsisti n g of 4 % or di n ar y
b ar y o ni c  m att er a n d 7 0 % d ar k e n er g y [ 3– 6] .  T o d at e, n o
n o n gr a vit ati o n al i nt er a cti o ns of t h e d ar k  m att er  wit h
St a n d ar d  M o d el ( S M) p arti cl es h a v e b e e n o bs er v e d;
if t h es e i nt er a cti o ns e xist, t h e y  m ust t h us b e f e e bl e.
W hil e t h e o n g oi n g a n d  m ultif a c et e d  w e a kl y i nt er a cti n g
m assi v e p arti cl e ( WI M P) d et e cti o n pr o gr a m c o nti n u es its
l o n g-t er m [ 7] s e ar c h f or e v er- w e a k er c o u pli n gs of p arti cl e

d ar k  m att er t o t h e S M, t h er e h as r e c e ntl y b e e n i n cr e as e d
i nt er est i n ot h er d ar k- m att er c a n di d at es. I n p arti c ul ar,  m u c h
att e nti o n h as b e e n d e v ot e d t o t h e st u d y of ultr ali g ht cl assi c al-
fi el d b os o ni c d ar k  m att er,  w hi c h e x hi bits disti n ct a n d hi g hl y
v ari e d p h e n o m e n ol o g y.  T h e  m ost p o p ul ar c a n di d at es of t his
t y p e ar e t h e  Q C D a xi o ns [ 8– 1 0] , a xi o nli k e p arti cl es ( A L Ps)
[ 1 1, 1 2], a n d d ar k p h ot o ns [ 1 3– 1 5] . I n t his p a p er,  w e f o c us o ur
att e nti o n o n a xi o ns.

T h e  Q C D a xi o n  w as ori gi n all y pr o p os e d i n or d er t o s ol v e
t h e str o n g C P pr o bl e m [ 1 6– 1 8] . Its  m ass a n d c o u pli n gs  wit h
S M p arti cl es ar e d efi n e d i n t er ms of a si n gl e p ar a m et er F a , t h e
a xi o n d e c a y c o nst a nt.  O n t h e ot h er h a n d,  m a n y e xt e nsi o ns t o
t h e S M, as  w ell as g e n eri c stri n g c o m p a ctifi c ati o ns, i m pl y t h e
e xist e n c e of li g ht ps e u d os c al ars  wit h pr o p erti es si mil ar t o t h e
Q C D a xi o n [ 1 9, 2 0], b ut  wit h t h e cr u ci al diff er e n c e t h at t h eir
m ass a n d t h eir S M c o u pli n gs ar e i n d e p e n d e nt p ar a m et ers.
T h es e ar e us u all y c all e d a xi o nli k e p arti cl es ( A L Ps).  B ot h
Q C D a xi o ns a n d  A L Ps ar e pr o d u c e d i n t h e e arl y  U ni v ers e b y
n o nt h er m al  m e c h a nis ms ( e. g.,  mis ali g n m e nt, d e c a ys of
t o p ol o gi c al d ef e cts, a n d ot h ers [ 8– 1 0, 2 1 – 3 2] ) i n s uffi ci e nt
a b u n d a n c e t h at t h e y c a n p ot e nti all y c o nstit ut e all of t h e d ar k-
m att er e n er g y d e nsit y (f or  Q C D a xi o ns t his is tr u e f or F a all
t h e  w a y u p t o ∼ t h e Pl a n c k s c al e [ 2 3, 3 1]).  As t h es e
n o nt h er m al pr o d u cti o n  m e c h a nis ms cr e at e n o nr el ati visti c
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p arti cl es, b ot h  Q C D a xi o ns a n d  A L Ps ar e e x c ell e nt d ar k-
m att er c a n di d at es [ 8– 1 0, 2 1] . I n t his  w or k,  w e r estri ct o ur
att e nti o n t o  A L Ps,  w hi c h  w e  will fr o m n o w o n si m pl y r ef er t o
as “ a xi o ns.”

A xi o ns h a v e b e e n  m ai nl y s e ar c h e d f or vi a t h eir c o ntri-
b uti o n t o el e ctr o m a g n eti c si g n als.  A n u m b er of s u c h e x p eri-
m e nts ar e b as e d o n a xi o n- p h ot o n c o n v ersi o n i n str o n g
m a g n eti c fi el ds [ 3 3].  T h es e e x p eri m e nts i n cl u d e h al os c o p es
ai mi n g t o d et e ct a xi o ns fr o m t h e l o c al a xi o n d ar k- m att er
e n er g y d e nsit y (s e e, e. g.,  R efs. [ 3 4– 4 0] ), h eli os c o p es t o
m e as ur e a r el ati visti c a xi o n fl u x c o mi n g fr o m t h e S u n
(s e e, e. g.,  R efs. [ 4 1– 4 3] ), a n d li g ht-s hi ni n g-t hr o u g h- w alls
( L S W) e x p eri m e nts d esi g n e d t o b ot h pr o d u c e a n d d et e ct
a xi o ns i n t h e l a b or at or y (s e e, e. g,  R ef. [ 4 4]). It s h o ul d als o
b e n ot e d t h at t h er e ar e a n u m b er of n e w e x p eri m e nt al
s e ar c h es t h at e m pl o y t h e a xi o n- gl u o n a n d a xi o n-f er mi o n
c o u pli n gs [ 4 5– 5 3] . F or r e vi e ws o n a xi o n s e ar c h es, s e e, e. g.,
R efs. [ 5 4– 5 9] .

T h e  m a g n eti c fi el ds i n v ol v e d i n  m a n y of t h es e s e ar c h es
ar e pr o d u c e d i n t h e l a b or at or y b y f err o m a g n ets or s ol e n oi ds
c arr yi n g a str o n g el e ctri c c urr e nt.  A n ot h er p ossi bilit y is t o
us e i nst e a d t h e n at ur al g e o m a g n eti c fi el d of t h e  E art h. 1 A n
i m p ort a nt as p e ct of t his fi el d is t h at its s p ati al e xt e nt is  m u c h
l ar g er t h a n t h e l e n gt h s c al es t h at c a n b e a c hi e v e d i n
l a b or at or y e x p eri m e nts.  A xi o n- p h ot o n c o n v ersi o n d e p e n ds
b ot h o n t h e  m a g nit u d e of t h e e xt er n al  m a g n eti c fi el d a n d o n
t h e s p ati al e xt e nt o v er  w hi c h t h e i nt er a cti o n t a k es pl a c e.
H a vi n g a xi o n d ar k  m att er i nt er a cti n g  wit h t h e  E art h ’s
m a g n eti c fi el d o v er a l e n gt h s c al e of or d er t h e  E art h ’s r a di us
t h us h as t h e p ot e nti al t o b o ost a xi o n- p h ot o n c o n v ersi o n t o a
l e v el c o m p etiti v e  wit h e x p eri m e nts t h at us e str o n g er  m a g-
n eti c fi el ds i n a s m all er, l a b or at or y-s c al e v ol u m e.

I n t his p a p er,  w e e x pl oit t his o bs er v ati o n a n d p oi nt o ut a
n o v el si g n al of a xi o n d ar k  m att er.  T h e si g n al is a n
os cill ati n g  m a g n eti c fi el d g e n er at e d n e ar t h e s urf a c e of
t h e  E art h a n d a p pli es f or a xi o n  m ass es m a ≲ 1 0 − 1 4 e V. It is
v er y si mil ar t o t h e o n e r e c e ntl y p oi nt e d o ut i n  R efs. [ 6 1, 6 2]
f or ki n eti c all y  mi x e d d ar k- p h ot o n d ar k  m att er,  w hi c h i n
t ur n h as t h e s a m e c o n c e pt u al ori gi n as t h e si g n al i n t h e
D M  R a di o e x p eri m e nt [ 6 3].

C o n si d er t h e a xi o n- p h ot o n c o u pli n g t er m i n t h e
L a gr a n gi a n, i n t h e pr es e n c e of a st ati c b a c k gr o u n d
m a g n eti c fi el d B 0 : L ⊃ þ g a γ a E · B ∼ g a γ ð∂ ta ÞB 0 · A ∼
− i ma g a γ a B 0 · A ,  w h er e  w e u s e d E ∼ − ∂ tA (i g n ori n g t h e
E M s c al ar p ot e nti al) i nt e gr at e d b y p art s dr o p pi n g t h e
b o u n d ar y t er m a n d u s e d ∂ ta ∼ − i ma a a s r el e v a nt f or a
n o nr el ati visti c a xi o n.  T his t er m h as t h e s a m e  m at h e m ati c al
str u ct ur e as t h e  m ass- mi xi n g t er m t h at a p p e ars i n a
L a gr a n gi a n d es cri bi n g a d ar k p h ot o n t h at is ki n eti c all y
c o u pl e d t o t h e S M p h ot o n,  w h e n e x pr ess e d i n t h e i nt er a cti o n

b asis [ 6 1]: L ⊃ ε m 2
A 0 A · A 0 ∼ − ε m 2

A 0 A 0 · A ( a g ai n i g n ori n g
t h e s c al ar p ot e nti al),  w h er e m A 0 is t h e d ar k- p h ot o n  m ass, a n d
ε is t h e ki n eti c  mi xi n g p ar a m et er.  T h e a xi o n c o u pli n g  m ust
t h us s o ur c e si mil ar p h ysi c al eff e cts t o t h e d ar k- p h ot o n
c o u pli n g. I n p arti c ul ar, t h e  w ell- k n o w n eff e ct of t h e  m ass-
mi xi n g t er m i n t h e d ar k- p h ot o n c as e is t o cr e at e a s m all
mi xi n g of t h e r el e v a nt st eril e d ar k- m att er fi el d  wit h t h e S M
el e ctri c fi el d i n s u c h a  w a y as t o dri v e fr e e- c h ar g e  m oti o n. If
o n e c o nsi d ers a s hi el di n g c o n d u cti n g b o x, t his r es ults i n
c h ar g e s b ei n g dri v e n i n t h e c o n d u cti n g  w all s of t h e
s hi el di n g b o x, a n d t his c h ar g e  m oti o n  will i n t ur n g e n er at e
r e al o b s er v a bl e el e ctr o m a g n eti c fi el d s: i n p arti c ul ar, t h e
s hi el d f or c e s t h e d o mi n a nt el e ctr o m a g n eti c fi el d g e n er at e d
i n si d e t h e b o x t o b e a  m a g n eti c fi el d ( a s s u mi n g t h at t h e
b o x i s of a s p ati al e xt e nt s m all er t h a n t h e d ar k- p h ot o n
C o m pt o n  w a v el e n gt h). I n e x a ctl y t h e s a m e  w a y, if t h at
b o x i s p er m e at e d b y a st ati c b a c k gr o u n d  m a g n eti c fi el d
a n d t h e d ar k  m att er i s i n st e a d a n o s cill ati n g a xi o n fi el d, a n
o s cill ati n g  m a g n eti c fi el d i s a g ai n g e n er at e d i n si d e t h e
b o x.  A n a p pr o xi m at e tr a n sl ati o n fr o m t h e d ar k- p h ot o n
c a s e t o t h e a xi o n c as e is si m pl e: ε m 2

A 0 A 0 → i ga γ m a a B 0 ,
or, if  w e a s s u m e i n e a c h c a s e t h at t h e r el e v a nt

D M c a n di d at e i s all of t h e  D M, ε m A 0 Â 0 → i ga γ B 0 B̂ 0 . I n
p arti c ul ar, t h e r ol e of t h e d ar k- p h ot o n p ol ari z ati o n st at e i s
r e pl a c e d b y t h e b a c k gr o u n d  m a g n eti c-fi el d dir e cti o n f or
t h e a xi o n c a s e, a n d t h e a xi o n-i n d u c e d si g n al a m plit u d e i s
o bt ai n e d fr o m t h e d ar k- p h ot o n-i n d u c e d si g n al a m plit u d e
b y t h e r e pl a c e m e nt ε m A 0 → g a γ B 0 .

As f or t h e d ar k- p h ot o n c as e c o nsi d er e d i n  R ef. [ 6 1], o ur
a xi o n si g n al h o w e v er d o es n ot aris e fr o m c o nsi d eri n g a h u m a n-
e n gi n e er e d s hi el di n g b o x ( as e m pl o y e d, e. g., i n ot h er a xi o n
s e ar c h es, s u c h as r es o n a nt c a vit y e x p eri m e nts [ 3 8, 6 4– 6 8]
a n d  L C cir c uits [ 3 9, 6 3, 6 9]); i nst e a d, i n o ur  m a s s r a n g e of
i nt er e st,  N at ur e pr o vi d e s u s  wit h a r e a d y- m a d e s hi el d.  T h e
n e ar- E art h e n vir o n m e nt it s elf c a n b e  m o d el e d a s a c o n-
d u cti n g s p h eri c al c a vit y  wit h a v a c u u m g a p [ 6 1]: t h e l o w er
l a y er of t h e at m o s p h er e i s a p o or c o n d u ct or s a n d wi c h e d o n
o n e si d e b y t h e c o n d u cti v e i n n er m o st l a y er s of t h e  E art h
a n d o n t h e ot h er si d e b y t h e c o n d u cti v e i o n o s p h er e a n d/ or
i nt er pl a n et ar y  m e di u m.  T h e c o n d u cti v e i n n er- E art h, i o n o-
s p h er e, a n d i nt er pl a n et ar y  m e di u m ar e t hi c k e n o u g h t o
d a m p t h e el e ctr o m a g n eti c a cti v e  m o d e, at l e a st i n o ur  m a s s
r a n g e of i nt er e st. I n t h e c a s e of d ar k- p h ot o n d ar k  m att er,
t hi s i s s uffi ci e nt t o gi v e ri s e t o a d ar k- m att er i n d u c e d
m a g n eti c fi el d at t h e s urf a c e of t h e  E art h [ 6 1]. Pr o vi d e d
t h at m A 0 ≪ 1 = R ,  w h er e R ∼ ð3 × 1 0 − 1 4 e V Þ − 1 i s t h e r a di u s
of t h e  E art h, t h e el e ctri c fi el d  w a s s u p pr e s s e d b y a f a ct or
ðm A 0 R Þ 2 b e c a u s e of t h e l ar g e n at ur al s hi el d. I n t hi s p a p er,  w e
s h o w t h at b e c a u s e t h e l o w er at m o s p h eri c v a c u u m g a p i s al s o
p er m e at e d b y t h e g e o m a g n eti c fi el d of t h e  E art h B 0 , a
si mil ar a xi o n-i n d u c e d  m a g n eti c fi el d i s g e n er at e d if t h e d ar k
m att er i s i n st e a d c o m p o s e d of a xi o n s.  A s i n t h e d ar k- p h ot o n
c a s e, t h e a c c o m p a n yi n g el e ctri c fi el d i s s u p pr es s e d b y
ðm a R Þ 2 ≪ 1 , a n d t h e  m a g n eti c fi el d o s cill at e s at a n a n g ul ar
fr e q u e n c y e q u al t o t h e a xi o n  m as s m a ; it al s o h a s a

1 O n e i nt er esti n g st u d y t h at e x pl oit e d t h e g e o m a g n eti c fi el d is
R ef. [ 6 0],  w h er ei n t h e a ut h ors pr o p os e d a s e ar c h f or a n x-r a y
si g n al, o n t h e ni g ht si d e of t h e  E art h, arisi n g fr o m s ol ar a xi o ns
c o n v erti n g t o p h ot o ns i n t h e  E art h ’s  m a g n et os p h er e.
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pr e di ct a bl e v e ct ori al p att er n o v er t h e  w h ol e s urf a c e of t h e
E art h ( al b eit o n e t h at diff er s fr o m t h e c o g n at e p att er n f or
t h e c a s e of d ar k- p h ot o n d ar k  m att er), a n d it i n h erit s t h e
t e m p or al p h a s e- c o h er e n c e pr o p erti e s of t h e a xi o n fi el d.

I n a d diti o n t o d e m o nstr ati n g t h e e xist e n c e of t his n o v el
si g n al of a xi o n d ar k  m att er,  w e pr o p os e t o s e ar c h f or it i n a
w a y t h at is c o n c e pt u all y i d e nti c al t o t h e a p pr o a c h d es cri b e d
i n  R efs. [ 6 1, 6 2],  w hi c h a d v a n c e d a n d a p pli e d t his t e c h ni q u e
f or d ar k- p h ot o n d ar k- m att er s e ar c h es: e x p os e a g e o gr a p hi-
c all y dis p ers e d n et w or k of s e nsiti v e  m a g n et o m et ers t o t h e
a m bi e nt  m a g n eti c e n vir o n m e nt at t h e s urf a c e of t h e  E art h
a n d r e c or d t h e  m a g n eti c fi el d as a f u n cti o n of ti m e o v er l o n g
ti m e p eri o ds.  Usi n g distri b ut e d n et w or ks of s e ns ors2 i n t his
f as hi o n c arri es  m a n y a d v a nt a g es (s e e, e. g.,  R efs. [ 7 5, 7 6]
f or s o m e r e c e nt dis c ussi o ns).  T his s e ar c h c a n  m a k e us e of
t h e s a m e p u bli c d at a b as e m ai nt ai n e d b y t h e S u p er M A G
C oll a b or ati o n [ 7 7, 7 8] t h at  w as pr e vi o usl y a n al y z e d i n
R efs. [ 6 1, 6 2]. S u p er M A G c oll at es d at a fr o m h u n dr e ds of
u ns hi el d e d t hr e e- a xis  m a g n et o m et ers t h at ar e  wi d el y dis-
p ers e d o v er t h e s urf a c e of t h e  E art h a n d t h at h a v e b e e n
m e as uri n g g e o m a g n eti c a cti vit y si n c e t h e e arl y 1 9 7 0s  wit h a
ti m e r es ol uti o n (f or t h e r el e v a nt d at as et) of o n e  mi n ut e.

B e c a us e t his d at as et h as pr e vi o usl y b e e n a n al y z e d f or t h e
d ar k- p h ot o n si g n al,  w e c a n e asil y  m oti v at e  w h y t h e c o g n at e
a xi o n s e ar c h is i nt er esti n g. I g n ori n g f or t h e p ur p os es of t his
ar g u m e nt t h at t h e  E art h ’s  m a g n eti c fi el d t a k es a n o ntri vi al
s p ati al p att er n,  w e c a n e m pl o y t h e r o u g h p ar a m etri c
si g n al- a m plit u d e  m a p pi n g ε m A 0 → g a γ B 0 o n t h e e xisti n g
d ar k- p h ot o n li mits s et i n  R efs. [ 6 1, 6 2]. F or i nst a n c e, f or a
d ar k- p h ot o n  m ass of m A 0 ∼ 4 × 1 0 − 1 7 e V, t h e c orr es p o n di n g
s m o ot h e d 9 5 %- cr e di bl e u p p er li mit o n ε w as f o u n d i n
R efs. [ 6 1, 6 2] t o b e ε ∼ 1 .4 × 1 0 − 5 . T h e E art h’s g e o m a g n eti c
fi el d r a n g es fr o m B 0 ∼ 2 5 – 6 5 μ T a cr oss its s urf a c e, 3 s o t h e
r o u g h p ar a m etri c  m a p pi n g i n di c at es t h at a b o u n d i n t h e r a n g e
g a γ ∼ ð4 .4 – 1 1 Þ × 1 0 − 1 1 G e V − 1 is p ot e nti all y a c hi e v a bl e f or

m a ∼ 4 × 1 0 − 1 7 e V.  At t his  m ass, t his esti m at e br a c k ets t h e
e xisti n g l o w- m ass  C A S T h eli os c o p e 9 5 %- c o nfi d e n c e b o u n d
o n t h e a xi o n – p h ot o n c o u pli n g: g a γ ≲ 6 .6 × 1 0 − 1 1 G e V − 1 [ 4 2].
T his i n di c at es t h at it is  w ort h w hil e t o u n d ert a k e t his a n al ysis
c ar ef ull y, a c c o u nti n g f ull y f or t h e diff eri n g s p ati al p att er ns of
t h e d ar k- p h ot o n a n d a xi o n si g n als.

Pr o c e e di n g  wit h a c ar ef ul a n al ysis of t h e S u p er M A G d at a,
w e fi n d n o r o b ust e vi d e n c e f or a st atisti c all y si g nifi c a nt
a xi o n-i n d u c e d os cill ati n g  m a g n eti c-fi el d si g n als.  O ur
s e ar c h i n t h e a xi o n  m ass r a n g e 2 × 1 0 − 1 8 e V ≲ m a ≲ 7 ×

1 0 − 1 7 e V i niti all y i d e ntifi es s o m e 2 7 n aï v e si g n al c a n di d at es
t h at a p p e ar gl o b all y si g nifi c a nt at t h e 9 5 %- c o nfi d e n c e l e v el
o n t h e b asis of o ur a n al ysis pi p eli n e.  H o w e v er, f urt h er
r o b ust n ess c h e c ks p erf or m e d o n t h es e c a n di d at es cl e a nl y
eli mi n at e t h e  m aj orit y of t h e m.  T h e o nl y c a n di d at es t h at ar e
n ot eli mi n at e d ar e eit h er i n s o m e t e nsi o n  wit h s o m e s u bs et of
t h e r o b ust n ess c h e c ks, or h a v e r el ati v el y l o w gl o b al si g nifi-
c a n c e t h at  w o ul d b e i ns uffi ci e nt t o r o b ustl y cl ai m a n yt hi n g
m or e t h a n s o m e t e nsi o n  wit h t h e b a c k gr o u n d- o nl y  m o d el.
B e c a us e  w e fi n d n o r o b ust e vi d e n c e f or a n a xi o n si g n al,  w e
pr o c e e d t o s et li mits: f oll o wi n g a  B a y esi a n a n al ysis pr o-
c e d ur e t h at a c c o u nts f or st o c h asti c fl u ct u ati o ns of t h e
a m plit u d e of t h e a xi o n d ar k  m att er [ 7 9, 8 0], w e d eri v e a
p ost eri or o n t h e a xi o n- p h ot o n c o u pli n g a n d pl a c e 9 5 %-
cr e di bl e u p p er li mits o n g a γ i n t h e s a m e  m ass r a n g e as f or t h e
si g n al s e ar c h.  Ass u mi n g t h at t h e a xi o n is all of t h e d ar k
m att er, o ur li mits i n d e e d r e a c h t h e c urr e nt  C A S T b o u n d at
t h eir  m ost s e nsiti v e:  w e s et t h e c o nstr ai nt g a γ ≲ 6 .5 ×

1 0 − 1 1 G e V − 1 f or 3 × 1 0 − 1 7 e V ≲ m a ≲ 4 × 1 0 − 1 7 e V (t h e
li mits  w e a k e n o utsi d e t his r a n g e).  N e v ert h el ess, o ur li mits
h a v e disti n ct s yst e m ati cs as c o m p ar e d t o  C A S T, a n d f ut ur e
i m pr o v e m e nts usi n g ot h er e xisti n g ar c hi v al d at as ets as  w ell
as vi a d e di c at e d s e ar c h es  wit h n e w e x p eri m e nts ar e p ossi bl e.

T h e r est of t his p a p er is str u ct ur e d as f oll o ws: i n S e c. II,
w e d eri v e t h e a xi o n d ar k- m att er i n d u c e d  m a g n eti c-fi el d
si g n al, b e gi n ni n g  wit h a d eri v ati o n of t h e a xi o n eff e cti v e
c urr e nt i n S e c. II  A, t h e n dis c ussi n g t h e I G R F- 1 3 g e o-
m a g n eti c-fi el d  m o d el i n S e c. II  B, gi vi n g a q ui c k si g n al
d eri v ati o n ar g u m e nt i n S e c. II  C wit h  m a n y d et ails d ef err e d
t o t h e a p p e n di c es, a n d t h e n c o m p ari n g it t o t h e c o g n at e d ar k-
p h ot o n si g n al [ 6 1] i n S e c. II  D. I n S e c. III,  w e s u m m ari z e o ur
si g n al s e ar c h at a hi g h l e v el, a g ai n d ef erri n g d et ails t o t h e
a p p e n di c es, a n d pr es e nt a s et of a xi o n- p h ot o n c o u pli n g
e x cl usi o n b o u n ds i n Fi g. 1 .  We c o n cl u d e i n S e c. I V. T h er e
ar e a n u m b er of a p p e n di c es t h at e x p a n d o n t h e  m ai n t e xt  wit h
f urt h er d et ail:  A p p e n di x A gi v es o ur c o n v e nti o ns f or t h e
v e ct or s p h eri c al h ar m o ni cs a n d a n u m b er of r el e v a nt
i d e ntiti es t h at  w e utili z e i n t his  w or k. I n  A p p e n di x B , w e
pr es e nt a t h or o u g h a n d d et ail e d d eri v ati o n of t h e si g n al u n d er
t w o diff er e nt s ets of ass u m pti o ns r e g ar di n g t h e  m o d eli n g of
t h e n e ar- E art h c o n d u cti vit y e n vir o n m e nt; t his r ei nf or c es t h e
q ui c k er d eri v ati o n gi v e n i n t h e  m ai n t e xt.  T h e d et ails of o ur
a n al ysis ar e pr es e nt e d i n  A p p e n di x C ;  w e  mirr or t h e
dis c ussi o n i n  R ef. [ 6 2] a n d gi v e a  mi n ut e a c c o u nti n g of
all r el e v a nt diff er e n c es. I n cl u d e d i n  A p p e n di x C 4 is a
d et ail e d i n v esti g ati o n of s o m e a n o m ali es ( “ n aï v e si g n al
c a n di d at es ” ) t h at  w e i d e ntifi e d i n t h e d at a, b ut  w hi c h  w e
d o n ot c o nsi d er t o b e str o n g, r o b ust si g n als of a xi o n d ar k
m att er f or r e as o ns als o dis c uss e d i n t h at a p p e n di x.

