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ABSTRACT. A subequation, in the sense of Harvey-Lawson, on an open subset
X C R™ is a subset F' of the space of 2-jets on X with certain properties. A
smooth function is said to be F-subharmonic if all of its 2-jets lie in F', and
using the viscosity technique one can extend the notion of F-subharmonicity to
any upper-semicontinuous function. Let P denote the subequation consisting
of those 2-jets whose Hessian part is semipositive.

We introduce a notion of product subequation F#P on X X R™ and prove,
under suitable hypotheses, that if F' is convex and f(z,y) is F#P-subharmonic
then the marginal function

9(x) := inf f(z,y)

is F-subharmonic.

This generalises the classical statement that the marginal function of a
convex function is again convex. We also prove a complex version of this result
that generalises the Kiselman minimum principle for the marginal function of
a plurisubharmonic function.
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1. INTRODUCTION

Although the maximum of two convex functions is always convex, the same is
not normally true for the minimum. However there is a minimum principle for
convex functions that states that if f(z,y) is a function that is convex in two real
variables then its marginal function

g(a) = inf f(z,y)
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is again convex. This fundamental property is used throughout the study of convex
functions, in particular when considering convex optimisation problems. In fact,
since a function is convex if and only if its epigraph is a convex set, this minimum
principle can be viewed as precisely the statement that the linear projection of a
convex set is again convex.

In the complex case, convexity is replaced with the property of being plurisub-
hamonic, and then the statement becomes that if f(z,w) is a plurisubharmonic
function of two complex variables that is independent of the argument of w then
the marginal function g(z) = inf,, f(z,w) is again plurisubharmonic. This mini-
mum principle is due to Kiselman, and is a key tool in pluripotential theory.

*

Darvas-Rubinstein [6] were the first to show that this minimum principle ex-
tends beyond the above classical setting asked if it holds even more generally. The
natural setting for this question is a huge generalization of convexity and plurisub-
harmonicity that uses the technique of viscosity subsolutions, as expounded by
Harvey-Lawson [12, 13, 14].

To explain this elegant idea, consider the real case of convex functions (the
complex case being completely analogous). If g : X — R is a smooth function on
an open X C R"™, local convexity of g is equivalent to the statement that for all
x € X the Hessian Hess,(g) is contained in the set of semipositive matrices. If
g: X = RU{—o0} is merely upper-semicontinuous, then being locally convex is
equivalent to the statement that for any smooth “test-function” ¢ that touches g
from above at © € X (Figure 1) it holds that Hess, ¢ is semipositive.

FiGURE 1. The function ¢ touching g from above at x

Now, we are free to replace the cone of semipositive matrices with any other
subset F' of symmetric matrices, and in doing we can define what it means to be
F-subharmonic in precisely the same way. In fact if instead of using the Hessian
we instead use the full 2-jet, we can take F' to be any subset of the space of 2-jets.
To have a useful theory we need to make some mild assumptions on F.

Definition. Let X C R™ be open and F be a subset of the space
J?(X) =X xR x R" x Sym?

of 2-jets on X. We say that F' is a primitive subequation if

(1) F is closed.
(2) If (z,7r,p,A) € F and P is semipositive then (z,r,p,A+ P) € F.
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Somewhat surprisingly, even at this level of generality the space of F-subharmonic
functions has many properties in common with convex and plurisubharmonic func-

tions. In this paper we define and prove a minimum principle in this setting.
*

For a precise statement, suppose that F' C J2(X) is a primitive subequation and

let
P = {(z,r,p,A) € J*(R™) : A is semipositive}
be the set of 2-jets whose Hessian part is semipositive. We will define a new
primitive subequation
F#P C J*(X xR™)
in such as way that an F#P-subharmonic function is an upper-semicontinuous
f: X XxR™ > RU{—00}

whose restriction to any non-vertical slice is F-subharmonic, and whose restriction
to any vertical slice is P-subharmonic. That is, f is F#P-subharmonic if and only
if
(i) For each linear I' : R™ — R™ and yo € R™ the function
T = f(l‘vyo —|—F1’)

is F-subharmonic, and
(ii) For each fixed z( the function y — f(xo,y) is P-subharmonic (i.e. locally
convex).
We say that a subset Q C X is F-pseudoconver if 2 admits a continuous and
exhaustive F-subharmonic function.

Definition. Let 7 : X x R™ — X denote the natural projection. We say that a
primitive subequation F C J?(X) satisfies the minimum principle if the following
holds:

Suppose Q C X x R™ is an F#P-pseudoconvex domain such that that the slices

Qp ={yeR": (z,y) € Q}

are connected for each € X. Then 7(Q) is F-pseudoconvex, and for any F#P-
subharmonic function f on 2, the marginal function

= inf
is F-subharmonic on 7 (Q)

In the complex case we take X C C", and F C J*>C(X) a complex primitive
subequation (i.e. a subset of the space of complex 2-jets on X with the same proper-
ties as above). Denote by P C J2C(C™) the set of complex 2-jets whose complex
Hessian is semipositive. We then make an analogous definition of product F#¢PC
in which we require the I' : C* — C™ to be C-linear. The complex version of
the minimum principle is similar, but we require both  C X x C™ and f to be
independent of the argument of the second variable.

Definition. Let 7 : X x C™ — X denote the natural projection. We say that a
complex primitive subequation F' C J 2’(C(X ) satisfies the minimum principle if the
following holds:

Suppose Q C X x R™ is an F#PC-pseudoconvex domain such that the slices €2
are connected for each z € X and are independent of the argument of the second
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variable. Then 7(Q) is F-pseudoconvex, and for any F#PC-subharmonic function
f on Q that is independent of the argument of the second variable, the marginal
function

gw) = inf f(z,w)

we,

is F-subharmonic on 7(2).

We conjecture that the minimum principle holds for a wide-class of primitive
subequations F', and in this paper we prove this in complete generality for constant-
coefficient convex primitive equations that have one additional (mild) property.

Definition. We say that F' C J2(X) has the Negativity Property if
(z,7,p,A) € Fand v’ <r = (x,7",p,A) € F.
We say that F' is constant coefficient if for all z, 2’ € X we have
(x,7,p,A) € F & (2',r,p,A) € F,

and F is convex if the fibre F,, = {(r,p, A) : (x,r,p,A) € F} is convex for each
reX.

Main Theorem (Minimum Principle in the Convex Case). Let X C R™ be open
and F C J2(X) be a real or complex primitive subequation such that

(1) F satisfies the Negativity Property,
(2) F is convex,
(3) F is constant coefficient.

Then F satisfies the minimum principle.

It is not hard to check that Prn#Pgrm = Prn+m (and similarly in the complex
case). So when F' = Pga, the above Theorem reduces to the classical statement
that the marginal function of a convex function is again convex. Similarly when
F= P((gn we get precisely the Kiselman minimum principle.

The strategy of proof is as follows. Suppose first that f is F#P-subharmonic
and smooth, and also that for each = the minimum of {f(z,y) : y € .} is attained
at some point y = y(z). Assume also that ~ is sufficiently smooth. Then a direct
calculation, using the Chain Rule, allows one to express the 2-jet of the marginal
function ¢ in terms of the 2-jet of the function f. And from this it becomes clear
that f being F#P-subharmonic implies that g is F-subharmonic. The minimum
principle for general f is then reduced to this case through a number of approxi-
mations, the most significant being that since F' is assumed to be convex one can
perform an integral mollification to eventually reduce to the case that f is smooth.

One difference between the minimum principle we prove here and the classical
case is that being convex (resp. plurisubharmonic) can be tested by restricting to
lines (resp. complex lines), so it is essentially enough to assume that X is one di-
mensional (i.e. that n = 1). For F-subharmonic functions we do not have this tool
at our disposal. However we will see that we can reduce to the case that the second
variable lies in a one dimensional space (i.e. that m = 1) which turns out to be
crucial for the argument we give.

Notice that the convexity of F' is used only in the approximation part of the
above argument (namely that the mollification of an F-subharmonic function re-
mains F-subharmonic). For this reason it seems to the authors that this convexity
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is a facet of the proof rather than an essential feature. In a sequel to this paper we
will take up the minimum principle again for non-convex subequations.

Comparison with other work: The viscosity technique arose in the study of
fully non-linear degenerate second-order differential equations, as pioneered by the
work of Caffarelli-Nirenberg—Spruck [2] and Lions-Crandall-Ishii (see the User’s
guide [4] and references therein). We use here the point of view taken by Harvey-
Lawson [12, 13, 14] that replaces non-linear operators with certain subsets of the
space of 2-jets, which is in the same spirit as earlier work of Krylov [21].

The minimum principle for convex functions is such a basic property that its
origin appears to be time immemorial. The minimum principle for plurisubhar-
monic functions was discovered by Kiselman [18, 19], and is often referred to as the
Kiselman minimum principle. This minimum principle is a tool used throughout
pluripotential theory, and is known to be intimately connected to singularities of
plurisubharmonic functions [7, 16, 18] as well as the complex Homogeneous Monge-
Ampere Equation (see for instance the work of Darvas-Rubinstein [5], or previous
work of the authors [25]).

A stronger form of minimum principle for convex functions was proved by Prekopa
[23], which has since been extended to the plurisubharmonic setting by Berndtsson
[1] (see also [3]). Other form of minimum principle can be found in [26, 22], and
surveys in [8, 20].

In [6], Darvas-Rubinstein prove the first “non-classical” minimum principle using
the viscosity technique. Their interest was in a particular subequation (that is
constant coefficient and depends only on the Hessian part) related to the study of
Lagrangian graphs. After this work was complete we became aware that a more
general minimum principle, with some similarities to the work developed here,
appeared in a lecture course of Rubinstein. We expect, but have not proved, that
the minimum principle in [6] can be derived from the statement in this paper as
the techniques used are rather similar (in fact both have close similarities with
Kiselman’s proof in [19]).

The reader may also note that the authors have as an application of the main
result in [24] a minimum principle that does not require any convexity of the sube-
quation F', but instead requires a certain concavity assumption on the function

[z, y).

Possible Extensions and Future Directions:. The authors’ interest in this min-
imum principle is an ongoing project that extends their work connecting the Hele-
Shaw flow and the complex Homogeneous Monge-Ampere Equation [25]. In fact
it seems apparent that on can generalize the Hele-Shaw flow using F-subharmonic
functions, and this flow is connected by a Legendre transformation to a Dirichlet
problem involving the product subequation. They key step in this is the minimum
principle, and we plan to continue this in future work.

It is possible to extend the notion of F-subharmonicity to Riemannian manifolds
X (see [13] and we observe that this requires some additional structure on X).
Being a local condition, it is clear that the work in this paper generalizes as well,
and applies to products X x R™. We expect that one can also extend to the case
that the R™ factor is replaced by a Riemannian manifold, but have not checked the
details as this would go beyond our intended application.
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We remark finally that the Harvey-Lawson theory also allows for quaternionic
subequations. It would be interesting to know if there is a minimum principle in
this setting as well.

Organization: In Section 3 we introduce the new notion of product subequa-
tion and make precise what we mean by a minimum principle for F-subharmonic
functions. Some examples are then given in Section 4. In Section 5 we prove some
general statements about approximating F-subharmonic functions by ones that are
more regular (for instance the method of sup-convlution allowing approximation
by semiconvex functions, and mollification that allows approximation by smooth
ones).

The main proofs appear in Sections 6 through Section 8, and proceed by a
number “reductions” that show that to prove our desired minimum principle for
f: X xR™ = RU{—o0} we may, without loss of generality, make the following
assumptions:

e we may assume m = 1

e f may be assumed to be bounded from below (Proposition 6.1)

e f may be assume to be relatively exhaustive. i.e. the minimum of f on
each fibre is obtained strictly away from the boundary (Proposition 6.9)

e f may be assumed to be semiconvex (Proposition 7.1)

e f may be assumed to be smooth (Proposition 7.3)

After this we are left with the task of proving the minimum principle under all
the above assumptions, which is done by direct calculation of the Hessian of f. In
the real case this can be found in Proposition 7.4 and in the complex case Propo-
sition 8.6.

Acknowledgements: The authors wish to thank Tristan Collins and Yanir Ru-
binstein for conversations that stimulated this work.

2. SUBEQUATIONS

In this section we recall the definition of subequations and F-subharmonic func-
tions. We start in the real case. Let M, x.,(R) = Hom(R™,R™) denote the space
of n x m real matrices, Symi C My, xn(R) denote the real symmetric n x n matrices
and

Pos, = {A € Sym? : v’ Av > 0 for all v}
denote the symmetric semipositive matrices. Assume X C R” is open and let
J?(X):= X x R x R" x Sym?
be the jet-bundle over X, which has fiber over z € X
J2 =R x R" x Sym? .
For F C J*(X) and z € X write
F,={(r,p,A) € J?: (x,r,p,A) € F}.

Definition 2.1 (Subequations). We say that F' C J2(X) is a primitive subequation
if

(1) (Closedness) F' is closed.
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(2) (Positivity)
(r,p,A) € F, and P € Pos,, = (r,p, A+ P) € F,. (1)
We say that F' C J?(X) is a subequation if in addition
(3) (Negativity)
(r,p,A) € Fy and v’ <r = (',p, A) € F,. (2)
(4) (Topological)

F =Int(F) and F, = Int F,.. and Int F, = (Int F'),, for all x € X (3)

where the bar denotes topological closure.
We say that F is convez if each F is convex, i.e. if ay, a9 € F, and t € [0,1]
then tay + (1 — t)ag € F;.

Remark 2.2. The majority of the results of this paper hold for primitive sube-
quations that satisfy the Negativity Property. The extra assumption of being a
subequation is important for the Comparison Principle proved in [12, 13].

Example 2.3. Set

Px =X xR xR" x Pos,,
which is a convex subequation. By abuse of notation we will simply write P for
Px when X is clear from context.

