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Abstract

We prove certain gradient and eigenvalue estimates, as well as the heat kernel esti-
mates, for the Hodge Laplacian on (m, 0) forms, i.e., sections of the canonical bundle
of Kihler manifolds, where m is the complex dimension of the manifold. Instead of
the usual dependence on curvature tensor, our condition depends only on the Ricci
curvature bound. The proof is based on a new Bochner type formula for the gradient
of (m, 0) forms, which involves only the Ricci curvature and the gradient of the scalar
curvature.
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1 Introduction

In this paper, we prove, under conditions on the Ricci curvature alone, certain gradient
and eigenvalue estimates for solutions of some elliptic and parabolic equations involv-
ing the Hodge Laplacian on sections of the canonical bundle of Kéhler manifolds. Let
us recall that a section of the canonical bundle of a Kéhler manifold with complex
dimension m is an (m, 0) form. Since the appearance of De Rham and Hodge theory,
there has been a vast literature on the study of Hodge Laplacian acting on differential
forms due to its significance to analysis, geometry and topology. See for example
the papers [1,3-9,11,18]. The general paradigm for gradient and eigenvalue estimates
on p forms is that results concerning 0 forms e.g. scalar functions involve the Ricci
curvature and results for one and higher forms involve the curvature tensor in general.
The reason is that the Bochner—Weitzenbock formula for p forms with p > 1 involve
the full curvature tensor. One exception is for spin bundles where the Lichnerowicz
formula involves only the scalar curvature. In this paper we manage to find another
exception: (m, 0) forms on Kihler manifolds. In this case the Bochner—Weitzenbock
formula for gradients involves only the Ricci curvature and the gradient of the scalar
curvature. One implication of this result is that gradient estimates on heat kernels and
eigenvalue estimates for (m, 0) forms on Calabi—Yau manifolds are free of curvature
conditions. We mention that for holomorphic sections in the canonical bundle, it is
well known that the Bochner formula for gradient of the sections depends only on
the Ricci curvature. See [19] (5.15) e.g. This fact plays an important role in complex
differential geometry, especially on the parts involving the Bergman kernel. What we
did here is removing the holomorphic condition.

The main results of the paper are Theorem 1.1 below and Lemma 2.1 in the next
section. In the theorem, we obtain a qualitatively sharp lower bound for all eigenvalues
of the Hodge Laplacian on the canonical bundle of Kéhler manifolds. The curvature
conditions are bounded Ricci curvature and nonnegative scalar curvature which is
positive somewhere. Similar lower bounds for eigenvalues higher than certain Betti
numbers and under bounded curvature assumption are proven in Wang—Zhou [18]
for general compact manifolds and forms. Finding a lower bound for eigenvalues has
been an active research topic for many years. We mention that although an (2, 0) form
looks like a scalar function, it behaves more like a vector field since the coefficient
are complex valued. For this reason we are unable to extend the classical method of
integrating a gradient bound in Li—Yau [13] to bound the first eigenvalue from below,
which is the first step in bounding other eigenvalues from below.

Before stating the main results, we need to set up the conventions first. Let (M, 8 Jf)
be a compact Kihler manifold of complex dimension m. Denote by Ay and Aj the
real and complex Hodge Laplacian, respectively. Denote by A = —V*V the complex
rough Laplacian, whichis V; V; in local normal coordinates, then A = —Aj = — % Ay
when they act on functions and (p, 0) forms (see e.g. Theorem 6.1 on p119 in [16]).
Let Ric stand for the Ricci curvature tensor, and R; i is the component of Ric in
holomorphic coordinates. Let R be the scalar curvature. The volume of M is denoted
by |M]|, and the diameter of M is denoted by diam(M). Let Ky = A™(T*M) be the
canonical bundle of M, and LZ(M, Kypp) the space of all smooth sections of Ky, i.e.,
(m, 0) forms on M.
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Gradient and Eigenvalue Estimates...

Theorem 1.1 Let (M™, g; ]) be a compact Kdhler manifold of complex dimension
m > 2. Denote by Ay the k-th eigenvalue of the Hodge Laplacian Ay acting on
L>(M, Kyp), and )»(1) the first positive eigenvalue of the scalar Laplacian. Suppose that
the Ricci curvature satisfies |Ric| < K and the scalar curvature satisfies: R > 0 and
is positive somewhere. Then the following lower bounds are true.

1 29 1
A= min{ZAY +inf R, ————— | R}=c¢p>0;
2 M 2(A] +sup R) M| Jm (1.1)

> ek, Yk =2,

1 N\ m+l
where ¢ = min{co, (—A(,;;’H)) ") A = 42 ymi3cn (1 + M ) M,

€0

and Cyg is the L? scalar Sobolev constant, namely, the smallest constant such that

(f |f|'3'"1> "<y (f |Vf|2+|M|—%f |f|2> (12)
M M M

for any smooth function f on M.

Remark 1.2 For Riemann surfaces, i.e., the case m = 1, the picture of A is clearer. We
may start from the Euler characteristic x (M) = bg — b1+ b =2by — b1 =2 —b; =
2 — 2g, where by is the kth Betti number, and g is the genus of M. Thus, it follows
that by = g. So when g > 1, we have A; = 0 since 2410 = by > 0, where K10 s the
(1, 0) Hodge number.

When g = 0, i.e., by = 0, one concludes that A; > 0. Let a (1,0) form ¢ be an
eigenform of A;. Since 3¢ = 0 and 1| > O, it follows that 9*¢ # 0 and A 0%*¢ =
0*Ag¢p = A10*¢. In other words, 3*¢ is an eigenfunction of A,. Thus, one gets
A=Al

Remark 1.3 It is well known that

/ Ra)":mrr/ ¢ A o]t
M M

which is independent of the choice of the Kéhler metric w in the Kihler class. Here
¢ is the first Chern class of M.

Remark 1.4 In general, it is impossible to find a positive lower bound for A1, the first
eigenvalue. Indeed, A1 can be O if the scalar curvature is 0. It is a standard fact that
the Hodge number 4™ for Calabi—Yau m-manifolds is 1, i.e. the space of harmonic
(m, 0) forms is one dimensional, and therefore A; = 0.

On the other hand, using the fact that the Bochner formula for all (p, 0) forms
involve only the Ricci curvature, one can prove an upper bound for the heat kernel of
the Hodge Laplacian on (p, 0) forms which depends only on volume of M and the
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bound on Ricci curvature. See for example Theorem 3.1 below. Then it is well known
(c.f. Sect. 5 in [14]) that the upper bound for the trace of the heat kernel implies

Aj=Cypjtim

for j > jo > 0. Here jp and C; depends only on m, p, |M| and K, the Ricci bound.