II. SI G N A L

I n t his s e cti o n,  w e d es cri b e t h e o bs er v a bl e  m a g n eti c-fi el d
si g n al s o ur c e d b y a xi o n d ar k  m att er at t h e s urf a c e of t h e
E art h.  T h e si g n al d es cri b e d i n t his  w or k is a n al o g o us t o t h e

2 We n ot e t h at  w hil e t h er e i s a g e o gr a p hi c all y di stri b ut e d
arr a y of at o mi c  m a g n et o m et er s (t h e  Gl o b al  N et w or k of  O pti c al
M a g n et o m et er s f or  E x oti c p h y si c s s e ar c h e s,  G N O M E [ 7 0– 7 2] )
s p e cifi c all y d e si g n e d t o s e ar c h f or e vi d e n c e of b e y o n d-
t h e- St a n d ar d- M o d el p h y si c s ( s u c h a s c o u pli n g s of a xi o n
d ar k- m att er fi el d s t o n u cl e ar s pi n s [ 7 3]), t h e  G N O M E  m a g n e-
t o m et er s ar e e n cl o s e d i n  m et er- s c al e,  m ultil a y er  m a g n eti c
s hi el d s t h at eff e cti v el y c a n c el t h e si g n at ur e s [ 7 4] s e ar c h e d
f or i n t hi s  w or k a n d t h at di s c u s s e d i n  R ef s. [ 6 1, 6 2].

3 R e c all t h at 1 T ≈ 1 9 5 .4 e V 2 .
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o n e d es cri b e d i n  R ef. [ 6 1] b ut  wit h a xi o n d ar k  m att er
r e pl a ci n g t h e r ol e of d ar k- p h ot o n d ar k  m att er.

It c a n b e s h o w n t h at t h e  E art h its elf a cts as a n eff e cti v e
c o n d u cti n g s hi el d f or el e ctr o m a g n eti c  w a v es of fr e q u e n ci es
1 0 − 2 1 e V ≲ ω ≲ 3 × 1 0 − 1 4 e V (s e e S e c. II  B of  R ef. [ 6 1]).
At t h es e fr e q u e n ci es, t h e l o w er at m os p h er e j ust a b o v e t h e
s urf a c e of t h e  E art h, h o w e v er, h as n e gli gi bl e d a m pi n g eff e cts
o n el e ctr o m a g n eti c  w a v es [ 6 1].  E v e n f urt h er fr o m t h e s urf a c e
of t h e  E art h, eit h er t h e i o n os p h er e or i nt er pl a n et ar y  m e di u m
a ct as a n eff e cti v e s hi el d i n t his fr e q u e n c y r a n g e [ 6 1]
o wi n g t o t h eir l ar g e c o n d u cti vit y or pl as m a fr e q u e n c y,
r es p e cti v el y.4 T h e n e ar- E art h e n vir o n m e nt c a n t h us b e
tr e at e d as a n i n n er c o n d u cti n g s p h er e (t h e  E art h) a n d a
s urr o u n di n g c o n d u cti n g s hi el d (t h e i o n os p h er e/i nt er pl a n et ar y
m e di u m), s e p ar at e d b y a v a c u u m r e gi o n (t h e l o w er
at m os p h er e).

I n  R ef. [ 6 1], t h e eff e ct of ki n eti c all y  mi x e d d ar k- p h ot o n
d ar k  m att er i n t his e n vir o n m e nt  w as p ar a m etri z e d b y a n
eff e cti v e b a c k gr o u n d c urr e nt, ori e nt e d i n t h e dir e cti o n of t h e
l o c al d ar k- p h ot o n fi el d. It  w as s h o w n t h at t h e eff e ct of t his
c urr e nt  w o ul d b e t o g e n er at e a n os cill ati n g  m a g n eti c-fi el d
si g n al at t h e s urf a c e of t h e  E art h,  w hi c h e x hi bits a p arti c ul ar
gl o b al s p ati al p att er n, gi v e n b y Φ l m v e ct or s p h eri c al
h ar m o ni cs ( V S H) [s e e  A p p e n di x A f or  V S H c o n v e nti o ns].
I m p ort a ntl y, t h e l e a di n g Φ l m c o ntri b uti o ns di d n ot d e p e n d
o n t h e d et ails of t h e c o n d u cti n g b o u n d ari es.

T h e d eri v ati o n i n t his  w or k of t h e si g n al of a xi o n d ar k
m att er i n t his n e ar- E art h c o n d u cti vit y e n vir o n m e nt pr o c e e ds
si mil arl y t o t h e d eri v ati o n f or d ar k- p h ot o n d ar k  m att er i n
R ef. [ 6 1] b ut  wit h s o m e i m p ort a nt diff er e n c es. S p e cifi c all y,
w e c a n als o e m pl o y a n eff e cti v e c urr e nt a p pr o a c h f or
el e ctr o m a g n eti c all y c o u pl e d a xi o n d ar k  m att er.  O n e cr u ci al
diff er e n c e b et w e e n t h e a xi o n a n d d ar k- p h ot o n c as es h o w e v er
is t h at t h e a xi o n r e q uir es t h e  E art h’s st ati c  m a g n eti c fi el d i n
or d er t o c o n v ert i nt o a n o bs er v a bl e el e ctr o m a g n eti c si g n al.
T h e a xi o n-i n d u c e d eff e cti v e c urr e nt  will t h us n ot o nl y
d e p e n d o n t h e l o c al a xi o n fi el d v al u e b ut als o o n t h e l o c al
g e o m a g n eti c fi el d. I n p arti c ul ar, t h e eff e cti v e c urr e nt  will
i n h erit its dir e cti o n fr o m t h e  E art h’s q u asist ati c  m a g n eti c
fi el d.  O n c e tr a nsl at e d i nt o t h e l a n g u a g e of a n eff e cti v e

FI G. 1.  T h e 9 5 %- cr e di bl e e x cl usi o n li mit o n t h e a xi o n- p h ot o n c o u pli n g g a γ b as e d o n a s e ar c h of t h e S u p er M A G d at as et f or t h e a xi o n
d ar k- m att er  m a g n eti c-fi el d si g n al  E q. ( 1 6), as s u m m ari z e d i n S e c. III a n d d et ail e d i n  A p p e n di x C .  O ur e x cl usi o n li mit is s h o w n as a
f u n cti o n of t h e a xi o n  m ass m a i n s oli d d ar k bl u e a n d a p p e ars as a  wi d e b a n d d u e t o t h e d e nsit y of  m ass es at  w hi c h li mits ar e pl ott e d.  T h e
s oli d li g ht bl u e li n e s h o ws t h e sli di n g a v er a g e of o ur e x cl usi o n li mit o v er n e ar b y fr e q u e n ci es.  O ur e x cl usi o n li mit e x hi bits s e v er al n arr o w
s pi k es ( e a c h at  m o st a f e w fr e q u e n c y bi ns  wi d e),  w hi c h c orr es p o n d t o p ot e nti al si g n al c a n di d at es.  We i n v esti g at e t h es e c a n di d at es f urt h er
i n  A p p e n di x C 4 a n d s h o w t h at n o n e c o nstit ut e r o b ust e vi d e n c e f or d ar k  m att er.  Al s o s h o w n ar e e xisti n g li mits fr o m t h e  C A S T
h eli os c o p e s e ar c h f or a xi o ns pr o d u c e d i n t h e S u n [ 4 2] ( d as h e d or a n g e), a n d a c o nstr ai nt d u e t o n o n o bs er v ati o n of a g a m m a-r a y si g n al
fr o m a xi o ns i n c oi n ci d e n c e  wit h S N 1 9 8 7 A [ 8 1] ( d ott e d gr e e n).

4 I n r o u g hl y t h e r a n g e ðf e wÞ × 1 0 − 1 6 e V ≲ ω ≲ 3 × 1 0 − 1 4 e V,
t h e i o n os p h er e a cts as a n eff e cti v e s hi el d. I n t h e r a n g e
1 0 − 2 1 e V ≲ ω ≲ ðf e wÞ × 1 0 − 1 6 e V, t h e eff e cts of t h e i o n os p h er e
b e c o m e  m or e c o m pli c at e d, a n d s o it is t h e i nt er pl a n et ar y  m e di u m
t h at c a n b e c o nsi d er e d t h e o ut er s hi el d. S e e S e c. II  B of  R ef. [ 6 1]
f or a d et ail e d dis c ussi o n of t h e el e ctr o m a g n eti c b e h a vi or of t h e
i o n os p h er e.
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c urr e nt, t h e a xi o n c al c ul ati o n pr o c e e ds si mil arl y t o t h e d ar k-
p h ot o n c al c ul ati o n.  We t h us d ef er a d et ail e d c al c ul ati o n of
t h e a xi o n d ar k- m att er si g n al t o  A p p e n di x B a n d i nst e a d i n
t his s e cti o n, pr es e nt a si m pl er ar g u m e nt ( w hi c h c o ul d als o
a p pl y t o t h e d ar k- p h ot o n c as e).

We b e gi n t his s e cti o n  wit h a d es cri pti o n of t h e eff e cti v e
c urr e nt f or a xi o n d ar k  m att er i n t h e pr es e n c e of a  m a g n eti c
fi el d.  N e xt,  w e d es cri b e t h e I nt er n ati o n al  G e o m a g n eti c
R ef er e n c e Fi el d (I G R F)  m o d el f or t h e  E art h ’s st ati c  m a g n eti c
fi el d.  T h e n  w e pr es e nt a si m pl e d eri v ati o n f or t h e Φ l m

c o m p o n e nt of t h e a xi o n d ar k- m att er si g n al. Fi n all y,  w e
c o n cl u d e b y c o m p ari n g t h e pr o p erti es of t his a xi o n si g n al
wit h t h e pr e vi o usl y d es cri b e d d ar k- p h ot o n si g n al.

A.  Eff e cti v e c u r r e nt

I n t his  w or k,  w e c o nsi d er a n a xi o n a c o u pl e d t o
el e ctr o m a g n etis m  wit h str e n gt h g a γ , d es cri b e d b y t h e
L a gr a n gi a n,

L ⊃
1

2
ð∂ μ a Þ 2 −

1

2
m 2

a a
2 −

1

4
F μ ν F

μ ν þ
1

4
g a γ a F μ ν F̃

μ ν : ð 1 Þ

I n t h e pr es e n c e of s u c h a n a xi o n,  M a x w ell’s e q u ati o ns ar e
m o difi e d as [ 3 3, 8 2]

∇ · E ¼ g a γ ∇ a · B ; ð2 Þ

∇ · B ¼ 0 ; ð3 Þ

∇ × E þ ∂ tB ¼ 0 ; ð4 Þ

∇ × B − ∂ tE ¼ − g a γ ½ð∂ ta ÞB þ ∇ a × E : ð5 Þ

If t h e a xi o n a c o m pris es t h e d ar k  m att er, t h e n it is n o n-
r el ati visti c a n d s o ∂ ta ∼ − i ma a a n d j∇ a j ∼ m a v D M a , w h er e
v D M ∼ 1 0 − 3 .  T h er ef or e, all ∇ a t er ms  will b e p ar a m etri c all y
s u p pr ess e d c o m p ar e d t o t h e ∂ ta t er ms, a n d t h e l e a di n g eff e ct
of t h e a xi o n d ar k  m att er  will t h us c o m e fr o m t h e − g a γ ð∂ ta ÞB
t er m i n  E q. ( 5).  We c a n s e e fr o m t h e f or m of  E q. ( 5) t h at t his
t er m b e h a v es si mil arl y t o a c urr e nt i n t h e us u al  A m p èr e-
M a x w ell l a w,

∇ × B − ∂ tE ¼ J eff : ð 6 Þ

I n t h e pr es e n c e of a st ati c b a c k gr o u n d  m a g n eti c fi el d B 0 , t his
eff e cti v e c urr e nt is gi v e n b y

J eff ¼ i ga γ a m a B 0 : ð 7 Þ

N ot e t h at i n t h e c as e of d ar k- p h ot o n d ar k  m att er, t h e
dir e cti o n of J eff is s et b y t h e dir e cti o n of t h e d ar k p h ot o n
p ol ari z ati o n [ 6 1] a n d is t h us s p ati all y u nif or m.  B y c o ntr ast,
i n t h e a xi o n c as e, t h e dir e cti o n of J eff is n ot d et er mi n e d b y
a n y pr o p ert y of t h e a xi o n, b ut r at h er b y t h e dir e cti o n of t h e
st ati c  m a g n eti c fi el d B 0 . F or t h e d eri v ati o n of o ur si g n al,

B 0 will b e t h e  E art h ’s d c  m a g n eti c fi el d.  T h us, t h e eff e cti v e
c urr e nt i n t h e a xi o n c as e  will n ot b e u nif or m i n s p a c e b ut  will
h a v e a n ( a p pr o xi m at el y) di p ol ar a n g ul ar d e p e n d e n c e a n d
d e c a y  wit h r a di al dist a n c e fr o m t h e  E art h ’s c e nt er.

B. I G R F  m o d el

I n t his  w or k,  w e e m pl o y t h e I G R F- 1 3  m o d el [ 8 3] of t h e
E art h ’s  m a g n eti c fi el d,  w hi c h pr o vi d es c o effi ci e nts f or a
m ulti p ol e e x p a nsi o n of t h e fi el d.  As t h e g e o m a g n eti c fi el d
drifts sl o wl y o v er ti m e, t h e I G R F  m o d el pr o vi d es c o effi-
ci e nts f or t h e fi el d at fi v e- y e ar i nt er v als a n d s p e cifi es a n
i nt er p ol ati o n pr o c e d ur e o n t h es e c o effi ci e nts t o o bt ai n t h e
fi el d at i nt er m e di at e ti m es.  T h e  m ost r e c e nt g e n er ati o n,
I G R F- 1 3, pr o vi d es v al u es d ati n g fr o m 1 9 0 0 u p t o 2 0 2 0.  T h e
I G R F  m o d el p ar a m etri z es t h e g e o m a g n eti c fi el d i n t er ms of a
s c al ar p ot e nti al 5 B 0 ¼ − ∇ V 0 ,  w hi c h is t h e n e x p a n d e d as

V 0 ¼
X ∞

l ¼ 1

X l

m ¼ 0

R l þ 2

r l þ 1
ðg l m c os m ϕ þ h l m si n m ϕ ÞP m

l ðc os θ Þ ð 8 Þ

¼
X ∞

l ¼ 1

X l

m ¼ − l

ð− 1 Þ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 π ð2 − δ m

0 Þ

2 l þ 1

r
R l þ 2

r l þ 1

g l m − i hl m

2

× Y m
l ðθ ; ϕ Þ; ð9 Þ

w h er e R ¼ 6 3 7 1 .2 k m i s t h e e x a ct r ef er e n c e v al u e f or t h e
E art h ’s r a di u s t h at is u s e d i n t h e s p e cifi c ati o n of t h e I G R F
m o d el [ 8 3], θ a n d ϕ ar e g e o gr a p hi c c ol atit u d e a n d l o n gi-
t u d e,6 P m

l ar e t h e S c h mi dt- n o r m ali z e d a s s o ci at e d  L e g e n dr e
p ol y n o mi al s, 7 a n d Y m

l ar e t h e s c al ar s p h eri c al h ar m o ni c s.

5 R e c all t h at i n t h e  m a g n et o q u asist ati c li mit a n d i n t h e a bs e n c e
of fr e e c urr e nts, t h e  A m p èr e- M a x w ell l a w b e c o m e s ∇ × B ¼ 0 .
We c a n t h er ef or e d efi n e a s c al ar p ot e nti al V s o t h at B ¼ − ∇ V .
S e e S e c. 5. 9. B of  R ef. [ 8 4] f or a  m or e d et ail e d dis c ussi o n.

6 N ot e t h at t h e c o or di n at es θ a n d ϕ c or ot at e  wit h t h e  E art h; t h at
is, t h e y d es cri b e a r ot ati n g fr a m e  wit h c o or di n at e s fi x e d t o t h e
E art h, n ot t h e i n erti al fr a m e  wit h c o or di n at es fi x e d t o t h e a v er a g e
p ositi o ns of dist a nt st ars.  H e n c ef ort h, all  V S H a n d s p h eri c al
h ar m o ni cs  will i m pli citl y us e c o or di n at e s i n t his c or ot ati n g fr a m e
as  w ell.  As t h e r ot ati o n al s p e e d at t h e s urf a c e of t h e  E art h is
n o nr el ati visti c, t h er e ar e n o r el ati visti c fi el d- mi xi n g eff e cts  w hi c h
n e e d t o b e t a k e n i nt o a c c o u nt  w h e n s wit c hi n g b et w e e n t h es e
fr a m es.  T h us, it r e m ai ns c o nsist e nt t o a p pl y  M a x w ell’s e q u ati o ns
as i n  E qs. ( 2)– ( 5) e v e n i n t h e c or ot ati n g fr a m e. S p e cifi c all y,
b e c a us e b ot h t h e  E art h’s  m a g n eti c fi el d a n d t h e o bs er v ati o n
p oi nts f or t h e  m a g n eti c o bs er v at ori es c or ot at e  wit h t h e  E art h, t his
is t h e n at ur al c o or di n at e fr a m e t o us e.

7 T h es e ar e gi v e n f or m ≥ 0 b y [ 8 5]

P m
l ðx Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2 − δ m
0 Þ

ð l − m Þ!

ðl þ m Þ!

s

ð1 − x 2 Þ m = 2 d m

d x m P l ð x Þ; ð1 0 Þ

w h er e P l ar e t h e  L e g e n dr e p ol y n o mi als.  N ot e t h at t h e S c h mi dt-
n or m ali z e d P m

l us e d i n t h e I G R F s p e cifi c ati o n diff er fr o m t h os e
d efi n e d at  E q. ( 3. 4 9) i n  R ef. [ 8 4] i n s e v er al  w a ys; h o w e v er, o ur
s c al ar Y m

l ar e n or m ali z e d t o a gr e e  wit h t h os e of  R ef. [ 8 4].
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T h e I G R F  m o d el pr o vi d es t h e “ G a u s s c o effi ci e nt s ” g l m a n d
h l m f or l ≥ m ≥ 0 at fi v e- y e ar i nt er v al s ( s e e  Ta bl e 2 of
R ef. [ 8 3]), a n d t h eir v al u e s at i nt er m e di at e ti m e s ar e t o b e
c al c ul at e d b y li n e ar i nt er p ol ati o n.  H er e  w e a d o pt t h e
c o n v e nti o n s g l ;− m ¼ ð − 1 Þ m g l m a n d h l ;− m ¼ ð − 1 Þ m þ 1 h l m

t o e xt e n d t h e c o effi ci e nt s t o n e g ati v e m . Fr o m B 0 ¼ − ∇ V 0 ,
w e c a n t h e n  writ e a  m ulti p ol e e x p a n si o n f or t h e g e o-
m a g n eti c fi el d i n t er m s of t h e  V S H a s

B 0 ¼
X

l ; m

C l m

R

r

l þ 2

½ ðl þ 1 ÞY l m − Ψ l m ; ð1 1 Þ

w h er e C l m ar e r el at e d t o t h e  G a u s s c o effi ci e nt s b y

C l m ¼ ð − 1 Þ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 π ð2 − δ m

0 Þ

2 l þ 1

r
g l m − i hl m

2
: ð1 2 Þ

N ot e t h at o ur p h a s e c o n v e nti o n s f or g l m a n d h l m e n s ur e
t h at C l ;− m ¼ ð − 1 Þ m C l m , i n a n al o g y t o t h e  V S H p h a s e

c o n v e nti o n s  E q s. ( A 2)– ( A 4). A s t h e E art h’s  m a g n eti c fi el d
i s a p pr o xi m at el y di p ol ar,  wit h t h e di p ol e a xi s ori e nt e d
r el ati v el y cl o s e t o t h e  E art h’s r ot ati o n al a xi s, t h e l ar g e st of
t h e s e c o effi ci e nt s  will b e C 1 0 ; h o w e v er, s u b s e q u e nt t er m s
c a n pr o vi d e c orr e cti o n s of O ð1 0 % Þ.  T h e I G R F- 1 3  m o d el
pr o vi d e s v al u e s u p t o l ¼ 1 3 f or t h e  m o st r e c e nt c o ef-
fi ci e nt s. I n o ur a n al y si s ( s u m m ari z e d i n S e c. III a n d
d et ail e d i n  A p p e n di x C ),  w e fi n d it s uffi ci e nt t o utili z e
t h e  G a u s s c o effi ci e nt s u p t o l ¼ 4 .  We h a v e v erifi e d
e x pli citl y t h at t h e a d diti o n of hi g h er- l m o d e s h a s n o
si g nifi c a nt i m p a ct o n o ur r e s ult s.

C. Si g n al d e ri v ati o n

H er e,  w e gi v e a si m pl e d eri v ati o n f or t h e l e a di n g or d er
Φ l m c o ntri b uti o n t o t h e  m a g n eti c-fi el d si g n al of a xi o n
d ar k  m att er at t h e  E art h ’s s urf a c e ( s e e  A p p e n di x B f or a
m or e d et ail e d c al c ul ati o n).  T hi s d eri v ati o n r eli e s o nl y o n
t h e eff e cti v e c urr e nt a p pr o a c h, a n d s o a si mil ar d eri v ati o n
c a n als o b e a p pli e d t o t h e d ar k- p h ot o n c a s e c o m p ut e d i n
R ef. [ 6 1]. As i n R ef. [ 6 1],  w e  m o d el t h e n e ar- E art h
e n vir o n m e nt a s a p erf e ctl y c o n d u cti n g s p h er e of r a di u s
R (t h e  E art h), s urr o u n d e d b y s o m e v a c u u m r e gi o n (t h e
l o w er at m o s p h er e),  w hi c h i s f urt h er s urr o u n d e d b y s o m e
p erf e ctl y c o n d u cti n g b o u n d ar y.  H er e,  w e d o n ot a s s u m e
a n y p arti c ul ar s h a p e f or t h e o ut er b o u n d ar y, o nl y t h at it
h a s a l o n g e st l e n gt h s c al e L ≪ m − 1

a . F or t hi s r e a s o n, o ur
m o d el all o w s f or t h e o ut er b o u n d ar y t o b e eit h er t h e
i o n o s p h er e,  w hi c h i s a p pr o xi m at el y s p h eri c al a n d l o c at e d
o nl y ∼ 1 0 0 k m fr o m t h e  E art h ’s s urf a c e, or t h e  m a g n et o-
p a u s e ( b e y o n d  w hi c h li e s t h e i nt er pl a n et ar y  m e di u m),
w hi c h is hi g hl y a s p h eri c al a n d e xt e n d s t o ∼ 2 0 0 R fr o m t h e
E art h ’s s urf a c e i n t h e “ d o w n wi n d ” dir e cti o n of t h e s ol ar

wi n d. 8 As t hi s l o n g e st l e n gt h s c al e L i s s m all er t h a n t h e d e
Br o gli e  w a v el e n gt h 9 of t h e a xi o n d ar k  m att er

λ d B ∼ ðm a v D M Þ − 1 ,  w e c a n t a k e t h e a xi o n fi el d v al u e t o
b e c o n st a nt o v er t h e e ntir e g e o m etr y a n d  writ e it as

a ¼ a 0 e
− i ma t: ð1 3 Þ

D u e t o t h e st o c h a sti cit y of t h e a xi o n fi el d [ 7 9, 8 6], a 0 i s n ot
u ni q u el y d et er mi n e d b y t h e  D M d e n sit y, alt h o u g h it i s

g e n eri c all y of or d er ja 0 j ∼
ffiffiffiffiffiffiffiffiffiffiffi
2 ρ D M

p
= m a ( s e e di s c u s si o n at

t h e e n d of t hi s s u b s e cti o n).
Fr o m  E qs. ( 7) a n d ( 1 1), t h e eff e cti v e c urr e nt  w hi c h t his

a xi o n d ar k  m att er s o ur c es is t h e n gi v e n b y

J eff ¼ i ga γ a 0 m a

×
X

l ; m

C l m

R

r

l þ 2

½ ðl þ 1 ÞY l m − Ψ l m e − i ma t: ð1 4 Þ

N o w  w e ar g u e t h at t h e ∂ tE t er m i n  E q. ( 6) c a n b e
n e gl e ct e d. 1 0 T his is b e c a us e E v a nis h es b ot h d e e p  wit hi n t h e
E art h a n d  wit hi n a s ki n d e pt h of t h e o ut er b o u n d ar y ( as t h e y
ar e b ot h g o o d e n o u g h c o n d u cti n g s hi el ds t o eff e cti v el y d a m p
all el e ctr o m a g n eti c  w a v es).  M or e o v er, as o ur g e o m etr y h as
l o n g est l e n gt h s c al e L ≪ m − 1

a , t h es e t w o s urf a c es o n  w hi c h
E v a nis h es ar e s e p ar at e d b y a s u b w a v el e n gt h dist a n c e.  We
t h er ef or e o nl y e x p e ct t h at E c a n gr o w q u a dr ati c all y i n m a L
b et w e e n t h e m. I n p arti c ul ar,  w e e x p e ct p ar a m etri c all y
E ∼ ðg a γ a 0 Þðm a L Þ 2 C l m .  C o m p ari n g t o  E q. ( 1 4), w e s e e
t h at ∂ tE is p ar a m etri c all y s m all er t h a n J eff .  T h er ef or e, u p t o
c orr e cti o ns at or d er O ððm a L Þ 2 Þ, it s uffi c es t o o nl y c o nsi d er
t h e first a n d l ast t er ms of  E q. ( 6).

