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A B S T R A C T   

The thermodynamic stability of equiatomic mixed carbides, commonly referred to as high entropy carbides 
(HECs), is investigated via the CALculation of PHAse Diagrams (CALPHAD) approach for mixed carbides con
sisting of the group IVB and VB transition metal carbides as well as tungsten carbide. The Gibbs free energy of the 
B1-structured mixed carbides is computed using the compound energy formalism while that of the Bh-structured 
mixed carbides is evaluated using a point-defect model. The required thermodynamic data for the CALPHAD 
approach are obtained from density functional theory calculations and the Debye-Grüneisen model. The lower 
temperature limit at which the HECs mix in thermodynamic equilibrium is determined via numerical and 
analytical approaches. We find that enthalpy of mixing is at least as important as configurational mixing entropy 
in these mixed transition metal carbide compounds. The lower limit temperature where an equiatomic solid 
solution is present is largely independent of the number of components with the only exception being solutions 
containing tungsten carbide, where a weak temperature dependence is noted. Furthermore, the only equiatomic 
solid solutions that are thermodynamically stable below approximately 1000 K are those stabilized by enthalpy 
alone, indicating that many currently fabricated HECs are not at equilibrium at room temperature. Collectively, 
our results demonstrate that the formation of these carbides is controlled by the competition between entropy 
and enthalpy, or enthalpy alone, and thus these materials should be referred to as multi-principal component 
carbides since the former terminology can be misleading.   

1. Introduction 

The transition metal carbides (TMCs), a family of ultra-high- 
temperature ceramics (UHTCs), exhibit not only high melting temper
ature but also high hardness and moderate oxidization resistance 
because of their nature of mixed covalent-metallic or covalent-metallic- 
ionic bonds [1–3]. To further enhance the material properties, the 
concept of mixing multiple metal species onto a single phase lattice has 
been proposed [4–6], and termed high entropy carbides (HECs), which 
makes these compounds fall into the category of ‘high entropy ceramics’ 
[7]. These so-called high entropy ceramics are analogous to high en
tropy alloys (HEA) [8,9] which usually consist of four or five principal 
components. The transition metal carbides are typically interstitial 
compounds where the metal atoms (M) form a cubic or hexagonal 
sublattice with the carbon (C) atoms occupying the interstitials. In the 
case of the group IVB and VB carbides, there exists wide stoichiometries 
of the rock-salt (B1) structure, MC1-x, where x can range from 0.5 to 1 
[3,10]. This potential range of carbon content and the number of 

transition metals creates a large design space for the design of HECs 
[11]. 

The experimental studies of HECs started with the mixture of 4 or 5 
B1-structured unary carbides, such as (Ti1/4Zr1/4Hf1/4Ta1/4)C [12], (Zr1/ 

4Hf1/4Nb1/4Ta1/4)C [12–14], (Ti1/5Zr1/5Hf1/5Nb1/5Ta1/5)C [15–17] and 
(Ti1/5Hf1/5V1/5Nb1/5Ta1/5)C [6,17] via consolidation of mechanically 
alloyed (ball-milled) equimolar unary carbide powders. Compared to 
unary carbides, these HECs exhibited higher hardness (by 10%~20%) 
[12], increased yield and failure strength [14], and enhanced oxidation 
resistance [16]. Further enhancement of the mechanical properties of 
HECs, i.e. ductility and hardness, was found in the fabricated B1- 
structured multicomponent carbides by stabilizing the typically Bh- 
structured unary carbides MoC and WC [17–19]. However, unlike these 
reports of the synthesis of HECs, the heat treatment of mixed non- 
equimolar unary carbide powders suggest the existence of large misci
bility gaps even at elevated temperatures (~1500 ◦C) in multicompo
nent carbide systems, such as Nb-Ti-V-C [20] and Co-Ti-V-W-Zr-C [21]. 
These reports suggest that the thermodynamic stability of single-phase 
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HECs is questionable at room temperature. In addition, there is still a 
lack of solid evidence, e.g. quantitative evaluation of the mixing entropy, 
to support the previous hypothesis that the mixing entropy in the solid 
solution results in the stability of these so-called HECs. Other factors that 
may give rise to the thermodynamic stability of HECs include the mixing 
enthalpy, the structure and elasticity of the carbide components, etc. and 
should also be considered for further investigation. Therefore, the ter
minology high entropy carbide (or high entropy ceramic) may not be an 
accurate description of these materials, though we will utilize this name 
throughout this manuscript since this is the only name used to-date. 

Two general methods have been adopted in the computational 
studies of HECs: the descriptor method [15,22,23] and the calculation of 
phase diagrams (CALPHAD) [24,25]. The descriptor method uses a 
material-specific property to describe the solubility of the multicom
ponent carbides, which is akin to the Hume-Rothery rules used for al
loys. Using this idea, Yang et al. used the degree of lattice-distortion as 
the descriptor to predict the phase stability of the high entropy carbides 
(Hf1/5Nb1/5Ta1/5Ti1/5Zr1/5)C by means of density functional theory 
(DFT) [15]. Ye et al. concluded the stability of (Nb1/4Ti1/4V1/4Zr1/4)C 
based on the small mixing enthalpy obtained from ab-initio calculations 
[22]. The descriptor of entropy forming ability (EFA) was used by Sarker 
et al. to relate the standard deviation in the enthalpy of an equiatomic 
mixed carbide with different atomic configurations [23]. They assumed 
that a smaller standard deviation in the enthalpy indicated a larger 
configurational entropy, which was suggested to improve the phase 
stability of the mixed carbides by lowering the total Gibbs free energy. 
These authors used this descriptor to investigate the phase stability of 
HECs with combinations of 8 metal elements (Ti, Zr, Hf, V, Nb, Ta, Cr, 
Mo, W) and found that the consistent results were obtained by using 
both EFA and degree of lattice-distortion as descriptors. The descriptor 
method’s advantages are its simple implementation and the fast pre
diction of phase stability. But the choice of the descriptor is empirical 
and lacks an explicit relationship with the Gibbs free energy. 

Unlike the descriptor method, the CALPHAD approach computes the 
Gibbs free energy directly and constructs the phase diagrams of the 
mixed carbides with all compositions at different temperatures. The use 
of the CALPHAD approach requires thermodynamic data, which can be 
either assessed from experiments [20,21,24] or evaluated via compu
tation [25]. Servant et al. used experimentally assessed thermodynamic 
data and computed the phase diagrams of the B1-structured binary 
carbides (Mi-Mj-C), consisting of some of the group IVB and VB carbides 
and CrC [24] but did not extend their results to HECs. Markström et al. 
also investigated some of the B1-structured binary carbides using the 
CALPHAD approach but instead used thermodynamic data from ab-initio 
calculations rather than experiments [25]. A similar approach was taken 
by Ivaschenko et al. [26] who included finite temperature effects via 
phonons. However, none of these studies have examined the thermo
dynamics of all the transition metal carbides for pseudo-ternary systems 
and above, which is necessary to understand the role entropy plays in 
forming HECs. 

While experimental studies have demonstrated the ability to syn
thesize HECs and theoretical studies have provided insight into the 
stability of these compounds, the thermodynamic stability of HECs has 
not been definitively addressed or answered. Specifically, no one has, to- 
date, computed the temperatures required to synthesize equiatomic 
HECs with more than three elements and thus the true thermodynamic 
stability of these materials remains in question. To address this knowl
edge gap, in this work we use the CALPHAD approach to compute the 
thermodynamic stability of equiatomic mixed HECs directly using the 
Gibbs free energy for all the group IVB, VB and W transition metals. For 
consistency, the required thermodynamic data in our CALPHAD 
approach was first obtained at 0 K from ab-initio calculations using DFT 
[27] and then evaluated at finite temperatures using the Debye-Grü
neisen model [28–30]. The Gibbs free energy of the B1-structured mixed 
carbides was computed using the classical compound energy formalism 
while that of the Bh-structured mixed carbides was evaluated using the 

point-defect model. This allows for the determination of the lower limit 
temperature at which the HECs will mix in thermodynamic equilibrium 
via numerical and analytical approaches. This approach will also allow 
for a connection between specific carbide systems used to form the so
lution and the resulting thermodynamic properties. The collective re
sults in this study not only evaluate the thermodynamic stability of 
HECs; they also provide direct insight into the competition between 
entropy and enthalpy and guidance for material selection in HECs. 

2. Methodology 

2.1. Model development 

2.1.1. Basic formalisms in phase equilibrium 
In this study, we examined a solution of stoichiometric mixed car

bides, equal fraction metal and carbon atoms, with N metal components 
denoted as (M1x1 M2x2 ⋅⋅⋅MNxN )C, where the metal element Mi has a cor
responding molar fraction xi. The thermodynamic stability of this 
compound is determined by its molar Gibbs free energy, which is related 
to xi via the chemical potential μi [31]: 

G =
∑N

i=1
xiμi,

∑N

i=1
xi = 1. (1) 

Using the constraint of the molar fractions, the molar Gibbs free 
energy can be written as a function of N −1 variables by substituting 
x1 = 1 −

∑N
i=2xi so that the chemical potential of each component can be 

computed as: 

μ1 = G −
∑N

j=2

(
∂G
∂xj

)

xk(k∕=j)
, (2)  

μi = G −
∑N

j=2
xj

(
∂G
∂xj

)

xk(k∕=j)
+

(
∂G
∂xi

)

xk(k∕=i)
. (3)  

In general, a system consisting of multiple components may undergo 
phase separation, which could lower the overall Gibbs free energy by 
splitting the system into weighted phases. Assuming a two-phase equi
librium exists in a multi-component system, the composition of each 
phase is determined by the equality of chemical potentials: 

μα
i

(
xα

1 , xα
2 , ⋯xα

N

)
= μβ

i
(
xβ

1, xβ
2, ⋯xβ

N
)
, (4)  

where α and β denote the two different phases. 
While the above discussion is generally true for computational 

thermodynamics, we have two specific cases that arise in the transition 
metal carbides we study here. In the case of mixing only group IVB and 
VB carbides, all components share the same rock-salt structure (the B1 
structure). Thus, it is possible to either form a single B1 phase, or to 
phase separate into two or more phases, all of them with the B1 struc
ture. In this case, the molar Gibbs free energy G(x2, x3, ⋯xN) is a 
continuous function over all the compositions but has the potential to 
exhibit regions of concavity, which is associated with spinodal decom
position [32]. The spinodal-decomposition region, i.e. the spinodes, can 
be determined from the Hessian matrix M of the Gibbs free energy, e.g.: 

Mij(x2, x3, ⋯xN) =
∂2G

∂xi∂xj
, (i, j = 2, ⋯N). (5)  

Consequently, the spinodes are determined by det(M) = 0. Thus, there 
are two important temperatures to consider when discussing the 
equiatomic mixing of the B1 carbides: the minimum temperature at 
which they mix in thermodynamic equilibrium, Teqv, and the tempera
ture at which there is no spinodal decomposition, Tsd

eqv. Teqv can be most 
easily understood and computed for a large number of carbides as the 
highest temperature at which Eq. (4) has a solution for two different B1 
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phases. Similarly, Tsd
eqv can be found simply be determining the largest 

temperature at which Eq. (5) has a zero determinant at the multicom
ponent equiatomic composition. 

