HIGH TEMPERATURE BEHAVIORS OF THE DIRECTED
POLYMER ON A CYLINDER
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ABSTRACT. In this paper, we study the free energy of the directed poly-
mer on a cylinder of radius L with the inverse temperature 5. Assuming
the random environment is given by a Gaussian process that is white in
time and smooth in space, with an arbitrary compactly supported spatial
covariance function, we obtain precise scaling behaviors of the limiting
free energy for high temperatures 5 « 1, followed by large L > 1, in all
dimensions. Our approach is based on a perturbative expansion of the
PDE hierarchy satisfied by the multipoint correlation function of the
polymer endpoint distribution. For the random environment given by
the 1+ 1 spacetime white noise, we derive an explicit expression of the
limiting free energy.
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1. INTRODUCTION

1.1. Main result. The random polymer model studied in this paper is
associated with the following stochastic heat equation (SHE) on the d-
dimensional torus T‘z of size L >0, i.e.,

1
(1.1) 8tu:§Au+BuV(t,J:), t>0, xerL.
The d dimensional torus is the product of d copies of Ty, understood as
the interval [—%, é] with identified endpoints. The random potential V' is a

Gaussian noise that is white in time and smooth in the spatial variable, and
we assume

(1.2) E[V(t,z)V(s,y)] =6(t-s)R(z-y), (t,z), (s,y) e Rx T,

Throughout the paper we assume R(-) belongs to Cg°(R?) - the space of
smooth and compactly supported functions. It is a fixed non-negative
function that does not depend on the parameter L. We consider the case
when L is so large that the support of R(-) is contained within T‘z, and it is
normalized so that [pa R(z)dz = 1. The parameter 8 > 0, referred to as the
inverse of temperature, controls the strength of the noise.

1
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Suppose u(0,x) = 6(x), then Z; = deL u(t, z)dz is the partition function of
a (point to line) directed polymer model, as can be seen from the Feynman-
Kac representation

(1.3) Zy =Epexp {ﬁ fOtV(S,BS)d,g_ %52}2(0)75},

where Epg is the expectation with respect to the standard Brownian motion
B on TdL starting from the origin and independent of the noise V (¢, ). It is
well-known, see e.g. [23, Theorem 2.5], that the following limit exists

1 1
(1.4) vo(B) = tlim 7 log Z; = tlim ;Elog Zy,

and is the thermodynamic limit of the free energy of the directed polymer.
The 1 (8) depends on the particular choice of the spatial covariance function
R(-). Here we are interested in extracting the universal behaviors in the
high temperature regime of 5 — 0, followed by L — co. Define the Fourier
transform of R(-) by

(1.5) R(¢)= /Rd R(z)e ™ %dg  for any & € R%.

Since R(-) is a covariance function, we have R(¢) > 0 for all £&. The Fourier
coefficients of the L-periodic version of R, with the size L of the torus
satisfying supp R(-) c [-L/2, L/2]%, are given by R(%), neZe.

Here is the main result of the paper:

Theorem 1.1. Fiz any L >0. Then,
(1.6) 1(8) =D B+ B+ O(8°), as B <1,
with ) ) )
(2) (4) Ao [T
ek ol w e ().
L 2L4 L 8m2L2d-2 M%d In2" \L
In addition,

N . _
AL = g ¢=1,
L? (4) 1
1.7 li S d=2
(17) e log L 47’ ’
lim L™ =~ [ g 2R2(¢)de, dx3.
L—oo L 8712 JRrd T

1.2. Context. The study of directed polymers in random environments is
an active area in probability and statistical physics. The interests are in the
transversal displacements of the polymer endpoint, the fluctuations of the
free energy, the localization behaviors of the sample paths etc. We refer to
the monograph [15] for a general introduction to the subject. The partition
function of the directed polymer is naturally connected to the heat equation
with a random potential, through the Feynman-Kac representation as (1.3).
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After the Hopf-Cole transformation, it is related to the Kardar-Parisi-Zhang
(KPZ) equation, which is a default model for interface growth subjected to
random perturbations, see the reviews [16, 36] on the recent developments
on the 1+1 KPZ universality class.