Gi v e n t h e f or m of J eff i n  E q. ( 1 4),  w e c a n a p pl y t h e  V S H
c url pr o p erti es  E qs. ( A 1 3)– ( A 1 3) t o s ol v e  E q. ( 6).  N a m el y,
w e fi n d t h at B m ust b e of t h e f or m,

8 We n ot e t h at f or m a ∼ ðf e wÞ × 1 0 − 1 6 e V,  w hi c h is t h e
b o u n d ar y b et w e e n t h e fr e q u e n c y r a n g es  m e nti o n e d i n f o ot n ot e 4,
t h e d a m pi n g eff e cts of t h e i o n os p h er e ar e u n c ert ai n, y et t h e
f urt h est p oi nt of t h e  m a g n et o p a us e  m a y n ot b e a s u b- w a v el e n gt h
dist a n c e fr o m t h e  E art h ’s s urf a c e; i. e., 2 0 0 R ∼ m − 1

a .  T h e v ali dit y
of o ur ass u m pti o ns ar e t h er ef or e q u esti o n a bl e ar o u n d
m a ∼ ðf e wÞ × 1 0 − 1 6 e V; s e e als o t h e dis c ussi o n i n S e c. II  B
( a n d, i n p arti c ul ar, S e c. II  B 6) of  R ef. [ 6 1].  T his  m ass li es
o utsi d e of t h e r a n g e e x pli citl y c o nstr ai n e d i n o ur a n al ysis (s e e
S e c. III).

9 I n pri n ci pl e, t h er e ar e t w o l e n gt h s c al e s of t h e d ar k  m att er
w hi c h c o ul d b e r el e v a nt h er e: t h e d e  Br o gli e  w a v el e n gt h λ d B ∼
ðm a v r elÞ

− 1 a n d t h e c o h er e n c e l e n gt h λ c o h ∼ ð m a Δ v Þ − 1 ,  w h er e v r el
is t h e  m e a n r el ati v e v el o cit y b et w e e n t h e d ar k- m att er r est fr a m e
a n d t h e  E art h, a n d Δ v is t h e  m a g nit u d e of t h e l o c al  D M v el o cit y
dis p ersi o n. I n or d er f or  E q. ( 1 3) t o r e m ai n v ali d, L m u st b e
s m all er t h a n b ot h of t h es e l e n gt h s c al es.  We n ot e h o w e v er t h at f or
viri ali z e d d ar k  m att er f oll o wi n g a  M a x w ell- B olt z m a n n v el o cit y
distri b uti o n, v r el ∼ Δ v ∼ 1 0 − 3 i n t h e  E art h’s r est fr a m e, s o t h at
λ d B ∼ λ c o h .

1 0 S e e t h e e n d of S e c. III  C i n  R ef. [ 6 1] f or a si mil ar dis c u ssi o n.
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B ¼ − iðg a γ a 0 Þð m a R Þ
X

l ; m

C l m

l

R

r

l þ 1

Φ l m e − i ma t

þ ∇ V þ O ððm a L Þ 2 Þ ; ð1 5 Þ

w h er e V is s o m e s c al ar f u n cti o n (s o t h at ∇ V is c urlfr e e).
Fr o m t h e s p h eri c al- h ar m o ni c gr a di e nt r el ati o n  E q. ( A 9), w e
c a n als o n ot e t h at ∇ V c o nsists e ntir el y of Y l m a n d Ψ l m

m o d es.  T h er ef or e, t h e l e a di n g or d er Φ l m c o ntri b uti o n t o
t h e  m a g n eti c fi el d is pr e cis el y gi v e n b y t h e first li n e of
E q. ( 1 5). I n p arti c ul ar, at t h e s urf a c e of t h e  E art h (r ¼ R ), t o
l e a di n g or d er i n m a L , t h e Φ l m c o ntri b uti o n t o t h e  m a g n eti c
fi el d si g n al of a xi o n d ar k  m att er is1 1

B T M ¼ − iðg a γ a 0 Þðm a R Þ
X

l ; m

C l m

l
Φ l m e − i ma t: ð1 6 Þ

N ot e t h at d u e t o t h e  V S H ort h o g o n alit y pr o p erti es
E qs. ( A 6) – ( A 8), a n y v e ct ori al f u n cti o n o n t h e s p h er e c a n
b e d e c o m p os e d i nt o  V S H ( m u c h li k e a n y s c al ar f u n cti o n o n
t h e s p h er e c a n b e d e c o m p os e d i nt o s c al ar s p h eri c al h ar-
m o ni cs).  T h us,  w h e n s e ar c hi n g f or o ur si g n al i n gl o b al
m a g n eti c-fi el d d at a a cr oss t h e  E art h,  w e c a n pr oj e ct o nt o t h e
p arti c ul ar c o m bi n ati o n of Φ l m m o d es a p p e ari n g i n  E q. ( 1 6).
T his all o ws us t o n e gl e ct t h e Y l m a n d Ψ l m c o ntri b uti o ns
c o mi n g fr o m ∇ V ,  w hi c h  m a y g e n eri c all y d e p e n d o n t h e
s h a p e of t h e o ut er b o u n d ar y, a n d i nst e a d f o c us o n t h e Φ l m

c o ntri b uti o ns  w hi c h  w e k n o w t o b e pr es e nt r e g ar dl ess of
d et ails of t h e o ut er b o u n d ar y.

Fi n all y,  w e c o m m e nt o n t h e t e m p or al c o h er e n c e of o ur
si g n al i n  E q. ( 1 6).  T h e  m o n o c hr o m ati c d es cri pti o n of t h e a xi o n
gi v e n i n E q. ( 1 3) r e m ai ns v ali d o nl y o n ti m es c al es l ess t h a n t h e
c o h er e n c e ti m e T c o h ∼ 2 π = ðm a v

2
D M Þ of t h e a xi o n. F or t h e

m ass r a n g e r el e v a nt t o o ur a n al ysis (s u m m ari z e d
i n S e c. III a n d d et ail e d i n  A p p e n di x C ),  w e h a v e
T c o h ∼ 2 – 5 0 yr.  O n ti m e s c al es l o n g er t h a n t h e c o h er e n c e
ti m e, a 0 will v ar y st o c h asti c all y i n b ot h a m plit u d e a n d p h as e.
T h er ef or e,  E q. ( 1 6) o nl y r e m ai ns v ali d f or ti m es t ≲ T c o h : t h e
m a g n eti c-fi el d si g n al ’s p h as e offs et a n d a m plit u d e r a n d o mi z e
o n l o n g er ti m es c al es,  wit h t h e p h as e offs et  wit hi n e a c h
c o h er e n c e ti m e b ei n g u nif or ml y distri b ut e d o n ½0 ; 2 π Þ, a n d t h e
a m plit u d e b ei n g s et b y a 0 dr a w n fr o m a distri b uti o n [ 7 9, 8 6]
a n d s atisf yi n g hja 0 j

2 i τ ¼ 2 ρ D M = m 2
a , o n a v er a g e o v er ti m e-

s c al es τ ≫ T c o h . S e e als o t h e  m or e d et ail e d dis c ussi o n of
t his p oi nt i n t h e c o nt e xt of d ar k- p h ot o n d ar k  m att er
i n  R ef. [ 6 1].

D.  C o m p a ris o n  wit h d a r k- p h ot o n si g n al

T h e si g n al d es cri b e d b y  E q. ( 1 6) t a k es a v er y si mil ar
f or m t o t h e si g n al d es cri b e d i n  R ef. [ 6 1]. I n p arti c ul ar, if t h e

E art h ’s  m a g n eti c fi el d is ass u m e d t o b e e x a ctl y di p ol ar
(C l m ¼ 0 f or l > 1 ), t h e n  E q. ( 1 6) t a k es pr e cis el y t h e s a m e
f or m as t h e si g n al fr o m a d ar k p h ot o n e x pr ess e d i n i n erti al
c o or di n at es ,  wit h t h e r ol e of t h e d ar k- p h ot o n p ol ari z ati o n
i n s etti n g t h e si g n al ori e nt ati o n r e pl a c e d b y t h e  E art h’s
m a g n eti c di p ol e [ cf.  E q. ( 3 8) of  R ef. [ 6 1]].  H er e,  w e
hi g hli g ht t hr e e i m p ort a nt diff er e n c es t h at all o w a n a xi o n
d ar k- m att er si g n al t o b e disti n g uis h e d fr o m a d ar k- p h ot o n
si g n al.

T h e fir st i s d u e t o t h e f a ct t h at t h e g e o m a g n eti c fi el d i s
n ot e x a ctl y di p ol ar, a n d s o l > 1 m o d e s  will c o ntri b ut e t o
E q. ( 1 6), gi vi n g it a sli g htl y diff er e nt a n g ul ar d e p e n d e n c e
t h a n a d ar k- p h ot o n si g n al.  As  m e nti o n e d b ef or e, t hi s
c orr e cti o n i n a n g ul ar d e p e n d e n c e  will b e at t h e l e v el
of O ð1 0 % Þ.

S e c o n dl y, t h e d ar k- p h ot o n si g n al i n c or ot ati n g c o or di-
n at es r e c ei v es a s hift i n fr e q u e n c y b y f d ¼ ð si d er e al d a y Þ − 1

d u e t o t h e r ot ati o n of t h e  E art h [s e e  E q. ( 4 2) of  R ef. [ 6 1]],
w h er e as t h e a xi o n d ar k- m att er si g n al d o es n ot.  T his is
b e c a u s e t h e eff e cti v e c urr e nt ( a n d t h u s t h e a n g ul ar
d e p e n d e n c e of t h e  m a g n eti c-fi el d si g n al) i n h erit s it s
dir e cti o n fr o m t h e g e o m a g n eti c fi el d i n t h e a xi o n c as e
b ut fr o m t h e d ar k- p h ot o n fi el d its elf i n t h e d ar k- p h ot o n
c a s e.  B e c a u s e t h e g e o m a g n eti c fi el d c or ot at es  wit h t h e
E art h, t h e a n g ul ar d e p e n d e n c e of t h e a xi o n si g n al i s
c o n st a nt i n g e o gr a p hi c c o or di n at e s ( o n ti m es c al es s h ort
e n o u g h t h at t h e g e o m a g n eti c fi el d d o e s n ot drift si g nifi-
c a ntl y).  O n t h e ot h er h a n d, si n c e t h e d ar k- p h ot o n dir e cti o n
i s fi x e d i n i n erti al c o or di n at e s ( o n ti m e s c al es s h ort er t h a n
t h e c o h er e n c e ti m e of t h e d ar k- p h ot o n fi el d), t h e d ar k-
p h ot o n si g n al pr e c e s s e s i n g e o gr a p hi c c o or di n at es.  T h u s,
i n fr e q u e n c y s p a c e, t h e a xi o n si g n al ( a s  m e a s ur e d b y
m a g n et o m et er s fi x e d o n t h e  E art h ’s s urf a c e) o nl y a p p e ar s
at f ¼ f a ≡ m a = 2 π ( a s s u mi n g v D M ¼ 0 ; s e e f o ot n ot e 3 4
i n  R ef. [ 6 2]),  w hil e t h e d ar k- p h ot o n si g n al al s o e x hi bit s
si d e b a n d s at f ¼ f a f d .

Fi n all y, t h e st o c h asti c pr o p erti es of t h e a xi o n d ar k- m att er
si g n al c o ul d diff er fr o m t h os e of t h e d ar k- p h ot o n si g n al.
Cl assi c al-fi el d d ar k- m att er c a n di d at es ( b ot h a xi o ns a n d
d ar k p h ot o ns) ar e c o m pris e d of a s u m (r e all y, a n i nt e gr al)
o v er c o nstit u e nt F o uri er  m o d es, e a c h of  w hi c h h as a
r a n d o m p h as e a n d, f or t h e d ar k- p h ot o n c as e, a v e ct ori al
ori e nt ati o n ( w hi c h is i n g e n er al c o m pl e x).  As a r es ult,
cl assi c al-fi el d d ar k- m att er e x hi bits a m plit u d e a n d o v er all
p h as e- offs et fl u ct u ati o ns fr o m o n e c o h er e n c e ti m e t o t h e
n e xt; s e e, e. g.,  R efs. [ 7 9, 8 6]. I n a d diti o n, f or t h e d ar k-
p h ot o n c as e, t h er e c a n b e a fl u ct u ati o n of t h e p ol ari z ati o n
st at e of t h e fi el d, b ut t his d e p e n ds o n t h e ass u m e d u n d er-
l yi n g str u ct ur e of t h e i n di vi d u al F o uri er  m o d es’ v e ct ori al
ori e nt ati o ns.  D e p e n di n g o n t h e f or m ati o n  m o d el a n d
s u bs e q u e nt c os m ol o gi c al e v ol uti o n of t h e d ar k  m att er, it
is a n o p e n q u esti o n (s e e, e. g.,  R ef. [ 8 7])  w h et h er t h es e
i n di vi d u al F o uri er  m o d es’ v e ct ori al ori e nt ati o ns ar e all t h e
s a m e, or  w h et h er t h e y ar e eff e cti v el y r a n d o m. I n t h e f or m er
c as e, t h e d ar k- p h ot o n p ol ari z ati o n st at e d o es n ot r a n d o mi z e

1 1 H er e,  w e l a b el t h e Φ l m c o ntri b uti o n as “ tr a ns v ers e  m a g-
n eti c ” ( T M). S e e t h e dis c u ssi o n ar o u n d  E qs. ( B 5)– ( B 6) or
S e c. III  B of  R ef. [ 6 1] f or a n e x pl a n ati o n of tr a ns v ers e  m a g n eti c
a n d tr a ns v ers e el e ctri c ( T E)  m o d es.
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fr o m o n e c o h er e n c e ti m e t o t h e n e xt; i n t h e l att er c as e, it
d o es. 1 2

Si n c e t h e dir e cti o n of t h e eff e cti v e c urr e nt t h at gi v es ris e t o
t h e d ar k- p h ot o n si g n al is s et b y t h e d ar k- p h ot o n p ol ari z ati o n
st at e, t h e p ol ari z ati o n-st at e fl u ct u ati o n t h at aris es i n t his l att er
c as e r es ults i n a fl u ct u ati o n of t h e r el ati v e p h as es a p p e ari n g
b et w e e n t h e diff er e nt c o m p o n e nts of t h e eff e cti v e c urr e nt
fr o m o n e c o h er e n c e ti m e t o t h e n e xt.  B e c a us e t h e  m a g n eti c-
fi el d si g n al is d et er mi n e d b y t h e eff e cti v e c urr e nt, t his r es ults
i n a n O ð1 Þ c h a n g e t o t h e gl o b al a n g ul ar d e p e n d e n c e of t h e
d ar k- p h ot o n-i n d u c e d  m a g n eti c-fi el d si g n al fr o m o n e c o h er-
e n c e ti m e t o t h e n e xt i n t his c as e.

B y c o ntr ast, f or a xi o n d ar k  m att er, t h e dir e cti o n of t h e
eff e cti v e c urr e nt is d et er mi n e d b y t h e g e o m a g n eti c fi el d, s o
n o fl u ct u ati o n i n t h e r el ati v e p h as es of t h e c o m p o n e nts of
t h e eff e cti v e c urr e nt a p p e ars fr o m o n e c o h er e n c e ti m e t o t h e
n e xt.  T h e dir e cti o n of t h e eff e cti v e c urr e nt a n d t h e gl o b al
a n g ul ar d e p e n d e n c e of t h e  m a g n eti c-fi el d si g n al i nst e a d
drift o nl y as t h e g e o m a g n eti c fi el d drifts o n v er y l o n g
ti m es c al es ( w hi c h is i n d e p e n d e nt of t h e c o h er e n c e pr o p er-
ti es of t h e a xi o n).

O v er t h e 5 0- y e ar d ur ati o n of t h e S u p er M A G d at as et
utili z e d i n o ur a n al ysis (s u m m ari z e d i n S e c. III a n d d et ail e d
i n  A p p e n di x C ), t h e dir e cti o n of t h e g e o m a g n eti c fi el d drifts
O ð5 % Þ.  T h us, t h e c h a n g e i n gl o b al a n g ul ar d e p e n d e n c e of
t h e a xi o n d ar k- m att er si g n al is si g nifi c a ntl y s m all er o v er
t h e d ur ati o n of o ur a n al ysis t h a n t h e O ð1 Þ c h a n g e t h at t h e
d ar k- p h ot o n si g n al e x p eri e n c es o v er ti m es c al es of or d er t h e
c o h er e n c e ti m e, i n t h e c as e ass u m e d a b o v e.  M or e o v er,
t h e  E art h’s b a c k gr o u n d  m a g n eti c-fi el d drift is  m o d el e d,
a n d  w e i n cl u d e t his eff e ct i n o ur a n al ysis of t h e a xi o n
si g n al,  w h er e as t h e p ossi bl e c o h er e n c e-ti m e t o c o h er e n c e-
ti m e drift i n t h e gl o b al a n g ul ar d e p e n d e n c e of t h e si g n al i n
t h e d ar k- p h ot o n c as e is i n h er e ntl y st o c h asti c, alt h o u g h
a c c o u nt e d f or i n  R ef. [ 6 2].

III. S E A R C H  F O R SI G N A L I N S U P E R M A G
D A T A S E T

T h e a xi o n d ar k- m att er si g n al d es cri b e d b y  E q. ( 1 6) is a n
os cill ati n g  m a g n eti c fi el d at t h e s urf a c e of t h e  E art h of
m a g nit u d e,

B ∼ 1 n G  ×
g a γ

1 0 − 1 0 G e V − 1
; ð1 7 Þ

a s s u mi n g t h e a xi o n c o n stit ut e s all of t h e d ar k  m att er ( w e
t a k e ρ D M ¼ 0 .3 G e V = c m 3 ). It i s t e m p or all y c o h er e nt o v er

a l o n g ti m e p eri o d; it i s al s o s p ati all y c o h er e nt, t a ki n g a
k n o w n p att er n a cr o s s t h e e ntir e gl o b e.  As s u c h, it c o ul d b e
d et e ct e d b y a n y gl o b al arr a y of u n s hi el d e d  m a g n et o m et er s
t a ki n g d at a o v er s e v er al d e c a d e s.  T h e S u p er M A G
C oll a b or ati o n [ 7 7, 7 8, 8 8] m ai nt ai n s a p u bli c d at a b a s e of
m e as ur e m e nt s fr o m pr e ci s el y s u c h a n arr a y of  m a g n e-
t o m et er s. I n p arti c ul ar, t h e y r e p ort t hr e e- a xi s  m a g n eti c
fi el d  m e a s ur e m e nt s fr o m O ð5 0 0 Þ st ati o n s  wit h a o n e-
mi n ut e ti m e r e s ol uti o n,  wit h t h e  m e as ur e m e nt s fr o m s o m e
st ati o n s d ati n g b a c k t o 1 9 7 0.

I n t hi s  w or k,  w e p erf or m a s e ar c h of t h e S u p er M A G
d at as et 1 3 f or t h e si g n al d es cri b e d b y  E q. ( 1 6), si mil ar t o
t h e d ar k- p h ot o n d ar k- m att er s e ar c h u n d ert a k e n i n
R ef. [ 6 2].  A s t h e a n al y si s pr o c e e d s i n a si mil ar  w a y t o
t h e o n e i n  R ef. [ 6 2],  w e r e s er v e t h e d et ail s of t his  w or k’s
a n al y si s ( a n d, i n p arti c ul ar, h o w t h e y diff er fr o m t h o s e of
t h e a n al y si s i n  R ef. [ 6 2]) t o  A p p e n di x C . I n st e a d, i n t hi s
s e cti o n,  w e s u m m ari z e t h e r e s ult s of t hi s  w or k ’s a xi o n
d ar k- m att er s e ar c h.  We fir st e n u m er at e s o m e n aï v e c a n-
di d at e si g n al s,  w hi c h  w e i d e ntifi e d b ut t hr o u g h f urt h er
r o b ust n e s s c h e c k s di s mi s s e d.  H a vi n g di s mi s s e d all s u c h
n aï v e si g n al c a n di d at e s,  w e t h e n pr es e nt a n e x cl u si o n li mit
o n a xi o n d ar k- m att er p ar a m et er s p a c e. Fi n all y,  w e di s c u s s
a hi g h er-r es ol uti o n d at a s et al s o  m ai nt ai n e d b y t h e
S u p er M A G  C oll a b or ati o n, a f ut ur e a n al y sis of  w hi c h
c o ul d e xt e n d t h e r e s ult s of t hi s  w or k t o n e w p ar a m-
et er s p a c e.

As i n  R ef. [ 6 2],  w e p erf or m e d a s e ar c h f or o ur si g n al at
O ð1 0 6 Þ dis cr et e fr e q u e n ci es i n t h e fr e q u e n c y r a n g e
6 × 1 0 − 4 H z ≲ f a ≲ 2 × 1 0 − 2 H z, c orr es p o n di n g t o t h e
m ass r a n g e 2 × 1 0 − 1 8 e V ≲ m a ≲ 7 × 1 0 − 1 7 e V. F or e a c h
fr e q u e n c y,  w e c o nstr u ct e d a n al ysis v ari a bl es (s e e
A p p e n di x C 1 ) a n d  wr ot e d o w n a li k eli h o o d f u n cti o n f or
t h e p h ot o n- a xi o n c o u pli n g g a γ , gi v e n t h e o bs er v e d v al u es of
t h es e v ari a bl es (s e e  A p p e n di x C 3 ).  Usi n g t his li k eli h o o d,  w e
d et er mi n e d  w h et h er t h e a n al ysis v ari a bl es at e a c h fr e q u e n c y
w er e c o nsist e nt  wit h t h e l a c k of a si g n al g a γ ¼ 0 . We
d e cl ar e d a n y fr e q u e n c y at  w hi c h t h e d at a  w er e i n c o nsist e nt
wit h g a γ ¼ 0 at 9 5 % c o nfi d e n c e gl o b al si g nifi c a n c e t o b e a
“ n aï v e si g n al c a n di d at e ” f or a xi o n d ar k  m att er.

B as e d o n t his i niti al a n al ysis,  w e i d e ntifi e d 2 7 s u c h
c a n di d at es (s o m e of  w hi c h c a n b e s e e n as n arr o w p e a ks
a b o v e t h e d ar k bl u e e x cl usi o n b a n d i n Fi g. 1 ).  We t h e n
r e e v al u at e d e a c h n aï v e si g n al c a n di d at e f or r o b ust n ess, t o
t est if it e x hi bits f e at ur es of a p h ysi c al a xi o n d ar k- m att er
si g n al. I n p arti c ul ar, a p h ysi c al a xi o n d ar k- m att er si g n al
s h o ul d b e pr es e nt f or t h e e ntir e d ur ati o n of ti m e o v er  w hi c h
S u p er M A G h as c oll e ct e d d at a a n d s h o ul d a p p e ar i n t h e d at a

1 2 F or m all y, i n o ur a n al ysis i n  R efs. [ 6 1, 6 2],  w e ass u m e d t his
l att er c as e.  H o w e v er, b e c a us e t h e n et w or k of  m a g n et o m et ers
c o ntri b uti n g t o t h e S u p er M A G d at as et h as r e as o n a bl y is otr o pi c
dir e cti o n al s e nsiti vit y [ b ei n g a n et w or k of O ð5 0 0 Þ t hr e e- a xis
m a g n et o m et ers t h at ar e  wi d el y distri b ut e d o n t h e r ot ati n g a n d
or biti n g  E art h],  w e e x p e ct t h at e v e n if t h e d ar k- p h ot o n d ar k
m att er b e h a v e d a c c or di n g t o t h e f or m er c as e, o ur li mits i n
R efs. [ 6 1, 6 2] w o ul d b e c h a n g e d b y o nl y a n O ð1 Þ f a ct or.