The second case involves mixing the B1-structured carbides with WC. 
In this case, we have to consider equilibrium between two phases with 
different structures, the B1 structure and Bh structure, and thus two 
discontinuous Gibbs free energy curves. The temperature, Teqv, is 
therefore either controlled by the phase equilibrium between the B1 and 
Bh phases or it may still be controlled by the phase separation between 
two B1 phases. In this case, Eq. (4) must be directly used for the equi
librium of the B1 and Bh structures and the composition steps used to 
check Eq. (4) are 0.01. 

2.1.2. Thermodynamic models for the mixture of the B1-structured carbides 
The Gibbs free energy of the mixed B1-structured carbides 

(
M1xα

1
M2xα

2
⋅⋅⋅MNxα

N

)
C can be written using the compound energy 

formalism [33] as: 

Gα(T) =
∑N

i=1
xα

i Gα
MiC(T) + Gα

mix(T) + TkB

∑N

i=1
xα

i lnxα
i , (6)  

where α denotes the B1 phase, T is the temperature, kB is Boltzmann’s 
constant, Gα

MiC represents the Gibbs free energy for the unary B1- 
structured carbide MiC, and Gα

mix represents the excess mixing Gibbs 
free energy of Gα. In Eq. (6), the Gibbs free energy is the energy per 
formula unit (f.u.) of the carbide and the third term kB

∑N
i=1xα

i lnxα
i is the 

mixing of configurational entropy. We note that the unit of the Gibbs 
free energy can be converted into energy per mole by multiplying the 
Avogadro’s number in Eq. (6) and both units are used in the plots in the 
following results. Similarly, the total enthalpy of the mixed carbide at 0 
K is: 

Hα* =
∑N

i=1
xα

i Hα*
MiC + Hα*

mix, (7)  

where an asterisk in this paper denotes a thermodynamic property 
evaluated at 0 K. The term Gα

mix in Eq. (6) and Hα*
mix in Eq. (7) represent 

the solubility amongst the unary carbides, which can be approximated 
as: 

Hα*
mix =

1
2

∑N

i=1

∑N

j∕=i

xα
i xα

j Lα*
MiC−MjC, (8)  

Gα
mix(T) =

1
2

∑N

i=1

∑N

j∕=i

xα
i xα

j Lα
MiC−MjC(T). (9)  

The Lα*
MiC−MjC and Lα

MiC−MjC(T) terms in Eqs. (8) and (9) are the param
eters representing the solubility of the binary carbides MiC-MjC, which 
are expressed using Redlich-Kister (RK) polynomials in this study: 

Lα*
MiC−MjC =

∑K

k=0
Lαk*

MiC−MjC

(
xα

i − xα
j

)k
. (10a)  

Lα
MiC−MjC(T) =

∑K

k=1
Lαk

MiC−MjC(T)
(

xα
i − xα

j

)k
. (10b)  

The RK polynomials with K = 0 and 1 are called regular and subregular 
solutions, respectively [33]. In this work, the values of Lαk*

MiC−MjC and 

Lαk
MiC−MjC(T) in Eq. (10) are evaluated from ab-initio calculations as dis

cussed in Sec. 2.2. 

2.1.3. Thermodynamic models for the mixture of the B1-structured carbides 
and WC 

Tungsten carbide (WC) can form two structures under different 

conditions. At room temperature, WC has the Bh structure where the 
metal atoms form a simple hexagonal sublattice and the carbon atoms 
fill the octahedral interstitials. At elevated temperatures, WC1-x can form 
the rock-salt structure (the B1 structure), which can either form a single 
phase or coexist with the hexagonal-based W2C and Bh WC. Between 
2789 K and 3028 K, the composition range of the B1-structured WC1-x is 
0 ≤ x ≤ 0.41. Therefore, the solubility of B1 WC in other B1-structured 
carbides can be modelled by using the RK polynomials as shown in Eqs. 
(8)-(10). However, the solubility of W in the B1 structure at low tem
peratures is likely to be modest. In contrast, the group IVB and VB 
stoichiometric carbides do not form the Bh structure at any known 
temperatures, which means the solubility of the group IVB and VB 
carbides in Bh WC is likely very low. Therefore, we choose to model the 
Bh-structured mixed carbide as having a Bh WC matrix with substitu
tional metal atoms modeled as point defects. Using this model, the Gibbs 

free energy of the mixed carbide 
(

M1xβ
1
M2xβ

2
⋅⋅⋅MNxβ

N
W1−

∑N
i=1

xβ
i

)

C is: 

Gβ(T) =
∑N

i=1
xβ

i

[
Gα

MiC(T) + ΔGβ
MiC(T)

]
+

(

1 −
∑N

i=1
xβ

i

)

Gβ
WC(T) + TSmix,

(11)  

Smix = kB

[
∑N

i=1
xβ

i lnxβ
i +

(

1 −
∑N

i=1
xβ

i

)

ln

(

1 −
∑N

i=1
xβ

i

) ]

, (12)  

where β denotes the Bh phase and the term ΔGβ
MiC(T) represents the 

excess energy of a single point defect (substitutional Mi atom). Similarly, 
the enthalpy at 0 K is: 

Hβ* =
∑N

i=1
xβ

i

[
Hα*

MiC + ΔHβ*
MiC

]
+

(

1 −
∑N

i=1
xβ

i

)

Hβ*
WC. (13) 

We expect that the concentration of group IVB and VB transition 
metals in the Bh phase will be low, and we choose to ignore the short- 
range interactions between the metal atoms. Thus, it is appropriate to 
model the enthalpy of mixing using a simple point defect model that 
neglects these interactions. 

2.2. DFT calculations 

In the aforementioned thermodynamic models, the enthalpy of the 
mixed carbides at low temperatures is calculated based on the param
eters of the binary (two-component) carbides, including the parameters 
Lα*

MiC−MjC in Eq. (8) and ΔHβ*
MiC in Eq. (13). To evaluate Lα*

MiC−MjC, DFT 
calculations were carried out on the B1-structured unary carbides (MiC) 
and pseudo-binary carbides (Mi1-xMjx)C. The use of supercells to 
compute properties using DFT always results in ordered structures due 
to the periodic boundary conditions inherent to the simulations. How
ever, the mixed carbides presumably have disordered structures where 
the metal atoms are randomly distributed. Thus, to best represent 
random mixing we utilize the well-known special quasi-random struc
tures (SQSs) in all of our DFT simulations. For the B1-structured pseudo- 
binary carbides, the published SQSs [34–36] for fcc lattice (metal sub
lattice) were used as supercells where x = 1/8, 1/4, 3/8, 1/2 and the 
structures of (Mi1-xMjx)C with x > 1/2 are modelled by swapping the Mi 

and Mj atoms. Moreover, we also performed DFT calculations on the 
published SQSs for the ternary, quaternary, and quinary carbides with 
the following compositions: (Mi1/4Mj1/4Mk1/2)C, (Mi1/3Mj1/3Mk1/3)C, 
(Mi1/4Mj1/4Mk1/4Ml1/4)C, and (Mi1/5Mj1/5Mk1/5Ml1/5Mm1/5)C [34] to 
provide validation of our use of only binary mixing parameters discussed 
below. 

The DFT calculations were performed using the projected- 
augmented-wave (PAW) pseudopotentials [37,38] implemented in the 
Vienna ab-initio simulation package (VASP) [39–41]. The electron 
correlation energy was calculated using generalized gradient 
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approximation (GGA) with the Perdew-Burke-Ernzerhof (PBE) param
eterizations [42,43]. The first order Methfessel-Paxton smearing scheme 
with the smearing of 0.2 eV was implemented on the electronic occu
pancy in the Brillouin zone. The energy cut-off of the plane-wave basis 
was set to be 600 eV and the density of the Monkhorst-Pack k-point mesh 
was chosen as 12 × 12 × 12 for the B1-structured conventional unit cell 
and 18 × 18 × 20 for the Bh-structured primitive unit cell. The electronic 
convergence criterion was chosen as 10-8 eV in order to obtain the ac
curate mixing enthalpy and structural relaxations were set to a tolerance 
of 10-7 eV. 

To investigate solid solutions of the Bh-structured carbides, we at first 
generated SQSs of the Bh-structured (Mi1-xWx)C using the ATAT code 
[44,45] similar to what we did for the B1-structured binary carbides. 
After performing the DFT simulations, we found that the SQSs were 
mechanically unstable for x ≤ 7/8, which was established by examining 
two features of the structures. First, we noted that the hexagonal metal 
sublattice deformed substantially into a rhombohedral sublattice after 
the full relaxation. Second, the dynamical matrices of the original 
structures were not positive definite. These results further supported our 
initial assumption that the solubility of the group IVB and VB metal 
elements (Mi) inside Bh WC is relatively low. In order to mitigate this 
issue, we instead developed the defect thermodynamic model discussed 
in section 2.1.3 and proceeded to evaluate the defect formation energies 
of group IVB and VB metal atoms in Bh WC. We created supercells that 
are a repetition of the Bh WC primitive cell where a single W atom was 
replaced by the metal atom Mi. Note that due to the periodicity of the 
cell, there solution has no dependence on which W atom is replaced. 
Then, those structures with a single point defect were fully relaxed and 
the ground-state energy was calculated in VASP using the aforemen
tioned parameters. Finally, the excess energy ΔHβ*

MiC of a single point 
defect (metal atom) was determined using a standard convergence test 
with respect to the supercell size. 