2.1. F-subharmonic functions. We again let X be an open subset of R™.

Definition 2.4 (Upper contact points, Upper contact jets). Let
f: X > RU{-o0}.
We say that ¢ € X is an upper contact point of f if f(x) # —oo and there exists
(p, A) € R™ x Sym? such that
1
fly) < f(z)+p.(y —z) + i(y —x)'A(y — z) for all y sufficiently near .
When this holds we refer to (p, A) as an upper contact jet of f at .

Definition 2.5 (F-subharmonic function). Suppose F C J?(X). We say that an
upper-semicontinuous function f: X — RU {—oc} is F-subharmonic if

(f(x),p, A) € F, for all upper contact jets (p, A) of f at x.
We let F'(X) denote the set of F-subharmonic functions on X.

Observe that by definition any x such that f(xz) = —oo is not an upper-contact
point, and so the function f = —oo is trivially F-subharmonic. Clearly being F-
subharmonic is a local condition, by which we mean that if {X,},c4 is an open
cover of X then f € F(X) if and only if f € F(X,) for all a.

Example 2.6 (Convex and Plurisubharmonic). Recall Px = X x R x R" x Pos,,.
Then Px (X) consists of locally convex functions on X [13, Example 14.2].

For the reader’s convenience, we collect the properties of subequations and F-
subharmonic functions from the work of Harvey-Lawson that we will need in Ap-
pendix A. The most pertinent is that if f is C?, and F satisfies the Positivity
assumption, then f is F-subharmonic if and only if all its second order jets lie in
F' (see Lemma A.11). For much more depth, including many interesting examples,
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the reader is referred to the original papers [12, 13, 14]. In particular in A.2 we
discuss how this extends to the complex case (with the upshot being that for C?
functions the second order jet is to be understood in the complex sense).

3. PRODUCTS OF PRIMITIVE SUBEQUATIONS
3.1. Real Products. For I' € Hom(R",R™) = M, (R) consider

ir : R" = R™™™  jp(x) = (z,T'x) (4)
JeR™ = R Gi(y) = (0,y). (5)
These induce natural pullback-maps
it TR
3 T = I

with the following property. If f : R*™™ — R is twice differentiable at (0,0) €
R™™™ and we let

fi(z) == f(z,Tz) for x € R"
f2(y) == f(0,y) for z € R™
then f1, fo are twice differentiable at 0 € R™ and 0 € R™ respectively, and
Jg(fl) = i;Jfo,o)(f) (6)
T3 (f2) = 5" T,0)(F)- 7)

L D1 n+m
= eR
P ( P >

A= ( CBt g > € Symi+m
where the latter is in block form, so B € Sym? and D € Sym?,. Then
it (r,p, A) = (r,p1 +T'pa, B+ CT +T*C* +TDT) 8)
J*(r,p, A) = (r,p2, D). 9)

Definition 3.1 (Products). Let X C R™ and Y C R™ be open, and F C J?(X)
and G C J2(Y). Define

Explicitly suppose

and
(
(

F#G c J*(X xY)
by
B 9 _ipa € Fy and jfa € Gy
(F#G) () = {0‘ €Jntm forall T e Hom(R™, R™)

Lemma 3.2 (Basic Properties of Products).

(1) If F and G both satisfy any of the following properties then the same is
true for F#G: (a) Positivity (b) Negativity (c) Being constant coefficient
(d) Being independent of the gradient part (e) Convexity (f) Being closed
(g) Being a primitive subequation.

(2) It CFy,C JQ(X) and G, C G, C J2(Y) then F1#G1 C Fo#Go.

(3) Fori=1,2let H; be a subgroup of GL,, (R) and suppose that F; C J?(X;)
is Hj-invariant. Then Fy#F5 is H; x Ho-invariant.
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Proof. Suppose P € Pos;4y, and I' € Hom(R™,R™). Then i5(0,0, P) = (0,0, P’)
and 5*(0,0,P) = (0,0, P") where P’ € Pos, and P” € Pos,,. Thus (a) follows
by linearity of i} and j*. Statement (b,c,d) are immediate from the definition.
Statement (e) follow from linearity of 4;. and j*, and (f) from continuity of i} and
j*, and (g) combines (a) and (f). Statements (2) is immediate, and (3) follows from
identities such as

ir(ha) = h’{(i;zrhfla) for h = (hy, h2) € Hy X Ho
the details of which are left to the reader. O

Remark 3.3. Taking H; and Hs to be the orthogonal group in Lemma 3.2(3)
allows us to extend the definition of F#F5 to products of Riemannian manifolds.
See [13].

Proposition 3.4 (Associativity of products). Let X; C R™ be open and F; C
J%(X;) for i = 1,2,3. Then

(FV\#Fy)#F3 = Fi#(Fo#Fs).

Proof. This can be proved by elementary manipulations, the details of which can
found in Appendix B. a

3.2. Products of Subequations. We stress that the product of subequations is
not necessarily a subequation since the Topological property may not be inherited
(see Example 4.3). The following two statements give conditions under which this
does hold.

Definition 3.5. We say that F' C J2(X) has Property (P*) if the following holds.
For all z € X and all € > O there exists a § > 0 such that

(x,7,p,A) € Fy = (2,7 —€,p, A+ €ld) € F, for all |2/ — z|| < 4. (P*)

Clearly if F'is a constant coefficient primitive subequation that has the Nega-
tivitiy Property then (P™") holds.

Lemma 3.6 (Products of gradient-independent subequations). Assume F' C J?(X)
and G C J%(Y) are subequations with property (P*1) that are independent of the
gradient part. Then F#( is a subequation.

Proof. The proof is elementary point-set topology, and can be found in Appendix
C. O

Corollary 3.7 (Products of constant-coefficient gradient-independent subequa-
tions). If F,G are both constant-coefficient primitive subequations with the Nega-
tivity Property that are independent of the gradient part, then F#G is a subequa-
tion.

Remark 3.8. Lemma 3.6 is far from optimal. In fact we will give in Section 4
examples of products of subequations that depend non-trivially on the gradient
part that remain a subequation.
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3.3. Complex Products. Essentially the same definition is made in the complex
case. Given I' € Hom(C",C™) we let ir(z) = (2,I'2) and j(w) = (0,w), which
induce pullbacks

) 2,C
i J —>J§’(C

n+m
R S
given explicitly by
i5(r,p, A) = (r,p1 + D*ps, B+ CT + T*C* + T DT (10)
j*(np,A) = (Tap2vD)a (11)
where
_ D1 n+m
= eC
P ( P >
and
. B C ntm
A= c* D ) € Herm(C"™™)

is in block form, so B € Herm(C") and D € Herm(C™).

Definition 3.9 (Products, Complex case). Suppose X C R*™ ~ C" and Y C
R2™ ~ C™ are open. Let F' C J>¢(X) and G C J*C(Y). Define

F#cG C J*5(X xY)

by
_ 2c , fra € Fpand jfa € G,
(F#cG)(ay) = {0‘ €lkm forall T e Hom(C",C™)

This definition is compatible with our abuse of notation in thinking of a com-
plex F C J%(X) as being a subset of J>®(X). That is, if F’ denotes the subset
of J>C(X) we are associating with a complex primitive subequation F' C J?(X),
then (F'#¢G') = (F#G)'. For this reason all the basic properties we prove about
real products extend immediately to the complex case (for example the analogue
of Lemma 3.2 and Proposition 3.4 in the complex case follow immediately from the
real case).

Just as plurisubharmonic functions remain plurisubharmonic after composition
with a biholomorphism, the same is true for F#cPC-subharmonic functions after
composition with biholomorphism in the second variable. The precise statement is
as follows:

Lemma 3.10 (Composition with biholomorphisms in the second variable). Let
F C JQ’C(X) be a complex primitive subequation, Q2 C X x C™ be open and f be
F#¢PC-subharmonic on Q. Suppose that W C C™ is open and

C:W—=¢W)ccm
is a biholomorphism. Then the function
f(z,w) = f(z,¢(w))
is (F#cPC)-subharmonic on {(z,w) € X x W : (z,¢(w)) € Q}.
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Proof. Suppose first that f is C2, so J(Qz’(cc(w))f exists. Then j*J(QZ’CC(w))f € PC which

implies j*Jé’Cw)f € PC. On the other hand if I' € Hom(C",C™) then using the
Chain Rule,

s 12,C F o % 2,C
TGy = Vocr I ¢y f

which lies in F, since f is assumed to be F#cPC-subharmonic. This proves the
result for C2-functions f.

The case of upper-semicontinuous f follows, since if ¢ is a C2 test-function touch-
ing f from above at (2o, wo) then ¢(z, w) := ¢(z, (" (w)) is a C? test function touch-
ing f from above at (zp,((wp)). Thus the result follows from the first paragraph,
combined with Lemma A.12. O

3.4. F#G-subharmonicity by restriction to slices. We now prove that f be-
ing F#G-subharmonic is equivalent to the restriction of f to each non-horizontal
slice being F-subharmonic and its restriction to each horizonal slice being G-
subharmonic. Again X C R™ and Y C R™ are assumed to be open.

Definition 3.11 (Slices). Given zp € X we call
Jao : R™ = R X R™ gy (y) = (20,Y)
a vertical slice. Given yp € Y and I' € Hom(R",R™) we call
tyo,r t R*" = R®" x R™ iy p(z) = (z,y0 + T'z)
a non-vertical slice.

Proposition 3.12. Assume that F' and G are constant coefficient primitive sube-
quations. Let @ C X XY be open and f : @ — RU{—o0c} be upper-semicontinuous.
The following are equivalent

(1) f is F#G-subharmonic
(2)
iyo.rf 18 F-subharmonic for all yo € Y and I' € Hom(R",R™) and
Juof 18 G-subharmonic for all z € X.

The analogous statement holds in the complex case.

Proof. We prove the real case only as the complex one is the same.

(2)= (1) This follows from the definitions. Let

= ((m) (& 5))

be an upper contact jet for f at a point (g, yo). Recall this means

D T—z 1(z-2\'( B C T —x
wsse (3 ) (370 (o) (6 5) (o)
fla < e (2 ) (5T g (BT ) (&5 ) (BT
(12)
for (z,y) near (zg,y0). We wish to show
Q= ((x()vyo))f(anyO)vﬂ) € F#G
Fixing x = z¢ and letting y vary in (12) show that that (p2, D) is an upper
contact jet for j; f at the point yo. Since j; (f) € G(Y') this implies

j*OL = (y07f(x07y0)ap23D) € (FZ)yO'
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Similarly putting y = yo + I'(z — x¢) into (12) and letting = vary gives that (p; +
['py, B+TC + C'T* +T'DT) is an upper-contact jet for i} f at the point .
Since i, rf € F(X) this gives

it = (zo, f(20,Y0),p1 + I'p2, B+ CT +T'C* +T"'DT) € F,.
As this holds for all T" we deduce that a € F#G, and hence f is F#G-subharmonic.

(1)= (2) This direction is more substantial, but follows easily from the Restric-
tion Theorem of Harvey-Lawson. (The reader may want to observe that what we
are calling a primitive subequation is called a subequation in [15] — see the note after
[15, Definition 2.4]). Working locally there is no loss in assuming that 2 = X x Y.
If we let iy, and jz also denote the pullback on second-order jets then, essentially
by definition,

ino. r(F#G) = F and j; (F#G) =G
which are both closed. Thus as F#G is assumed constant coefficient, [15, Theorem
5.1] applies to give (2). O

3.5. Boundary convexity and definition of the minimum principle. Recall
that a function v : X — R defined on an open X C R" is exhaustive if for each
a € R the sublevel set

{r e X :u(x) <a}

is relatively compact in X.

Definition 3.13 (F-pseudoconvexity). Let F' C J?(X). We say that Q C X is
F-pseudoconver if there exists a

u: Q) —R

that is continuous, exhaustive and F-subharmonic.

Remark 3.14. In [12, Section 5] there is a notion of “boundary convexity” de-
fined for domains with smooth boundary, which is possibly different to being F-
pseudoconvex.

Let 7 : R*™™ — R™ be the projection. For a subset 2 C X x R™ and z € X
we write

Q=7 Hz)={y eR™: (z,y) € Q}.

Definition 3.15 (Connected fibres). We say that  has connected fibres if Q, is
connected for each x € w(12).

Lemma 3.16. Assume that F' C J?(X) is a constant coefficient primitive sube-
quation, that and f is F'#P-subharmonic on an open 2 C X x R™. Then
(1) The function h : Q, — RU{—o00} given by h(y) = f(x,y) is locally convex.
(2) If Q, is connected and h is exhaustive then Q, is convex.

Proof. Proposition 3.12 says that h is P-subharmonic, which means it is locally
convex (Example 2.6) giving (1). Statement (2) follows as a connected open set
admitting an exhaustive locally convex function is convex [17, Theorem 2.1.25]. O

Corollary 3.17. If @ C X x R™ is a F#P-pseudoconvex domain and €2, is
connected then €, is convex.
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Proof. Let f be F#P-subharmonic and exhaustive on X. Then for each z € X the
function h(y) = f(z,y) is exhausing on €, so Lemma 3.16(2) applies. O

Definition 3.18 (The minimum principle in the real case). Let F C J?(X) be
a primitive subequation. We say that F' satisfies the minimum principle if the
following holds:

Let Q@ C X x R™ be a (F#P)-pseudoconvex domain with connected fibres.
Then 7(§2) is F-pseudoconvex, and for any f that is F#P-pseudoconvex on 2, the
marginal function

o(w) = inf f(o.y)

is F-subharmonic on 7(£2).

In the complex case we make essentially the same definition, only requiring also
that Q and f be independent of the argument of the second variable. Consider the
real torus

T™ = {e¥ := (e',... &) : 0 =(61,...,0,,)}.
which acts on C™ by

w1 e,

Wi, ew";wm
Definition 3.19 (T™-invariance). We say that Q C C™ x C™ is T™-invariant if
(z,w) € Q= (2,ew) € Q for all £ € T™.
When this holds we say a function f: Q — RU {—o0} is T™-invariant if
f(z,w) = f(z e w) for all e € T™.