Remark 1.5 In the theorem above, the parameters c¢o and Cgs can be explicitly esti-

mated in terms of geometric quantities. Following Li—Yau, (see [13] and Li’ book [10]
Theorem 5.7, and Yang [20]), There is a dimensional constant C, such that

0 ’ VK

A > ———exp(—Cadi M)V K).

L2 e SR C2diam V)

As well known by the work of Zhong—Yang [22], if Ric > 0, then a sharp lower bound

.10 72
holds: )\.] > W.
The Sobolev constant Cg depends on m, lower bound K of the Ricci curvature,
diameter upper bound D and volume lower bound V of M (see e.g., [2,21]). Indeed,
by a combination of the results in [10] and [2], the following explicit upper bound of

Cs and hence a lower bound of A can be established.

C552%max m= 1
2m — 1

-2
IND,(M)) ,232”13} , (1.3)

with

n+l
n

1 " M|
INy(M) > . (14
D (4w2“wn1> (fOD[vK—lsinh(ﬁr)]n—ldr> (4

Here n = 2m is the real dimension of M, and w, denotes the volume of the unit
n-sphere.
The proof goes as follows. Let « = -2, and f = 5—= = % Using the
inequality
l-xP<q=-x)f<2'P_xP 0<x,Bp<1,

n—4
one can see that in the proof of Corollary 9.9 in [10], one can take C3 = 2! =8 = 212,
Cq4 =1, Cs = C¢ = 2C3, and the inequality (9.8) therein becomes

n—2

__n=2 2n n
X | 27 n=T) </ |f|n—2>
M

—c5|M|—3fM|f|2,]. (1.5)
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Furthermore, according to Theorem 9.6 in [10] and Theorem 13 in [2], the constant
SNy (M) satisfies the following estimates:

INg(M) < SNy(M) < 2" N, (M),

where the Neumann isoperimetric constant I N, satisfies (1.4). Combining the esti-
mates above and replacing n by 2m, one can get the upper bound of Cg in (1.3).

The rest of the paper is organized as follows. In Sect. 2, we will state and prove the
Bochner type formula for the gradient of (m, 0) forms. It is well known, c.f. [16], that
the Bochner formula for all (p, 0) forms with p = 1, 2, - - - , m involve only the Ricci
curvature. As mentioned, what we will prove here is that for the gradient of (m, 0)
forms, the Bochner formula involve only the Ricci curvature and gradient of the scalar
curvature. With this formula in hand, we will roughly follow the steps in [9] and [18] to
prove Theorem 1.1. One difference is that we need to find a reasonable condition such
that the first eigenvalue 1 has a positive lower bound, which as mentioned could be
0. It turns out that this is related to the first positive eigenvalue of the scalar Laplacian
and the total scalar curvature and hence the Kihler class. Then we need to prove a
mean value inequality for the eigenfunctions and their gradients. These will be used
in an algebraic iteration process to prove the lower bound.

In Sect. 3, we extend some gradient estimates to the corresponding heat equation.
Just like the Hodge Laplacian, heat equation on (m, 0) forms is of interest to several
areas. See for example a recent paper [15].

2 New Bochner Formula and Elliptic Estimates

In this section, we will first present the Bochner formula as the main lemma. Then
Theorem 1.1 will be proven at the end of the section after a number of intermediate
results stated as lemmas.

We will need of the following basic formulas.

Denote by {z1, z2, - - - , zm} a local holomorphic coordinate system. Let the Hermi-
tian metric be

h = Z gl.]rdzi ®dzl,
i j=1,2,.m

where the underlying Remannian metric is given by ¢ = 2Re(h). The Christoffel
symbols are given by

rio— 7981 98
k=8 G T8
07k 9z

The curvature and Ricci curvature tensors are defined by

l
LY NI

3
Vo,V ]l— ik O _ gl %
Ve Vo o 9z; 0z iikag
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ar!

[V .V lds! = —*dzk = —R'. a7, 2.1)
az; 9z aZ] ijk
15 1
gSl_Risj_'k =Rijuis 8 sRijks = R,»;,g (2.2)
and
R = g"R,=7 = R = —;9:logdet(g) 2.3)
ij ijkl ijk Y : :

Here and in the following, Einstein summation convention is used, namely, repeated

indices are implicitly summed over. Readers can also refer to the book of Morrow—

Kodaira [16] Chapter 3 for more details and formulas for Kihler geometry. Notice that

the curvature tensor in [16] differs from the one defined in (2.1) by a negative sign.
Thus, for any (p, g) form

G= D by A A AT NAEN N ndE (24
i1 <ip-<ip
Ji<jp<<jg

the following Ricci identity holds in local normal coordinates.

(Vg V}} - V[} Va)¢

p q
_ I o I o B
= = ) R Biritiviripiiods — D R, iy il ooy
=1 =1 (2.5)
q

Il
M'u

Rogisi®t, iy tiginipidy = O Rabid @iy frodial s dy-

t=1 =1

Similar identities also hold for p covariant and g contravariant tensors. The Kiahler
form and Ricci form are

V=1
w=-—g

. . v —1 . .
5 zdz' Adz’ ,and p = —Rl-]fdz’ AdZ/, (2.6)

J 2

respectively.

Also, during the course of proofs below, there are situations in which complex
gradient and Laplacian on real functions need to be transferred into the real ones,
e.g. using min-max definition to get the first nonzero eigenvalue of the Laplacian on
functions. For this purpose, be aware that

and
1 .7 .. . .
8ij=3 (hij + \/—lhi,m+j) ,and g =2 (h” - \/—lh“’"“>
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where z; = x; + v/ —1y;, hij = h(aix’,, %) and h; 4 = h(aixi, %) Thus, for a
real function f, we have '

IV =IVi f P+ Vi fI? = 28" Vi fV; f
=h'V o fV s [TV fY o, f
ax; Bx_]- a

Vi 0

+hHIN 5 fV o f+R"TY  fV 5 f,
3)’[- BXj

ax; Byj

and

Af :%gi-f (v,-vjr + vjrv,-) f

1/ ..
=3 (hl]V;)V

0 + hm+i,m+j \v4
ox; E

A Vo +hIV GV 4RIV G Vo, ) f
dy;  dy; ox; E)yj dy;  ox

dx

In other words, the norm of the complex and real gradients of f are the same, and the
complex Laplacian is half of the real Laplacian.

The next lemma presents a Bochner type formula involving only the Ricci curvature
and the gradient of the scalar curvature. As mentioned, usually such results are expected
to hold only for scalar functions. Also it does not follow from the Bochner formula for
(m, 1) forms where only the Ricci curvature appears. The reason is that the covariant
derivative of an (m, 0) form is not necessarily an (m, 1) form. Later we will show that,
in many situations, the gradient of the scalar curvature can be integrated out, leaving
the dependence only on Ricci curvature.