2.3. Debye-Grüneisen model 

In the previous section, the thermodynamic parameters in our model 
were evaluated using DFT calculations at 0 K. To obtain the finite 
temperature parameters, here we choose to use the Debye-Grüneisen 
(DG) model to calculate the internal energy (ED) and entropy (SD) of 
phonons [28–30] as well as those of electrons (Eel and Sel). While the 
vibrational free energy can be computed from density functional theory 
by computing the Hessian matrix, this approach would prove to be 
extremely computationally expensive in this application since the Hes
sian would have to be computed for every composition studied. How
ever, Lu et al. [30] have demonstrated that the Debye-Grüneisen model 
is indeed quite accurate in predicting the Gibbs free energies of the 
transition metal carbides and nitrides making this approach both accu
rate and computational tractable. Thus, we take this approach to 
compute the Gibbs free energies for our computational model. 

To illustrate our approach, we will take a unary carbide MiC as an 
example. First, a supercell of the unary carbide MiC was fully relaxed 
using DFT simulations allowing the structure to relax under zero pres
sure to determine the equilibrium volume, V0, per formula unit. Next, 
several DFT simulations of the MiC supercells were carried out at 
different volumes that ranged between 0.85 V0 to 1.15 V0 so that the 
ground-state energy-volume relationship at zero Kelvin is established. 
This data was then fit to a Morse potential: EDFT(V). Then, the pressure 
(P) and the Debye temperature (θD) were computed as functions of 
volume using the Debye-Grüneisen model: 

P(V) = −
∂EDFT(V)

∂V
, (14)  

θD(V) = κ(ν)
ℏ

kB
̅̅̅̅̅̅
2m

√
(
12π2NA

)1
3V 2

3

[

−
∂P(V)

∂V
−

2(λ + 1)

3
P(V)

V

]

, (15)  

where ℏ is the reduced Planck’s constant, kB is Boltzmann constant, NA is 
Avogadro’s number, and m = (mMimC)

1/2 is the equivalent mass; which 
is the geometric mean of the metal and carbon atomic masses. The 
parameter λ in Eq. (15) determines the model used to evaluate the 
Grüneisen parameter and corresponds to the approximation method of 
the model. The values λ can take are −1, 0, or 1, which correspond to the 
Slater approximation [46], Dugdale-MacDondald (DM) approximation 
[47], and the free-volume approximation [48], respectively. The coef
ficient κ(ν) of θD in Eq. (15) can be written as an empirical function of the 
Poisson ratio ν as: 

κ(ν) =

{
2
3

[
2(1 + ν)

3(1 − 2ν)

]3/2

+
1
3

[
1 + ν

3(1 − ν)

]3/2
}−1/3

. (16) 

Using the Debye temperature, the molar internal energy and molar 
entropy of phonons were computed as: 

ED(T, V) =
9
4
NAkBθD + 6NAkBTD

(
θD

T

)

, (17)  

SD(T, V) = 8NAkBD
(

θD

T

)

− 6NAkBln
(
1 − e−θD/T )

, (18)  

where D(θD/T) in Eqs. (17) and (18) is the Debye function: 

D
(

θD

T

)

= 3
(

θD

T

)−3 ∫ θD/T

0

x3

ex − 1
dx, (19)  

which goes to 1 at high temperatures, T≫θD, and becomes proportional 
to T3 at low temperatures T≪θD. The equation of state V(T) was 
determined via the minimization of the Helmholtz free energy F(T, V)

calculated from Eq. (20): 

F(T, V) = EDFT (V) + ED(T, V) − TSD(T, V) + Eel(T, V) − TSel(T, V), (20)  

where Eel(T, V) and Sel(T, V) are the molar internal energy and molar 
entropy of the thermally excited electrons near the Fermi level. Since the 
electronic DOS is nearly independent of volume, Eel(T, V) and Sel(T, V)

were computed at the equilibrium volume (V0) from the fully relaxed 
supercell. Based on the equation of state, the Gibbs free energy at finite 
temperature is calculated as: 

G[T, V(T) ] = EDFT [V(T) ] + ED[T, V(T) ] − TSD[T, V(T) ] + Eel(T, V0)

− TSel(T, V0) +

∫ V(T)

V(0)

P[V(T) ]dV(T)

(21) 

In this work, we computed G(T) for all unary and binary carbides 
with the structures mentioned in Sec. 2.2. The electronic contribution 
(Eel and Sel) to the Helmholtz free energy F(T, V) was computed using the 
density of electronic states (DOS) from DFT simulations. To be consis
tent, the Poisson ratio ν was also computed from DFT simulations by 
implementing the Voigt-Reuss-Hill approximation on the stiffness tensor 
[49]. We determined that the parameter λ in Eq. (15) should be taken to 
be 1 in this work by comparing our DFT results with experimental data 
of the thermal expansion coefficients and heat capacities [50–61]. The 
calculation of F(T, V), including all the details and the comprehensive 
comparisons with the experimental data are shown in the Supplemental 
Materials. Using these as-computed Gibbs free energies at finite tem
perature, the thermodynamic parameters Lα

MiC−MjC(T) and ΔGβ
MiC(T) in 

Eqs. (9)-(11) were obtained from standard fitting of the RK polynomials. 
Finally, with the temperature dependent RK parameters determined, the 
phase stability of the mixed carbides was investigated using the meth
odologies outlined in Sec. 2.1. Specifically, the calculation of thermo
dynamic properties was coded in PYTHON and PYCALPHAD [62] was 
used to compute phase equilibrium. 
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3. Results and discussion 

3.1. Mixing among the B1-structured carbides 

3.1.1. Ab-initio assessment at 0 K 
The first step in our thermodynamic assessment of the equiatomic 

transition metal carbides is to determine the RK polynomials for the 
enthalpy of mixing at 0 K using DFT. As noted previously, we used SQSs 
to evaluate the enthalpy of formation of the mixed carbides. However, 
the question always arises regarding the effect of simulation cell dis
tortions and atomic relaxations since the supercells are always periodic 
and won’t exactly retain the cubic symmetry when complete structural 
relaxations are used in DFT. To examine this effect, we conducted 
structural relaxations two different ways: (1) first relax the simulation 
volume (but keep the cubic structure) using the ideal atomic coordinates 
and then relax the atomic positions producing a cubic simulation cell 
with local atomic distortions; (2) relax the simulations cell shape, vol
ume, and atomic positions simultaneously. As illustrated in Fig. 1(a), 
these two methods provided consistent results and thus the exact 
methodology used is not critical for evaluating the mixing enthalpy at 0 
K for the transition metal carbides. The significant deviations we do note 
in Fig. 1(a) are when only the atomic volume is allowed to relax, 
demonstrating that local atomic relaxation is important in the transition 
metal carbides. These results also indicate that all the group IVB and VB 
binary B1-structured carbides have reasonably stable structures in our 
DFT simulations. 

Using the DFT computed mixing enthalpies for the binary carbide 
systems, we used a least-square fitting procedure to determine the RK 
parameters Lα*

MiC−MjC at 0 K in Eq. (8). Since the RK parameters are 
polynomials, overfitting can produce non-physical oscillations, thus it is 
important to use the lowest order polynomial possible to produce the 
physically observed changes in the mixing enthalpy. To determine the 
appropriate order of the RK polynomial, we examined RK polynomials 
from K = 0 ∼ 3 in Eq. (10a). The fitting residuals (σ) of the least-square 
fitting in the binary carbide systems are shown in Fig. 1(b). The solid 
bars correspond to the σ from the mixed carbides without WC, while the 
dashed bars are for those mixed carbides including WC. The inclusion of 
WC in the fitting increases the residuals significantly because B1 WC is 
unstable at low temperatures in DFT creating more fluctuations in the 
computed enthalpy of mixing. More discussion regarding how WC was 
included in the fitting procedures will be discussed below. 

Fig. 1(b) also shows the error of the binary solutions applied to 
modeling the ternary, N = 3, quaternary, N = 4, and quinary, N = 5, 
solutions from our SQS simulations. These results demonstrate that there 
is a modest amount of error, 0.005 eV/f.u. in using only binary mixing 
parameters for these solutions but that the error is both acceptable and 
does not increase with the number of elements. This error is acceptable 
because it is both close to the assumed accuracy of the DFT simulations, 
around 0.001 eV/f.u., and because it is around the error in our fitting of 
the binary solutions alone. Thus, while accuracy of the solution can be 
improved by including higher order, e.g. ternary interactions, it is un
likely to affect the model results or change any of our solutions 

Fig. 1. The DFT results of mixing enthalpy in the pseudo-binary B1-structured carbides obtained from DFT calculations and the results of the fitted Lα* parameters at 
0 K. (a) Hα*

mix of the pseudo-binary carbide HfC-TiC obtained from DFT at 0 K via different relaxation methods: the blue squares represent Hα*
mix after the first-step 

volume relaxation of the SQSs; the red circles represent Hα*
mix after the second-step position relaxation with the fixed volume; the green diamonds represent Hα*

mix 
after full atomic/structural relaxation. (b) The fitting residuals (σ) of the RK polynomials for K = 0 (regular) to K = 3. The solid bars represent the σ’s from the mixed 
carbides without WC while the dashed bars represent the σ’s from the mixed carbides including WC. (c) For the pseudo-binary carbides with positive mixing 
enthalpy, the relationship between the Lα0* and lattice parameters. (d) For the pseudo-binary carbides with positive mixing enthalpy, the relationship between the 
Lα1* and lattice parameters. 
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substantially and we use only binary interactions for the rest of this 
work. 

The results also demonstrate that increasing the fitting polynomial 
consistently decreases σ for the binary carbides (N = 2), but the error is 
not substantially reduced in high order mixtures (N > 2) for RK poly
nomials greater than a subregular solution (K > 1). Thus, we choose to 
use a subregular solution model (K = 1) for the mixing of all the group 
IVB and VB carbides in the B1 structure. 