Besides studying the directed polymers on the free space where the sample
paths are spread out without any constraint, there have been many recent
developments on understanding how the underlying geometry or the boundary
conditions affect the large scale behaviors of the polymer measure and the
associated SHE and KPZ problem, see e.g. [18, 35, 20, 17, 13, 4, 5] and the
references therein. In this paper, we consider the polymers confined to a
cylinder and study the high temperature behaviors of the limiting free energy.
Our study is partly motivated by the results in [30, 7, 33, 34], where the same
problem has been considered in the whole space. If we denote the limiting
free energy by v..(f) in this case, it has been shown in the aforementioned
works, for a large class of discrete models and as 5 — 0,

1 1 .
(18) @’700(6)_)_%7 1nd:17
and
(1.9) B210g Yoo (B) = —, ind=2.

The limiting constants —i and —m are universal as they do not depend on the
specific distributions of the underlying random environment. Compare to the
expansion in (1.6), we see some similarity in d = 1. It is worth emphasizing
that the free energy defined in (1.4) is actually the difference between the
quenched and annealed free energies considered in those works. This is only a

matter of convention: if we define the partition function by Ege” fo V(s,Bs)ds

then the quenched free energy is ¢t~ ! log Ege® fOtV(S’BS)dS, and the annealed
free energy is %,BQR(O), so their difference is precisely t~'log Z; with Z;
defined as in (1.3). It is well-known that the free energy is associated to the
localization properties of the polymer paths, and is related to the overlap
fraction of two replicas, see e.g. the discussion in [15, Chapter 5 and 6].
Therefore, the study of v () for small 8 sheds light on the localization
properties of the polymer paths in high temperature regimes.

Another motivation comes from the replica method used to compute the
free energy. In [12, 11|, the authors considered the same problem of directed
polymers on a cylinder. For the environment of a 1+ 1 spacetime white noise,
using the Bethe ansatz method, they derived the expansions of the ground
state energy E(n, 3, L) of the Delta Bose gas in d =1

’Hn:%zvzz+ﬁ2 Z 5($7,—$])
i=1

1<i<j<n
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In [12, Equation (49)], it says that
s> B

E(n,B,L) = _(ﬁ + ﬁ)n+02n2 +egnd 4+,

for some explicit co, c3,.... If the replica method gives the right answer here,

then the coefficient of the O(n) term, which is —(% + g—i), should be v1.(8)
in the case of R(-) = 0(-). We will show in Section 4 below, in this particular
case, v, () can be written as an explicit integral, see (4.2). Performing a
small 8 expansion leads to
2 4
%(%(5)+§—L+§—4)%7(6)¢0, as -0,

see (4.4). This shows that the high order terms are missing in the replica
method calculation. For the problem on the whole space, the replica method
actually leads to the correct answer [26, 14, 9, 2, 38, 39, 21]. At the end
of [12], the authors mentioned that “another interesting extension of the
present work would be to consider more general correlations of the noise” and
“one could try to extend the approach to higher dimension as the relation
between the directed polymer problem and the quantum Hamiltonian is valid
in any dimension”. Our work can be viewed as a preliminary step along this
direction, in which we obtain the high temperature expansions of the limiting
free energy, for general covariance functions and in all dimensions.

Our approach is based on a formula that relates vz (8) with the replica
overlap of the polymer measure. The idea is to perform a semi-martingale
decomposition of log Z;, see e.g. [15, Chapter 5]. After taking the expectation,
the only contribution to ¢~ log Z; comes from the drift and can be expressed
as a time average of the overlap fraction of two replicas. On the cylinder, the
polymer endpoint distribution converges exponentially fast to the stationary
distribution, see the proofs in [23, 37] and the related results for stochastic
Burgers equation [40]. The overlap fraction of two replicas is simply related
to the two-point correlation function of the stationary distribution. In this
way, the limiting free energy can be written explicitly as an integral involving
the two-point correlation function of the stationary distribution and the
spatial covariance function of the random environment, see (2.2) below.