1 3 I n t his  w or k,  w e us e a sli g htl y u p d at e d d at a s et as c o m p ar e d
t o t h e o n e us e d i n  R ef. [ 6 2],  w hi c h i n cl u d es a f e w a d diti o n al
st ati o ns.  T h e t e m p or al d ur ati o n of t h e d at a s et r e m ai ns t h e
b e gi n ni n g of 1 9 7 0 t hr o u g h t h e e n d of 2 0 1 9.  As t his u p d at e d
d at as et c o nt ai ns  mi ni m al a d diti o n al d at a,  w e d o n ot e x p e ct t o g ai n
si g nifi c a nt s e nsiti vit y.
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fr o m all st ati o ns a cr oss t h e gl o b e.1 4 B e c a us e of t his,  w e
p artiti o n e d t h e f ull S u p er M A G d at as et i nt o f o ur t e m p or al
s u bs ets, c o nsisti n g of d at a o nl y fr o m c ert ai n ti m e p eri o ds, a n d
f o ur g e o gr a p hi c al s u bs ets, c o nsisti n g of d at a o nl y fr o m
c ert ai n st ati o ns.  We r e p erf or m e d o ur a n al ysis o n e a c h of
t h es e s u bs ets a n d s e ar c h e d f or e a c h n aï v e si g n al c a n di d at e t o
s e e if it r e a p p e ar e d i n t h e s u bs et. I n p arti c ul ar,  w e c h e c k e d if
t h e a n al ysis v ari a bl es c o nstr u ct e d fr o m e a c h d at a s u bs et  w er e
c o nsist e nt  wit h t h e si g n al si z e i m pli e d b y t h e ori gi n al a n al ysis
of t h e f ull S u p er M A G d at as et, as c h ar a ct eri z e d b y t h e
B a y esi a n p ost eri or o n g a γ c o nstr u ct e d fr o m t h e l att er (s e e
A p p e n di x C 3 ).  We c o m bi n e d t h e r es ults of all ei g ht of t h es e
r es a m pli n g c h e c ks a n d i m m e di at el y r ej e ct e d a n y c a n di d at es
wit h a c o m bi n e d p - v al u e of p f ull < 0 .0 1 (s e e  A p p e n di x C 4 ).

We n ot e t hr e e c a n di d at es of r e m ai ni n g p ot e nti al i nt er est t h at
w e  w er e u n a bl e t o i m m e di at el y r ej e ct b as e d o n t his crit eri o n:
( 1) o n e c a n di d at e at f a ≈ 4 .2 m H z  wit h a hi g h ( 6 .7 σ ) gl o b al
si g nifi c a n c e t h at is i n str o n g b ut n ot d efi niti v e t e nsi o n
(0 .0 1 < p f ull < 0 .0 5 )  wit h t h e c o m bi n e d s p ati ot e m p or al
r o b ust n ess t ests a n d als o t h e g e o gr a p hi c al t ests al o n e
(0 .0 1 < p g e o < 0 .0 5 ); ( 2) o n e c a n di d at e at f a ≈ 5 .5 m H z

wit h 3 .6 σ gl o b al si g nifi c a n c e t h at is h o w e v er i n str o n g t e nsi o n
wit h t h e t e m p or al r es a m pli n g c h e c ks ( 0 .0 1 < p ti m e < 0 .0 5 );
a n d ( 3) o n e c a n di d at e ( a ct u all y a p air s y m m etri c all y arr a n g e d
ar o u n d t h e  N y q uist fr e q u e n c y) at f a ≈ 8 .3 m H z  wit h a l o w
(2 .3 σ ) gl o b al si g nifi c a n c e t h at is n e v ert h el ess c o nsist e nt  wit h
all r es a m pli n g c h e c ks.  W hil e  w e d o n ot c o nsi d er t h es e c a n di-
d at es t o c o nstit ut e str o n g a n d r o b ust e vi d e n c e f or d ar k  m att er,
t h e y  w o ul d r e q uir e f urt h er  w or k t o d efi niti v el y e x cl u d e.

Wit h n o r o b ust a xi o n d ar k- m att er c a n di d at es i d e ntifi e d,
w e s et 9 5 %- cr e di bl e e x cl usi o n li mits (l o c al si g nifi c a n c e) o n
t h e a xi o n– p h ot o n c o u pli n g g a γ b as e d o n t h e  B a y esi a n
p ost eri or o n g a γ d eri v e d i n o ur a n al ysis. Fi g ur e 1 s h o ws
o ur e x cl usi o n li mit o n g a γ as a f u n cti o n of m a , ass u mi n g
t h at t h e a xi o n is all of t h e d ar k  m att er a n d t h at
ρ D M ¼ 0 .3 G e V = c m 3 .  Als o s h o w n i n Fi g. 1 ar e li mits o n
g a γ s et b y t h e  C A S T s ol ar a xi o n s e ar c h [ 4 2], a n d li mits
b as e d o n n o n o bs er v ati o n of g a m m a-r a ys i n c oi n ci d e n c e
wit h s u p er n o v a S N 1 9 8 7 A b y t h e  G a m m a- R a y
S p e ctr o m et er i nstr u m e nt o n t h e S ol ar  M a xi m u m  Missi o n
s at ellit e [ 8 1].  T h e l att er li mit aris es b e c a us e a xi o ns pr o-
d u c e d vi a t h e Pri m a k off pr o c ess i n S N 1 9 8 7 A  w o ul d
c o n v ert t o g a m m a r a ys i n t h e  Mil k y  Wa y ’s  m a g n eti c
fi el d.1 5 We d o n ot e t h at n eit h er t h e  C A S T n or t h e

S N 1 9 8 7 A li mits  m ust ass u m e t h at t h e a xi o n is all of t h e
d ar k  m att er.  N e v ert h el ess, fr o m Fi g. 1 , it c a n b e s e e n t h at
o ur li mits ar e c o m p etiti v e  wit h  C A S T b o u n ds i n s o m e  m ass
r a n g es; t h e y als o r el y o n i n d e p e n d e nt s yst e m ati cs.

A c o m m e nt is i n or d er o n t h e  m a s s d e p e n d e n c e of o ur
li mit s a s s h o w n i n Fi g. 1 : b e c a u s e o ur  m a g n eti c-fi el d
si g n al h as B ∝ m a a 0 a n d b e c a u s e t h e r o ot- m e a n- s q u ar e
(r m s) v al u e of a 0 ∝
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= m a , t h e r m s a m plit u d e of t h e

m a g n eti c-fi el d si g n al i s i n d e p e n d e nt of t h e a xi o n  m a s s
o n c e t h e r m s a xi o n fi el d a m plit u d e i s n or m ali z e d t o t h e
d ar k- m att er d e n sit y.  T h e m a d e p e n d e n c e of o ur li mit s i s
t h u s dri v e n b y t h e u n d erl yi n g n oi s e b e h a vi or of t h e
S u p er M A G d at a s et a s a f u n cti o n of fr e q u e n c y
[f a ¼ m a = ð2 π Þ].  T his c o ntr a st s  wit h t h e d ar k- p h ot o n
c a s e [ 6 1, 6 2], f or  w hi c h t h e si g n al a m plit u d e it s elf al s o
still d e p e n d e d li n e arl y o n t h e d ar k- p h ot o n  m as s, e v e n aft er
n or m ali zi n g t h e d ar k- p h ot o n fi el d a m plit u d e t o t h e d ar k-
m att er a b u n d a n c e ( a  w ell- k n o w n d e c o u pli n g eff e ct of t h e
m a s sl e s s d ar k- p h ot o n li mit).

I n a d diti o n t o t h e o n e- mi n ut e r es ol uti o n d at as et a n al y z e d
i n t his  w or k, S u p er M A G als o  m ai nt ai ns a o n e-s e c o n d
r es ol uti o n d at as et fr o m a s m all er n u m b er of st ati o ns.
A si mil ar a xi o n d ar k- m att er s e ar c h i n t his hi g h er ti m e-
r es ol uti o n d at as et  w o ul d all o w f or s e nsiti vit y t o hi g h er a xi o n
m ass es.  Gi v e n t h at o ur li mit s h o w n i n Fi g. 1 i m pr o v es  wit h
i n cr e asi n g  m ass ( o wi n g t o l o w er n ois e at hi g h er fr e q u e n ci es
i n t h e o n e- mi n ut e S u p er M A G d at as et),  w e a nti ci p at e t h at t h e
c o nstr ai nt fr o m a s e ar c h i n t h e o n e-s e c o n d r es ol uti o n
S u p er M A G d at as et c o ul d p ot e nti all y o ut p erf or m e xisti n g
c o nstr ai nts fr o m  C A S T i n s o m e  m ass r a n g e ( a n d p er h a ps t h e
S N 1 9 8 7 A c o nstr ai nt, alt h o u g h t his is l ess cl e ar), ass u mi n g
t h e n ois e i n t h at d at as et c o nti n u es t o b e h a v e si mil arl y.
A d diti o n all y, a s e ar c h i n t h e hi g h er ti m e-r es ol uti o n d at as et
w o ul d pr es e nt a n o p p ort u nit y t o r e e v al u at e t h e t hr e e n aï v e
si g n al c a n di d at es of i nt er est t h at  w e dis c uss e d a b o v e t o s e e if
t h e y a p p e ar i n t h at d at as et.  We i nt e n d t o u n d ert a k e s u c h a
s e ar c h i n f ut ur e  w or k.

I V.  C O N C L U SI O N

I n t his p a p er,  w e d es cri b e d a n o v el si g n at ur e of ultr ali g ht
a xi o n d ar k  m att er  wit h a c o u pli n g t o p h ot o ns g a γ .  T his
si g n al is si mil ar t o t h at of d ar k- p h ot o n d ar k  m att er t h at  w as
r e c e ntl y dis c uss e d i n  R ef. [ 6 1] a n d s e ar c h e d f or as
d es cri b e d i n  R ef. [ 6 2].  N a m el y,  w e p oi nt e d o ut t h at s u c h
a n a xi o n fi el d c o n v erts off t h e q u asist ati c g e o m a g n eti c fi el d
of t h e  E art h B 0 , t o pr o d u c e at gr o u n d l e v el all a cr oss t h e
E art h ’s s urf a c e a n o bs er v a bl e  m a g n eti c-fi el d si g n al B a ðtÞ.
T his si g n al os cill at es at a fr e q u e n c y f a s et b y t h e a xi o n
m ass m a ≈ 2 π f a , a f u n d a m e nt al p h ysi cs p ar a m et er;  m or e-
o v er, it is n arr o w b a n d i n t h e s e ns e t h at t h e b a n d wi dt h
Δ f ∼ v 2

D M f a ∼ 1 0 − 6 f a , i m pl yi n g a l o n g p h as e- c o h er e n c e
ti m e f or t h es e os cill ati o ns.  T h e si g n al a m plit u d e is
jB a j ∼ g a γ jB 0 jR
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,  w h er e R is t h e r a di us of t h e

E art h, i m pl yi n g t h at it is d et e ct a bl y l ar g e ( n ot e t h e
a p p e ar a n c e of R h er e, a n d n ot s o m e ot h er l e n gt h s c al e,

1 4 T h e  m a n n er i n  w hi c h o ur  m ai n a n al ysis pr o c e e ds d o es att e m pt
t o pr oj e ct o nt o t his gl o b al  m o d e, b ut t h e e x a ct f as hi o n i n  w hi c h t his
is d o n e l e a v es t h e  m ai n a n al ysis v ul n er a bl e t o a f als e- p ositi v e
si g n al i d e ntifi c ati o n if a s m all s u bs et of t h e st ati o ns e x hi bit a v er y
l ar g e si g n al ori e nt e d i n t h e a p pr o pri at e dir e cti o n.  T h e p oi nt of t h e
r e e v al u ati o n/r o b ust n ess t ests is t o e x cl u d e t his v ul n er a bilit y.

1 5 It  w as r e c e ntl y p oi nt e d o ut [ 8 9] t h at a c c o u nti n g f or t h e
t ur b ul e nt c o m p o n e nt of t h e  Mil k y  Wa y  m a g n eti c fi el d c o m pli c at es
t h e c o m p ut ati o n of t h e c o n v ersi o n of astr o p h ysi c al a xi o ns i nt o
g a m m a r a ys.  A c c o u nti n g f or t his t ur b ul e nt c o m p o n e nt c a n c h a n g e
t h e a xi o n- p h ot o n c o n v ersi o n pr o b a bilit y b y u p t o a f a ct or of 2.
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s u c h as t h e h ei g ht of t h e at m os p h er e). Fi n all y, t h e si g n al
h as a gl o b al v e ct ori al p att er n t h at is s et b y t h e  E art h ’s
q u asist ati c g e o m a g n eti c fi el d.

As s u c h, t his si g n al is a n i d e al c a n di d at e t o b e s e ar c h e d
f or usi n g a n et w or k of gl o b all y distri b ut e d, t err estri al
m a g n eti c-fi el d  m etr ol o g y st ati o ns.  T h er e is a n e xisti n g
p u bli cl y a v ail a bl e d at as et of  m e as ur e m e nts of t his t y p e
m ai nt ai n e d b y t h e S u p er M A G  C oll a b or ati o n [ 7 7, 7 8],
w hi c h c o nsists of 5 0 y e ars ’ w ort h of o n e- mi n ut e-r es ol uti o n,
t hr e e- a xis  m a g n et o m et er r e a di n gs t a k e n at 5 0 8 g e o gr a p hi-
c all y dis p ers e d st ati o ns i n t ot al ( alt h o u g h n ot all st ati o ns
r e p ort d at a at all ti m es).  We  m a d e us e of t his d at as et t o
s e ar c h f or o ur a xi o n-i n d u c e d  m a g n eti c-fi el d si g n al i n t h e
a xi o n  m ass r a n g e 2 × 1 0 − 1 8 e V ≲ m a ≲ 7 × 1 0 − 1 7 e V,
c o nstr u cti n g o ur a n al ysis ar o u n d pr oj e cti o ns of t his l ar g e
d at as et o nt o a s m all n u m b er of v e ct or s p h eri c al h ar m o ni c
c o effi ci e nts i n  w hi c h o ur si g n al is e x p e ct e d t o a p p e ar.  O ur
s e ar c h i niti all y i d e ntifi e d 2 7 n aï v e si g n al c a n di d at es i n t h e
d at a t h at at a gl o b al 9 5 % c o nfi d e n c e l e v el  w er e i n c o nsist e nt
wit h a b a c k gr o u n d- o nl y h y p ot h esis.  H o w e v er, a p pl yi n g
f urt h er r o b ust n ess c h e c ks t o t est t h es e c a n di d at es f or s p ati al
c o nsist e n c y a n d t e m p or al u nif or mit y,  w e d efi niti v el y eli m-
i n at e d all b ut t hr e e of t h e m.  T h e t hr e e c a n di d at es t h at  w er e
n ot d efi niti v el y eli mi n at e d h o w e v er still e x hi bit e d str o n g
t e nsi o n  wit h ( at l e ast s o m e s u bs et of) o ur r o b ust n ess t ests or
h a d  w e a k gl o b al si g nifi c a n c e.  As s u c h,  w e d o n ot c o nsi d er
a n y of t h e m t o b e str o n g a n d r o b ust si g n als of a xi o n d ar k
m att er o n t h e b asis of t his a n al ysis.

H a vi n g dis miss e d all t h e a n o m ali es i n t h e d at a as eit h er
r el ati v el y  w e a k a n d/ or e x hi biti n g of s o m e d ef e ct a n d t h us
n ot r o b ust,  w e t ur n e d t o s etti n g li mits o n t h e a xi o n- p h ot o n
c o u pli n g g a γ .  We  m a d e us e of a  B a y esi a n a n al ysis pr o-
c e d ur e t h at f ol d e d i n t h e eff e cts of t h e st o c h asti c fl u ct u a-
ti o ns of t h e a xi o n d ar k- m att er fi el d a m plit u d e fr o m o n e
c o h er e n c e ti m e t o t h e n e xt.  Ass u mi n g t h at t h e a xi o n is all of
t h e  D M,  w e s et 9 5 %- cr e di bl e u p p er li mits (l o c al si g nifi c a n c e)
o n t h e a xi o n – p h ot o n c o u pli n g g a γ as a f u n cti o n of t h e
a xi o n  m ass m a i n t h e s a m e m ass-r a n g e as o ur si g n al
s e ar c h; s e e Fi g. 1 .  T h es e li mits ar e str o n g est f or
3 × 1 0 − 1 8 e V ≲ m a ≲ 4 × 1 0 − 1 8 e V: s m o ot h e d o v er fr e-
q u e n c y-t o-fr e q u e n c y fl u ct u ati o ns, t h e  m e a n li mit i n t his
m ass-r a n g e r e a c h es g a γ ≲ 6 .5 × 1 0 − 1 1 G e V − 1 ,  w hi c h is c o m-
p ar a bl e t o li mits o n a xi o ns s et b y t h e  C A S T h eli os c o p e [ 4 2];
t h e y ar e h o w e v er a b o ut a n or d er of  m a g nit u d e  w e a k er t h a n
astr o p h ysi c al li mits s et b y o bs er v ati o ns of S N 1 9 8 7 A [ 8 1] ( b ut
s e e als o  R ef. [ 8 9]).

T h e alr e a d y i m pr essi v e r e a c h f or t his s e ar c h,  w hi c h h as
dr a m ati c all y diff er e nt s yst e m ati cs as c o m p ar e d t o t h e ot h er
c o nstr ai nts i n t his a xi o n  m ass r a n g e a n d is t h us b ot h
c o m p etiti v e a n d c o m pl e m e nt ar y, c o ul d b e f urt h er i m pr o v e d
b y f ut ur e a n al ysis of a hi g h er r es ol uti o n ( o n e-s e c o n d)
d at as et als o  m ai nt ai n e d b y t h e S u p er M A G  C oll a b or ati o n.
Alt h o u g h t his d at as et h as d at a fr o m f e w er st ati o ns a n d o v er
a s h ort er t ot al t e m p or al d ur ati o n as c o m p ar e d t o t h e d at a
a n al y z e d i n t his  w or k, if t h e d e cr e as e i n t h e n ois e  m o vi n g t o

hi g h er fr e q u e n ci es t h at is e vi d e nt i n Fi g. 1 p ersists als o i n
t h at ot h er d at as et, it is p ossi bl e t h at s u c h a n a n al ysis c o ul d
f urt h er pr o b e f or si g n als b el o w e xisti n g  C A S T b o u n ds at
fr e q u e n ci es u p t o a f a ct or of 6 0 hi g h er t h a n t h os e s e ar c h e d
i n t h e pr es e nt  w or k.  M or e o v er, t his  w o ul d aff or d t h e
o p p ort u nit y t o r e visit s o m e of t h e  w e a k or n o nr o b ust
a n o m ali es o bs er v e d i n t his  w or k f or f urt h er a n al ysis. I n
f ut ur e pl a n n e d  w or k t h at  will b e u n d ert a k e n i n c oll a b or a-
ti o n  wit h  m e m b ers of t h e S u p er M A G  C oll a b or ati o n,  w e
will a p pl y t h e a n al ysis t e c h ni q u es  w e h a v e d e v el o p e d i n
t his  w or k a n d i n  R efs. [ 6 1, 6 2] t o t his o n e-s e c o n d r es ol uti o n
S u p er M A G d at as et.

A C K N O W L E D G M E N T S

T his  w or k  w as s u p p ort e d b y t h e  U. S.  D e p art m e nt of
E n er g y ( D O E),  Offi c e of S ci e n c e,  N ati o n al  Q u a nt u m
I nf or m ati o n S ci e n c e  R es e ar c h  C e nt ers, S u p er c o n d u cti n g
Q u a nt u m  M at eri als a n d S yst e ms  C e nt er ( S Q M S) u n d er
C o ntr a ct  N o.  D E- A C 0 2- 0 7 C H 1 1 3 5 9.  T h e  w or k  w as als o
s u p p ort e d b y t h e  U. S.  N ati o n al S ci e n c e F o u n d ati o n ( N S F)
Gr a nt  N o. P H Y- 2 1 1 0 3 8 8, Si m o ns I n v esti g at or  Gr a nt
N o. 8 2 4 8 7 0,  N S F  Gr a nt  N o. P H Y- 2 0 1 4 2 1 5,  D O E  H E P
Q u a ntI S E D  A w ar d  N o. 1 0 0 4 9 5, a n d t h e  G or d o n a n d  B ett y
M o or e F o u n d ati o n  Gr a nt  N o.  G B M F 7 9 4 6. S o m e of t h e
c o m p uti n g f or t his pr oj e ct  w as p erf or m e d o n t h e S h erl o c k
cl ust er.  We t h a n k St a nf or d  U ni v ersit y a n d t h e St a nf or d
R es e ar c h  C o m p uti n g  C e nt er f or pr o vi di n g c o m p ut ati o n al
r es o ur c es a n d s u p p ort t h at c o ntri b ut e d t o t h es e r es e ar c h
r es ults.  T h e  w or k of  M.  A. F.  w as p erf or m e d i n p art at t h e
As p e n  C e nt er f or P h ysi cs,  w hi c h is s u p p ort e d b y  N S F
Gr a nt  N o. P H Y- 1 6 0 7 6 1 1.  We gr at ef ull y a c k n o wl e d g e t h e
S u p er M A G  C oll a b or ati o n f or  m ai nt ai ni n g a n d pr o vi di n g
t h e d at a b as e of gr o u n d  m a g n et o m et er d at a t h at  w er e
a n al y z e d i n t his  w or k, a n d  w e t h a n k J es p er  W.  Gj erl o e v
f or h el pf ul c orr es p o n d e n c e r e g ar di n g t e c h ni c al as p e cts of
t h e S u p er M A G d at a. S u p er M A G r e c ei v es f u n di n g fr o m
N S F  Gr a nts  N o.  A T M- 0 6 4 6 3 2 3 a n d  N o.  A G S- 1 0 0 3 5 8 0,
a n d  N A S A  Gr a nt  N o.  N N X 0 8 A M 3 2 G S 0 3.  We a c k n o wl-
e d g e t h os e  w h o c o ntri b ut e d d at a t o t h e S u p er M A G
C oll a b or ati o n: I N T E R M A G N E T,  Al a n  T h o ms o n;
C A RI S M A, PI I a n  M a n n;  C A N M O S,  G e o m a g n etis m
U nit of t h e  G e ol o gi c al S ur v e y of  C a n a d a;  T h e S- R A M P
D at a b as e, PI  K.  Y u m ot o a n d  Dr.  K. S hi o k a w a;  T h e S PI D R
d at a b as e;  A A RI, PI  Ol e g  Tr os hi c h e v;  T h e  M A C C S pr o-
gr a m, PI  M.  E n g e br ets o n;  GI M A;  M E A S U R E,  U C L A
I G P P a n d Fl ori d a I nstit ut e of  Te c h n ol o g y; S A M B A, PI
Eft y hi a  Z est a; 2 1 0  C h ai n, PI  K.  Y u m ot o; S A M N E T, PI
F ari d e h  H o n ar y; I M A G E, PI  Liis a J u us ol a; Fi n nis h
M et e or ol o gi c al I nstit ut e, PI  Liis a J u us ol a; S o d a n k yl
G e o p h ysi c al  O bs er v at or y, PI  Ter o  R ait a;  Ui T t h e  Ar cti c
U ni v ersit y of  N or w a y,  Tr o ms ø  G e o p h ysi c al  O bs er v at or y,
PI  M a g n ar  G. J o h ns e n;  G F Z  G er m a n  R es e ar c h  C e ntr e F or
G e os ci e n c es, PI J ür g e n  M at z k a; I nstit ut e of  G e o p h ysi cs,
P olis h  A c a d e m y of S ci e n c es, PI  A n n e  N es k a a n d J a n  R e d a;
P ol ar  G e o p h ysi c al I nstit ut e, PI  Al e x a n d er  Ya h ni n a n d
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Yar ol a v S a k h ar o v;  G e ol o gi c al S ur v e y of S w e d e n, PI
G er h ar d S c h w ar z; S w e dis h I nstit ut e of S p a c e P h ysi cs, PI
M as at os hi  Ya m a u c hi;  A U T U M N, PI  M arti n  C o n n ors;  D T U
S p a c e,  T h o m  E d w ar ds a n d PI  A n n a  Will er; S o ut h P ol e a n d
M c M ur d o  M a g n et o m et er, PIs  L o uis J.  L a n z ar otti a n d  Al a n
T.  We at h er w a x; I C E S T A R;  R A PI D M A G;  Britis h  A nt ar cti c
S ur v e y;  M c M a c, PI  Dr. P et er  C hi;  B G S, PI  Dr. S us a n
M a c mill a n; P us h k o v I nstit ut e of  Terr estri al  M a g n etis m,
I o n os p h er e a n d  R a di o  Wa v e Pr o p a g ati o n (I Z MI R A N);
M F GI, PI  B.  H eili g; I nstit ut e of  G e o p h ysi cs, P olis h
A c a d e m y of S ci e n c es, PI  A n n e  N es k a a n d J a n  R e d a;
U ni v ersit y of  L A q uil a, PI  M.  Vell a nt e;  B C M T,  V.  L es ur
a n d  A.  C h a m b o d ut;  D at a o bt ai n e d i n c o o p er ati o n  wit h
G e os ci e n c e  A ustr ali a, PI  M ari n a  C ost ell o e;  A A L PI P, c o-
PIs  B o b  Cl a u er a n d  Mi c h a el  H arti n g er; S u p er M A G, PI
J es p er  W.  Gj erl o e v; d at a o bt ai n e d i n c o o p er ati o n  wit h t h e
A ustr ali a n  B ur e a u of  M et e or ol o g y, PI  Ri c h ar d  M ars h all.
We t h a n k I N T E R M A G N E T f or pr o m oti n g hi g h st a n d ar ds
of  m a g n eti c o bs er v at or y pr a cti c e [ 9 0].

A P P E N DI X  A:  V E C T O R S P H E RI C A L
H A R M O NI C S

T his a p p e n di x,  w hi c h d efi n es t h e  V S H c o n v e nti o ns us e d
i n t his  w or k, is r e pr o d u c e d fr o m  R ef. [ 6 1] wit h  mi n or
m o difi c ati o ns f or t h e c o n v e ni e n c e of t h e r e a d er.