Definition 3.20 (Minimum Principle in the Complex Case). Let X C C™ be
open. We say a complex primitive subequation F' C J?C(X) satisfies the minimum
principle if the following holds:

Suppose Q2 C X x C™ is T™-invariant (F#cP®)-psuedoconvex domain with
connected fibres. Then 7() is F-pseudoconvex, and if f is a T™-invariant F#cPC-
subharmonic function on €2 then the marginal function

o) = it f(zw)
is F-subharmonic on 7(£2).

In both the real and complex case we have expressed this minimum principle for
the product F#P. However it is easy to see that one can replace the factor P with
any smaller primitive subequation, as in the following statement.

Lemma 3.21. Let X C R" and Y C R™ be open. Assume that F C J?(X) and
G C J%(Y) are primitive subequations such that

(1) F satisfies the minimum principle.

(2) GcP
Then for any F#G-pseudoconvex domain 2 C X x Y and any F#G-subharmonic
function f on 2 the marginal function
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is F-subharmonic on the F-pseudoconvex domain 7 (€2). The analogous statement
holds in the complex case.

Proof. We consider Q C X XY C X xR™. Since G C P, if Q is F#G-psudoconvex
then it is also F#P-pseudoconvex, and if f is F#G-subharmonic on {2 then it
is also F'#P-subharmonic. Hence the statement that we want follows from the
minimum principle for F. (I

Remark 3.22 (Functions independent of the imaginary part of the second vari-
able). The Kiselman minimum principle is often stated for pseudoconvex domains
Q C C™ x C™ that are independent of the imaginary part of the second variable
(rather than, as we have done here, independent of the argument of the second
variable). But these are equivalent by considering the map ¢(z,w) := (z,e%) and
observing that (2 is pseudoconvex and independent of the imaginary part of the sec-
ond variable if and only if ¢(€2) is pseudoconvex and independent of the argument
of the second variable.

When dealing with a general complex subequation F' it is not clear if £ being
FH#cP-pseudoconvex implies that ¢(£2) is also F#cPC-pseudoconvex (this would
follow if  admitted an exhaustive F#¢PC-subharmonic function that was inde-
pendent of the imaginary part of the second variable, but the authors do not know
whether this always holds). However by an averaging argument we will later prove
that a T-invariant F#cPC-pseudoconvex domain always admits a T-invariant ex-
haustive F'#cPC-subharmonic function (see Lemma 6.4). For this reason we have
stated our minimum principle in terms of the argument of the second variable,
rather than its imaginary part (but see also Corollary 8.8).

4. EXAMPLES
4.1. Example I. It is not hard to check directly from the definitions that
Prn#Prm = Pgn+m and (13)
PEn#HPEn = Pinim. (14)

In the following we will give another example with a similar property, that need
not be constant coefficient or independent of the gradient part.

4.2. Example II. Suppose X C R" is open and let
A:R—>R
p: X x R — Sym? (R)
Definition 4.1. Define
Py, ={(z,r,p,A) € J*(X) : A > \pp" + p where A = \(r) and p = p(z,7)}.

Lemma 4.2.
(1) Fy,, has the Positivity Property.
(2) If A and p are continuous then F is closed and has the Topological Property.
(3) If p(z,r) and A(r) are monotonic increasing in r then F) , has the Nega-
tivity Property.
(4) If X(r) = Ao > 0 for all r, and p(z,r) is convex in r then Fy , is convex.
(5) If A(r) > 0 and p(x,r) > 0 for all ,r then Fy , C P.

In particular if both conditions (2) and (3) hold then F) , is a subequation.
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Proof. (1,3,5) are immediate from the definition, and (2) is simple point-set topol-
ogy that is left to the reader. (4) follows as the function p — pp’ is convex. ([

Proposition 4.3. Suppose that for i = 1,2 we have open X; C R™. Let
AR —=R
w1 X xR—>Symi.
Define p: X7 X Xo xR — SymilJrnz by
w(xy, xe, 1) := diag(p1 (z1,7),0)
(here diag is to be understood as the matrix in block diagonal form). Then

Fx i #Fx0 = Fx p-

In particular, the previous proposition gives various examples of products that
are subequations even though they are not gradient-independent (compare Section
3).

Proof of Proposition 4.3. Write Iy := F ;,, and F; := F)o. Fix z; € X; and let

. [ ;m B C 2
(o= (2)-(2 § )
M1

To ease notation set A := A(r) p1 := p1(x1,7) and
< gt g ) = ( gt g > —App' — (w1, w2, 7)
S0
B =B —pip} — m
C'=C—Apiph
D =D — Apaph.

Claim: o € (F1#F2) (4, 4, if and only if the following three conditions all
hold:

(Id —D[)T) Ct=0 (15)
B—CDCt >0, (16)
D >0, (17)

(where DT denotes the pseudo-inverse of D).
The equivalence between these three conditions and the condition that

B C
< ot D ) > App' + (18)

is a standard piece of Linear Algebra (Proposition 4.6), and this is precisely the
condition that a € (Fy ;)

(z1,22)"

To prove the claim, recall that by definition o € (F1#F%) (s, 2, if and only if

(1) Jra= (T7p27D) € (F2)|962
(i) ¢r(a) € (F1)s, for all T
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Now by definition of Fy, (i) is equivalent is equivalent to D > Apaph which in turn
is equivalent to D > 0. To better understand (ii) write
() := B+ CT +T'C* +T'DI = Ap1 + 'p2)(p1 + T'p2))" —
=B+ CT+T'Ct + DT
Then
ih(a) € (F1)z, < ¢(T) > 0.

Suppose first that (15),(16),(17) all hold. The first and third of these state that
(I - DDHC* =0 and D > 0. So by Lemma 4.5

¢T)>B-C'DIC >0.
As this holds for all T we deduce o € (F1#1%) (2, 2)-

In the other direction, suppose that one of (15),(16),(17) do not hold. If it if
(17) that does not hold then j*o ¢ (F3),, which immediately implies that o ¢
(F1#F2) (2, 22)- SO we may suppose that D > 0.

If (15) does not hold there is some w # 0 such that (I — DDV)Cw # 0. Set
b:= C'w and let R

dpy = 2¢'b + 2t Dx
Then by Lemma 4.4 there is a sequence x; such that qp ,(z;) = —o0 as j — oo.
For each j pick a I'; € M, xn,(R) so that z; = I';w. Then
w'(CT; + F;C’t + Féf)ﬂ)w =b'w; +alb+ xﬁf)xa =qpy(7;) = —0

as j — oo. But this implies ¢(I';) is not semipositive for j sufficiently large, and so
o ¢ (F1#F2) (2 0,)-

Finally assume (15) and (17) both hold, but (16) does not. Then there is a w # 0

such that o
w'(B — CD'CHw < 0.
Again set b := C'w. Then Lemma 4.4 implies is an xg € R™ such that
45 (T0) = —b' Db
Now choose I € M,, % (R) so g = Tw. Then
w'¢(D)w = w'Bw + 4p (o) = w'(B—=CDICHw <0

Hence ((I") is not semipositive, and so a ¢ (F1#[2) (2, 2,)- O

Lemma 4.4. Let P € Sym?(R") and b € R”. Then the function
qpp(v) = 22'b + 2' Px (19)
is bounded from below if and only if P > 0 and (I — PPT)b =0, in which case the
minimum value is attained and is equal to
p* = —btPb.
Proof. See [10, p 420] or [9, Proposition 4.2]. O
Lemma 4.5. Let D € Pos,, and C € M, with (I — DD")C* = 0. For each
I'e M,,«n let
Q) :=CT+TI*C'+T'Dr.

Then

Q(I') > —C'D'C for all T. (20)
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Proof. Fix a vector v and consider
v'Q(I)v = v'CTw + v'T'C* + o' T DI'v.
Defining x := I'v and b := C%v this becomes
v'Q(M)v = blx + 2'b + 2' Da = qp ()
where qp p is as in (19). Note that (I —DD")b = (I — DD")C'» = 0. Hence Lemma
4.4 applies giving
v'Q(IMv > —b' Db = —v'CDTCtw.
As this holds for all v we conclude (20). O

Proposition 4.6. Consider a symmetric block matrix

B C

Then M > 0 if and only if (i) D > 0 (ii) (I — DD")C* = 0 and (iii) B—CDICt > 0.
Proof. See [10, Theorem 16.1] or [9, Theorem 4.3].

Remark 4.7.

(1) An analogous statement holds in the complex case; details are left to the
reader.
(2) Putting A =0 and p = 0 recovers (13) and (14).

4.3. Example 3. Let F C J?(R") be given by
Fp ={(r,p,A) : |pll <1}

which is easily checked to be a constant-coefficient subequation. If (r, ( i ! ) VAN e
2

(F#P) (s, then |[p1 + Tps|| < 1 for all T', which happens if and only if p; = 0
and ||p1]] < 1. Thus F#P is not the closure of its interior (so does not satisfy the
Topological Property) and thus is not a subequation.

5. APPROXIMATIONS

In this section we describe three approximation techniques. The first gives
an approximation of F'#P-subharmonic functions by F'#P-subharmonic functions
that are bounded from below. The second describes the sup-convolution that
approximates bounded F-subharmonic functions by semiconvex ones. The third
uses smooth mollification to approximate continuous F-subharmonic functions by
smooth ones. We remark that it is only the third of these that requires F' to be
convex.

5.1. Approximation by subharmonic functions bounded from below. If
F' is such that sufficiently negative constant functions are F-subharmonic then
any F'#P-subharmonic function f can be approximated by the F#P-subharmonic
functions
fj = max{f, 7.7}

which are bounded from below and decrease to f pointwise as j tends to infinity.

In the following three statements we will show that essentially the same can be
arranged if F' is constant-coefficient, without assuming that sufficiently negative
constant functions are F-subharmonic.
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Lemma 5.1. Let F C J?(X) be a primitive constant-coefficient subequation. As-
sume there exists an F-subharmonic function on X that is not identically —oo.
Then any zg € X is contained in a neighbourhood zy € U C X on which there
exists an f € F(U) that is bounded from below on U.

Proof. Let u € F(X) be not identically —oo and choose some zy € X such that
a = u(zg) # —oo. As u is upper-semicontinuous the set Uy := {z € X : f(z) <
a + 1} is an open neighbourhood of zg. Choose some 6 > 0 so that Bs(zg) C Uy
and let U := Bs /(o).

For ||¢]] < ¢/2 define

uc(z) :=u(x — () for z € U.

Observe that if € U then ||z — ( — ol < ||z — zo] + |IC]| < 6, so u¢ is well
defined and bounded above by a 4 1. Moreover, as F' is constant-coefficient, u¢ is
F-subharmonic on U. Thus

v:=sup{uc : ||C]| < 0/2}
is F-subharmonic on U. And if € U then setting ¢’ := x — ¢ we have ||{’|| < §/2
and so v(z) > u¢(x) = u(z — (') = u(xg) = a and so v is bounded from below by
aonU.
Thus provides an F-subharmonic function bounded from below on a neighbour-

hood U of the point zg. But as F' is constant coefficient, we can translate U to
cover any given point of X, completing the proof. (Il

Lemma 5.2. Let F' C J%(X) be a constant-coefficient primitive subequation. Then
for any F-subharmonic function f on X, the function

™ f(z,y) := f(z) for (z,y) € X x R™
is F#P-subharmonic.

Proof. The vertical slices of 7* f are constant (so certainly P-subharmonic) and the
restriction of 7* f to any non-vertical slice is equal to f and hence F-subharmonic.
Thus 7* f is F#P-subharmonic from Proposition 3.12.

O

Proposition 5.3. Let F' C J2(X) be a constant coefficient primitive subequation
that has the Negativity Property. Let Q@ C X x R™ be open and f be F#P-
subharmonic on € that is not identically —oo.

Then given any xo € m(€2) there exists a neighbourhood zo C U C 7(Q2) and a
v € F(U) that is bounded from below. Moreover setting

Qu ={(z,y) eQ: 2 €U}
the functions

fj = max{f,7"v — j} on Qu
are F'#P-subharmonic, are bounded below, and decrease pointwise to f on Qy as
j — o0.

Proof. If the only F-subharmonic functions on X are identically —oo then f must
also be identically —co so there is nothing to prove. Otherwise given zy € 7(Q)
Lemma 5.1 provides a neighbourhood zg € U C #(Q2) and an F-subharmonic
function v on U that is bounded from below. Furthermore Lemma 5.2 says that
m*v is F#P-subharmonic on U x R™, and so in particular is F#P-subharmonic
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on Qy. Thus the f; are F'#P-subharmonic, bounded from below, and decrease
pointwise to f on Q. ([

5.2. Sup-convolutions. The Sup-convolutions is a well-known construction in the
theory of viscosity subsolutions, that allows approximation of certain F-subharmonic
functions by semiconvex functions.

Definition 5.4 (Semiconvexity). Let £ > 0 and X C R™ be open. Wesay f: X —
R is k-semiconvez if f(x) + 5| x| is convex. If f is x-semiconvex for some > 0
then we say simply f is semiconvez.

Lemma 5.5. Let X C R™ be open and f: X — R. Given € > 0 and non-empty
X' C X the function

o(2) = sup {£(0) — 5 lke — P} for w € X.
cex’ €

is %ﬁ—semiconvex on X.

Proof. Write
1 o 1, 5, 1
9la) + e llel = sup {F(Q) = oG+ o)
which is a supremum of affine functions in x, and thus is convex. ([

Lemma 5.6 (Sup-convolution). Let X C R" be open. Let F' C J?(X) be a con-
stant coefficient primitive subequation that has the Negativity property. Suppose
f is F-subharmonic on X and bounded, say |f(z)| < M for z € X.

Define the sup-convolution

F(a) = sup A Q) — g llz — ¢I1?) for z € X.
cex €

Let § = V4eM and
X5 = {a: : Bg(l‘) C X}
Then

(1) f€is 5--semiconvex

(2) fe\.f pointwise on X as ¢ — 0. In fact

)< s {50~ glle—C?) for o € X, (21)
I¢—=ll<s €

(3) f¢is F-subharmonic on Xs.