On the cylinder, the stationary distribution of the polymer endpoint is
related to that of the KPZ equation (modulo a constant) and to the stochastic
Burgers equation. It is well-known that for the 1 + 1 spacetime white noise,
the stationary distribution of the KPZ equation is the Brownian bridge
[8, 19, 24, 25]. Using this connection and Yor’s formula for the density of
exponential functionals of Brownian bridge [41], the limiting free energy can
be written down explicitly in this case, see Proposition 4.1 in Section 4. For
the noise with a general covariance structure, which is the main interest of this
paper, there are no explicit formulas of the invariant measure. We proceed in
a different way, using a partial differential equation (PDE) hierarchy satisfied
by the n—point correlation functions of the stationary distribution, see (2.6)
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below. The PDE hierarchy was derived in [22] on the whole space, and it
admits a stationary solution on the cylinder. An asymptotic expansion in
(2 on the level of the hierarchy leads to the corresponding expansion of the
limiting free energy. The approach is surprisingly simple, and we can actually
obtain the expansion in 2 up to any order, see the discussion in Section 4.2
below.

The same approach does not apply to the problem on the whole space. As
t goes to infinity, the polymer endpoint spreads to infinity, hence there is
no equilibrium. Nevertheless, the replica overlap is invariant under the shift
of the polymer endpoint. By embedding the endpoint distribution into an
abstract space, which factors out the spatial shift, significant progress has
been made recently on the localization properties of the endpoint distribution,
see [6, 3, 10]. In this case, the limiting free energy can be expressed as the
solution of a variational problem, generalizing (2.2) in a sense.

We mention two recent papers on a nonlinear version of (1.1) on torus
[28, 27], where the dissipation rate was studied, i.e., how fast u(¢,x) decays
to zero. Among other interesting results, a stronger version of (1.4) was
estabilished in the linear setting, see [27, Theorem 1.3].

The rest of the paper is organized as follows. In Section 2, we prove some
preliminary results on the endpoint distribution of the directed polymer
and derive the PDE hierarchy satisfied by the n—point correlation functions.
Section 3 is devoted to the asymptotic analysis of the PDE hierarchy and
the proof of the main theorem. In Section 4, we discuss the case of the 1+ 1
spacetime white noise and some further extensions.

Acknowledgements. Y.G. was partially supported by the NSF through
DMS-1907928/2042384. T.K. acknowledges the support of NCN grant
2020/37/B/ST1/00426. We thank Bernard Derrida for interesting com-
ments on the draft.

2. ENDPOINT DISTRIBUTIONS OF DIRECTED POLYMERS AND A PDE
HIERARCHY

With u solving (1.1) started from the initial data, that is given by a
non-trivial Borel measure, define

u(t, )
I r’
fT% u(t,x")dx

which is the quenched density of the endpoint distribution of polymer of
length ¢. We emphasize that p(¢,z) actually depends on 5 and we have kept
the dependence implicit in our notation. Since we are interested in the high
temperature regime, i.e. § < 1, throughout the rest of the paper we assume

Be(0,1).

(2.1) plt.) =
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We first prove some results on p(t,-) and its relation to the free energy
~vL(B), some of which were obtained in [23].

Let Ml(']I‘%) be the space of Borel probability measures on TdL and Z, be
the set of non-negative integers. Denote by D(TdL) and DC(T%) the respective
spaces of all Borel measurable and continuous densities on the torus ’I[‘dL.

Proposition 2.1. {p(t,")}is0 is an M1 (T%)-valued Markov process. In fact,
for any t > 0 it takes values in DC(TCLI). The process has a unique invariant
measure 7 that is supported on DC(TdL).