Lemma 2.1 [Main Lemma] Let ¢ be a smooth (m, Q) form on a Kdhler manifold M
of complex dimension m. Then

AV =|V2)P+ < VA, Vo > + < Vp, VAP > +R|VH|*+ < pVOR, VI-0¢ >
+ < V%, ¢V'OR > +3Ric(V0p, V! 0p) — Ric(V" !¢, VO g)
=|V2p’+ < VAP, V¢ > + < Vh, VAP > +R|VP|*+ < ¢V;R, V¢ >
+<Vj$.¢V;R > +3 < R Vi, Vi > — < Ri;Vi, Vi >;
2.7)

where R = gini]f is the scalar curvature of M, and V'-°¢ = Vip12..ndz' A dz* A
e ANdZ" @ d7and VO ¢ = V;d)lz.‘.mdzl AdZEA - AdT" QdT

In particular, for Kdihler—Einstein manifold R, ;= Mg mo= %, the Bochner
formula becomes

AIVP> = V21> + < VAP,V > + < Ve, VAP > +mu|Ve|?
+3ulV;917 — ul Vol 2.8)
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Furthermore, if M is a Calabi—Yau manifold, i.e., @ = 0, then the following curvature
free identity holds:

AV = |[V2|*+ < VAP, Vo > + < Vo, VAP > . (2.9)
Proof We may compute at the center of a local normal coordinate system with
¢ = Promdz' AdZP A AdT".

To simplify the presentation, we will drop the dz’ below.
First of all,

AIVY* = ViVi(Vip12-mV12m) + ViVi(Vid12.mV;ig12..m)
=I1+11.

(2.10)

By direct computation, the first term on the RHS can be written as

I =ViVi(Vjp12.uVj®12..:10)
=ViViV;b12.mVjP12.m + Vj@12.m Vi ViVjP12..m (2.11)
+ViVi012.uViVi12..m + ViViP12.m ViViP12.m.

Therefore

I =ViViVib10.mVip12..m + Vi@12.mViV;iVid12..m

2 ) (2.12)
+1V;V;o1” + ViVl
By (2.5), the following identity holds
ViVi¢ = ViVj¢ == Rjid1o..m, (2.13)

where ¢;,;,...;,, With repeating subindices are zero by the definition of (p, g) forms
(2.4). Also, it follows from (2.4) and (2.5) that

(Vl_v/ - V/V;)Vl¢ = — R;jiivl(ﬁll--m - Z RtTjkl_Vi(ﬁl'"k—llk—&-l»--m
k (2.14)
- Rfjifvl¢12--~m + R(/ZVi¢12--~m~

Applying (2.13) and (2.14) to the righthand side of (2.12), we find

I =V; (Vjv{¢12mm + R;j¢12...m) Vid12..m

+Vid12.m (VjV;V,‘qﬁlz...m — lejil‘vlqﬁlz...m + Rﬂvi¢12---m) (2.15)
+ViVil? + ViV,ol.
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Recall that for (m, 0) forms the complex Laplacian is A = V;V;. Moreover, by the
definition of the Ricci curvature (2.3) and Bianchi identity, one can see that

Therefore we can apply these properties and (2.13) on the second term of the RHS of
identity (2.15) to deduce:

I = (VjAd)lzmm + Vi(R;j¢12.--m)> Vid12.m

+ V3612 (VAP + V(R ) + 2K Vi012 )
+IViViol + ViV,

=VAp12.-mVj@12-m + Vi$12.mViAP12im + (ViR) $12..: VP12
+3R;Vigr2.mVibizm + Vj$12.mPr2m(ViR)
+ RIVig* + ViV + Vi V0.

Here we have also used the identities
ViR;; =V;R, and R;; =Rj =R;;. (2.16)
Similarly, the second term on the RHS of (2.10) is

11 =ViVi(V;¢12..mV;P12..m)
=ViViVip12.mVid12..m + Vih12.m Vi ViVip1z..m
+ ViVi12.mViVio12..m + ViVi@12.mViVid12..m.
Thus

11 =V;A¢12..mViP12..m

= R 75 Vid12.mViP12.m — Z R 54 Vidtk—1tk+1.-.mV;12..m
k

+ Vid12.m (V;V;Vi¢12---m - V;(Z Rj]ki¢l-»-k—llk+l--»m)>

k

+ViVig? + [ViV;e)

=V;A$12..mVi@12m + ViPram (V]qu)lz_”m T V;(qulz...m))
— Vip12.mP12.m VR
Ri V5812 Vibi2em + ViV501° + ViVl
:V;A¢12...mm+ V]¢l2mmm+ RIV:o)?
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Note that [V¢|> = |V;p|> + |V;¢|2. Combining the computations above for I and 11
with (2.10) finishes the proof of the Lemma. O

Next we turn to gradient and eigenvalue estimates for the Hodge Laplacian on
(m, 0) forms and the proof of Theorem 1.1 which is divided into a number of lemmas.
The following is a flow chart of the proof: 1. mean value inequality for eigenforms; 2.
mean value inequality for the gradient of linear combinations of eigenforms; 3. bounds
of sum of the first k eigenvalue by a power of the last one via integration of the mean
value inequality; 4. positive lower bound of A; under a mild condition; 5. lower bound
for all eigenvalues.

As a start, applying Moser’s iteration, we will prove a mean value inequality for
(m, 0) eigenforms of the Hodge Laplacian. Only the scalar curvature is involved since
it is well known that, formula (2.20) below i.e., the Bochner formula for (m, 0) forms,
involves only the scalar curvature. c.f. [16] Chapter 3.

Lemma2.2 Let (M, g; Jf) be a compact Kdhler manifold of complex dimensionm > 2.
Suppose that the scalar curvature R of M satisfies R > —mK, for some K > 0.
Let A > 0 be an eigenvalue of the Hodge Laplacian on (m,0) forms, and ¢ =
qblz...mdzl A -+ Adz™ an eigenform associated with X, i.e.

Agdp = Aop. 2.17)

Assume further that the following Sobolev inequality is satisfied,

2m mT_l 2 _1 2
M M M

for all smooth functions on M. Then we have the mean value inequality
max 6 < 2" On" Yo K+ M [P @19)
M

Proof Recall that A = —%Ad on functions. Hence, we have

—Aglpl® =2A19)
=2<V;¢,Vjp>+2<V;ip, Vi >
+2<ViVih, ¢ > +2 < ¢, ViVh > .

For the last term on the right side, using (2.5) for (m, 0) forms yields the known
identity:

—AdlplF(x) = 2|VP* ()= < Aud, > (X)— < ¢, Ay > (x) +2R(x)|p|* (x).
(2.20)
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From (2.17) and Kato’s inequality, we have

1
Algl* = —EAd|¢|2 = |V$|* — rl¢* + R|$I*

> |VI§|1> — (L +mK)|p|.