Proof. This is [12, Thm 8.2] (we observe that in that paper F is assumed to depend
only on the Hessian part, but the proof works for any constant-coefficient primitive
subequation F' that has the Negativity property.) For convenience we give the
details. (1) follows from Lemma 5.5. For (2) observe that clearly we always have

. 2
fe> f,andif z € X5 and ||z —¢|| > & then f({)— f(z)— [z —¢|> <2M -5 =0,
so f(¢)— Q%HI —(||? € f(z), which proves (21). By upper-semicontinuity of f, this
implies f€ decreases pointwise to f as € tends to zero.

For (3) make a change of variables 7 = ( — x to get

Fo(x) = sup (f(x+7)— o[} for z € X;.
Irll<s €
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The translation « — f(z — 7) is F-subharmonic (Proposition A.7(5)), and by the
Negativity property of F' so is the function z — f(z — 7) — 2i€||TH2 Now f¢
is semiconvex, so continuous, so we may replace the supremum with its upper-
semicontinuous regularisation. Thus (Proposition A.7(4)) f€¢ is F-subharmonic on
X5 as claimed. O

Thus the sup-convolution allows one to approximate bounded F-subharmonic
functions by semiconvex ones (albeit on a slightly smaller subset). For this reason
the following terminology will be useful:

Definition 5.7 (Eventually on compact sets). Suppose P is a property of functions
defined on open subsets of 2, and let f; be a sequence of functions f; defined on
Q.

(1) We say that P holds eventually on relatively compact subsets if given any
open K € ) there is a jo such that f;|x has property P for all j > jo.

(2) We say f; \¢ f pointwise eventually on relatively compact subsets as j — oo
if for any open K & ) the sequence f;|x decreases pointwise to f|x once
j is sufficiently large.

Proposition 5.8 (Exhaustive approximation by semiconvex functions). Let F C
J%(X) be a constant-coefficient primitive subequation with the Negativity Property.

Suppose that f : X — R is F-subharmonic and bounded from below. Then
there exists a sequence of functions

fi: X >R

such that

(1) f; is semiconvex on X.
(2) f; “\« f pointwise eventually on relatively compact subsets as j — oo.
(3) f; is F-subharmonic eventually on relatively compact subsets.

Proof. Let K1 € Ko € K3 € --- be open and each relatively compact in the next,
with Q = U; K;. By assumption f is bounded from below on X, and since it is also
upper-semicontinuous

Mj = sup |f(z)|
zeK;

is finite.
Now for € > 0 consider

1
fie(a) = sup {f(¢) = o_lo — ¢l
CEK; €
Lemma 5.5 implies that f; . is semiconvex on X.

Claim: Given j > 2 and ¢; > 0 there exists an €41 < ¢; such that

(a) fj+1,ej+1 < fj,ej on Kj—l-

(b) fitt,e,5.(x) < SUP|,_¢|<1/; f(¢) for all z € K.

(¢) fi+1,e;4, is F-subharmonic on Kj.

To see this, let M = infeek;_, |fje,(¢)] (which is finite as f; ., is semiconvex, and
so in particular continuous, on K;_1). Any ¢ € K41 \ K, is a bounded distance
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away from any x € K;_1, say ||( —z| > ¢’ > 0. So for such ¢ and sufficiently small
€j+1 < €55
1
FO = 5

On the other hand for ( € K; and x € K;_;, clearly

1
o — ¢ < M1 — %Téa <M < fje; ().

1 2 1 2
— — < — r— < fio (2).
FQ) = g lle = QI < 5O = o =GP < e, 0)
Putting these together,
1
FQ = go = CIF < fie, (@) for all ¢ € Ky, € Ky
J

and taking the supremum over all ( € Kj; proves (a). Furthermore there is no
loss in assuming that €;; is chosen small enough so that setting § := /4M;1€j41
we have K; C {z: Bs(x) C K;41} and 0 < 1/j. Thus Lemma 5.6(2,3) imply (b,c)
respectively.

Now let €1 = €5 := 1 and €3 > ¢4 > - -+ be defined inductively so the claim holds
for all j and set f; := f;,. Condition (1) in the statement of the theorem holds
by construction, and since any open K € X is eventually contained in K for j
sufficiently large, conditions (a,b,c) imply (2) and (3).

For the final statement in the complex case, we may take each of the K; to be
G-invariant, at which point it is clear that f;. is also G-invariant. (]

Corollary 5.9 (Invariance). In the setting of Proposition 5.8 assume that X C
R?™ ~ C™ and that G is a subgroup of the group of n x n unitary matrices. Assume
also that both X and f are G-invariant. Then the functions f; can be taken to be
G-invariant as well.

Proof. In the above proof we can take each of the K; to be G-invariant, and then
the sup-convolutions f;. will also be G-invariant. O

5.3. Smooth Mollification. We next show that the smooth mollification of a
continuous F-subharmonic function is again F-subharmonic, as long as we assume
that F' is convex. Fix a mollifying function ¢ on R", so ¢ is smooth, non-negative,
compactly supported with [, ¢(t)dt = 1 and so ¢c(t) := € "¢(e't) tends to a
dirac delta as ¢ — 0.

Proposition 5.10. [Smooth Mollifications Remain F-subharmonic] Let F' be a
constant coefficient convex primitive subequation, and f be continuous and F-
subharmonic on X. Let K € € be open, and for sufficiently small € define

fo(@) = fro(x)= | ¢c(t)f(x—t)dt.

Rn
Then f. is F-subharmonic on K for all e sufficiently small.

Proof. Note that as ¢ is compactly supported, f. is well-defined for e sufficiently
small. We may think of the integral in the convolution as a limit of Riemann sums,
each of the form
¢e (tz)
N

flx—1t;)

i=1
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for some points {¢;} (where the ¢; of course also depend on N which is dropped
from notation). Note each function x — f(x —¢;) is a translation of f, and hence
is F-subharmonic on K. Let

N
¢e(ti)
Sy=Y et

Then Sy — fRn ¢c(t)dt =1 as N — co. Now as F is convex, the convex combina-
tion

N
vte) = Y- 2 p— )

is F-subharmonic on K (Proposition A.13). And hx tends to f. locally uniformly
as IV tends to infinity, so f. is F-subharmonic as well. (|

Proposition 5.11 (Approximation by smooth functions). Let F C J?(X) be a
constant-coefficient convex primitive subequation with the Negativity Property.
Suppose that f is F-subharmonic on X and continuous. Then there exists a se-
quence of functions

hj: X =R
with the following properties
(1) h; is smooth.
(2) hj — f locally uniformly.
(3) hj is F-subharmonic eventually on relatively compact subsets.

Proof. Let K1 € Ko € -+ € X be an exhausting family of open subsets, each
relatively compact in the next. Using Proposition 5.10 may choose ¢; > 0 such that
the function h; := f * ¢, is F-subharmonic on K;. We can even arrange so that
h; is smooth on fj and then extend it arbitrarily to a smooth function on all of
X. Further we may as well assume that €; — 0 as j — oo. Properties (1,2,3) then
follow as an open K € X is contained in K; for ¢ sufficiently large. (]

In the complex case we will want to apply this in a way that keeps the property of
being T-invariant. This can be done with the same kind of mollification argument
using polar coordinates in the second variable, as long as we work away from the
second variable being zero. The following statement is sufficient for our needs.

Proposition 5.12 (Invariance). Suppose X C C" is open and that F' C JC(X)
is a complex constant-coefficient convex primitive subequation with the Negativity
Property. Suppose also

QC X xC*

is open, T-invariant and that f : Q — R is continuous, F#cPC-subharmonic and
T-invariant.

Then there exists a sequence of smooth T-invariant functions h; : 2 — R that are
eventually F#cPC-subharmonic on compact sets, and converge locally uniformly
to f on Q.

Proof. Exhaust 2 by open K1 € Ko € --- that are each T-invariant. Consider
d(z,w) = (z,e¥) and let g(z,w) = f(z,e"). As f is T-invariant we have that g
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is independent of the imaginary part of w and is F#¢PC-subharmonic by Lemma
3.10. For each j let € be sufficiently small so that the mollification

g;(z,w) = /n /Rg(z,w — )P (2)Pe(t)dtdz

is well defined, smooth and F#cPC-subharmonic on ¢~ Y(K;). Notice that g; is
independent of the imaginary part of the second variable, and just as in the previous
proof we may assume g; is defined, smooth and independent of the imaginary part
on all of ¢~1(Q).

Thus g; decends to a function h; on Q (ie. gj(z,w) = h;(z,e")) and the h;
have the desired properties. O

6. REDUCTIONS

We now consider four reductions concerning the minimum principle that work
in both the real and complex case. The first allows us to reduce the dimension m
of the second variable to 1 (that is, in the real case we can assume Q C X x R
and in the complex case Q@ C X x C). In the second reduction we show that if one
shows that marginal functions of F'#P-subharmonic functions are F-subharmonic,
then the minimum principle holds for F' (i.e. the fact that the projection of an
F#P-pseudoconvex set is F-pseudoconvex is then automatic).

Our third reduction shows that it is sufficient to consider F'#7P-subharmonic
functions f that are both bounded below, and whose fibrewise minimum is attained
strictly in the interior of its domain (a property that is strictly weaker than the
function being exhaustive). In the fourth we show that we can even assume the
function f is semiconvex.

6.1. Reduction in dimension of the second variable.

Proposition 6.1. Suppose F' C J?(X) is closed, and the minimum principle holds
for F'#P-subharmonic functions f on F#P-pseudoconvex domains 2 C X x R
with connected fibres. Then the minimum principle holds for F' in general.

The analogous statement holds in the complex case in which we assume Q C
X x C and that both f and  are T-invariant.

Proof. We need to show the minimum principle holds for F#P-subharmonic func-
tions on F'#P-pseudoconvex domains 2 C X x R™ with connected fibres for any
m > 1. We will use induction on m, the hypothesis of the Proposition being the
case m = 1.

So assume the statement we want holds for all integers up to m. For ease of
notation set

Pn = P]Rn .
From Proposition 3.4 and Example 4.1,

F#Pmi1 = F#(Pm#P1) = (F#Pm)#P1.

Now let
QCXXxR™"™ =X xR™"xR

be an F#7P,,,+1-pseudoconvex domain with connected fibres, and let f be F#P,,41-
subharmonic on Q. We will use (z,(,y) as coordinates on X x R™ x R and apply
the inductive hypothesis twice to the function f, first taking the infimum over y
and then the infimum over (.
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To this end let 7x : X x R™T! — X and 71 : X x R™ xR — X x R™ and
mg : X X R™ — X be the natural projections, so mx = mom;. Set

Q(x,() = {y eER: (xaC7y) € Q}
g1 ({E7 C) = inf f(CU, Cay) for ({E7 C) S 7T1(Q)‘
YE€Qs,0)

Claim: 71(Q) C X xXR™ is F#P,,-pseudoconvex and g; is F'#P,,-subharmonic.

In fact this follows by the inductive hypothesis (with m = 1). First we check
that for each (z,() € X x R™ the set 2, ¢) is connected. But this is clear since

Qaey ={y €eR:(C,y) € Q).

Now €2, is convex (Corollary 3.17), which implies that Q, ) is convex, so cer-
tainly connected. Second, our hypothesis is that Q is F#P,,11 = (F#Pm)#P1-
psuedoconvex and f is F#Py,+1 = (F#Pp,)#P1-subharmonic. Thus the inductive
hypothesis applies to give the claim.

Now let

= inf f Q).
ga2() Ce;?(g)wgl(%o or x € mx(Q)

We claim the inductive hypothesis (for m) implies 7x () = ma(m1(Q)) is F-
pseudoconvex and gs is F-subharmonic. For this we need only verify that m;(2),
is connected. But this follows easily as

m1(Q)e ={C: (z,0) e m(Q)} ={(: ((,y) € Q, for some y}
which is convex as ), is convex.
Now elementary considerations show that

z)= inf inf z,(,y) = inf xz,(,y) for x € mx (2
92(x) CEM(Q)myEQ(m,g)f( ¢y) (va)eﬂmf( ¢y) x ()

which is the marginal function of f. Thus the statement we want also holds for
integers up to m + 1, and the induction is complete. ([

6.2. Projections are automatically pseudoconvex.

Proposition 6.2. Let F C J?(X) be a primitive subequation. Suppose that
for any F#P-pseudoconvex domain 2 C X x R with connected fibres and any
f: Q= RU{—oo} that is not identically —oo it holds that

f is F#P-subharmonic on 2 = g(z) := 1€n£ f(z,y) is F-subharmonic on 7(£2).
S

Then 7(2) is automatically F-pseudoconvex, and so the minimum principle holds
for F.

The analogous statement holds in the complex case, if we make the additional
hypothesis that Q C X x C and f are T-invariant.

Proof. We start with the real case. Suppose that @ C X xR is F'#P-pseudoconvex
with connected fibres, and we aim to show () is F-subharmonic. By hypothesis,
there is a continuous exhaustive F'#P-subharmonic function f : 2 — R. So by
hypothesis its marginal function g(z) := inf,cq, f(x,y) is F-subharmonic on 7(12).
But g is both continuous and exhaustive (Lemma 6.3) from which we conclude that
m(Q) is F-pseudoconvex. This proves the minimum principle holds when m = 1.
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But this is sufficient to prove the minimum principle for all m by Proposition 6.1,
thereby completing the proof in the real case.

In the complex case, the fact that 7(Q2) is again F-subharmonic follows in the
same way once it is established that any T-invariant F#¢PC-pseudoconvex domain
admits a continuous exhaustive F'#¢PC-subharmonic function that is T-invariant,
which we do in Lemma 6.4. O

Lemma 6.3 (Marginals functions preserving continuity and being exhaustive).
Let @ € X xR and f : © — R be continuous (resp. exhaustive). Then g(z) :=
infycq, f(x,y) is continuous (resp. exhaustive).

Proof. For any real number a we have {z € nx(Q) : g(z) < a} C 7x({(z,y) €
Q: f(x,y) < a}. If fis exhaustive then {(z,y) € Q : f(x,y) < a} is relatively
compact, and hence so is {z € 7x(Q) : g(x) < a}, proving that g is exhaustive.