The RK polynomial values determined from fitting our DFT data are 
listed in Table 1. Since our model only uses the regular and subregular 
solution terms, the Lα0*

MiC−MjC and Lα1*
MiC−MjC terms represent the symmetric 

and antisymmetric part of the mixing enthalpy with respect to compo
sition, respectively. A positive Lα0*

MiC−MjC value indicates that the in
teractions in the binary carbide system, MiC-MjC, tends to decrease 
solubility and indicates the potential for a miscibility gap; while nega
tive values indicate the interactions favor the increased solubility. A 
positive Lα1*

MiC−MjC/Lα0*
MiC−MjC ratio indicates that the Hα*

mix curve tends to 
shift asymmetrically towards the MiC composition while a negative 
value indicates the opposite. With this in mind, we can now make some 
general observations regarding the mixing enthalpies. The first obser
vation is that vanadium carbide has a positive Lα0*

MiC−MjC parameter with 
all other transition metal carbides. The second observation is that the 
group IVB carbides have positive Lα0*

MiC−MjC with other group IVB carbides 
and negative values with the group VB carbides (that are not vanadium 
carbide). The above trends are consistent with the findings in the ab- 
initio study by Markström et al. [25] indicating a consistency amongst 
theoretical predictions. It is also worth comparing our results with 
previous experimental assessments of pseudo-binary carbide systems. 
Specifically, if we compare our values with those from the experiments 
in [24,20,21], our results reveal good consistency with the experiments 
with the correlation coefficients being 0.814 and -0.551 for Lα0*

MiC−MjC and 
Lα1*

MiC−MjC (the discrepancy comes from non-stoichiometric VC in exper
iments), respectively. 

The small discrepancies in Lα0*
MiC−MjC and Lα1*

MiC−MjC between the ab- 

initio calculations and experiments tabulated in Table 1 may be attrib
uted to two reasons. First, our simulation results are for stochiometric 
carbides where there is one carbon atom for every metal atom whereas 
experimental studies often result in carbon deficient, i.e. non- 
stoichiometric, mixed carbides [21,64]. The addition of carbon va
cancies can alter the mixing enthalpy because the endpoint enthalpies of 
the MC1-x and MC are different and the vacancies provide additional 
configurational entropy. Second, the mixing enthalpy from the ab-initio 
calculation was estimated at 0 K while experiments are performed at 
elevated temperatures. 

The discrepancy between 0 K DFT simulations and experiments in 
Table 1 can further be seen when the DFT computed Hα*

mix values are used 
to determine the critical temperature T*

c for binodal phase separation, 
which is the minimum temperature at which there is only one single- 
phase B1 structure. We find that our predicted values are much higher 
than the experimental results [65] indicating that it is indeed important 
to include the temperature dependence mixing Gibbs free energy. To 
compute the phase diagrams of the multi-component carbides, the 
present work extends from these DFT calculation at 0 K to finite tem
peratures by taking into account the thermally induced entropy for 
phonons and electrons described in following section. 

Previous work [15,22] has indicated that lattice constant mismatch 
is a potential indicator of solubility of multiple principal component 
alloys. This comprehensive thermodynamic assessment provides a 
unique opportunity to test the importance of the difference in lattice 
constants. To examine this outcome, we explored the pseudo-binary 
carbides with positive regular solution parameters (Lα0*

MiC−MjC > 0) and 
found that the parameters Lα0*

MiC−MjC and Lα1*
MiC−MjC are correlated to the 

difference in lattice parameters of the component carbides (ai and aj) as 
illustrated in Fig. 1(c) and (d). The Lα0*

MiC−MjC parameters for the binary 
carbides exhibits a linear correlation, correlation coefficient of 0.9097, 
with respect to the difference in the lattice parameters 

⃒
⃒ai − aj

⃒
⃒. This 

means that the mixing of the unary carbides with similar lattice pa
rameters is favorable, which provides a physical rationale of the lattice- 

Table 1 
The assessment of Lα* parameters in the Redlich-Kister polynomial for the B1-structured pseudo-binary carbides via both computational and experimental approaches 
(unit in kJ/mol). The Lα* parameters assessed from experiments listed in this table are the extrapolated values at 0 K. The computed critical temperature based on Hα*

mix 

at 0 K is labelled as T*
c while those based on Gα

mix with the usage of the DG model is labelled as Tc (unit in K). The computed critical temperature higher than the carbide 
melting temperature is indicated by asterisk.  

System Present study Assessed from Exp. ab-initioe Critical Temp. 

Lα0*
Mi C−MjC Lα1*

MiC−MjC Lα0*
Mi C−MjC Lα1*

MiC−Mj C Lα0*
Mi C−MjC Lα1*

MiC−MjC T*
c Tc 

HfC-TiC  39.12  −2.862 – – 48.06 −7.125 2510 2048 
HfC-ZrC  3.121  0.01515 – – – – <300 <300 
TiC-ZrC  59.04  5.322 63.73b 6.000b 77.50 11.50 3614* 3133* 
NbC-VC  42.98  −7.247 29.00c −5.000c 65.49 −19.15 2724 1501f 

NbC-TaC  −4.262  1.128 ideald ideal <300 <300 
TaC-VC  25.03  −11.24 48.92a −0.1110a 36.94 −20.78 1948 1194f 

HfC-NbC  −16.27  −5.978 15.55a −0.1000a −8.536 −6.327 <300 <300 
HfC-TaC  −26.15  −7.989 ideald −17.13 −8.925 <300 <300 
HfC-VC  93.41  −4.291 68.03a 43.65a 141.2 −20.53 5645* 2063 
NbC-TiC  −24.37  5.315 – – −24.49 5.893 <300 <300 
NbC-ZrC  −10.83  5.414 ideald ideal <300 <300 
TaC-TiC  −44.78  4.629 – – – – <300 <300 
TaC-ZrC  −17.96  6.580 ideald ideal <300 <300 
TiC-VC  1.076  −5.683 – – 12.80 −2.133 <300 <300 
VC-ZrC  117.1  7.930 204.7a −78.29a 181.4 30.73 7116* 2049  

a Servant and Danon [24]. 
b Markström and Frisk [21]. 
c Frisk [20]. 
d Holleck [63]. Rempel and Gusev observed miscibility gap of the thin film (NbC)x-(ZrC0.98)1-x at low temperatures with Lα0*

MiC−MjC = 10.15 kJ/mol and Lα1*
MiC−MjC =

9.201 kJ/mol [64]. 
e Markström and Frisk [25]. 
f Experimental Tc reported by Kieffer et al. [65]: NbC-VC0.88 at 1740 K, TaC-VC0.88 at 1600 K.  
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distortion descriptor method [15,22]. The Lα1*
MiC−MjC parameter exhibits 

the negative linear correlation with respect to ai −aj with a correlation 
coefficient of 0.8284. Since the Lα1*

MiC−MjC parameter generally indicates 
asymmetry of the mixing enthalpy, this trend shows that it is more 
favorable to add a carbide with a smaller lattice parameter into the 
carbide with the larger lattice parameter than vice versa. 

3.1.2. Phase stability at finite temperatures 
To evaluate the Gibbs free energy at finite temperatures, we used the 

Debye-Grüneisen (DG) model as described in section 2.3. To determine 
the unknown λ in the model, which establishes the Grüneisen parameter, 
we compared the computed results using all three parameters of lambda 
with experimental values of the linear thermal expansion coefficients 
(CLE) and the heat capacity (Cp) for all the unary carbides. The result of 
this comparison demonstrates that a value of λ = 1 corresponds to the 
best agreement between our models and experiments; the full results of 
this analysis can be found in the Supplemental Materials. Thus, we used 
the same λ = 1 to model all the pseudo-binary carbides. The Gibbs free 
energies of these mixed carbides, Mi1−xMjxC, were computed using the 
DG model which allowed us to fit the temperature-dependent parame
ters Lα0

MiC−MjC(T) and Lα1
MiC−MjC(T). 

An example of this analysis is shown in Fig. 2 for the case of the 
Hf1-xTixC pseudo-binary system. Fig. 2(a) is the computed Gibbs free 
energy as a function of temperature from the DG model using the DFT 
computed energy. Fig. 2(b) reveals the variation of Lα0

MiC−MjC(T) and 
Lα1

MiC−MjC(T) as a function of temperature and highlights the trends that 
Lα0

MiC−MjC(T) decreases with increasing temperature while Lα1
MiC−MjC(T) is 

relatively insensitive to temperature. This observed trend of Lα0
MiC−MjC(T)

is common amongst the pseudo-binary group IVB and VB transition 
metal carbides, which suggests that the mixing Gibbs free energy 
generally decreases as the temperature increases. This can be expected 
because all of the carbides increase their lattice parameters with 
increasing temperature, which would generally decrease the relative 
differences in lattice constants and increase solubility. 

To use these results in a computational thermodynamics approach, 
we must have a temperature dependent parameterization of the RK 
polynomial coefficients. Therefore, we fit the parameters Lα0

MiC−MjC(T)

and Lα1
MiC−MjC(T) from 0 K to 3500 K in terms of the function bases Tm and 

TnlnT (m, n ≥ 2) so that both the function basis and its first-order de
rivative become zero at 0 K in accordance with the third law of ther
modynamics. Specifically, for our model, we choose m = 2, 3 and n = 2 
which allows the coefficient of determination of the fit have an R2 >

0.999 so that our functional form is: 

Lαk
MiC−MjC(T) = A + BT2 + CT3 + DT2lnT. (22)  

The polynomial coefficients for Lα0
MiC−MjC(T) and Lα1

MiC−MjC(T) are listed in 
Table A3 and A4. 