Let o be a DC(T%)—valued random variable with the distribution given by
m, then the free energy can be expressed as

1
(2.2) 1w(®) =56 [, R(a-y)Ele()o(y)]dady.
(T7)?
In addition, {o(x) :x € TdL} is a continuous trajectory, stationary random
field. For any n € Z, we have

(2.3) C«(n,R,L) := IE[ sup Q(a;)"] < +00.

d
zeT]

Proof. Throughout the proof, we use C' to denote a generic constant that
may depend on n, R(-), L, but not on € (0, 1), and may change from line
to line.

The fact that the Markov process {p(t,-)}+>0 has a unique invariant mea-
sure that is supported on the space of positive, continuous densities on T%
has been proved in [23, Theorem 2.3]. The expression of the free energy in
(2.2) was given in [23, Equation (2.22)].

To show the stationarity of the field {o(z) : 2 € T4}, we start from the flat
initial data u(0,2) = 1 so that p(0,z) = L™¢. By [23, Theorem 2.3], we have
p(t,-) = o(-) in distribution on C(T$), as t - co. Note that, for each fixed
t > 0, the field {p(t,z): x € ']I‘dL} is stationary, and this in turn implies the
stationarity of p.

Estimate (2.10) is a consequence of [23, Lemma 4.9]. O

Throughout the rest of the paper, we assume that p is sampled from .
For any n > 1 and x1., = (21,...,2,) € (TdL)n, define the n—point correlation
function of the stationary random field o(x):

n

(2.4) Qn(xlzn) :Qn($17-~7xn) :E[Hg(xj)]'

j=1
By Proposition 2.1, we have

(2.5) sup  Qn(x1) <C(n,R,L),

le,E(T(Li/)n
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and Q,,() is a continuous function jointly in all its variables on (T%)". Again
to simplify the notations, we have kept the dependence of @), on 8 and
L implicit. Also note that since o(-) is stationary and deL o(z)dx =1, we

actually have Qq(z) = L™

Here is the main result of this section

Proposition 2.2. For anyn>1, @ : (’JI‘dL)” - R, is a smooth function,
and the sequence {Qn}n>1 solves the following PDE hierarchy: for any n > 1,
(2.6)

SAQu+ 5 Y R(xi-;)Qn

1<i<j<n

n
:B2’I’L /d Qn+l(xl:na$n+1) Z R(CCZ - l‘n+1)dl‘n+1
T i=1
n(n+1
- 52¥ f Qn+2(X1ins Tnat, Tna2) R(Tns1 = Tpao)dTni1dan.o.
2 Td XT%
Proof. To show (2.6), we make use of a dynamic version proved in [22].

Define
Qn(tuxlin) = E[ H p(twrj)]a
j=1

with p(¢,x) given by (2.1). Then [22, Theorem 1.1] shows that {Q, }ns1
satisfies the following hierarchy: for any n>1,7 >0, and f € C“((TdL)”),
(2.7)

T 1 2 T
(50D = (1,00 + [ ALY+ 5 S [ 4 Quea ()i

where

fO(Xl:n) = f(Xlzn) Z R(xz - :L'j)a

1<i<j<n

fl(xlzru xn-%—l) = _nf(xl:n) i R(l‘z - xn-%—l)u
i=1

Fatmsons2) = 5+ 1) f Geran) (st = 72),

and the brackets (-, -) in (2.7) are the corresponding L? inner product. Assume
p(0,-) is sampled from the invariant measure 7, then we have

Qn(t,X1:m) = Qn(X1:n), forallt>0,n2>1,

so (2.7) actually becomes

2
(28) (385,00 +5° 34fu Quus) =0
-0
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which is the weak formulation of (2.6). Let

F(x1:) = 52{71 [Td Qne1(Xim, Tns1) Y R(zi — Tt )dansn
L =1

n(n+1
(29) - % Td Td Qn+2(xl:na Tn+1, xn+2)R(xn+1 - $n+2)d$n+ldl‘n+2
L*'L
= Y R(wi-35)Qu(x1a) }-
1<i<j<n