Now assume f is continuous. If g(z) < a for some x then there is a y € €, such
that f(z,y) < a. Then f < a on some neighbourhood Uy x U; of (xo,y0), and
hence g < a on Uy. Thus g is upper-semicontinuous.

Next suppose g(z,) < a for a sequence of points z,, € mx(Q2) that converge to
some x € mx () as n tends to infinity. For each n there is a y,, with f(z,,y,) <
a. Thus (z,,y,) lie in the relatively compact set {(z,y) : f(x,y) < a}, and so
after taking a subsequence we may assume it converges to some point (z,y) € .
Continuity of f yields f(z,y) < a, so g(z) < a. Thus g is also lower-semicontinuous,
and hence continuous. O

Lemma 6.4 (Existence of T™-invariant exhaustive functions). Let F' C J>%(X) be
a complex primitive subequation and Q C X x C™ be a F#cP%-pseudoconvex and
T™-invariant domain. Then there exists a continuous exhaustive F#cPC-function
on (2 that is T"-invariant.

Proof. As ) is F#cPc-pseudoconvex there exists an exhaustive continuous F#cPC-
subharmonic function u on Q. For e € T™ set

ug(z,w) := u(z, ew).

which by Lemma 6.5 is F#¢PC-subharmonic on €.
Now set

v(z,y) == sup ug(,y).
eif €Tm

Clearly v > u, and so is exhaustive as u is. We claim that v is continuous. Let
e > 0. By continuity of u and compactness of T™ there is a § > 0 such that
if ||(z,w) — (¢',w)|| < & then |ug(z,w) — ug(z’,w')| < € for all e € T™. Let
(2, w) — (2,w")|| < & . There is a e € T™ such that v(z,w) < ug, (2, w) + € <
ugy (2", w') + 26 < v(2',w’) + 2e. Swapping the role of (z,w) and (2/,w’) gives
[v(z,w) — v(z',w’)| < 2, proving continuity of v.

Hence v is locally bounded above and equal to its upper semicontinuous regular-
isation. So Proposition A.7(4) tells us that v is F'#¢Pc-subharmonic on Q. Note
that v is T™-invariant by construction.

O

Lemma 6.5. Let f be an (F#CPC)—subharmonic on a T™-invariant open €2 C
X x C™. Then for any fixed ¢ € T™ the function fy(z,w) = f(z,e"w) is
(F#cP®)-subharmonic on

Proof. Apply Lemma 3.10 to the biholomorphism ((w) := e*w. a
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6.3. Reduction to functions that are relatively exhaustive. We next show
how to reduce to functions that are bounded from below, and have the property
that on each fibre the minimum is attained strictly away from the boundary. In
fact we will need two versions of this, and the following terminology is useful. Let
' CU x R™ where U C R" is open and f: Q — RU{—o0}.

Definition 6.6 (Relatively exhaustive). We say f is relatively exhaustive if for all
open V @ U and all real a the set

{(z,y) € Q: f(z,y) <aand x € V}

is relatively compact in €0'.

Definition 6.7 (Functions with fibrewise minimum strictly in the interior). We
say f attains its fiberwise minimum strictly in the interior if for any xo € U there
exists a real number a and neighbourhood zy € V' C U such that

Ky :={(z,y) € ¥ : f(x,y) <aand x € V}

is relatively compact in Q' and 7(Ky) =V.

(In other words, the marginal function of f is bounded from above by a on V,
and the set of points (z,y) over V for which f is less than a is contained strictly
away from the boundary of '.)

Lemma 6.8. If f is upper-semicontinuous and relatively exhaustive then is attains
its fiberwise minimum strictly in the interior.

Proof. Let g(x) = infycq, f(z,y). For any zo € 7(Q) pick any a with a > g(zo).
Then there is a neighbourhood V such that ¢ < a on V. The set Ky is relatively
compact in " as f is exhaustive, and 7(Ky) = V by construction. [

We will prove the next two statements simultaneously.

Proposition 6.9. Let F' C J?(X) be a primitive subequation that is constant
coefficient and has the Negativity Property. Suppose for any

Fi0 SR
such that
(a) ' C X xR is open and has connected fibres,
(b) There exists a bounded F-subharmonic function on 7(£2'),
(¢) fis F#P-subharmonic,
(d) f is bounded from below,
(e) f attains its fiberwise minimum strictly in the interior,

the marginal function
= 1 f
g(x) = mf f(z,y)
is F-subharmonic on 7({2). (Note that in the hypothesis we are not assuming that
Y is F#P-pseudoconvex).
Then the minimum principle holds for F. The analogous statement holds in

the complex case under the additional assumption that f and @ C X x C are
T-invariant.

Proposition 6.10. Let F' C J%(X) be a constant-coefficient primitive subequation
that has the Negativity Property. Then the conclusion of Proposition 6.9 continues
to hold if condition (e) is replaced with
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(e”) f is relatively exhaustive.

Proof. Using Lemma 6.8 it is clear that Proposition 6.10 implies Proposition 6.9,
so it is sufficient to prove only the former.

Let © C X x R be an F#P-pseudoconvex domain with connected fibres and
f:Q = RU{—o0} be F#P-subharmonic and not identically —co with marginal
function

@) = int fla.9).

We claim that § is F-subharmonic on 7(2). By Proposition 6.2 this implies the
minimum principle holds for F.

By the hypothesis that Q is F#P-pseudoconvex, there exists an exhaustive
F#P-subharmonic function u on 2. By Proposition 5.3 there is an open cover
of m(2) by open subsets U C 7(£2) on which there exist an v € F(U) that is
bounded from below. In such a case consider for each j € N the function

fj = max{f,ﬂ'*v—j,u—j} on Y = Qﬂﬂ'_l(U).

Observe that both 7*v — j and u — j are F#P-subharmonic (the first of these is
Proposition 5.3, and the second follows as F#P has the Negativity Property) and
hence so is f;. Thus (€, f;) and satisfy properties (a—d,e’), so by hypothesis

9)(x) = inf f(@.0)

is in F(U). But f; decreases to flo: as j — oo, and so g; decreases pointwise to
Jlu as j = oco. Thus g|y is F-subharmonic, and since this holds for all such U we
conclude that § is F-subharmonic on () as claimed.

The complex case is the same since we can pick u to be T-invariant by Lemma
6.4, so both " and f; are T-invariant if f and Q are. O

Remark 6.11. (1) Tt is possible to prove the minimum principle in the real
case only using Proposition 6.10. However we will instead use Proposition
6.9 so that we can more easily reuse our statements when proving the
complex case.

(2) The only place so far we have used that F is constant-coefficient is in en-
suring that X is covered by open sets that admit F-subharmonic functions
bounded from below. There is a a version of Proposition 6.10 that does
not require F' be constant-coeflicient if one removes hypotheses (b) and (d).
The proof is essentially the same, and is left to the reader.

7. THE MINIMUM PRINCIPLE IN THE REAL CONVEX CASE

We now use approximation arguments to reduce the minimum principle to con-
sidering first only semiconvex funtions, and then only smooth functions. Note that
we are restricting attention for the moment to the real case; the complex case
is slightly more involved due to the requirement that all quantities involved be
T-invariant, and will be taken up in the next section.

7.1. Reduction to semiconvex functions.

Proposition 7.1. Let F C J%(X) be a constant-coefficient primitive subequation
that has the Negativity Property. Then the real case of Proposition 6.9 continues
to hold we assume in addition that
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(f) f is semiconvex.

Proof. Let f : Q" — R be such that (a-e) hold, and as usual set g(z) = inf,cqor f(z,y).
We will show g is F-subharmonic on 7(€’), so Proposition 6.9 applies.

Since f satisfies condition (d) (namely f is bounded from below) we can use
the sup-convolution to approximate f by F#P-subharmonic functions that are
semiconvex. In detail, let

fj 04 —R
be the sequence of such approximations of f provided by Proposition 5.8, and for
convenience of the reader we recall these functions satisfy:

(1) f; \« f eventually on relatively compact sets as j — co.
(2) f; is semiconvex on €.
(3) f; is F#P-subharmonic eventually on relatively compact sets of €'.

It is sufficient to prove that g is F-subharmonic on some neighbourhood of an
arbitrary zo € w(€'). As f satisfies condition (e) (namely that it attains its relative
minimum strictly in the interior) we know there is an a > g(xg) and a neighbour-
hood V of z¢ in 7(§Y’) such that

Ky :={(z,y) € : f(r,y) <aandzx eV}

and m(Ky) = V. Since ' has connected fibres, we can fix an open K’ with
Ky ¢ K' C € each relatively compact in the next such that K’ has connected
fibres.

Now choose jy large enough such that for all j > jo,

(i) fi(zo,y0) < a.
(ii) f; ¢ f pointwise on K'.
(iii) f; is F'#P-subharmonic and semiconvex on K'.

By (i) and continuity of f;, there are small neighbourhoods zy € Uy C n(Ky) and
yo € Uy C Q,, such that Uy x Uy C K and

fjo < a on UO X Ul.
Shrinking Uy if necessary, we may as well assume that there exists a bounded F-
subharmonic function on Uy (Lemma 5.1).
Now set K{; := K'n#w~*(Up) and
fi=1T j‘K(’J(]'
Claim I: If z € Uy then
inf f; inf = | — 00. 22

f, fi(2y) N i f(wy) = g(z) as j — o (22)

To prove this note first by (ii) we have

ylenz£; filz,y) N\ ylerg, f(x,y) as j — oo.

On the other hand, (ii) also implies f; is pointwise decreasing on Uy x Uy C K, so
fgfj<fj0<aOHU0XU1 forallj > Jo- (23)
Thus

inf < inf <a.
ot flz,y) < nf f(z,y) <a
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But by construction if y € Q. \ K’ then f(z,y) > a. So
. f — f ""
o f (2,9) i, fi (z,y)

proving Claim 1.
Claim II: For j > jy the function f; : Ky, — R satisfies conditions (a—f).

We have arranged that (a) holds (namely that K is connected) and also that
7(Ky;,) = Up which admits a bounded F-subharmonic function, giving (b). Con-
ditions (c) and (f) (namely that f; is F#P-subharmonic and semiconvex on Ky, )
are given by (iil). In fact f; is semiconvex on all of (', so in particular continuous
on K’, and thus fj is bounded from below, giving (d). It remains only to verify
(e), namely that fj attains its fibrewise minimum strictly in the interior.

For this let & € Uy and fix any neighbourhood & € V € Up. Let a be the number
used above. Then

K :={(z,y) € Ky, : fi(z,y) <aand z €V}
CKvﬂﬂ'_l(f/)

which implies K is relatively compact in K U, (see Lemma 7.2), and (23) implies
7(K) = V. This precisely says that fj satisfies (e), competing the proof of Claim II.

So by the hypothesis of the Proposition, the marginal function of f]| Ky, 1s F-
0
subharmonic on Uy. That is

gj(z) == ylenlgé filz,y) for z € Uy = m(Ky,)

is F-subharmonic. But Claim I tells us that §; decreases pointwise to g on Uy as j
tends to infinity, and so g € F(Up). Since zg € 7(€') was arbitrary this implies g
is F-subharmonic 7(£2), completing the proof. O

Lemma 7.2. Let Ky € K’ € X x R be open, and V € Uy @ 7 (Ky) also be open.
Assume that K C Ky N7~ 1(V). Then K is relatively compact in K’ N7~ (Up).

Proof. Left to the reader. (Il
7.2. Reduction to the smooth case.

Proposition 7.3. Let F' C J2(X) be a constant-coefficient primitive subequation
that has the Negativity Property and is convex. Then the real case of Proposition
7.1 continues to hold if we assume in addition that

(g) f is smooth.

Proof. The proof of this is almost identical to that of the previous Proposition. Let
[ = RU{—o0} be such that (a-f) hold, and as usual set g(z) = inf,cqr f(z,y).
We will show is F-subharmonic on 7(€2’) so Proposition 7.1 applies.

Since F'is now assumed to be convex, so is F#P, and f is assumed to be semicon-
vex (so in particular continuous), we may use smooth mollification to approximate
f locally uniformly by a sequence of smooth functions. So let h; : X — R be the
sequence of smooth functions furnished by Proposition 5.10. Recall these satisfy

(1) hj — f locally uniformly as j — oo.
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(2) h; is smooth.
(3) hj is F#P-subharmonic eventually on relatively compact sets as j — oo.

Then the proof proceeds precisely as in Proposition 7.1, only we replace (22) with
the statement that

inf hj(z,y) = inf f(z,y) = g(x) locally uniformly as j — oo (24)
yeK, ye,

which follows easily from the fact that h; — f locally uniformly.
O

7.3. The minimum principle in the smooth real case. We next turn our at-
tention to a statement that guarantees that marginal functions of certain sufficiently
smooth F'#7P-subharmonic functions are F-subharmonic.

Proposition 7.4. Let X C R” be open and F' C J2(X) be a primitive subequation.
Let Q C X x R™ be open and assume f : 2 — R is such that

(1) fisC%

(2) f is strictly convex in the second variable.

(3) There exists a C* function v : X — R™ such that

o(e) = inf flo,y) = f@.7(2) for 2 € m(Q)

Then
(a) The derivative of v at a point x € 7(Q) is given by
dry —t ot
'=—=-D"°C 25
e (25)
where
B C
tessuin (N = (0 5 ) (26)

is the Hessian matrix of f at (x,v(z)) in block form (so B;; = %afmjkmw(m))
etc.).
(b) The marginal function g is C?, and its second order jet at a point x € () is
given by
where i* is as defined in (8).
(c) If additionally f is F'#P-subharmonic on § then g is F-subharmonic on 7(£2).
Proof. Note first that D = (ay%afy,-) is strictly positive as f(x,y) is assumed to be
strictly convex in y, so the inverse in (25) exists. Now, as () is a minimum of the
function y — f(x,y) we have

of

a—y(m,’y(x)) =0 for all z € X. (28)
Differentiating g(x) = f(x,v(x)) with respect to x gives
0 0 0 0

S(e) = 5 ) + (e ()) = G (@), (29)

from which we see 2 is C! (i.e. v is C2). Then differentiating (28) with respect to

x yields
_ ANT t
0=C+(—)D=C+T1"D
dzx
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giving (25). Now differentiating (29) with respect to x gives
dy t
Hess;(g) :B—i—Cd— =B+ CI'=B-TI"DI.
x

So in terms of second order jets

of .
Ja%(g) = (f(SU,"}/((E)), %kx,w(x)a B — FtDF) = ZFJ(Qz,'y(m))(f)
which is (27).