2.21)

Hence,
| 20072102 = [ 19872 (91018 = 6+ mE) 0P
M M

Using integration by parts on the LHS, one gets that for p > 1,

4(p—1 1
| -H e = | [—2|V'¢'P|2‘(“mm'¢'2p}’
M p MLP

Z(n K
/ |V|¢|P|2§ M/ |¢|21’.
M 4p -3 M

Let o = ", according to the Sobolev inequality (2.18), we have

1/e 20 K I
(/ |¢|2"“) < Cs [%HMWU B2
M p—3 M

1 ~
spcs(x+mK+|M|—m>/M|¢|2p=pCfM|¢|2P,

where C = Cs(A+mK + |M|*%). Setting p = ok =1,2,3,-.-,it implies

that
2 k l/ak ~  —(k—1) k—1 —(k—1) 2 k—1 I/Clk_l
(/ |¢|°‘) < v gkbe (/ |p]> )
M M

k—
~  —(k—1) _ —(k—1) k—1 1o 1
S CC! 2(k 1)0[ |¢|20t
M

max |7 < €Lz e TV g (Dm0 / j¢|? =2 / ¢l
M M M

Therefore,

This finishes the proof. O

In particular, by normalizing ¢ so that ||¢||;2 = 1, Lemma 2.2 implies that
6% < 27D C L+ K+ [M] 7Y (2.22)
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Next, from Lemma 2.1 and Moser iteration, we are able to prove the following
gradient estimate for (m, 0) eigenforms of the Hodge Laplacian. This time the Ricci
curvature is involved.

Lemma 2.3 Let (M, gi]) and ¢ be the same as in Lemma 2.2. Assume that |Ric| < K.
Then

max V> < 47D pym+icm [x +K+ |M|—%]m O+ K)/ 1612, (2.23)
M
In particular, when ||@||;2 = 1, we have
VP2 < ammt2) ymtlom [x YK+ |M|—n'7]m O + K). (2.24)
Proof Let us first deal with the case where K > 0. Let

v =|Vo|* + Alg|?

where A > 0 is a constant to be chosen later. Once we can bound v, then the bound
on |V¢| follows. The reason for the appearance of A |$|? term is to help dealing with
the term involving V R in the Bochner formula. By (2.21) and Lemma 2.1, we have

Av= = [h+ (m+HKIIVOP + ¢12.m VRV jG12m + $12-mVjb12.m Vi R
+ V21> + AIVY]* — (A +mK)Alg|?
>—[+m+HKIv+¢12.mVjRV;b12..m + ¢12..mV jP12..m ViR
+ V32

(2.25)

For p > 1, multiple both sides above by v>7~! and then take integrals over M. Since the
second and third terms on the RHS of the inequality are conjugate complex functions,
we get

/1;4¢]2‘..mVjRWv2p_l + @12V j12.m ViRV
=2Re [/ ¢12...mVjRVj¢12...mv21’_1:|
M
= —2Re /M (Rvquszl"l + R$V;V v~ + quWVijP‘l)
= —2Re/M <R|vj¢|2v2l’—‘ + (—%R + R?)|p|*v2P!
+@2p— 1)v2P*2R¢Wv,v)

amK 2p— 1
> —2/ [(mK n (mT + msz)A1> 2P 4 p—mKA‘/%P|vuP|]
M p
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2p—1
2p?

> —/ (2mK + (oK +4pm2K2)A*1) V2P —/ IVuP12, (2.26)
M M

where Cauchy-Schwarz inequality has been applied to the last step above. When going
from the 4th to the 5th line in the preceding paragraph, we also used the inequality

pVidl < A0,
Integrating (2.25) and using the last paragraph gives

2p—1
/ L |Vv”|2=—/ w21 Ay
M 14 M
2p —1

5/ [(A+4mK)+A*‘mK()\+4me)] u21’+/ L e,
M M 2p

ie.,
/ Vo2 < 2p [(k +4mK) + A"\ mK (x -|-4me)]/ V2P (227)
M M

Since the Ricci curvature is bounded, Sobolev inequality as in (2.18) holds. Then
combining (2.18) and (2.27) gives

1

( f v2“1’>a <2p%0 / 2P, (2.28)
M M

where ¢ = - and Q = Cg [,\ +4mK + A" \mK (\ + 4mK) + |M|*%]. Letting

p=af k=0,1,2, -, and performing Moser iteration as in Lemma 2.2 yield

M

00— (k—1) m
max v? <22k=1¢ —_—
M m—1

m 2m(m—1)
=2m( ) me 1)2,
m—1 M

)Zi"il 2(k—1)a~ k=D

(2.29)

which infers

m
max v < 2’”4’"(’”_1)C? [)\ +4mK + A" 'mK (h + 4mK) + IMI_%] [ v.
M
(2.30)
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Since

/ v =f (Vo> + Alpl*)
M M

=/M(—V;Vi¢> ViV B+ Al
=/M(—2A¢ - ¢ — RlpI> + Alp*)

5(/\+mK+A)/ 917,
M

gradient estimate (2.23) follows immediately by setting A = A + mK.

The case where K = 0, i.e., M is Calabi—Yau, is much easier. One just need to set
v = |V¢|? and apply the Moser iteration directly to (2.9) as in the proof of Lemma
2.2. O

By modifying the proof of the preceding two Lemmas 2.2 an 2.3, one can actually
show a gradient bound for a linear combination of eigenforms, which is needed for
lower bound estimate of higher eigenvalues. The main idea comes from [18], compar-
ing with which we also need to deal with the gradient of the scalar curvature.

Lemma24 Let (M, g; ]f) be a compact Kdihler manifold of complex dimensionm > 2.
Assume that |Ric| < K. Let ¢1, ¢o, - - -, ¢ be orthonormal (m, Q) forms satisfying
Agpj = Ajpj, j = 1,2,--- k. Then for any sequence of real numbers bj, j =
1,2, k, with Y5_ % < 1, the (m,0) form w = Y5_, b;e;, the following
estimate holds

IVl + G+ K)w]? < 470218 G+ K+ [MI77)" (g + KX2.31)

Proof Eventually, only the gradient bound will be used later. We will give a proof of
the bound for |w| first as an illustration for the main idea. We may assume that 1; > 0,
for otherwise we have A; = Ap = --- = A = 0, which implies that w is also an
eigenform associated with the zero eigenvalue, hence (2.31) follows from Lemmas
2.2 and 2.3 directly.