T h e  V S H ar e d efi n e d i n t er ms of t h e s c al ar s p h eri c al
h ar m o ni cs Y l m b y t h e r el ati o ns,

Y l m ¼ Y l m r̂ ; Ψ l m ¼ r ∇ Y l m ; Φ l m ¼ r × ∇ Y l m ; ðA 1 Þ

w h er e r̂ is t h e r a di al u nit v e ct or.  T h us Y l m p oi nts r a di all y,
w hil e Ψ l m a n d Φ l m p oi nt t a n g e nti all y. S o m e of t h eir
r el e v a nt pr o p erti es ( a n d o ur p h as e c o n v e nti o ns) ar e

Y l ;− m ¼ ð − 1 Þ m Y l m ; ðA 2 Þ

Ψ l ;− m ¼ ð − 1 Þ m Ψ l m ; ðA 3 Þ

Φ l ;− m ¼ ð − 1 Þ m Φ l m ; ðA 4 Þ

Y l m · Ψ l m ¼ Y l m · Φ l m ¼ Ψ l m · Φ l m ¼ 0 ; ðA 5 Þ

Z

d Ω Y l m · Y l 0m 0 ¼ δ l l 0 δ m m 0 ; ðA 6 Þ

Z

d Ω Ψ l m · Ψ l 0m 0 ¼

Z

d Ω Φ l m · Φ l 0m 0

¼ l ðl þ 1 Þδ l l 0 δ m m 0 ; ðA 7 Þ

Z

d Ω Y l m · Ψ l 0m 0 ¼

Z

d Ω Y l m · Φ l 0m 0

¼

Z

d Ω Ψ l m · Φ l 0m 0 ¼ 0 : ðA 8 Þ

F or a n y r a di all y d e p e n d e nt f u n cti o n f ðr Þ, t h e gr a di e nt of
t h e s c al ar s p h eri c al h ar m o ni cs c a n b e r el at e d t o t h e  V S H b y

∇ ðf Y l m Þ ¼
d f

d r
Y l m þ

f

r
Ψ l m : ðA 9 Þ

A d diti o n all y, t h e di v er g e n c es a n d c urls of t h e  V S H ar e
gi v e n b y

∇ · ðf Y l m Þ ¼
d f

d r
þ

2 f

r
Y l m ; ðA 1 0 Þ

∇ · ðf Ψ l m Þ ¼ − l ðl þ 1 Þ
f

r
Y l m ; ðA 1 1 Þ

∇ · ðf Φ l m Þ ¼ 0 ; ðA 1 2 Þ

∇ × ðf Y l m Þ ¼ −
f

r
Φ l m ; ðA 1 3 Þ

∇ × ðf Ψ l m Þ ¼
d f

d r
þ

f

r
Φ l m ; ðA 1 4 Þ

∇ × ðf Φ l m Þ ¼ −
l ðl þ 1 Þf

r
Y l m −

d f

d r
þ

f

r
Ψ l m ; ðA 1 5 Þ

wit h t h e  L a pl a ci a ns t h e n b ei n g

∇ 2 ðf Y l m Þ ¼
1

r 2

d

d r
r 2 d f

d r
−

ðl ðl þ 1 Þ þ 2 Þf

r 2
Y l m

þ
2 f

r 2
Ψ l m ; ðA 1 6 Þ

∇ 2 ðf Ψ l m Þ ¼
1

r 2

d

d r
r 2 d f

d r
−

l ðl þ 1 Þf

r 2
Ψ l m

þ
2 l ðl þ 1 Þf

r 2
Y l m ; ðA 1 7 Þ

∇ 2 ðf Φ l m Þ ¼
1

r 2

d

d r
r 2 d f

d r
−

l ðl þ 1 Þf

r 2
Φ l m : ðA 1 8 Þ

A P P E N DI X  B:  D E T AI L E D SI G N A L
C A L C U L A TI O N

I n t his a p p e n di x,  w e d eri v e i n  m or e d et ail t h e a xi o n d ar k-
m att er i n d u c e d  m a g n eti c-fi el d si g n al,  E q. ( 1 6), t h at  w o ul d b e
m e as ur e d i n t h e l o w er- at m os p h eri c air g a p j ust a b o v e t h e
s urf a c e of t h e  E art h.  T h e c al c ul ati o n i n t his a p p e n di x cl os el y
f oll o ws t h e c al c ul ati o ns i n S e cs. III  B a n d III  C of  R ef. [ 6 1],
b ut usi n g t h e eff e cti v e c urr e nt gi v e n b y  E q. ( 1 4). As i n
R ef. [ 6 1],  w e  will d eri v e t h e a xi o n d ar k- m att er si g n al usi n g
t w o diff er e nt  m o d els of t h e n e ar- E art h c o n d u cti vit y e n vi-
r o n m e nt. I n t h e first,  w e  will t a k e t h e i n n er a n d o ut er
b o u n d ari es of t h e l o w er- at m os p h eri c air g a p t o b e s p h eri c al
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p erf e ctl y c o n d u cti n g s h ells at r ¼ R ( c orr es p o n di n g t o t h e
E art h) a n d r ¼ R þ L ( c orr es p o n di n g t o t h e i o n os p h er e),
r es p e cti v el y,  wit h t h e l o w er- at m os p h eri c r e gi o n s e p ar ati n g
t h e m ass u m e d t o b e v a c u u m. I n t his c as e, t h e  m a g n eti c-fi el d
si g n al at r ¼ R , t o l e a di n g or d er i n m a R ,  will b e e x a ctl y
E q. ( 1 6). I n t h e s e c o n d  m o d el,  w e  will still t a k e t h e i n n er
b o u n d ar y of t h e l o w er- at m os p h eri c air g a p t o b e a s p h eri c al
E art h (t his is a c c ur at e t o 0. 3 % [ 9 1]), b ut  w e  will all o w t h e
o ut er b o u n d ar y t o h a v e a n ar bitr ar y s h a p e; t his c orr es p o n ds
t o t h e s c e n ari o  w h er e t h e o ut er b o u n d ar y is t h e i nt er pl a n et ar y
m e di u m. I n t his c as e,  E q. ( 1 6) will gi v e o nl y t h e l e a di n g Φ l m

c o ntri b uti o n t o t h e  m a g n eti c-fi el d si g n al at r ¼ R ; i n g e n er al,
ot h er Y l m a n d Ψ l m c o ntri b uti o ns  m a y als o b e pr es e nt, b ut
t h es e c o ntri b uti o ns  m a y d e p e n d o n t h e d et ails of t h e o ut er
b o u n d ar y.

I n eit h er  m o d el,  w e c a n d e c o m p os e t h e el e ctri c fi el d i n t h e
v a c u u m r e gi o n i nt o t w o c o ntri b uti o ns [ cf.  E qs. ( 1 4) – ( 1 6) of
R ef. [ 6 1]],

E ¼ E i n h þ E h o m ; ðB 1 Þ

w h er e E i n h is c h os e n t o s atisf y

ð∇ 2 − ∂ 2
t ÞE i n h ¼ ∂ tJ eff ; ðB 2 Þ

a n d E h o m is c h os e n s o t h at E f ulfills t h e b o u n d ar y c o n diti o ns
o n t h e f ull s ol uti o n,  w hil e s atisf yi n g

ð∇ 2 − ∂ 2
t Þ E h o m ¼ 0 : ðB 3 Þ

B ot h c o ntri b uti o ns  m ust als o s atisf y

∇ · E i n h= h o m ¼ 0 : ðB 4 Þ

B e c a us e of t his l ast crit eri o n, b ot h c o ntri b uti o ns  m ust b e
c o m p os e d of “ tr a ns v ers e el e ctri c” ( T E) a n d “ tr a ns v ers e
m a g n eti c ” ( T M)  m o d es,  w h os e el e ctri c fi el ds ar e of t h e
f or m,

E T E ≡
X

l ; m

f l m ðm a r Þ Φ l m e − i ma t; ðB 5 Þ

E T M ≡
X

l ; m

1

m a

∇ × ðg l m ðm a r ÞΦ l m Þ e − i ma t

¼
X

l ; m

 
− l ðl þ 1 Þg l m ð m a r Þ

m a r Y l m

− ðg 0
l m ðm a r Þ þ g l m ðm a r Þ

m a r Þ Ψ l m

!

× e − i ma t; ðB 6 Þ

f or s o m e s c al ar f u n cti o ns f l m a n d g l m t o b e d et er mi n e d
b el o w.  We d e n ot e t h e  T E a n d  T M c o ntri b uti o ns t o E i n h b y
E i n h;T E a n d E i n h;T M ,  wit h r el e v a nt s c al ar f u n cti o ns f i n h;l m

a n d g i n h;l m ( a n d li k e wis e f or E h o m ).

C o m p ari n g  E q. ( 1 4) wit h t h e f or ms of t h e r hs of
E qs. ( B 5) a n d ( B 6), it c a n b e s h o w n str ai g htf or w ar dl y t h at
J eff h as t h e s a m e f or m as t h e r hs of  E q. ( B 6),  wit h

g eff ;l m ðx Þ ¼ − i ga γ m a a 0 C l m ·
x l þ 2

0

l x l þ 1
; ðB 7 Þ

w h er e x ≡ m a r a n d x 0 ≡ m a R . S u bstit uti n g  E q. ( B 6) i nt o
E q. ( B 2) a n d  m a ki n g us e of t h e  V S H  L a pl a ci a n pr o p erti es
E qs. ( A 1 6)– ( A 1 8), it f oll o ws t h at

x 2 g 00
i n h;l m ð x Þ þ 2 x g 0

i n h;l m ðx Þ þ ð x 2 − l ðl þ 1 ÞÞg i n h;l m ðx Þ

¼ −
i x2 g eff ;l m ðx Þ

m a

¼ − g a γ a 0 C l m ·
x l þ 2

0

l x l − 1
: ðB 8 Þ

T h es e e q u ati o ns, o n e f or e a c h ðl ; mÞ p air, ar e s ol v e d b y 1 6

g i n h;l m ¼ − g a γ a 0 C l m ·
x l þ 2

0

l x l þ 1
: ðB 9 Þ

Li k e wis e, it c a n b e r e a dil y s e e n t h at  E q. ( B 3) i m pli es

x 2 g 00
h o m ;l m ðx Þ þ 2 x g 0

h o m ;l m ðx Þ þ ðx 2 − l ðl þ 1 ÞÞg h o m ;l m ðx Þ

¼ 0 ; ðB 1 0 Þ

s o t h at g h o m ;l m ar e li n e ar c o m bi n ati o ns of s p h eri c al  B ess el
f u n cti o ns,

g h o m ;l m ðx Þ ¼ A l m j l ðx Þ þ B l m x 2 l þ 1
0 y l ðx Þ; ðB 1 1 Þ

w h er e  w e h a v e e xtr a ct e d a f a ct or of x 2 l þ 1
0 fr o m B l m s o t h at

A l m a n d B l m h a v e t h e s a m e p o w er c o u nti n g i n a n
e x p a nsi o n i n x 0 .

1. S p h e ri c al b o u n d a r y c o n diti o ns

N o w t o s ol v e f or A l m a n d B l m a n d o bt ai n t h e f ull
s ol uti o n,  w e  m ust fi x b o u n d ar y c o n diti o ns.  L et us first
c o nsi d er t h e n e ar- E art h c o n d u cti vit y  m o d el  wit h s p h eri c al
b o u n d ari es,  w h er e t h e i n n er b o u n d ar y li es at r ¼ R a n d t h e
o ut er b o u n d ar y li es at r ¼ R þ L .  T his  m e a ns t h at t h e Ψ l m

c o m p o n e nts of t h e f ull el e ctri c fi el d  m ust v a nis h at t h es e
r a dii ( as t h e y ar e p ar all el t o t h e b o u n d ari es).  T his i m pli es
t h e b o u n d ar y c o n diti o ns,

g 0
h o m ;l m ðm a R Þ þ

g h o m ;l m ð m a R Þ

m a R
¼ − g a γ a 0 C l m ; ðB 1 2 Þ

1 6 T his s ol uti o n c a n b e r e a d off b y i ns p e cti o n aft er n oti n g t h at
x 2 ð x − ðlþ 1 Þ Þ 00 þ 2 x ðx − ðlþ 1 Þ Þ 0 − l ðl þ 1 Þðx − ðlþ 1 Þ Þ ¼ 0 .
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g 0
h o m ;l m ðm a ðR þ L ÞÞ  þ

g h o m ;l m ð m a ðR þ L ÞÞ

m a ð R þ L Þ

¼ − g a γ a 0 C l m

R

R þ L

l þ 2

: ðB 1 3 Þ

L et us ass u m e t h at t h e a xi o n  C o m pt o n  w a v el e n gt h is  m u c h
l ar g er t h a n t h e l ar g est p h ysi c al l e n gt h s c al es i n t h e pr o bl e m:
m a R;  m a ðR þ L Þ ≪ 1 .  We c a n t h e n e m pl o y t h e s m all-x
e x p a nsi o n of t h e s p h eri c al  B ess el f u n cti o ns,

j l ðx Þ ∼
x l

ð 2 l þ 1 Þ!!
þ O ðx l þ 2 Þ; ðB 1 4 Þ

y l ð x Þ ∼ − ð2 l − 1 Þ!!x − l − 1 þ O ðx − l þ 1 Þ; ðB 1 5 Þ

w h er e n !! ¼ n · ðn − 2 Þ · ðn − 4 Þ k n , w h er e k n i s t h e
s m all e st p o siti v e i nt e g er  wit h t h e s a m e p arit y a s n . T h e
l e a di n g t er m s i n  E q s. ( B 1 2)– ( B 1 3) i n t hi s e x p a n si o n ar e

l þ 1

ð2 l þ 1 Þ!!
A l m ðm a R Þ l − 1 þ l ð2 l − 1 Þ!!B l m ðm a R Þ l − 1 ¼ − g a γ a 0 C l m ; ðB 1 6 Þ

l þ 1

ð2 l þ 1 Þ!!
A l m ðm a ðR þ L ÞÞ l − 1 þ l ð2 l − 1 Þ!!B l m ðm a R Þ l − 1 R

R þ L

l þ 2

¼ − g a γ a 0 C l m

R

R þ L

l þ 2

: ðB 1 7 Þ

T his is s ol v e d b y A l m ¼ 0 a n d

B l m ¼ −
g a γ a 0 C l m

l ð2 l − 1 Þ!!ðm a R Þ l − 1
; ðB 1 8 Þ

wit h c orr e cti o ns a p p e ari n g at hi g h er or d ers i n m a R a n d
m a ðR þ L Þ; n ot e t h at t his e x p a nsi o n h as n ot ass u m e d

a n yt hi n g as t o t h e r el ati v e si z es of R a n d L . I nt er esti n gl y,
t his is i n a s e ns e t h e o p p osit e o ut c o m e t o t h at of t h e d ar k-
p h ot o n c al c ul ati o n i n  R ef. [ 6 1],  w h er e t h e B l m w er e t h e
c o effi ci e nts t h at v a nis h e d t o l e a di n g or d er.

As i n t h e d ar k- p h ot o n c as e, all c o ntri b uti o ns t o t h e f ull
el e ctri c fi el d v a nis h e v er y w h er e i n t h e c a vit y t o
or d er O ðx 2

0 Þ,

E l m ¼ E i n h;l m þ E h o m ;l m ðB 1 9 Þ

¼

0

B
B
B
@

−
l ðl þ 1 Þg i n h;l m ð x Þ

x þ
l ðl þ 1 Þg h o m ;l m ð x Þ

x Y l m

− g 0
i n h;l m ðx Þ þ

g i n h;l m ð x Þ
x þ g 0

h o m ;l m ðx Þ þ
g h o m ;l m ð x Þ

x Ψ l m

1

C
C
C
A

× e − i ma t ð B 2 0 Þ

¼ g a γ a 0 C l m

0

B
B
B
@

ðl þ 1 Þ x 0

x

l þ 2

þ
x l þ 2

0 y l ðx Þ

ð2 l − 1 Þ!!x Y l m

− x 0

x

l þ 2

−
x l þ 2

0

l ð2 l − 1 Þ!! y 0
l ðx Þ þ y l ðx Þ

x Ψ l m

1

C
C
C
A

× e − i ma t þ O ð x 2
0 Þ ¼ O ðx 2

0 Þ; ðB 2 1 Þ

w h er e at t h e l ast e q u alit y,  w e us e d t h e e x p a nsi o n  E q. ( B 1 5) i n t h e ð Þ br a c k et,  w hi c h c a us es t h e l e a di n g ðx 0 = x Þ lþ 2 t er m t o
v a nis h l e a vi n g a l e a di n g c orr e cti o n at O ðx 2

0 ðx 0 = x Þ lÞ; si n c e x ≥ x 0 , t h e ð Þ br a c k et is p ar a m etri c all y O ðx 2
0 Þ t o o.  T h e

m a g n eti c-fi el d c o ntri b uti o ns, o n t h e ot h er h a n d, c a n b e d eri v e d b y F ar a d a y ’s l a w, E q. ( 4).  B e c a us e t h e i n h o m o g e n e o us
c o ntri b uti o ns h a v e n o ass o ci at e d  m a g n eti c fi el d,

B i n h;l m ¼ −
i

m a

∇ × E i n h;l m ¼ i g 00
i n h;l m ðx Þ þ

2 g 0
i n h;l m ðx Þ

x
−

l ðl þ 1 Þg i n h;l m ðx Þ

x 2
Φ l m e − i ma t ð B 2 2 Þ

¼ − i gi n h;l m ðx Þ þ
g eff ;l m ðx Þ

m a

Φ l m e − i ma t ¼ 0 ; ðB 2 3 Þ

t h e f ull  m a g n eti c fi el d c o m es s ol el y fr o m t h e h o m o g e n e o us c o ntri b uti o ns,
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B ¼ B h o m ¼ −
i

m a

∇ × E h o m ¼ − i
X

l ; m

g h o m ;l m Φ l m e − i ma t ¼ − i ga γ a 0 m a R
X

l ; m

C l m

l

R

r

l þ 1

Φ l m e − i ma t; ðB 2 4 Þ

w hi c h a gr e es  wit h  E q. ( 1 6).

2.  As p h e ri c al b o u n d a r y c o n diti o ns

N o w c o n si d er t h e c a s e  w h er e t h e b o u n d ari e s h a v e
ar bitr ar y s h a p e ( b ut  w e ar e still i nt er e st e d i n t h e  m a g n eti c
fi el d at r ¼ R ).  A s s h o w n i n  E q. ( B 2 1), t h e el e ctri c fi el d
i n t h e a b o v e s ol uti o n v a ni s h e s e v e r y w h e r e i n t h e c a vit y i n

all di r e cti o n s u p t o c orr e cti o n s at O ½ðm a R Þ 2 . T hi s m e a n s
t h at o n e c o ul d p ert ur b t h e b o u n d ar y s h a p e i n a n y ar bitr ar y
f a s hi o n, s o l o n g a s t h e l ar g e st l e n gt h s c al e a s s o ci at e d  wit h
b o u n d ar y r e m ai n s s m all er t h a n t h e  C o m pt o n  w a v el e n gt h
of t h e a xi o n, a n d t h e c orr e ct el e ctri c-fi el d b o u n d ar y
c o n diti o n  w o ul d still b e s ati sfi e d o n t h at p ert ur b e d

b o u n d ar y u p t o c orr e cti o n s at O ½ðm a R Þ 2 .  T h er ef or e,
r e g ar dl e s s of t h e b o u n d ar y c o n diti o n s, t h e a b o v e s ol uti o n
will r e m ai n t h e c orr e ct s ol uti o n f or t h e h o m o g e n e o u s

el e ctri c fi el d u p t o c orr e cti o n s at or d er O ½ðm a R Þ 2 . It t h e n
o nl y r e m ai n s t o d et er mi n e  w h at t hi s i m pli e s f or t h e
m a g n eti c-fi el d s ol uti o n.

T h er e is a p o w er- c o u nti n g ar g u m e nt f or t h e  m a g n eti c
fi el d s ol uti o n t h at c a n b e f oll o w e d a n d  w hi c h pr o c e e ds
si mil arl y t o t h e ar g u m e nt i n S e c. III  C of  R ef. [ 6 1].  N a m el y,
if  w e  Ta yl or e x p a n d E h o m ;T E i n x 0 ¼ m a R as

E h o m ;T E ¼
X ∞

n ¼ 0

x n
0 E

ðn Þ
h o m ;T E ; ðB 2 5 Þ

wit h

E
ðn Þ
h o m ;T E ≡

X

l ; m

f
ðn Þ
l m ðξ ÞΦ l m e − i ma t; ðB 2 6 Þ

f or s o m e s c al ar f u n cti o ns f
ðn Þ
l m ð ξ Þ ,  w h er e ξ ¼ r = R , t h e n it

c a n b e s h o w n usi n g F ar a d a y ’s l a w  E q. ( 4) a n d t h e  V S H c url
i d e ntiti es  E qs. ( A 1 3)– ( A 1 5) t h at t h e ass o ci at e d  m a g n eti c
fi el d h as t h e e x p a nsi o n,

B h o m ;T E ¼
X ∞

n ¼ 0

x n
0 B

ðn þ 1 Þ
h o m ;T E ; ðB 2 7 Þ

wit h

B
ðn Þ
h o m ;T E ≡ − i

X

l ; m

∇ ξ × ð f
ðn Þ
l m ðξ ÞΦ l m Þe − i ma t; ðB 2 8 Þ

f or s o m e s c al ar f u n cti o n s g
ðn Þ
l m , w h er e ∇ ξ d e n ot es t h at t h e

r a di al c o or di n at e i n t h e d eri v ati v e i s t a k e n t o b e ξ .

I m p ort a ntl y, B
ðn Þ
h o m ;T E i s d et er mi n e d b y E

ðn Þ
h o m ;T E , s o t h at

t h e f or m er v a ni s h e s e v er y w h er e  wit hi n t h e b o u n d e d
v ol u m e if t h e l att er d o e s.  Li k e wi s e, t h e e x p a n si o n s f or
t h e  T M c o ntri b uti o n s ar e r el at e d b y

E h o m ;T M ¼
X ∞

n ¼ 0

x n
0 E

ðn þ 1 Þ
h o m ;T M ; ðB 2 9 Þ

B h o m ;T M ¼
X ∞

n ¼ 0

x n
0 B

ðn Þ
h o m ;T M ; ðB 3 0 Þ

w h er e

E
ðn Þ
h o m ;T M ≡

X

l ; m

∇ ξ × ðg
ðn Þ
l m ðξ ÞΦ l m Þe − i ma t; ðB 3 1 Þ

B
ðn Þ
h o m ;T M ≡ − i

X

l ; m

g
ðn Þ
l m ðξ ÞΦ l m e − i ma t: ðB 3 2 Þ

T h u s, t h e f ull h o m o g e n e o u s el e ctri c a n d  m a g n eti c fi el d s
c a n b e e x p a n d e d a s

E h o m ¼
X ∞

n ¼ 0

x n
0 E

ðn Þ
h o m ; ðB 3 3 Þ

B h o m ¼
X ∞

n ¼ 0

x n
0 B

ðn Þ
h o m ; ðB 3 4 Þ

w h er e

E
ðn Þ
h o m ¼ E

ðn Þ
h o m ;T E þ E

ðn þ 1 Þ
h o m ;T M ; ðB 3 5 Þ

B
ðn Þ
h o m ¼ B

ðn þ 1 Þ
h o m ;T E þ B

ðn Þ
h o m ;T M : ðB 3 6 Þ

As n ot e d a b o v e, t h e h o m o g e n e o us el e ctri c-fi el d s ol uti o n
i n t h e n o ns p h eri c al c as e  will b e pr e cis el y t h e s a m e as i n t h e
s p h eri c al c as e u p t o a d diti o n al c orr e cti o ns at O ðx 2

0 Þ.

T h er ef or e, E
ð0 Þ
h o m i s as i n t h e s p h eri c al c as e, a n d E

ð1 Þ
h o m

v a nis h es.  B e c a us e t h e s p h eri c al s ol uti o n is e ntir el y  T M,

t h e n E
ð0 Þ
h o m ¼ E

ð1 Þ
h o m ;T M a n d E

ð0 Þ
h o m ;T E ¼ 0 .  M or e o v er, b e c a us e

E
ð1 Þ
h o m v a nis h es, t h e n E

ð1 Þ
h o m ;T E ¼ 0 as  w ell.  B e c a us e of t h e

r el ati o ns b et w e e n E
ðn Þ
h o m ;T E = T M a n d B

ðn Þ
h o m ;T E = T M o utli n e d i n
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E qs. ( B 2 6) a n d ( B 2 8) a n d  E qs. ( B 3 1) a n d ( B 3 2), t his als o

i m pli es t h at B
ð0 Þ
h o m ;T E ¼ B

ð1 Þ
h o m ;T E ¼ 0 a n d B

ð1 Þ
h o m ;T M i s gi v e n b y

t h e s ol uti o n i n t h e s p h eri c al c as e  E q. ( B 2 4) [ or  E q. ( 1 6)].
T h er ef or e,

B
ð0 Þ
h o m ¼ B

ð1 Þ
h o m ;T E þ B

ð0 Þ
h o m ;T M ¼ 0 ; ðB 3 7 Þ

a n d t h e l e a di n g or d er  m a g n eti c fi el d  will b e

B ð1 Þ ¼ B
ð1 Þ
h o m ¼ B

ð2 Þ
h o m ;T E þ B

ð1 Þ
h o m ;T M : ðB 3 8 Þ

W hil e it is cl e ar fr o m  E q. ( B 3 8) t h at B
ð2 Þ
h o m ;T E c a n gi v e a

l e a di n g- or d er c o ntri b uti o n t o t h e  m a g n eti c fi el d, it  will

c o ntri b ut e t o diff er e nt  V S H t h a n B
ð1 Þ
h o m ;T M . N a m el y T E

c o ntri b uti o ns t o t h e  m a g n eti c fi el d ar e c o m pris e d of Y l m

a n d Ψ l m m o d es,  w hil e  T M c o ntri b uti o ns ar e c o m pris e d of
Φ l m m o d es.  T h er ef or e,  E q. ( 1 6) [ or  E q. ( B 2 4)] i n d e e d gi v es
t h e c orr e ct l e a di n g or d er Φ l m c o ntri b uti o ns t o t h e a xi o n d ar k-
m att er  m a g n eti c-fi el d si g n al, r e g ar dl ess of t h e b o u n d ar y
s h a p e (s o l o n g as t h e l ar g est p h ysi c al s c al e i n t h e pr o bl e m
is s h ort er t h a n t h e a xi o n  C o m pt o n  w a v el e n gt h).