Finally assume f is F#P-subahamonic. Then since it is also C?> we know that
J(Qmﬁ(xo)) (f) € (F#P)(y,4(x)) and hence (by the definition of product subequations)
J2(g9) = zl’iJﬁL Sy (f) € Fi. So as g is C? and 7 is arbitrary, Lemma A.11 yields g
is F-subharmonic as claimed. (]

A simple argument with the implicit function theorem shows that if y — f(x,y)
is strictly convex and attains its (necessarily unique) minimum at a point ()
then the function z ~ ~(x) is C!. However in the case we will be interested in,
the map y — f(x,y) is convex but not necessarily strictly convex (so any such
minimum need not be unique). If F' depends only on the Hessian part, then one
can circumvent this problem by approximating f by adding a small multiple of the
function ¢(z,y) := ||y||>. Such an approximation will be strictly convex in the y
direction, and remains F'#P-subharmonic as the Hessian of ¢ is strictly positive.

The next proposition is needed to deal with the possibility of gradient dependence
of F. We emphasise that among the hypothesis is that m is equal to 1.

Proposition 7.5. Let X C R” be open and F' C J2(X) be a primitive subequation.
Suppose

f: =R
is such that

(a) ' C X xR is open and has connected fibres.
(c) fis F#P-subharmonic.
(e) f attains its fibrewise minimum strictly in the interior.

(g) fisC2
Then the marginal function

g(x):= inf f(x,y) for z € 7(Q)
YEQ
is F-subharmonic.

Proof. Fix xg € w(92). By (e) there is an a so g(xo) < a and a neighbourhood V of
x¢ that is relatively compact in U such that the set

K :={(z,y) €Q: f(z,y) <aand z € V}

is relatively compact, and g < a on V. Note that for each x € V the function
y — f(z,y) is convex, and since €2, is connected, we see that K, is also connected.
Now write in block form

s = ( 5 ) (30)
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(so B, C, D are functions of (z,y) which is dropped from notation). Given «,j € N
we define

¢:=(y) = (31)
[ :=T(z,y) := —(D + j ' Hess, ¢)"'C* (32)
Claim I: For any 6 > 0 it holds that for all j > o > 0,
il <o (33)
i~ Vel < 6 (34)

uniformly over (z,y) € K.

The first statement is immediate as ¢ is continuous and K is relatively compact.
For the second statement observe first that the inverse in the definition of I' is
well-defined as f is convex in the second variable, so D > 0 and ¢ is strictly convex
so Hess, ¢ > 0. Now

571 TVl = (5 al e oY)
=57 aC(D + 5 a%e ) tem |
—1 —ay A
jlae < el

<12 <
D+ j7tae~y o

where the last inequality uses that D > 0. Now ||C|| is bounded uniformly over the
relatively compact set K, so Claim I follows.

Consider next the function

fi@ ) = fla,y) + 5 o(y)
and set
gj(z) = nf fi(z,y).
Fix neighbourhoods zo € Uy C V and yo € Uy C €1, such that Uy x Uy C K.

Claim II: For z € Uy
9;(x) N g(x) as j — oo.
To see this observe that since f; decreases to f we have
g;(z) N\, inf f(x,y) asj — oo.
yeK,

On the other hand, as x € Uy we certainly have g;(z) < a. But f(z,y) > a for all
y ¢ K, and so in fact infycx, f(x,y) = infycq, f(z,y) = g(z).

Next recall from Lemma A.8 the primitive subequation F° C J?(X) given by
F% = {(r,p,A) : 3, p’ such that (+',p', A) € F, and |r —7'| < 6 and ||p—p'|| < 6}.

Claim III: For given § > 0 it holds that for all j > o > 0 the function g; is
F®-subharmonic on Uy.

Assuming this claim for now, fix such an « and let j tend to infinity to deduce
from Claim II that g is F?-subharmonic on Uy. Letting § — 0 yields that g is in
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fact F-subharmonic on Uy (Lemma A.8(3)). Since Uy is a neighbourhood of an
arbitrary point zo € w(£2) we conclude finally that g is F-subharmonic on () as
needed.

Proof of Claim III: Let « € Uy. Since f is convex in y (Lemma 3.16) the
function y — f;(z,y) is strictly convex. So as €1, is connected, this along with (e)
implies y — f;(x,y) has a unique minimum which we denote by v;(z). Note that
by construction (z,v;(z)) € K. So if € Uy then v;(z) is the unique point that
satisfies o7

8735(1”%(93)) =0.
As f; is strictly convex in the y direction, the implicit function theorem implies
that +; is C'. Observe by definition,
g;(x) = fi(x,v;(x)) for x € Up.

Now

B C
Hess(x,,yj(x))(fj) = < Ct D+t Hessy () ¢ ) .

where ¢ = C(x) = C(z,7;(x)) and similarly for B and D. Then Proposition
7.4(1,2) applies to f;|k, giving
dr;
< = Li@)
where
Lj(a) :=D(a,7(@) = =(D + j~ alem @) 710" (35)
(we remark that the transpose from equation (25) has been dropped as D isa 1 x 1
matrix). Moreover g; is C?, and its second order jet at a point & € Uy is given by

Ji(gj) = ilfj J(QI,’yj(a:))(fj)
= it TG e (F) 5710, TG 0) (9)
= 00, oy o) (F) 57 (@(1()), Tj VL, ), T (Hessy, () #)T )
€ Fy + 571 (0(75(2)), L5V s, (), 0)
where the last line uses that f is F'#P-subharmonic and the Positivity property of
F. Then the bounds in Claim I show that for j > a > 0 it holds that J2(g;) € F?

completing the proof of Claim III and the Proposition.
O

7.4. Synthesis. The above analysis in the smooth case, combined with our previ-
ous reductions, is enough to prove our first minimum principle.

Theorem 7.6 (Minimum Principle in the Real Convex Case). Let F' C J?(X) be
a real primitive subequation such that

(1) F satisfies the Negativity Property,
(2) F is convex,
(3) F is constant coefficient.

Then F satisfies the minimum principle.

Proof. This follows by combining Proposition 7.3 and Proposition 7.5.
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Remark 7.7. When F = P, we have seen in Section 4 that F#P,, = Pnim-
Then Theorem 7.6 becomes the classical statement that if f(z,y) is a function that
is convex as (x,y) varies in a convex subset of R™*™ whose fibers are connected
then the marginal function g(z) := inf, f(z,y) is convex in x.

8. THE MINIMUM PRINCIPLE IN THE COMPLEX CONVEX CASE

We now prove the minimum principle in convex complex case. The idea of the
proof is similar to the real case, but made slightly more complicated as we are
considering the complex Hessian and have to make sure that all the terms that we
deal with are T-invariant.

In the following X C C™ will be open and F C J*®(X) a primitive complex
subequation. We will let z be a complex coordinate on C" and w a complex
coordinate on C.

8.1. Reduction to domains in the complement of zero section. We first
consider a reduction that allows us to work away from the zero section of the
second variable (i.e. to work insude X x C*). This is needed to ensure that when
we make a smooth mollification we can retain the property of being T-invariant.

Proposition 8.1. Let F C J?¢(X) be a complex primitive subequation that is
constant coefficient and has the Negativity Property. Suppose for any

f:Y =R
such that
A) @V is a T-invariant open subset of X x C with connected fibres,
There exists an F-subharmonic function on 7(£2') that is bounded from below,
f is F#¢PC-subharmonic and T-invariant,
f is bounded from below,
(E) f attains its fiberwise minimum strictly in the interior,
(F) @ c X xC*,
the marginal function

(
(B)
(©)
(D)
)
)

o(2) = jnf fz)
is F-subharmonic on 7(£?'). Then the minimum principle holds for F.
Proof. Let f: Q" — R be such that (A-D) hold and also

(E’) f is relatively exhaustive.

Set g(z) = infyeq, f(2,w) which we will show is F-subharmonic on 7(2’). Then
Proposition 6.10 applies to give that the minimum principle holds for F'.

Fixing zo € (') it is sufficient to prove g is F-subharmonic in some neighbour-
hood V of zp. As 2 is T-invariant and connected we can write

Q, ={weC:r<|wl <R}

for some 0 <7 < R < o0. The proof then splits into two cases.
Case 1: r=0.

We are assuming f is bounded from below on 2, so say f > ¢. Then (2¢,0) € Q,
so for sufficiently small neighbourhoods V' of zy we have (z,0) € Q for all z € V.
Shrinking V' if necessary we may assume V & ('), and there exists a bounded
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F-subharmonic function on V. In fact shrinking V' further if necessary we can fix
real numbers 0 < R < R < R” and C such that for all z € V,
(I) if 0 < |w| < R” then (z,w) € Q.

(I) if |w| < R then f(z,w) < C.

(III) if R’ < |w| < R” then f(z,w) > 2C —c.
(This is possible by using openness and upper-semicontinuity of f to obtain R and
C' in such a way that {(z € V,|w| < r} is relatively compact in €', and then using
that f is relatively exhaustive to obtain R’ and R”). Set

R
Claim: For all j sufficiently large there exist h; : ; — R such that
(i) m() = V.
(ii) h; has properties (A-F).
(iii) For all z e V
inf < inf Ay < inf . 36
weﬂz,llrul;|>/\ﬂ+1 f(z,w) - wgillj,z j(z,w) - weQzl,Illw\>>\J’ f(z,w) ( )

Given this claim for now, we use the hypothesis of the Proposition to conclude
that k;j(z) :=inf.cq, , hj(z,w) is F-subharmonic on V. But (36) implies also that
k; decreases pointwise to g(z) = inf,,cq, f(2,w), which is thus also F-subharmonic.

For the claim, choose j large enough to \J < R. Define
Q; ={(z,w) €Y :z€V and |w| > (R/R")N}

and set
hy = max{ /(= w), f(= RN fu) 4 ¢ — ).
Observe first that if (z,w) € Q; then RN /|w| < R” so (z,w) €  and thus h; is

well defined on ;. Moreover if 2 € V and |w| > M then f(z, RN /w) +c—C <
¢ < f(z,w) so

(z,w) € Q; and |w| > N = hj(z,w) = f(z,w). (37)
On the other hand if z € V and (R/R")N < |w| < M1 then RN /|w| > R’ so

using (1), f(z, RN /w) +c¢—C > C > f(z,w) (the last inequality follows from
(IT) since we are assuming j is large enough so AT < R). Thus we have

(z,w) € Q; and |w| < N1 = hj(z,w) > C. (38)

Now as M < R < R” item (I) implies 7(£2;) = V so (i) holds. Proposition 3.10
implies that the function (z,w) — f(z, RN /w) is F#P-subharmonic, hence so is
hj. From this properties (A-D) and (F) for the function h; are immediate, and
property (E) (namely that h; attains its minimum strictly in the interior) follows
from (38) and (37) giving (ii).

From (37) if z € V then

inf h:(z,w)= inf hi(z,w).
ot (2, w) N (2, w)

Then observing that Q' N {Jw| > M} C Q; N {Jw| > M1} we have
inf h;(z,w) = inf hj(z,w) < fz,w).

inf
we, - weL -, |w|>AI+1 weQ,,|w|>N\I
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On the other hand h; > f everywhere so

inf hj(z,w) = inf hailz w) > inf o w
wey.z (% ) WE, 2 |w|>AIF1 i )7wer,z,|w|>/\J+1 fz,w)
> inf f(z,w)

weQ |w|>AI+1

where the last inequality uses Q; C €. Thus we have (iii) giving the claim, and
completing the proof in the case r = 0.

Case 2: r > 0.

Fix a > g(z9). As f is assumed to be relatively exhaustive, there is relatively
compact neighbourhood V' of zp such that the set K = {(z,w) € ' : f(z,w) <
a and z € V} is relatively compact in Q'. Hence (just because it is relatively
compact) we can arrange, by shrinking V' is necessary, that there is an 7’ > r such
that

Kc X x{(z,w):|w|>r}.
Furthermore there is no loss in assuming that there exists an F-subharmonic func-
tion on V that is bounded from below.

Now set

J = flonwx{(zw):w|>r})-
Then by construction,
(i) j has properties (A-F)
(ii) The marginal function of j equals the marginal function of f on V, i.e.

inf j(z,w) = in(f2 f(z,w) =g(z) for z € V.
w weN,

Given this, our hypothesis apply to the j’ giving that g is F-subharmonic on V/,
which completes the case r = 0 and the proof of the Proposition is finished.
O

8.2. Reduction to the smooth complex case.

Proposition 8.2. Let F' C J?C(X) be a complex constant-coefficient convex prim-
itive subequation that has the Negativity Property. Then Proposition 8.1 continues
to hold we assume in addition that

(G) f is semiconvex.

Proof. The proof is the same as that of Proposition 7.1, only using Corollary 5.9
instead of Proposition 5.8 to ensure that the approximating semiconvex functions
f; are T-invariant. (I

Proposition 8.3. Let F C J>C(X) be a complex constant-coefficient convex prim-
itive subequation that has the Negativity Property. Then Proposition 8.2 continues
to hold if we assume in addition that

(H) f is smooth.

Proof. The proof is the same as the proofs of Proposition 7.3, only using Proposition
5.12 instead of Proposition 5.11 to ensure that the approximating smooth functions
h; are T-invariant (and we observe here that we are using in a crucial way condition

(F) that says ' C X x C*). O
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8.3. The minimum principle in the complex smooth case.