First of all, we have, for the complex rough Laplacian A = — % Ay, that

Aj g
A = b ——] i = ——n,
e
J
where

n= ij()»j)»k_l)d)j.
J
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It then follows that
Al = = 2 il + ni) + [Vl + Rlwp
> — Mlwllnl — mK|w|?,
ie.,

12

Av > —gInlv mKv,

where v = |w|?. Multiplying both sides by v*?~!, p > 1, and integrating over M

give
2p—1
p2 /|va|2=—/ 2P Ay
p M M

1
§Akf In|v*P~2 +mK/ 2P
M M

4 4
<Ak (/ |71|4p> </ v2p> +mK/ v2P
M M M

<(Ax +mK) max / 2P,
by,-.br Jm

(2.32)

Here and later in the proof the maximum is taken for all real numbers by, ..., by
whose square sum is less than or equal to 1. The last step above holds because the
coefficients in n satisfy Z(,’ b? (AjA;1)2 < Z.,' b? < 1. Thus, it follows from the
Sobolev inequality (2.18) and (2.32) that

m—1

—1 Zpm ) 2 -1 2
Cg max pm=T < max [VuP|* 4+ IM|™m max vP
bi, b JM i, b JM biobe JM (2.33)

Sp()\k—i-mK—HMl_%)bma); [ V2P,
bk Jm

Using Moser iteration as in (2.28) and (2.29) yields
w2 < 2 Dymem Gy + K 4 M| " (2.34)

For the bound of |[Vw|?. One just need to notice that from the Bochner formula
2.1

2 o202 Mk
A|lVw|® =|Vw|* — 7(< Vn,Vw > 4+ < Vw, Vi >)

+ R|Vw|2+ <wV;R,Vjw >
+ < Vjw,wV;R > +3 < Rj,;ka, Viw > — < Rk]rV,;w, Vjvw >
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Let v = [Vw|? 4+ A|w|? this time, then

Av >|V2w|* — A Re(Vin Vi + VinV;w)
— (m+HK|Vw|* +2Re < wV;R, Vjw >
— MAlwlln| — mK Alw|* + A|Vw|*

> — A Re(Vin Vb + VinVith) — (mK +4)v — v AZ|n)|
+2Re < wV;R,Vjw > .

Integrating both sides over M after multiplying by v27~!, we get

2p —1
p2 /IVU|2=—/ V2Pl Av
p M M

5/ [AkRe(VinV;liJ + V;nVilZJ)vzp_l + (m+4)Kv*P
M

+)»kA%|n|v2p_% —2Re <wV;R,Vjw > vzp_l].
(2.35)

Using the method in (2.32), one concludes

/ A2V <)y max / V2P, (2.36)
M M

bro by
For the term
AcRe /M(VMV;J) + VinViw)v?P !
using integration by parts and Holder inequality as in (2.32) induce
AkRe/M(va;w + Vi Vi) v?P !

= kae/ [nMnﬂP—l + V50V 4 Awe?P ! 4 nviwv;uzl’—l]
M

2p —1
= AkRe/ [Aklnlzvzl’l + Rpwv?P~ 1 + Pyt o nvVw, VvP >i|
M P
—1 2 217 —1 2
< 2pri(Ar + mK)A™' max vP + 5 [VvP|7,
b1, bk JM 4p M

(2.37)

where one can see that the second term on the right hand side above can be absorbed
in the left hand side of (2.35).
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For the term
—2Re/ <wV;R,Vw > 2Pl
M
when integration by parts is applied, the only term needing extra attention is

/ RwAw - v?P~! =/ Rw(Aw + Rw)v*P~ L.
M M

However, using the argument in (2.32) again, we have

f Rw(Aw + Rw)v?P~! =/ (Xkaﬁ + R2|w|2) p?P~1
M M

<mK (v + mK)A™" max / V27,
by, b JM

Thus,
—2Re/ <wV;R,Vjw > p2r-l
. . A
- 2Re/ [RIVjwlv*~! + RwAw - v*P~ 4+ wRV;wV,v* ]
M

2p—1
< [2mK + (8p — 2)mK (b + mK)A™!] m.g);k/l\qup+{;7-/l\4|va|2.

by,
Putting everything above together in (2.35) and setting A = Ay +mK give

2p—1
2p?

[ |Vv|2§[2pkk+kk+(m+4)K+8me] max [ V2P,
M br,.br Jm

ie.,

/|vu|2524p2(/\k+m1<) max / V2P, (2.38)
M by, b Jm

Therefore, by Moser iteration as in (2.28) and (2.29), we get
max |[v|zooq < 24"4™"DCE Ak + mK + |M|—%]’” max f v (2.39)
by, by bk Jm

bry,

On the other hand, since ¢1, ¢7, - - - , ¢y are orthonormal, we have

/ v =/ (Vwl® + Alwl?)
M M

=/ QwAw + Rlw|* + Alw|?)
M
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S/M [ < ij¢j» Zkzbm&z > +(hk + 2mK)|wl?]
J l
=Y 2jb% + O + 2mK)
J
<2(Ax + mK).
Plugging this in (2.39) completes the proof. o

Using an argument as in the proof of Theorem 2.2 (2) in [18], we have

Lemma 2.5 Under the assumptions in Lemma 2.4, we have

m—+1
Mo+ da e Ay < 4O mSom [xk YK+ |M|*%] IM|. (2.40)

Proof Since the complex situation is somewhat different from the real case, we give
a detailed proof. For each x € M, since the complex rank of the k vectors at x,
Vi1, -+ Vadr), (Vigo, -, Vo), -+, (Vidi, - - m¢k) is no more than m,
itis poss1ble to find a unitary matrix (g j) such that w, =y* iopai¢i 1l <i<k
satisfy that

Vivi(x) =0, 1 <l <m, m+1<i<k.

Here, for simplicity, we used V j¢i to denote the coefficient Vj(d),-)],z,... .m of Vo’ld)i.
Then we derive from Lemma 2.4 that

k m m m
> Vil (x>=ZZ Vi (x)

j=11=1 i=1

<mmax [V; [ (x)
1
<4mmt2)ym2om g 4 M) (o + K).

Thus integrating both sides gives (2.40) since

f D1V = 3
Mo

which follows from the fact that A; = —2A. O

As indicated in [18], it can be shown that (2.40) induces a lower bound of Ay.
Explicitly, first by induction one gets that

Lemma2.6 ForO <Xty <Ay <--- <A, <---, if the inequality
MA+ ot he S o (2.41)
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holds for any k > 1, then one has

Ak = Clk%, (2.42)

where ¢1 = min{Aq, (WZ’—HJE}, and m > 1 is an integer.
Proof The conclusion follows from induction on k. Firstly, it is obvious that (2.42)
holds for k = 1.

Assume that (2.42) holds for all 1 < i < k. We show that (2.42) also holds for k.
There will be two cases.

Case 1: If Ay = 0, then A1 = 0. Hence ¢; = 0, and (2.42) is trivial for k.
Case 2: If A > 0, then we may argue by contradiction. Suppose that

A < crkm. (2.43)

Dividing both sides of (2.41) by Xx, and using the induction hypothesis for
)"1’ R }\.k,l, we get

1 %+ 2ml+ N k—1 %+ k%<k1+k2+ 4_/\1<71_|_1
k k k k) T o Ak Ak
56())»;(".