The function F' is continuous and, substituting f = 1 into (2.8), we conclude
that

.[(’I[‘d o F(Xl:n)dxlzn =0.
L

Therefore the Poisson equation %AQn = F' has a unique, up to a constant,

solution @,, that belongs to any Sobolev space W2’7’((TdL)"), pefl,+o0) -
consisting of functions with two generalized derivatives that are L” integrable.
The function Q, — Q,, is harmonic on (']TCLI)", in the weak sense, therefore,
by the Weyl lemma, see e.g. [32, Theorem 2.3.1, p. 42], it is harmonic in the
strong sense. As a result @), € WQ’Z’((’]I‘CLl)”) for any p e [1,+00) and n > 1.
Hence also F' ¢ WQ’p((']I‘dL)”). This, by an application of the apriori estimates,
allows us to conclude that in fact @, € W47p((T%)") for any p e [1,+00) and
n > 1. Using a bootstrap argument, we can conclude that Q,, € C“(('H‘dL)”)
for any n > 1. Since @), are smooth functions, we know that they are classical
solutions to (2.6), which completes the proof. O

The next result is on the sample path properties of 9. We first introduce
some notation: let

Doo(T$) := D(T]) nC*=(T])
(T~ R:0< feC™(TY), [, f@)da=1}.

Corollary 2.3. The field {o(z): z € T} has smooth realizations, i.e. the
invariant measure T is supported on Doo(']I‘dL). In addition, for any n € Z,

and multiindex o = (aq,...,0q) with aj € Zy, j = 1,...,d, there exists a
constant C = C(n,a, R,d, L) such that
(2.10) E[ sup |(9°‘g(x)]"] <C(n,a,R,L).

xET‘é

Proof. Since the covariance functions @, (-) are smooth, [1, Theorem 2.2.2, p.
27] implies that 0%p(x) exists for each z in the L?(7) sense. An application
of [29, Theorem 1.4.1, p. 31] allows us to conclude that in fact the derivative
field has a.s. continuous modification for each multiindex «. This proves the
existence of smooth realizations of the field {o(z): 2 € T4}.
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It remains to show (2.10). Note that it suffices to prove a weaker statement:

that for any n € Z, and multiindex o = (o, ..., 0q) with oj € Zy,5=1,...,d
we have
(2.11) Cow(n,a, R, L) :=E[|0%0(z)|"] < +oo.

The latter is a simple consequence of the existence of an appropriate derivative
of the function @),,. Note that by stationarity the right hand side does not
depend on x € ']I‘%.

To prove that (2.11) implies (2.10), observe that by the Sobolev embedding
there exists a deterministic constant C' such that
(2.12) sup 10 0(2)" < oy cng

d
zeTT

for all realizations of o(-), provided k > d/p + |a|. Here |o| = Z;-izl a; and
||QHWk,p(Ti) = Ylal<k ||8ag||Lp(TdL) is the Sobolev norm. The estimate (2.10) is
then a consequence of (2.12) and (2.11). O

By (2.2), the free energy can be expressed in terms of the two-point
correlation Qo:

(2.13) YL(B) = —%52 (142 R(z1 - 22)Q2 (21, 22)dx1ds.
L

Thus, to obtain the asymptotics of y7(8) in the high temperature regime
of 5 — 0, it reduces to studying the asymptotic behaviors of )2 as 5 — 0.
For 8 = 0, the polymer measure degenerates to the Wiener measure, and
the Brownian motion on ’]TdL has the unique stationary distribution given
by the uniform measure, in which case the n—point correlation function @,
equals to L™, The following lemma provides preliminary estimates on the
difference between Q,, and L™ for § « 1.

Denote L%((T%)") the space of square integrable functions on (T¢)" with
Zero mean, i.e.

L2((T4)") = {f e L2((T4)") f(w)n F (1) dx1n = 0}.

Define
(2.14) Qn=Q,-L™,
Lemma 2.4. For any n > 2, we have
_ B ) R
(2.15) |@nllz2((rayny = O(B7),  as B 0.