With the temperature dependent Lα0
MiC−MjC(T) and Lα1

MiC−MjC(T) func
tions parameterized, it is now possible to generate the pseudo-binary 
phase diagrams of the B1 structured group IVB and VB carbides in 
their solid state. Again, as an example, the phase diagrams of the HfC- 
TiC are shown in Fig. 2 (c) and (d). Fig. 2(c) shows the phase diagram 
computed using the RK polynomials formulated at 0 K, but including the 
entropy of mixing. Fig. 2(d) is the same phase but uses the temperature 

Fig. 2. (a) The estimated Gibbs free energy of Hf1-xTixC by implementing the DG model on the DFT calculations, which include the supercells of pure TiC, HfC and 
the SQSs of Hf1-xTixC. (b) The fitted temperature-dependent Lα(T) parameters of Hf1-xTixC. (c) The phase diagram of the pseudo-binary Hf1-xTixC computed from the 
Lα* parameters at 0 K. (d) The phase diagram of the pseudo-binary Hf1-xTixC computed from the temperature-dependent Lα(T) parameters. 
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Table A1 
The lower temperature limit Teqv for the single-phase B1-structured equiatomic 
multicomponent carbides. For the multicomponent carbides without WC, noted 
as M1(1/N)M2(1/N)⋯ MN(1/N)C, Tsd

eqv represents the temperature limit for spinodal 
decomposition (metastable phase) while Teqv represents that for the phase sep
aration. For the multicomponent carbides including WC, noted as M1[1/(N+1)]M2 

[1/(N+1)]⋯ MN[1/(N+1)]W1/(N+1)C, values of Teqv(calc.) are computed using 
PYCALPHAD while values of Teqv(th.) are evaluated from the approximate 
analytical solution. For the multicomponent carbide including WC, the asterisk 
indicates that the mixed carbides undergo the B1-structured phase separation 
before the formation of a single-phase B1 structure at T*

eqv.  

Multicomponent Carbides Without WC Including WC 

Tsd
eqv (K) Teqv (K) Teqv(calc.) (K) Teqv(th.) (K) 

(Hf,Nb)C <300 <300 2232 2248 
(Hf,Ta)C <300 <300 2455 2478 
(Hf,Ti)C 2005 2033 1889 1895 
(Hf,V)C 2041 2055 2042 2060 
(Hf,Zr)C <300 <300 1964 1966 
(Nb,Ta)C <300 <300 2365 2393 
(Nb,Ti)C <300 <300 1889 2101 
(Nb,V)C 1361 1450 2042 2142 
(Nb,Zr)C <300 <300 2019 2022 
(Ta,Ti)C <300 <300 2369 2365 
(Ta,V)C 1010 1132 2304 2303 
(Ta,Zr)C <300 <300 2174 2164 
(Ti,V)C <300 <300 1909 1939 
(Ti,Zr)C 2880 3018 2084* 1628 
(V,Zr)C 2011 2034 1826 1837 
(Hf,Nb,Ta)C <300 <300 1973 1972 
(Hf,Nb,Ti)C 1432 1459 1622 1621 
(Hf,Nb,V)C 1811 1864 1707 1705 
(Hf,Nb,Zr)C <300 <300 1702 1701 
(Hf,Ta,Ti)C 1572 1594 1752 1751 
(Hf,Ta,V)C 1876 1918 1809 1808 
(Hf,Ta,Zr)C <300 <300 1794 1793 
(Hf,Ti,V)C 1931 1959 1733* 1380 
(Hf,Ti,Zr)C 2277 2415 1863* 1297 
(Hf,V,Zr)C 1934 2013 1851* 1451 
(Nb,Ta,Ti)C <300 <300 1865 1864 
(Nb,Ta,V)C 1115 1324 1875 1874 
(Nb,Ta,Zr)C <300 <300 1834 1834 
(Nb,Ti,V)C 1163 1294 1618 1617 
(Nb,Ti,Zr)C 1935 1994 1499 1498 
(Nb,V,Zr)C 1793 1852 1693* 1598 
(Ta,Ti,V)C 1033 1244 1731 1729 
(Ta,Ti,Zr)C 2083 2109 1597 1597 
(Ta,V,Zr)C 1842 1884 1703* 1679 
(Ti,V,Zr)C 2181 2229 1921* 1268 
(Hf,Nb,Ta,Ti)C 1155 1188 1604b 1574b 

(Hf,Nb,Ta,V)C 1654 1741 1646 1612 
(Hf,Nb,Ta,Zr)C <300a <300a 1654 1624 
(Hf,Nb,Ti,V)C 1695 1731 1588* 1326 
(Hf,Nb,Ti,Zr)C 1759 1812 1505* 1299 
(Hf,Nb,V,Zr)C 1761 1890 1738* 1383 
(Hf,Ta,Ti,V)C 1709 1771 1611* 1403 
(Hf,Ta,Ti,Zr)C 1873a 1919a 1528*b 1368b 

(Hf,Ta,V,Zr)C 1791 1919 1751* 1444 
(Hf,Ti,V,Zr)C 1990 2070 1845* 1048 
(Nb,Ta,Ti,V)C 993 1286 1587b 1544b 

(Nb,Ta,Ti,Zr)C 1533 1620 1523 1458 
(Nb,Ta,V,Zr)C 1649 1736 1585* 1535 
(Nb,Ti,V,Zr)C 1826 1874 1648* 1255 
(Ta,Ti,V,Zr)C 1884 1914 1671* 1321 
(Hf,Nb,Ta,Ti,V)C 1596a 1614a 1444* 1343 
(Hf,Nb,Ta,Ti,Zr)C 1544a 1599a 1359* 1332 
(Hf,Nb,Ta,V,Zr)C 1631 1700 1681* 1381 
(Hf,Nb,Ti,V,Zr)C 1884 1896 1668* 1104 
(Hf,Ta,Ti,V,Zr)C 1897 1910 1653* 1156 
(Nb,Ta,Ti,V,Zr)C 1697 1728 1541* 1286 
(Hf,Nb,Ta,Ti,V,Zr)C 1728 1750 1578* 1165 

a experimentally fabricated HECs consisting of the group IVB and VB unary 
carbides: (Hf1/4Ta1/4Ti1/4Zr1/4)C [12], (Hf1/4Nb1/4Ta1/4Zr1/4)C [12–14], (Hf1/ 

5Nb1/5Ta1/5Ti1/5V1/5)C [17], (Hf1/5Nb1/5Ta1/5Ti1/5Zr1/5)C [16,17]. 
b experimentally fabricated HECs by mixing the B1-structured unary carbides 
with WC: (Hf1/5Nb1/5Ta1/5Ti1/5W1/5)C, (Hf1/5Ta1/5Ti1/5Zr1/5W1/5)C, (Nb1/ 

5Ta1/5Ti1/5V1/5W1/5)C [17]. 

Table A2 
The coefficients of the polynomial for the Gibbs free energy where 
G(T) = A +BT2 +CT3 +DT2lnT (each term unit in J/mol). The E notation rep
resents the power of 10.  

Unary Carbides A B C D 

HfC −2.0189E + 6 −1.4776E-1 8.9227E-10 1.4636E-2 
NbC −1.9332E + 6 −1.1253E-1 6.8139E-7 1.0280E-2 
TaC −2.1292E + 6 −1.3623E-1 2.7557E-7 1.3195E-2 
TiC −1.7663E + 6 −7.9879E-2 1.6527E-6 5.9920E-3 
VC −1.8057E + 6 −7.1869E-2 1.7490E-6 5.0725E-3 
ZrC −1.8476E + 6 −1.2428E-1 4.5051E-7 1.1735E-2 
B1 WC −2.0692E + 6 −1.4512E-1 −9.9855E-7 1.4963E-2 
Bh WC −2.1531E + 6 −1.0861E-1 8.3923E-7 9.7788E-3  

Table A3 
The coefficients of the polynomial for the Lα0

MiC−MjC (and Lα0
MiC−WC) parameters in 

the B1-structured pseudo-binary carbides where Lα0
MiC−MjC(T) = A + BT2 +

CT3 + DT2lnT (each term unit in J/mol). The E notation represents the power of 
10.  

Binary Carbides A B C D 

HfC-NbC −1.6857E + 4 −3.0538E-3 −2.6026E-7 4.7533E-4 
HfC-TaC −2.6986E + 4 2.5022E-3 −8.0195E-8 −2.4738E-4 
HfC-TiC 3.7586E + 4 −4.8640E-3 6.1856E-8 4.8395E-4 
HfC-VC 8.7226E + 4 −5.0705E-2 −1.5625E-6 5.3936E-3 
HfC-ZrC 3.0959E + 3 −7.8256E-3 −5.7700E-7 1.0845E-3 
NbC-TaC −5.4731E + 3 −1.1986E-2 −2.1747E-7 1.3411E-3 
NbC-TiC −2.5284E + 4 6.3457E-3 2.0958E-7 −7.6988E-4 
NbC-VC 3.9110E + 4 −5.3651E-2 −3.0737E-6 6.7795E-3 
NbC-ZrC −1.1509E + 4 −1.2124E-2 −9.301E-7 1.6855E-3 
TaC-TiC −4.6312E + 4 1.1270E-2 4.1877E-7 −1.4068E-3 
TaC-VC 2.1567E + 4 −3.6935E-2 −2.3242E-6 4.9993E-3 
TaC-ZrC −1.8865E + 4 −1.2449E-2 −8.3662E-7 1.7246E-3 
TiC-VC 5.9107E + 2 −1.3429E-2 −1.5376E-6 2.4525E-3 
TiC-ZrC 5.7683E + 4 −1.6098E-2 −6.6954E-7 2.1146E-3 
VC-ZrC 1.0849E + 5 −4.0669E-2 3.3709E-6 2.0164E-3 
HfC-WC −5.7733E + 4 −6.6100E-2 −6.4829E-7 6.7232E-3 
NbC-WC −2.0853E + 4 −8.2475E-2 −1.7500E-6 8.0858E-3 
TaC-WC −2.1531E + 4 −7.1890E-2 −5.8879E-7 7.2891E-3 
TiC-WC −1.0872E + 5 −1.7103E-2 1.7646E-6 2.4416E-4 
VC-WC −4.2340E + 4 −4.2139E-2 6.9157E-7 2.4416E-3 
ZrC-WC −4.9997E + 4 −1.1014E-1 −4.6254E-6 1.1916E-2  

Table A4 
The coefficients of the polynomial for the Lα1

MiC−MjC(T) parameters in the B1- 

structured pseudo-binary carbides where Lα1
MiC−MjC(T) = A + BT2 + CT3 +

DT2lnT (each term unit in J/mol). The E notation represents the power of 10.  