Plugging in (2.43) yields

()7 () e ()

However, by induction again, it is straightforward to check that

1 1 1 1
1\#  [2\m k—1\n (k\® m
- ) I (o al k, 2.45
(k) +<k> * +( K ) +(k> S (249

for any k > 1, which contradicts with (2.44). In fact, (2.45) obviously holds for k = 1.
If furthermore, it holds for k — 1, i.e.,

! %+ 2 %+ +k_2%+ k_1%> " k-1
k—1 k—1 k—1 k—1) “mti ’

then

() ()

|-
3|

+ (% nm k (2.44)
- < . .
k m—+1

3=
N
»
=1
—_
N———"
S|—
+
N
| =
N——
|-
v
3
+ |3
—_
Py
»
|
N
N
»
|
—_
N———"
S|
+
_
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. . . 1
By direct comPuFatlon, one can see.that .functlon fx) = mLH(l —x)m 't 4y — mLH
has a global minimum at x = 0. It implies that

1
f) =z f0) =0,

which is equivalent to
m k—1 0 m
;IT@—U<—;—> +12Z:Tk
Therefore, (2.45) also holds for k. This finishes the proof of the lemma.

An immediate consequence of (2.40) and Lemma 2.6 is that

Corollary 2.7 Under the assumptions in Lemma 2.4, if Ay, > c2 > 0 for some ko, then
one has

e > 3k — ko + D Y k > ko, (2.46)

1 1 m+1
where c3 = min{cs, (%)m} with A = 4m0+2)m+3cin <1 + W)
M.
On the other hand, the following lower bound for the first eigenvalue X holds.

Lemma 2.8 Let M be a compact Kdhler manifold of complex dimension m. If the
scalar curvature R is non-negative and positive somewhere, then

0
29 1

200 s R M
2(A] +sup R) M| Jm

1
A1 > min{=29 + inf R,
1_m1n{2 1+111\1/[

where )‘(1) is the first nontrivial eigenvalue of the scalar Laplacian.

Proof Assume that ¢ is an eigenform of A; with fM |#|% = 1. Recall from (2.21) that

1
Alp? = =5 Adlol = [Vo[* = 1ilgI* + RIpI*. (2.47)
Integrating the above identity and using Kato’s inequality, we find that
M =f |V¢>|2+/ R|¢|sz |V|¢||2+/ Rig 2
M M M M (2.48)
> M,R,

where A g is the first eigenvalue of the scalar Schrodinger operator — AR + R with
AR being the real Laplacian.

@ Springer



Gradient and Eigenvalue Estimates...

If |¢| is a constant function, then (2.48) also gives us

1
}»12_/ R.
M| Jm

Next we assume that |¢| is not a constant. For simplicity, we write f =

a= ﬁ fM f, the average of |¢| over M. We consider two cases.

Case 1. Suppose
| -arz1p
M
Then the first line of (2.48) implies
= / IVfI? +/ Rf?
M M
> ,\?/ (f —a)® +inf R.
M M
Therefore
= 1x°+' f R
- inf R.
h= 271 T M
Case 2. Suppose
/ (f —a)? <1)2.
M

Then we can expand the square to reach:

/f2—2a/f+a2|M|<1/2,
M M

which shows, since [y f? =1, that

2 1

a” > ——.
2IM|

From the first line of (2.48) again,
mz [V [ RG—atar
M M

z/ (,\?+R)(f—a)2+2a/ R(f—a)+a2/ R
M M M

(2.49)

¢ (x)| and

(2.50)

(2.51)

(2.52)

(2.53)
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f(k?+R>(f—a)2+2a/ R A?+R(f—a)+a2f R
M M [0 4R M

R2
z—azf 0 +a2/R
M A + R M
0
=a2/ klR .
M A+ R

Here we just used Cauchy-Schwarz inequality in the 3rd last line. From (2.53), this
shows

0 0
A > 2 M R M b
1=’ > — (2.54)
Al +supR Jm 2(A +sup R) M| Jm

Combining this with (2.49) and (2.51), we find that

0
2 1

o R}.
2(A] + sup R) M| Jm

1
A > min{zk? +inf R,

This completes the proof of the lemma.

Remark 2.9 1t is not hard to generalize from the above lemma that Hodge numbers
h™0 = pOm = 0 whenever the total scalar curvature is positive and the negative part
of the scalar curvature is sufficiently small in L°° norm. Indeed in this case A; > 0
and hence there is no nonzero harmonic (m, 0) forms. The same conclusion for R > 0
was first obtained by Kobayashi—Wu [7].

Now we are ready to give

Completion of proof of Theorem 1.1 Theorem 1.1 is a direct consequence of Corollary
2.7 with kg = 1 and Lemma 2.8. O

Another consequence of Lemma 2.8 is a more explicit lower bound of A for Fano
manifolds. If M is a Fano manifold with ¢; = a[w] for some positive real number .
Here c¢; is the first Chern class and w is the Kéhler form. By the 99 lemma, there is a
real smooth function L such that R,.jv =Tmag;; +0; 8]L. Thus, we get R = mmo+AL,
and

1
Mf R =mma. (2.55)
M

On the other hand, the relation between ¢; and [w] also implies that

am|M|=(xm/ [w]mzf .
M M

Since ¢; > 0, the RHS is a positive integer. Hence, it induces that

" M| = 1,

@ Springer



Gradient and Eigenvalue Estimates...

which, from (2.55), is equivalent to
1 _1
—/ R > mmx|M| m. (2.56)
M| Jm

Therefore, substituting the bound above in Lemma 2.8, we get

Corollary 2.10 Let M be a Fano manifold of complex dimension m. Suppose that
¢ =[w], and 0 < R < K then

Wmn

1
— T M| ).
209+ K)

N
A1 > min{=\7,
2

We end this section with a lower bound estimate for the first eigenvalue of 1 forms
on some Kihler surfaces, which is similar in spirit to Theorem 1.1.

Proposition 2.11 Suppose M is a simply connected compact Kihler manifold of com-
plex dimension 2 whose scalar curvature is nonnegative and positive somewhere. Let
Aﬁl) be the first eigenvalue of the Hodge Laplacian on (1, 0) forms. Then

0
29 1

I
2(A] +sup R) IM| Jm

1
A0 > min{iko,

where )‘(1) is the first nonzero eigenvalue of the scalar Laplacian.
Proof Let o be an eigenform for )\(11)’ i.e.
Aga = Agl)a.
Then applying 0 on both sides yields
Agda =1V da.
If da # O, thenitisa (2, 0) eigenform. By Lemma 2.8, the stated lower bound for A(ll)
is true. If 0o = 0, then we notice that *« can not be a constant function. Otherwise
we would have
Aga = 09%a + 3%0a = 0.
Hence « is a nontrivial harmonic 1 form whose existence means that the first Betti
number of M is not 0, contradicting with the assumption that M is simply connected.
Consequently d*« is a nonconstant solution to the scalar equation:

—2A0 a = Agd*a = 1{Vd%a,
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Since when acting on real functions, 2A = —Ay is the real Laplacian, we have
(1) 0
A=A
This completes the proof of the proposition. O

Remark 2.12 From the proof above, we can see that the “simply connectedness”

assumption can be dropped. Instead, Agl) will be considered as the first nonzero eigen-
value.