Proof. For any n, we rewrite (2.6) as %AQR = B%F, where F is a smooth

function in LZ((T$)™), given by (2.9). Since [(TdL)" Qndx1, = 1, we have
Qn € L%((TdL)”), which implies

Qn =28*°A7'F,
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where A™! is the inverse of A, which is a bounded operator from L3((T%)")
to L3((T9)"). It remains to use the fact that \|F||L2((TdL)n) is bounded
uniformly in 8 € (0,1) to complete the proof. O

Recall that v, (f) is related to Q2 through (2.13) and we have assumed
fT% R(z)dx = 1, the above lemma gives the leading order of vz, (3)

VL(B)JFZBLUZ =0(BY, as 5 — 0.

3. Proor oF THEOREM 1.1
We start from the equation satisfied by Q2
%AQ2 + B R(x1 - 22) Q2
(3.1) =25 deL Qs(21, 22, 23)[R(21 — 23) + R(72 — 23)]dws

- 3ﬁ2 [ﬂ‘%x'ﬂ‘d Qa(1,72,73,74) R(73 — v4)dr3dT4.

L

In light of Lemma 2.4, we rewrite the equation for Qo in terms of Qo (see
(2.14)), stated in the following lemma

Lemma 3.1. We have

1, - p
§AQ2 L2d(Ld R(acl—azg))+6 55(1‘1,%‘2)
where E5(x1,2) is a smooth function in L3(TS x T4) such that
(3.3) €51 2qra s = O(B).

Proof. 1t is straightforward to check that

Ep(w1,22) =2 de Q3(w1, w2, 73)[R(21 - w3) + R(ws - v3) |ds

(3.2)

- 3.[Td xT¢ Qa(w1, 2,23, 24) R(23 — x4)dw3drs — R(21 — 22) Qo (21, 22).

Since [pa R(z)dz =1, we have [pa,ra Egdridzs =0 from the equation (3.2).
L L L
Then we only need to invoke Lemma 2.4 to complete the proof. O

Define gy, : ’]I‘d X ’]I‘d — R as the unique solution in L, (’IFd x TdL) to

1 1
(3.4) §AgL LZd(Ld R(xl —xg))
We have g1 (x1,22) = Gp(x1 — z2) with G : T, - R solving
1 1
(3.5) AGp(z) = L?d(Ld R(z)), weTy.

Using g1, we can refine Lemma 2.4 when n = 2.
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Lemma 3.2. We have
HQ2 - 529LHL2(T%X@%) = 0(54), as 8- 0.

Proof. By (3.2) and (3.4), we know that f = Q2 — 3%gy, is the solution to
1
§Af = B2g,87

with deLdeL fdx1dxs = 0. Using (3.3), we can apply the same argument as
for Lemma 2.4 to complete the proof. O

Now we can complete the proof of the main theorem.
Proof of Theorem 1.1. Recall that

YL(B) = —%52 /;T%XW R(x1 - 22)Q2(21, x2)dw1dTs.

L
We can rewrite the above in the form

1 ~2d 1 4
7L(5)——§5 /T%XT%R(M—M)L dw1d$2—§ﬂ f

’]I‘d ’]I‘ R(ml—xg)gL(xl,xg)dazldxg

- %B4 - R(x1 - x2)(B72Qa (w1, 22) - g1.(w1, 22))dx 1 da.