Binary Carbides A B C D 

HfC-NbC −5.3802E + 3 9.8886E-3 8.0215E-7 −1.3614E-3 
HfC-TaC −6.6560E + 3 −7.8172E-3 3.8528E-7 8.1063E-4 
HfC-TiC −2.8180E + 3 −3.6496E-3 −2.0207E-7 5.0669E-4 
HfC-VC −2.9730E + 3 −2.3109E-2 −4.8067E-6 4.2747E-3 
HfC-ZrC 1.7527E + 2 −8.1767E-3 1.7053E-7 8.2711E-4 
NbC-TaC 1.1097E + 3 1.0519E-2 −5.7160E-7 −1.1883E-3 
NbC-TiC 4.7680E + 3 −6.0899E-3 −2.4839E-7 4.1316E-4 
NbC-VC −7.2304E + 3 8.0358E-3 1.5375E-6 −1.4873E-3 
NbC-ZrC 4.6764E + 3 −1.2518E-2 −1.1005E-6 1.5979E-3 
TaC-TiC 3.4786E + 3 −2.9670E-3 −6.8538E-7 3.0019E-4 
TaC-VC −9.8536E + 3 3.8904E-2 2.8358E-6 −5.6659E-3 
TaC-ZrC 5.1234E + 3 1.4594E-2 2.7520E-7 −2.0510E-3 
TiC-VC −4.4717E + 3 2.8586E-2 1.9385E-6 −4.0210E-3 
TiC-ZrC 5.5473E + 3 −5.218E-3 −1.1953E-7 4.6884E-4 
VC-ZrC 8.0877E + 3 3.5176E-2 6.2459E-6 −6.3341E-3  
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dependent RK polynomials and thus the temperature dependent Gibbs 
free energy of mixing. The inclusion of the temperature dependent Gibbs 
free energy of mixing causes the critical temperature to decrease. For 
clarity, the critical temperatures for the pseudo-binary carbides evalu
ated using the RK polynomials evaluated at 0 K (T*

c ) and those evaluated 
at finite temperatures (Tc) are tabulated in Table 1. If we compare our 
computed critical temperatures with experimental reports of the NbC- 
VC0.88 and TaC-VC0.88 systems (in Table 1), we find the computed Tc 
using the temperature dependent Lα(T) parameters are modestly lower 
than the experimental values but still show a good agreement. The un
derestimation of Tc in this study via our computational approach can be 
attributed to the carbon vacancies in VC0.88 which lowers the Gibbs free 
energy relative to the stoichiometric VC used in our model, thus raising 
the critical temperature. While we could use VC0.88 in our pseudo-binary 
simulations, the aim of this work is the evaluation of the multicompo
nent carbides which are all nearly equal metal and carbon atoms facil
itating the need to use stoichiometric VC. With these comparisons, we 
can conclude that our DG model is reasonable for the evaluation of the 
temperature dependent Lα(T) parameters and the phase diagrams of the 
pseudo-multicomponent carbides can be reasonably computed with 
these parameters (see Table A2–A4). 

With this established, we can now examine the ability to mix 
equiatomic transition metals in multicomponent principal elements 
carbides, i.e. HECs. We now turn our attention to the temperatures for 
mixing the carbides as Tsd

eqv and Teqv. As shown in Fig. 2(d), the red curve 
(spinodal) and blue curve (binodal) represent the limits of spinodal 
decomposition and the miscibility gap, respectively. Thus, Tsd

eqv and Teqv 

can be determined from value of these curves at a composition of 50 mol 
%, e.g. Hf0.5Ti0.5C, as shown in Fig. 2(c)-(d). Teqv represents the lower 
temperature limit for the equilibrium of the single-phase Hf0.5Ti0.5C 
phase while Tsd

eqv can be regarded as the lowest temperature for the ex
istence of the single-phase Hf0.5Ti0.5C since the region below this curve 
should undergo spinodal decomposition. This analysis provides two 
estimates for the temperature limits of the stability of equiatomic 
pseudo-binary carbide systems. 

The same approach can be used to compute Tsd
eqv and Teqv in the 

pseudo-ternary and greater carbide solutions. As another example, the 
pseudo-ternary system HfC-TiC-ZrC was evaluated using the tempera
ture dependent RK coefficients and is plotted in Fig. 3. Since the ZrC-TiC 
system has the largest value of Lα0*

MiC−MjC, this is the last miscibility gap 
that forms, which is highlighted in Fig. 3 at the two temperatures where 
Tsd

eqv and Teqv are determined. This approach was used on all possible 
combinations of the group IVB and VB transition metal carbides from 

pseudo-binary to pseudo-senary solutions and the collective results of 
the temperature limits for the single-phase equiatomic multicomponent 
carbides are listed in Table A1. 

Several trends can be observed from the results in Table A1 regarding 
mixing of the B1 structured transition metal carbides. First, TiC-ZrC has 
the largest excess mixing Gibbs free energy Gα

mix, as evidenced by its 
highest Tc in Table 1. This results in high Tc values for all mixed carbides 
that contain Ti and Zr. Second, the mixing entropy, Smix, plays an 
important role by generally lowering the temperature limits for the 
single-phase mixed carbides. For example, the Teqv for the pseudo-binary 
carbide Ti0.5Zr0.5C is 3018 K, which is lowered to 1750 K for the pseudo- 
senary carbide (Hf1/6Nb1/6Ta1/6Ti1/6V1/6Zr1/6)C. However, the mixing 
entropy is not sufficiently large as to offset the excess mixing enthalpy at 
room temperature, which means most of the mixed carbides with posi
tive Lα0*

MiC−MjC parameters are not in a single-phase B1 structure at 300 K. 
Another observation worth pointing out is that the inclusion of more 
transition metals does not universally lower Teqv. For example, the HfC- 
NbC-TiC pseudo-ternary carbide has a Teqv = 1432 K and, if Zr is added 
to the mixture, Teqv = 1759 K for the pseudo-quaternary carbide. 
Therefore, even at relatively high temperatures the excess mixing 
enthalpy is as important as entropy which suggests the formation of 
these solutions is not dominated by entropy. 

Among those experimentally synthesized HECs, our computational 
study reveals that one of these reported carbides, (Hf1/4Nb1/4Ta1/4Zr1/4) 
C [12–14], should form a single-phase B1 structure at room temperature 
because the system has negative excess mixing enthalpy, while the other 
reported single-phase carbides, i.e. (Hf1/4Nb1/4Ti1/4Zr1/4)C [12], (Hf1/ 

5Nb1/5Ta1/5Ti1/5V1/5)C [17], and (Hf1/5Nb1/5Ta1/5Ti1/5Zr1/5)C [16,17], 
are not thermodynamically stable at room temperature. We are aware 
that the mixed carbides in this study are assumed to be stoichiometric 
with no carbon vacancies and that the non-stoichiometric mixed car
bides may have a lower excess mixing energy and a higher configura
tional entropy because of the presence of vacancies. Nevertheless, it is 
unlikely that vacancy contributions to the total energy state would lower 
the Teqv by about the 1000 K necessary to form a single-phase HECs at 
room temperature. In summary, the single-phase HECs that are stable at 
room temperature can be attributed to the negative excess mixing 
enthalpy instead of the configurational mixing entropy and that even at 
high temperatures, the two often compete to determine phase stability. 
These observations call into question the use of the term ‘high entropy 
carbides’ used extensively in the literature. 

Fig. 3. The phase diagram of the pseudo-ternary carbide HfC-TiC-ZrC. (a) AtTsd
eqv = 2277 K, the equiatomic mixed carbide (Hf1/3Ti1/3Zr1/3)C is on the boundary of the 

spinodal decomposition region. (b) AtTeqv = 2415 K, the equiatomic mixed carbide (Hf1/3Ti1/3Zr1/3)C is on the binodal line. The colour bar indicates the total excess 
mixing free energy. 
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3.2. Mixing of the B1-structured unary carbides with WC 

As noted in the introduction, there have been efforts of including 
tungsten as a principal element in the HECs even though it does not 
typically form the B1 structure. Thus, it is important to understand how 
the inclusion of a group VIB elements affects the phase stability of the 
B1-structured HECs. 

3.2.1. Ab-initio assessment at 0 K 
In order to account for W in the B1-structured HECs, we have to 

include both the excess mixing Gibbs free energy of tungsten in the B1 
structure as well as for the Bh structure, which would thermodynami
cally compete with the B1 structure. We first started with our model for 
the excess mixing Gibbs free energy of the Bh structure. As mentioned 
previously, we modeled the group IVB and VB transition metals as point 
defects in the Bh structure since the Bh M1-xWxC SQS supercells deformed 
excessively (into a rhombohedral structure) for x ≤ 7/8, thus we could 
not construct an accurate set of RK polynomials. To obtain the excess 
enthalpy, ΔHβ*

MiC of a metal carbide point defect, a convergence study 
was performed with regards to the DFT supercell size that included 16, 
32, 54, 64, 96, 128, 160, and 250 atoms. Fig. 4(c) shows that ΔHβ*

MiC 

converges within ±0.02 eV/f.u. for a supercell with 128 atoms or more 
with generally weak size dependence above 54 atoms. This suggests that 
our model should be reasonably accurate for solute atomic fractions of 
up to 2%. Fig. 4(c) also demonstrates that the excess energy ΔHβ*

MiC of a 
group IVB point-defect in Bh WC is higher than that of a group VB point- 
defect carbide. This trend can be understood in terms of the differences 
in the cohesive energies between the B1 and Bh phases in the TMCs, 

which decreases with increasing number of valence electrons [66]. 
When attempting to evaluate the RK polynomials of the pseudo- 

binary solutions with tungsten at 0 K for the B1 structure, we found a 
similar issue as with the Bh structure. As the molar fraction of WC 
increased, the structure deformed more although the distortions were 
not as severe as occurred in the Bh structure. Fig. 4(a) shows the mixing 
enthalpy computed using our SQSs for two specific M1-xWxC solutions, 
Hf1-xWxC and Ta1-xWxC, since they have the same inner shell electrons 
and only differ in their valency. These two curves illustrate the general 
trends of the mixing enthalpy at 0 K (H*

mix), which is to significantly 
curve towards the B1-WC. To quantify the distortion of M1-xWxC solu
tion from the cubic structure, we computed the Green-Lagrange strain 
(ε) of the relaxed structure and the 2-norm of ε is plotted in Fig. 4(b). 
These results confirm that the distortion of the B1-structured M1-xWxC 
solution increases as the WC composition increases. If we compare the 
distortions with those of a B1 pseudo-binary solution, e.g. Hf1-xTaxC, we 
can see that a typical B1 pseudo-binary solution typically maximizes the 
strain at (or near) the equiatomic composition and the strains decrease 
towards zero at the end compositions. However, for solutions containing 
WC, the strains do not go back to zero near stoichiometric WC; they 
actually get larger as this composition is approached. The strains only 
trend back to zero at this composition because the B1 WC is constrained 
not to deform by the DFT supercell; recall that B1 WC is dynamically 
unstable at 0 K but can be confined to the B1 structure by symmetry. 
Consequently, as illustrated in Fig. 1(b), large fitting residuals are found 
for the fitted L parameters if all DFT results of the B1-structured M1-xWxC 
are included. This indicates that the supercells with high tungsten con
centration are largely distorted and should be excluded from our fitting 
procedure as they are no longer representative of a B1 solution. To 