3 The Heat Kernel Estimates

In this section we prove pointwise and gradient bound for the heat kernel of the Hodge
Laplacian on (m, 0) forms. Again, the main feature of the results is that the bounds of
the heat kernel and its gradient only rely on the Ricci curvature bound instead of the
full curvature bound.

We consider time dependent, smooth (m, 0) forms ¢ which satisfy the heat equation

1
(0r — M) = (0 + EAd)ff’ =0 (3.1

on M x (0, T']. Here, for consistency with the usual heat equation, we put 1/2 in front
of the Hodge Laplacian and A is the complex Laplacian. Let G = G(x, ¢, y) be the
heat kernel, i.e. fundamental solution of (3.1) such that

lim [ G(x,t, ¥ (y)dg(y) = ¥(x)

t—0F

for all smooth (2, 0) forms . We have

Theorem 3.1 Let (M, g; 7) be a compact Kihler manifold of complex dimension m.
Suppose that the Ricci curvature satisfies |Ric| < K. Then there exist a positive
constant Ay depending on the Sobolev constant C in (1.2) and dimensional constants
a> and a3 such that

IG(x,1,y)] < ﬂeaszg—asdz(x,y)/t
9 9 p— tm ,
A (3.2)

athe—agdz(x,y)/t
tm+(1/2)

IViG(x,t,y)| < when m > 2.

In order to prove the theorem, we need two intermediate results. The first result is
a pointwise bound for |¢| via semigroup domination property. Note we can also use
Moser’s iteration to get a similar result.

Proposition 3.2 Let (M™, g; 7) be a compact Kdhler manifold of complex dimension
m with Ric > —K, and ¢ = ¢(x,t) be a smooth (m,0) form satisfying the heat
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equation (3.1) on [0, T]. Then we have,

A
BP0 1) = DD K91, Oy € O, T (3.3)
and
A
swp 1910 1) = ST 1,0y (3.4)

B 7 x[3T.T]
2

where A(m) is a constant only depending on m and Cg, the Sobolev constant in (1.2),
and B, denotes the geodesic ball with radius r centered at some point O € M.

Proof Let ¢ be a solution to (3.1) Then
UpP=Ad - d+0-Ap=Ad ¢+ ViVig,
and

Alpl> = Vi (Vip- ¢+ ¢ - V;p)
= A¢ ¢+ VipVid + VigVip + ¢V Vi
=A¢p-d+¢-ViVip+ RlgI> + V|

Therefore, |¢|, the norm of ¢ satisfies the scalar equation:
@ — D)ol = —RIgI> - |VoI*. 3.5)

From (3.5) and the lower bound of the scalar curvature coming from Ric lower
bound assumption, we have

3 — N)pl* < mK|p*> — [VI$lI*.
It implies that
@ — M) e "Kp%) < 0. (3.6)

Let G = G(x,t,y) be the heat kernel of the standard scalar heat equation. The
maximum principle infers that

e Klp P (x, 1) < /M Gx, 1, V¢ (y, 0)°dy. (3.7)

According to [14], since M is compact, there exist a constant C| depending on m and
M|, and a dimensional positive constant C» such that

Cl —_C d2
G(x,t, < — e 2 (x’y)/l. 3.8
0 = G D) 69
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Since the Sobolev constant Cg is a finite number, there exists another positive number,
A(m), depending on Cg and the dimension such that

Gx,t,y) < A iy, (3.9)

tm

Substituting this to (3.7) gives (3.3).

For (3.4), one just need a cut-off function ¥ (x,t) = &(d(x, O))n(t), where & :
R — [0, 1] satisfies £(u) = 1in [0, %], £) = 0 on [V/T, o], L <& =0
|&”] < 8, and n : R — [0, 1] satisfies n(s) = 1in [3L, T], &) = 0 on [0, 1],
0<7n'(s) < % Then it is not hard to check that (3.4) follows by multiplying (3.5) by

¥2 and applying Duhamel’s formula and the heat kernel bound (3.9). O

Further more, we can get similar gradient estimate for ¢, assuming two sided bound
of the Ricci curvature. Here we need to integrate out the gradient of the scalar curvature
appeared in the Bochner formula.

Proposition 3.3 Let (M™, g; Jf) be a compact Kdihler manifold of complex dimension
m > 2with|Ric| < K, ¢ = ¢(x, t) asmooth (m, 0) form satisfying the heat equation
(3.1) on [0, T). Then we have

A(m)€C(m)KT

2 2
sup IVo|” = T||¢(',O)||L2(Bﬁ/2)~

15
ng[ﬁT,Tl

Here B, denotes a geodesic ball of radius r centered at some point O € M, A(m) is
a constant depending on m and the Sobolev constant Cg in (2.18), and C(m) is just a
dimensional constant.

Proof From the Bochner formula (2.7), we have

(@ — M)|VP]* = —|V?¢]> — RIVY|> — $V;RV;$ — $V,;¢V;R G.10)
—3R;;V;¢V;id + R;;VipVid. '
Let

v=|Vg]’ + Algp|’

with A to be determined.
Combine (3.5) and (3.10), we have

(0 — A? <= pIV?IPvP ™! + p(m + 4H)KvP — ppV;RV ;v
— ppV;¢V;RvP™! (3.11)
— p(p — D" 2|Vl
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For positive numbers § < o, let7(s) acut-off function satisfying n = Oon [0, T—O’}’z],
n=1on[T =82 T],and 0 < '(s) < oo For positive numbers © < v,
let £(u) be a cut-off function such that & = 1 on [0, ur], & = 0 on [vr, oo], and
2 g/ < 0
T —wr =
Set ¥ = &(x)n(r). Multiplying both sides of (3.11) by ¥2v” and taking integral
over M x [0, T'] yield

// V2P (8, — AP
Mx[ OT]

< [ o[ AR+ K — @V RY B+ Y6V R [y
Mx[0,T]

- /f p(p — DY P2Vl
Mx[0,7]
(3.12)

On the other hand

1 oY
20208, — A p:_/ 220 _// 2p 27
//1\/1><|0,le VO = A= Mw ’ ‘T Mx[O,T]l/,v ot
w [ (vanr - ).
Mx[0,T]

Therefore, combining (3.12) and (3.13) shows that

/ e 21’ +// IV(ypoP)?
Mx[0,T]

=< /f p[— l|A¢|2+(m+4)K (¢V;RV: ¢+¢v OV R)]Wz 2p—1
Mx[0,T] m

— f/ p(p — DY2*P 2|V +// (w% + |vw|2> 2P
Mx[0,T] Mx[0,T] ot

(3.14)