A P P E N DI X  C:  A N A L Y SI S  D E T AI L S

I n t his a p p e n di x,  w e e x pl ai n t h e d et ails of t h e si g n al
s e ar c h  w h os e r es ults ar e s u m m ari z e d i n S e c. III. T h e a n al ysis
i n t his  w or k pr o c e e ds si mil arl y t o t h e d ar k- p h ot o n a n al ysis
d es cri b e d i n  R ef. [ 6 2].  H er e,  w e t h er ef or e f o c us o n t h e
as p e cts of t h e a xi o n a n al ysis d es cri b e d i n t his  w or k t h at
diff er fr o m t h e d ar k- p h ot o n a n al ysis, a n d  w e r ef er t h e r e a d er
t o  R ef. [ 6 2] f or t h e p arts of t h e a n al ysis t h at ar e i d e nti c al.

T h e a n al ysis d es cri b e d i n t his a p p e n di x s e ar c h es gl o b al
m a g n et o m et er d at a  m ai nt ai n e d b y t h e S u p er M A G
C oll a b or ati o n [ 7 7, 7 8, 8 8] f or t h e si g n al  E q. ( 1 6). T h e
S u p er M A G d at as et t h at  w e a n al y z e c o nsists of ti m e s eri es
of t hr e e- a xis  m a g n eti c-fi el d  m e as ur e m e nts fr o m e a c h of 5 0 8
st ati o ns  w hi c h t o g et h er c o v er a 5 0- y e ar-l o n g ti m e p eri o d
fr o m t h e b e gi n ni n g of 1 9 7 0 t o t h e e n d of 2 0 1 9. Si n c e  m a n y
of t h e st ati o ns b e g a n r e p orti n g d at a l at er t h a n t h e b e gi n ni n g
of 1 9 7 0, s h ut d o w n pri or t o t h e e n d of 2 0 1 9, or u n d er w e nt
p eri o ds of i n a cti vit y, t h e ti m e s eri es t h at e a c h st ati o n r e p orts
is n ot c o nti n u o us o v er t h e e ntir e 5 0- y e ar d ur ati o n1 7 of
t h e S u p er M A G d at as et.  We d e n ot e t h e g e o gr a p hi c

c o or di n at es of st ati o n i b y Ω i ¼ ð θ i; ϕ iÞ a n d t h e t hr e e- a xis
m a g n eti c-fi el d  m e as ur e m e nt it r e p orts at ti m e tj b y

B iðtj Þ ≡ B θ
i ð tj Þ θ̂ i þ B ϕ

i ðtj Þ ϕ̂ i.
1 8 We als o d e n ot e t h e s et of

s a m pli n g ti m es at  w hi c h st ati o n i r e p orts v ali d  m e as ur e m e nts
b y T i. I m p ort a ntl y, T i diff ers b et w e e n st ati o ns,  m a ki n g a
str ai g htf or w ar d st ati o n- b y-st ati o n a n al ysis diffi c ult.

O ur s e ar c h f or a n a xi o n si g n al at fr e q u e n c y f a ¼ m a = 2 π
( ass u mi n g v D M ¼ 0 ; s e e f o ot n ot e 3 4 i n  R ef. [ 6 2]) pr o c e e ds
r o u g hl y as f oll o ws.  We c o m bi n e t h e B θ

i ðtj Þ m e as ur e m e nts

fr o m all 5 0 8 st ati o ns i nt o o n e ti m e s eri es X θ ðtj Þ , b as e d o n

t h e θ̂ c o m p o n e nt of t h e si g n al i n  E q. ( 1 6), a n d  w e li k e wis e

c o m bi n e t h e B ϕ
i ðtj Þ m e as ur e m e nts i nt o a n ot h er ti m e s eri es

X ϕ ð tj Þ b as e d o n t h e ϕ̂ c o m p o n e nt of t h e si g n al.  We t h e n

p artiti o n e a c h ti m e s eri es i nt o s e g m e nts X θ
k ðtj Þ a n d X ϕ

k ð tj Þ
of d ur ati o n r o u g hl y e q u al t o t h e c o h er e n c e ti m e T c o h of t h e
a xi o n d ar k- m att er fi el d ( w hi c h d e p e n ds o n f a ).  We F o uri er

tr a nsf or m e a c h s e g m e nt t o fi n d X̃ θ
k ðf a Þ a n d X̃ ϕ

k ðf a Þ, a n d

c o m bi n e t h e m i nt o a t w o- di m e nsi o n al v e ct or  X k .
T h es e  X k ar e t h e pri m ar y v ari a bl es t h at  w e us e b el o w t o

c o nstr u ct t h e li k eli h o o d f u n cti o n f or o ur a n al ysis.  As s u c h,
w e  m ust c o m p ut e b ot h t h eir e x p e ct ati o n v al u es u n d er t h e
si g n al h y p ot h esis a n d v ari a n c es u n d er t h e b a c k gr o u n d- o nl y
h y p ot h esis.  T h eir e x p e ct ati o n v al u es u n d er t h e si g n al h y p ot h-
esis ar e c o m p ut e d b y p erf or mi n g t h e s a m e ti m e-s eri es
c o m bi n ati o n o n t h e si g n al  E q. ( 1 6) as  w e p erf or m e d o n
t h e S u p er M A G d at a.  T h eir v ari a n c es u n d er t h e b a c k gr o u n d-
o nl y h y p ot h esis ar e c o m p ut e d b y a d at a- dri v e n n ois e esti-
m ati o n pr o c e d ur e, i d e nti c al t o t h e o n e o utli n e d i n  R ef. [ 6 2].

Wit h t h e st atisti cs of  X k c o m p ut e d,  w e c o nstr u ct a
li k eli h o o d f u n cti o n u n d er t h e ass u m pti o n of a si g n al  wit h
c o u pli n g g a γ .  Ass u mi n g a n o bj e cti v e J effr e ys pri or o n g a γ ,
w e us e t his li k eli h o o d i n a  B a y esi a n a n al ysis fr a m e w or k t o
c o m p ut e t h e p ost eri or f or g a γ . Fi n all y, t his p ost eri or is us e d
t o s et 9 5 %- cr e di bl e u p p er li mits o n g a γ .

Of c o urs e, s etti n g e x cl usi o n li mits o n a p ar a m et er s h o ul d
n ot b e t h e  m ai n g o al of a si g n al s e ar c h; l o gi c all y, t h e pri or
a n d  m or e i nt er esti n g q u esti o n is  w h et h er t h e d at a s u p p ort t h e
i nf er e n c e of a n o n z er o si g n al a b o v e b a c k gr o u n d.  T h er ef or e,
i n a d diti o n t o s etti n g e x cl usi o n li mits,  w e s e ar c h f or n aï v e
si g n al c a n di d at es.  We p erf or m t his p art of t h e a n al ysis i n a

1 7 F or t e c h ni c al r e as o n s r el at e d t o t h e n u m b er of i n d e p e n d e nt
st ati o ns ’ m e as ur e m e nts r e q uir e d t o p erf or m t h e a n al ysis f or a
v e ct ori al d ar k- p h ot o n d ar k- m att er si g n al, t h e a n al ysis i n  R ef. [ 6 2]
r estri ct e d its att e nti o n t o t h e d at a t a k e n fr o m t h e b e gi n ni n g of
1 9 7 2 t o t h e e n d of 2 0 1 9; s e e f o ot n ot es 7 a n d 3 9 of  R ef. [ 6 2].
T h es e r e as o n s d o n ot a p pl y t o t h e a n al ysis i n t his  w or k, as o nl y
o n e a cti v e st ati o n is r e q uir e d t o pr o d u c e t h e t w o li n e arl y
i n d e p e n d e nt ti m e s eri es X θ a n d X ϕ r e q uir e d t o p erf or m t h e
a n al ysis f or t h e s c al ar a xi o n d ar k- m att er s e ar c h.  T h er ef or e, t h e
pr es e nt a n al ysi s als o utili z es t h e d at a fr o m t h e y e ars 1 9 7 0 a n d
1 9 7 1.

1 8 S u p er M A G r e p orts t h e  m a g n eti c-fi el d  m e as ur e m e nts fr o m
e a c h st ati o n i n l o c all y d efi n e d c o or di n at es, ori e nt e d al o n g l o c al
m a g n eti c n ort h a n d l o c al  m a g n eti c e ast.  Usi n g t h e I G R F  m o d el,
t h es e  m e as ur e m e nts c a n b e r ot at e d o n a st ati o n- b y-st ati o n b asis t o
gl o b all y d efi n e d c o or di n at es, ori e nt e d al o n g tr u e g e o gr a p hi c n ort h
a n d tr u e g e o gr a p hi c e ast. I n  w h at f oll o ws,  w e  will  w or k s ol el y  wit h
t h e  m e as ur e m e nts i n t h es e g e o gr a p hi c c o or di n at es. I n p arti c ul ar,
w e d e n ot e t h e c o m p o n e nts of B iðtj Þ b y B θ

i ð tj Þ ( ori e nt e d t o w ar ds

g e o gr a p hi c s o ut h) a n d B ϕ
i ð tj Þ ( ori e nt e d t o w ar ds g e o gr a p hi c e ast).

T h e v erti c al c o m p o n e nt of B ið tj Þ will n ot b e r el e v a nt f or o ur
a n al ysis. S e e S e c. III  B of  R ef. [ 6 2] f or  m or e d et ails o n t h e
S u p er M A G c o or di n at e s yst e ms a n d t h e r ot ati o ns r e q uir e d t o
a c hi e v e fi el d  m e as ur e m e nts ali g n e d t o g e o gr a p hi c c o or di n at es.
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fr e q u e ntist f as hi o n, s e ar c hi n g f or is ol at e d fr e q u e n ci es at
w hi c h t h e d at a v ari a bl es  X k ar e i n c o nsist e nt  wit h t h e a bs e n c e
of a si g n al as d et er mi n e d usi n g t h e li k eli h o o d f u n cti o n u n d er
t h e ass u m pti o n of g a γ ¼ 0 .  We i d e ntif y 2 7 s u c h c a n di d at e
si g n als i n o ur a n al ysis t h at  w er e i n c o nsist e nt  wit h t h e n ull
h y p ot h esis at 9 5 % gl o b al si g nifi c a n c e.  We r e e v al u at e e a c h
s u c h i d e ntifi e d n aï v e si g n al c a n di d at e t o t est it f or r o b ust-
n ess: i. e., t e m p or al c o nsist e n c y a n d s p ati al u nif or mit y,  w hi c h
ar e r e q uir e d pr o p erti es of a p h ysi c al a xi o n d ar k- m att er
si g n al.  T h es e t ests c o nsist of s plitti n g t h e f ull S u p er M A G
d at as et i nt o a n u m b er of s m all er d at a s u bs ets, eit h er b y
r estri cti n g t h e t e m p or al d ur ati o n of t h e d at a t o cr e at e
t e m p or all y disj oi nt s u bs ets, or b y r estri cti n g t h e st ati o ns
w h os e d at a ar e utili z e d t o cr e at e s ets of d at a r e c or d e d b y
disj oi nt s ets of st ati o ns.  We c h e c k if t h e X k c o m p ut e d fr o m
t h e d at a s u bs ets ar e c o nsist e nt  wit h t h e p ost eri or o n g a γ

d eri v e d fr o m t h e  B a y esi a n a n al ysis of t h e f ull d at as et.
T h e s u bs e cti o ns of t his a p p e n di x  will f oll o w t h e a b o v e

str u ct ur e.  N a m el y,  A p p e n di x C 1 will dis c uss t h e c o nstr u c-
ti o n of t h e X θ a n d X ϕ ti m e s eri es a n d t h e  X k v ari a bl es;
A p p e n di x C 2 will c o m p ut e t h e e x p e ct ati o n a n d v ari a n c es of

t h e  X k v ari a bl es u n d er t h e a p pr o pri at e h y p ot h es es;
A p p e n di x C 3 will d eri v e t h e li k eli h o o d f u n cti o n f or t h e
 X k v ari a bl es a n d us e it t o s et e x cl usi o n li mits o n g a γ ; a n d
fi n all y,  A p p e n di x C 4 will i d e ntif y t h e n aï v e si g n al c a n di-
d at es i n o ur a n al ysis a n d t est t h e m f or r o b ust n ess.

1.  Ti m e s e ri es c o nst r u cti o n

I n  R ef. [ 6 2], fi v e ti m e s eri es X ðn Þ w er e c o nstr u ct e d b as e d

o n t h e fi v e disti n ct θ̂ a n d ϕ̂ c o m p o n e nts of t h e Φ 1 m m o d es.
H er e,  w e c o nstr u ct o ur ti m e s eri es i n a si mil ar  m a n n er b ut
i nst e a d o nl y r e q uir e t w o ti m e s eri es X θ a n d X ϕ b as e d o n t h e
c o m p o n e nts of t h e si g n al  E q. ( 1 6). I n p arti c ul ar,  w e d efi n e1 9

X θ ðtj Þ ¼
1

W θ ðtj Þ

X

f ijtj ∈ T i g

w θ
i ð tj ÞB

θ
i ðtj Þ

×
X

l ; m

C l m ðtj Þ

l
Φ θ

l m ðΩ iÞ; ðC 1 Þ

X ϕ ðtj Þ ¼
1

W ϕ ðtj Þ

X

f ijtj ∈ T i g

w ϕ
i ð tj ÞB

ϕ
i ðtj Þ

×
X

l ; m

C l m ðtj Þ

l
Φ ϕ

l m ðΩ iÞ ; ðC 2 Þ

w h er e Φ θ
l m ðΩ iÞ a n d Φ ϕ

l m ðΩ iÞ ar e t h e θ̂ a n d ϕ̂ c o m p o n e nts
of Φ l m as e v al u at e d at t h e l o c ati o n Ω i of st ati o n i.  T h e
n ot ati o n ‘f ijtj ∈ T ig ’ i n di c at es t h at t h e o ut er s u m is o v er
all st ati o ns i w hi c h r e c or d e d a v ali d  m e as ur e m e nt at ti m e tj .

T h e i n n er s u m is t a k e n o v er 2 0 l ≤ 4 a n d − l ≤ m ≤ l .  T h e
c o effi ci e nts C l m ar e c o m p ut e d fr o m t h e  G a uss c o effi ci e nts
g l m a n d h l m of t h e I G R F  m o d el (s e e S e c. II  B), p er
E q. ( 1 2).  T h e I G R F  m o d el pr o vi d es t h e v al u es f or g l m

a n d h l m at fi v e- y e ar i nt er v als fr o m 1 9 0 0 t o 2 0 2 0, a n d t h e
v al u es at all i nt er m e di at e ti m es ar e c o m p ut e d vi a li n e ar
i nt er p ol ati o n of t h es e c o effi ci e nts.  T h us, C l m ð tj Þ e x hi bits a
gr a d u al ti m e d e p e n d e n c e i n  E qs. ( C 1) a n d ( C 2).

M oti v at e d b y t h e st ati o n arit y of t h e n ois e i n o ur ti m e
s eri es o v er a n y gi v e n c al e n d ar y e ar (s e e  A p p e n di x  E 1 i n
R ef. [ 6 2]),  w e t a k e t h e  w ei g hts w θ

i ðtj Þ a n d w ϕ
i ðtj Þ i n

E qs. ( C 1) a n d ( C 2) t o b e c o nst a nt o v er e a c h c al e n d ar y e ar.
I n pri n ci pl e, t h es e  w ei g hts c o ul d b e ar bitr ar y; h o w e v er, as
i n  R ef. [ 6 2],  w e s et t h e  w ei g hts  wit hi n a c al e n d ar y e ar i n a
d at a- dri v e n f as hi o n usi n g t h e v ari a n c es of t h e  m e as ur e d
m a g n eti c fi el ds  wit hi n e a c h gi v e n y e ar. I n p arti c ul ar,

w α
i ðtÞ ¼

1

N a
i

X

tj ∈ T a
i

½B α
i ðtj Þ

2
− 1

; ðC 3 Þ

f or α ¼ θ ; ϕ , w h er e T a
i is t h e s u bs et of T i c o nt ai n e d e ntir el y

wit hi n y e ar a , a n d N a
i is t h e c orr es p o n di n g n u m b er of d at a

p oi nts i n T a
i . N ot e t h at w e m a k e us e of t h e b as eli n e-

s u btr a ct e d ( z er o- m e a n) S u p er M A G fi el d d at a, s o t h at
V ar ½B α

i ¼ h½ B α
i

2 i; s e e t h e d et ail e d dis c ussi o n of t h e a p pr o-
pri at e n ess of t h e l att er c h oi c e i n S e c. III  C of  R ef. [ 6 2]. T h e
n or m ali zi n g t ot al  w ei g hts ar e t h e n d efi n e d b y

W α ðtj Þ ¼
X

f ijtj ∈ T ig

w α
i ðtj Þ: ðC 4 Þ

T h e r est of o ur a n al ysis  w or ks s ol el y  wit h t h e ti m e s eri es
X θ ð tj Þ a n d X ϕ ð tj Þ, r at h er t h a n t h e st ati o n- b y-st ati o n d at a.  As
m e nti o n e d at t h e e n d of S e c. II  C, t h e a xi o n d ar k  m att er h as a
fi nit e c o h er e n c e ti m e T c o h ðm a Þ ,  w hi c h  m a y b e s h ort er t h a n
t h e 5 0- y e ar d ur ati o n of t h e S u p er M A G d at as et. It is t h er ef or e
c o n v e ni e nt t o p artiti o n o ur f ull ti m e s eri es X θ a n d X ϕ i nt o

s h ort er s e g m e nts X θ
k a n d X ϕ

k , e a c h r o u g hl y t h e l e n gt h of t h e

c o h er e n c e ti m e T c o h ∼ 2 π = ðm a v
2
D M Þ ∼ 1 0 6 f − 1

a . Pr o c e e di n g
i n t his f as hi o n all o ws us t o a n al y z e e a c h i n di vi d u al s e g m e nt k
c o h er e ntl y [i. e.,  E q. ( 1 6) c a n b e ass u m e d t o b e a c c ur at e o v er
t h e  w h ol e d ur ati o n of t h e s e g m e nt] a n d t h e n c o m bi n e t h e
i n di vi d u al s e g m e nts’ r es ults i n c o h er e ntl y.  As  w e  will b e
i nt er est e d i n s etti n g a b o u n d at a p arti c ul ar a xi o n fr e q u e n c y

f a ,  w e t a k e t h e F o uri er tr a nsf or m of e a c h X θ
k a n d X ϕ

k at f a

a n d c o m bi n e t h e m i nt o s e v er al t w o- di m e nsi o n al “ a n al ysis
v e ct ors ” ,2 1

1 9 We n ot e t h at si n c e C l m h as u nits of n T, t h e n X θ a n d X ϕ i n t his
w or k h a v e u nits of ðn T Þ 2 .  T his is i n c o ntr ast t o  R ef. [ 6 2],  w h er e
t h e X ðn Þ ti m e s eri e s h a v e u nits of n T.

2 0 B e c a us e t h e  G a uss c o effi ci e nts g l m a n d h l m ar e l ar g est f or l o w
l , hi g h er l t er ms i n t h e s u ms i n  E qs. ( C 1) a n d ( C 2) b e c o m e
i n cr e asi n gl y n e gli gi bl e.  We c h o os e t o tr u n c at e t h e s u ms at l ¼ 4
a n d h a v e e x pli citl y v erifi e d t h at t his c h oi c e h as n e gli gi bl e eff e ct o n
o ur a n al ysis. I n p arti c ul ar, t h e r es ults  w e g et b y tr u n c ati n g at l ¼ 3
or l ¼ 5 diff er n e gli gi bl y fr o m t h os e  w e pr es e nt  wit h l ¼ 4 .

2 1 H er e a n d t hr o u g h o ut,  w e us e  x t o d e n ot e a v e ct or x wit h t w o
c o m p o n e nts.
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 X k ¼
X̃ θ

k ð f a Þ

X̃ ϕ
k ð f a Þ

: ðC 5 Þ

We n ot e t h at  w hil e i n  R ef. [ 6 2] it  w as n e c ess ar y t o i n cl u d e
t h e F o uri er tr a nsf or ms at f a f d [ w h er e f d ¼
ðsi d er e al d a y Þ − 1 ] i n t h e a n al ysis v e ct or, t his is n ot n e c ess ar y
i n t h e pr es e nt a n al ysis, as t h e a xi o n si g n al h as n o f d

d e p e n d e n c e (s e e t h e dis c ussi o n i n S e c. II  D).  T h er ef or e,

t h e di m e nsi o n alit y of t h e a n al ysis v e ct or  X k i n t his  w or k is
si g nifi c a ntl y r e d u c e d fr o m its 1 5 di m e nsi o ns i n t h e d ar k-
p h ot o n d ar k- m att er c as e c o nsi d er e d i n  R ef. [ 6 2] t o o nl y t w o
di m e nsi o ns i n t h e a xi o n d ar k- m att er c as e c o nsi d er e d h er e.

Fi n all y,  w e n ot e t h at i n or d er t o effi ci e ntl y  m a k e us e of
t h e f ast F o uri er tr a nsf or m ( F F T),  w e  m ust a p pr o xi m at e T c o h

i n s u c h a  w a y t h at  m a n y fr e q u e n ci es f a at  w hi c h  w e s et
b o u n ds h a v e t h e s a m e a p pr o xi m at e c o h er e n c e ti m e.  T h e
fr a m e w or k b y  w hi c h  w e c h o os e o ur fr e q u e n ci es f a a n d
a p pr o xi m at e T c o h i n a c o m p ut ati o n all y effi ci e nt  m a n n er is
i d e nti c al t o t h e fr a m e w or k us e d i n  R ef. [ 6 2].  We r ef er t h e
i nt er est e d r e a d er t o S e c.  V  E of  R ef. [ 6 2] f or  m or e d et ails o n
o ur fr e q u e n c y c h oi c e a n d c o h er e n c e-ti m e a p pr o xi m ati o n.