Proposition 8.4. Let 2 C X x C* be open and T"-invariant, and assume f : Q) —
R is such that

(1) fis C? and T™-invariant and strictly pseudoconvex in the second variable.
(2) There exists a real C* function v : X — R™ C C™ such that

g9(z) == wigsfzz f(z,w) = f(z,7(z)) for z € ().

Then
(a) The derivative of v is given by
dry 1 .
where
B C
Hess(, () (f) 2( ot D ) (40)

is the complex Hessian matrix of f at (z,7(z)) in block form (by which we
3 12} 12}
mean Bij = 57| o )y Ci = g2 and D = 5ol vie).
(b) The marginal function g is C2, and its second order complex jet at a point
x € w(§2) is given by
- ,C
Jf’c(g) = Z21“](2z¢y(z))(f) (41>
where ¢* is as defined in (8).

(c) If additionally f is F#cPC-subharmonic on € then g is F-subharmonic on
().

Proof. As y(z) is a minimum of the function w — f(z,w) we have

f(z7()) = 0 and (42)

fu(z,7(2)) = 0.
Differentiating (42) with respect to z,
fﬁz(% 7(2» + fwﬁ(zv ’7(2))’%(2) + fww(zv 7<Z))7z =0
where we have used that v is real so (7), = 7,. Now [ is T™-invariant, so (42)
implies
Juw(2,7(2)) = fuw(z,7(2))
(this can be seen, for instance, by using polar coordinates). Thus in fact
Jw=(2,7(2)) + 2fuww(2,7(2))7:(2) = 0
giving (39).
For the second statement, by definition
9(2) = f(z,7(2))
so differentiating with respect to z gives
9z = fz(za 'V(Z)) + fw(za 'V(Z))’yz + fm(Z, 7(2))72
= fz(za ’7(2))

Differentiating with respect to z gives

92z = sz(Z,'V(Z)) + fzw(zap)/(z))’)’?‘i’ fzﬁ(zaf}/(z))%
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After some manipulation, in terms of second order jets we deduce

Jj’c(g) = (f(Z7’y(Z)), 2£|(z,'y(z))7 2B — 8T DF)) = ZQFJ?z,W(z)(f)

which is (41).
The final statement follows from this (precisely as in the proof of Proposition
7.4). O

The following perturbation argument deals with the fact that w — f(z,w) may
not attain a (unique) minimum. We stress that we use in an essential way that
QCXxCr.

Proposition 8.5. Let X C C" be open and F C J?>%(X) be a complex primitive
subequation. Suppose
f: =R
is such that
(A) ' C X x C is open, T-invariant and has connected fibres.
(C) fis F#cPC-subharmonic and T-invariant.
(E) f attains its fibrewise minimum strictly in the interior.
(F) QcC X xC~.
(H) fisC?.

Then the marginal function

g(z) := wiélffzz f(z,w) for z € 7(Q2)

is F-subharmonic.

Proof. This is similar to the proof of Proposition 7.5, but made slightly more com-
plicated due to the presence of the complex variable. For completeness we give the
entire argument here.

Fix zp € 7(2), pick a so g(z9) < a and let wg be such that f(zp,wo) < a. Fix
also an open neighbourhood zp € V € () and let

K :={(z,w) € Q: f(z,w) <aand z € V}

which by hypothesis is relatively compact. Since we are assuming 2 C X x C*, the
set K is bounded away from w = 0. So we may fix a large real M so

(z,w) € K = M~ < |lw|| < M. (43)

Note that K is also T-invariant, so shrinking V is necessary we may assume that
each K, is a non-empty annulus in C* (so in particular each K, is connected).
Write in block form

B C
Hess((czyy)(f):2< éon f)) (44)

(so B, C, D are functions of (z,y) which is dropped from notation). Given «,j € N
we define

¢ = p(w) = eI’ (45)
:="zw) = ————C" (46)
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Claim I: For any ¢ > 0 it holds that for all j > o > 0,
el <6 (47)
145 T pa| < 6 (48)

uniformly over (z,w) € K.

The first statement is immediate from the definition of ¢ as K is relatively
compact. For the second statement observe first that the inverse in the definition
of T is well-defined as f is PC-subharmonic in the second variable, so D > 0 and ¢
is strictly plurisubharmonic so Hessg ¢ is strictly positive. Now

b = ae®’y (49)
Sum = 17 (0?|w]? + o) (50)
S0
s — 2 Ay A
25 taelwl|C7)] _ 2)1C7]

471 < —
|| y) %” = D+j*1604|“"2(oz2|w|2+06) - a|w|

as D > 0. Using (43) this is bounded above by ¢ as long as « is sufficiently large as
|C|| is bounded uniformly over the relatively compact set K. Thus Claim I follows.

Consider next the function

fj(sz) = f(z,w) +j_1¢(w)
and set
gi(z) = innlgz fi(z,w).

Fix neighbourhoods zo € Uy C V and yo € Uy C €1y, such that Uy x Uy C K.

Claim II: For z € Uy

95(x) N g(x) as j — oo.

This is proved exactly as for Proposition 8.5 so is not repeated.

Claim III: For given § > 0 it holds that for all 7 > o > 0 the function g; is
F9-subharmonic on Up.

Assuming this claim for now, fix such an « and let j tend to infinity to deduce
from Claim IT that ¢ is F?-subharmonic on Upy. Letting § — 0 yields that g is in
fact F-subharmonic on Uy (Lemma A.8(3)). Since Uy is a neighbourhood of an
arbitrary point zg € m(€2) we conclude finally that ¢ is F-subharmonic on 7(12) as
needed.

Proof of Claim III: Let x € Up. Since f is plurisubharmonic in y (Lemma
3.16) the function f; is strictly plurisubharmonic and exhaustive. As it is also
T-invariant this implies w — f;(z,w) has a unique minimum which we denote by
7;(2), which for each z is the unique point satisfying

e =0
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Again using that f is T-invariant, the implicit function theorem implies that ~; is
C!'. Note that by construction (z,v;(z)) € K.
Thus by definition,

9;(2) = fi(z,7(2)) for z € Up.
Now
C B 2C
Hessee (1) = 2( C* D+j bum )
where C = C(z) = C(z,7;(2)) and similarly for B and D. Then Proposition
8.4(1,2) applies to f;|x, giving
dv;

Dj(2) = T2 = Dy(27(2) (51)

where f‘j is as above (we remark that the transpose from equation (25) has been
dropped as m = 1). Moreover g; is C2, and its second order jet at a point z € Uy
is given by

J2(95) = ip, TGy o) ()
= 205 ey (o) () 57 205 e 2 (9)
— a0 T2 (o) () + 5 (603 (2)), AT bl (), 8T by () T)
€ F: + 571 (0(73(2)), 4T bl (), 0)
where the last line uses that f is F#cPC-subharmonic and the Positivity property

of F. Then (34) applies to show that for j > a > 0 it holds that J2(g;) € F?
completing the proof of Claim III.

From Claim IT and Claim III the Proposition follows, exactly as for Proposition
8.5. O

8.4. Synthesis.
Theorem 8.6 (Minimum Principle in the Complex Convex Case). Let X C C" be

open and F' C J3 ¢(X) be a complex primitive subequation such that

(1) F has the Negativity Property,
(2) F is convex,
(3) F is constant coefficient.

Then F' satisfies the minimum principle.

Proof. This follows by combining Proposition 8.3 and Proposition 8.5.
|

Remark 8.7. When F = P(‘gn we have seen in Example 4.1 that F#Pcm = Pentm.
Then Theorem 8.6 is precisely the Kiselman minimum principle.

Corollary 8.8. With F as in Theorem 8.6, suppose that  C X x C is an F#cPC-
pseudoconvex domain and f : @ — R U {—oo} is F#cPC-subharmonic. Assume
that

(1) € is independent of the imaginary part of the second variable. That is
(z,w) € Q and Im(w) = Im(w') = (z,w) € Q.
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(2) © has connected fibres
(3) f is independent of the imaginary part of the second variable. That is

(z,w) € Q and Im(w) = Im(w’) = f(z,w) = f(z,w).

(4) Q admits an exhaustive continuous F#cPC-subharmonic function u that
is independent of the imaginary part of the second variable.

Then 7(Q) is F-pseudoconvex and the marginal function
:= inf
g(2) Jnf f(z,w)
is F-subharmonic.

Proof. Let ¢(z,w) = (z,¢e*) and set Q' = (). Then u descends to an exhaustive
continuous function v’ on €', which by Lemma 3.10 is F#cPC-subharmonic. Hence
Q' is F#cPC-pseudoconvex. Moreover f descends to an F#cPC-subharmonic
function f' on . But clearly 7(€2') = n(Q2) and the marginal function of f’ is
the same as the marginal function of f, so the minimum principle for F' applied to
(Y, f') gives the result we want. O

APPENDIX A. F-SUBHARMONIC FUNCTIONS

A.1. Types of Subequations.
Definition A.1. Let F C J?(X).

(1) We say F'is constant coefficient if F, is independent of z, i.e.
(x,7,p,A) € Fy, & (2/,7,p,A) € F, for all z,2',7,p, A.

(2) We say F is independent of the gradient part (or gradient-independent) if
each F is independent of p, i.e.

r € ry <= (r € 'y tor all z,r ,A.
(r,p,A) € Fy & (r,p', A) € F, for all z,r,p,p', A
e say epends only on the Hessian part if each F), is independent o
3) Wi Fd d [ he Hessi if h F, is ind d f
(r,p), i.e.
(r,p,A) € F, & (r',p', A) € F, for all z,r,7",p,p’, A.
Definition A.2 (G-Invariance). The group GL,(R) acts on J?(X) by
g (x,m,p, A) = (z,7,9'p, ' Ag) for g € GL,(R).

If G is a subgroup of GL,(R) we say F C J*(X) is G-invariant if g*«a € F for all
a € Fandall ged.

Remark A.3. Our action of GL,, comes from thinking of the jet space using the
cotangent space to X, and is different in convention to that of [13].

A.2. Complex Subequations. Set

0 -Id,
J = < Idn 0 > S MQTLXQTL(R)'

If A € My, x2,(R) commutes with J then making the standard identification C ~ R?
we think of A as a complex matrix A € M,,«,(C). Explicitly if in block form

=(33)
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where a, b, ¢,d € M, x,(R) then A commutes with J if and only if a = d and b = —c¢,
in which case

A:=a+ib € M,xn(C).
Observe AB = AB and At = A*.
Let Herm,, be the set of hermitian n x n complex matrices, and
PosC := {A € Herm,, : v*Av > 0 for all v € C"}

the subset of semipositive hermitian matrices. From the above it easy to check that
if AJ] = JA then

A € Sym3, <= A € Herm(C") and

A € Posy,, < Ac POSS.

Now for any A € Ma,x2,(R) the matrix
1
Ac = §(A — JAD)

commutes with J and thus we may think of A¢ as an element of M,,x,,(C). Observe
if A is symmetric then Ac is hermitian.

Definition A.4. Let X C R?" ~ C" be open. We say F' C J?(X) is a complex
subequation if (z,r,v, A) € F if and only if (z,r,v, Ac) € F.

So by abuse of notation if F' is a complex subequation we may equivalently
consider it as a subset

FcJ*(X):= X xR x C" x Herm(C") =: X x J>C€
without any loss of information. The group G L, (C) acts on J>C(X) by

g (@,r,p,A) = (z,7,9"p, 9" Ag).
Observe also if F' is complex, then having the Positivity property (1) is equivalent

to
(z,r,p,A) € F = (z,r,p, A+ P) € F for allPEPOSS.

Example A.5. Let

PL := X x R x C" x Pos®
which is a convex complex subequation. We will write PC for P}C( when X is clear
from context.

Example A.6 (Convex and Plurisubharmonic). Recall Px = X x R x R" x Pos,,.
Then Px (X)) consists of locally convex functions on X [13, Example 14.2]. Similarly
if X C C" is open then P%(X) consists of the plurisubharmonic functions on X
(13, p63).

A.3. Basic properties of F-subharmonic functions. The following lists some
of the basic limit properties satisfied by F-subharmonic functions (under very mild
assumptions on F').

Proposition A.7. Let F' C J?(X) be closed. Then

(1) (Maximum Property) If f,g € F(X) then max{f, g} € F(X).
(2) (Decreasing Sequences) If f; is decreasing sequence of functions in F(X)
(so fi41 < fj over X) then f :=lim; f; is in F(X).
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(3) (Uniform limits) If f; is a sequence of functions on F'(X) that converge
locally uniformly to f then f € F(X).

(4) (Families locally bounded above) Suppose F C F(X) is a family of F-
subharmonic functions locally uniformally bounded from above. Then the
upper-semicontinuous regularisation of the supremum

fi=supjcrf
is in F(X).
(5) If F is constant coefficient and f is F-subharmonic on X and zg € R" is
fixed, then the function z — f(x — z¢) is F-subharmonic on X — .

Proof. See [13, Theorem 2.6] for (1-4). Item (5) is immediate from the definition.
U

Lemma A.8 (Limits under perturbations of subequations). Let X be open and
F C J?(X) be a primitive subequation. For § > 0 let F® C J?(X) be defined by

Fo ={(z,r,p,A) : I ,p with (z,r',p/, A) € Fand |r —+'| <& and ||p — p'|| < 6}.
Then

(1) F?° is a primitive subequation.

(2) If F satisfies the Negativity property then so does F°.

(3) Ns=o(F° (X)) = F(X).

Proof. That F° has the Positivity property is immediate from the definition, and
F? is closed as F is closed giving (1). Statement (2) is also immediate from the
definition. Finally using F is closed, Nsoo FS = Fy, and thus (.o (F°(X)) =
F(X). O

A.4. F-subharmonicity in terms of second order jets. It is useful to under-
stand the property of being F-subharmonic in terms of second order jets. To do
so we first discuss what it means to be twice differentiable at a point. Again let
X C R”™ be open.