Applying Lemma 3.2 and using the fact that
fT“leTdL R(xz1 - x2)gr (21, x2)dx1dxs = e fTCLi R(z)Gp(z)dx,

we immediately derive that

1B = s 8L [ R@)GL (@) + O,

By (3.5), we have that the Fourier coefficients of G equal

R(n/L)

—i2mn-x /L
Gr(n) = fGL(x)e Mz = = 2L

n+0,

with R(-) defined in (1.5), and G1(0) = 0. By the Parseval identity, we
obtain

R(n/L)?
A72|n[2L3T2

/T R(2)Gy(z)dz = Ld S GrL(n)R(n/L) = Y

n#0 n#0
which completes the proof of (1.6).
Ind=1, R(%)~ R(o) =1, as L - oo, which implies

7y = z n[PR(3) 2| 2=

mt(] n#O
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In d = 2, we divide the summation into two parts:

(4) 1 “2p( M) _.
- Yoo+ > |InTPR(+) = Ar+ Ay,
r 8m2L? (0¢|n<6L |n26L) (L)

where 0 > 0 is a constant to be sent to zero after sending L — oo. For the
second part, we have

L?Ay =~ 87TL |/L|5|_‘ ( ) 8%]; 6\{\ 2R(€)dE, as L — oo.

For the first part, we write it as

L4 = - S+ S In |2(1 R(L) )::01+02.

2
8 0#|n|<6 L 8 [n|<d L

Since R is smooth and R(0) = 1, we have

=0.

lim lim sup
-0 oo loglL

For C1, by an elementary calculation we have

Ch 1
lim lim =——,
0—0 L—>o0 log L 47

and this completes the proof of the case in d = 2.

In d > 3, we have
ORI o L T 2 g2 S
L= 87T2Ldn§)‘L| R(L) 32 Rd|§’ R(§)“d¢, as L — oo.

The proof is complete. O

4. DISCUSSIONS

4.1. Spacetime white noise. In this section, we consider the case when
d =1 and the random potential is a 1+ 1 spacetime white noise, in which case
R(") = 6(+). Define h(t,z) = 7 logu(t, x), which is the formal solution to the
KPZ equation, see (4.10) below. By the results in [8, 19, 24, 25], we know that
the invariant measure for the process {h(t,x) — h(t,0) : x € Ty }4»0 is given
by the law of the Brownian bridge By r,(-) with By 1,(0) = By (L) = 0. Here
for the notational convenience, we extend the Brownian bridge periodically
and also view it as a process on T. For the polymer endpoint density, if we
write it as

u(t,z) B(h(t,z)=h(1,0))

plt,) = fTL u(t,z")dx! ) ,[’JI‘L eB(h(ta")=h(,0)) dp!’
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it is immediate to conclude that the invariant measure is given by the law of
random densities on Ty,

eﬁBo,L(z)

foL eBBo.L(a) g

o(x) =

The random field {o(z) : € T} is stationary, therefore, the limiting free
energy in (2.2) (with R(-) =d(+)) reduces to

w(B) == 56 [, Bl - )Elo()o(y))drdy
(1) —- 35 [ Blo()?)dz = - 5*LE[o(0)"

L
= %B2LE(fO eﬂBovL(I)daz)_?

The random variable fOL PBo.L(2) gy appears frequently in physics and math-
ematical finance, and we refer to [31] for an extensive discussion. Its density
function can be written explicitly, see [41, Proposition 6.2, p. 527], using
which we obtain the following proposition:

Proposition 4.1. In the case of a 1+ 1 spacetime white noise, we have
(4.2)

B0 [2m2) [ (¢-e) 2% | in (47
YL(B) =~ . eXP{BzL} 0 (eV2 1 eui2)s eXp{_ﬂZ_L}Sm(,BQ_L)dy'

For fixed 8 >0, we have

(4.3) w@ L asDew
24’ )

For fixed L >0, we have

2 4 6
(4.4) v(B) :—%—%—%+0(58), as B~ 0.

Proof. First, by the scaling property of the Brownian bridge
fLeﬁBo,L(x)dx law L[l e/B\/ZBO,l(x)dx_
0 0

To simplify the notation, define Y) = fol e*B(®) dz:| 50 it remains to compute
EY, 2. Denote the density of Y by f\(z), by [41, Proposition 6.2, p. 527
we have

(4.5)

4 Y o0 2y%  4coshy . . [4my
i(z) = mexp {—@ + v} [0 exp {—v S v (smhy) sm(v)dy.
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Using the above density formula, we have

o0 4 o) oo 411
-2 _ -2 _
(4.6) EY,“ = fo 24 fa(z)dz = — exp{ 2 }fo exp{—m};
o0 2y?  4cosh 4
§ ( Ji exp{_%_%}<Smhy)sm(g)dy)dz.