Fig. 4. (a) The mixing enthalpy of the B1-structured pseudo-binary carbides Hf1-xWxC and Ta1-xWxC obtained in the DFT simulation where the solid points stand for 
the selected data to fit the Lα*

MiC−WC parameters. (b) The deformation of the SQSs of the B1-structured pseudo-binary carbides after the full relaxation DFT simulation 
where the blue region represents the cut-off deformation ‖ε‖2. (c) The convergence of the excess energy of the point-defect carbides inside the Bh WC with respect to 
the size of the simulated supercell. (d) The computed Gibbs free energy of both the B1-structured (Gα

WC) and Bh-structured WC (Gβ
WC) by using the DFT simulation and 

the DG model. 
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provide a rationale way to exclude DFT data from our fitting procedure, 
a distortion cutoff was used to restrict the DFT data used in our fitting of 
the M1-xWxC solutions. Based on the distortions in the pseudo-binary 
carbides consisting of only B1-structured unary carbides, a distortion 
cutoff was chosen as ‖ε‖2 ≤ 4.0 × 10−3, which is the largest distortion 
among the B1-structured binary carbides (specifically, Ta0.5V0.5C). As 
illustrated in Fig. 4(b), the DFT data of Hf1-xWxC and Ta1-xWxC with 
‖ε‖2 ≤ 4.0 × 10−3 (in blue region) are used to fit the L parameters. This 
results in the exclusion all data that has greater than 62.5 mol % tung
sten, e.g. M1-xWxC with x > 0.625, and thus we only use a regular so
lution to model WC interactions with other transition metals in the B1 
structure and only L0*

MiC−WC terms are reported. The results of the fitting 
demonstrate that L0*

MiC−WC < 0 with Ta1-xWxC and Hf1-xWxC taken as 
examples and are shown in Fig. 4(a). However, the negative values in 
this case do not indicate that WC will readily dissolve into the B1 
structure. Since the Bh WC is the stable structure for WC instead of B1 
WC, the phase equilibrium between the B1 structure and Bh structure 
should be factored in when considering the stabilization of WC in a B1- 
structured HECs, which is elaborated upon in the following sections. 

3.2.2. Analytical solution of the phase-equilibrium equiatomic mixed 
carbides 

Determining the temperature at which tungsten carbide can be 
mixed into a B1-structured solution is a challenging problem because of 
the large number of elements (up to 7) and the two different structures 
involved (B1 and Bh) as well as the potential for spinodal decomposition. 
However, phase equilibrium, Eq. (4), can be reduced into two inde
pendent PDEs by making two assumptions. First, Gα only has only one 
local minimum near the equiatomic composition at temperature T, and 
second, the Bh-structured mixed carbide has low concentrations of the 
group IVB and VB elements (xβ

W ≈ 1). In this case, there are only two 
variables (xα

W,xβ
W) and the Gibbs free energy for (M1x1 M2x2 ⋯MNxN WxW )C 

reduces to: 

Gα =xα
WGα

WC +
(
1−xα

W

)
Gα

MC +Gα
mix +kBT

[

xα
Wlnxα

W +
(
1−xα

W

)
ln

(
1−xα

W

N

)]

,

(23)  

Gβ =xβ
WGβ

WC +
(
1−xβ

W
)(

Gα
MC +ΔGβ

MC

)
+kBT

[

xα
Wlnxβ

W +
(
1−xβ

W
)
ln

(
1−xβ

W

N

)]

.

(24)  

where α and β represent the B1 and Bh phases, respectively. In Eqs. (23) 
and (24), Gα

MC =
∑N

i=1Gα
MiC/N is the average Gibbs free energy of the B1- 

structured carbide (excluding WC) and ΔGβ
MC =

∑N
i=1ΔGβ

MiC/N is the 
average excess energy of the point-defects inside the Bh phase. 

In this study, the goal is to determine the lower temperature limit 
Teqv for the B1-structured equiatomic mixed carbides and thus the 
compositions in the B1 structure are known. By substituting xα

W = 1/

(N + 1) into Eqs. (23) and (24), the approximate Teqv has the following 
analytical form: 

γ =
ΔGβ

MC − Lα0
MiC−WC/(N + 1)

2
− (N − 1)(N + 2)Lα0

MiC−MjC/[2(N + 1)
2
]

(
Gα

WC − Gβ
WC

)
+ N2Lα0

MiC−WC/(N + 1)
2

− (N − 1)NLα0
MiC−MjC/[2(N + 1)

2
]
,

(25)  

τ = (1 + γ)
1/γ

−
1
γ
, (26)  

kBTeqv =

(
Gα

WC −Gβ
WC

)
+N2Lα0

MiC−WC/(N +1)
2
−(N −1)NLα0

MiC−MjC/[2(N +1)
2
]

ln(N +1)+ ln[1−(N +τ)
−γ

]
.

(27)  

In the above equations, the term Lα0
MiC−WC is the average Lα0 parameters 

for the B1-structured pseudo-binary carbides with tungsten, i.e. 
MiC-WC, where MiC represents the group IVB and VB carbides. Like
wise, the term Lα0

MiC−MjC represents the average Lα0 parameters for the B1- 
structured pseudo-binary carbides MiC-MjC. These expressions are 
shown in Eq. (28) below. 

Lα0
MiC−WC =

1
N

∑N

i=1
Lα0

MiC−WC, Lα0
MiC−MjC =

2
N(N − 1)

∑N

i=1,j>i
Lα0

MiC−MjC. (28) 

The parameter γ in Eq. (25) governs the stability of the solution and 
the derivation details for Teqv are covered in the Supplemental Materials. 
According to Eq. (27), the term ln(N +1) is the leading term in the de
nominator, which means the mixing configurational entropy increases 
as the number of carbide components increases thus significantly 
lowering Teqv. 

The leading terms in the numerator in Eq. (27) are 
(

Gα
WC − Gβ

WC

)
, 

Lα0
MiC−WC and Lα0

MiC−MjC. The first term is not influenced by which elements 
are used to dissolve WC in the B1 structure since it is just the Gibbs free 
energy difference between B1 WC and Bh WC. It is also weakly tem
perature dependent and ranges in values from 0.82 ~ 0.87 eV/f.u. be
tween 0 K and 3000 K as illustrated in Fig. 4(d). The second term 
indicates that the lower values of Lα0

MiC−WC results in a lower Teqv, which 
suggests that it is best to select group IVB and VB transition metals that 
have smaller (or more negative) values of Lα0

MiC−WC to improve solubility. 
This is an obvious result but further indicates that WC will be more 
soluble in the group IVB carbides than the group VB carbides because of 
the trends that the Lα0

MiC−WC values follow for the group IVB carbides, i.e., 
they are generally smaller (or more negative) than those for the group 
VB carbides. Finally, the Lα0

MiC−MjC terms suggest that Teqv can be lowered 
by choosing the B1 carbides to be less soluble together, as this raises the 
Gibbs free energy of the B1 solution making it easier to dissolve WC in it. 
However, it is critical that the three aforementioned terms are interde
pendent and thus not independently controllable. The term ΔGβ

MC in Eq. 
(25), which is the average defect formation energy in the Bh structure, 
only contribute to γ directly, thus has the minimal effect on Teqv. The 

ΔGβ
MC/

(
Gα

WC −Gβ
WC

)
ranges between 1 ~ 3 only resulting in a 20 K 

difference in Teqv. The effects of the three terms - N, Lα0
MiC−MjC, and 

Lα0
MiC−WC - on Teqv are illustrated in Fig. 5 by choosing 

(
Gα

WC −Gβ
WC

)
= 0.85 eV/f.u. and ΔGβ

MC/
(

Gα
WC −Gβ

WC

)
= 2. 

To provide a more thorough understanding of the predictions of the 
analytical model, we choose to plot Teqv as a function of Lα0

MiC−MjC, 

Lα0
MiC−WC for different N values in Fig. 5. First, it is clear from these plots 

that γ ≥ 1/N for Teqv to exist, which is embodies the assumptions that 
enable the analytical solution. Specifically, the analytical solution does 
not exist when the term Lα0

MiC−MjC or Lα0
MiC−WC is a large positive number, 

which indicates Gα likely has multiple local minimums or the concen
trations of the group IVB and VB carbides in the Bh-structured mixed 
carbide are not negligible. It is worth noting that the conditions for the 
existence of the analytical solution are not always met for the mixed 
carbides, especially when they contain a large number of mixed 
carbides. 

The results in Fig. 5 also confirm that, in general, smaller (more 
negative) Lα0

MiC−WC, larger (more positive) Lα0
MiC−WC, and larger N all lead 

to a lower Teqv. However, to make Teqv ≤ 300 K, all three terms (N, 

Lα0
MiC−MjC and Lα0

MiC−WC) must be chosen to make the numerator in Eq. (27) 
a small, positive value. However, in the real transition metal carbides 
these three terms are not independent and, in fact, no combination of the 
7 transition metal carbides studied here, using our analytical model, 
results in a Teqv ≤ 300 K. This conclusion is further supported by our 
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numerical solutions to the exact phase equilibrium equations discussed 
below. 