Definition A.9 (Twice differentiability at a point). We say that f : X — R is
twice differentiable at xo € X if there exists a p € R™ and an L € Symi such that
for all € > 0 there is a § > 0 such that for ||x — x¢|| < § we have

1) — Flao) — px — 20) — & (¢ —20) Lz — a0)| < el — o[, (52)

When f is twice differentiable at z( then the p, L in (52) are unique, and moreover
in this case f is differentiable at xy and

o

Ox .,
When f is twice differentiable at xy we shall refer to L as the Hessian of f at xg
and denote it by Hess(f)|z,. Of course, by Taylor’s Theorem, when f is C? in a
neighbourhood of xg then Hess, (f) is the matrix with entries

2
(Hess(f)ag)sy 1=~

= 0,01 -
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Definition A.10 (Second order jet). Suppose that f : X — R is twice differentiable
at xg. We denote the second order jet of f at xy by

T2, (f) = (J(20), V flog Hess(f)]sy) € J2 =R x B x Sym?2.  (53)

The importance of the Positivity property is made apparent by the following that
shows that F-subharmonicity behaves as expected for sufficiently smooth functions.

Lemma A.11. Let F C J?(X) satisfy the Positivity assumption (1) and suppose
f:X — RisC? Then f € F(X) if and only if J2(f) € F, for all z € X.

Proof. The reader may easily verify this, or consult [13, Equation 2.4 and Proposi-
tion 2.3]. O

The definition F-subharmonicity given above says that at any upper-contact
point z, with upper-second order jet (p, A), the quadratic function

1
y= f) +p(r—y) + 50— 2)Aly - )

has second-order jet lying in F,. The next statement says that this is equivalent to
the more classical “viscosity definition”. Given an upper-semicontinuous f we say
that ¢ is a C%-test function touching f from above at x¢ if ¢ € C? in a neighbourhood
of xg with ¢ > f on this neighbourhood and ¢(x¢) = f(xo).

Lemma A.12 (Viscosity definition of F-subharmonicity). An upper-semicontinuous
f: X - RU{—o0} is in F(X) if and only if for all zp € X and test-functions ¢
touching f from above at x¢ it holds that J7 (¢) € Fy,.

Proof. See [13, Lemma 2.4]. O

It takes some work to understand how F-subharmonicity interacts with linearity
in the space of functions. However when F' is constant-coefficient and convex the
following is true:

Proposition A.13. [Convex combinations of F-subharmonic functions] Let F' be
a constant coefficient convex primitive subequation. Then any convex combination
of F-subharmonic functions is again F-subharmonic.

Proof. This is implied by [11, Theorem 5.1 | (apply the cited theorem to F, := AH,
and G := (1 — A\)H,, for a given A € [0,1]) O

APPENDIX B. ASSOCIATIVITY OF PRODUCTS
We prove Proposition 3.4 which states that if X; C R™ are open and F; C J?(X;)
for : = 1,2,3 then
(Fi#F2)# F3 = Fi#(Ih#F3).

Let x,y, z be coordinates on R™ R™2 R™3 respectively. We will consider certain
linear mappings

cR™ — Rz
(RN R
:R™ — R™
:R™? — R"™

s B H

and write

O(z,y) = 1(z) + P2(y)
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where ®; : R™ — R™ is linear. Recall that (p : R™ — R™MT2¥1s g n(g) =
(z,T(x)) and similarly for 1 : R™1F72 — RU1F12H13 and g : R — RM1T02,

Lemma B.1. Suppose

[ = (0, ®; + &0 W). (54)
Then
LT = Lo O Ly
Proof.
to(Lw(z)) = ta(z, ¥(2)) = (z,¥(z), D(z, ¥(x)))
= (z,¥(x), D1 (z) + P2 0 V() = tp(z).
O
Now set
J2 : R?2 — RmMAm2 J2(y) = (0,y)
gzt R™s — Ratnztns Js(z) = (0,0, 2)
Jog t Rm2Hns o Rmtnetns  joq(y, 2) = (0,y, 2)
k:R" — Rn2tns k(z) = (0, z).

Fix (z,y,2) € X1 X X X X3. By definition of the product subequation we know
[OAS (Fl#(FQ#Fg))(w7y)z) if and only if

VI we have (fa € (F1), and joza € (Fo#Fs)(y,2)- (55)

Observe for every I' there is a pair (®, ¥) such that (54) holds. Thus by Lemma
B.1, condition (55) is equivalent to

VU, & we have tyrga € (F1), and jiza € (Fa#EF3)(y 2 (56)
Using the definition of Fo# Fj3, condition (56) is in turn equivalent to
VYU, ®, T we have tytpo € (F1), and (3 jsse € (Fa), and k™ jssa € (F3),.  (B7)

Now jaz0k = j3, and a simple check yields jogots, = tg0ja. Thus (57) is equivalent
to

YU, ® we have tytpo € (F1)g and joigpa € (Fa), and jio € (Fs),. (58)
So from the definition of (Fy#F>), condition (58) is equivalent to
V® we have tza € (F1#F2), and jio € (F3), (59)

which, by definition, is equivalent to o € ((F1#F2)#F3)(a,y,2)-

APPENDIX C. PRODUCTS OF GRADIENT-INDEPENDENT SUBEQUATIONS

Recall we say that a subequation F' C J?(X) has Property (P*+) if the following
holds. For all x € X and all € > 0 there exists a § > 0 such that

(x,m,p,A) € F = (2/,7 —e,p, A+ €ld) € F,y for all |2/ —z| < ¢ (P+H)
or said another way,
F, + (2 —2,0,—¢,eld) C Fy for all ||z’ —z|| < 4. (P+1)

Lemma C.1. Assume that F and G have property (P*) and are independent of
the gradient part. Then H := F#G is a subequation
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Proof. We have already seen in Lemma 3.2 that H is closed, and satisfies the
Positivity and Negativity properties (1) and (2). It remains to prove the Topological
property (3) which we break up into a number of pieces. Since F, G are independent
of the gradient part, so is H, and thus the only non-trivial part of the topological
property is to show [13, Section 4.8]

IIlt(H(z,y)) = (Int H)(z,y)

The fact that Int(H ) C (Int H)(, ) is obvious, so the task is to prove the other
inclusion.
Let
o€ Int(H(z’y)),

so there exists a d; > 0 such that
& —al <61 and & € J*(X X Y)|(sy) = & € Hiy)- (60)
By hypothesis there is a o > 0 such that

Fm+(x’f:c,f%,0,i—11d) C Fyp for ||z — 2’| < 62 (61)
/ o1 o1 /
Gy + (x _x’_Z’O’ZId) C Gy for |ly —y'| < d2. (62)

Set § = min{d;/2,d2/2} and pick any o’ € J?(X x Y) with
o' —af < 6.
We will show that o’ € H.

Denote the space coordinate of o by (2/,y'), so o' € J*(X X Y)|(z ). Thus we

certainly have ||z’ — x| < § < d2 and ||y — /|| < d2. Define
5 5
a=ao+((z—2y—1v), —51,0, —51 Idpm)-

Then & € J*(X X Y)(,,) and
& —afl < [lo —af + & = || < 6.
Thus (60) applies, so & € H(, . which means
ja e Gy and if;a € G, for all U.
Now using (62).
Ul

(51 61 61

jra = ety — 5. 50,5 1) € Gy + (¥ . 50,5 1dn) € Gy,
Similarly using the Positivitiy property of F' and (61)
5 5 5
it =isa+ (z—a', =0, = 1d, +=U'U)
2 2 2
5 5
Cila+ (¢ —a, 51 0, 51 Id,,)

C Fyr.

Thus o’ € H, ). As this holds for all such o’ we conclude o € Int(H) completing
the proof. O
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C.1. The complex case. Let X C R?" ~ C" be open. If f : X — R is twice
differentiable at a point z € X its complex Hessian is

HessS (f) = %(Hess(f) — JHess,(f)J) € Herm(C").

When f is sufficiently smooth we have

82
(HessS (1) = 2551
where, as usual,
9 _1 (8 ia> for z; = x; + iy;.
aZj 2 8xj 8yj I J J

In terms of the gradient, under the identification R?"” ~ C" we have
2. of
oy 17 z

Definition C.2 (Complex 2-jet). The complex 2-jet of f at z € X is

of
2,C = 2—|,
PE) = (1), 290 .,
So if F C J?(X) is complex then

J2(f) € Fo = J2X(f) € F..

HessS(f)) € J2© =R x C" x Herm,, .

REFERENCES

[1] Bo Berndtsson. Prekopa’s theorem and Kiselman’s minimum principle for plurisubharmonic
functions. Math. Ann., 312(4):785-792, 1998.

[2] L. Caffarelli, L. Nirenberg, and J. Spruck. The Dirichlet problem for nonlinear second-order
elliptic equations. III. Functions of the eigenvalues of the Hessian. Acta Math., 155(3-4):261—
301, 1985.

[3] Dario Cordero-Erausquin. On Berndtsson’s generalization of Prékopa’s theorem. Math. Z.,
249(2):401-410, 2005.

[4] Michael G. Crandall, Hitoshi Ishii, and Pierre-Louis Lions. User’s guide to viscosity solutions
of second order partial differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1-67,
1992.

[5] Tamds Darvas and Yanir A. Rubinstein. Kiselman’s principle, the Dirichlet problem for the
Monge-Ampere equation, and rooftop obstacle problems. J. Math. Soc. Japan, 68(2):773-796,
2016.

[6] Tamds Darvas and Yanir A. Rubinstein. A minimum principle for Lagrangian graphs. Comm.
Anal. Geom., 27(4):857-876, 2019.

[7] J-P. Demailly. Complez Analytic and Differential Geometry. https://www-fourier.ujf-
grenoble.fr/ demailly/manuscripts/agbook.pdf.

[8] Fu Sheng Deng, Hui Ping Zhang, and Xiang Yu Zhou. Minimum principle for plurisubhar-

monic functions and related topics. Acta Mathematica Sinica, English Series, 2018.

Jean Gallier. The Schur complement and symmetric positive semidefinite (definite) matrices,

2010. http://www.cis.upenn.edu/ jean/schur-comp.pdf.

[10] Jean Gallier. Geometric methods and applications, volume 38 of Texts in Applied Mathemat-

ics. Springer, New York, second edition, 2011.

[11] F. Reese Harvey and H. Blaine Lawson Jr. The ae theorem and addition theorems for quasi-

convex functions, 2013. arXiv:1309.1770.

[12] F. Reese Harvey and H. Blaine Lawson, Jr. Dirichlet duality and the nonlinear Dirichlet

problem. Comm. Pure Appl. Math., 62(3):396-443, 2009.
[13] F. Reese Harvey and H. Blaine Lawson, Jr. Dirichlet duality and the nonlinear Dirichlet
problem on Riemannian manifolds. J. Differential Geom., 88(3):395-482, 2011.

=



48

14]

(15]

[16]

(17]
(18]

(19]

20]

21]

(22]
23]

24]
[25]

[26]

JULIUS ROSS AND DAVID WITT NYSTROM

F. Reese Harvey and H. Blaine Lawson, Jr. The equivalence of viscosity and distributional
subsolutions for convex subequations—a strong Bellman principle. Bull. Braz. Math. Soc.
(N.S.), 44(4):621-652, 2013.

F. Reese Harvey and H. Blaine Lawson, Jr. The restriction theorem for fully nonlinear sube-
quations. Ann. Inst. Fourier (Grenoble), 64(1):217-265, 2014.

Lars Hérmander. An introduction to complex analysis in several variables, volume 7 of North-
Holland Mathematical Library. North-Holland Publishing Co., Amsterdam, third edition,
1990.

Lars Hormander. Notions of convezity. Modern Birkh&user Classics. Birkhauser Boston, Inc.,
Boston, MA, 2007.

Christer O. Kiselman. The partial Legendre transformation for plurisubharmonic functions.
Invent. Math., 49(2):137-148, 1978.

Christer O. Kiselman. Plurisubharmonic functions and their singularities. In Complex poten-
tial theory (Montreal, PQ, 1993), volume 439 of NATO Adv. Sci. Inst. Ser. C Math. Phys.
Sci., pages 273-323. Kluwer Acad. Publ., Dordrecht, 1994.

Christer O. Kiselman. Plurisubharmonic functions and potential theory in several complex
variables. In Development of mathematics 1950-2000, pages 655—714. Birkh&user, Basel,
2000.

N. V. Krylov. On the general notion of fully nonlinear second-order elliptic equations. Trans.
Amer. Math. Soc., 347(3):857-895, 1995.

Evgeny A. Poletsky. The minimum principle. Indiana Univ. Math. J., 51(2):269-303, 2002.
Andras Prékopa. On logarithmic concave measures and functions. Acta Sci. Math. (Szeged),
34:335-343, 1973.

J. Ross and D. Witt Nystrom. Differentiability of the argmin function and a minimum prin-
ciple for semiconcave subsolutions. Journal of Convex Analysis, (3), 2020.

Julius Ross and David Witt Nystrom. Harmonic discs of solutions to the complex homoge-
neous Monge-Ampere equation. Publ. Math. Inst. Hautes Etudes Sci., 122:315-335, 2015.
Ahmed Zeriahi. A minimum principle for plurisubharmonic functions. Indiana Univ. Math.
J., 56(6):2671-2696, 2007.

JuLIus ROSS, MATHEMATICS STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF ILLI-
NOIS AT CHICAGO, CHICAGO IL, USA
JULIUS@QMATH.UIC.EDU

DAVID WITT NYSTROM, DEPARTMENT OF MATHEMATICAL SCIENCES, CHALMERS UNI-
VERSITY OF TECHNOLOGY AND THE UNIVERSITY OF GOTHENBURG, SWEDEN
WITTNYST@QCHALMERS.SE, DANSPOLITIK@QGMAIL.COM



	1. Introduction
	2. Subequations
	3. Products of Primitive Subequations
	4. Examples
	5. Approximations
	6. Reductions
	7. The Minimum Principle in the Real Convex Case
	8. The Minimum Principle in the Complex Convex Case
	Appendix A. F-subharmonic Functions
	Appendix B. Associativity of products
	Appendix C. Products of gradient-independent subequations