Changing variables 2’ = (2A%)™! we get

41 212 [
(4.7) EYy, %=~ exp il f 22 exp {~4z}
T A2 | Jo
o0 2y* 4
x (/; exp {_)\_;1/2 -4z coshy} (sinhy) sin (%) dy) dz.
Note that

1

* 2
-4z(1 h dz= ————.
[0 2% exp{-4z(1+coshy)} dz 32(1+ coshy)?

Hence, we get

% 272 oo sinhy 2y ATy
EYy?= Sexpl o | [T S (52)
AT 8 exp{ A2 } 0 (1+coshy)? P12 sin )

4 272 o  (e¥-e7Y) 2y%) . (4my
(48) —gexp{v} 0 (eW21 ey P T sin (5w
Recall that

YL(B) = ]EY 8VI
Combining with (4.8), we complete the proof of (4.2).
To show (4.3), by the fact that % -1 as x — 0, we conclude that

(4.9) EY;?=2)%(c+o(1)), where

Y_ eV
. / yler =)
(ey/2 +e 9/2)6
with the o(1) term going to zero as A — co. It is an elementary calculation

to compute the value ¢ = i, which completes the proof.

To show (4.4), we can directly start from the expression

i) =L ( [ i)

For fixed L, it is clear that ~7(:) is a smooth function in 3, so one can
compute explicitly the derivatives of vz, at 8 =0 to obtain (4.4). Since it is a
straightforward calculation, we do not provide the detail here. O
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4.2. Asymptotic expansion of the invariant measure. From the proof
of Theorem 1.1, it is clear that the expansion in (1.6) can be extended
to an arbitrary high order. We only kept the first two terms since their
expressions are more explicit. Our expansion is based on the the two-point
correlation function (Q2, because that is what the limiting free energy depends
on. It actually corresponds to an expansion of the invariant measure g in
the parameter 8. Below we sketch the heuristic connections.

Suppose that d > 1 and R is a smooth and compactly supported function.
Define h(t,z) = %log u(t,x), which is the solution to the KPZ equation

1 1
(4.10) Q=S Ah+ HITHE 4V - %R(O)ﬁ.

We can write the polymer endpoint distribution in terms of h as

u(t, ) (Bh(tz) Bh(t)-h(t))

4.11 t,x) = = : - _ ‘
( ) plto) deL u(t, z")dx’ [T% eBh(ta’) dg! [Ti eB(r(ta")=h(t) do!

Here h(t) = L™ deL h(t,x)dx is the average of h(t,z). Thus, an expansion of

the stationary distribution of h(t,-) —h(t) in 8 would lead to a corresponding
expansion of p. For  « 1, we approximate (4.10) by the Edwards-Wilkinson
equation

Oth = %AthV.

There are no stationary invariant probability measures for the above equation
on the torus, as a result of the growth of the zero mode. If we remove the
zero mode and consider the following equation

-1 . _
(4.12) Ol = SAR+V ~V,

where V(t) = L@ fTGLI V(t,z)dz, then as a Markov process it admits a station-

ary distribution with an explicit density. Replacing h(t,z) - h(t) in (4.11)
by the stationary solution A, i.e. the one where the initial data is sampled
from the invariant distribution, we obtain the first order approximation of
the stationary measure p. It is straightforward to check that the two-point
correlation function of the stationary solution to (4.12) is directly related to
the solution to (3.4).

To make the above argument rigorous, one needs to control the error in
the approximation of the KPZ equation by the Edwards-Wilkinson equation.
For us, it seems more convenient to do it on the level of )3 through the PDE
hierarchy (2.6), where we may borrow analytic tools.
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