2. St atisti cs of  X k

N o w t h at  w e h a v e c o nstr u ct e d t h e pri m ar y v ari a bl es  X k

f or o ur a n al ysis,  w e c o m p ut e t h eir st atisti cs i n t his s u b-

s e cti o n. 2 2 L et us b e gi n  wit h t h e e x p e ct ati o n h  X k i u n d er t h e
h y p ot h esis of a si g n al  wit h a xi o n- p h ot o n c o u pli n g g a γ . We
p ar a m etri z e t h e a xi o n a m plit u d e as

c ¼

ffiffiffi
2

p
π f a a 0
ffiffiffiffiffiffiffiffiffi
ρ D M

p ; ðC 6 Þ

s o t h at hjc j2 i ¼ 1 . I n t h e c as e of a tr u e a xi o n d ar k- m att er
si g n al  wit h a m plit u d e a 0 a n d c o u pli n g g a γ , t h e p h ysi c al
fi el d  w hi c h  w o ul d b e  m e as ur e d b y t h e S u p er M A G  m a g-
n et o m et ers  w o ul d b e t h e r e al p art of  E q. ( 1 6).  B e c a us e t h e
V S H s u m i n  E q. ( 1 6) is  m a nif estl y r e al, t h e  m e as ur e d fi el d
at r ¼ R c a n si m pl y b e  writt e n as 2 3

B iðtj Þ ¼ I m½c e − 2 π i fa tj
ffiffiffiffiffiffiffiffiffiffiffi
2 ρ D M

p
g a γ R

×
X

l ; m

C l m ðtj Þ

l
Φ l m ðΩ iÞ: ðC 7 Þ

L et us als o d efi n e t h e ti m e s eri es,

H α ðtj Þ ¼
1

W α ð tj Þ

X

f ijtj ∈ T i g

w α
i ðtj Þ

X

l ; m

C l m ðtj Þ

l
Φ α

l m

2

;

ðC 8 Þ

f or α ¼ θ ; ϕ , a n d l et H α
k r e pr es e nt t h e s u bs eri es of t h es e

wit h t h e s a m e s a m pli n g ti m es as X α
k , a n d l et H̃ α

k b e t h eir
F o uri er tr a nsf or ms. S u bstit uti n g  E q. ( C 7) i nt o  E q. ( C 5), w e
fi n d t h at t h e e x p e ct ati o n v al u e of o ur a n al ysis v e ct or, u n d er
t h e si g n al h y p ot h esis, is

h  X k i ¼ i

ffiffiffiffiffiffiffiffiffi
ρ D M

2

r

g a γ R
c k H̃

θ
k ð0 Þ − c k H̃

θ
k ð2 f a Þ

c k H̃
ϕ
k ð0 Þ − c k H̃

ϕ
k ð 2 f a Þ

ðC 9 Þ

≈ i

ffiffiffiffiffiffiffiffiffi
ρ D M

2

r

g a γ R c k

H̃ θ
k ð0 Þ

H̃ ϕ
k ð0 Þ :

≡ g a γ c k  μ k ; ðC 1 0 Þ

w h er e c k d e n ot es t h e n or m ali z e d a xi o n a m plit u d e [ E q. ( C 6)]
i n t h e k t h c o h er e n c e ti m e, a n d  w h er e at t h e ≈ si g n,  w e h a v e

ass u m e d t h at H̃ θ
k a n d H̃ ϕ

k d e c a y r a pi dl y  wit h fr e q u e n c y, s o
t h at  w e  m a y i g n or e hi g h er-fr e q u e n c y c o ntri b uti o ns [s e e
dis c ussi o n aft er  E q. ( 3 6) i n  R ef. [ 6 2]].2 4

N o w  w e t ur n t o t h e v ari a n c e of t h e  X k v ari a bl es u n d er t h e
z er o-si g n al h y p ot h esis.  As i n  R ef. [ 6 2],  w e esti m at e t h e

n ois e i n  X k u n d er t h e ass u m pti o n t h at it is st ati o n ar y  wit hi n
a n y gi v e n c al e n d ar y e ar. ( T his ass u m pti o n  w as v ali d at e d i n
A p p e n di x  E 1 of  R ef. [ 6 2] b y s h o wi n g t h at t h e n ois e
esti m at es fr o m diff er e nt q u art ers of a c al e n d ar y e ar a gr e e d
wit h t h e f ull- y e ar esti m at e.) I n p arti c ul ar, l et x α ð tj Þ d e n ot e a
h y p ot h eti c al r e ali z ati o n of t h e n ois e i n X α (i. e., u n d er t h e
ass u m pti o n of n o si g n al g a γ ¼ 0 ) o v er a d ur ati o n τ e ntir el y
c o nt ai n e d  wit hi n c al e n d ar y e ar a .  T h e n  w e d efi n e t h e t w o-
si d e d cr oss- p o w er s p e ctr al d e nsit y S a

α β f or t h e y e ar a b y

h x̃ α ð f p Þ x̃ β ðf q Þ i g a γ ¼ 0 ≡ τ S a
α β ðf 0

p Þδ p q ; ðC 1 1 Þ

w h er e x̃ α ðf p Þ is t h e dis cr et e F o uri er tr a nsf or m ( D F T) of
x α ðtj Þ e v al u at e d at o n e of t h e  D F T fr e q u e n ci es f p; q , a n d δ p q

is t h e  Kr o n e c k er d elt a.  We c o m p ut e t h e p o w er s p e ctr al
d e nsit y S a

α β i n a d at a- dri v e n  m a n n er i d e nti c al t o t h at us e d i n

2 2 As i n  R ef. [ 6 2],  w e ass u m e t h e v ari a bl es  X k t o b e  G a ussi a n,
s o t h at t h eir st atisti c s ar e e ntir el y d es cri b e d b y t h eir e x p e ct ati o n
v al u e a n d v ari a n c e. S e e  A p p e n di x  E 3 of  R ef. [ 6 2] f or v ali d ati o n
of t his ass u m pti o n.

2 3 As n ot e d i n S e c. II  C, t his e x pr essi o n f or t h e  m a g n eti c fi el d
o nl y a c c o u nts f or t h e Φ l m c o ntri b uti o ns t o t h e a xi o n d ar k- m att er
si g n al, b ut Y l m a n d Ψ l m m a y i n pri n ci pl e als o b e pr es e nt.  As i n
R ef. [ 6 2],  w e i g n or e s u c h a d diti o n al c o ntri b uti o ns i n o ur a n al ysis. If
t h e st ati o n l o c ati o ns Ω i w er e u nif or ml y distri b ut e d o v er t h e  E art h ’s

s urf a c e, a n d t h e  w ei g hts  w er e t a k e n t o b e w θ
i ð tj Þ ¼ w ϕ

i ð tj Þ ¼ 1 f or
all st ati o ns i a n d ti m es tj , t h e n  E qs. ( C 1) a n d ( C 2) w o ul d
a p pr o xi m at e a u nif or m i nt e gr al o v er t h e s p h er e a n d s o pr oj e ct
o ut a n y Y l m a n d Ψ l m c o ntri b uti o ns d u e t o t h e  V S H ort h o g o n alit y
r el ati o ns  E qs. ( A 6)– ( A 8). Si n c e t his is n ot e x a ctl y t h e c as e, it is
p ossi bl e f or ot h er  V S H  m o d es t o “ l e a k” i nt o o ur ti m e s eri es X θ a n d
X ϕ .  H o w e v er, t his l e a k a g e  w o ul d at  w orst aff e ct o ur s e ar c h at t h e
l e v el of O ð1 Þ f a ct ors, a n d s o  w e n e gl e ct s u c h c o ntri b uti o ns. S e e
S e c.  V  B 1 of  R ef. [ 6 2] f or f urt h er dis c ussi o n o n t his p oi nt.

2 4 N ot e t h at t h e c o effi ci e nts C l m t h at a p p e ar i n  E q. ( C 8) e x hi bit a
ti m e d e p e n d e n c e.  T h es e c o effi ci e nts t h us i ntr o d u c e a n a d diti o n al
ti m e d e p e n d e n c e  w hi c h  w as n ot pr es e nt i n t h e d ar k- p h ot o n d ar k-
m att er c as e c o nsi d er e d i n  R ef. [ 6 2].  As t h es e c o effi ci e nts drift b y
O ð1 0 % Þ o n t h e c e nt ur y ti m e s c al e, t h eir ti m e d e p e n d e n c e aff e cts
si g nifi c a ntl y l o w er fr e q u e n ci es t h a n ar e r el e v a nt f or o ur a n al ysis.
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S e c.  V  C of  R ef. [ 6 2].  N a m el y,  w e p artiti o n t h e c al e n d ar y e ar
i nt o s e v er al c h u n ks, e a c h of  w hi c h  w e tr e at as a n i n d e p e n d e nt
n ois e r e ali z ati o n, i n or d er t o e v al u at e  E q. ( C 1 1). O n c e t h e
p o w er s p e ctr al d e nsit y h as b e e n c al c ul at e d f or e a c h c al e n d ar

y e ar, t h e c o v ari a n c e  m atri x f or  X k c a n b e c o m p ut e d b y
c o m bi ni n g t h e n ois e s p e ctr a fr o m diff er e nt y e ars f alli n g
wit hi n t h e s a m e c o h er e n c e ti m e,

Σ k ≡ C o v ð  X k ;  X k Þ ¼
X

a

T a
k · S a

α β ðf a Þ; ð C 1 2 Þ

w h er e T a
k is t h e d ur ati o n of t h e s u bs eri es X

ðm Þ
k c o nt ai n e d

wit hi n c al e n d ar y e ar a , s o t h at
P

a T a
k is t h e f ull d ur ati o n of

t h e s u bs eri es X
ðm Þ
k , a p pr o xi m at el y gi v e n b y t h e c o h er e n c e

ti m e T c o h .  T h e q u a ntiti es  μ k a n d Σ k ar e t h e n s uffi ci e nt t o

d es cri b e t h e st atisti cs of  X k .

3.  B a y esi a n st atisti c al a n al ysis

H a vi n g c o m p ut e d t h e st atisti cs of t h e  X k v ari a bl es,  w e c a n
n o w a n al y z e t h e m t o s et b o u n ds o n g a γ . We will d o s o i n a
B a y esi a n fr a m e w or k:  w e  will  writ e d o w n a li k eli h o o d

f u n cti o n f or t h e  X k ; t h e n, b e gi n ni n g wit h a pri or o n
g a γ ,  w e  will utili z e t hi s li k eli h o o d f u n cti o n t o d eri v e a
p o st eri or o n g a γ .  A p art fr o m a f e w O ð1 Þ n u m b er s, t h e
f or m ul as i n t hi s s u b s e cti o n  will b e al m o st i d e nti c al t o
t h o s e d eri v e d i n S e c.  V  D of  R ef. [ 6 2], b ut  w e r e pr o d u c e
t h e m h er e f or c o m pl et e n e s s.  L et u s b e gi n b y  writi n g d o w n
t h e li k eli h o o d f u n cti o n f or a n a xi o n- p h ot o n c o u pli n g g a γ

a n d n or m ali z e d a xi o n a m plit u d e s c k , i n t er m s of t h e

o b s er v e d a n al y si s v e ct or s  X k ,

− l n L ðg a γ ; f c k gj f  X k gÞ

¼
X

k

ð  X k − g a γ c k  μ k Þ
† Σ − 1

k ð  X k − g a γ c k  μ k Þ: ðC 1 3 Þ

H er e,  w e tr e at e a c h c o h er e n c e ti m e as i n d e p e n d e nt, s o
t h at  w e  m a y s u m o v er t h e i n di vi d u al l o g-li k eli h o o ds fr o m
e a c h c o h er e n c e ti m e. Si n c e Σ k is a n  H er miti a n, p ositi v e-

d efi nit e  m atri x,  w e  m a y  writ e Σ k ¼ A k A
†
k f or s o m e i n v ert-

i bl e A k a n d d efi n e

 Y k ¼ A − 1
k

 X k ; ðC 1 4 Þ

 ν k ¼ A − 1
k  μ k : ðC 1 5 Þ

I n t er ms of t h es e n e w v ari a bl es, t h e li k eli h o o d  E q. ( C 1 3)
c a n t h e n b e r e writt e n as

− l n L ðg a γ ; f c k gj f  Y k gÞ  ¼
X

k

j  Y k − g a γ c k  ν k j
2 : ðC 1 6 Þ

We c a n f urt h er si m plif y  E q. ( C 1 6) b y pr oj e cti n g 2 5 e a c h
t er m o nt o t h e dir e cti o n of  ν k .  N a m el y, if  w e  m a k e a f urt h er
c h a n g e of v ari a bl es,

s k ¼ j ν k j; zk ¼
 ν †

k
 Y k

s k

; ðC 1 7 Þ

w e c a n  writ e t h e li k eli h o o d as

− l n L ðg a γ ; f c k gj f z k gÞ  ¼
X

k

jz k − g a γ c k s k j
2 : ðC 1 8 Þ

We ar e i nt er est e d i n s etti n g c o nstr ai nts o n g a γ , gi v e n d at a
i n t h e f or m of z k .  We ar e t h er ef or e n ot c o n c er n e d  wit h t h e
c k a m plit u d es a n d s o  m ar gi n ali z e o v er t h e m i n t h e li k e-
li h o o d  E q. ( C 1 8).  T h e r e al a n d i m a gi n ar y p arts of c k ar e
e a c h  G a ussi a n  wit h v ari a n c e 1 = 2 [s e e dis c ussi o n aft er
E q. ( C 6)].  T h er ef or e, t h eir li k eli h o o ds ar e gi v e n b y

l n L k ð c k Þ ¼ e x p ð− jc k j
2 Þ: ðC 1 9 Þ

Usi n g t h es e li k eli h o o ds,  w e c a n  m ar gi n ali z e o v er c k i n
E q. ( C 1 8) t o fi n d t h e  m ar gi n ali z e d li k eli h o o d,

L ðg a γ j fz k gÞ ∝
Y

k

1

1 þ g 2
a γ s

2
k

e x p −
jz k j

2

1 þ g 2
a γ s

2
k

: ðC 2 0 Þ

N o w t h at  w e h a v e t h e li k eli h o o d f or g a γ i n t er ms of z k ,
w e c a n d eri v e a p ost eri or f or g a γ gi v e n t h e o bs er v e d v al u es
of z k . First  w e  m ust b e gi n  wit h a pri or f or g a γ . As i n
R efs. [ 6 2, 7 9],  w e t a k e t h e (r e p ar a m etri z ati o n-i n v ari a nt)
o bj e cti v e J effr e ys pri or [ 9 2]. F or m all y, t his is d efi n e d i n
t er ms of t h e Fis h er i nf or m ati o n  m atri x [ 9 2]. I n o ur c o nt e xt,
it t a k es t h e f or m,

p ðg a γ Þ ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X

k

4 g 2
a γ s

4
k

ð 1 þ g 2
a γ s

2
k Þ

2

s

: ðC 2 1 Þ

T h e n aft er o bs er vi n g z k , t h e p ost eri or f or g a γ b e c o m es

p ðg a γ j fz k gÞ ∝ L ðg a γ j fz k gÞ · p ðg a γ Þ ðC 2 2 Þ

∝
X

k

4 g 2
a γ s

4
k

ð 1 þ g 2
a γ s

2
k Þ

2

1
2

×
Y

k

1

1 þ g 2
a γ s

2
k

e x p −
jz k j

2

1 þ g 2
a γ s

2
k

: ðC 2 3 Þ

T h e n or m ali z ati o n f or  E q. ( C 2 3) c a n b e c al c ul at e d b y

r e q uiri n g
R

∞
0 d g a γ p ðg a γ j fz k gÞ  ¼ 1 . Fi n all y,  wit h t h e

2 5 It c a n b e s h o w n t h at t h e c o m p o n e nt ort h o g o n al t o t his
pr oj e cti o n d o es n ot d e p e n d o n g a γ , c k , or z k . It c a n t h er ef or e b e
n e gl e ct e d  w h e n r estri cti n g o ur att e nti o n t o t h e li k eli h o o d i n t er m s
of z k . S e e t h e d et ail e d dis c ussi o n of t his p oi nt i n t h e s a m e c o nt e xt
i n S e c.  V  D 1 of  R ef. [ 6 2].
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a p pr o pri at e n or m ali z ati o n c o m p ut e d,  w e c a n s et a 9 5 %-
cr e di bl e u p p er li mit (l o c al si g nifi c a n c e) ĝ a γ b y s ol vi n g

Z
ĝ a γ

0
d g a γ p ð g a γ j fz k gÞ  ¼ 0 .9 5 : ðC 2 4 Þ

We a p pl y a 2 5 % d e gr a d ati o n f a ct or t o o ur u p p er li mit,

ĝ a γ → ĝ 0
a γ ≡ 1 .2 5 · ĝ a γ ; ðC 2 5 Þ

t o c orr e ct f or t h e fi nit e  wi dt h of a p h ysi c al a xi o n d ar k- m att er
si g n al.  T h e r e as o n t h at t his d e gr a d ati o n f a ct or is n e c ess ar y is
t h at, t h us f ar,  w e h a v e ass u m e d t h at o ur si g n al  w o ul d b e
e x a ctl y  m o n o c hr o m ati c  wit hi n a c o h er e n c e ti m e.  H o w e v er,
e v e n  wit hi n a c o h er e n c e ti m e, a p h ysi c al si g n al  w o ul d h a v e
fi nit e  wi dt h, c o m p ar a bl e t o t h e  D F T fr e q u e n c y r es ol uti o n.
T his  w o ul d l e a d t o a s u p pr essi o n of p o w er at t h e c e ntr al
fr e q u e n c y. I n ot h er  w or ds, t h e li mit ĝ a γ is t o o str o n g b e c a us e
it ass u m es a si g n al si z e sli g htl y l ar g er t h a n  w h at a p h ysi c al
si g n al of fi nit e  wi dt h  w o ul d e x hi bit at its c e ntr al fr e q u e n c y.
I n  R ef. [ 6 2],  w e esti m at e d t h at a 2 5 % d e gr a d ati o n f a ct or is
a p pr o pri at e t o c orr e ct f or t his ass u m pti o n.  B e c a us e t h at
esti m at e  w as b as e d o n a si n gl e c o m p o n e nt of t h e v e ct ori al
d ar k- p h ot o n d ar k- m att er si g n al, t h e s a m e n u m eri c al esti m at e
a p pli es i n t h e a xi o n c as e.  A d diti o n all y, f oll o wi n g a pr e-
s cri pti o n si mil ar t o t h at d es cri b e d i n S e c.  VI  C of  R ef. [ 6 2]
( wit h t h e a p pr o pri at e si m plifi c ati o ns  m a d e f or t h e a xi o n
c as e),  w e h a v e c o nfir m e d e x pli citl y b y i nj e cti n g a p h ysi c al
a xi o n d ar k- m att er si g n al t h at a 2 5 % d e gr a d ati o n f a ct or is
s uffi ci e nt f or o ur a n al ysis t o r et ur n a n u p p er li mit o n g a γ t h at is
c o nsist e nt  wit h t h e i nj e ct e d si g n al p ar a m et ers.  O ur r es ults i n
Fi g. 1 s h o w t h e c orr e ct e d li mit ĝ 0

a γ , as d efi n e d i n  E q. ( C 2 5).

4.  N aï v e si g n al c a n di d at e r e e v al u ati o n

I n t his s u bs e cti o n,  w e i d e ntif y a n y n aï v e a xi o n d ar k-
m att er si g n al c a n di d at es i n o ur a n al ysis a n d t est t h e m f or
r o b ust n ess.  O ur c a n di d at e i d e ntifi c ati o n a n d r e e v al u ati o n
pr o c e d ur e is ess e nti all y t h e s a m e as i n  R ef. [ 6 2].  H er e,  w e
bri efl y r e vi e w t h e d et ails of t h e pr o c e d ur e, as  w ell as
dis c uss t h e r es ults of t h e r e e v al u ati o n.

We d efi n e a n aï v e si g n al c a n di d at e i n a fr e q u e ntist
f as hi o n as a fr e q u e n c y f or  w hi c h t h e o bs er v e d z k ar e
i n c o nsist e nt  wit h t h e a bs e n c e of a si g n al.  A c c or di n g t o t h e
li k eli h o o d  E q. ( C 2 0) wit h g a γ ¼ 0 , e a c h z k s h o ul d h a v e
G a ussi a n r e al a n d i m a gi n ar y p arts, e a c h  wit h v ari a n c e 1 = 2 .
T h er ef or e, t h e st atisti c,

Q 0 ¼ 2
X

k

jz k j
2 ; ðC 2 6 Þ

s h o ul d f oll o w a χ 2 distri b uti o n.  We c a n c o m p ut e a n
ass o ci at e d p - v al u e,

p 0 ¼ 1 − F χ 2 ð2 K 0 Þ
½Q 0 ; ðC 2 7 Þ

w h er e F χ 2 ðν Þ i s t h e c u m ul ati v e distri b uti o n f u n cti o n ( C D F)

of t h e χ 2 distri b uti o n  wit h ν d e gr e es of fr e e d o m, a n d K 0 is

t h e n u m b er of disti n ct s e g m e nts i nt o  w hi c h  w e br e a k o ur
ti m e s eri es ( or i n ot h er  w or ds, t h e n u m b er of v al u es t hr o u g h
w hi c h t h e i n d e x k r a n g es).  We d e cl ar e a fr e q u e n c y t o b e a
“ n aï v e si g n al c a n di d at e ” ( wit h 9 5 % gl o b al c o nfi d e n c e) if
p 0 is b el o w t h e t hr es h ol d,

p crit ¼ 1 − 0 .9 5 1 = N f ≈ 1 .6 × 1 0 − 8 ; ðC 2 8 Þ

w h er e N f ≈ 3 .3 × 1 0 6 is t h e n u m b er of disti n ct fr e q u e n ci es

i n o ur r a n g e of i nt er est 6 × 1 0 − 4 H z < f A 0 < ½ð1 mi n Þ − 1 −
6 × 1 0 − 4 H z.  B as e d o n t his crit eri o n,  w e i d e ntif y 2 7 n aï v e
si g n al c a n di d at es; s e e  Ta bl e I.  T h e gl o b al si g nifi c a n c e of e a c h
c a n di d at e c a n als o b e c h ar a ct eri z e d b y its e q ui v al e nt o n e-
si d e d  G a ussi a n-st a n d ar d- d e vi ati o n,

σ ðp 0 Þ ≡
ffiffiffi
2

p
erf c − 1 ½2 ð1 − ð1 − p 0 Þ

N f Þ : ð C 2 9 Þ

We h o w e v er d o n ot i m m e di at el y c o nsi d er t h es e 2 7 n aï v e
si g n al c a n di d at es t o n e c ess aril y b e pr o misi n g a xi o n d ar k-
m att er si g n als:  w e first r e e v al u at e e a c h n aï v e si g n al c a n di d at e
b y p erf or mi n g s e v er al r o b ust n ess c h e c ks t o t est t h eir t e m p or al
c o nsist e n c y a n d s p ati al u nif or mit y.  A n y a xi o n d ar k- m att er
si g n al s h o ul d b e pr es e nt o v er t h e e ntir e 5 0- y e ar d ur ati o n of
t h e S u p er M A G d at as et a n d s h o ul d b e pr es e nt i n all 5 0 8
st ati o ns.  We t h er ef or e r e p erf or m o ur a n al ysis o n ei g ht s u bs ets
of t h e f ull S u p er M A G d at as et: f o ur t e m p or al s u bs ets a n d f o ur
g e o gr a p hi c al s u bs ets.  T h e f o ur t e m p or al s u bs ets c o nsist o nl y
of t h e d at a fr o m t h e r a n g es of y e ars 1 9 7 0 – 1 9 8 2, 1 9 8 3 – 1 9 9 4,
1 9 9 5 – 2 0 0 7, a n d 2 0 0 8 – 2 0 1 9, r es p e cti v el y.  M e a n w hil e, t h e
g e o gr a p hi c al s u bs ets c o nsist of t h e d at a fr o m f o ur r a n d o m
disj oi nt s u bs ets of st ati o ns. 2 6 F or e a c h fr e q u e n c y a n d e a c h
s u bs et, t h e r o b ust n ess t est c o nsists of c h e c ki n g  w h et h er t h e
si g n al a p p e ars i n a  w a y t h at is c o nsist e nt  wit h t h e p ost eri or o n
g a γ d eri v e d fr o m t h e ori gi n al a n al ysis.

M or e s p e cifi c all y, l et s k; j a n d z k; j d e n ot e t h e q u a ntiti es
d efi n e d i n  E q. ( C 1 7) b ut c o m p ut e d usi n g s u bs et j of t h e f ull
S u p er M A G d at as et ( w h er e j ¼ 1 ; … ; 4 r ef ers t o t h e t e m p or al
s u bs ets a n d j ¼ 5 ; … ; 8 r ef ers t o t h e g e o gr a p hi c al s u bs ets).
Fr o m t h e li k eli h o o d  E q. ( C 2 0),  w e c a n s e e t h at t h e st atisti c,

Q j ð g a γ Þ ¼
X

k

2 jz k; j j
2

1 þ g 2
a γ s

2
k; j

; ð C 3 0 Þ

s h o ul d f oll o w a χ 2 distri b uti o n u n d er t h e ass u m pti o n of a
si g n al  wit h c o u pli n g g a γ .  We c a n a g ai n c o m p ut e a n
ass o ci at e d p - v al u e,

p j ðg a γ Þ ¼ F χ 2 ð2 K j Þ
½Q j ðg a γ Þ ; ð C 3 1 Þ

w h er e K j is t h e n u m b er of ti m e-s eri es s e g m e nts i n t h e j t h

r es a m pli n g a n al ysis ( w hi c h  m a y diff er fr o m K 0 d u e t o t h e

2 6 F or t h e first si x y e ars of d at a, at l e ast o n e of t h e g e o gr a p hi c al
s u bs ets d o n ot c o nt ai n a n a cti v e st ati o n.  T h er ef or e, f or t h e
g e o gr a p hi c r es a m pli n g t ests,  w e dis c ar d t h e first si x y e ars of
d at a a n d o nl y us e t h e y e ars 1 9 8 6 – 2 0 1 9.
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r e d u c e d t ot al d ur ati o n of t h e s u bs ets).  T o t est f or c o nsist e n c y
wit h t h e ori gi n al a n al ysis,  w e t h e n  w ei g ht t h e p - v al u es f or
e a c h r es a m pli n g t est a c c or di n g t o t h e p ost eri or p ðg a γ j fz k gÞ
d eri v e d i n t h e ori gi n al a n al ysis,

p j ¼

Z

d g a γ p ð g a γ j fz k gÞ · p j ðg a γ Þ : ðC 3 2 Þ

N ot e t h at p j n e ar eit h er 0 or 1 i n di c at es dis a gr e e m e nt  wit h
t h e ori gi n al a n al ysis, as t h e y i m pl y t h at t h e i nf err e d si g n al
pr es e nt i n t h e s u bs et is  m u c h s m all er or l ar g er, r es p e cti v el y,
t h a n t h e si g n al i n t h e f ull d at as et. Fi n all y,  w e c a n c o m bi n e
t h e p v al u es fr o m all n ¼ 8 t ests i nt o a si n gl e st atisti c usi n g a
t w o-t ail e d v ersi o n of Fis h er’s  m et h o d [ 9 3– 9 6] . S p e cifi c all y,
w e d efi n e t h e c o m bi n e d χ 2 st atisti c,

Q f ull ¼ − 2
X

j

l n ð2 · mi nf p j ; 1 − p j gÞ ; ðC 3 3 Þ

a n d its ass o ci at e d p - v al u e,

p f ull ¼ 1 − F χ 2 ð2 n Þ ð Q f ullÞ½n ¼ 8 : ðC 3 4 Þ

I n a d diti o n t o p f ull,  w e als o c o m p ut e c o m bi n e d p - v al u es
p ti m e a n d p g e o f or t h e t e m p or al- o nl y a n d g e o gr a p hi c al- o nl y

t ests, r es p e cti v el y, b y r estri cti n g t h e s u m i n  E q. ( C 3 3) t o t h e
a p pr o pri at e t ests a n d s etti n g n ¼ 4 i n  E q. ( C 3 4).