(3.13)

Similar to (2.26), using integration by parts and Cauchy—Schwarz inequality give

/ (¢v RV;$ +$V;9V; 13)1/f2 2p-1
< / [ComK + pK2A™ w20 4 agly? ™ @)
M
F V@R + Sy 2 wop]
2 p
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Also,

oy 2 P T 1 1
1/fW-HVI/N =y&n +n7|VE| S4<(0_8)r2 + (U_M)2r2>- (3.16)

Thus, by plugging (3.15) and (3.16) into (3.14), and setting A = K, it follows that

/vfz 2” // IV(yoP)?
M><[0T

<”2C(m)<“( “5t 5= [ 61

= p°L f f (YuP)?,
Mx[0,T]

where L = C(m) (K + (0—15)r2 + (u—;i)2r2)' By the definition of v, it is not hard to

deduce from above that

/ v2”|rf+// |VoP|? < p°L // VP, (3.18)
By By x[T—8r2.T] By X[T—0r2,T]

forany 7' e [T — 8r2, T1.
For Ric > —K, the following local Sobolev inequality holds (see e.g. [17]).

m—1
< |u|) <cw) U |W|2+r—2f |u2|],
B, B, B,

where u € C® (M), and C(r) = eCONI+VEN | B =52 1t implies that

T 1/a
/ / VP2 > C(ur)™! / / v ds — (ur)7?
By x[T—8r2,T] T—-5r2 \JBy,
/ f 2P, (3.19)
B, x[T—or2,T]

Moreover, from (3.18), we can see that

T 1/a 1/m
/ / V2P ds |- <// v2p)
T—sr2 \JB,, By, x[T—0r2,T]
T 1/a 1/m
> (p*L)~" / / ) ds || sup / v??
T—8r2 \J By, [T—56r2,T]Y Bur
T 1/a 1/m
> (pZL)—l/m/ / v2poc / v2p ds
T*Si‘z Bp_r B;/.r
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> (p2L) M ( /l 02P<1+,L>> |
By x[T—6r2,T]

1/m
Multiplying both sides of (3.18) by (fwa [T —0r2.T] UZP) , and applying the esti-
mates above, we derive

// 2P0+ 1)
By x[T—6r2.T]
144
< C(ur) [sz + (W)_2] (P*Lyi - <// v2”>
X [T—or2,T]

1+L
< p3ec('")(1+‘/?’”)|BW|_$u_2 (/ﬂrzL + 1) (L)i (// v217> )
- X [T—0r?, T

(3.20)

Now, suppose that a € [%, 1], e (0,1].Letp =1+ % and fork =1,2,---, set

2 2 22 22
p=p"o= a%—%ﬁ = ah—%,h{ = [T—(a%—%)rz, T],
uw=a-+ zf—k v=a-+ z,f—,l and ry = (a + ZL,{)r, then (3.20) becomes

_1ya—k —k —k _1p—k
10211t g, gy <BETDE CMUITVR @200 =7

IR (R R Y
-I:C(m)ZZkeﬁrT 1] Fomb ||v2||ﬁk*],Brk,l><Ik*1'

Using iteration on k, then letting k — 0, we have

2 _ Colm)eCtmVEr

—(m+1),.2
max VvV —— 7l 8 T— 2T
By x[T—(ar)2.T] 2| Bar| sBatoyr X[T—[(a+1)r]*.T]

where Co(m) = 28m0n+1Dp20m+1)
Next, we may use a method in [12] to reduce the L? mean value inequality above
to L' mean value inequality. Let r; = (31_,27%)r, Q; = By, x [T — r]2., T] for

j =0,1,2,---. Then Q9 = B, x [T —r2T] C Qi Cc--CQjC--C
By, x [T — (2r?), T, and

1

2
sup U2 SAOZ(jJrl)(m+1) // U2 < A02(j+1)(m+1) sup 1)2 // v,
Q; Qj+1 Q)41 By x[T—(2r)2.T]

J
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Cm)VKr ~ . .
where Ag = %, Denote by A = Ag // v and run iteration,
e By x[T—(2r)2.T]

we get

supv? < ATheo 27 0n+D) Lo k+ 127 “(supv?)? .
Qo Q;

Letting j — o0, one can see that

sup v? < C(m)Az,
Qo

C C(m)\/»r
sp v SUMETTT / / . 3.21)
B x[T—12.T] r2|B,| Bay x[T—(2r)2, T]

At last, let us bound the right hand side of the previous inequality. Multiplying
(3.5) by the spatial cutoff function &2 and doing the standard energy estimate, taking
r= }1«/7 we can deduce with the assistance of (3.4) that

ie.,

2 2) g2 mKT 2
fﬁwwﬂDTﬂjlov¢|+w¢|)é < Cm™ o0 Ol - (3.22)

Now the conclusion of the proposition follows from (3.21), (3.22) and the volume
comparison. O

Now we are ready to give a
Proof of Theorem 3.1 Step 1. The pointwise bound for G follows quickly from (3.6).
Fixing y, let ¢ (x, t) = G(x, t, ¥). Then, (3.6) infers that
@ — M) e g, 0 < 0.
Hence e~"K?|¢ (x, t)| is dominated by G(x, ¢, y), the heat kernel of the scalar Lapla-
cian. So the pointwise bound in (3.2) for |G| follows from (3.9).
Step 2 . We prove the gradient bound.

Ay
[ViG(x,t,y)| < meazkt. (3.23)

where A depends only on K, m and Cg and a> depends only on m.
Let ¢ be as in Step 1. We apply Proposition 3.3 on the region B s (x) x [t/2,¢]

with 7 /2 taken as the initial time. Note that we are free to adjust the total time interval
by a fixed factor. This gives

5 AoeazK! 5
Vo (x, D" = — IG(z,1/2, y)|“dz. (3.24)
! Byip®
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Here Ao depends only on K, m and Cs. From the pointwise bound proven in Step 1,

after routine computation, this implies

Al e Kt

Voo, 0 < —5

proving (3.23). Step 3 . Completion of the proof of the gradient bound in (3.2).
Since the manifold is compact, the exponential term e’“3d2 )/ is mute forr > 1.

So, by Step 2, we only need to deal with the case when t € (0, 1] and d? (x,y) > 4r.
Now from (3.24) and using the bound on |G| and the property that d(z,y) >

d(x,y)/2forz e Bﬁ/z(x), we deduce

ar Kt 2
|V(,15(x,t)|2 < ﬂ/ ieazkte—4a3d2(z,y)/¢dz
tm+1 B[ L) t2m
0 (3.25)
Aoeath

athe—a3d2(x,y)/t
tm+1 :

2
B (x) ie
ﬁ/z t2m

The desired gradient bound then follows by volume comparison, after a suitable adjust-
ment of constants. O
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