3.2.3. Phase stability at finite temperatures 
In order to compute Teqv, it is first necessary to compute the tem

perature dependent parameters ΔGβ
MiC and L0α

MiC−WC, associated with the 

terms ΔHβ*
MiC and L0α*

MiC−WC evaluated at 0 K using DFT. This was done 
again using the DG model to evaluate the Gibbs free energy at finite 
temperature and then extracting the necessary values, which are plotted 
in Fig. 6. The trends of the L0α

MiC−WC parameters as a function of tem
perature suggest that the B1-structured WC becomes more soluble with 
other B1-structured carbides as temperature increases, which is as ex
pected because of the lattice thermal expansion. The ΔGβ

MiC term, which 
represents the defect formation energy of the metal carbide in Bh 
tungsten carbide, changes more dramatically with temperature for the 
group IVB carbides as compared with the group VB carbides, which is 
likely a result of the more directional bonds in the group IVB carbides 
[67] (see Table A5). 

The lower temperature limits Teqv for the B1-structured equiatomic 
multicomponent carbides are evaluated two different ways: calculated 
using PYCALPHAD and estimated from the analytical solution, noted as 
Teqv(calc.) and Teqv(th.), respectively. For the pseudo-binary carbides 
(N = 1), the analytical solution Teqv(th.) is the exact solution and co
incides with the numerical value Teqv(calc.). However, most of the Teqv s 
for the single-phase Mi0.5W0.5C are higher than the melting temperature 
of Bh WC, as shown in the phase diagrams for Mi1-xWxC in the Supple
mental Materials. For N ≥ 2, the collective results of Teqv(calc.) and 
Teqv(th.) are listed in Table A1. The calculated results can be broken up 

into two cases. In the first case, the MiC and MjC in the mixed carbides 

have a negative, Lα0
MiC−MjC < 0 or a small positive excess mixing enthalpy 

(Lα0
MiC−MjC≪kBTlnN). At Teqv(calc.), phase equilibrium is reached be

tween the single B1-structured phase (α) and the single Bh-structured 
phase (β). This case meets the assumptions of the analytical solution and 
the temperatures computed using both methods are in good agreement. 
In the second case, the mixed carbide includes several components with 
large positive Lα0

MiC−MjC parameters and thus a large positive Lα0
MiC−MjC. In 

this case, the phase separation of the single B1 structure into two B1 
phases must be taken into account since it is often the limiting tem
perature. This violates the assumptions of the analytical solution, and 
therefore the analytical solution predicts a Teqv(th.) that is too low. The 
phase diagrams of the pseudo-ternary carbides, HfC-ZrC-WC and TiC- 
ZrC-WC, are plotted in Fig. 6 as the examples of these two cases. 

While the analytical model is useful in describing how the parameter 
might affect Teqv, it is still instructive to discuss the trends observed 
using the actual data from the DFT-DG model. From Table A1, we can 
observe a few overall trends. First and foremost, the data in Table A1 
demonstrates that it is not possible to form a single-phase B1 structured 
equiatomic HEC with WC at room temperature; they should only be 
thermodynamically stable at temperatures above 1000 K. Even though 
increasing the number of elements helps decrease Teqv, the enthalpy of 

mixing as described by Lα0
MiC−MjC and Lα0

MiC−WC are equally important. This 
is particularly noteworthy because as the number of elements in the 
mixture are increased, the more elements are added that do not wish to 
mix, i.e., they have a large positive mixing enthalpy with such example 
mixtures being HfC-VC, HfC-TiC, NbC-VC, TaC-VC, TiC-ZrC and VC-ZrC. 
For these mixed carbides, their Teqv s are relatively high because of the 

Fig. 5. The effects of N, Lα0
MiC−MjC and Lα0

MiC−WC in Teqv where the contours represent Teqv = 102.5 ≅ 325 K, Teqv = 103 K, and Teqv = 104 K.  
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phase separation that can occur in the B1 structure. This conclusion was 
also found in the experimental work of Markström and Frisk who 
observed miscibility gaps between 1600 ~ 1800 K for the TiC-ZrC-WC 
and VC-ZrC-WC systems [21]. 

The second observed trend is that Teqv is lowered by including pri
marily group IVB metals as opposed to the group VB carbides. This is a 
result of the fact that Lα0

MiC−WC is lower (more negative) and the term 
ΔGβ

MC is larger for the group IVB carbides. As noted in the analytical 
model, these trends will generally result in a lower Teqv, or increased 
solubility of WC. 

To illustrate the contribution of the configurational entropy to the 
HECs, both with and without WC, the calculated Teqv is plotted with 
respect to the number of component carbides (N) in Fig. 7. Fig. 7(a) 
shows the trend of Teqv that generally does not decrease with increasing 
number of elements. This trend indicates the significance of the mixing 

enthalpy which can easily compensate for the added entropy of addi
tional components, indicating that enthalpy is as important (if not more 
important than) as the entropy. The trend can be further understood by 
noting that as we add more elements, we are more likely to add elements 
that increase the mixing enthalpy, compensating for the entropy. This 
plot does, however, exclude those that have negative mixing enthalpies, 
since those Teqv values are zero. When WC is included, we do see a 
decrease in Teqv with increasing number of elements, but the dependence 
is very weak beyond ternary solutions again indicating that entropy does 
not play a dominate role. Furthermore, none of the WC solutions are 
stable below 1500 K, indicating that the mixing enthalpy prevents the 
formation of a single-phase solid solution at or near room temperatures 
and does not govern stability of these compounds at room temperature. 

4. Summary and conclusion 

In this work, we studied the thermodynamic stability of equiatomic 
mixed carbides, or HECs, consisting of the group IVB, VB carbides (B1 
structure) and WC (Bh structure) via the CALPHAD approach. The 
relevant thermodynamic data at finite temperatures was obtained from 
DFT calculations and the Debye-Grüneisen model. Our results show that, 
in general, the group IVB and VB carbides prefer to mix with carbides 
that have similar lattice constants which is a result of the positive cor
relation between the regular solution RK coefficients and the magnitude 
of the lattice constant differences. Our computed results for Teqv reveals 
a strong dependence on the mixing enthalpy; the effect is so strong that 
increasing the number of elements does not, on average, decrease Teqv. 
The is because as more elements are added, you increase the number of 
elements where mixing is unfavorable, leading to the increased 

Fig. 6. (a) the temperature dependent Lα0
MiC−WC parameters for the B1-structured pseudo-binary carbides Mi1-xWxC where MiC represents the group IVB and VB 

carbides; (b) the temperature dependent ΔGβ
MiC for the point-defect MiC inside the Bh WC; (c) the phase diagram for the pseudo-ternary carbide HfC-ZrC-WC where 

the black dot represents the equiatomic composition; (d) the phase diagram for the pseudo-ternary carbide TiC-ZrC-WC where the black dot represents the equiatomic 
composition. 

Table A5 
The coefficients of the polynomial for the Gibbs free energy ΔGβ

MiC(T) when the 
B1-structured carbides MiC are doped into the Bh WC as point defects, where 
ΔGβ

MiC(T) = A + BT2 + CT3 + DT2lnT (each term unit in J/mol). The E notation 
represents the power of 10.  

Bh-WC Substrate A B C D 

HfC in Bh WC 2.2002E + 5 −2.6529E-2 −5.3346E-7 3.2489E-3 
NbC in Bh WC 8.3924E + 4 2.0746E-3 6.4389E-8 −2.6852E-4 
TaC in Bh WC 7.3627E + 4 3.6739E-3 1.0941E-7 −4.6006E-4 
TiC in Bh WC 1.4213E + 5 3.4239E-2 2.8708E-6 −3.6069E-3 
VC in Bh WC 6.6661E + 4 1.8591E-3 1.3295E-7 −2.6746E-4 
ZrC in Bh WC 2.4378E + 5 −6.4196E-2 −3.4118E-6 8.0488E-3  
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temperature to form a single-phase solid solution that counteracts the 
increased entropy. Therefore, it would be inappropriate to call these 
materials ‘high entropy carbides’ as entropy does not stabilize these 
compounds. The stability is largely controlled by the mixing enthalpy. 

Since WC prefers the Bh structure at low temperatures, the inclusion 
of WC generally increases the temperature to form an equiatomic solid 
solution. However, if WC is included in the solution, the minimum so
lution temperature (Teqv) does show a moderate dependence on the 
number of elements for pseudo-ternary and lower component solutions. 
For more than three components, there is no apparent dependence on 
the number of components in the solution due to the variation in tem
perature caused by differences in the mixing enthalpy. Irrespective of 
the number of elements or the specific combinations chosen, the Teqv 

values for solutions with WC do not drop below ~ 1500 K. Thus, it is not 
possible to thermodynamically stabilize WC in a so-called HEC at room 
temperature. This further suggests that these solutions, at least at low 
temperatures, do not have high entropy. 

There are many experimentally synthesized HECs that are predicted 
in this work to be thermodynamically unstable. Therefore, our results 
may seem at odds with recently synthesized HECs that show that these 
elements are in a solid solution. However, our work does not suggest the 
systems are mechanically unstable and thus it is possible to trap ele
ments into a thermodynamically metastable structure during synthesis. 
This is particularly important to realize because the decomposition of 
these materials, either through traditional nucleation and growth or 
spinodal decomposition, requires the diffusion of the metal atoms in the 
transition metal carbides. This could be particularly challenging because 
the metal atoms in transition metal carbides have very large activation 
energies, with values in the range of 5–7 eV as reported for TiC and ZrC 
[68,69]. Hence, at low temperatures, these metastable or unstable 
structures require metal atom diffusion to decompose and may be 
essentially kinetically ‘locked-in’. Therefore, the processing of these 
materials, which facilitates the mixing, are likely important consider
ations in how well these materials can form solid solutions. For example, 
metastable solutions could be a result of the combination of mechanical 
mixing of small powders, high stresses during compaction, and surface 
thermodynamics, all of which could enhance mixing of the metal atom 
species prior to consolidation into a bulk phase. To sum up, our study 
here suggests that while mixing entropy is important in forming mixed 
transition metal carbides, it is not the main factor controlling their 
formation. Therefore, we doubt the term ‘high entropy carbides’ should 
be used to describe these materials and it is more appropriate to call 
them ‘multiple principal component carbides’ similar to multiple prin
cipal component alloys [70]. 
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