As n ot e d a n d dis c uss e d at gr e at er l e n gt h i n S e c.  VI  B of
R ef. [ 6 2], t h e t e m p or al a n d g e o gr a p hi c al t ests h er e ar e n ot
e ntir el y i n d e p e n d e nt, as t h e t e m p or al a n d g e o gr a p hi c al
s u bs ets g e n er all y c o nt ai n o v erl a p pi n g d at a.  T h us, o ur n aï v e
pr o c e d ur e of c o m bi ni n g t h e r es ults of all t h e t ests as if t h e y
w er e i n d e p e n d e nt i n  E qs. ( C 3 3) a n d ( C 3 4) is n ot e x a ctl y
a c c ur at e.  T h er ef or e, r at h er t h a n i m m e di at el y r ej e cti n g ( at
9 5 % c o nfi d e n c e) all c a n di d at es  wit h p f ull < 0 .0 5 , w e
i nst e a d o nl y r ej e ct c a n di d at es  wit h p f ull < 0 .0 1 , a n d d e e m
c a n di d at es  wit h 0 .0 1 < p f ull < 0 .0 5 t o b e i n “ str o n g t e n-
si o n” wit h o ur r es a m pli n g c h e c ks.

Ta bl e I s h o ws t h e r es ults of o ur r es a m pli n g a n al ysis f or
all 2 7 n aï v e si g n al c a n di d at es.  Of t h e 2 7 c a n di d at es, 2 3

T A B L E I.  N aï v e si g n al c a n di d at es a n d ass o ci at e d p - v al u es. p 0 i n di c at es t h e l o c al si g nifi c a n c e of t h e c a n di d at e i n t h e ori gi n al a n al ysis,
u n d er t h e h y p ot h esis of n o si g n al.  T his is als o tr a nsl at e d i nt o a gl o b al o n e-si d e d  G a ussi a n-st a n d ar d- d e vi ati o n si g nifi c a n c e σ ðp 0 Þ.  T h e
v al u es p 1 ; … ; p4 i n di c at e h o w  w ell t h e si g n al si z es i m pli e d b y f o ur t e m p or al s u bs ets a gr e e  wit h t h e si g n al si z e i m pli e d b y t h e f ull
d at as et.  T h e v al u es p 5 ; … ; p8 i n di c at e a si mil ar a gr e e m e nt, b ut f or f o ur g e o gr a p hi c al s u bs ets.  N ot e t h at p j n e ar eit h er 0 or 1 i n di c at es
p o or a gr e e m e nt  wit h t h e f ull d at as et. p ti m e (r es p e cti v el y, p g e o ) i n di c at es t h e c o m bi n e d si g nifi c a n c e of all t h e t e m p or al ( g e o gr a p hi c al)

c h e c ks. p f ull r e pr es e nts t h e c o m bi n e d si g nifi c a n c e of all ei g ht t ests.

N o. f [ m H z] p 0 σ ðp 0 Þ p 1 p 2 p 3 p 4 p ti m e p 5 p 6 p 7 p 8 p g e o p f ull

1 2. 7 7 7 7 7 7 6 .6 × 1 0 − 1 7 6. 2 0. 8 5 0. 8 1 0. 0 1 0. 0 1 6 .4 × 1 0 − 3 1. 0 0 0. 9 0 0. 0 5 0. 4 7 0. 0 2 5 1 .1 × 1 0 − 3

2 3. 3 3 3 3 3 1 1 .8 × 1 0 − 1 2 4. 4 1. 0 0 0. 9 9 0. 5 8 0. 0 5 8 .8 × 1 0 − 4 0. 7 6 1. 0 0 0. 3 7 0. 2 4 4 .9 × 1 0 − 4 4 .5 × 1 0 − 6

3 3. 3 3 3 3 3 5 3 .0 × 1 0 − 3 7 1 1. 5 0. 9 9 0. 9 1 0. 3 0 0. 0 2 0. 0 1 3 0. 4 3 1. 0 0 0. 2 3 0. 1 0 1 .1 × 1 0 − 3 1 .3 × 1 0 − 4

4 3. 3 3 3 3 3 8 1 .2 × 1 0 − 1 0 3. 4 0. 9 6 0. 9 3 0. 0 5 0. 0 3 0. 0 1 1 0. 0 8 0. 9 9 0. 0 0 0. 1 0 2 .0 × 1 0 − 4 2 .2 × 1 0 − 5

5 4. 1 6 6 6 6 8 3 .5 × 1 0 − 1 8 6. 7 0. 9 1 0. 3 5 0. 2 9 0. 0 1 0. 1 4 1. 0 0 0. 5 8 0. 0 4 0. 3 7 0. 0 3 3 0. 0 2 3
6 5. 0 0 0 0 0 0 9 .8 × 1 0 − 6 2 1 5. 6 0. 6 4 0. 8 4 0. 3 5 0. 0 0 0. 0 2 2 0. 0 1 1. 0 0 0. 4 8 0. 0 2 8 .0 × 1 0 − 6 2 .7 × 1 0 − 6

7 5. 5 3 2 4 0 6 4 .5 × 1 0 − 1 1 3. 6 1. 0 0 0. 0 8 0. 0 7 0. 3 2 0. 0 1 6 0. 4 6 0. 5 4 0. 8 9 0. 2 0 0. 7 4 0. 0 9 1
8 5. 5 5 5 5 5 2 5 .1 × 1 0 − 9 2. 1 0. 6 2 0. 9 5 0. 4 9 0. 4 8 0. 7 4 1. 0 0 0. 9 6 0. 0 5 0. 6 3 4 .3 × 1 0 − 7 2 .5 × 1 0 − 5

9 5. 5 5 5 5 5 7 6 .0 × 1 0 − 1 2 4. 1 0. 9 7 0. 4 1 0. 4 9 0. 4 5 0. 5 8 1. 0 0 0. 7 7 0. 5 5 1. 0 0 2 .8 × 1 0 − 6 6 .9 × 1 0 − 5

1 0 6. 6 6 6 6 6 1 9 .8 × 1 0 − 1 7 6. 2 0. 9 9 0. 8 3 0. 1 1 0. 0 7 0. 0 2 7 0. 1 3 1. 0 0 0. 7 8 0. 5 1 3 .1 × 1 0 − 7 1 .8 × 1 0 − 7

1 1 6. 6 6 6 6 6 8 1 .7 × 1 0 − 7 8 1 7. 9 0. 1 9 0. 9 6 0. 3 4 0. 0 4 0. 1 2 0. 6 3 1. 0 0 0. 3 1 0. 0 8 6 .3 × 1 0 − 1 1 5 .5 × 1 0 − 1 0

1 2 6. 9 4 4 4 4 4 2 .2 × 1 0 − 1 5 5. 7 1. 0 0 0. 7 5 0. 4 5 0. 0 1 8 .5 × 1 0 − 3 1. 0 0 0. 9 7 0. 2 6 0. 9 6 4 .7 × 1 0 − 6 6 .0 × 1 0 − 7

1 3 6. 9 4 4 4 5 1 1 .3 × 1 0 − 9 2. 6 0. 3 1 0. 9 7 0. 4 6 0. 0 1 0. 0 5 1 1. 0 0 0. 7 7 0. 4 9 0. 7 7 0. 0 3 4 9 .8 × 1 0 − 3

1 4 7. 7 7 7 7 8 2 2 .0 × 1 0 − 9 2. 5 1. 0 0 0. 8 5 0. 0 1 0. 2 7 3 .7 × 1 0 − 3 0. 8 0 0. 7 2 0. 3 9 0. 9 9 0. 1 6 4 .5 × 1 0 − 3

1 5 8. 3 1 0 1 8 2 3 .4 × 1 0 − 9 2. 3 0. 8 1 0. 1 4 0. 0 2 0. 7 6 0. 1 4 0. 8 1 0. 2 5 0. 1 2 0. 9 8 0. 1 1 0. 0 6 8
1 6 8. 3 3 3 3 3 3 2 .9 × 1 0 − 4 1 1 2. 2 0. 9 8 0. 0 0 0. 3 6 0. 0 6 7 .8 × 1 0 − 3 0. 9 8 1. 0 0 0. 6 4 0. 8 2 5 .5 × 1 0 − 6 6 .4 × 1 0 − 7

1 7 8. 3 5 6 4 8 5 3 .4 × 1 0 − 9 2. 3 0. 8 1 0. 1 4 0. 0 2 0. 7 6 0. 1 4 0. 8 1 0. 2 5 0. 1 2 0. 9 8 0. 1 1 0. 0 6 8
1 8 8. 8 8 8 8 8 5 4 .7 × 1 0 − 1 2 4. 2 1. 0 0 0. 7 8 0. 0 7 0. 3 6 7 .9 × 1 0 − 3 0. 8 6 0. 8 8 0. 6 8 1. 0 0 0. 0 4 5 2 .4 × 1 0 − 3

1 9 9. 7 2 2 2 2 1 1 .6 × 1 0 − 1 9 7. 1 0. 9 5 0. 9 6 0. 2 9 0. 0 0 1 .5 × 1 0 − 3 1. 0 0 1. 0 0 0. 3 6 0. 9 9 3 .7 × 1 0 − 1 3 2 .5 × 1 0 − 1 4

2 0 1 0. 0 0 0 0 0 5 .2 × 1 0 − 8 7 1 9. 0 0. 9 8 0. 8 8 0. 2 2 0. 0 1 0. 0 1 2 0. 7 0 1. 0 0 0. 0 9 0. 0 5 1 .3 × 1 0 − 1 1 7 .2 × 1 0 − 1 2

2 1 1 1. 0 8 7 9 6 7 .2 × 1 0 − 9 2. 0 1. 0 0 0. 0 9 0. 9 1 0. 1 5 2 .8 × 1 0 − 7 0. 6 8 0. 9 8 1. 0 0 0. 9 7 1 .5 × 1 0 − 5 7 .5 × 1 0 − 1 1

2 2 1 1. 1 1 1 1 1 4 .6 × 1 0 − 1 6 5. 9 0. 9 9 0. 9 5 0. 7 7 0. 0 2 7 .8 × 1 0 − 3 1. 0 0 0. 9 7 0. 3 2 1. 0 0 1 .6 × 1 0 − 1 3 7 .4 × 1 0 − 1 4

2 3 1 1. 3 8 8 8 9 8 .5 × 1 0 − 9 1. 9 1. 0 0 0. 8 1 0. 4 6 0. 0 9 2 .6 × 1 0 − 3 0. 9 9 0. 3 0 0. 8 2 0. 9 6 0. 0 4 2 8 .6 × 1 0 − 4

2 4 1 1. 6 6 6 6 6 3 .7 × 1 0 − 5 6 1 4. 8 0. 8 3 0. 9 7 0. 4 1 0. 0 0 1 .8 × 1 0 − 4 0. 0 5 1. 0 0 0. 3 8 0. 0 5 2 .0 × 1 0 − 1 4 1 .6 × 1 0 − 1 6

2 5 1 2. 5 0 0 0 0 3 .9 × 1 0 − 2 3 8. 2 1. 0 0 0. 8 4 0. 8 0 0. 0 0 4 .5 × 1 0 − 4 1. 0 0 1. 0 0 0. 1 3 0. 4 4 5 .2 × 1 0 − 1 0 6 .1 × 1 0 − 1 2

2 6 1 3. 3 3 3 3 3 1 .1 × 1 0 − 4 9 1 3. 7 0. 9 8 0. 9 6 0. 1 3 0. 0 0 8 .2 × 1 0 − 7 0. 0 0 1. 0 0 0. 0 0 0. 0 2 1 .6 × 1 0 − 1 4 4 .6 × 1 0 − 1 9

2 7 1 3. 8 8 8 8 9 9 .0 × 1 0 − 2 5 8. 6 0. 7 5 0. 9 7 0. 0 2 0. 0 0 6 .9 × 1 0 − 4 1. 0 0 1. 0 0 0. 0 0 0. 0 8 2 .2 × 1 0 − 7 2 .7 × 1 0 − 9
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h a v e p f ull < 0 .0 1 , a n d s o  w e r ej e ct t h e m as a xi o n d ar k-
m att er si g n als o n t h e b asis of o ur c o m bi n e d r es a m pli n g
c h e c ks.  Alt h o u g h n o n e of t h e ot h er f o ur c a n di d at es c o n-
stit ut e str o n g e vi d e n c e f or a xi o n d ar k  m att er, t h e y r e q uir e
f urt h er dis c ussi o n.  H er e,  w e r e vi e w e a c h o n e i n d et ail.

C a n di d at e 5 — T his c a n di d at e h as σ ðp 0 Þ ¼ 6 .7 , b ut
0 .0 1 < p f ull < 0 .0 5 .  W hil e t his si g n al is t h us l ar g e, it
e x hi bits str o n g ( b ut n ot n e c ess aril y d efi niti v e) t e nsi o n  wit h
t h e c o m bi n e d s p ati ot e m p or al r o b ust n ess c h e c k. I n a d diti o n,
t his c a n di d at e is als o i n str o n g t e nsi o n  wit h t h e g e o gr a p hi-
c al t ests al o n e ( p g e o ¼ 0 .0 3 3 < 0 .0 5 ).  We als o n ot e i n
p assi n g t h at t his c a n di d at e a p p e ars at t h e  D F T fr e q u e n c y
cl os est t o h alf of t h e  N y q uist fr e q u e n c y.  B as e d o n t h e
t e nsi o ns  wit h t h e r o b ust n ess t ests,  w e d o n ot c o nsi d er t his a
r o b ust a xi o n d ar k- m att er c a n di d at e.

C a n di d at e 7 — T his c a n di d at e h as σ ðp 0 Þ ¼ 3 .6 a n d
e x hi bits g o o d a gr e e m e nt  wit h b ot h t h e g e o gr a p hi c al t ests
(p g e o ¼ 0 .7 4 ) a n d t h e c o m bi n e d t ests (p f ull ¼ 0 .0 9 1 ). It
h o w e v er h as 0 .0 1 < p ti m e < 0 .0 5 , s o t h at it is i n str o n g
t e nsi o n  wit h t h e t e m p or al t ests.  We t h er ef or e c o nsi d er t his

c a n di d at e t o b e i n str o n g t e nsi o n  wit h s o m e of o ur
r o b ust n ess t ests, b ut  w e c a n n ot d efi niti v el y r ul e it o ut.

C a n di d at es 1 5 a n d 1 7 — T h es e t w o c a n di d at es ar e
r efl e cti o ns of e a c h ot h er a cr oss t h e  N y q uist fr e q u e n c y
( a n d t h us s h o ul d b e t h o u g ht of as a si n gl e c a n di d at e).  T h e y
e x hi bit g o o d a gr e e m e nt  wit h all t h e r o b ust n ess t ests
(p ti m e ¼ 0 .1 4 , p g e o ¼ 0 .1 1 , p f ull ¼ 0 .0 6 8 ).  H o w e v er, t h e y
e x hi bit a f airl y  w e a k gl o b al si g nifi c a n c e of σ ðp 0 Þ ¼ 2 .3 ,
a n d s o  w e d o n ot c o nsi d er t h es e t o b e str o n g a xi o n d ar k-
m att er c a n di d at es.  T h es e c a n di d at es  w o ul d b e i nt er esti n g t o
r e visit i n a n a n al ysis of t h e o n e-s e c o n d S u p er M A G d at as et
t o s e e if t h e y i n cr e as e i n si g nifi c a n c e.  T h e y als o  m oti v at e
t h e d e v el o p m e nt of f urt h er c h e c ks i n f ut ur e  w or k t o v erif y
t h e p h ysi c alit y of o ur n aï v e si g n al c a n di d at es.

I n s u m m ar y,  w e fi n d t h at n o n e of t h e 2 7 n aï v e si g n al
c a n di d at e s c o n stit ut e b ot h str o n g a n d r o b u st e vi d e n c e f or
a n a xi o n d ar k- m att er si g n al.  H o w e v er, f o ur of t h e c a n di-
d at es  w arr a nt f urt h er i n v e sti g ati o n i n f oll o w- u p  w or k,
s u c h as a n a n al y si s of t h e o n e- s e c o n d r es ol uti o n
S u p er M A G d at a s et.
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[ 8 3] P.  Al k e n,  E.  T h é b a ult,  C.  D.  B e g g a n,  H.  A mit, J.  A u b ert, J.
B a er e n z u n g et al. , I nt er n ati o n al  G e o m a g n eti c  R ef er e n c e
Fi el d:  T h e t hirt e e nt h g e n er ati o n, E art h Pl a n ets S p a c e 7 3 , 4 9
( 2 0 2 1).

[ 8 4] J.  D. J a c ks o n, Cl a ssi c al  El e ctr o d y n a mi cs , 3r d e d. (J o h n
Wil e y  & S o ns, I n c.,  H o b o k e n,  NJ, 1 9 9 9).

[ 8 5]  D.  E.  Wi n c h,  D. J. I v ers, J. P.  R.  T ur n er, a n d  R. J. St e ni n g,
G e o m a g n etis m a n d S c h mi dt q u a si- n or m ali z ati o n, G e o p h y s.
J. I nt. 1 6 0 , 4 8 7 ( 2 0 0 5).

[ 8 6] J.  W. F ost er,  N.  L.  R o d d, a n d  B.  R. S af di,  R e v e ali n g t h e d ar k
m att er h al o  wit h a xi o n dir e ct d et e cti o n, P h ys.  R e v.  D 9 7 ,
1 2 3 0 0 6 ( 2 0 1 8) .

[ 8 7]  A.  C a p ut o,  A. J.  Mill ar,  C.  A. J.  O’H ar e, a n d  E.  Vit a gli a n o,
D ar k p h ot o n li mits:  A h a n d b o o k, P h ys.  R e v.  D 1 0 4 , 0 9 5 0 2 9
( 2 0 2 1).

[ 8 8] htt ps://s u p er m a g.j h u a pl. e d u ( a c c es s e d 2 0 2 1).
[ 8 9] P.  C ar e n z a,  C.  E v oli,  M.  Gi a n n otti,  A.  Miri z zi, a n d  D.

M o nt a ni n o,  T ur b ul e nt a xi o n- p h ot o n c o n v ersi o ns i n t h e
Mil k y  Wa y, P h ys.  R e v.  D 1 0 4 , 0 2 3 0 0 3 ( 2 0 2 1).

[ 9 0] htt ps://i nt er m a g n et. git h u b.i o ( a c c ess e d 2 0 2 1).

E A R T H  A S  A  T R A N S D U C E R F O R  A XI O N  D A R K- M A T T E R … P H Y S.  R E V.  D 1 0 5, 0 9 5 0 0 7 ( 2 0 2 2)

0 9 5 0 0 7- 2 3

https://doi.org/10.1146/annurev-astro-082708-101659
https://doi.org/10.1146/annurev-astro-082708-101659
https://doi.org/10.1146/annurev-nucl-102014-022120
https://doi.org/10.1146/annurev-nucl-102014-022120
https://doi.org/10.1103/RevModPhys.90.025008
https://doi.org/10.1103/RevModPhys.90.025008
https://doi.org/10.1016/j.ppnp.2018.05.003
https://doi.org/10.1016/j.ppnp.2018.05.003
https://doi.org/10.1103/RevModPhys.93.015004
https://doi.org/10.1103/RevModPhys.93.015004
https://doi.org/10.1103/PhysRevLett.97.141302
https://doi.org/10.1103/PhysRevD.104.075023
https://doi.org/10.1103/PhysRevD.104.095032
https://doi.org/10.1103/PhysRevD.104.095032
https://doi.org/10.1103/PhysRevD.92.075012
https://doi.org/10.1103/PhysRevD.103.032002
https://doi.org/10.1103/PhysRevD.103.032002
https://doi.org/10.1103/PhysRevLett.126.191802
https://doi.org/10.1103/PhysRevLett.126.191802
https://doi.org/10.1103/PhysRevD.103.102004
https://doi.org/10.1016/j.dark.2017.09.010
https://doi.org/10.1016/j.dark.2017.09.010
https://doi.org/10.1007/JHEP10(2021)075
https://doi.org/10.1007/JHEP10(2021)075
https://doi.org/10.1103/PhysRevLett.112.131301
https://doi.org/10.1103/PhysRevLett.112.131301
https://doi.org/10.1002/andp.201300061
https://doi.org/10.1016/j.dark.2018.10.002
https://doi.org/10.1038/s41567-021-01393-y
https://doi.org/10.1038/s41567-021-01393-y
https://doi.org/10.1103/PhysRevLett.110.021803
https://doi.org/10.1103/PhysRevD.94.082005
https://doi.org/10.1103/PhysRevD.94.082005
https://doi.org/10.1140/epjd/s10053-021-00328-9
https://arXiv.org/abs/2111.06732
https://doi.org/10.1029/2009EO270002
https://doi.org/10.1029/2012JA017683
https://doi.org/10.1038/s41467-021-27632-7
https://doi.org/10.1038/s41467-021-27632-7
https://doi.org/10.1103/PhysRevD.104.055037
https://doi.org/10.1103/PhysRevD.104.055037
https://doi.org/10.1088/1475-7516/2015/02/006
https://doi.org/10.1088/1475-7516/2015/02/006
https://doi.org/10.1103/PhysRevLett.58.1799
https://doi.org/10.1186/s40623-020-01288-x
https://doi.org/10.1186/s40623-020-01288-x
https://doi.org/10.1111/j.1365-246X.2004.02472.x
https://doi.org/10.1111/j.1365-246X.2004.02472.x
https://doi.org/10.1103/PhysRevD.97.123006
https://doi.org/10.1103/PhysRevD.97.123006
https://doi.org/10.1103/PhysRevD.104.095029
https://doi.org/10.1103/PhysRevD.104.095029
https://supermag.jhuapl.edu
https://supermag.jhuapl.edu
https://supermag.jhuapl.edu
https://doi.org/10.1103/PhysRevD.104.023003
https://intermagnet.github.io
https://intermagnet.github.io
https://intermagnet.github.io


[ 9 1]  D e p art m e nt of  D ef e ns e  W orl d  G e o d eti c S yst e m 1 9 8 4— Its
D efi niti o n a n d  R el ati o ns hi ps  wit h  L o c al  G e o d eti c S yst e m s
( T hir d  E diti o n),  Te c h ni c al  R e p ort  N o.  T R 8 3 5 0. 2,  N ati o n al
I m a g er y a n d  M a p pi n g  A g e n c y, 2 0 0 0, htt ps:// gis-l a b.i nf o/
d o cs/ ni m a-tr 8 3 5 0. 2- w gs 8 4fi n. p df .

[ 9 2] P.  A.  Z yl a,  R.  M.  B ar n ett, J.  B eri n g er,  O.  D a hl,  D.  A.
D w y er, D. E. Gr o o m et al. ( P arti cl e  D at a  Gr o u p),
St ati sti c s ( § 4 0), Pr o g. T h e or. E x p. P h y s. 2 0 2 0 , 0 8 3 C 0 1
( 2 0 2 0).

[ 9 3]  R.  A. Fis h er, St atisti c al  M et h o ds f or  R es e ar c h  W or k e rs
[ § 2 1. 1] , 1 3t h r e vis e d e d. ( H af n er P u blis hi n g  C o m p a n y
I n c.,  N e w  Y or k,  N Y, 1 9 5 8).

[ 9 4]  R.  A. Fis h er a n d F.  M ost ell er,  Q u esti o ns a n d a ns w ers, A m.
St at. 2 , 3 0 ( 1 9 4 8).

[ 9 5]  M.  B.  Br o w n,  A  m et h o d f or c o m bi ni n g n o n-i n d e p e n d e nt,
o n e-si d e d t ests of si g nifi c a n c e, Bi o m etri cs 3 1 , 9 8 7 ( 1 9 7 5).

[ 9 6] J.  T.  K ost a n d  M. P.  M c D er m ott,  C o m bi ni n g d e p e n d e nt
p - v al u es, St at. Pr o b a b.  L ett. 6 0 , 1 8 3 ( 2 0 0 2).

A RI E L  A R Z A et al. P H Y S.  R E V.  D 1 0 5, 0 9 5 0 0 7 ( 2 0 2 2)

0 9 5 0 0 7- 2 4

https://gis-lab.info/docs/nima-tr8350.2-wgs84fin.pdf
https://gis-lab.info/docs/nima-tr8350.2-wgs84fin.pdf
https://gis-lab.info/docs/nima-tr8350.2-wgs84fin.pdf
https://gis-lab.info/docs/nima-tr8350.2-wgs84fin.pdf
https://gis-lab.info/docs/nima-tr8350.2-wgs84fin.pdf
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.2307/2681650
https://doi.org/10.2307/2681650
https://doi.org/10.2307/2529826
https://doi.org/10.1016/S0167-7152(02)00310-3

